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Large deviations for out of equilibrium correlations in
the symmetric simple exclusion process”
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Abstract

For finite size Markov chains, the Donsker-Varadhan theory fully describes the large
deviations of the time averaged empirical measure. We are interested in the extension
of the Donsker-Varadhan theory for a large size non-equilibrium system: the one-
dimensional symmetric simple exclusion process connected with reservoirs at different
densities. The Donsker-Varadhan functional encodes a variety of scales depending
on the observable of interest. In this paper, we focus on the time-averaged two point
correlations and investigate the large deviations from the steady state behaviour. To
control two point correlations out of equilibrium, the key input is the construction of a
simple approximation to the invariant measure. This approximation is quantitative in
time and space as estimated through relative entropy bounds building on the work of
Jara and Menezes [32].
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1 Introduction

For a fluid in thermal equilibrium, spatial correlations are expected to have fast
decay, in such a way that, roughly speaking, each macroscopic portion of the fluid is
basically independent from the rest. For fluids driven out of equilibrium, e.g. by contact
with reservoirs at two different temperatures, the picture is quite different: the fluid
settles in a steady state where heat and/or matter are transported at a macroscopic level.
The transport induces long-range correlations, which can be modelled by a variety of
approaches and that have been observed experimentally, see [40, 25] and references

*Part of this work was carried out while B.D. was supported by the European Research Council under the
European Union’s Horizon 2020 research and innovation programme (grant agreement No. 851682 SPINRG).

TI.LH.E.S., Université Paris-Saclay, CNRS, Laboratoire Alexandre Grothendieck. 35 Route de Chartres, 91440
Bures-sur-Yvette (France). E-mail: bodineau@ihes.fr

*University of Cambridge, DPMMS & Courant institute, NYU. E-mail: bd2543@nyu. edu


https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/24-EJP1121
https://ams.org/mathscinet/msc/msc2020.html
https://arXiv.org/abs/2212.11561
https://hal.archives-ouvertes.fr/hal-03912965
mailto:bodineau@ihes.fr
mailto:bd2543@nyu.edu

Large deviations for out of equilibrium correlations in the SSEP

therein. These general predictions are part of the results of the Macroscopic Fluctuation
Theory (see the review [7]), which proposes a framework to study out of equilibrium
fluids at a macroscopic level.

The derivation, from a microscopic model, of the steady state correlations, which
are of a genuinely dynamical nature, is usually a difficult problem. Rigorous results
are mostly obtained for certain simple interacting particle systems on a lattice. The
Symmetric Simple Exclusion Process connected with reservoirs (henceforth open SSEP)
is a paradigmatic example for which this correlation structure can be analysed [15,
37]. In the open SSEP, defined in Section 2, particles follow symmetric random walks
interacting by an exclusion rule on a finite subdomain of Z. Reservoirs pump particles
in and out of the system, fixing a certain density of particles in their vicinity. When
reservoirs are at the same density, the open SSEP dynamics is reversible. However, when
connected with reservoirs which enforce a different density of particles, this dynamics
settles in long time in a non-equilibrium steady state, characterised by a macroscopic
current of particles. The strength of this current is proportional to the density difference
between the reservoirs [40, 23, 24]. Two-point correlations in the steady state are
known exactly [40], as well as all higher cumulants [17, 19, 18] in dimension one.
The correlation structure of the steady state of the open SSEP is conjectured to be
representative of a large class of out of equilibrium systems [40, 7]. However, much less
is known rigorously about steady state correlations for general lattice gases.

Our goal is to estimate the asymptotic probability of observing a correlation structure
that is different from the one of the steady state, thereby also gaining information on this
invariant measure. When the value N of the scaling parameter is fixed, this question has
already received a comprehensive answer by Donsker and Varadhan [22]. For a general,
irreducible Markovian dynamics on a finite state space 2, they study the time empirical
measure 7, defined for each 7" > 0 as a probability measure on the configuration space

QN by
T

1
Vn € Qu, frT:T i Sy, dt. (1.1)

The quantity 77 () then corresponds to the proportion of time spent at a configuration
n € Qn. A full large deviation principle with speed 7 and rate function [ gv is then
provided in [22] for the time empirical measure 77, in the sense that, if 1V is a probability

measure on 2y and P denotes the probability associated with the dynamics:
] ~T ., N N (N
%ﬂofbgﬂ)(ﬂ ~ ) = —Ipy ("), (1.2)

where ~ means proximity in the weak topology of probability measures on 2. The rate
function 15, vanishes only at the invariant measure )}, of the dynamics, and is defined
through a complicated variational problem involving the generator L of the Markov
chain:
Iy = sup N (eM(=Lyet). (1.3)
QN —R

We are interested in the macroscopic behaviour of the system, i.e. the large N limit of
the probability in (1.2). To obtain these asymptotics, one possibility is to study the limit
of (1.3) when N — co. When the underlying dynamics is reversible, this can be carried
out: the variational problem (1.3) can be solved, and [ gv is expressed in terms of the
Dirichlet form of the dynamics (see Section 2.2 below). Such computations are carried
out in Section 2.2, in the case of the open SSEP with reversible dynamics (where the
scaling parameter N is roughly the number of sites in the model). These computations
highlight an important fact: one cannot naively take the large N limit in (1.2) without

EJP 29 (2024), paper 63. https://www.imstat.org/ejp
Page 2/96


https://doi.org/10.1214/24-EJP1121
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for out of equilibrium correlations in the SSEP

losing information, because not all the information contained in a measure ;LN is stored
at the same scale in N. By this we mean e.g. that observing a macroscopic density
different from that of the steady state, or observing different two point-correlation but
with the same density, are not events that have the same scaling in terms of N. Informally,
it is shown in Section 2.2 that observing a macroscopic density profile different from
the one of the invariant measure in the reversible open SSEP has a probability that
scales like e=TN " **N in the large T, then large N limit, up to sub-exponential corrections.
In contrast, changing the two-point correlation structure only requires a cost of order
e~TN"? To study the scaling limit of (1.2), one therefore has to choose a scale. Out of
equilibrium, the rate function I gv is not known explicitly, and the equilibrium heuristics
cannot be used, but we prove in Theorem 2.4 below that scales are still separated in the
same way.

In this article, we focus on the scale corresponding to two-point correlations, and
quantify the probability of observing anomalous two-point correlations in the one di-
mensional, out of equilibrium open SSEP in the large T, N limits. We establish a large
deviation principle for the time-averaged two-point correlation field, in Theorem 2.4
below. We do not start from the Donsker-Varadhan asymptotics, but instead provide
quantitative estimates on the dynamics, as a function of time and the system size. Note
that density large deviations are well understood since the seminal paper [34] (see also
Chapter 10 of [35] for a review and [6] with reservoirs). The main difficulty of the article
is to generalise these ideas to the estimate of two-point correlations, that are objects
living on a much finer scale than the density. To illustrate this, recall that the two-point
correlations in the steady state of the open SSEP are long range, and scale like O(N 1),
compared to Oy (1) for the density of particle at a given site. For this reason, and while
model-dependent estimates on correlations have been obtained e.g. in [40, 15, 37, 27],
to our knowledge there is no general method to study the out of equilibrium behaviour
of the two-point correlation field in the long-time, large N limits.

The proof of our result on two-point correlations, Theorem 2.4, builds upon a refine-
ment of the relative entropy method obtained by Jara and Menezes [32, 33]. This method,
originally introduced by Yau [41], consists in quantifying, at each time and in terms of
the relative entropy, the proximity of the law of the Markovian dynamics in an interacting
particle system with a known reference measure. The idea behind the method is that,
locally, the dynamics in large microscopic boxes equilibrates much faster than the typical
time-scale at which the system evolves macroscopically. If one has an ansatz for the
evolution of macroscopic variables of interest, say, henceforth, the density in a lattice
gas; one then expects that the corresponding microscopic variables, when averaged over
a sufficiently large microscopic box, are close to their macroscopic counterpart. This
property, known as local equilibrium, has recently been shown quantitatively even for
mesoscopic boxes, see [26].

From the local equilibrium heuristics, one can build a reference measure in terms
of the evolution of the macroscopic density only. If one is interested in the evolution of
the macroscopic density or its fluctuations, it can be shown that local equilibrium holds
and this reference measure is indeed a good enough approximation of the law of the
dynamics, see Chapter 6 in [35], [32] and references therein. In particular, the reference
measure does not need to contain any information on correlations.

To study two point correlations, however, the reference measure has to also contain
information on the dynamical correlations. Adding such a correlation term in the refer-
ence measure is our key input. In the case of the open SSEP, since density fluctuations
around the typical density profile at each time (and in the steady state [37]) are known to
be Gaussian [32], our candidates for reference measures are discrete Gaussian measures,
see (2.58). One expects that a good choice of discrete Gaussian measure will contain
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all leading order information about two point correlations. A similar observation was
already present in [14]. It is made precise in Theorem 2.7 where we obtain, for a family
of exclusion dynamics that occur in the proof of the large deviation result of Theorem 2.4,
a characterisation of long time, large N correlations as the solution of a certain partial
differential equation.

The approach used in this paper is not restricted to the symmetric simple exclusion
process. Much like the usual relative entropy method, it can be used for a large class of
one-dimensional diffusive interacting particle systems satisfying the so-called gradient
condition (see Section 8 in [32]). In particular, very special features of symmetric simple
exclusion such as the fact that correlations in the steady state are known are not used
in the proof, see Section 2.6.4 for more details. There are however some technical
difficulties to be expected when generalising the present approach. All these points are
discussed further in Section 2.6.

Let us however mention that, at equilibrium, the behaviour of various n-point cor-
relation fields has come under much scrutiny in the past few years. In [2], a two-point
correlation field is studied in the SSEP on Z. It is not the same object as in [28], where
two point correlations are studied on the one-dimensional torus as a means to defining
squares of distributions arising in certain ill-posed stochastic partial differential equa-
tions. In [3] and [12], interacting particle systems enjoying a self-duality property are
investigated in all dimensions. In that context, equilibrium fluctuation fields involving
n-point functions are investigated for any n.

In the same direction but using different techniques, long time large deviations for
the density and the current have recently been considered in [8]. Both the long diffusive
time limit starting from the dynamical large deviation functional, and the long time,
then large N limits using Donsker and Varadhan’s formula are investigated. This last
limit is the same as the one studied in the present article at the level of two point
correlations. The approach is however different: here, we provide a quantitative (i.e.
non asymptotic) control on the dynamics at the microscopic level. On the other hand,
in the case of the density and the current, the microscopic model considered in [8]
may have dynamical phase transitions. To capture this very subtle phenomenon, the
Donsker-Varadhan variational principle (1.3) in [8] is solved indirectly in the large N
limit, by looking at large deviations at process level (so-called level 3 large deviations),
then using a contraction argument. A related paper by the same authors [9] uses a
similar approach in the settings of diffusions with small noise. Note that different kind
of asymptotics for the Donsker-Varadhan functional have been considered, e.g. to study
metastability [5, 36].

The rest of the article is structured as follows. In Section 2, we present the model and
results. Section 3 gives the main microscopic tool for the study of two-point correlations:
the relative entropy estimate when the reference measure is a certain discrete Gaussian
measure. Properties of these measures are established in Appendix A. The relative
entropy bounds allow for the computation of the Radon-Nikodym derivative between the
open SSEP and the tilted processes introduced to estimate rare events. This requires
sharp estimates collected in the appendices. The large deviations are then established,
in Section 4 for the upper bound, and 5 for the lower bound. For the lower bound,
control of the open SSEP dynamics in long-time is obtained via the study of certain
Poisson equations. Well-posedness of these equations is investigated in Appendix F,
while Appendix E gathers useful topological facts.
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2 Notations and results

2.1 Notations and definition of the microscopic model

2.1.1 The microscopic model

For N € N*, let Ay := {-N+1,..,N—1} and Qn = {0,1}?V~1. Elements of Q, denoted
by the letter n, will be called configurations. We say that there is a particle at site i € Ay
if n; = 1, and no particle if n; = 0. The variable 7; is called the occupation number (of site
7). On Qu, we consider the dynamics given by the Symmetric Simple Exclusion Process
connected to reservoirs at position £V (henceforth open SSEP), which we now describe.
For a survey of particle systems in contact with reservoirs, we refer to [19, 7].

Let p_ < p1 € (0,1) be the densities of the left (for p_) and the right (p+) reservoirs.
The open SSEP is defined through its generator N2L := N?(Lo+ L_ + L, ). It is made up
of two parts, the bulk and boundary dynamics, corresponding to Ly and L4 respectively.
The operators Ly and Ly acton f: Qy — R as follows:

2
VneQn, N2Lof(n) = NT > elnyii+ D[0P = f(n)], (2.1)
I<N-—1

N2Ly f(n) = N*Ly f(n) + N>L_f(n),
2

N?Lofn) = Spelm eV ~ D))~ f)], e € {4} @2)

Above, the jump rates c are defined, for each n € Qyu, by:

c(m,i,i+1) = i1 (1 —m) +ni(1 = nig1), i <N —1,
c(n, £(N —1)) = (1 = px)nev-1) + p£(1 = ntv—1)), (2.3)

and for i,j € Ay and n € Qy, the configurations 1 and 7%/ read:

= WEAL i L, ipe—i 2.4)
T - ife=4, ¢ J : ‘

We write IP7, IE” for the probability/expectation under this dynamics starting from n € Q.

2.1.2 The invariant measure and the correlation field

For each N € IN*, let 7V

muv

denote the unique invariant measure of the open SSEP. If
py =p_=p€(0,1), 7V is simply the Bernoulli product measure on Ay with parameter
N

p. If p_ < p4, however, the measure 7, is not product. The average occupation number

at each site was computed in [40]: it is given in terms of an affine function p, with:

Vie Ay,  p(i/N) = Emm [y;] = (1 - %)% + (1 n %) '07*. 2.5)

Note that, as p is affine, p’ = (p. — p_)/2 is a constant. As 72\ is invariant, one has, for
F:Qn — Randeacht > 0:

¥ >0, ol (F)=E%w [F(n,)] = > mn (M F(n). (2.6)
neQn

In the following, the expectation E,[F| with respect to a measure 1 is written p(F).
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The measure 7Y exhibits long-range correlations. To make this statement precise,

muv

let us first define the main object of interest in this article, the correlation field IIV. It is
a distribution, acting on test functions ¢ : (—1,1)? — R according to:

ey, TN =TV = x> wol/NG/N), @ =n - p(/N). 2.7
i#JEAN
Note the scaling of (2.7) with N: the sum contains order N? terms, and the normalisation
is only proportional to N~! as II"V(¢) measures fluctuations of a central limit order.
Indeed the correlation field IIV is strongly related to the fluctuation field Y defined for
any bounded test function ¢ : [-1,1] — R by:

Ve, YY) = o 3w/, 2.8)

1€EAN
Restricting to product test functions ¢(x,y) = 1 (x)2(y), we note that:

V(@) = YWY N () — 1o 3 R /NN @29)
1EAN
The fluctuation field has been extensively studied in the hydrodynamic scaling and at
each time ¢, the fluctuation field Y,V (¢) can be proven to converge to a Gaussian random
variable (see Chapter 11 in [35] in the equilibrium case, or [15, 37, 32] when p_ # py).
The two-point correlations Y;(v1)Y:(12) are thus also of order 1 in N (see e.g. [28] for
the reversible SSEP on the torus).
As mentioned in the introduction, the correlation field II"V is a natural quantity to
study non equilibrium properties. For SSEP, the average value of the correlation field
under the invariant measure was obtained in [40, 16] in the large N limit:

1

tim 7, (1) = 1 [ éleskala.y) dedy, 2.10)
N—oo 4 (71’1)2

where the kernel kg is a symmetric continuous function on [—1, 1]? given by:

V(z,y) € (-1,1)%,  ko(z,y) = —@ [(1 +2)(1—y)la<y + (L +y)(1 —x)1x2y] (2.11)

Thus when 7 = (py —p_)/2 # 0, the system is driven out of equilibrium by the reservoirs
and long range correlations arise. These correlations come from the diffusive transport
of particles and, as a consequence, kg is obtained as the solution of the Laplace equation
restricted to the triangle > = {(z,y) € [-1,1]? : < y} with fixed normal derivative on
the diagonal D = {(z,z) : z € (—1,1)}:

Y(z,y) € >, Ako(z,y) =0, with (9, — &h)ko(zs,z) = £(5)%, z€(-1,1), (2.12)

with 0 Dirichlet boundary conditions on {x = —1} and {y = 1}. Above, we used the
notation x4 = limy,o(x £ h).

In the next section, we provide further insight on the correlation field and explain
how ITV is related to the Donsker-Varadhan functional.

Notation 2.1. Throughout this paper, we write p; := p(i/N) fori € An. More generally,
for a function ¢ : [-1,1]" — R, p € IN*, we write ¢;, ... ;, for ¢(i1/N,...,i,/N), (i1, ...,ip) €
A%,. The letters i, j, (..., when used as indices, index elements of Ay; while x,y, z are
used for continuous variables.

More generally, when we speak of n-point correlations (n € IN*), it will always mean
products of centred variables, the 7’s, of the form 7j;, ...7j;, for some (i1,...,i,) € Al.
When considering a trajectory n, € Qn,t > 0, we write IIY for IIV (-)(n,).
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2.2 Heuristic scaling of the Donsker-Varadhan functional

In this section, we consider the SSEP dynamics at equilibrium as given in (2.1)-(2.2),
i.e. with two reservoirs at equal densities p_ = p; = p € (0,1). The dynamics is
reversible with respect to the Bernoulli product measure y[],V with parameter p. In this
setting, the Donsker-Varadhan rate function is explicit and is given by the Dirichlet form
of the dynamics [22]: if 4V is a probability measure on the state space )y, then one has

for each fixed N:

1
lim —

1 T
Jim logle)V(f/O 8y, dit ~ MN> = —Ipyv (™)

_ _, N A2 ) du™N
= v (VF-NL)VF), f: (2.13)

= TN
dI/p

where the = sign denotes proximity in the weak topology of measures on Q.

In the next two sections, we use the explicit form (2.13) of the Donsker-Varadhan
functional to derive its asymptotics as N — co. We will show that the scalings in /V are
different for the cost of observing an anomalous macroscopic density (in Section 2.2.1)
or the cost of observing anomalous macroscopic two-point correlations (in Section 2.2.2).
Thus different types of information are intertwined in the Donsker Varadhan functional
and one has to zoom at the correct scaling to extract the relevant physical information
on a given observable. The exact computation of Section 2.2.2 justifies our choice of
focusing on the non-equilibrium large deviations of the two-point correlation field IV
(see Section 2.4).

2.2.1 Changing the macroscopic density

Consider a smooth density profile 5 : [-1,1] — (0,1). For simplicity, assume that the
density close to the boundaries is unchanged, i.e. that p(z) = p for z in an open
neighbourhood of £1. Define then:

pN = @) Ber(p(i/N)). (2.14)

1EAN

For a function ¢ : (—=1,1) — R, write for short ¢; := ¢(i/N) for i € Ay. Introduce the
chemical potential A and its discrete derivative 0" \;, defined by:

Recall that pV[)] (or 4V (-)) denotes expectation under the measure pV. Elementary
computations using (2.13) then give, for each N € IN*:

N? it1 = i 2
I§V<MN>=4MN{ 3 c(n,i,i+1>(exp[—%a%] -1) ] (2.16)
i<N-—1

Note that there is no contribution from the boundary dynamics, since p is constant and

equals to p close to £1 by assumption. Expanding the right-hand side of (2.16), one finds,
with the notation o(r) = (1 — r) for r € [0, 1]:

: 1 N1 ’ ~ N\ _ 1Y .. Ny 12

=——= o(p(z))|VA(x)|2dz + On(1), (2.17)
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where we used the smoothness of p, and p (c¢(n,i,i + 1)) = 20(p;) + O(N~1) for each
i < N — 1, with the O(N~1!) uniform on i. It follows that a macroscopic change of density
is observed with probability of order e~7% in the large T, then large N limit.

As a remark, notice that, up to factors of N, 7T, the right-hand side of (2.17) is the
same as the one given by the dynamical rate functional obtained in diffusive time in [6].
To see it, recall that the rate functional Issgp evaluated at the constant profile p on the
time interval [0, 7] for T > 0 is given by:

Isspr((p(z)dz)i<T) / /( 11)|Vh (t,2)|20(p(z)) dx dt, (2.18)

where h is the bias such that i(¢,+1) = 0 for each ¢ € [0, 7], and:

op = —pr V- (a(p)Vh). (2.19)

In particular, integrating the divergence operator, there is a divergence-free function j
on (—1,1) (the current), i.e. a constant in our one-dimensional setting, such that:

T

= sser((@den) = 5 [ (Q2vp+5)

o(p(x))

In the present case, h(-,£1) = 0 and VA = Vp/o(p) implies that j = 0, with A defined
in (2.15). As a result:

(1/2)Vh+j

V=00

dr. (2.20)

vt >0,z € (—1,1), Vh(tz) = VA(z)/2. (2.21)

Thus replacing h by VA/2 in (2.18), the functional (2.17) is recovered. In other words,
the long time, large NV limit and the long diffusive time limits coincide:

_— N ~
il NT log / O A~

= Th_r)réo ngnoo ﬁlogIP <( )t<T ~ (p(a:)dx)tST). (2.22)

It is not difficult to adapt the proof of [6], derived in the hydrodynamic regime, to
recover (2.22), i.e. to take the long time limit first before taking N large. Indeed the
large deviation functional of the SSEP is convex, so that the optimal way to observe an
averaged density profile in the long diffusive time limit is obtained by a time-independent
tilt: there is no dynamical phase transitions. The exchange of limits (2.22) then remains
valid in non equilibrium in the absence of a dynamical phase transition. The much more
delicate proof that the two limits coincide even in the presence of a dynamical phase
transition is carried out in [8], where the joint deviations of the current and density are
investigated.

2.2.2 Changing the macroscopic correlations

Consider again the open SSEP at equilibrium at density p € (0,1). Our aim is to consider
the large size asymptotics for a measure with the equilibrium density, but different
correlations. Recall the definition (2.7) of the (off diagonal) correlation field v, acting
on a bounded test function ¢ : [-1,1]> — R according to:

ey, 10 = 3 mne(5 %) 2.29
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In view of the above discussion, to find a measure that is close to VFI)V but with a different
correlation structure, it is reasonable to look at:

1
N N o =N eQHN(‘i’)VéV, Z,i\,[¢ a normalisation factor. (2.24)

Assume ||¢|| is sufficiently small and ¢ is smooth, symmetric, i.e.:

V(l‘,y) € [_17 1]27 gb(:c,y) = ¢(y7$> (2.25)

Assume also that ¢(x, ) = 0 for z in an open neighbourhood of 1. Then the macroscopic
density is still given by p, but the measure ;¥ now features long-range correlations.
Indeed, using the same kind of arguments as in Appendix A.1 (see also [13]), one can
show that there is a limiting kernel & : 1 — R such that:

csup [N (@im;) = k(i/N,j/N)[ = o(N7Y),  sup [uN (7:77:) = o(p)| = on(1).  (2.26)
1#JEAN 1€EAN

The limiting covariance can therefore be described by an operator C' acting on 1, 19 €
IL2((—1,1)) according to (recall the definition (2.8) of the fluctuation field Y?):

Jdim (VYY) = [ @) (Con) da, 2.27)
— 00 (=1,1)
with:
Ve (-1,1),  Cin(z) = olp)n(z) + /(11)k<x,y>w2(y> By (2.28)

The operator C' is obtained from ¢ as the inverse of the operator Uy, defined for ¢ ¢
LQ((_L 1)) by

Voe (LD, Updle) =olp) @) - [ olwuel)dy  (229)

(=1,1)

Intuitively, this relation means that for large N, the density under the measure puv
in (2.24) behaves as a Gaussian field of covariance C. A similar structure will be derived
out of equilibrium and the proofs will be given then, see for instance Theorem 2.7 where
it is stated that the out of equilibrium SSEP dynamics stays very close to a measure of the
form iV at each time, in the sense that it has the same two-point correlation structure.
To summarise, the macroscopic density is still given by p, but the measure /¥ has now
long-range correlations parametrised by ¢. Let us again compute the Donsker-Varadhan
rate functional for the measure p”V with large N.

Lemma 2.2. For ¢ and uN as in (2.24), one has with the notation (2.28):

lim L1 IP(l T5 dt ~ N)
e T BT\ J, Om A
1

=5 |, P00, COe N ds o), 230

where (-, -) is the scalar product in L2((—1,1)).

Proof. Plugging the expression (2.24) of the measure pV in the Donsker-Varadhan
functional (2.13), we obtain a formula similar to (2.16) where the variation of the
chemical potential is now replaced by the non local expression

() - I (@) ) = — IS e, @a
J¢{ii+1}
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with oY ¢i,j = N[¢it1,; — ¢i,;] bounded uniformly in ¢, j, N. Expanding the exponential,
we get as in (2.17)

lim -1 ]PN(l o b N)
T T B\ f O EH

1 AN

S ”N{ ST i+ e a{%ma{%i,g} +on(1). (2.32)
li|<N—1
S}

The limit (2.30) can be easily guessed from the above formula, as 20(p) arises from
¢(n,4,7+ 1) and the correlations 7;7, are approximated by the limiting covariance (2.26)
of 4. Similar computations will be carried out numerous times in Section 3.2, so we
give no details here. O

Compared with the asymptotics of the density large deviations (2.17), the cost (2.30)
of modifying only the correlations has a different scaling in N. Our aim is to derive similar
results for systems driven out of equilibrium by reservoirs when the Donsker-Varadhan
rate function is no longer given by the explicit formula (2.13) but by the variational
principle (1.3). The computations in the reversible case highlight the fact that:

« the whole correlation structure of the invariant measure is not contained at the
same scale in N, and therefore:

* one has to focus on observables at a specific scale to get a non trivial limit when N
is large.

In the following, we focus on the large deviations of the correlation field IV introduced
in (2.7), and generalise formula (2.30) to a non-equilibrium situation in Theorem 2.4.

2.3 The topology for correlations

Motivated by the heuristics of Section 2.2, we focus in this article on the next
scale after the density and consider the two point correlation field IV, defined in (2.7).
Zooming at the level of correlations amounts to rewriting the asymptotics of Lemma 2.2
as follows: compute the asymptotics of observing a given correlation field IT

1 T veak™
]P(T / Hiv dt " P:zk H) when T and then N are large. (2.33)
0

In (2.33), weaazk means proximity in the weak* topology. In this section, we start by
defining the functional space to which IV belongs and the associated weak* topology.

Let us start with a few observations. By definition (2.7), IV can be seen as a linear
form on several function spaces. Let (] = (—1,1)? and notice that IV is symmetric in the
following sense:

Vo:O—=R,  TY¥(¢) =1V(s), ¢s(x,y) = 6(z,9)/2+ ¢y, 2)/2, (z.y) € 0. (2.34)

In other words, II"V could really be defined on the triangle {z,y € (—1,1) : x < y}, but
we work on the square for symmetry reasons. Note also that any symmetric function ¢,
i.e. = ¢, that is C! on the whole of [J, satisfies:

V($7y) € D7 81¢($»y) = 52¢(y7$)
= Vre(-1,1), (01 — 82)p(z, x) = 0. (2.35)

In view of (2.11), the two-point correlations are symmetric functions with singularities
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+ 1p

1,7 0

Figure 1: The domain J = (—1,1)? and the diagonal D (in dashed lines) are depicted,
with @:= 0\ D. According to notation (2.37), the lower part is < and the upper part .
The extremities of the diagonal 1, and —1p are defined in (2.43).

on the diagonal D of [, defined by:
D:={(z,x):z € (-1,1)}. (2.36)

We therefore cannot only consider symmetric ¢ that are smooth on the whole of [I.
Finally, to account for the reservoirs, we require ¢ to be continuous on 0] as well, and
set ¢|8D =0.

Let us now define the test functions II"V will act on. Split (I as follows (see Figure 1):

O=p>UDU«, b :={(z,y) el :z<y}, <:={(z,y) e0:x>y}, B:=1>UL (2.37)

Forn € Nand p > 1, let W™P(@) := W™P(>)NW"™P(<) be the Sobolev space of functions
with distributional derivatives up to order n in I.?(0J). Properties of these spaces are
recalled in Appendix E. Note that I?(0J) = I.?(7) since the diagonal has vanishing two-
dimensional Lebesgue measure. The difference between functions on [J and [ arises
in the integration by parts formula defining their weak derivatives. If p = 2, we simply
write H"(>) := W™2(1>). Define then the set 7 of test functions:

T = H?*@) = H?(>) N H3(<). (2.38)

The set 7 is a separable Hilbert space, and 7 C C°(5) N C°(<) by Sobolev embedding,
see Appendix E, where >, < respectively denote the closure of 1>, <. Denote then by 7’
the set of bounded linear forms on 7, and by 7/ C 7" the subset of those forms that are
symmetric (recall (2.34)):

T.={leT :VpeT, Il¢s)=11(¢)}. (2.39)

To keep topology-related issues as simple as possible, we equip 7, with the weak*
topology, i.e. (II,,), C 7. converges to II € 7/ if and only if lim,, . IT,(¢) = I(¢) for
each ¢ € T (or, equivalently, each ¢ € T.). To avoid ambiguities, we write (7, *) when
we explicitly refer to the weak* topology.

As a bounded linear form on (a closed subset of) the Hilbert space H? (), the Riesz
representation theorem allows each IT € T to be written as:

(¢) := i<k‘n7¢>, peT. (2.40)

Above, <~, > denotes the standard scalar product on I.>() and duality pairing between
elements of H" () and (H"(2))’, n € N. The norm on L.?(0J) = I.?(10) is denoted by | - ||2.
We use both II and kp indifferently in the following.
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2.4 Large deviations for time-averaged correlations

Our main result concerns the large deviation behaviour of the probability (2.33) in
the large T', then large N limits. To state it, we need more notations.

Compared with the techniques used for the large deviations of the density (see e.g.
Chapter 10 in [35]), producing atypical correlations requires modifying the jump rates
of the dynamics by adding a long range interaction. Thus we consider the generator
L;, parametrised by a function h : [-1,1]> — R which is a non-local bias, with the
corresponding modified jump rates given for n € Qn, ¢ € {£(IV — 1)} and j < N — 1 by:

cn(n,i) = c(n, i) exp [TV (h) (') — IV (k) (n)],
en(n, 4, +1) =c(n,j, 5+ 1) exp [TV (h) (7 1) — IV (h) (n)]. (2.41)

N N
We write P, E;, for the probability/expectation under this dynamics, and P} ,IE} when
starting from the measure ¥ on Q. The strategy is to find the correct bias & so that
the rare event of observing the correlation II in (2.33) becomes typical:

1 (T k>

]P‘,:N (T/ Hivdt Y H) =1 when T and then N are large. (2.42)
0

Before stating our main Theorem 2.4, we have to introduce some restrictions, in particu-

lar on the size of the bias h.

Main assumption and characterisation of the biases. In theory, one could define
the open SSEP dynamics with any value of the reservoir densities p_, p4, and consider
any sufficiently regular h € 7 and any II € 7/ in (2.42). In practice, to focus on the key
ideas and avoid many technical issues, we will restrict the range of p_, p; as well as
the size of the biases h, see Theorems 2.4-2.7 below. This restriction is discussed in
Section 2.6. Let us now define the set of biases.

Let £1p denote the two corners of the triangle > (see Figure 1) corresponding to
extremities of the diagonal D, defined in (2.36):

1p=(1,1), —1p=(-1,-1). (2.43)
For € > 0, define:
S(e) = {h €T :h e W*P(>) for some p > 2, h is symmetric,

[hllcs Oahllco < € Tim, (@ = 2)h(ay) :0}. (2.44)

z,y)—+lp

The condition on (0; — 02)h at £1p is purely technical. Introduce also the set S(co) of
biases without size constraints:

S(o0) = | S(e). (2.45)

e>0

The rate function. Introduce the bilinear mapping M from L.?()? to L.?(0), defined
for (u,v) € L?(@)? by:

Y(z,y) €, M(u,v)(z,y) = /(1 y u(z,x)a(z)v(z,y)dz, (2.46)

where ¢ is defined as

Vo e (—1,1), g(x):=0o(p(z)) with o(r)=r(1-7r), re]l0,1]. (2.47)
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For € > 0, let h belong to the set S(¢) defined in (2.44). Introduce the functional Jj,
defined for II € 7/ N H! () by:

JI0) = — STH (AR + M(@ih, 01h)) + | /( L Eole)0: 05
(?)? 10 ,
+ 4 /(171) h(z,z)dx — g/zo(m)a(y) [01h(z,y)]” dz dy, (2.48)

and:
Ju() = 400 ifIl ¢ 7] NH (D). (2.49)

In (2.48), trp(kn) is the trace of k; on the diagonal D (defined in (2.36)), with &y related
to II via (2.40). It is well defined for II in ]HI(Z), see Theorem 1.5.1.3 in [31]. Moreover,
II € 7! N H*(W) implies that &y is symmetric, thus its trace on either side of the diagonal
is the same and the notation trp (k) is not ambiguous.

Define then the functionals Z.,Z., : (7/,*) — R4 (¢ > 0) as follows:

Z. = sup Jp, Too = sup Jp, (2.50)
heS(e) heS(so0)
where ¢ > 0 stands for the restriction on the size of the biases. To demystify the
expression (2.48) of Jy,, let Il = 1(k,-) € T, with k € C3(>) a regular kernel. The
associated correlation operator Cy, = 5+k is defined for any test function ¢ € L2((—1,1)?)
by:
Cro(w) = o@)o(w)+ [ Magol)dy, o [-L1) 2.51)
(-1,1)
where the diagonal part 6(z) corresponds to the variance at a single site, and k encodes
the long range correlations. In comparison, in the steady state (corresponding to A = 0),
the correlation operator in the large size limit is Cy, = & + ko, with the kernel kg
introduced in (2.10).
The following proposition connects the bias h and the correlation kernel k. It is a
classical result, proven in Appendix F.1.

Proposition 2.3 (Euler-Lagrange equation). Assume that the supremum in the defini-
tion (2.50) is reached at some h € S(o0). Then k satisfies the Euler-Lagrange equation:
foreach¢ €T,

% /ZV(k —ko)(z,y) - Voé(z,y) dedy + %/ 6(z)<81h(2, ), Cr01d(z, )> dz=0. (2.52)

(=1,1)
The expression (2.50) of the rate function I, then simplifies for Il = (k,-):

T ((1/4)(k,-)) = 1/(1 PO, Cudnh ) b (2.53)

8
This generalises the asymptotics of the Donsker-Varadhan functional of Lemma 2.2
in the reversible case. In addition, the expression (2.53) has the familiar form of an
IL2 norm of the gradient of the bias in a suitable weighted space in terms of the target
distribution (see [35, Chapter 10]).
The next theorem gives a large deviation result for the law of % fOT Y dt. A more
general claim is discussed in Section 2.6.

Theorem 2.4. Let p_ € (0,1). There is then g = cp(p—_), defined in Theorem 2.7 below;,
such that, if p’ < e, then the following holds. Let O,C C (T, ) respectively be an open,
closed set. Then:

1 I
lim sup lim sup = log Pine (— / Hiv dt € C) < —inf7Z., (2.54)
N—oo T—oo T T 0 C
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The rate function correctly captures the behaviour of the correlation field for kernels
close to the kernel kg of the steady state, in the following sense. Let Cp C T be the set
of correlation kernels associated with a regular bias h € S(eg):

Cp = {k € T, : k solves the Euler-Lagrange

equation (2.52) for some h € S(EB)}. (2.55)

Then, for k € Cp, one has I (% (k,")) = I., (3 (k. ")), and:

1 ~ 1 (T N
e e > _ . . .
lim inf im inf — log P ( = /O N dt e O) > - nf T, = inf T (2.56)

The statement of Theorem 2.4 and extensions (in particular a lower bound for non-
regular kernels) are discussed in Section 2.6. The fact that, for k € Cp, the associated h
is a global optimiser and thus Z.,Z., agree at ;(k, -) is proven in Section 5.2.

Remark 2.5. Recall that the kernel k of the steady state 72}, of the open SSEP in the
large N limit, defined in (2.11), was observed to be smooth away from the diagonal. As
Theorem 2.4 shows, by definition of the rate function (see (2.49)), it is in fact a general
property that the time-average of II"V is much more regular than an element of 7/ when
T, N are large: it belongs to H! (). |

2.5 The relative entropy method

In this section, we explain the method used to establish Theorem 2.4, i.e. to study,
for some II € 7/, the probability:

o1 Ty
PTinv (T I, dt ~ H) when 7', then N are large. (2.57)
0

Understanding correlations out of equilibrium (p_ # p..) is notoriously difficult. Existing
results in the literature deal either with the equilibrium case p_ = p; without bias
(i.e h = 0), see e.g. [28]; or use methods particular to the h = 0 case, which cannot
easily be generalised to h # 0 [27]. The methods rely on explicit knowledge of the
invariant measure of the dynamics. However, for h # 0, the invariant measure w%m p Of
the tilted dynamics IP;, defined in (2.41) is not known explicitly. Even for h = 0, where
the invariant measure 7\ is well understood [16], its complexity makes the study of
the probability in (2.57) difficult. To study (2.57) in full generality, we therefore need a
different approach.

The key idea is to find an approximation of the invariant measure, which is sufficiently
close to control the large time behaviour of correlations, yet simple enough to make
explicit computations possible. The proximity of the law of the dynamics to this ap-
proximate invariant measure is quantified through the relative entropy method, relying
on the beautiful generalisation by Jara and Menezes [32] of the ideas of Yau [41]. The
relative entropy method is presented in more mathematical terms in Section 3.1, and
here we only describe it informally. In our context, the relative entropy method consists
in finding a measure 1V on the state space Qy, that is both sufficiently simple to perform
explicit computations, and as close as possible to the invariant measure wiNnv,h. This
closeness to the invariant measure aims at ensuring that, if the dynamics Pj, starts from
u” then, at time ¢ > 0, the law f,"V of the dynamics is still close to V. The proximity
to the invariant measure is quantified by the relative entropy H(f;u¥ |¢”). The level of
precision needed on this relative entropy depends both on the quantity to study - e.g.
the density, the density fluctuations, or in our case the correlations; and on the time

range one wishes to probe.
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Here, we improve on the estimates of Jara and Menezes [32], obtaining sufficiently
precise relative entropy estimates to study the probability (2.57). To do so, for a bias
h in the set S(ep), defined in (2.44), we compare the law of the dynamics at each time
with a discrete Gaussian measure Vé\fl of the following form: for each n in Qy,

v () = (2)) " exp 211V (g1)] 7™ (), with 7V () == (X) Ber(s:). (2.58)

i€EAN

Above, for p € [0,1], Ber(p) is the Bernoulli measure on {0, 1} with parameter p. The
partition function Zévh is a normalisation factor. The function g, : @ — R, which solves
a partial differential equation depending on the dynamical bias A, is the function that
allows us to minimise the entropy production 9;H ( ftu;\,{ |z/é\’h ), as stated in Theorem 2.7
below.

Let us first consider h = 0 and give a heuristic reason why the invariant measure
f)fw can be approximated by a measure of the form (2.58) for a well chosen function
g0 = gn—o. Under the product Bernoulli measure 7"V (which has the same density profile
as the steady state, but no correlations), for each test function ¢ € C°([-1,1]), the
fluctuation field YV (¢) = N~1/23". 7,¢; converges to a Gaussian field with covariance
o. Assuming for a moment that each #; is a continuous variable, the law of fluctuations
under v, is thus close to a Gaussian field with covariance (7' — ¢g)~'. This claim is
made rigorous in the forthcoming paper [13, Appendix A]. Thus, in order for V;V to have
the same correlations kg (defined in (2.10)) as the steady state 7V when N is large, one

muv

can take g = gy to be the inverse correlation kernel of the steady state:

Uy

Cro=0+ky=(6""—g0)' & goi=0"1—(G+ky) " (2.59)

Note that Cy, is indeed invertible as, by construction, ko is a negative definite operator
on L.2(0):

o € L2((~1,1))\ {0}, /( L )0 dedy <0 (2.60)

The fact that gy is indeed a kernel operator follows from ¢oCl, = 5 'ky, see the first
theorem in section 4.6.1 in [11]. This identity also implies that gg is a negative definite
kernel. Moreover, as a function on I, g¢ inherits the regularity of kg (smooth all the
way up to the diagonal D, but with normal derivative having a jump across D). The
following proposition and theorem provide a systematic way of approximating the
invariant measure for a non-local bias h € S(¢) for small enough ¢ > 0.

Proposition 2.6 (Main equation). Let 0 < p_, p; < 1, take a bias h € §(c0) and consider
the following problem with unknown g, referred to as the main equation:

BV o' () a'(y)
A(g — h)(z,y) + @) 50)

+ /(1 ., 7(2)[019(z,2)01(g — h)(z,y) + O19(2,y)01(g — h)(z,2)]dz = 0,
g=0 on o0,
—\2
(O — ) (h - )(@s,2) = (O — D) (h — )@—r2) = P fora e (—1,1).

01(29 — h)(z,y) + 02(29 — h)(z,y)  for(z,y) €2

(2.61)
There is ey(p—) > 0 and a function 6(-) with lim, o d(z) = 0 such that, for any ¢ €
(0,e0(p-)], p' < e and h € S(e) implies that (2.61) has a unique solution g, € go + S(6(¢)).
Proposition 2.6 is proven in Appendix F. The next theorem provides the key control

on the dynamics and determines the parameter €5 mentioned in Theorem 2.4.
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Theorem 2.7. Let 0 < p_ < p+ < 1. There is eg = ep(p_) such that, if p’ < ep and
h € S(ep), then the measure z/ defined in (2.58) is a good approximation of the invariant
measure of the dynamics Py, w1th bias h in the following sense. Let ftu denote the law
of P, at time t > 0. There is then C, K > 0 depending on h, p+ such that

C
N1/2°
Theorem 2.7 is proven in Section 3. The conditions that the parameter eg must
satisfy are summarised in Definition F.10.

(2.62)

vt > 0, H(ftuévhh/;\i) < e_KtH(f()l/ |Z/Qh)

Remark 2.8. For each bias h € S(ep), we prove in Appendix F.2 that obtaining a solution
gr to the main equation (2.61) with the desired regularity is equivalent to obtaining a
classical solution kj, of the Euler-Lagrange (2.52) with the same regularity, with g, and
ky, related through the following identity of the associated operators:

GAky=G"" =gy " (2.63)

In particular this validates the heuristics behind the choice (2.59) of go. The following
diagram summarises the relationships between h, k£ and g.

(2 52)

(2& /61)
|

Remark 2.9. The entropy control of Theorem 2.7 has many interesting consequences.
For instance, it allows one to compute two point correlations under the invariant measure.
Indeed, if ﬂf)’w’h is the invariant measure for P, then for any bounded fi, f> : (—=1,1) —
R,

znvh[YN(fl)YN(fQ)] =V [YN(fl)YN(fQ)] +ON(1)

= /( | fi(z)(a ! - gh)_lfg(m) dx + on(1). (2.64)
1,1

By Pinsker’s inequality, the relative entropy controls the total variation distance, which
together with the uniform integrability of the correlation field, Lemma 5.4 implies the
first equality. The second equality follows from the explicit knowledge of correlations
under Vﬁ, see Proposition A.2 in [13]. ]

2.6 Conclusion and perspectives

2.6.1 Extensions of the large deviation principle

The large deviation result of Theorem 2.4 is stated starting from the invariant measure
7V . In fact any choice of initial condition is possible, with no change to the proof.

An advantage of our very precise, quantitative microscopic estimates is that Theo-
rem 2.4 also holds if one takes a diverging sequence T of times. Moreover, it is also
possible to take the limits in the opposite order (large N, then large time). In this case
the proof of Theorem 2.4 is slightly simpler as the relative entropy does not need to be
controlled uniformly in time. The proof is otherwise nearly the same.

Theorem 2.4 gives large deviation bounds in the weak-* topology. In fact, the theorem
also holds in the strong dual topology. This can be seen to hold with no change to the
proof for the upper bound. For the lower bound, one needs to be more careful, so we
chose to work in a weaker topology to avoid technicalities. An extension of the lower
bound to non-regular correlation fields is also possible, and sketched in Section 5.3.
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2.6.2 Restriction on the biases and reservoir densities

In Theorem 2.4, restrictions are imposed on both the biases & and the difference p; — p_—
of the reservoir densities.

* Some restriction has to be imposed on the bias size h, otherwise one expects that
not only the correlation structure, but also the typical density of the corresponding
biased dynamics changes. Nevertheless, the conditions in (2.44) are far from sharp.

* The restriction on the slope p’ = (p; — p—)/2 has two technical purposes. First,
this is convenient to prove existence of g; solving the main equation (2.61) (even
though it should be possible to remove this assumption). Secondly, it is used in
the derivation of the relative entropy bound of Theorem 2.7 to control the relative
entropy uniformly in time: one has to make sure that error terms are bounded by
cN uniformly on the state space for sufficiently small c in order to estimate their
exponential moments, and ¢ depends on p’. Again, one should be able to relax this
assumption, for instance through a priori estimate on the size of the error terms
using large deviation results for the density. All other uses of the fact that g’ is
small can be relaxed without additional work, but at the cost of more technicalities.

Let us however stress again that the large deviation result of Theorem 2.4 is sharp for
correlation kernels close to the kernel kq of the steady state (2.11), as in that case the
rate functions Z. ,, 7., (recall (2.50)) coincide.

2.6.3 The relative entropy method

The relative entropy approach used to obtain large deviations can be applied to many
other settings, still in dimension one. Let us list a few.

A first direction is the study of more general diffusive gradient systems with the
following restrictions. For systems more complicated than the SSEP, the behaviour of
correlations at the boundary may be problematic, and it is unclear whether one could
still get a relative entropy estimate. However, results of the present paper should carry
over to any diffusive gradient system on the torus (see the discussion in Section 8.1.
in [32]). Additional work would be needed, in particular some large deviation estimates
for the density to ensure that higher order correlations on the diagonal (typically of the
form )", 7;7;1+17+2) cannot be very large. The relative entropy bound would then only
be of size oy (1), instead of O(N~'/2) as in Theorem 2.7.

In the paper [13], the present refinement of the relative entropy method is used to
study fluctuations in the WASEP on the one-dimensional discrete torus, constrained to
produce a macroscopic current on the time interval [0, T]. The presence of this current is
known to create a rich correlation structure. An expression of these correlations in the
long time limit has been conjectured in [10]. In [13], this conjecture is proved and the
fluctuations of this process are described. In a related manner, Derrida and Sadhu [20]
study the density large deviations for a non equilibrium SSEP conditioned to have an
atypical macroscopic current.

Another direction of inquiry concerns the extension of the relative entropy results
to higher dimensions. This seems to be a complicated problem. One major hurdle is
the fact that, in higher dimensions, correlations are not smooth on the diagonal (see
e.g. [40]), while the relative entropy method requires smoothness.

2.6.4 Entropy of the invariant measure

The relative entropy estimate of Theorem 2.7 can be used to recover the asymptotic
behavior of the entropy of the steady state found in [17]. The entropy of 77 is by

muv
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definition:

S(rl,) ==Y mh,(n)logmly, (1) > 0. (2.65)
neQN

In [17], the authors compute the first and second order contributions to this entropy as
a function of the size of the system. The leading order term is given by the entropy of a
Bernoulli measure with the correct density profile, and heuristics showing that the next
order is the relative entropy of a Gaussian with appropriate covariance are provided.
The computations rely on the precise knowledge of n-point correlation functions between
each individual lattice sites and for each integer n. These are obtained by recursion
equations specific to the open exclusion process.

In the range of p’ in which it applies, Theorem 2.7 gives the same result as we explain
next. Contrary to [17], however, no knowledge of n-point correlations for n larger than 2
are required.

Let us now see why. Recall that 7N is the Bernoulli product measure (2.58). Then:

Ny N\ _ N _ =N _N fyw(n)
S(V ) S(Trinv) - Z (ﬂ-inv v )(77) IOgZ/ (77) + Z znv( )1 g( )

neQN neQN (/’7)
= H(mjy,|7"), (2.66)

where the last equality is obtained by noticing that the first term vanishes, since for each

neE Qy:
log 7V ( Z n; log ( ) Z log(1 — p;), (2.67)

1€EAN 1€EAN

and each n; (i € Ay) has the same average under both 7)Y and 7V. Theorem 2.7 gives
H(xl),lv)) = O(N~'/2) (with v/} defined in (2.58)). To use that result, let us turn "
into v} :

HOr o) = Y it tos (S0) = 3 o (251 0)

N
nEQN Y (77) neQN
= H(’/Ti]\vlw|ygo) 710gZN +27T”LU(HN(90)). (2.68)

The first term is bounded by O(N~'/2). The other two terms can be computed explicitly.
Indeed, the measure wf}’w in the last term can be replaced by z/]\g , again using Theorem 2.7
to argue that |7/}, — vt [7v = on(1) and that (II"(go)) x is uniformly integrable under
7V, (see Lemma 5.4).
Building on the fact that z/ is very close to a Gaussian measure (it approximately
satisfies Wick theorem, see Appendlx A in [13]), which one can show through elementary
but tedious computations in the spirit of Lemma A.1, one obtains in particular:

sup [V ((7)2) = CN ()| = on(1),  sup N|w2 i) — CN(0,5)| = on(1), (2.69)
i€EAN 1#JEAN

with, interpreting go below as the matrix ((go);,;):
CN(@,5) = (6711 99, i 2.70
gg(la]) = \0 i:j_N i#£] (Zv])' ( . )
Adding and subtracting a diagonal term, this implies:

v (211N (go)) = —7Tr[CN ey Zygo 72)a; ! + on(1) = on(1), (2.71)
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where we used sup, [ (77) — 7;| = on(1) as proven in Lemma A.2. Similarly, write:

log Z / O log Ztgo dt = / Vt]\gfo (211 (go)) dt

. A [%n(qgo(g@#))+oN(1)] dt. (2.72)

A careful control of the error terms shows that the integral of on (1) is still ox(1). Taking
out 61/2 on each side and defining:

1 ..
M (Z j) N z/ (gO) 11#75‘]1/25 1,] S A?\h (273)

we end up with, writing also sp for the spectrum of M?:

1 1
log 2N == [ Tr(@d—tM%)"*M7)dt / dt
& “g0 2/0 r((l ) ) +on(l Zlft)\ +on(1)
- Z 1og( ) +on(1). (2.74)
AESp
Thus:
logZ;\g logdet ( 1/20N_71/2) +on(1). (2.75)

This implies the result of [17]:

SNy = S(V) - 1ogdet ( 1/20N*—1/2) +on(1). (2.76)
In fact all error terms can be shown to be O(N~1/2), consistent with the fact that the
next order correction to S(x7),) should come from three point correlations. The above
computation does not use any special feature of 7va and in particular generalises to
the invariant measures of the tilted dynamics IPN as well as, more interestingly, all
models for which an equivalent of Theorem 2.7 holds (having oy(1) relative entropy
bound rather than O(N~'/2) is enough). This is the case for one-dimensional Glauber +
Kawasaki dynamics on a torus as will be shown in future work. More generally it should
be the case for all diffusive one-dimensional gradient models on the torus as discussed
in Section 2.6.3.

3 Main ingredient: the entropic estimate

In this section, we provide the key microscopic estimates to study the long-time
behaviour of the process (Hf’ )i>0, i.e. we prove Theorem 2.7. We follow the strategy
of Jara and Menezes [32]-[33] and improve the controls by tuning correlations of the
reference measure. The same kind of computations give the expression of the Radon-
Nikodym derivative D, = dPP;,/dP for h € S(ep), stated in Proposition 3.18 at the end of
the section.

3.1 The relative entropy method and Feynman-Kac inequality

Let us now recall the main features of the relative entropy method. Let (w;);>0 be

a Markov chain on a state space (2, assumed to be finite for simplicity. Let IP, E denote

the associated probability and expectation. Let V' : 2 — R. One would like to estimate
quantities of the form:

E[V(w)], t>0. (3.1)

EJP 29 (2024), paper 63. https://www.imstat.org/ejp
Page 19/96


https://doi.org/10.1214/24-EJP1121
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for out of equilibrium correlations in the SSEP

The entropy inequality provides a tool to estimate (3.1). Let u be any probability measure
on 2 and f;u be the law of wy, t > 0. Then, for any v > 0:

vt > 0, E[V(w)] < Y UH (foplp) + 471 log pu( exp[yV]). (3.2)

Remark 3.1. The symbol E always denotes dynamical expectations. In contrast, static
expectations with respect to a measure u are denoted by p[-] (or u(+)). |

Through (3.2), the dynamical estimate of V in (3.1) is reduced to a static problem: a
relative entropy estimate, and a concentration-of-measure result under p. The relative
entropy method aims at finding a measure p which satisfies the following two criteria:
exponential moments must be under control, and the relative entropy H (fiu|p), t >0
must be sufficiently small, the size depending on the kind of observables V one is
interested in.

The analysis in [32]-[33] greatly improves the existing method to control H(f:u|u),
t > 0. As a starting point, Jara and Menezes revisit Yau’s entropy bounds in the following
form.

Lemma 3.2 (Lemma A.1 in [32]). Let (w;);>0 be a Markov chain on a finite state space 2,
with jump rates (c(w,w’)) (.. eq2. Denote by L its generator and by I' the corresponding
carré du champ operator:

Vwe QVf: Q= R, Tf(w)= Z c(w,w’) [f(w) —f(w)f. (3.3)

w'eN

Let i be a probability measure on (2 satisfying inf,cq p(w) > 0. Let f;u be the law of the
process (ws)s>o at time t > 0. Then:

vt >0,  OH(fuulp) < —u(T(Vfr) + p(fel*1), (3.4)

where L* is the adjoint of L in IL?(p) = {f : @ — R : pu(f?) < oo}. Itactson f : 2 - R
according to:

VweQ, L*f(w)= Z [c(w’,w)f(w’)'u(w

w'eN

— c(w,w')f(w)}. (3.5)

Since the adjoint L* is known explicitly in terms of p, (3.4) provides a way to estimate
OcH (frp|p), t > 0. An estimate of H(f;u|u) follows by applying the entropy and Gronwall
inequalities.

The same estimates used to bound the relative entropy will allow us, together with a
log-Sobolev inequality (see Lemma 3.4), to get estimates on exponential moments. This
is a consequence of a bound involving the Feynman-Kac formula, stated now for future
reference.

Lemma 3.3 (Feynman-Kac inequality, Lemma A.2. in [32]). ForV : Q@ —- R and T > 0,

T
log E# {exp (/ V(wy) dt)} <T sup {,u(fV) - %M(F(\/?)) + %,u(fL*l)}. (3.6)
0 f20:u(f)=1
The main difficulty to use (3.4)-(3.6) is to control the term L*1. Notice that L*1 =0
if and only if ;4 = 7 is the invariant measure. The quantity L*1 thus appears as a way
to quantify the proximity of i to the invariant measure 7. This serves as an informal
guiding principle for the choice of u:

for each f > 0 with u(f) =1, p(fL*1) must be small. (3.7)
We are going to apply Lemma 3.2 to the dynamics IP;,, defined in (2.41), for h € S(ep).

Let us emphasize again that “small” must always be understood in comparison with the
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size of the V’s one wishes to estimate as in (3.1). Typically, if one wants to study the
hydrodynamic limit of the density of particles in a d-dimensional open SSEP on a lattice
of side-length N, related observables are of the form ) . n;¢, ~ N ¢ for a test function ¢.
The rule of thumb is then that one needs o(N?) bounds on the relative entropy. These can
be achieved if p is a product measure with the same densities as those of the invariant
measure at each site, i.e:
p=v" = ) Ber(p), (3.8)
i€An
with Ber (p) the Bernoulli measure on {0, 1} with parameter p € (0,1), and p the steady
state density profile in the large /N limit, see (2.5). In contrast, consider the fluctuation
field: 1
Yo (L) =R, YN0) = 55 D mH6G/N). (3.9)
1EAN
The typical observables to study Y.V should be of the form N'/2Y¥ (¢) which is typically
of order N'/2, so one needs o(N'/?) bounds on the relative entropy (in fact o(N%/?)
bounds in dimension d). Remarkably, while one could expect that some information on
the correlation structure of the invariant state should be necessary to study YV, Jara
and Menezes [32] managed to obtain such bounds on the relative entropy by still taking
u product as in (3.8). To do so, they set up a general renormalisation scheme to bound
w(fL*1), for a u-density f, in terms of the carré du champ, and objects that can be
estimated by the entropy inequality. Precisely, they manage to prove bounds of the form:

N ifd=1
H(fiplp) < C(T)ag(N)N™2  with  ag(N) ={logN  ifd=2 (3.10)
1 if d > 3.

This is enough to study fluctuations in dimension d < 4. They also argue that these
bounds are the best possible when p is product.

Let us come back to the study of the correlation process IV in the (one-dimensional)
open SSEP. Observables, of the form HN(qb), should be bounded with N, so we need
on (1) bounds on the relative entropy at each time. The measure u therefore cannot be
taken product: one needs to include information on the correlations under the invariant
measure in u. With (3.7) in mind, we look for i that has both the same density at each
site, and the same two-point correlations as the invariant measure - which are in general
not known - when N is large. We tune these unknown correlations in an indirect way,
taking a smooth function g : @ — R, and looking for the optimal choice of g such that the
measure p = l/év satisfies (3.7), with:

1

z/év =S¥ P 2117 (9)] 7", Z;V a normalisation factor, and 7"V asin (3.8), (3.11)
g

For each bias h € S(¢) for sufficiently small ¢ > 0, the optimal g = g;, arises as the

solution of a certain partial differential equation, that we call the main equation (2.61).

For this g5, the method of [32], adapted to this context, and a logarithmic-Sobolev

inequality yield the bound of Theorem 2.7:

3C,K >0,9t>0,  H(fw) [wh) <e X H(fou) |v))+ CNTV2. (3.12)

The exponent —1/2 improves on (3.10). It is related to the size of exponential moments of
three-point and four-point correlation functions for product measures (see Section A.2).
It thus cannot be improved without adding a correction to z/évh . The proof of (3.12)
is the main technical result of the article. The precise statement of the result is the
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content of the next two lemmas, a more comprehensive reformulation of Theorem 2.7.
For h € §(c0) (defined in (2.45)) and f : Qy — Ry, let T',(1/f) be the carré du champ
operator associated with the generator L; biased by h, with jump rates c; defined
in (2.41):

¥ € Q, Fh(\/f)(n)=i S en(n i+ D[V = V)
i<N-—1
1

12 el VI - Vim) (3.13)

ie{x(N-1)}

Lemma 3.4 (Log-Sobolev inequality, adapted from [29]). Let 0 < p_ < p4 < 1. There
is a constant Crs = Cs(p+) such that, for each e, e’ € (0,1/4), each h € S(¢) and each
g € go + S(€'), the following inequality holds. For any density f for uév:

YN eN*,  H(fv)|[v)) < CLsN*w) (Th(V/f)). (3.14)

The ¢p appearing in the next lemma is the same as the one of Theorems 2.4-2.7.

Lemma 3.5 (Approximation of the invariant measure). Let 0 < p_ < py < 1. Let
h € S(o0) and assume that the main equation (2.61) has a solution g, € go + S(c0)
(the set S(o0) is defined in (2.44)). For N € IN*, the reference measure I/é\}i is defined
by (3.11).

There is then ep = ep(p—) > 0 such that, if j' := #45P~ < ep and h € S(ep), then g,
is a negative kernel (as defined in (2.60)) and the following is true.

e For any N € IN*, there is a function £ : Q2 — R such that, for any z/évh -density f,
the adjoint Lj of Ly, in L?(v}]) satisfies:

2

v (FN?LR1) < (FE) + 5wl (Ta(V/ ). 3.15)

e There are constants v > 8Crg,C > 0 depending on h and the reservoir densities
p+, such that:

C
VN € N*, 7—110gy;vh(exp [»y|g|]) < 7 (3.16)

¢ As a consequence, for any density f for V;Vh ,
H(fvglvgy) =~ C  N?
N * 2 N 9n1%g N
l/gh (th]‘) -N Vgh (Fh(\/?)) S SC;S " + N1/2 o 71/% (Fh(\/?))

H(fvglvy) = C N2
St ym e Ch(Vh), BID

and 1'1'"]‘}1/5}7z denotes the law of the dynamics at time t, then:

(3.18)

H(fwll v C

* N, N g gh

Vit Z O,VN S N , atH(ftl/gh|Vgh) S — SCZS h Nl/Q .
Let us now prove Theorem 2.7 using Lemmas 3.4-3.5. Let g, solve the main equa-

tion (2.61). Recalling (3.18) and applying Gronwall inequality to ¢ — H( ftué\h” |ué\£ ) yields

Theorem 2.7:

- 8CLsC -
Vvt >0, H(ftyé\“ug) < H(foug1|uévh)e_(80”) 't + NL152 (1 — ¢~ (8CLs) 1t>. (3.19)

Lemma 3.4 is proven in Appendix A.3. It is a direct adaptation of the proof of [29]. The
proof of the key ingredient, Lemma 3.5, takes up the next four subsections. The fact that
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gn is a negative kernel if h € S(¢) and p’ < ¢ for small enough ¢ > 0 is a consequence of
Proposition F.5, where it is shown that ||g;, — go||2 vanishes with e.

A function h € S(c0) and a negative kernel g € gy + S(o0) are fixed throughout the
rest of the section, and we highlight where we need to restrict the size of 4 and p’. Recall
that h, g are symmetric functions, and that their restrictions to > are in C3(>). We do
not a priori assume that g solves the main equation (2.61), and explain along the proof
where this comes into play.

3.2 Estimateson L;1

To prove Lemma 3.5, we need to compute L} 1. The computation of L; 1 will give rise
to many different objects which, roughly speaking, will either contribute to leading order
in N, or be sub-leading order error terms. In this section, we define precisely how to
estimate the size of a function in terms of N, and formulate criteria to identify which
terms are error terms.

3.2.1 Size of error terms

Consider a density f for v, and a function Xy : Oy — R. Our main tool to estimate the

scaling of X with N is the entropy inequality:

H(fv)lv))
Y

1
Yy > 0, Vév(f\XND < +;10g1/év(exp [’y\XNH). (3.20)

Informally, we will say that X is small if its moment generating function under l/év
vanishes with N for v in a neighbourhood of 0. This is the kind of characterisation of
smallness that is used to estimate the size of the function £ in Lemma 3.5. In some
cases, typically when dealing with the effect of the reservoirs, we will encounter an Xy
that is not small, but can be transformed into some Xy that is indeed small, up to a
cost estimated by the carré du champ operator. The next definition formalises these

considerations and examples are given in Lemma 3.9 below.
Definition 3.6. Letay € R, N € IN*. A family Xy : Qy — R, N € IN* of functions is
said to be:

¢ Controllable with size ay if there are v, K independent of N such that:
1
YN € IN*, flogyév(exp [7|XN|]) < Kay. (3.21)
Y

By convention, if ay(p) depends on an additional parameter p, then the constant K
in (3.21) will not depend on p. By the entropy inequality (3.20), (3.21) implies, for
each density f for v} :

YN eN*,  uvY(fIXn]) <

H N\, N
Hvg 1¥9) | ey (3.22)
Y

» I'-controllable with size ay if one can transform Xy, using the carré du champ
I'y,, into a controllable function with size a). More precisely: X is I'-controllable
with size ay if there are controllable functions f(i\’ with size an such that, for each
6 >0, each N € N* and each density f for v}

v (f(£XN)) < SN2 (Th(f1%) + %V;V(fj(iv). (3.23)

The entropy inequality (3.20) then again implies that there are v > 0,K > 0
independent of §, N such that:

n H(frwv)) n KCLN.
vd 6

v (f(£XN)) < SN2 (Da(f1/2)) (3.24)
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e An error term with size ap, or error term for short, if it is either controllable or
T'-controllable with size ay, and ay = on(1).

Remark 3.7. (I'-) controllability behaves well with respect to multiplication by a small
constant in the following sense. Assume that Xy is (I'-) controllable with size ay and let
by € 10,1] (N € IN*) satisfy by = on(1). Then by Xy is (I'-) controllable with size byay
by Jensen inequality. |

To illustrate the notion of controllability, the following proposition, proven in Ap-
pendix C.2, states its consequence on the dynamical behaviour of observables.

Proposition 3.8. Let h € S(ep) withep given by Lemma 3.5, and let g;, be the associated
solution of the main equation (2.61) as in Lemma 3.5. Let EN : Qn — R be an error
term with size ay = on(1), and let FY be (I')-controllable with size 1. There are then
~v,C and +',C" > 0 independent of N,T such that:

1 T
VT > 0, TlogIE”é\; [exp ”y/ EN(r]t)dtH < Cay,
0

! log Vs
— 9h
sup — log {exp

T
7’/ FN(nt)dtH < (3.25)
0

Let ¢ : Ay — R. To determine whether a field is an error term or not, one must keep
in mind the following heuristics: the measures vV are discrete Gaussian measures, in
the sense that the fluctuation field YV (¢), which reads:

YN (9) = ﬁ > (i), (3.26)

1€EAN

is close to a Gaussian random variable when N is large, provided ||¢|. < co. In
particular, A — v (exp[A\Y" (¢)]) is bounded uniformly in N in a neighbourhood [0,(¢))
of 0 for some (¢) > 0. By (3.21), this means that YV (¢) is controllable with size 1 (or
size C(¢) for some constant C(¢) > 0 if we want to keep track of the dependence on ¢).
In analogy with Gaussian random variables, one can prove that YV (¢)? is controllable
with size 1, but Y (¢)" for n > 3 is not. Similarly, the quantity:

1 )
ZN(¢) = N2 Z TiMi+19(4) (3.27)
i<N—-1

should not have worse concentration properties than YV (¢). Contrary to genuine
Gaussian random variables, however, Y (¢) and ZV(¢) are bounded, by C/||¢||.o N'/?
for some C' > 0. As a result, it is always possible to find a small enough such that
an(YN(¢))" is controllable with size 1. This discussion is summarised in the next lemma.
Lemma 3.9. Forn € IN¥, let ¢,, : A% — R satisfy supy ||¢n|lcc < 0. Define, for N € IN*
and either J = {0} or J = {0,1}, the functions (an empty product is by convention equal
to1):

Vn € Qp, Xffj}(n) = Z Z &n (io, -~-7in71)( 1;[]77i0+j) (ﬁmu),
je. am

ig<N—|J|i1,...sin—1EAN

Ug(n) = ,F]E(Nfl)a Uf(n) = ﬁE(Nfl) Z ﬁl¢1(l)7 €€ {_7 +}
i#e(N—1)
(3.28)

Then:
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e the function UOi is I-controllable with size N~ 1, and U 1i is I'-controllable with size
|¢1]lc N L. Moreover, N‘l/QXﬁlJ is controllable with size ||¢1||%.

e Forn > 2, there are constants v, > 0 that depend only on n, but not on ¢,,, such
that:

log yév ( exp [

Tn —(n—1) yén ]) 3
N X <. (3.29)
[Pl oo m N2

This implies (but is stronger) that the function N_(”‘l)Xfi’j] is controllable with
size ||y |l N~ (*=2)/2 In addition, if ¢, (ig,...,in_1) vanishes whenever an index
appears twice in the collection iy + J, i1, ...,i,—1, then one can replace ||¢,||- by
the weaker norm ||¢, |2,y in (3.29), where:

[6nll2,n = (% > qbn(io,.-.,infl)Q)l/Q. (3.30)

yeetn—1

e Forn = 2 and |J| > 1, say J = {0,1}, the previous estimate can be improved:
N—lng{o’l} is T'-controllable with size ||¢,||eo N ~1/2 (or ||pnll2. v NV2 if ¢o(i,i) =
0 = ¢2(i,i + 1) for each i).

Remark 3.10. To help clarify the definition of Xffj‘J, take J = {0,1} and, for n € IN*, let
b (i0, -rin_1) = [T}y ¢1(i¢). Then:

X0 = N"2(YN (1)1 ZN (), (3.31)

with YV (¢), ZV(¢) defined in (3.26)-(3.27). Moreover, for any ¢, : A%, — R with ¢o(i,i) =
0 for ¢ € Ay, then the correlation field (2.7) can be recovered: sz{o} = 4NN (¢7). W

Lemma 3.9 is proven in Appendix A.2 for the variables Xffjj]. The statement for
U(}—L, UljE is proven in Appendix B.2, and the last item corresponds to Proposition C.1.

3.2.2 Bounding the entropy

After classifying each term arising in the computation of L} 1 according to the categories
in Definition 3.6, we will obtain the estimate (3.15): for a good choice g;, depending on h

and any density f for v},

2
v (FLi1) < vl (f€) + NTV;Vh Th(V1)). (3.32)

Above, £ will be a controllable error term with size N~1/2: there is 7, C' > 0 depending
on p+,h such that

C
VN € IN*, logyﬁ (exp h|5|]) < Nz (3.33)

To turn this estimate on the adjoint into the entropy estimate of Theorem 2.7, there
is one more step, which involves the log-Sobolev inequality of Lemma 3.4, see (3.19).
To apply the log-Sobolev inequality, we need to ensure that the constant v in (3.33) is
sufficiently large compared to the log-Sobolev constant Cr g, in the sense that we want
to have:

vy (FLy1) = N2w) (Th(f1/%))

H(fvN|vN 1 N2
< A (I, 1V50) + ;loguﬁ(cxp [7\5\]) - =y (Th(f?)

¥ 2
H(fvylvy) ~— C  N?
< _ 9dh!” gh _ 2 N T 1/2 3.34
= SCrs  ANZ 4 Vo (Cn(F75)) (3.34)
EJP 29 (2024), paper 63. https://www.imstat.org/ejp

Page 25/96


https://doi.org/10.1214/24-EJP1121
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for out of equilibrium correlations in the SSEP

where (8C1s)~! in the last line could be replaced by any smaller positive number. The
last bound requires v > 8C'.g, and is the reason for the introduction of the following
terminology.

Definition 3.11. e A (T-) controllable error term Xy of size ay is said to be of
vanishing type if there is a sequence (yn)n of positive numbers such thatlimy vy =
oo, and vy Xy is (I'-) controllable with size 1.

e A function Xy (error term or not) is said to be of large type if, for some v > 1
independent of N, vXn has unbounded exponential moment as N — oo.

* A controllable function is said to be of LS type if one can take v > 2'°Crg in the
definition (3.21) of controllability (this is in particular always true for N large in
the case of error terms of vanishing type). A I'-controllable function is said to be of
LS type if the controllable functions Yf associated via (3.23) are of LS type.

Remark 3.12. The constant 2!° is not at all optimal (any large enough constant would
also work), but is sometimes convenient later on. |

Let us clarify this notion by classifying the functions appearing in Lemma 3.9.
Lemma 3.13. Forn € N, J = {0} or {0,1} and ¢,, : A% — R with supy ||¢n|ec < o0,
recall the definitions of X?",, U¥ in Lemma 3.9.

« N'2UF, N'/2U are I'-controllable with size 1, so both U and UL are error terms
of vanishing type. Similarly, for any sequence ey > 0 (N € IN*) with ey = on(1),
enN~YV2X{Y and ey N~(""VX %" forn > 2 are error terms of vanishing type.

e Forn > 2, ’yN_(”_l)ijj, has exponential moment bounded with N only if v > 0 is
small enough. Thus N*(”*l)Xﬁff, is of large type.

e Forn > 2, there is a numerical constant (,, > 0 such that
LS type.

A= N= DX s of
If in addition ¢, (ig, ..., in—1) vanishes whenever the same index appears twice in
the collection ig + J, 41, ..., i,—1, then the same statement is true replacing ||¢n ||
with ||én|2,n (defined in (3.30)).

 If a function Xy is of LS type and ¢ € (0,1), then ¢Xy is of LS type. Moreover,
(1+ a)Xy is of LS type for sufficiently small « € (0,1) independent of N.

Lemma 3.13 is obtained as a consequence of the proof of Lemma 3.9, carried out in
Corollary A.4.

To see why the claim of Lemma 3.13 is reasonable, consider again Y (¢;) =
N—1/2 >;Mi¢1(i) (¢1 is bounded) as an approximately Gaussian random variable when
N is large. Similarly, one should see N*("*l)Xf;’f] as approximately N~ ("=2)/2 times a
product of n Gaussian random variable (n > 2) for bounded ¢,,. For n > 3, the prefac-
tor N~("~2/2 vanishes, thus N~("~1 X¢", should become an error term. Error terms,
however, are defined in terms of smallness of exponential moments, and the moment
generating function M, () of a product of n Gaussian random variables is unbounded
for v large enough (n = 2) or for any v > 0 if n > 3. For n > 3, the vanishing prefactor
N—("=2)/2 when considering N_(”_I)Xf;”f] as a product of n Gaussians is precisely right
to ensure that its exponential moments are bounded with N in a neighbourhood of 0.

For an error term of LS type, a straightforward adaptation of the proof of Proposi-
tion 3.8 (see Section C.2) yields the following result.

Corollary 3.14. Let EV be a (T'-) controllable function with size ay = Op(1), and
assume that EV is of LS type. Then one can take v = 1 in Proposition 3.8, i.e. there is
C = C(p+) > 0 such that:

1 T
YN eN VI >0 —log EYon [exp ’/ EN(nt)dtH < Cay. (3.35)
0
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In particular, this applies to EV = (s||¢||5 NIV (¢) with ax = 1 for any bounded ¢ : 1 — R,
with (s the constant in item 3 of Lemma 3.13.

Equipped with these notations, we now turn to computing Lj1, in the next two
subsections. We split L, into L} = Lj , + Lj, ., the adjoint dynamics respectively in the
bulk and at the boundaries, and study each contribution separately.

3.3 Adjoint at the boundary

In this section, we compute Lj 1, the part of the adjoint L} 1 of L; with respect to

l/év corresponding to the dynamics at the boundary. By (3.5), it reads:

2 VNi
MLm= Y [t o m.i]

ie{£(N-1)} Y (n)
2 oy —2n;
= 3 () e O St
ielE(N-1) Z i
fc(n,)exp{ 27’1 S ah H (3.36)
i

The jump rates ¢(n,4), ¢ € {£(N — 1)} are defined in (2.3). To compute (3.36), recall that
both h, g satisfy h(£1,-) = 0 = g(&1,-) by hypothesis. It follows that the arguments of
the exponentials in (3.36) are bounded by O(N‘l). Moreover, introduce fori € Ay =
{-N +1,...,N — 1} and at the boundaries:

A = log (1 ﬁipi) as wellas Ay = log (1 fipi). (3.37)

With this notation and by reversibility, one has for ¢ € {£(N —1)}:

. L 2771-71
c(n',i) = c(n,1) (lf%n(u()) = c(n, i) exp [(2771' - 1)/\sign(i)N] (3.38)
sign(i

As a result, with the notation 9V )\, = N(\¢1 — \¢), we get:

et (2=

L —pi
. 1—2n,
= ¢(n, 1) exp {(T)

(Lic—(v—1)OV Ay — 1i:N716N)\N71)}- (3.39)
Write for short the boundary term as:
Bii=1;— (n-1)0" AN — Lizn_10V An_1. (3.40)
Using (3.39) and the existence of C}, 4 ; = C(||h|/co; ||g]|c, [|A]]oc) > 0 such that
le” —1—2%/2| < Cpgplal® for |z] < 2(|hlleo +2[gllo + [Alec), (3.41)

Equation (3.36) can be expanded with an error term:

. N
) = N L) - S Y e (- 2m) | AN - by 5] 3.42)

ie{£(N-1)} j#i
LY )| (e SN @ 4B (5 S aNh)
-7 )i\ on j —N)ij i) —\on j 4V g )
1 m, IN < ‘77J g J 2N 4 ‘77J J
i€{£(N-1)} VESD Ve
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and 6} " satisfies [0}"'| < Cj, 4 ,/N. To compute the two terms in the left-hand side

of (3.42), let i € {(N — 1)} and let us first rewrite the jump rate in terms of 7; in two
different ways. One has:
C(n, Z) = (1 - ni)psign(i) + (1 - psign(i))ni = Qsign(i) + ﬁi(l - 2ps‘1gn(i))7 (3.43)
with:
Asign (i) *= (1 - ﬁi)psign(i) + (1 - psign(i))ﬁi~ (3.44)
Moreover, it also holds that:
(1 - 217,‘)6(77, Z) = _(777? - psign(i)) = -1+ (psign(i) - ﬁ?)
1
—i — N [1i:7(N71)6Nﬁ—N - li:N—laNﬁN—l]- (3.45)
Using (3.45) in the first sum in (3.42), one finds:
N
= > i) —2m) [ > niN(g—h)i
ie{x(N-1)} J#i
+ (Lico(v-1) OV Ay — 1i:N718N)\N71)}
NN X ONp_ NON\y_
_ 7]\/ o+ P—N I N-1
2 -(v-1) N 2

N2 .
where ¢ is an error term that reads:

ON pn -
e R N CE

53 (n) (3.47)

1
=73 Z (ﬁz‘ + N [1i—_(nv-1)ONp_n — 1i:N718NﬁN71}) ZﬁjN(g —h)ij-
ic{£(N-1)} J#i

Since N(g — h);,; is of order 1 for i close to the boundary, the term involving 7; above
is of the same form as U;" in Lemma 3.9, and recall that U;" is T-controllable with size
N1 and of vanishing type (as defined in Lemma 3.13). The other term is of the form
N~1/2y N () for a bounded ¢ (recall (3.26)), and YV (¢) is controllable with size 1, thus
N~1/2yN(4) is also of vanishing type. It follows that 43 % is I'-controllable with size N~
and of vanishing type.

Consider now the second sum in (3.42). Using (3.43) and recalling the defini-
tion (3.44) of a4, it reads:

% > )}0(77’ i) [(2;, > ;N(2g —h)i

ic{+(N-1 j#i

2 1 2
+ (L vV Ay — 1i:N—1aN/\N—1)> - (ﬁ ZﬁjNhi,j) ]
i
a_(aN/\_N)Q a+(8N)\N_1)2

— N3
= n + n + 465" (n), (3.48)

where 61 3 is an error term that contains all other contributions:
1 _ 1 _ 2 1 _ 2
im=1 Y cmi) [(2N S AN~ hiy) (g5 2 Nh) ]
ie{+H(N-1)} i#i J#i

1 . _
+ v Z c(n, ) [(11-:,(N,1)6N>\7N —1i=n-10N An_1) Z 0N (29 — h)m}

iE{£(N-1)} i#i
ONA_N)? ONAn_1)?
+ v (1 —%-)% +in-1(1 —m)%- (3.49)
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With the notations of Lemma 3.9 and bounding ¢(n, -) by 1, the first line of 51 * is bounded
by a term of the form N~ 2X2 "0y, thus N ~! times a quantity controllable with size 1.

Similarly, the second line is bounded by a term of the form N~'/2|YN(¢)| (recall that
YV is defined in (3.26)) for bounded ¢, and |YV(¢)| is controllable with size 1. Finally,
the third line is of the form U3, and U is T'-controllable with size N~! and of vanishing
type. The quantity 0%® is therefore I'-controllable with size N~/2 and of vanishing type.

Putting together (3.46) and (3.48), we have obtained the following expression of the
adjoint at the boundary:

NONA_ N 6N[)_N N@NAN_ _ 6NﬁN_
N2Lj 11(n) = —— |1 [ ~v-n t } + 5 ! [UN—l N !
a_ (0NA_n)?  ay(aY /\N )"
T + g (3.50)

It remains to notice that the constant terms in the last equation compensate each other
to obtain the final expression for N*L; . 1(n). Indeed, for each i € {£(N — 1)}, a Taylor
expansion yields:

oN 0i

Z P o(NY. (3.51)

%

Qsign(i) = 20; + O(N_l), 8N)\l =

It follows that there is a configuration-independent error term §V:4, with ¥4 = O(N 1),
such that:

. NONA_N _ NONAN_1 _ N - N,q
N7L; 41(n) = #Tl (V-1 F 5 7IN-1 + 6% (n), 0f = Z‘Si ().

(3.52)
The quantities 6%V, 6 are, by definition, I'-controllable with size N ~! and of vanishing
type.

3.4 Adjoint in the bulk
We now compute Lj, ;1. For each i < N — 1, define B[, C}', D} as follows:

1 oNpih
h - — aNyp . h i 100,041 h _ nl h
Bi(n) = 5N Z 001 hij, — Di'(n) = ToN C¢ =B +D{, (3.53)
J¢{ii+1}
where, for u : A% — R:
8{Vu(i7j) = Nu(i+1,7) —u(i, j)], 1< N-—-1,7j€An. (3.54)
With these definitions,
. N i+l N _ (Mit1 — i) h
Vi<N-1, IR0 1T (h)(n) = ———F——Ci'(n). (3.55)
Define similarly C?Y, and notice that, since h, g are regular:
sup sup sup (|CF(n)|+|C¢(n)]) < oo (3.56)
NEN* neQy i<N—1
By (3.5), the adjoint L}, , in the bulk reads, by definition:
, N? iitl (™) .
N2Lj, o1(n) = 5 > [ch(n LG4 1)% —en(n,i,i+ 1)] (3.57)
i<N-—1 g
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With the above notations, this becomes:
2

N .. i+1 — i 0i(1 — p; Nit1—1i
NQLZ,O]'(W) = 7 Z C(T},’L,Z + 1) [exp {M(Cﬁ _ QC’ZQ)} [w}

i<N—1 N pi+1(1— pi)
— exp [ — (77z+1N_771)CZhH . (3.58)
To compute (3.58), recall the definition of A:
Vie Ay, M log<1fzpz) (3.59)

Notice that C" — 2C¢ = C"~%9. Moreover, ¢(y,i,i + 1) = (941 — 1;) for each i < N — 1.
With these notations, (3.58) reads:
2

N it1 — i
N2Lj g1(n) = 5 Z (Wi+1—7li)2[exp [W(C -0\ }
i<N—1
—exp[ (”% } (3.60)

To compute (3.60), we expand the above exponentials. Write (N2L;‘L701)0rderp for the
term of order p € IN. From the existence of Cj 4 = C(||h||oc; ||9]lc) > 0 such that
le* =1~z —a?/2—2%/6| < O, g2* when |z| < 2(||hlloc +2|gllc0), one has [6) grgersa ()] <
2Ch,4/N, with 5é\forder24(n) given by:

N _
N2Lh ol(n) = 5 Z (Mix1 — M) {QCih v— 8N>\i:| (3.61)
i<N-—1
2 Y (e - 2|(CI7 = V)" = ()] (3.62)
1 Ni+1 — i i i i .
i<N-—1
1 _ 3
+ 1N i<N71(77i+1 — 1) [[C’lh 29 _ 3N)\,-] + (C’lh) } + 50 Order>4( ). (3.63)

The sum in the last line (3.63) will later be found to be an error term, in Section 3.4.3.
The important terms are therefore the sums in (3.61)-(3.62), which we will see impose
conditions on the choice of g.

To highlight the structure of L;*,,’Ol, let us rewrite the sums in (3.61)-(3.62) by grouping
together terms involving n-point correlations, n € IN*. By (3.53), C' is the sum of B, which
involves one-point correlations (i.e. one 7); and of D, which is configuration-independent,
like A\. Moreover, the sum in (3.61) will have to be integrated by parts to remove the N
factor. To do so, write:

Vi<N—1, g1 — 1 = i1 — 0 + Pis1 — pi = i1 — 0 + NN p;. (3.64)

The sum in (3.61) therefore contains constant terms, fluctuations and two-point correla-
tions. Let us similarly analyse the second line (3.62). The jump rate (7,41 —7;)%, i < N —1
can be expressed in terms of 7j; and 7,11 as follows:

Vi< N —1, (M1 — )% = ai + 0" (pi) i1 + 0 (Pis 1)l — 20iTit1, (3.65)

where a; = pi+1(1 — p;) + pi(1 — pit1), @ < N — 1. The sum in (3.62) therefore involves
constant terms and n-point correlations for each 1 < n < 4. In Section 3.4.3, we prove
that three-point and four-point correlations lead to an error term 6{)\7'3_ 4» while the sum
in the third line (3.63) is an error term (5&7 order 3- 1he adjoint in the bulk thus reads:

N2L;’01 = Const + Fluct + Corr + 5(])\’[3,4 + 5é\forder3 + 5(€Yorder24a (3.66)
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where Const, Fluct, Corr respectively denote the constant terms, the fluctuations and the
correlations. The expression of these terms is given in the next three sections. Informally,
these are small only when z/év satisfies specific conditions. Namely, the fluctuations term
Fluct is small because, by definition, I/év has the same average occupation number as
the invariant measure in the large N limit, see Section 3.4.1. On the other hand, the
correlations Corr are small provided g solves the partial differential equation (2.61), as
shown in Section 3.4.2. Finally, the constant Const is small provided all other terms are,
as established in Section 3.4.4. We will repeatedly use the following estimates (recall

the definition (3.53) of D):
sup |D;| =O(N~),

i<N—1
ARy N pi
sup a4 — (“)Nﬁl- = O(N_l) = sup NN — _—p . (3.67)
i<N—11 2 i<N—1 g

3.4.1 The fluctuations

Here, we estimate the fluctuations term Fluct in (3.66), which we recall accounts for all
terms with a single 7 in the two sums (3.61)—(3.62). Recalling (3.65), it reads:

1
Fluct =5 [N(m+1 — ;) (2D} 79 — 9N N;) + 20N 5 Bl Y
i<N-—-1

[ h—=2g(h—=29 _ 9Ny \ _ ophnh
+ 5 [2B7(D; oN\) —2B!'D!]
1 _
+t3 [0/ (pi) i1+ o' (D)) [(DF 727 — 9N N:)? — (D)) (3.68)

To estimate the size of each term above, recall from Lemma 3.9 that a term of the form
YN (¢) (defined in (3.26)), with ¢ : (—1,1) — R bounded, is controllable with size 1.
Using (3.67), (3.68) thus turns into:

1
Fluct = 5 Z |:N(771+1 — T_],)(2Dlhig — GN)\z) =+ QaN[ZB,Zlig — a,;aN)\,;thQg

i<N-1
ON\;)? o o
+ % [U/(Pi)niJrl + H(Piﬂ)%]} + 5(])\,]11(7)), (3.69)
where Jé\ﬁl (n) reads:
N,1 1 h—2g Hh—2
P04 (1) =5 ‘;:_1 a;:|B; ™ D; ™™ — BY Dj] (3.70)

+ [ (pi)iiis1 + 0 (Bis1)s] [(DE29)2 — 2D 299N N, — (DY)?] .

Recall from (3.53) that each B; for i < N — 1 is of the form N~'/2Y'"(¢) for a bounded
function ¢, and that sup, |D;| = O(N~1). As a result, all terms composing 6(])\7[ il are of the
form N—1/2YN(¢) or N=3/2Y'N (3)) for a bounded 1, and YV (1) is controllable with size
1 by Lemma 3.9. It follows that (56\” il is controllable with size N~—! and of vanishing type
(recall Definitions 3.6-3.11).

Let us compute (3.69). We start by integrating its first term by parts. From (3.53)
and the regularity of h, g, one draws, for each i < N — 1:

_ _ 1 _ _
D! f - DI = “5N? (h—9)ii1AVpi + N[(h— g)ii41 — (h — g)i—l,i]aNpi—l}, (3.71)
where:
ANp; = N (ONpi1) = N?[pis1 + pi—1 — 2pi). (3.72)
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Remark 3.15. In the present case, AYp; = 0 and 9" p; = p’ for each i, which could be
used to simplify (3.71) and several other expressions below. We chose not to use the
properties of p until the end of this section to highlight the structure of the Fluct term: it
will contain a discrete PDE involving p. Had we defined Vé\’ in terms of a density function
p: [-1,1] — [0,1], this PDE would determine the choice of density p in the measure v}’
in order to obtain an optimal bound on the adjoint. |

As a result, sup; | D}~ — D!""?| = O(N—2). Moreover, g(+1,-) = 0 = h(£1,-), which

implies that szjf,_l) =0O(N?)= D;{,__gQ. An integration by parts therefore turns (3.69)
into:

N N
Fluct == Y 7ANA - EﬁN_laNAN_ﬁ77,(N,1)8NA,(N,1) (3.73)

lijl<N—1

_ _ alaN/\Z _ 8N)\Z 2 N _ _
+ D {aNPiBzh - TBIL 4 % [0 (pi)Tli1 + 0'(Pi+1)7h”
i<N-—1

2
N,
+ Z 50,1(1(77),
q=1

M| —

where 5é\f 12 is a controllable error term with size N~! of vanishing type, as it reads:

1 i _ o o, )
i = Do WNDI =Dy 4y Dy~ iev-n DRy BT
li|[<N—-1

Using (3.67) to express a.0V \. in terms of 9V p. in the terms involving B in the second
line, (3.73) becomes:

1 _ AN N_ N N— N
Fluct = B Z AN N — 57]1\/,18 )\N72+577—(N—1)8 )\—(N—l)

Ji|]<N-—1
N (O )’ ~
+ > [3 piBl + 10" ()i +0"(ﬁi+1)ﬁz‘]] +> i), (3.75)
i<N—1 a=1

with d';°(n) of the form N~/2Y¥(¢) (recall (3.26)) with ¢ bounded, thus controllable
with size N~! and of vanishing type. Indeed, recalling the estimates (3.67) and the
definition (3.53) of B, 6(])\,’ 13 reads:

1 (1 a;ON \; _
%01 () = nj(N ) N[Q—aNpi]aiv(h—2g)m>, (3.76)

2N e
jeAN i¢{j—1J4.N-1}

and the term between parenthesis is bounded uniformly in j € Ay and N € IN*. Let us
now compute the term involving B in (3.75). Recall that g € C3(>) and is symmetric,
thus supj; . ny_1 Nlgj—1,; — gj+1,j] is bounded uniformly in N. Integrating by parts and
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using g(+£1, ) = 0, and the symmetry of g in the last line below; we find:

Z oNp;BY = % Z N p; Z ;01 gij = % Z 75 Z N pioy gi

i<N—1 i<N-1 jeliir1} JEAN  ig{j—1,j,N—1}
1 _ _ _ _
= 5N 7 [ > AVpigij+0Vpia(Ngj1;) — 0V piy1(Ngjia,)
JEAN [i]<N—1
lj—i|>1

+ N pn—2(Ngn-1,;) — 8Np—N+1(Ng—N+17j):|

1 _ _ N4
CTON Z nj Z ANpigij + 8p3 (n)
JEAN [i|<N—-1
lj—il>1

— —% D (NTIM) (M) () + 853 (), (3.77)
JEAN

where 631", 651" are of the form N~1/2YN(¢) (Y™ (¢) is defined in (3.26)) for bounded
¢, and therefore 56\,/ 14, 5(1)\” f’ are controllable with size N~! and of vanishing type. M, is

the matrix (gi,;)(i j)eaz, and (Ap.) the vector (Ap;)ieay, so that (5&5 accounts for the

replacement of AN p by Ap (this cost vanishes in our case since p is linear, but we do not
use this fact at this point), as well as the addition of missing terms in the sum on i:

8o () Z 7 > [ANp; — Apilgi;

JEAN  —N+1<i<N-1
li—i>1
1 _ _
v 2 D Dbgi (3.78)

JEAN  ie{E£(N-1),j,j+1}
Consider now the sums involving . in (3.75). Elementary computations give, for each
i< N—1:
ANG,  (0Npi) 0 (i
7/)7( ) (p)JrEﬁV, sup e =O(NH).

ANX; = NV N — OV Niq] = -~
lop; (Ui> li|<N—1

(3.79)
By (3.67), we also know sup, [0V \; — 0V p;/5,| = O(N~1). As a result:

1 B (CCAPY
3 Z AN)\ + Z 7>[ (,0 )it 1 +U(pz+1)771]
|[i]l<N—1 i<N-—1
N N
- EﬁNan)\N& + Eﬁf(Nfl)aN)\f(Nfl)
Ap; N N
=5 Z i—*ﬂN 10N AN 2+*77 (N— 8N>‘—(N—1)+5é\fi6(n)’ (3.80)
zEA

N
where 4, reads:

1 - 1 - - Ap;
Ot (1) = 2 D W [AN)‘Z' + Z[(aN)\i—l)QUI(PFl) + (OVN)20" (piv1)] — = }
l[i]l<N—1 i
IN-1(0NAn_2)?0" (pn—2) (=) (OVA_(n=1))?0 (P (N—2))
+ + 1
4 4
Apn_ Ap_(n_
N 2N g oy D (3.81)
ON-1 O_(N-1)
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The function 6(])\36 involves terms of the form 7). (y_1yu(£(N — 1)) with v bounded (the
last two lines), and N~'/2Y™(¢) for bounded ¢ : (—1,1) — R (the first line). It follows
that 5(])\_7 16 is I'-controllable with size N~! and of vanishing type by Lemma 3.13. Note that
the last line actually vanishes since Ap = 0. This last line is an error term anyway, so we
do not need this fact.

Putting (3.75), (3.77) and (3.80) together, we have computed the fluctuations term (3.68)
in N2Lj o1

1 N
Fluct = 3 Z 0i(67" = N7'My) (Ap) (i) — —iin-10" An—2

1EAN 2
N 6
_ N,
+ 5 (N1 A_(n-1) + E 0.1 (1) (3.82)

q=1

Since p is the steady state profile satisfying Ap. = 0, the first sum vanishes, and:
N N 0
Fluct = _EﬁN—laN)\N—z + ?ﬁ*(Nfl)aN)‘*(Nfl) +600(n), Sy = Z‘S(J)\jiq- (3.83)
qg=1
By definition of error terms, see Definition 3.6, we have proven the following: for any

0,y > 0, there is C(6,~) > 0 such that, for any density f for uév and N larger than some
N(7):

N
Vév (f . Fluct) < ?Z/(J]V (f[—’f]N_laN)\N_g + ﬁ,(N,l)ﬁN)\,(N,l)])
H N|,,N
+ONv) (Ca (V1)) + (f”j; v ) | C(f\;”). (3.84)

The expectation in the first line of (3.84) is not an error term, but it will cancel out with
the boundary term obtained in (3.52). This cancellation will appear in Section 3.5, where
all contributions to L;1 are summed.

3.4.2 The correlations

In this section, we compute the Corr term in (3.66) and obtain the partial differential
equation that an optimal g must solve. Recall that Corr corresponds to all terms in (3.61)-
(3.62) that involve products of two 7’s. It reads:

Corr = Y [N(m+1 —)BlY — a; BB — }ﬁiﬁi-&-l (D)2 — N N)? — (D})?]

i<N-1 2 '
+ %[U/(ﬁi)ﬁi-‘rl + 0’ (piy)ms) [BI 29 (D)% — 9N \;) — B'D}'] (3.85)
Recall from Lemma 3.9 that terms of the form IT" (u), or of the form:
N*1/2Xf,{071} =N"1/2 Z NiMi+1Vi5 (3.86)
i<N-1

are controllable with size 1 as soon as the test functions u, v are bounded. Multiplying
them by ey with ey = on(1) therefore turns them into controllable error terms with size
en, €3, respectively by Lemma 3.9. As in Section 3.4.1, we first use the estimate (3.67)
on the size of D to remove some terms from (3.85):

_ _ 1
Corr = > [N(ﬁi+1 —0;)B}"Y — a;B{B/'"? — §ﬁiﬁi+1(3N)\i)2
i<N-—1

1 e B _
~5 [0 (p:)fiis1 + 0 (Bis1)Ti]| OV N B! Qg} + 603 (), (3.87)
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with 56\7[51 controllable with size N~! of vanishing type, defined by:
1 _ _ _
Soy (n) = “oN Z Billip1 N [(D}~29)? — 2D} 299N \; — (DI)?]
i<N—1

1 _ _
+ o [0/ (p) 41 + 0 (pir1) ] N[BI 2D — BID!'].  (3.88)
I<N-—1

Let us integrate by parts the term involving 7,1 —; in (3.87), ¢ < N — 1. To do so, notice
first that, for each 7 with |i| < N — 1:

N[B! - B9 = N[B!™" — B/7]

1 _
~oN Z UjA{V(Q —h)i;

ili—i|>1
1
+ 3 (72100 (9 — h)iim1 — Mi+107 (9 — B)i—1,i41] (3.89)

with ANu(i,j) = 0N (ONu(i — 1,7)) for u : Z*> — R and (4, ) € Z>. As a result:
> N(iy1 —0:)B 7
i<N—1
= Nin1 By % — Nﬁ—(NA)BE(_f;_l) + Z f]iN[Bf':lg - Bi}"—g}
lil<N—1

1 _
= o5 (n) + N S > mmAY(g—h)iy (3.90)

[i|<N—1j:|j—i|>1

1
+3 Z i [1i-107 (9 = h)ijim1 — Nip107 (9 — R)i—1,i11],
li|<N—1
N,2 o — h—g — h—g N,2 . s
where 65" (1) == Nijn-1By_% — Ni_(n-1)BZ(y_1)- 9,3 involves correlations between
the reservoir and the bulk, of the same form as the function Uli defined in Lemma 3.9.

(5(])\)7 éz is thus I'-controllable with size N~! and of vanishing type. On the other hand, the
last line of (3.90) becomes, changing indices:

> 0110 (9 = h)iie1 = Mi10 (9 = B)ic1i41]
il <N—1

= > Dilli41 [0 (g — h)ig1,i — O (9 — h)i—1.41] + 005 (n),  (3.91)
—(N-1)<i<N-2

with:
S0y () = T (n—1)T—(N—2)01 (9 — B) —(N—2),—(N—1)
— IN—2N-10Y (g — R)N—3 N1 (3.92)

The quantity 5(1)\77 é3 is again a I'-controllable error term with size N~! of vanishing type, as
it is of the same form as the function Uli of Lemma 3.9. Equation (3.90) thus reads:

S NGB = e S S amalg - by

i<N—1 li|<N—1j:|j—i|>1

3
1 o
+3 > Billi+1 [0 (9 = h)iz1i — O (9 — B)icrann] + D 5057 (n).  (3.93)
—(N-1)<i<N-2 q=2
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The other terms in (3.87) are simpler. Indeed, recall that:

_ —1 N O pi —1
sup |a; —25;| =O(N™), sup [0V A — ——|=O(N""). (3.94)

i<N-1 i<N-—1 oF}

Using these estimates in (3.87), Corr becomes:

1 _
Corr = Do Y amAY(g— iy
[i|<N-—1j:|j—i|>1
1 - (0%pi)?
+3 > Mifli+1 [3fv(g —h)iri = O (9 = h)imri1 — W]

—(N-1)<i<N-2

- [[0’(@)17”1 + 0’ (pit1)7i] 82_p LBl 4 25, BB -‘7} +3 60t m),  (3.95)
i<N-1 g=1
where 56\@4 reads:
1 oN 0i _
56\,/é4(77) = ToN Z [U/(ﬁi)ﬁi-&-l + U'(ﬁiﬂ)ﬁi] [3N/\i — ?p} Bzh 2
i<N-1 ¢

1 _ 1 N p;)?

TN > Nlai—20:] BB} - N > ﬁiﬁz‘+1N[(5N)\i)2 ) 65 )
i<N-—1 —(N-1)<i<N-2 v

1

-3 [Tl (N—1)T—(n—2) (O A_ (- 1)) + ﬁN—277N—1(8N/\N—2)2] (3.96)

The last line comes from the fact that the sum involving #;7;+1 in (3.87) and in (3.93)
do not have the same range. It is of the same form as U;" in Lemma 3.9, thus is I'-
controllable term with size N~! and of vanishing type by Lemmas 3.9-3.13. The first line
and the first term of the second line above are of the form N *2X§’ 1{0}, while the second
term of the second line reads N~ 1/2Xf"f{0 1y for bounded tensors ¢1, ¢. As a result, b

is T'-controllable with size N~! and of vanishing type by Lemmas 3.9-3.13.

To conclude on the expression of the correlations, it remains to take care of the two
terms involving B in (3.95). Recalling the definition (3.53) of B, using the regularity of
h,g and p and changing indices, one can write:

1 L _ oN p;
= >0 [0 (Pi)ir1 + o (piva)7i] 9P o= (3.97)
i<N-1 Ti
1 (pz)a Pi _ _ N,
=on > P Y w0l 29— Wi + &5 (),
lil<N—1 ! ig{ii+1}
where 6&5 is an error term that reads:

o p;

1 _ _ _ _
505 () = N Z N [o' (piy1) — o' (pi)] 5. Bi"
lil<N—1 ¢

1 ONPi—1 2g—n _ONDi agh,

— 3N o (i B o' (p) =L B2
+ IN Z n g (p 1) Fi1 i—1 g (p ) & 3

[i|l<N-1
0 (pN=2)ONPN-2 29— o' (P—(N=2))ON P_(N=1) L29-n
_ By 9~ B9 . (3.98

TN-1 %N 2 T -(v-1) % (v “(v—ny- (3.98)

5N ° is of the form N~1X?2 | for a bounded ¢o for the first two lines, and N*1U1jE for the

2,{0}
third line. By Lemmas 3.9-3.13, 5(1)\7[55 is therefore I'-controllable with size N~! and of

vanishing type.
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Finally, recall that (7.)? = 5. + 0/(p.)7.. Separating diagonal and off-diagonal contri-
butions, the term involving B?Y B"79 in (3.95) reads:

_ _ 1 _ _
-2 Y &,B!B} ‘=N Sooa >, im0 gi 00 (g — h)ie

i<N—1 i<N—1  jeg¢{iit1}
1 72 _
=N Ujﬁé(ﬁ > i07 gi,01 (9 — h)i,é)
lil<N-1 i (G—1,4,0—1,6,N-1}
)

SN S 606500 9,0 (g — )iy + 60 (n),  (3.99)

i<N-—1j¢{ii+1}

where 6&6 is the sum of error terms of the form N~'/2YV(¢) (recall (3.26)) and Uli,

thus 6(1)\7/56 is I'-controllable with size N~! and of vanishing type. It is given by:

5N6 Z Z aio’ (p; 77]51 gZJal (g—n)i;j

SN el

Y Yanlee 3 70 940 (9= M ). (3.100)

JE{E(N-1)} £#] ig{j—1,j,—1,,N—-1}

The correlations (3.85) have so far been rewritten as follows:

7y o ()
Corr = 2. "“”{zzv[I'i—j>1Afv(9‘h)id+1f¢i+13N TP 2~ h)iy 310
|[i]<N—-1
J#i
1 —
Y > 70y 90,107 (9 — h)e,j] (3.102)

e¢{i—1,i,j—1,j,N—1}

N N p;
+1—it1<nN-13 [81 (g—h)iz1i— 01 (9 —h)ic1,iv1 — (U)Q] (3.103)

=5 > > 56,090 (9 h”+26 . (3.104)

1<N 15¢{i,i+1}

We claim that the curly bracket is a discrete version of the partial differential equa-
tion (2.61). To see it, first use the symmetry of g,h and exchange 7,j. Recall then
that, by assumption, h,g € W*#*(2)) for some s > 2. By Sobolev embedding, W** () C
C3(>) N C3(<), see Appendix E. As a result, approximating discrete derivatives by con-
tinuous ones and the Riemann sum in (3.101) by an integral, there is an error term 50 5,
controllable with size N~! and of vanishing type, of the form NIV (u) + N1 X ! {01}
for bounded u, v, such that the curly bracket spanning (3.101)-(3.102)-(3.103) equals

1 (a0 + Darag ) + au2g — %)

+ 11V (M (D19, 01(9 = ) + M(D1(g — h). Dr))

~/1\2
+ Z Tifli+1 [51(9 —h)ii—01(g—h)i_i— (};2) ] + 5(])\7[57(77)7 (3.105)
i<N-—1 ?

with M the bilinear operator defined in (2.46) and the convention, for (z,y) € @

wo(z,y) = wz)p(z,y), ¢w(z,y) = oz, y)w(y), ¢:B=Rw:(-1,1) = R.
(3.106)
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If g is chosen as the solution g; of the main equation (2.61), then the right-hand side
of (3.105) reduces to 5&7(77), whence:

1
Corr = W Z Z 5ic_rj8{V(gh)i’j8{V(gh — h)@j + 5(])\7]207)’ (3107)
I<N—1j¢{4,i+1}
with:
5y = ZaNﬂ (3.108)
The first term is independent of the configuration, and will be estimated in Section 3.4.4.

By definition of error terms (see Deﬁnition 3.6), for any 6,y > 0, there is thus C(6,v) > 0
such that, for any density f for 1/ and any N large enough depending on ~:

(f Corr 2— Z Z 010351 gh)u@l( —h)i;

i<N—-15¢{ii+1}

+ NN (TL(V 1)) +

H(fry o) | Cl0,7)

(3.109)
v N

Remark 3.16. The choice of ¢ = g5, cancelling the curly bracket (3.101)-(3.103) is
optimal in the following sense: for another g, the first two terms in the right-hand
side of (3.105) are not even error terms, but only controllable with size 1. As a result,
for ¢ # gn, (3.109) can at best only be true with 49N ~1/2, Cy respectively replacing
79, Co9N~1/2 in the right-hand side, which breaks the on (1) bound on the entropy obtained
in Section 3.5. u

3.4.3 Higher-order correlations

In this section, we again assume that g = g; solves the main equation (2.61), and we
estimate the third order term (N 2L;l)order 3 in the development (3.63) of the exponentials
making up the adjoint in the bulk, as well as three-point and four-point correlations
arising in (3.62). The choice g = g5 is not necessary here: higher-order correlations
behave similarly under all measures yév with suitable g. We keep ¢ = g5, to avoid
confusions.

Consider first (N2L} 1)order 3, which by (3.63) reads:

(N?L31(n))orders = 12N > (i — m)[[Ch 20n 8NAZ-]3+[CH3]. (3.110)

<N—1

Fori < N — 1, write n,41 — n; = Mi11 — 7 + N~ 20" p,; as before, and recall from (3.56)
that C" 729", C" are bounded with N. As a result:

’ el

1 ) o
(N LiLm)oraers ~ 157 > (e =m0 [ =¥+ [C1)']| < =5

i<N-—1

. (3.111)

One need not even integrate by parts to find that the sum in (3.111) is an error term.
Indeed, developing the cubes and recalling that C' = B+ D (see (3.53)) with N D bounded,
one finds:

F 2 W N 3 n ¢n
12N > e =) [[CF 2 =V N+ (el = ZN X (), (3.112)
i<N-—1
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for bounded ¢,, 1 < n < 4, depending on pi,h. By Lemmas 3.9-3.13, N~ ”X¢*L{O}
is controllable with size N~3/2 at most for 1 < n < 4, and of vanishing type. This

observation and (3.111) yield:

(Nszl(n))Order3 = 5(JJ\,[order3(n)v ’60 order3( Jr ‘ ZN nXsn{O} ) ; (3.113)

and 6&7 order 3 1S controllable with size N~! and of vanishing type.
Consider now three-and four-point correlations arising in the terms (3.63)-(3.64)-
(3.65). They read:

Sog—a(n) := Z { [0/ (pi) 41 + 0 (piga)ms] BI" Bl 9"
I<N-—-1
+ Gl B (D729 — 9NN + i BY O (D + 0N N) | (3.114)
+2 )" g BB (3.115)
i<N—1

Recall that sup; |D?| = O(N~!) for any bounded ¢ : [-1,1]? — R, and that sup, |0V \; —
p'/ai]| = O(N~1). There are then bounded functions ¢,,,v, : (=1,1)" — R (n € {2,3})
such that, in the notations of Lemma 3.9:

Z {_ [0/ (Pi)Ti41 +Jl(ﬁi+1)ﬁi]3igh3?79h =N~ 2X§f"°’{0}7 (3.116)
i<N-—1
D Nl [thth‘Q-"h —s—Bf’_g"ngh] = N72XP%0 1, (3.117)
i<N-—1
> Al BTN A = NTUXSR (3.118)
i<N-—-1
2 Y i BB = NTEXYS (3.119)
i<N-—1
so that &5, reads:
N _ 2 v b2 2 v 2 v 1y b2
0ly—a = NT2Xg% |, + N72XP%0 + NT2XY5 0+ NTIXE (3.120)

The first three terms are controllable error terms with size N—!/2 at most, with the first
term of vanishing type. The second and third term, involving ¢3, 13 are of large type,
and ¢3, Y3 are bounded as follows:

1
max { | gslloc: sl } < 5 1019n 12001 (91 = 1) - (3.121)

By taking p’ < e and h € S(¢) for sufficiently small ¢, the right-hand side can be made as
small as needed, see Appendix F.5. Lemma 3.13 therefore ensures that N~ 2X§’ 3{0} and

NT 2X3 10,1}

The last term in (3.120) is N~ leio 1y given in (3.118). 1) satisfies:

are of LS type.

Cp'|01(h = 2gn)|loo Y (3.122)

oo S —
]l min{p_(1 —p_), p4(1 — p4)} #—0

At first glance, the second item of Lemma 3.9 only yields that N~1X Ve is control-

2,{0,1}

lable with size ||¢2||oo- The last item of Lemma 3.9 in fact yields that N~ 1X2 oy b
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I'-controllable with size |12 . N ~'/2. This improvement is obtained in Appendix C.1,
through the renormalisation scheme of Jara and Menezes [32]. In view of the bound
(3.122), taking p’ < e and h € S(e) for sufficiently small ¢ ensures that N_1X§2{0,1} is of
LS type. All terms in the decomposition (3.120) have now been treated, and we conclude
that, for small enough € > 0 such that o’ < ¢,h € S(¢), 6)'5_, is a I'-controllable error

term of LS type. Thus, for all large enough N and each § > 0:

H(fr )  Cllg,h)

Soe 5 T NI (3.123)

v (£85_4) < SN*UN (Th(VF)) +

Remark 3.17. In addition to the boundary terms, the term N*IX;“%O 1} is the only one

for which a renormalisation scheme using the carre du champ is needed. |

3.4.4 The constant terms

Here, we prove that the configuration-independent terms appearing in the full adjoint
N2L;1 are small when g = g, with g, the solution of the main equation (2.61). The
terms in question correspond to various constant terms bounded by O(N~!) encountered
in the previous subsections and the computation of N QL;‘L’ + 1, which already are error
terms; and the sum of the constant term in (3.107), as well as the Const term of (3.66),
which reads:

o N (g O @i h—2g _ gNy \2 hy2
Comst == > |0%pi( D7 = =) + F[(Di7 = 0%N)" = (D))?]|. (3124
i<N—-1
By definition of N2L} 1, one has:
vy (N?Lj1) = vl (N?Lp1) = 0. (3.125)

We can also estimate Vévh(NzL;‘Ll) through the expression (3.52) of the adjoint at the
boundary and the expansion (3.63) of the adjoint in the bulk. Indeed, Lemma A.2 yields
the estimates:

Vn > 1, sup l/é\i ( H ﬁj) = O(N"?), (3.126)
e

Vig {£(N -1}, v (evonn) =O0WN2), vl (o) = O(N"3/2).

These bounds can be used on the error term §Y involving the adjoint at the bound-
ary (3.52), the error term 5(])\r’der>3,0 defined in (3.113), the error term 65?[74_0 accounting
for three and four point correlations defined in (3.114)-(3.115), the estimates (3.83) of
the fluctuations and (3.107) of the correlations. They yield:

* 1 J— —
ng (NQLh]_) = 0= Const + TNQ Z Z O'iO'ja{Vgihj@{V(g — h)i,j + O(N 1)
i<N—1j¢{ii+1}

=: 600+ O(N™1). (3.127)

The configuration-independent terms 6(])\7’0 arising in N 2L};Ol are thus bounded by
O(N71).

3.5 Conclusion

Let us put together the estimates obtained so far to conclude the proof of Lemma 3.5.
The expression of the adjoint at the boundary was obtained in (3.52) for general g, while
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the adjoint in the bulk has been estimated in the last three sections, provided one takes
g = gn, with g; the solution of the main equation (2.61). One has therefore:

N?Ly1(n) = N?Lj, +1(n) + N?Lj, o1(n)

N N
= 5 1-(v-1) (3N)\—N - 8N)\—(N—1)) — 5 N1 (BNANA - aN)\N72) + 0N (n)
_ %ANA,(N,U - "N;ANAN_l + 5N (), (3.128)
with 6%V a I'-controllable error term with size N ~!/2, given by:

5N () = 6% () + 600 + 601 (n) + 60'2(n) + 60'5—4(1) + 68 order 3(M) + 60 ordera(n)- (3.129)
Since supy [AM Ay (v_1)| < oo, the quantity:

%AN)\_(N_U _INCIAN NG (3.130)

2

is I'-controllable with size N~!' by Lemma B.3, and of vanishing type. It follows that
N 2L;*Ll is T-controllable with size N~'/2, and equal to a sum of terms of vanishing type,
plus 5(])\,'3_ 4 which is of LS type. Thus, by Definition 3.6 of I'-controllability and taking
§ = 1/2 there, there is a controllable function £ with size N~'/2 and C(p., h) satisfying,
for some v > 8C'Ls:

%logyé\;(exp [’y|€|]> < %, (3.131)
and for any density f for v :
N2
Vo (FN?L;1) < v, (F€) + —-v5 (Th (V1))
< H(J;I;ZIESVEJ’Y‘) + N;ug (Th(V/ 1)) + 70%/’2]1). (3.132)
This concludes the proof of Lemma 3.5. O

3.6 The Radon-Nikodym derivative

The computations in the previous subsections can be used to obtain an expression of
the Radon-Nikodym derivative Dy, = dPj,/dP (h € S(o0)) on each fixed time interval. By
definition, for trajectories up to time 7" > 0, Dy reads (see Appendix A.7 in [35]):

T
1og Dy ((me)e<r) = TN (h) — TIY (h) — N? / e I (M Ll (h) g (3.133)
0

The correlation field IT¥ is defined in (2.7).
Proposition 3.18. Let h € S(ep), and recall that, for u,v € I.?(4) and (x,y) € @

M(u,v)(x,y) = / u(z, )7 (2)u(z,y)dz. (3.134)

(=1,1)

Then, for eachn € Qy:

N N ~/1\2
N2e ) Ll (0 () = %HN (Ah+/\/l(61h,61h)) — (”4) / h(z,z) dz (3.135)
(7111)

1 o 1 _ _ 2
+1 Z Mifli+1 (O1hiy i — Orhi_ ;) + 3 / 5(2)a(y)[01h(z,y)] dady + " (h),
i<N-1 @
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where £V (h) is a I'-controllable error term with size N~'/? and of LS type. It thus
satisfies by Corollary 3.14, for some C(h, p+) > 0, each large enough N and each T > 0:

wN T C(h, ps)T

E, {exp [/0 €£V(h) dt” < exp [%] (3.136)

Remark 3.19. A bias h € S(ep) is a symmetric function by definition. As a result, for
each (z,y) € &

O h(z,y) = hh(y,x) = Oh(rs,x) —hh(x_,x)= (01 — O2)h(xy, ). (3.137)

The first term in the second line of (3.135) thus corresponds to a contribution of the

derivative of h normal to the diagonal. |

The following corollary will be useful in the proof of lower bound large deviations.

Corollary 3.20. Consider the P, -martingale M™%, defined for T > 0 and ¢ € T (T is
defined in (2.38)) by:

T
MY? =TI (¢) — 1Y (¢) — /0 N2L,IIN (¢)dt. (3.138)

If additionally ¢ is a symmetric function in C3(>), there is a I'-controllable error term
&N (h, ¢) with size N~'/2 such that, for any T > 0:

T
M-S T (6) — TN (6) — %/0 Y (Mg + M(016, 1) + M(9rh, 016) ) dt
(—/)QT
i (8)7; NGiyi— O1di_;)dt + Pz, z)d
/ 1<§177 ()i+1(1) (0 1bi_ i) 1 /(_171) (z,z) dx
T
- —/ y)O10(x, y)Orh(x,y) dxdy—i—/ N (h, ¢) dt. (3.139)

When ¢ = h, one has in particular:

T
MN" —1og Dy ((ne)i<r) = _%/0 I (M(01h, O h))dt — %/zﬁ(x)ﬁ(y) [81h(gj,y)]2dmdy

T
+ / eN(n)dt, (3.140)
0
for a I'-controllable error term &N (h) with size N~'/2 of LS type.

4 Long-time behaviour: upper bound

In this section, we establish the upper bound in Theorem 2.4: for the g of Theo-
rem 2.7 and any closed set F in (7, %),

T
h]{rnjctlop h;nj;p T log PTino (%/0 nYdte F) < — HhelffIEB(H)’ 4.1)
with 7., the functional defined in (2.50). A bound for compact sets is established in
Section 4.1, relying on a regularity estimate in the space H! (), proven in Section 4.2.
Exponential tightness, which yields the bound for closed sets, is obtained in Section 4.3.

Before we start, let us make some remarks and fix notations. For N € IN*,T" > 0,
a probability measure y”¥ on the state space 2 and each measurable set B C T/,
introduce the notation:

N N 1 ’ N
Q4" (B) =P+ (T/o Y dt € B). (4.2)
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For short, we will also write:

1 T
BT = BL = {7/ HngteB}. (4.3)
T Jo
Recall that, for N € IN*, Vé\g is the discrete Gaussian measure (2.58) built from the inverse
correlation kernel gq of the steady state of the open SSEP. Changing initial condition from
wffw to the measure ué\[’) (defined in (3.11), with g¢ given by (2.59)) has a cost independent

of T':

VT > 0,¥N e N*, Q& (B) < max Tino (1) Q% (B) (4.4)
9 ’ T = nEDN Vé\(/; (n) T . .
Upon taking 7~ 'log and the large T, then large N limit, the initial condition of the
dynamics does not change the value of the left-hand side in (4.1). The dynamics will
therefore be started from the measure z/é\g.

4.1 Upper bound for open and compact sets

To estimate (4.2), we consider dynamics with tilted two-point correlations as in (2.41)
and use the martingale method presented in Chapter 10 of [35]. It relies on the com-
putation of the Radon-Nikodym derivatives Dy, = dPy/dP, h € S(ep). In Section 4.1.1,
a first upper bound on compact sets with a rate function LB < 7., is established. The
bound is then improved to Z., in Section 4.1.2 with the help of the regularity estimate
of Section 4.2.

4.1.1 A first upper bound

Here, we build a functional 7., : (7/,*) — R such that, if K C (77, %) is a compact set,
1 N ~
limsup limsup — log Q° (K) < —infZ. .. (4.5)
N—oco T—oo T K
We first prove an upper bound for general Borel sets, then specify to compact sets.

Let h € S(ep). In Proposition 3.18, we proved that, for any 7" > 0 and any trajectory
(n(t))e<r:

1 T
log Dy (1)) <) = IF (k) =TI (1) = 5 / i (Ah + M(01h, Blh)> dt (4.6)
= 0
1 T =/ 2T
- Z/ Z i ()i 1(8) (Orhiy i — Orhi_ i) + (pi / h(z, ) dx
0 i<N-1 (-1,1)

T
_ %/Z(?(x)c_r(y)[alh(:c,y)]Qda:dyf/O eN(h)dt,

with e"V(h) a I'-controllable error term with size N~'/2

3.11). For any Borel set B in 7/, one can thus write:

of LS type (see Definitions 3.6-

N

Q;go (B) = EZ“’ [1BT(Dh)_1}, 4.7)

and the point is to build the functional Z., from D;* (h € S(e)).

Closed expression. Up to the error term £V (1), the expression (4.6) is nearly closed in
terms of the distribution fOT 1V dt applied to regular test functions. The only problematic
term is the diagonal term involving the 7;7;+1, ¢ < N — 1. Call it W,Ife“:

1
Wit (n) = 1 Z Niflis1 (O hiy i — O hi_ i), 1€ Q. (4.8)
i<N—1
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In Appendix D, we estimate the cost of rewriting W}¥*" in terms of the correlation
field IV applied to a smooth test function supported in a small neighbourhood of the
diagonal D. To state this estimate, consider a function x¢ € C°°(0J) with x* = 0 on 907,
0 < x° < 2/¢, such that x*(z, ) is supported on (z,z +¢) N (—1,1) for each = € (—1,1),
and:

Ve <1—g¢, / X (z,y)dy =1, Ve >1-—¢, / X (z,y)dy <1. (4.9)
(z,x+¢) (z,z+¢€)

Define then N (z,y) for (z,y) € X as follows:

N (z,y) = (Zggxa(x,y) (31 — Oa)h(z4, x). (4.10)

Then J\/’,ﬁ € T (defined in (2.38)), and we prove the following in Proposition D.1. Let
0 > 0 and ¢ € (0,1) be smaller than some £¢(p+,h,0) > 0. There are constants
Cy(p+,h,0),Co(ps, h,e,0) > 0 such that, for each N large enough depending on ¢, 6
and each T > 0:

N

;o {exp [9 /0 ! [WNes () — TIV (Nj)}dtn

CQ(ha P+, €, Q)T

N2 (4.11)

< exp {Cl(h, ps,0)e T +

The same bound is valid starting from yé\g up to an additional e€ (=" factor in the right-
hand side (in fact only a factor eC(r+:1) i e. bounded with N, but this does not matter
for our purposes). Since we take T large first, this e© (=N multiplicative constant is
not a problem.

Introduce then the following continuous functional J; on (7, *):

VITE T, Ji() =~ T(Ah+ M@k, 0:h)) ~ TI(AG)

(7)>2 e — 2 [ 5005 o
+4‘/(1,1) hw,z)d 8/21 (z) (y)[alh( ay)} drdy. (4.12)

With this definition, the Radon-Nikodym derivative (4.6) becomes:

108 D1 ((1(1) o) = T (1) =113 () + 775 ([ 1 )

T
—/ [W,Te“(m)fﬂiv(./\/f)}dtf/ eN(h) dt. (4.13)
0 0

Estimates on error terms. Let us estimate the contribution of eV(h) + W} (n,) —
IIY (N!). By Proposition 3.18, V() will not contribute to the large deviations as it
has small exponential moment. Indeed, Proposition 3.18 together with the last item of
Lemma 3.13 give that, for some small enough a > 0:

. . 1 yN r N
lim sup lim sup T log P¥sn [exp [(1 + a)/ e; (h) dt” =0. (4.14)
0

N—oco T—oo
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Since a change of initial condition has no influence in the large T limit, the above
estimate is also valid starting from ué\g . Thus, by Holder inequality:

T

. T
%logIPZgO [exp [/ [Wheu () — TIY (V)] dt +/
0 0

a 1 IPU]\;
< g
ST B {QXP[/O

1 N T N
ey P {exp [/0 (1+ a)e! (h)dt} (4.15)

Combining (4.11)—(4.14), we find that there is a constant C' = C(h, p+, «) > 0 such that:

el (h)dt]

T+

) — T ()|

1 T T
lim sup lim sup = log P¥a0 [exp [/ (W () — IIY (V)] dt +/ e (h) dt} < Ce'2
N—oo T—o0 T 0 0 (4 16)

We can now try to obtain the upper bound (4.5). Take a Borel set . Starting from (4.7),
one has:

1 N
~log Qi (8)

_ !

v -
~ log ;" [1BT (D) 1} (4.17)

< Tog B o [~ ¥+ 1+ [ R ¥ W+ [ Xl

+ sup (— J; (1))
< SN LogE e[ | W) — T (Ve + /OT <t (]

+ sup (= Ji(I0).

Taking the large T, then large N limits and estimating the error terms via (4.16), one
finds that, for all € > 0 smaller than some ¢g = eo(p+, b, @):

1 v
lim sup lim sup — log Q,° (B) < C(h, p+)e'/? + sup (— J;(m)). (4.18)
N—oo T—o0 T HeB

Taking the infimum on € € (0,9) and h € S(ep) yields a first bound:

1 v
lim sup lim sup = lo 99(B) < inf inf sup ( — J; (II)). (4.19)
mewplimsup 7,108 Qr" (B) <, It ). 5L, e (= i)
We now work out a way to exchange supremum and infima in (4.19) when B is a compact
set. The argument is standard and relies on Lemmas 3.2 and 3.3 in Appendix 2 of [35].
Let K C (7', *) be compact. We wish to prove:

1 vN
lim sup lim sup — lo 9 (K) < su inf liminf ( — J;). (4.20)
Naoop T%ocp T g0y (K) le heS(ep) €0 ( h)

Since (J;)n, is a family of continuous functionals on (7/,*), Lemmas 3.2 and 3.3 in
Appendix 2 of [35] allow for the exchange of the infima on h,c and the supremum on

(open covers of) K:

1 v
limsup — lo () <sup inf inf —J5). (4.21)
T_)OOpT gQT ( ) ](jphES(EB)EE(O,EO)( h)

Since inf. .., increases when ¢( shrinks, (4.21) yields:

1 v
lim sup lim sup — lo JO(K) < su inf liminf ( — J;). (4.22)
N—)oop T—>oop T & Qr (K) )Cp heS(ep) €0 ( h)
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This yields a first bound on compact sets and proves (4.5):

lim sup limsup — logQ ( ) < 1nf IEB, Z., = sup limsupJ;. (4.23)

N—oo T—oo heS(ep) ¢—0

4.1.2 Refinement of the upper bound to restrict to more regular correlations

To improve the expression for the functional fEB, we would like to take the limit in
€ in (4.23). This is however not possible in general. Indeed, recall that IT € 7 is a
distribution, and taking € to 0 amounts to asking for II to have a well-defined trace on
the diagonal D of the square . This is possible only if IT has some regularity.
In this section, we explain how to improve the upper bound (4.23) so that it is
finite only on correlation fields II that have a well defined trace. More precisely, write
= i<kn, > € T.. We prove that one can restrict to II's with kg € H! (). Note that, as
I € 7! N H' (), kp is a symmetric function, and the traces on both sides of the diagonal
coincide. We thus write trp (k) for the trace of ki on the diagonal without ambiguity.
By definition of the trace, one has then:

1

1 / tr(hn) (2, 2) (D5 — O h( s, 2)dz.  (4.24)
(71"1)

. 1
oy TH(A) = ling 7 (e, M) = 5

Thus, for Il € 7/ N H'(®), limsup,_,q |/ (II) — J,(II)| = 0, with .J, the functional equal to
+oc outside of 7 N H!(), and:

VIIe T, nH (@),  J,(II) = %H(Ah—k/\/t(alh o1h ))
+ i tl"D kn (92 — 61)h(.13+,5l“)d.73 (425)
(=1,1)
(7)? L[ 2
+ h(z,z)dz — = [ 5(2)a(y)[Orh(z,y)] dady.
4 (-1,1) 8 |

As aresult, for IT € 7/NH' (@), Z., (I) = Z., (II), with Z. , defined in (4.23), and 7., > 7.,
the larger rate function defined in (2.50). The goal of the section is summarised in the
following lemma.

Lemma 4.1. Let K C (7!, *) be a compact set. Then:

1 v
lim sup limsup — log Q°(K) < —infZ,,. (4.26)
N—oo T—oo T K

To prove Lemma 4.1, consider the functionals Q and Qg, defined for each ¢ # 0 in
C%° (1), the set of compactly supported, C* functions on [, by:

11{919) Q= sup  Q,, (4.27)

VILETs, Qulll) = =™
2 peCx(@)\{0}

Note that Q is weak* lower semi-continuous on (7, x). Indeed, it is a supremum over the
Qy for ¢ € C () \ {0}, and Q, is weak* continuous since ||¢[|2Q4(II) is the evaluation
of lTato1¢ € T forIL € 7.

It is classical that Q controls the regularity of elements of 7/, as stated in the next
lemma.

Lemma 4.2. For Il € T/, Il is in fact a function in H* (1) if and only if Q(II) < oo.
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Proof of Lemma 4.1. We now begin the proof of the large deviation bound (4.26). Con-
sider a sequence ¢; € C>() \ {0},j € IN*, dense for the norm of H? (7). Introduce then,
for each ¢ € IN* and each A > 0:

=7

v(e,A) ={ m x, Qs < A}. (4.28)

In Proposition 4.3, we prove the existence of C = C(p+) > 0 such that, for A larger than
some Ag > 0 and each ¢ € IN*:

1 v
lim sup lim sup T log Q,"° ((U(E, A))C) < —CA. (4.29)

N—oco T—oo

Notice also that, for Il € 7/, if (¢;,) converges to ¢ € C>°(I2) in the norm of H3(17), then
016, converges to d1¢ in T, so that lim,, Qg4, (IT) = Qu(II), and:

QIT) = sup Qg, (IT). (4.30)
jEN*

The regularity of the correlation fields can therefore be controlled through the Q.
(j € N*). Let £ € IN* and A > Aj. Recall the notation:

T 1 r
U, A7 = {T/o thteU(z,A)} (4.31)

so that P(U(¢, A)T) = Qr(U (¢, A)). Let B C (T/,*) be a Borel set. For ease of writing, let
us abbreviate limits in NV, T as follows:

lim sup := lim sup limsup . (4.32)

N, T— o0 N—oo T—oo

N
We again estimate Q;"" (B), starting from the bound:

1 p 1 o
lim sup — log Q.%° (B) < max { lim sup — log Q7 (BN U (£, A)),
N T—oo I NT—oo 1

1 vN
lim sup — log Q" (U(E, A)c) }
N,T—oo I’

< max{limsupllogQ;‘]’\‘[’ (lS’ﬂU((7 A))7—CA}, (4.33)

N, T—oc0 T
where (4.29) was used to obtain the second inequality. Proceeding as in (4.17)-(4.19) to
estimate the first probability, we find:

1 vN
lim sup — log Q;*° (B) < max {C’(h, pr)e+ sup (= Ji(ID)), —CA}. (4.34)
N,T—c0 1 EBNU(£,A)

For each admissible h,¢,/, A, let J; , 4 be equal to +oc in U(¢, A)¢, and on U((, A):
Jfga = max {C(h7 pi)e — JE(ID), —CA}. (4.35)

Minimising (4.34) on ¢ € (0,e0), h € S(ep), £ € N* and A > Aj, we have therefore
obtained the upper bound:

1 vV _
limsup —log Q;7° (B) < inf supJj ;4. (4.36)
N, T—o0 T Alhe B o

Let us obtain a bound on compact sets from (4.36). Let K C (7/, %) be compact. Since
U(¢, A) is weak* closed by continuity of each Q4 (1 < j <), (Jie,A)h’E’(’A is a family of
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weak* upper semi-continuous functionals. Lemmas A.2.3.2 and A.2.3.3 in [35] thus give
as before:
1 v
lim sup — lo 90 <su inf inf J;, 4, (4.37)
N,T—>£T g Q7 (K) KphES(EB)ZAE h,e,A

with the infimum still taken on ¢ € IN*, A > Aj and ¢ € (0,¢9).
One can again bound the infimum on ¢ by a liminf:

lim su lo <su inf infmax hm 1nf Jr —CA (4.38
NT%OIZT gQ ( ) PheS(EB) A { (=Jhe.a) } )
Let A> Ag. AsU(¢,A) CU(W', A) if ¢ < ¢, the argument of the supremum on £ in (4.38)
is equal to —oo when evaluated at any IT ¢ (.- U(¢, A). By definition of U (¢, A) in (4.28)
and using (4.30), one has:

() U A) ={Q< A} (4.39)
LEN~
Equation (4.38) thus becomes:
li 1 <s inf  inf 1 f(—J5 4),—CA}, 4.40
iy 8 Q5 (0) Sy, gt i, o (v (=), =4}, (440

with, for each h, ¢, A, J; 4 = +ooon {Q > A}, and Jj;, 4, = J}; on {Q < A}. Consider again
A > Ag. For each Il € {Q < A}, the ki associated with II via II(-) = 1 (kr, -) belongs to
H'(7) by Lemma 4.2. In particular, by (4.24), if h € S(ep) and H e {Q < A},

lim inf (= J5 4 (I1)) = —J,a(1D). (4.41)

Above, Jj 4 = J, on {Q < A}, Jj 4 = +oo outside, and Jj, is defined in (4.25). Equa-
tion (4.40) thus becomes:

1 vy
lim sup = lo 70 <sup inf inf max Jpoa,—CA 4.42
N,T_mlz T g Q" (K) )CP het Al { = Jna }. ( )
Finally, note that Jj, 4 > Jj, for A > Ay, since Jj, may be finite on {Q > A} while Jj_ 4
may not. Lemma 4.1 is proven:

N
hmsuphmsup—log@ °(K) < 1an€B, Ze, = sup Jp. (4.43)
N—oo T—oo heS(en)

O

4.2 Regularity estimate

In this section, we prove the energy estimate (4.29). The key argument is the
following proposition.

Proposition 4.3. Let 0 < p_ < p, < 1 and assume p' < g, with eg given by Theo-
rem 2.7. Let A > 0 be larger than some fixed A, > 0 and let ¢ € C?(J), where the
subscript ¢ stands for compactly supported. There are constants C1(p+),C2(p+) > 0 and
C5(p+, ¢) such that, for each T > 0, each A > 0 and each N larger than some Ny(¢):

PV%(\;/()THNM&\ > Allg]l2)

Cs3(p+s ¢)T} _

S26Xp[—01(0i)(A_C2(Pi))T+ N1/2

(4.44)

In particular,

. . 1 N1 T
lim sup lim sup TlogIP 90 (‘T/ N (0, ¢) dt‘ > A||¢||2) < —Ci(p+)(A=Ca(p+)). (4.45)
0

N—oco T—oo
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Assuming the proposition, (4.29) immediately follows by a union bound and the
appropriate limits.

Proof of Proposition 4.3. Up to considering —¢, it is enough to prove the result without
the absolute value and the factor 2 in front of the probability. Up to taking N large
enough depending on ¢, we can assume that the support of ¢ is contained in {z € @ :
d(z,01) > 2/N}, so that ¢; ;41 = 0 = 01¢; ;41 for each i < N — 1. We may also assume
without loss of generality that ¢ is symmetric owing to the identity IV (¢) = II"V (¢), with
é(z,y) = ¢(y, x) for 2,y € . The idea is to use Feynman-Kac inequality (Lemma 3.3) and
a microscopic integration by parts to rewrite, for each density f for v .- the average
v (fligllz 'TIN (019)) as v (FIIN(F(||¢2]l; ' ¢))) plus a term involving the carré du champ,
for some function F. The term F(||qb|\2_1 #) now involves only ||¢||; ‘¢, and not its first
partial derivative. The average v} (fII" (F([|¢2(ly '¢))) is then estimated through the
entropy inequality.
By Feynman-Kac inequality (3.6) together with the bound (3.17) on the adjoint, one
has, for some C' = C(p4) > 0 and some x > 0 to be chosen later:

1 vN 1 T —1vN
log P (T/o 611z "I (010) dt > A) (4.46)

é\g(r(fl/Q)) + C](V(fl)/iz) }

<—An+ sup  {wllolly vy (FIN(019)) —
F200N (f)=1

To estimate the right-hand side, let us write out ||¢[|; 'TIV (91 ¢). Fix € Q.

_ 1 _ _
ll5 IV (81¢) = LN Z [ Z milj o1 ¢ij + nini+1a{V¢i,i+1]
2 ieN—1 Ye i1y
1

+ IV (b), (4.47)
Mol

where b = N[9,¢— 0% ¢] is the discretisation error, which is bounded in N. By assumption
on the compact support of ¢ in 4, d1¢; ;41 = 0 for each i < N — 1, and (4.47) becomes:

SN (0 ;07 b, Y (b). 4.48

i<N—-15¢{ii+1}

By Lemma 3.9, as b is bounded, the second term in the right-hand side above is con-
trollable with size N~!, and of vanishing type. Let us rewrite the first term through an
integration by parts:

Z Z 77177] ¢1+1 \J ¢z,7)

I<N—1j5¢{ii+1}

1
(Mie1 — )70 i1 (Tip 104,541 — Ni®ii—1)
4H¢II2 2 2 5965 ¥ 4|¢]2 2

2
[i|<N—1j:|j—i]>1 lil<N—1

4H¢”2 Z Z — 1 7]1¢1,J =: 5, (4.49)

|[i|<N—1 j:|5— z|>1

4||¢||2

where the first equality makes use of ¢ (y_1),. = 0, while the second equality follows
from ¢; ;41 = 0 for each |ij < N — 1. To estimate the supremum in (4.46), we see
from (4.49) that we have to estimate z/é\g (fS). This is done through the integration by
parts Lemma B.2. This lemma is formulated with the variables w; = 7;/5; for i € Ay, so
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we first rewrite (4.49) in terms of these variables. For |i| < N — 1, using the identity:

Nie1 — T = i1 (wim1 — w;) — (65 — Ti—1)w;
/ =/

N L G SN A W
- Uz—l(wz—l wz) N (U (pz) + N)Wz (450)
and the convention:
qé(z,y) = q(x)¢p(x,y) for ¢:(-1,1) — Rand (z,y) €, (4.51)

the right-hand side S of (4.49) can be rewritten as follows:

= 1 N(P s P
Gi—1(wim1 — w75 — IT (T(U p +—)¢)
a2 X L T A
|i|<N—1j5:[j—i|>1
Ly y©y,  yo__ L7 (a’(p) + El)(b. (4.52)
’ 6ll2 & N
V(Y () is of the form ||¢||; 'TIV (¢¢) with ¢ bounded independently of ¢, i.e. the kind of
expression we were after. It remains to estimate S’. Define, for |i| < N — 1, a function v;
on 2 as follows:

Vn € Qn, vi(n) = - Ni0i—1 ”q;”j (4.53)
Gili—i|>1 2

Recall also the notation C?° defined in (3.53):

Vi€ Qu, Vi< N -1, HN(go><ni’i“>—HN<go><n>::—wcﬁ (4.54)

With these notations, we can apply the integration by parts Lemma B.2 to each |i| < N—1
with u = v;, and obtain the existence of C' > 0 such that, for each § > 0 and each density
f for v}

I/é\i(fsl) < 5N21/g]\[]) (F(f1/2)) + % Z I/é\(:(f(vi)z)

ON?
[i|<N—-1
- Z (P = Pi1)vgy (%‘—Mz‘f@*(m*m’l)c’@l/NUz') (4.55)
li|<N—1
+ Z Vﬁ((wi — wi,l)(l — ei(min"'_l)cfgl/N)fUi).
li|[<N—-1

We express each term appearing in (4.55) as 11"V (G(¢)) plus error terms, for explicit
G’s. Consider first the second term on the first line. By definition (4.53) of v and using
(7.)? = &. + o'(p.)7., it reads:

NiMNe — ¢z, ¢z€
mEal X B Y atun

JlEAN [i|<N-—1:
|[i—j|>1,]i—€|>1

1 C N, \2
-5 Y30 (fHN( ))) + @ a(z)a(y)

¢z, y)?
I3

dxdy + v (FON(8/]16]12)),
(4.56)

with Y the function recording the off-diagonal, ¢ # j contribution:

V(z,y) €0, Y(l)(x,y):i’/( 11)0(2)2Wdz. (4.57)
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The error term 9(13\/ 1(|#]l5 1¢) in (4.56) involves discretisation errors and the diagonal,
{ = j contributions. It is given for n € Qn by:

2 . .
ol o)) = 105 [ oo X ey - o S at

2 2 K]
EE 16687 22 T l3
l7—i[>1
c N = J(=\=2 (ZS%J 1 N
+t a v (f 00" (ps)0; — )—i-fH (o), (4.58)
e el 2 Tolg/ TN
li—i|>1

where c¢ is a discretisation error arising in the replacement of (4.56) by Y (). We write
ON1(||¢|l; @) to emphasise the fact that § only depends on ||$||; *¢ rather than ¢ itself.
The first line of 67V>!(||¢||5 ' ¢) is configuration-independent, and bounded by C(¢)/N. The
first sum on the second line is of the form N~'/2Y¥ (u) for u : (—1,1) — R bounded, with
YN (u) the fluctuations defined in (3.26). 6-!(||¢||; ') is therefore controllable with size
N~! by Lemma 3.9, and of vanishing type by Lemma 3.13. For later use, note that the
middle term in (4.56) is bounded by C/(2195) for all large enough N, as & < 1/4.

Consider now line 2 of (4.55). Using the identity e* =1 4 fol ze!® dt for x € R, there
is C(p+) > 0 such that:

=/
Z (Pi — pie1)vy (wimqw; fe~ (Mmm=nC2 N,y % Z Vo (wiz1wi fus)
|[i]<N—-1 |[i|<N—-1

< CGloz) ST v (fluce,)). (4.59)

SN2
li|[<N—-1

The second sum in the left-hand side already involves three point correlations. It is shown
to be I'-controllable with size N~!/2 in Proposition C.1, and is of large type. The second
term is of the form N *2X§2{0} in the notations of Lemma 3.9, and therefore controllable

with size N~! and of vanishing type. It follows that the first sum if a I'-controllable error
term with size N~'/2 and of large type, depending only on ||$|; ¢ rather than ¢ itself.
We rewrite it as follows:

— _ _ —(n; —m. 90
V2 (lgllz " 9)) = — Z (Pi — Pi—1)Vy (wiaw; fe~ i m=1)CZ /Ny (4.60)
lil<N—1

By Lemma 3.13, there is a numerical constant 7, > 0 such that 120~ 2(||$||5 ' ¢) is of LS

type.
Consider finally line 3 of (4.55). Let C(p) > 0 be such that:

Vi < N =1,  |w; —wi_1] < C(p). (4.61)

Using this time the existence of c¢(gg) > 0 such that [e® — 1 — 2| < ¢(go)z? for all
|z| < 2||go|loo, One can write, for each n € Qp:

1

> (wi—wi)(1- e~ (mmm=)CE /Ny, < N > (wi—wis)(m = mie1)CE v,
li|l<N-1 lil<N—1
c(90)C(p) |vi] 2
L0002 e

il <N-1
The last term is an average over i of terms of the form N 3| X ;" %0}| with the notations
of Lemma 3.9, where the w} satisfy sup N,i SUPA3, |wi| < oco. It is therefore controllable

EJP 29 (2024), paper 63. https://www.imstat.org/ejp
Page 51/96


https://doi.org/10.1214/24-EJP1121
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for out of equilibrium correlations in the SSEP

with size N3/2 and of vanishing type. To estimate the first sum in the right-hand side
of (4.62), we use the following elementary identity, valid for each |i] < N — 1:

(Wi —wi—1) (i —miz1) = [2 + (1= pi — pi—1)|wi +wi—1] — (Gi—1 + 51‘)%—1%}- (4.63)
This identity can be obtained by making the following observation:

VieAy, mwm P Mg oy Ty (4.64)

oF) g; Pi

Looking at (4.62), we see that the term Cgolvz already contains two-point correlations
for each |i| < N — 1. We therefore claim that only the constant term in the identity (4.63)
will give something that is not an error term in (4.62). More precisely, we claim that one
can obtain the following bound for line 3 of (4.62):

Z Z/!J]\g ((wi — wi_l)(l — ei(nifnifl)cfg1/N)frUi> (4.65)

Ji]<N—1

A O) 4 [ o) S D o (o ghdady-+ 3 (1675 ol 0),
where 0V:3(||¢||; ' ¢) is controllable with size N~!/2, of large type, and again depends on
|¢|l5 ' ¢ only rather than on ¢. By Lemma 3.13, there is thus 73 > 0 such that 7V:3(||¢[|5 ' ¢)
is of LS type.

There is C(go) = C(p+) > 0 independent of ¢ bounding the middle term in (4.65),
which comes from the constant term in the identity (7.)> = 4. 4+ ¢/(p.)7., and Y is
defined as:

V(z,y) €8, Y@ (z,y) = / 6(7;)8190(,2,33)M dz (4.66)
(—1,1) [9l]2
To summarise, we have established the following. If, for § > 0, Vj is the quantity:
V=TIV Y@ 4 YD 4 y®), (4.67)

then, for each N large enough depending on ¢:
var (Fll8]lz TN (819)) < SN?v (D(VF)) +vgr (fVs) + Clpx) + G (18ll21¢).  (4.68)

The quantity (¥ (||¢||; '¢) is a I'-controllable error term of size N~!/2 of large type. One
can then choose the « appearing in (4.46) equal to some ko(p+) > 0 independent of ¢, o
such that, for N large enough depending on ¢:

ko(p)¢s (915 ¢) is of LS type. (4.69)

To conclude the estimate of the right-hand side of (4.46) using (4.68), it remains to
bound the average of V5. Fix § = 1/16. Recall that Y has 2-norm bounded by 4 and,
by Cauchy-Schwarz inequality, that Y(!) has 2-norm bounded by 2-6§~'C = C/4 and
Y2 by v/2||Vgoll2/8. The Y (0 < i < 2) thus have 2-norm bounded independently of ¢.
Lemma 3.9 then implies that there is x{(p+) > 0 independent of ¢ and a numerical con-
stant C such that g (p+)Vi /16 is of LS type. Taking x(p+) := min{ro(p+), ko(p+)}, there
are then constants C(p+), C(p+,®) > 0 such that, for each N large enough depending on
¢:

w2l (Ve + sl 6)])

H(fvglvg) Clps,¢) | N?
S~ FObs) + = g ve L) (470)
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Injecting this bound in (4.46) and using the log-Sobolev inequality of Lemma 3.4 con-
cludes the proof:

Cp+, )

Nz (4.71)

1 P yale -
FlosP (1 [ 1615 N 016 dt > 4) < —An(ps) + Clps) +
0

O

4.3 Exponential tightness

In this section, we prove that the upper bound (4.43) is also valid for closed sets.
We refer to Appendix E for a characterisation of compact sets in (7, %), and establish
exponential tightness in the next proposition.

Proposition 4.4. For each large enough A > 0, there is a compact set K4 C (7], *) such

that:
. 1 vl 1 r N
sup lim sup = log IP¥s0 (— IT," dt ¢ ICA) < —A. (4.72)
N Tooo T T Jo
Proof. In Appendix E, we prove that there is a norm | - |[r,—2 on 7, such that the set

{I| - llr,—2 < B} is relatively weak-* compact for each B > 0. The norm || - ||1,_2 involves a
certain family of functions ¢,, € T (m € IN?), and reads:

1 !
T = > ﬁlﬂ(wm)\g, Me7,. (4.73)

2
mEN2 1+ |m|?)

Above, |m|?> = m? + m3 for m = (my,mq) € N2 It is therefore enough to prove the
existence of ¢(-) > 0 with limp_,+ ¢(B) = oo such that:
Nl Ty AT
sup P (H*/ I dtH > A) < emcAIT (4.74)
NeN= T Jo T,—2

To prove (4.74), let ¢ € (0,1) and define c. := >, (1 + |m|?)!*° < co. A union bound
gives:

1 T
x| [ a2
T 0 T,—2

Nl T A 1—e
<Y r go(‘f/o TN () dlt 2?(1+|m|2) : ) (4.75)

meN?

The 1, are just restrictions to > of the eigenvectors of the torus Laplacian on [-2,2)?
(see Appendix E). In particular, ||| < C where C does not depend on N, m. Each
probability in the above sum is thus estimated by Corollary 3.14 according to:

v (| [ e, =)< 5 o[- GA U = o]

l1—¢

: T+C(pi)T}, (4.76)

GA (1+|m?)
< S on]-

2, AP0 Tomllse
where the parameter (, is a universal constant defined in item 3 of Lemma 3.13. The
expression in the right-hand side is summable for any € < 1. It is moreover bounded by
e~ T with ¢(A) > 0 for A large enough and limp_,, ¢(B) = +o0. This completes the
proof. O
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5 Lower bound for smooth trajectories

In this section, we give a lower bound on Q “”‘“( ) (defined in (4.2)) when O is
an open subset of (7/,x), in terms of the kernels kj,h € S(ep), with e the quantity
appearing in Theorems 2.4-2.7. As for standard large deviations (see Chapter 10 in [35]),
we consider the tilted dynamics P, h € S(ep) such that i<kh, > € O, and obtain a lower
bound by proving that the measure IP;, concentrates on O. In the following, let Qr
denote the law of & fo Y dt under Py,

We first change the initial measure to u]\}{ , with g, chosen according to (2.61), and tilt
the dynamics by h. Using Jensen inequality to obtain the last line below, one finds, with
Dy, = dPj,/dP the Radon-Nikodym derivative on [0, 7] (see (3.133)):

N v 7TN _
log Q,Tzn'u (O) — log ]Ehgh |:]-O 'an(no) (Dh) 1:|

Vé\,i (10)
N N ( N
g;L mnuv 770) Qh
= log E) o[ TR (00 + 105 Q7(0)
a, a, ww(no) ”é\;
>IET,;O[ logDh]JrIET,;O[log(i)] +1log Q"1 (O)
vhy (o) ’
> IET-‘”;l ol —1ogDp] = C(ps, h)N +log Q7 (0). (5.1)

N

I/N
Above, C(g, gn) > 0, while ]PT ! o is the probability P,*" conditional to {4 fOT Y dt € O}:

“ A o (gL [
Prhol) = (€740) B ({5 [ m¥aeo}). (5.2)
with:
l/N I/N
Er ol] :/- AP} o (5.3)

The terms appearing in (5.1) are of three types: the change of initial condition corre-
sponding to the constant —C(p+, gr) N, which will vanish upon division by 7" when T is

N

large; the dynamical part with log Dj,, and the term QT‘];L,( ). The latter is well controlled

N

only if h is such that, under QTg’;L, correlations are typically in O when N, T are large.

For such an h, upon dividing by 7" and taking the large T limit, only the dynamical part

N
will contribute. The limit of Q;U,Z(O) is worked out in the next section, and the dynamical
part is studied in Section 5.2.

5.1 Law of large numbers and Poisson equation

Proposition 5.1. Let h € S(eg), and let k;, be the large N limit of the correlations under
g<h, wl;ere gn solves the main equation (2.61). If O C (7], ) is an open set containing
kp,-), then:

N

lim inf lim 1an 7(0) =1 (5.4)

N—oco T—oo

An open set in (7., *) is a (possibly uncountable) union of finite intersections of sets
of the form {‘% fOT Y (¢) dt — i<kh,¢>‘ € U}, for an openset U C Rand ¢ € 7. Itis
therefore enough to prove (5.4) for those sets, with U = (—¢,¢) for e > 0.

Let us first check that it sufﬁces to prove (5.4) for symmetric ¢ € C?(5>) with ¢j1o0 = 0.
Recall the notation [[¢[|5 y = N2, j®; ;- Foreacha > 0and ¢,¢ € T, the entropy
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inequality and Markov inequality together with the second item of Lemma 3.9 give, for
some C(h, py) > 0:

]PZ?’I (’;/OTHiV(Cﬁ—lﬁ)dt‘ Za) < Clhips) p —

_ C(h,pi)(\llcb — 92 +on(1). (5.5)

A

In addition, |(ks, ¢ — ¥)| < |[knll2]|¢ — ¥[l2. Since one can approximate ¢ € 7 in L2()
with arbitrary precision by some ¢ € 7 N C?(5) with ¢30 = 0, it is enough to focus on
such v as claimed. This is done in the next proposition, by means of a Poisson problem
associated with the large N limit of the generator N2L,,.

Proposition 5.2. Let ¢ € T N C?(>) be a symmetric function with ¢sn = 0, where we
recall T = H?(W). Let h € S(ep). Then, for any ¢ € (0,1) and any T > 0, there are
positive constants C'(h, ¢), C'(h, ¢) > 0 (independent of T') such that:

uév 1 r 1 C h‘a - - Cl h’
P, (‘T/o 1Y (¢) dt — 1<k‘h,¢>’ > 5¢||2> < %(5 2+ NeTl) + ﬁ (5.6)

Proof. Fix a symmetric ¢ € T N C?(>). To prove Proposition 5.2, we express the
difference appearing in the probability in (5.6) as a time integral involving the generator
NZ2L,, plus a martingale term. The martingale term is then proven to fluctuate like V7'
when N, T are large. It thus vanishes in the large 7' limit upon dividing by 7'. Recall that
M(u,v)(z,y) = f(—1,1) u(z, )5 (2)v(z, y)dz for any u,v € L.?(0). The key ingredient is the
following Poisson equation:

%Af( y) + AM(0f,01h) + LM(1h, 01 ) = ‘é”(f;y) for (z,y) €V

f= on 00, (5.7)
(81 &) f(zs,x) =0 forz € (—1,1).

For ¢ € T N C?(>) satisfying ¢ = 0, we prove in Appendix F that (5.7) has a unique
solution f, € 7 NC3(>), a symmetric function on . It satisfies || f,||-. < C for a constant
independent of ¢, see Proposition F.5. The semi-martingale decomposition for IT*V( fo)
reads:

T
Wr>0,  T(f) = Y (f) +/ N2LLTIN(f,) di+ MNP (5.8)
0

Let us first use the Poisson equation (5.7) to express N2L,I1V (f4) in terms of IV (¢).
Lemma 5.3.

NLIN (f) = o (1(6) - i(kh, 8)) + 6V (f), (5.9)

—1/2

II¢H

where 0V (f,) is an error term of size N
error terms and of large type).

of large type (recall Definitions 3.6-3.11 of

Assuming Lemma 5.3 for the moment, let us prove Proposition 5.2. For each 7" > 0
and € > 0, integrate (5.9) between 0 and 7" and use the martingale decomposition (5.8)
to find:

N

W1 [T 1
o (| [ = ) = o)

_IP”"<T’HT fo) =TI (f4) — MN7* /9N fs) dt‘>a> (5.10)
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Let us estimate each of the terms appearing in the last probability. Proposition 3.8 takes
care of 0V (f4): there are v, C > 0 depending on p, h, but not ¢, such that for all N € IN*
and T > 0:

l/N
Ih
E,

By Markov- and Chebychev inequalities:

1 T 1 v Yy T
T/ 0N (£,) dt” < log B, [exp‘T/ 9§V(f¢)dt” <CON"V2. (5.11)
0 0

N

o1 T 1
o (|3 [ @ k)] 2 <l

0
3C 3

9
< 2 L2
~ eN1/2 + Te

VN I./N
B, |08 (f) =10 (F0)]| + oz Br™ [(MYe), ] 5.12)
The middle expectation involving the terms II¥(f,), 11}’ (f5) is bounded by | fs|lcoN
(which does not depend on ¢). Its contribution to (5.12) thus vanishes when T is large.
Let us prove that the quadratic variation of M™:/¢ has average bounded linearly in time
for N large, which will be enough to conclude the proof of Proposition 5.2. The quadratic
variation is given for each ¢ > 0 by:

1/t . i 1 _ 2
v, =5 [3 anenii ) [f Gan +5p Y w0 (] ds.
0 o
i<N—1 jé¢{i,i+1}
(5.13)
Recall from the definition (2.41) of ¢;, that supy , ¢n < c(h) for some c(h) > 0. Using

the inequality (a + b)? < 2a? + 2b? for a,b € R and the fact that fe is bounded, one has:

E (%52, ] gc(h)]EZéVh[ /OT Z (% > nj(t)afv(f(z,)i,j)th]

i<N—1 je{i,i+1}

Te(h)| foll3
ey

The integrand at each time ¢ < T is of the form N -1x 5 (0} in the notations of Lemma 3.9,
with u = (ui,j)i7jeAN given by

1
Uij = 3 > O (fo)k,iOr (fo)hg

ke{i-1,,j—1,j,N—1}

B /( 1) O fo(2,i/N)O1 fo(2,j/N)dz +

(5.14)

N
Vi

: 5.15
N (5.15)

where vV is a discretisation error bounded by C(¢) > 0. N ‘1X§‘ {0} is thus controllable
with size 1, and Proposition 3.8 yields the existence of C(h,¢) > 0, C'(h,¢) > 0 such

that:
9 NN 1 (C(h,¢) | C(h,9)
7B [(M f¢>T} < ?( =4+ ) (5.16)
This estimate and (5.12) conclude the proof of Proposition 5.2 assuming Lemma 5.3,
proven below. O

Proof of Lemma 5.3. The starting point is the expression of N2L,I1V (f,) worked out in
Corollary 3.20: there is a I'-controllable error term &V (h, f4) with size N~'/2, of large
type, such that:

1 ~/\2
N2y (fy) = STV (Afo + M(O1f5, 01h) + M(91h. 01 f5) ) = ('04> / folw,z)da
(_111)
1 ~
+ 1 / 5(2)5(y) [On fo(x,y)01h(z, y)]dzdy + EN (h, fy). (5.17)
|
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Note the absence of the diagonal term . _; 77i+1(01(fg)i, i —01(fs)i_ i): recall from
Remark 3.19 that this term corresponds to the derivative of fs in the normal direction to
the diagonal, which vanishes according to (5.7). By Proposition 3.8, there are v,C > 0
depending on h, ¢ with:
T 1 vl r
;o { / EN(h, £4) dt” < logEy" {exp ’7/ EN(h, £s) dt” < C(h,$)N"V/2. (5.18)
0 0

As f, solves (5.7), (5.17) can be written as:

2 IN(F) — L Ny P
N2L, IOV (fy) = ||¢||2H (0) . /(_171) fo(z,x)dx
+i/zﬁ(x)5(y) [0 fo(z, )01 h(x, )] dady + &N (h, f,). (5.19)

Equation (5.19) will correspond to (5.9) with 6V (f,) = &V (h, f,), if we can prove:

gy = P |
o) == [ fotonaiis
+i/zfr(z)a(y) (01 f5(, )01 h(z, )] de dy. (5.20)

By definition, k;, + & = (67! — g,)~! with g, solving the main equation (2.61). We

prove in Appendix F that this is equivalent to saying that &, solves the Euler-Lagrange
equation (F.5). The identity (5.20) is then straightforwardly obtained by taking f, as
a test function in the weak formulation (F.4) of the Euler-Lagrange equation, then
integrating by parts. O

5.2 Estimation of the dynamical part and conclusion of the lower bound

N
v
9h

Let i € S(ep). In this section, we estimate the term E,”} ,,[ — log Dy ] arising in (5.1),
and prove:

N

1 _wv
lim inf lim inf TETL]ZO [ —logDy| = —Jp(kn) = —Z., (kn) = —ZToo(kn), (5.21)

N—oco T—o0

where 7 is defined in (2.50) and Z. , (k) is short for Z. , (5 (k. -)), idem for Z (k;) and
Jn(kr). This concludes the proof of the lower bound for regular kernels close to that of
the steady state.

Recall from Corollary 3.20 the definition of the martingale MT{V " The average

’/N
E;} o[ —log Dy] reads:
N N N 1

v, v -1 T
E, o —logDy] = ( T'TZ(O)) E, {10(— MY - 5/0 11 (M(01h, 811)) dt)}

By (10 f; & () ()]

71(0)

with ¢V (h) the error term defined in Corollary 3.20. Proposition 5.1 establishes the
N

- %/Zﬁ(x)é(y) 011z, )] de dy + . (5.22)

convergence of Q;"’;L(O) to 1 as T, then N become large. The error term &V (h) is
controlled through Proposition 3.8:

IIN

; 9n

lim sup sup It [
N—oo T>0

;/OTéN(h)(nt)dtH 0. (5.23)
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In particular,
I/N
By (1o o &Y (h)(m)dt]

vN

71 (0)
Consider now the expectation in the first line of (5.22). By Cauchy-Schwarz inequality
and the fact that (M™'")  grows at most linearly in 7" up to a small error vanishing with
N (see (5.16)), the contribution of the martingale term vanishes:

=0. (5.24)

lim sup lim sup
N—oco T—oo

Yon N,h
limsuplimsuth [1O‘MT H

— =0. (5.25)
N—oco T—oo TQTQ,Z(O)

Consider now the last remaining term in (5.22), the term involving IV (M (0, h, 81 h)). To
estimate it, we state the following moment bound, proven afterwards.

Lemma 5.4. For any continuous and bounded F : 1 — R, there is C(h, || F||«) > 0 such
that: N
sup sup B, [|TIN (F)[*?] < C(h, || F||s)- (5.26)
NeN* t>0
Lemma 5.4 implies that, to prove convergence of the term involving IIY (M (0, h, 81 h))
in (5.22), it is enough to prove that it converges in probability. Proposition 5.1 shows
convergence of 1p to 1 in probability, while Proposition 5.2 implies convergence of the
correlation field. We deduce:

v 1 T 1
Eon [1(9?/ T (M(01h, 01h)) dt] = 7 {kn, M(@1h, 01h))| = 0. (5.27)
0

N
lim sup lim sup ’
N—oco T—o0

From equations (5.24) to (5.27), we obtain:

N

1 v
1}\I7Ii>icr>10f liTrgio%f TETH,Z,O [ — log D;L]

= —1 dedy a(x)a(y) [81]1(3779)] - é<kh7M(61h761h)>
1 _ _
=3 /(1,1) dz 5(2){01h(z,), (& + kp)d1h(z,-)). (5.28)

Let us check that the right-hand side in (5.28) is indeed equal to —Z., (k;), and that
Zoo(kp) = Z. 5 (k). The weak formulation (2.52) of the Euler-Lagrange equation on kj,
with test function h gives:

(k) = 1/(_1 | AT ARG ), BinG ). (5.29)

8
Again wusing (2.52) for test functions f € S(eg), the rate function Z.
(kn) == supyes(ery Jr(kn) reads, for any ¢’ > ep:
1
Lottn) = sw {5 [ 0600100+ b))
fes(e) (=1,1)

1 e~ —
_ g [_171) dZU(Z)<31f(Z, -)’ (U =+ kh)alf(z7 )>} (5.30)

= Jn(kn) — sup {513/(_1 , dza(2)(Ou(f — h)(z,-), (& + kn)Or(f — h)(z,-)>}

fes(e)
= Jn(kn).

This in particular yields Jx(kn) = Z., (kn) = Zoo(kp) and, together with (5.28)-(5.29),
proves (5.21).

EJP 29 (2024), paper 63. https://www.imstat.org/ejp
Page 58/96


https://doi.org/10.1214/24-EJP1121
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for out of equilibrium correlations in the SSEP

Proof of Lemma 5.4. Let F' : @ — R be bounded. Let ¢t > 0, and let ¢ > 0 that will
eventually be chosen as ¢ = % The moment bound is obtained by a careful application
of the entropy inequality, putting to good use the O(N G %) estimate on the size of the
relative entropy of Theorem 2.7. Note that |II)¥ (F)| < || F||ooN. As a result, fixing ¢ > 0
to be chosen later and applying the entropy inequality to cAl v (g for each A > 1in
the second line below:

1 F oo N

B | ATPYon (JIIN (F)] > A)dA (5.31)

Y (F)|'°) < 1+(1+5)/

9h

IFlloe N
1401 +€)/ PR [H(ftyg\yﬁ) +log (1 (e — 1N IV (F)| > A))]dA.
1

By Theorem 2.7, H(fw |v)) < CN~1/2 for some C = C(h,ps) > 0. Moreover, by
Corollary A.4, the probability involving v\ above is bounded by C(h, ||F||o )e Ut 1Fll=)A
for some C(h, ||F|loo),c(h, ||F|loc) > 0. Choosing ¢ = c(h,||F||~)/2, one obtains the

existence of C'(h, | F|l«) > 0 such that:

1+)C(h, [ Fll0)
eN1/2—e

2(1+€) /lFlooN o Ce(hIlF
L 20+e) A~ lteg—c(hllFlloo)X/2 gy (5.32)
c(h, [[Flle) J1

e [ ()] ) < 1+

The integral is bounded with N whatever the choice of ¢ > 0. Overall, the right-hand
side above is therefore bounded with N as soon as ¢ € (0,1/2], which yields (5.26). This
concludes the proof of the lemma. O

5.3 Towards a lower bound for non regular correlations

In this section, we discuss how to extend the lower bound to non regular correlations
close to kg, i.e. to kernels k € ]HI(Z) which solve the Euler-Lagrange equation (2.52)
associated with a possibly non regular bias &, and for which ||V (k — kg)|2 is small enough.
As we shall see below, this extension is much simpler here than in the case of large
deviations of the density for the open SSEP [6]. This is due to the fact that the Euler-
Lagrange equation (5.33) is linear as an equation with fixed h and unknown k, and to
the smallness assumption on admissible biases h.

Let us sketch an informal proof of this extension. Take a symmetric k¥ € H! () with
kjso = 0 and recall that the Euler-Lagrange equation (2.52), viewed as an equation with
unknown h, reads for all test functions ¢ € H!(J) with ¢lo0 = 0:

1 1

3 / V(k —ko)(z,y) - Vo(z,y) de dy + 5/ 7(2)(01h(z,"), Crd19(2,-)) dz = 0. (5.33)
7| (7171)

For k close to ko, one has ¢ + k = (¢ + ko) + (k — ko) > «id for some « > 0, and the

second term is a coercive bilinear form for the norm ||V - ||2. There is thus a unique

symmetric h € H() with hjpo = 0 associated with k. Using (5.33) with test function h,

this ~ has small norm (recall ¢(p+) < & < 1/4 and ||Vh|3 = 2||01 4|3 as h is symmetric):

ac

%HVM@ < a/&(z)@lh(x,z)2 dx dz < ||Vh|2||V(E = ko)||2- (5.34)
7]

One would expect the estimate (5.34) to be enough to approximate s in ||V - |2 norm by

more regular biases. However, to avoid technical difficulties, our set S(eg) of regular

biases was defined with an assumption on the sup norm of derivatives rather than on

IV - ||2. This assumption is technical and could be lifted at the cost of lengthening some
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arguments. Assuming therefore that one can take (h,,) € S(ep)™ with lim,, |V (h,—h)]||2 =
0, let k,, denote the kernel associated with h, (n € IN) through (5.33). By linearity of
Equation (5.33), written for k and k,, with test function k—k,,, the bounds Cy, = 6+k < cid,
o < 1/4 and ||Vh,|3% = 2||01h,]|3 give:

c 1
IV (k= k)3 < IV = ha)ll2[V(E = k)l + Sk = ka2l V(K = kn) 2|V Anll2. (5.35)

By assumption k is close to kq. This means that || V|2 is small by (5.34). Since (||[Vh,|2)n
converges to ||Vh||2, ||Vhn]2 is also small for large enough n. Using Poincaré inequality
on [J with 0 Dirichlet boundary conditions on 000 to bound ||k —k, ||2 by (27) ||V (k—k,)
we thus find:

2,

1V (k= ko (1 =
Assuming that k& is close enough to kg for the parenthesis on the left-hand side to be, say,
larger than 1/2 when n is large enough; we conclude that lim,, | V(k, — k)||2 = 0. This
yields the alleged general lower bound:

) < SIV(h = ho)lo. (5.36)

Ty (k) = 1 /(1 y dz5(2){(01hn(z,-), (6 + kp)O1hn(2,-)) — I., (k). (5.37)

8 n— oo

A Correlations and concentration under discrete Gaussian mea-
sures

In this section, we investigate the measures vV, defined for g : 0 — R as follows:

_ _ 1 1 N
V= ® Ber(p;), Vn € Qn, V;V(n) = SN eXp [QN Z gi,jnmj] M), (A1)
iEAN g i£jEAN

where the partition function Zé\' is a normalising constant. For simplicity, we assume
throughout that g € I.2(0) is a negative kernel, i.e.:

Vu € L2((~1,1)), /Zu(x)g(x,y)u(y)dxdy <0. (A.2)

None of the result in Appendix A would be modified if we instead assumed that g = g_+g+
where +¢. is a positive kernel, and ||g; |2 < ¢ for a small enough constant c.

A.1 Bound on the partition function and correlations

Lemma A.1 (Bound on the partition function). Let ¢ : 0 — R be a continuous, bounded
and symmetric function, and assume that g is a negative kernel (see (A.2)). Then:

1
sup ZN < oo,  ZN = ﬂN[exp [ﬁ 3 ﬁiﬁjgi7j”. (A.3)
Nzl i#jEAN

Proof. As g is continuous and a negative kernel, the matrix (g; ;)(; j)e A2, has negative
eigenvalues, and one has:

1 1

Vn e Q o1V — 1:)%gi: = — mi:i i < 0. A4

neQy, (g)+2N' ()"0 = 55 E TiTi9ig < (A.4)
i€y (i,5) €AY

The continuity of g on the diagonal and the bound |7.| < 1 imply:
_ 1 o 1 -
zN =" {eXp [7 > Mg - 5o Y (m)ngH
2N« 2N
(i,5) €A%, 1€EAN

< ellgllos (A.5)
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Lemma A.2. Let g : 0 — R satisfy the hypotheses of Lemma A.1. Then:

Vn € N, sup ’u;V ( 11 ﬁa) = O(N~"/?). (A.6)
acl

ICAN:|I|=n

Moreover, if g € CY(5>) N CY(<) with g(£1,-) = 0, then, for each n € IN* and each
ee{+,—}:

IsuAp A (7_]5(1\1—1) H T_]a>| — O(N—"/21y, (A7)
s(N—l)eCI and |T|=n ac\{e(N-1)}

Proof. Let I, C An with |I| = n € IN*. The proof relies on a development of the
exponential defining z/éV in (A.1), and the observation that the measure 7 is product, so
that, for each p € IN¥,

p
V(i onrip) € Ay |{insomip}l > p/2 = aN(Hﬁij):o. (A.8)
j=1

In other words, in a product #;, ...7;,,, each 77 must be paired with at least another 77 with
the same index iy, ...,%,. Since 7. is bounded, a direct consequence is that, if 1 <p <n
and w? = (w!);en, satisfies sup, . [w?| = On(1), then:

ﬁN[ﬁ (% 3 wfﬁj)} — O(N~n/21), (A.9)

JEAN

Write I, = {i1,...,i,} for each 1 < p < n (and by extension write I;, := I,). Define, for
J C AN:

1 _
Gje(n) = IN E 119,35 n € Q. (A.10)
i#jeEAN\{JT}

Then, for each n € Q:

211V (g) = 2G1e(n) + s, Z 09615

J#i

1 P

:2G1;<n)+ﬁzm > g5 1<p<n (A11)
q=1 JEAN\I4

As a result, one can write:
n n 1 n
zNv) ( 11 ﬁip) =N {( 11 ﬁip)€2GI,CL(n) exp [ﬁ D, Y njgiM-H, (A.12)
p=1 p=1 p=1 JEAN\I,

and G Ie does not involve any i, (1 < p < n). Note also that sup Z;V < 0o by Lemma A.1,
thus establishing Lemma A.2 only boils down to estimating the right-hand side above. To
do so, recall first the following identity:

m

n—1
VreR, e =) o[ (1 - t)ymetTa (A.13)
’ - o (m—1)! ‘ ‘

Expanding the second exponential in (A.12) to order n thus yields, writing ng := [n/2]:

n n
2oy (Tl m,) =7 {( [T, ) O { T + o) + Ts(n)}} , (A.14)
p=1 p=1
EJP 29 (2024), paper 63. https://www.imstat.org/ejp

Page 61/96


https://doi.org/10.1214/24-EJP1121
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for out of equilibrium correlations in the SSEP

where:

no—1 1

i () ::Z%(NZ;% S i) (A.15)
m=0 q=1 jeAN\I,
n—1 n

1

To(n):= Y ﬁ(ﬁz S i) (A.16)
m=ng q= JEAN\I
1(1—15 -1 =

Ty(n) = (% qu S i) e[ w3 gt
0 JEAN\T, =1  jeAn\I,

(A.17)

Let us estimate the average of T, T5, T3 separately. Consider first 77 in (A.15). For each
0 <m < ng— 1, developing the term elevated to the power m yields products of at most
2m = 2ng — 2 < n 7’s. In view of Equation (A.8), this is not enough to achieve a pairing
of all indices in HZ:1 7;,, thus the average of 71 vanishes identically.

Let us count the factors of 77’s appearing in 75 in (A.16). For each ng < m < n, the
term to the power m in (A.16) is a sum of terms of the form:

H (% Z ﬁjgm’) . K Cl, (n)iex € NEl with 1 < |K| < m, Z”i .
€K JEAN\T; =
(A.18)

Again by (A.8), each term appearing in (A.18) gives a non-vanishing contribution to
the average (A.14) provided each element i1, ...,7, of I,, appears at least once in the
expansion. Since the term (A.18) contains the product [[;., 7 with |[K| < n, n — |K|
indices j of the sums in (A.18) must be fixed to an element of I,, \ K. A contribution 1/N
arises each time an index j is singled out in a sum. It follows that the contribution of 75
to the average (A.14) is bounded by a sum of terms of the form:

] (A.19)

= C(m) _N | _2Gre (1) 1 — i
Z N”_|K|< H ||gi,~||oo)l’ [6 n H‘N Z N39Yi.5

m=ng 1€l \K i€EK JEAN\T;

where C(m) > 0, K C I,,, and the n/ satisfy:

0<nj<n; foric K, and Y nj=(m+|K|—n)lyyx|-nzo- (A.20)
ieK
Let us now estimate the average in (A.19). Recall that g is continuous, and a negative
kernel (as defined in (A.2)). As a result, (gi’j)iyjeAN\In has negative eigenvalues, and for
eachn € Quy:

1 o 1 _
2Gr: (n) = ON Z NiM39i.5 ~ 55 Z ()29
i,7€AN\Ip i€EAN\Tn
1 _
<—on 2 @)% < gl (A.21)
1€EAN\Tn

Using then Cauchy-Schwarz inequality followed by the estimate (A.9) for moments of
correlations under the product measure 7V, the average in (A.19) is bounded by:

— 1 _ n 1 _ 2n /2
7 [ew[’c‘(n) 11 ‘N Y i } < ellol=y {H (N > njgi,]) }
i€EK JEAN\K i€EK JEAN\K
1m+\K|—n20 O(Ni(er‘K‘in)/z)' (A.22)
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Putting together (A.19)-(A.22) and summing on all possible choices for K, (14)4ex, (1) ge i
yields:

[wn (n)(Hm) )H — Til 3 Y oKDy o (Nt HE /2

g€l m=no K:1<|K|<m (n),(n})

= O(N/?). (A.23)

It remains to estimate the contribution of the average of T3, defined in (A.17). Since
there are already n sums involving 7, it is enough to use the following bound, valid for
eachn € Qn:

(fTmmo|<SE 5 o

JEAN\I

1 (1— t)n—l P i ;
e g X wes]
(A.24)

The integral on ¢ is taken care of with the following identity: foreach t > 0 and n € Qy,

2G1:(n qu > Migiys=21V(g Z Ty Y. Mg, (A25)
[26‘”(71)(1_[ ) ] ‘szq > Nigi,.

jEAN\I ]eAN\I
=1 jEAN\I :|
= O(N—"/?). (A.26)

Putting (A.23)-(A.26) together yields the first part of Lemma A.2, i.e. (A.6).

Let us now prove the improved estimate (A.7) if correlations include points at the
boundaries. If g is assumed to be C' with g(£1,-) = 0, then [|g1(n_1),.[l.c = O(N).
By (A.8), the index +(N — 1) must arise in the terms (A.15)-(A.17) to compensate the
N+(n—1) Present in the product qul 7;,- It follows that the O(N~—"/2?) bound in (A.23)-
(A.26) is improved to O(N*"/zfl), which concludes the proof of Lemma A.2. O

Indeed, since g is a negative kernel, it follows that:

n

e +Dllgl [

A.2 Exponential moments of higher order correlations

Let g € go + S(o¢) be a negative kernel, where this set is defined in (2.45). In this
section, we give bounds on the size of exponential moments, under yév , of random
variables involving n-point correlations, n > 1. These are useful when applying the
entropy inequality.

Such concentration results are established in the literature by means of a logarithmic
Sobolev inequality, see [30]-[38]. That g be a negative kernel implies that, for any
F:Qny — R:

v} (exp[F]) < elldll~ (Zév)ilﬁN(exp[F]), (A.27)

and it is enough to estimate exponential moments under the product measure 7%¥. To
do so, let us fix some notations. For d € NN, let A : A4, — R be a tensor. Define its
Hilbert-Schmidt norm by:

. . 2]1/2
1A| s = [ S (Ao enia1)) } . (A.28)
(i0,--ia—1)EAL
For J C Z containing 0, let Xé‘fb,(n) be defined for n € Qy as:
d-1
Xaty(n) = o Aliosia)igrs [[ M fiors =[] Tiots- (A.29)
(104e-sia—1)EAY p=1 Jjed
0o+ JCAN
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The next theorem gives concentration estimates of X 1‘2 ; under 7V for J C Z and d € IN*.
The case J = {0}, d < 4 corresponds to Theorem 1.4 in [30], but their proof extends to
any d € IN*. However, we also use in the article the case J = {0, 1}, for which a proof is
needed.

Theorem A.3. Let J C Z contain 0 and d € IN*. Assume that A is such that A(ig, ..., 14—1)
vanishes whenever the same site appears twice in ;. Hz;% s, forn € Qy, i.e. assume:

V(ig, -..,ia_1) € A%, (Hj e J, |0+ 4y ity eyia1}] < d) = A(ig,rig_1) = 0. (A.30)

There are then constants ¢y > 0 depending only on d such that, for any ¢ € (0,¢q) and

any N with J C Ay:
’ ’ Wl e, P

Proof. The proof for general J and the J = {0} case in [30] are very similar, so we
only give a sketch. Without loss of generality, A can be assumed to be invariant under
permutation of its last d — 1 indices. The idea is to proceed by recursion on d, noticing
that, foreach £ € Ay and n € Qp:

VZXCI?,J(T]) i= Xéq,J(Ue) - XQJ(U)

d—1
(1 —2m) [ Z Z Aoy vy id—1)N(io+ 1)\ {€} H Tig
20:00+J DL 11,0 slg—1 a=1
d—2
> Alioyia-2, Oigrs [[ ] (432)
10,50 sbd—2 a=1
io+JCAN

Fixd € N, J C Z with 0 € J, and N with J C Ay. For brevity, simply write X, for X2 .
Step 1: reduction to moment bound. To prove (A.31), it is enough to prove the
existence of Cyj > 0 such that:
* _ 1 d
VpeN*,  My(Xy) =0V [|Xa?]""” < Cull Al s p?. (A.33)
Indeed, assuming such a bound, one has, for each ¢ > 0, using Jensen inequality when
d > 2 for the convex function f(z) = %2, z € R:

7N [exp (e Xal> /|| AIH] = 1+ Z N (1Xal?P/4 ) Al 240

2/d )?

<1+ Z . (A.34)
As p? < pleP for each p > 1, taking ¢ < cq 1= (2Od/de)*1 yields (A.31).

Step 2: moment estimate. It is enough to prove (A.33) for p > 2, since the first
moment can be estimated by Cauchy-Schwarz inequality. We will restrict to p > 2 at
some point in the computation. For now, we treat p as a continuous variable in R’ and
differentiate M.(X,). For each p > 0, one has:

de(Xd) d ( 1 _N
—_— = — exp[flogv Xd”D
= (e [ 1osr (Xa)
log DN(\XdP’) N (| X alP log |Xd|)
——= T IML(X + = M,(Xq), (A.35)
pQ ( ) VN(‘Xd|p) P( d)
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which can be written as:

dMy(Xa) _ Mp(Xa)'™?

Vp >0 = Ent(| X4|P A.36

p>o, Lt ka7, (4.36)
with Ent(F?) the entropy of F? against 7V, given by:

VF:Qn — R,  Ent(F?) =" (F?log F?) — vV (F?)log o™ (F?). (A.37)

The entropy on the right-hand side of (A.36) is estimated by means of a logarithmic
Sobolev inequality, satisfied by 7V for the Glauber dynamics on Qy (see e.g. Theorem
A.1.in [21]): there is C' g > 0, independent of N, such that:

VF:Qn — Ry, Ent(F?) < C’LSDN( 3 [VZ-F]Q), (A.38)
i€EAN
where, fori € Ay and n € Qn, V;F(n) = F(n') — F(n) for each F : Qy — R. Similarly, a
Poincare inequality holds with constant Cp¢/2:
C
VE:Qy =Ry, N(FY) - oN(F)? < %EN( 3 [ViF]2>. (A.39)
1EAN

Injecting (A.38) in (A.36) and proceeding as in [30], one successively obtains, restricting
top > 2:

de(Xd)2 QCLsMp(Xd)Qip _N 4 p/2\12
Vp > 2, s 5 v (;AN [Vi(1Xa/2)]?)
< CrsMy(Xa? 77 (1Xa2 Y [ValXdl]®). (a40)
1€EAN

Applying Hélder inequality with exponents (p/(p — 2),p/2) then yields, for each p > 2:

dM,(X,)?

dp < CLSMp/2< Z [VZ|XdH2) < CLsMp/Q( Z [VZXd}2) (A.41)

1€EAN i€EAN

The function M.(X,) is increasing for p > 0 by (A.36). As a result, integrating between 2
and p and using the Poincare inequality (A.39) to estimate M (X,) yields:

Vp>2, My(Xg)? < Ma(Xy)® + Crs(p— 2)]\4;7/2< Z [ViXd]2>
1EAN

< Cus pMy( Y [ViXa]®), (A.42)
1EAN

Step 3: recursionon d. Letp > 2. Forj e Ay and 0 < a < d — 1, define A(«=7) as the
d — 1-tensor (A(ig, ..., ia—1, j fat1, ...,id_l))(i Yosa and note that A(%=7) also satisfies the
assumption (A.30). Recall that X; was short for X Ef]- Let us prove by recursion on d:

W >2,  My(Xg;) <297 (Crs p) (@)1 Allhs, (A43)

Proving such a result would conclude the proof. In the d = 1 case, (A.42) yields, for each
p =2

M, (X{5)° < Cus oMy 30 [ViX(h)?) < Cosp 30 My(VeX{,)' (A4
i€EAN 1EAN
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By (A.32), bounding 7. by 1, the result for d = 1 is proven:

2
Vp>2,  My(X{4)*<Cisp ) [ > |A(i0)|} < Crs plJ?|Alfrs. (A45)
LeAN  io+JIDL

For d > 2, (A.42) similarly gives, bounding 7. by 1:

Mp/2( > [WX;;fJ]Q) <> M, (VeX4,)"
LeAnN LeAnN
ig_1= ig=1 2
<Y -+ X )] was)
LeAN :i+J DL

For each ¢ € A%, the recursion hypothesis at rank d — 1 applied to X j_(if;:z), and to

X,?_(if;é)} for each i + J > ¢, yields:

My ( > [Vexi] 2)
leAN

<212 (O p) (@ = 1D Y [ = DIAS g+ 3 A=y
leAN [REEY)

<297 H(Cps p)*H((d = D)2 TP A7 = 24 (Crsp)® H (d)?|T | Allyrs, (A.47)

where we used (a + b)? < 2a? + 2b2 for a,b € R and bounded (d — 1)? + 1 by d? to obtain
the second inequality. Injecting this bound in (A.42) yields (A.43) at rank d, concluding
the proof. O

In the next corollary, we use Theorem A.3 to establish the controllability results of
Lemma 3.9 on the variables Xé“,J.
Corollary A.4. Let J C Z contain 0 and, for N € N* and d € IN*, let A = A(d,N) be a
d-tensor. We do not assume that A satisfy (A.30), but instead that sup ycp- || Allec < 00.
There are constants v4,C4(g) > 0 that are independent of A, with -, = +oo, such that,
for each v < vy:

for each N € IN* with J C Ay,

log l/év(exp [||A’T|00N71/2X6?J}) < 00(9)72 ifd=1,

(A.48)

N*<d*1>X;;§JD < C;\f;(dg)] ifd > 2.

2

N v
log v, (exp[”AHOO

If instead A is assumed to satisfy (A.30), then (A.48) is valid with ||Al|~ replaced by
|All2,n == |[N~%2A||gs < ||A| ~ everywhere.

Proof. Fix J C Z with 0 € J, and N such that J ¢ Ay. We will use Theorem A.3 to
obtain (A.48). Let us first explain why it is not necessary to assume the condition (A.30)
on the tensor A if it is bounded. Assume that Corollary A.4 is proven for tensors
satisfying the condition (A.30), and assume that A is bounded but does not satisfy
the condition. Then we claim that N~(*~Y X can be written as N4~V X7, with A
satisfying condition (A.30), plus a sum of terms of the form N_(d_l)XfJ/ for bounded d’-
tensors B, 1 <d' <d-1,and J’' C J. Arecursion then gives Corollary A.4 also in the case
of bounded tensors that do not satisfy (A.30) provided the corollary holds under (A.30).
The existence of the decomposition of X 22 s is not difficult to see: it is enough to sum
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separately on the indices g, ..., 74_1 in X (‘2 s for which the same site appears twice in the
collection I; = (ig + J,i1,...,i4—1), and use the formula #? = &; + 7,0’ (p;) (i € An).

We thus prove Corollary A.4 for tensors A that satisfy (A.30).

We first obtain estimates of tail probabilities of X; := X ;;} s under v, These are then

g
used to obtain (A.48). By Theorem A.3, there is {; > 0 such that, for any ¢ € (0, ,):

X |2/d ellglle <|Xd|2/d 1
vV (exp [C| d < 7 exp | —=— < 2ellgllee (ZN) (A.49)
g 2/d - N 2/d - g ’
lAls 1/ lAIzs
Define:
1 . . 2 1/2 —d/2
|Allan == (W S Aligsria—1) ) = [N~92 4 gs. (A.50)

10,eeeybd—1

By assumption on A,
sup |[|All2,n < 0. (A.51)
NeN*

For ( as in (A.49), one has then, for each ¢ > 0:

B 12/d
vN ’Xd| >t) < Q(ZN) Lellgllos exp | — Cf
' )= | ||A||i{§}
_ t2/d
< Q(ZN) tellglloo exp | — Ci . (A.52)
’ | N||A|§(fé}

At this point the proof is the same for each d > 1. We focus on the d > 2 case. Let v > 0
and write:

N[ ( T N—d-D) )} _ AN gl —(d—1)
v.' | exp [Xa4l)| =1+ e'v N | Xq| >t)dt. (A.53)
7 | All2,~ 0 T\ All2,n

Note that N~(~1) X, is bounded by C||A||2,y N for some numerical constant C' > 0 and
each N € IN*. Thus, with ¢ given by (A.52):

YCN 2/d p(d—2)/d
N Y —(d—1 N7 llgllee N

1 ~CN
t1+2(2)) ellole / g, (t) dt. (A.54)
0

If v is small enough, we claim that the negative part of the exponential is dominant.
Indeed, one has:

12/d \(d—2)/d
Vvt < ~yCN, gy (t) < exp [— Ci}

2,}/2/d
C(Q—d)/dc

A Y <va, va=7a(C) = s (A.55)

For any v < 74, one has then:

VN(exp [ 7 N*(dfl)\Xdﬂ)
I [ All2,v
1 o <t2/dN(d_2)/d

<1+42(2)) teloll= /0 exp | - W}dt. (A.56)
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The change of variable v = t(%?y~1N(@=2)/2 and the boundedness of (ZN)n (see
Lemma A.1) conclude the proof of Corollary A.4 for d > 2: for each v < vy,

N( |: 7 Nf(dfl) X :|)
1% ex
o (P | T X
2/d

29¢ "2 Nyl [ u
B s [l o

A.3 Log-Sobolev inequality under z/év

The following proposition extends to the measures I/év a similar log-Sobolev inequality
derived in [26] for product measures.

Proposition A.5. Let 0 < p_ < p; <1 and h,g : @ — R be bounded with ||g||. < 1/4.
There is CLs(p+,]|9]lso: |hlloc) > O such that, for each density f for v},

H(fvrY 1)) < CosN*Y (Tu(V1))- (A.58)

If in particular h € S(¢) and g € go + S(¢’) withe,e’ € (0,1/4), then Cps can be taken to
depend only on p4..

Proof. We shall see that Crs(p4, ||¢]|, ||?|lcc) can be taken to be an increasing function
of ||g|lso, ||7||so, which proves the second claim.
As ||h||oo < o0, the jump rates ¢, satisfy:

c(n,i) < ell=c(n i), i€ {£(N-1)},
c(m.j.j+1) <ell<cy(n,j,j+1), j<N-L (A.59)

It is therefore enough to prove the proposition for & = 0. By assumption ||g|jcc < 1/4,
thus [|g||2 < 2||g[lec, thus the difference A} between largest and smallest eigenvalues of
the matrix (N ~'g; ;)i; is strictly below 1 for large enough N. By Theorem 1 in [4], the
following log-Sobolev inequality for the Glauber dynamics associated with yév holds: for
each density f with respect to v%,

H(frY ) < %(14— _iN) 3 ij([vi f(n)]Q). (A.60)

9~ GEAN

The claim of Proposition A.5 is then an immediate consequence of (A.60) and the following
bound: for some c(p4, ||g||cc) > 0,

vie Ay, o) ([VaV/F)]) < clps, lgll) Vo (D). (A.61)

Let us now prove (A.61). It is the claim of Lemma 4.2 in [29] when g = 0. When g # 0,
the proof is very similar and we only explain what changes. To prove (A.61), the idea is
that changing the occupation number at a site ¢ requires one to bring the particle or hole
at 7 all the way to a reservoir (say the one on the right), perform an exchange, then bring
back to ¢ the new hole/particle. This is expressed rigorously by the following formula,
which gives a recursive description of the above procedure: for any F : 0y — R,

ViF(n) = Vi1 F(n) + Vi  F(") + Vi F (). (A.62)
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Using the identity (z +y + 2)% < 2(1 + ) (22 + 3?) + (1 + 871)22, valid for any 3 > 0 and
x,y,z € R, one finds, after changes of variables:

UV ()it

v ([ViF)?) <20+ 8) 3 v ) [Viasa F(n)]” 1+9(V(Z()n))
neQN g

N i,i+1)

+(1+8h Z Vév(ﬁ)(Vi+1F(77))2%
neQN I

(A.63)
The computation of the above ratios is the only place where g plays a role. Since
l9]lec < 00, one can check that, for each n € Qy (recall that 7%V is the product Bernoulli
measure defined in (2.58)):

N ((i)iyit1 = i\iyi N (i,it1 =N (i
v ((n')-r1) < 7N (")) 2[|gllco vy (n") < v (n*) llglloo 4
~ < N e , N < —x e . (A.64)
vy’ (n) v (n) vy’ (n) v (n)
The rest of the proof is then identical to that of Lemma 4.2 in [29]. In particular,
DN((’/]i)i’H—l) - 1 ) Z7N (ni,i—i-l) ) ,5/
N S o -1, —55T < . s~ (A.65)
N (n) min{l — p4,p_} N (n) min{l — p4, p_}°N

This yields the following bound:
! - 1) eQHgHM} VN<[V1' i+1F(n)] 2)
min{l—er,p,} g 7

+(1+587) (1 T {1 = Z+7p_}2Ne”gHm>VéV(WiHF(n)f)' (A.66)

v ((viFm)]*) <20+ 81+ (

Iterating the bound with the choice 8 = N concludes the proof of (A.61), thus of
Proposition A.5. O

B Integration by parts formulae

Fix h € S(o0) and g € go + S(o0) (the set S(o0) is defined in (2.45)) throughout. In
this section, we provide integration by parts formulas under the measure v, both in
the bulk and close to the reservoirs. These formulas are key to the renormalisation
procedure used to estimate error terms, in Section C. In particular, they are essential to
proving the I'-controllability of the variables Uoi, Uli, Xi 2{0_1} encountered in Lemma 3.9.

B.1 Integration by parts in the bulk

Before stating the result, let us give some notations and explain what we mean by an
integration by parts formula. Fix a density f : Qy — R for v). Fori < N —1, let F;f“
be defined as:

i 1 . 2
vneQy, Ty = §Ch(77>m + 1) [Viir V)] (B.1)
with, for any v : Oy — Rand anyi < N — 1:
Vn € Qn, Viiriu(n) = un™ ) —u(n). (B.2)

The jump rates c;, are defined in (2.41).
Consider a family (w;);ea, of functions on Q. To estimate certain error terms in the
adjoint L} 1 in Section 3.2, a renormalisation scheme is used in Section C.1 below. For
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each density f for vV, some ¢ > 0 and i < N — N, this scheme consists in estimating
the replacement:

ST i8)
N (f i+§:—2 EN%W [w; — wj+1]) (B.3)
o

in terms of the entropy H(fv)'|v)') and the averaged carré du champ vY (T, (f'/2)). The
right-hand side in the last equation is obtained via a simple resummation. The key issue,
then, is to understand how the space gradient w; — w;11 (j < N — 1) can be turned into
difference f(n') — f(n), for a transition  — 1’ allowed by the dynamics (i.e. one of the
differences contained in I'},(f 1 2)). Solving this issue is what we mean by finding an

integration by parts formula, typically a formula of the form:

> (i —w) fvy () = > am)f ) = flv ) + vy (1 X), (B4

neQn neQN

where ¢, X are explicit functions, and the average of X can be estimated via the entropy
inequality or another integration by parts formula. The natural choice for w. in our
case is w. = 7., however a simpler formula (B.4) is obtained, following [32], through the
choice:

Vie Ay, wi = &, N =1 — piy  0i = pi(1 = p;). (B.5)

Lemma B.1. Let f be a uév-density. Fixi < N —1 and let u : QQy — R be such that
Viit1u = 0. Then:
Vg]]V [u(wiyr —w;)f] = Vév (ugViis1f)

— (pig1 — pi)vy {wiwi+167(ni+17m)c"'g/NUf}

+ V!JJV |:(Wi+l — w;) (1 - e_(m“_"")cf/N)uf} , (B.6)
where the function q = ¢; ;4+1(n) is given by:
(1 —ns Y
VneQn,  qln) = L = 1) (g am) O /N, (B.7)
pi(1 = pit1)

Recall that, for eachi < N —1, N1 (n; — 1;41)C? = V, 1111V (g) is defined in (3.53), and
satisfies max; |CY| < 2[/g|| -

Proof. Leti < N —1and ¢ : Qy — R. Notice that, by definition of V, ;11:

Viiyi(ugy,') Viit(qv))
Vév [uqviﬂ'-‘rlf] = Zuqvi,iﬂf’/év = Z ngVév = V;V [Ung}7
QN QN 9 g
(B.8)
where we used V; ;11u = 0 to obtain the second equality. The gradient in the right-hand
side reads:

Vi qVN i i+1 — i
v € Qu, *jfv(g))(") =l yesp [ - P (000 1 9V0)] (o), B9)
g \"

where \; = log(p;/(1 — p;)). We need to choose a suitable ¢ in order to have a difference
w;+1 — w; arise above. In the g = 0 case, corresponding to [32], one can take:

- ni(1 —1miy1)
= —_— B.10
am) pi(1 = piy1) ( )
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When g # 0, the exponential of CY does not change things much, and if ¢ is taken as
in (B.7), then:

LHI(qyz’v)(n) = {mﬂ(l =) A=) | ez (B.11)

vy pir1(L = pi)  pi(l — piv1)
The variables w. (see (B.5)) are tailored to give the above bracket a nice expression (see

(A.3) in [32]):

niv1(L—m:)  m(1 —m+1)} ) )
2 pi)  pi(l—p = Wit1 = Wi+ (Pit1 = Pi)Widip1- (B.12)
piv1(L=pi)  pi(l = pit1) i+1 — Wi + (Pig1 — Pi)wiwit1

This formula can be checked by looking for the left-hand side as a polynomial in w;, w;41,
of the form a + bw; + cw;41 + dw;w;+1 for real numbers a, b, c,d. Equation (B.11) then
becomes:

Viit1(qvl) Vo8
Tg(ﬁ) = wit1 —wi + (Wiy1 — Wi)((i (i1 =) C7/N 1)
+ (D1 = pi)wiwipye” TGN, (B.13)
which proves the lemma when plugged into (B.8). O

The next lemma is a rewriting of Lemma B.1 in terms of the carré du champ operator.

Lemma B.2. Leti < N —1 and letu: Qy — R be such that V, ;4 1u = 0. There is then a
constant C = C(h, g,p) > 0 such that, for any 6 > 0:

v [u(wipr —wi) f] < SN2 [T (F/2)] +%yg [fu?] (B.14)

— (Pit1 — ,51‘)1/;\[ {wiwiﬂe*(”iﬂfﬂi)ci /Nuf}
+ l/év [(wi-i-l — w;) (1 — e_(mﬂ_m)c’f/N)uf} .
Proof. Leti < N —1and 8 > 0. In (B.6), write, for each n € Qx:

Vit fmum)a(n) = BV2F72 () — 172 ()]

BT Pu(m)a() 20 + F2 () (B.15)
Apply then Cauchy-Schwarz inequality to obtain:
1
o fulwsss - w)] < SN [(Tuann 27 4 502 [(F0) + )] (B0

ez

— (pix1 — pi)v

+vy [(%‘H - wi)<1 - 6_(7'”1_m)cf/N)Uf]

— . —m. 9
[wiwi—i-le (m+1 ﬁz)ci /Nuf}

Changing variables n + n“*1, since p; € [p—,p+] C (0,1), the second expectation
in (B.16) reads:

Lo + S )] = 5 3 s [ + gt D
5V B W+ ) )
< W N fu?], (B.17)

where M = max{(p;(1 — pj+1)) "2, (6;0;41)" ' : j < N — 1} depends only on py.
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Consider now the first term in the right-hand side of (B.16). Since ¢j(n,i,i + 1) >
c(n,i,i + 1)e 2"~ for each 1 € Qy, it reads:

2 2,1
g/ [Viisr fY2) dv) < peltl=y N (T3 (/7). (B.18)
Taking = dN2e2l"ll= concludes the proof. O

B.2 Integration by parts at the boundary and boundary correlations

Here, we estimate dynamical correlations involving sites close the reservoirs, i.e.
correlations of the form 7, (y_1) Xy for a function X : Qx — R. Recall that 7 € S(00),
g € go+S(o0) are fixed, and the definition (2.2) of the jump rates at the boundary. Define,
for f: Qn — R:

cn(n, (N = 1))
2

2

VneQy, Ty(f)= =N =) = f()]7, (B.19)
and observe:

en(n, £(N = 1)) > e 2l min{p, , (1 — pe,) s e1,62 € {—, +}}. (B.20)

Lemma B.3. Forn, N € IN*, let ¢,, : A}, — R satisfy sup yc-
and ¢ € {+, -}, define U§(n) = 7l-(x—1) (7 € Qx) and, forn > 1:

Dnlloo < 00. Forn € Qn

_ 1 o . .
Un(n) = fev—n)Va (m), Vi) = s > Tiy o+ Tlin P (015 oy in). (B.21)
’L‘l,u.,in;éé‘(Nfl)

Then, for each n € N, U: is I'-controllable with size N~! and of vanishing type in the
sense of Lemmas 3.9-3.13. More precisely, there is C > 0 such that, for any l/év -density
f and any § > 0:

vy (FNV2U5) < oN2v (TR (V/F))

+V;V<fc{(Vf)2 +’ Vi 3 nj(Nge(Nl),j)’DjLanN, (B.22)

NL § N1/2
i#e(N-1)

setting V§ := 1 by convention and with oY = O(N~1/2).

Remark B.4. The estimate on the size of U is optimal only if n < 1. U; withn <1 are
used in the computation of the adjoint in Section 3.2, while Us is useful in Section C. W

Proof. Let n € IN*. Using the notations of Corollary A.4, the term in the expectation
in the right-hand side of (B.22) is of the form N_(zn_l)Xan’"{O} + N‘”_%X:fj;f{o} with
supyen- ||¥ello < o0, £ € {n,2n}. It is thus controllable with size (at most) §~'. The
estimate (B.22) then implies that UZ is I'-controllable with size N~! by taking § = N'/2,
but also that N'/2U¢ is T-controllable with size 1 and thus that U is of vanishing type.

Let us therefore prove (B.22). We do so for the left boundary ¢ = —, the proof for the
right boundary being identical. The goal is to create a gradient of f of the form (B.19).
We use the shorthand notation b = —(N — 1). Notice that V" (n®) = V.~ (n) for any 7. The
mapping 7 — 7)° is bijective on Qy, thus:

1 B _ v (")
v (fmVy ) =5 > va )V, (n) [f(n)(m — o)+ F(") (L —m — o) } (B.23)
2 <5 vy’ (n)
nelln
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For ) € Qy, let us compute the ratio v (1°) /v (n):

vy (1°) _ (1 —m)pp +m(1 — ﬁb)emN(g)(nb)—mN(g)(n)
vNm)  neps + (L =) (1 — pp)

— :ab 1=2m, (1 — 2771,) _
B (1_7,56) exp [TZW%J}- (B.24)
Jj#b

For future reference, notice that (B.24) is bounded by C/(p)e?l9ll= for some C(p+) > 0.
Forgetting ¢ for a second in (B.23), notice also that, for each n € Qx:

Fn) (e — pv) + f(??b)(l - — ﬁb)<1 Ebﬁl)l_znb

= (1= o) [f(n) — F(")] — A —m)ow [f(m) — F(n")]
= (f(n) = f(n")), (B.25)

which involves a gradient of f as desired. Coming back to (B.24), note that, since
g(£1,-) = 0, the argument of the exponential in (B.24) is bounded by O(N~!). Equa-
tion (B.25) and the existence of C(g) > 0 such that [e® — 1 — 2| < C(g)z? holds for
z < 2||g|| therefore yield the bound:

1/2
NV (Vi) = o S Vi oy ) — 1)

neEQN
N'/? N - b _ Py N\ _
N2 > vV )t —m, - pb)(l — ) (1=2m) Y 7;(Ngs,;)
neQN b #b
< Nz =: Q- (B.26)

Since ||V, ||ec = O(N), a% = O(N~'/2?) as claimed. It remains to estimate the second
and third terms in the left-hand side. Consider first the third term. Using the bijection
n + n° to turn f(n®) into f(n), recalling that V,  (n°) = V.~ (n) for each n € Qy, and
bounding the ratio (B.24) by C(p4)e?l9!l=, one finds:

)1 QWbZnJ Nng )‘
Vo > i (Nas )

b

1/2
ZQVN2 Z V_rJ;V(U)Vn_ () f(n") (1 —ny — ﬁb)(
neQN

), (B.27)

which is one of the terms appearing in (B.22). Consider now the second term in the
left-hand side of (B.26). For 8 > 0 and n € Qy, split as follows:

NY2[f(n) — f(n")] = BNY2[f12(n) — £2 DB 2 () + £ (). (B.28)

Apply then Cauchy-Schwarz inequality twice to find, bounding (i) by 1:

N1/2
> Vi fn) — f(n")] (B.29)
nEQN
N
<5 Y R 1O 55 3 e+ £
neQN WEQN
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As for (B.27), the last expectation is bounded by ~'C(g)v) (f(V,;)?). To conclude

n

the proof, recall from (B.19) the expression of I'; and from (B.20) the lower bound
C(p+)e~IMl= on the jump rates. Choose 3 = 2C(p4 )e 2IMl=§N for § > 0. Then:

5 Ve L) — £ < N (T (V)
neQN
C(g)C(px)te?INl=

* 26N vy (F(V)?). (B.30)

The last equation together with (B.26) and (B.27) is precisely the right-hand side of (B.22).
O

C Control of the error terms

Fix h € S(o00) (this set is defined in (2.45)) and an associated g5 € go + S(00), solution
of the main equation (2.61). In this section we estimate, for each density f for I/é\; , the
average against fyé\i of the function X;{O,l}’ ¢ : A?V — R, defined below in (C.1). This
proves the last item of Lemma 3.9. We also estimate the expectation of the time average
of any error term encountered in the text, proving Proposition 3.8 and Corollary 3.14.

$2]|lc < 00. Recall that X

Proposition C.1. Let ¢ € A% — R satisfy sup ycy- 5(0.1)"

abbreviated as X5, was defined in (A.29) by:

VneQn,  Xol)= Y, > Wl g). (C.1)

i<N—15¢{i,i+1}

Then N—'X, is I'-controllable with size N~'/? (recall Definition 3.6 of controllability).
The next proposition was stated as Proposition 3.8, and is proven in Section C.2.

Proposition C.2. Let 0 < p_ < p, < 1 and eg(p—) be chosen as in Lemma 3.5, and
assume p' < e, h € S(eg). Let EN : Qy — R be an error term with size ay = ox(1),
and let FN be controllable with size 1. There are then v,C and y',C’ > 0 depending on
h, p+ such that, foreachT > 0 and N € IN*:

1

v T N
log IE¥sn [exp ‘7/ E™ (ne) dtH < Cay,
T 0

1 T
TlogEVéVh {exp 'y’/ FN(ny) dtH <C. (C.2)
0

Propositions C.1-C.2 are proven in the next two sections.

C.1 Estimate of X,

In this section, we prove Proposition C.1. Fix ¢ : A3, — R,N € IN* as in the
proposition. Fix also a density f for I/évh once and for all. The proof of Proposition C.1
being very technical, we first present its general structure.

The idea is to smoothen the product 7;7;+1 into a quantity that depends on all 7’s in a
box of size ¢ with ¢ sufficiently large, then use the entropic inequality to estimate the
resulting term. The cost of this replacement will be estimated by an integration by parts
formula, see Section B.

We need room between the indices 7,7 + 1 and j in the definition (C.1) of X5 to take
averages in a box. Let I; be the segment {0, ...,/ — 1} and split the sum on j in (C.1) as
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follows:

1 1 .
vn € Qn, NX2(T]) = 75 + §éa Xké =N Z Z Nilli117; (1, ), (C.3)
i<N—1jeAn\{i}
Jgit1+I

1 .
?g =N Z Z NiMi+17;9(, j). (C.4)
i<N-1jeAn\{i,i+1}
JEI+1+I,

The direction of the arrow indicates the direction in which the replacement of 7; (<) or
7;+1 (—) by averages on sites to the left of ¢ (+-) or to the right of : + 1 (=) is going to
be performed. Estimates for ?g and ng are identical, so we only estimate the latter. In
practice, the replacement is made thanks to the integration by parts Lemma B.2, which
uses w. = 7./. as main variable. Write:

A(Z7]) = 5i+1¢(7;7j)7 i< N-— ]-7] € AN (CS)
Then: 1
Vn € Qu, ?3(77) =N Z ‘ Z | Niwi+17; A4, ), (C.6)
i<N—1j5eAn\{i,i+1}
J¢it1+1,

and we replace w;;1 by %Zaeiﬂﬂé wq. If i+ 1 is too close to the reservoirs, i.e. if
1+ £ > N — 1, then this replacement does not make sense. In this case, we spread the
unit mass at i+ 1 to 1/¢ at each site in i + 1 + I, N Ay, and leave the remaining M%M
mass at the boundary. This is summarised in the following definition of the replacement

ﬁf—&-l of Wi+t1:
min{i+¢,N—1} .
—1—3

N
Vi< N —1, :?fﬂzz > wa+1i+e>1v71(1—7

- )wN,l. (C.7)
a=1+1

Choice of /. Let ?g denote the averaged version of Xég
VneQx,  Yin) = Z5) (C.8)

1 _ N—-1-1 .
+ N Z . Z 7MiM Lite>N—1 (1 -7 )wN_lA(z,j),
i<N—1j5eAN\{3,5+1}
JEi+1+1I,
with:

1 1 min{i+14+¢,N—1}
vn € Qn, 7’5(77) =N Z Z ni1; (Z Z wa)A(iJ)- (C.9)
i<N-1jeAn\{ii+1} a=i+1
J¢it+1+1,

The last term in (C.8) is I-controllable with size N~! by Lemma B.3. For the replacement
of X% by Y to be useful, ?g should be controllable with size ox(1). This requirement
will fix the choice of ¢. Looking at Corollary A.4, we see that any ¢ such that ¢ = o(N)

fails, so we take:
{:=N. (C.10)

The entropy inequality is then effective on 7§V . Indeed, it is of the form:

1 I
V77 € QN7 79[(77) = ﬁ Z ninjnaA(Zaja a)7 (C]-]-)
(i,5,a) €AY
H{(4,5,a)}1=3
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for some function A satisfying |A(i, j,a)| < |A(i,j)| for each (i,j,a) € A3,. By Corol-
lary A.4, 79’ is therefore controllable with size N~'/2: there are v, C' > 0 such that:
H(fv)' v)") H(fv)'lv)) C

. + 517

N (125 < + %logVéV[eXp (775)] < (C.12)

Cost of the replacement. Let us estimate the cost of replacing 7@’ by 797 , defined
in (C.8). To do so, we use of the following integration by parts identity, which explicitly
describes how to spread the unit mass ati+ 1,7 < N — 1, to 1/N on every site up to the
boundary, where the remaining mass is then left. One has:

min{i+N,N—-1}—1

wit1 — I, = > dn(a— (i 4 1)) (we — Was1), (C.13)
a=i+1
with:
N—-1-b
on(b) = —N  losben,  bEZ (C.14)

For brevity, for a € Ay, let u, denote the quantity:

1

ey, w =g Y enle—G+D)m Y @AGS).  (C15)
i<N-1 JeAN\{i i1}
a—N<i<a jEit1+In
Then, for each n € Qn:
Yév —737 = Z (Wag — Wat1)Ua(N). (C.16)
a<N—-1

To estimate the expectation of the right-hand side above under fvY, apply, for each
a < N — 1, the integration by parts formula of Lemma B.2, with u = —u,. There is thus a
constant C' > 0 such that, for each § > 0:

Z ué\; (f(wa — waﬂ)ua) < 5N2uévh (Fh(\/?))

a<N-1
C
tsvz D Va(uaf) (=g (FR1) (C.17)
a<N-1

+ Z (Pat1 — pa)l/é\}i (wawa-&-le_(naﬂ_na)cgh/Nuaf) (:= V.c];\;i (fR2)) (C.18)
a<N-1

B Z Yo ((Wa+1 — Wa) (1 — 67(”““*”“)03’1/N>uaf> (:= vy (fRs)). (C.19)
a<N-1

Let us estimate one by one each of (C.17)-(C.18)-(C.19). Consider first Vé\): (fRs), and
note that:

sup sup |(Wa+1 — Wa)(Ma+1 — Ma)| < Cpx). (C.20)
N a€An

As a result, using the identity e* = 1—|—fo1 ze'®dt for z € R and the fact that |C?"| < 2||gn]|co,
v (fR3) can be bounded as follows:

1
’Vé\i(fRS)’ < C(pi)BQHgHOOV,(]]\i (N Z f’Cghua’)' (C.21)

a<N-1
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By definition of C" (see e.g. Lemma B.1) and of u. in (C.15), the product C%"u. is of the
form:
1
Ya €Ay, Cftua= 13 > 0l + DY, sup DY =O(NT),  (C.22)
(4,5,b) €AY,

where the functions ¢* : (—=1,1)> — R are bounded uniformly in a. It follows by
Corollary A.4 that Rs is controllable with size N~1/2.

Consider now R,, defined in (C.18). Again using e¢* =1 + f01 zet®dt for x € R, we can
bound v} (fR>) as follows:

p/eQ‘lgh”oo 1

gh fR2 p Z fwawaJrlua) + T Z

a<N 1 a<N-—1

v (flCgua]). (©23)

5a5a+1

Recalling the definition of . from (C.15), the first term in (C.23) is of the form N~ X3 (0.1}
in the notations of Theorem A.3, i.e. of the form N2 Em.’b NiTi+17; M B (4, j, b), with B
bounded. Corollary A.4 tells us that this function does not behave worse than a sum of
three-point correlations, and is therefore controllable with size N~1/2. In addition, the
second term in (C.23) has the same structure as N~ R3, and is therefore controllable
with size N—3/2,

Consider finally R; in (C.17). It reads:

C . ) _
AUR) =5 X% [onta 4 Dow(a~ G+ D)y c24)
et al—73\/<<]\i[;ia

x> WAl DA )|
b,e€An\{i,i+1}
bgi+1+Iy
C¢j+1+IN

In particular, it is of the form N~ ‘3X:4{0} fora v, : A}, — R satisfying sup y sup At |va] < o0,

and therefore controllable with size N~! by Corollary A.4. For each § > 0, we have
proven the existence of a controllable function Rs : Q2 — R such that:

v (XY)| < 26820 (Cu(VD) + v (VY + Rs),  Rs:= Ri+ Ra+ Ry, (C.25)

The arguments above do not depend on the sign of A in the definition (C.4) of )?9’ . This

1/2

implies that X2 is I' controllable with size N ~!/2 in the sense of Definition 3.6. Since

the same arguments also apply to ?é\[ , Proposition C.1 is proven.

C.2 Proof of Proposition 3.8 and Corollary 3.14

Proof. Let T > 0. Corollary 3.14 is obtained as a side product of the proof of Proposi-
tion C.2, which we focus on. Write G¥ for either the error term E¥ with size ay, or the
(T-) controllable function FV with size 1. For each v > 0, Feynman-Kac inequality (3.6)
and the bound (3.15) on the adjoint L} 1 in ]L2( ) imply:

% log Ezév“ [eXp [v /OT GN(m)dtH
2

< s N (reN +ep2)) - %yg(rh(ﬁ))}. (C.26)

F20wY (f)=1
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In addition, the function £ satisfies, for some constant C = C(p+,h) > 0:

H(fvg lvy) 20 _ N? 20
4C;S =+ 17 < Van (V) + iz (C.27)

v (FE) <

where we used the entropy inequality first, then the log-Sobolev inequality of Proposi-
tion A.5 to get the right-hand side. Thus:

% log " [exp [7 /OT GN(m)dtH

NZ2 C
= o (fAGY) = —vp (T +—\ (c28
- fzozjief)zl {Vgh (f’)/ ) 8 Vgh( h(\/‘?)) N1/2 } ( )

Suppose first that GV is controllable with size sy (including both sy = Oy(1) and
sy = on(1) cases): for some vy > 0,

VN e N, logu [€067] < sy (C.29)

By the entropy- and log-Sobolev inequalities, the quantity inside the supremum in

Equation (C.28) is bounded above, for each density f for uﬁ, by:
vCrs _ 1 2 N VSN C
( o~ g)N vor (Th(v/ 1)) + o~ T NiE (C.30)

Taking any v < Sgis ensures that the first term is negative, and concludes the proof in

the controllable case:

UN e,  logEl o PN N2
, 7 log By, [exp {’y/o (m)dt“ < o +CNY=, (C.31)
If GV is not only controllable but also of LS type (recall Definition 3.11), corresponding
to the controllable case in Corollary 3.14, then vy > 2'9Crs > 8C s by assumption, thus
one can take v > 1.
If now G is T'-controllable with size sy, the idea is the same, except that one first
bounds v} (fGV) from above using Definition 3.6 of I'-controllability:

1
V6 >0, v (fGN) <N (Th(VF)) + 5V;V(YGN), (C.32)
with Y~ controllable with size sy. Choosing § = %6, the proof becomes identical to the
controllable case. O

Remark C.3. If one is interested only in estimating the expectation of the time integral of
G rather than its exponential moment, then the log-Sobolev inequality is not necessary.
One can instead directly rely on Theorem 2.7 that bounds the relative entropy along the
dynamics. |

D The Neumann condition on the diagonal

Let h € S(oc0) (this set is defined in (2.45)) Assume that p’ < ep, h € S(eg) so that
the solution g, € go + S(c0) of the main equation (2.61) exists and the conclusions of
Lemma 3.5 hold. In this section, we rewrite the term:

1 o 1 _ .
1 Z Nifli+1(O1hi, i — O1hi_ ;) = 1 Z wiwi 410041 (O1his i — O1hi_ ), w.=—,
i<N-—1 i<N-—1 '

(D.1)
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as a function of the two-point correlations field 1Y, defined in (2.7). This is necessary in
the proof of upper-bound large deviations, in order to obtain a closed expression of the
Radon-Nikodym derivative in terms of the field II"V. It is done through the integration
by parts Lemma B.1, replacing w;w;+1 by local averages of w’s. As h € S(0), the
function §,(x) = O1h(xy,x) — O1h(z—,x), x € (—1,1) can be extended into an element
of C%([-1,1]), still denoted by &;, which satisfies §;(+1) = 0. Let ¢ € (0,1) € IN* and
I.n :=1{0,..., Ne — 1}, writing eN for |¢N]. In the large N limit, the correlation fields IT
we consider act on 7, which only contains functions with a certain regularity. We cannot
simply replace w;;1 by a uniform average of w. on ¢ + 1 + I,y and obtain an element of 7
(the indicator function 1y, .) is not regular enough). Consider instead a smooth function
x¢ € C>(0) with x* = 0 on 90, 0 < x® < 2/¢, and such that x°(z, ) approximates
5—11(%“5)0(,1’1) in the following sense: x°(z,-) is supported on (z,z +¢) N (-1,1) for
each z € (—1,1), and:

_ 2
/D IX°(2,9) — e (g areyn1n ()| dody < e. (D.2)

Define then, recalling that 6(z) = p(x)(1 — p(z)) for x € [-1,1]:
o(x
V(r,y)ed, N2 (z,y) = aéyiéh(x)xe(x,y) (D.3)
Note that Nf’l belongs to 7, defined in (2.38), thus H(./\/'fh) is now a well defined object
for each I1 € T/. At the microscopic level, IT"V also acts on functions with less regularity
and we have the following more general result.

Proposition D.1. Let g € C°([—1,1]). Define, forn € Qy:

1 _
Wq(n) = 1 Z NiMi+19i- (D.4)
i<N—1
For eache € (0,1) smaller than some y(px+, h,q) > 0, there are constants Cy(p+, h,q) > 0
and Cs(p+, h,q,€) > 0 such that, for each N larger than some constant depending on ¢
and each T > 0:

N

B [exp [ /0 ' [Wy(ms) — TIY (Ng)}dtH

C yhoq,e)T
< exp [Ol(/’i7 h,q)e'/*T + 2([)?\[%/2)] (D.5)
Proof. LetT >0, ¢ € (0,1), and write:
— —
Wy —TINNE) = Wy = WeN + WeN — IV (W), (D.6)

%
where W;N corresponds to W, in which the unit mass at each i+1 < N has been replaced
by a mass (eN)~! at each site in {i + 1,....,i + eN A N — 1} (recall that eN = |eN):

— o(x _
W;N =TIV (4.), A (z,y) == (_Tgy;q(x)e " aron-1,n®), (z,y) € 0. (D.7)
Up to applying Cauchy-Schwarz inequality in the exponential moment in (D.5), it is
enough to separately estimate the cont_r)ibution of each difference in (D.6).

Consider first the contribution of WV — IV (NV¢4). According to Corollary A.4, for
some v, C' > 0 independent of ¢, N, ¢:

1 v T —
T log IE, " [exp [’y/ | Az *N£||2_,}V|WZN(%) — TN (V)| dtH <C. (D.8)
0
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Holder inequality applied to (D.8) then yields:

1 vy T oy N 1

7 108 B, | exp [2 (WeN () — 104 (Ng)}dt} < ;||A€ — N 2N (D.9)
0

Let us estimate ||A. — V2|2 n. Since x° is smooth,

. i+ j+3)‘ Cle)
= — - < . .
Xi.j X( N ' N JI=N (D.10)

max sup
(4,5) €AY (r,5)€[0,1)2

It is also not difficult to check that, for some different C'(¢) > 0:

. . . . 2
v Z o iEeGar R ey eo))] wa

(i,5)€A%,

< (D.11)

3
e2N’
From (D.10)-(D.11) and property (D.2) of x¢, using also the elementary bound (a + b)2 <

2a2 + 2b? for real a, b; the difference A, — qu therefore satisfies:
1 2 C(pia q, E)
||AE—./\/'Eq||§7N ::ﬁ Z (Aa_-/\/g)i’j SZHA‘E_NE(]”%_‘_T
(i,5)€N},

C(p+,q,¢)

<2+ N

(D.12)

This yields a bound on (D.9) of the same form as the right-hand side in Proposition D.1
for any € > 0 and any N large enough depending on ¢, p, g.

Consider now the contribution of W, — WZN to (D.5). The idea is the same as in the
proof of Proposition C.2: we express W, — WZN in terms of the carré du champ operator
and explicit controllable functions with size vanishing when ¢ is small. We start from the
bound (C.28) on exponential moments:

%log Ezé\; {exp [/OT [(Wo(m) — W/ZN(m))]dtH (D.13)

N (5w, - WeN)) - N Clps,h)
< fzoj;}}?f):l {Vgh (f (W, —W; ]) —~ Vg (Ph(\/})) + Tt

Recall Definition 3.6 of controllability. To obtain the claim (D.8), it is enough to prove:
%
g~1/2 (W, — WZN] is (I'-)controllable with size 1. (D.14)

Indeed, if so, W, — WZN will be (I'-)controllable with size £'/2, and of LS type (see
Definition 3.11) for £ small enough depending on ¢, p+, h.

To prove (D.14), we use the integration by parts Lemma B.1. It is formulated with
the variables w; = 7;/;, i € Ay, for which W, becomes:

1 _ 1 _
VneQn,  Wen) = 1 Z Wiki10i0i414i = 7 Z wiwi1(7:)q; +60™°(n), (D.15)
i<N-1 i<N-1

where 6V:0 is the error term:
1 o _
vn € Qn, oNO0(n) = v Z wiwi41NT; [Gip1 — 74 ¢s- (D.16)
i<N-—1
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It is of the form N~-1X? 1 {01} with the notations of Theorem A.3, thus controllable with

size N~! and of vanishing type (recall the terminology of Definitions 3.6-3.11).
Recall from (C.7) the definition of the quantity ﬁz ek

min{i+eN,N—1} .
N 1 —1—1

N
T Y w+ty (1- =) i<N-1. (D.17)
i+1 J i+eN>N-—-1 N—1, . .
eN j=it1 eN

For each 7« < N — 1, one can write as before:

min{i+N,N—1}—1

wit1 — I, = > den(a— (i + 1)) (wa — War1), (D.18)
a=1i+1
with: No1-b
N —1—
¢5N( ) T10§b<€N’ b E Z (D].g)

Define then u; : Qy — R for j > —(N — 1) similarly to (C.15):
vn € Qn,  ui(n) = 26?ini¢sN(j = (i+1)). (D.20)
1<j
%
With this definition, the quantity W, — WZN reads, for each n € Qy:

Wy =WV = 3 (wy —wjen)uy(n)

j>—(N-1)

N—-1-—1
+wn_1 g;l LiteN>N-1 (1 - T)wi(@)Q +6N0(n). (D.21)

Fix a density f for u . The first term in the second line involves boundary correlations.
According to Lemma B.3, it is I'-controllable with size N~! and of vanishing type: for
each § > 0, there is a function D;, controllable with size N~! and of vanishing type, such
that:

N—-1—1
v <wa1 Z Liyensn—1 (1 - T)( o) szz>
i<N-1
<N (Th(V/ 1)) + V2 (fDs). (D.22)
It therefore remains to estimate the other term in the right-hand side of (D.21). By the

integration by parts Lemma B.2 applied to —u; for each j < N — 1, there is a constant
C > 0 such that, for any ¢ > 0:

Vé\}/; (f Z (wi — w7;+1)1Lj) S 5N2V£J]\;’L (Fh(\/?))

j<N 1
sz 2 [ Sl (= 5a)
_7<N 1
+ Y (- / g€ TN fusy (= p (FAG))
J<N-1
= /wj+1 1_6 (nﬁrnj)C;”‘/N)fujdVg (= v (fN3)).  (D.23)
J<N-1

The functions N (1 < i < 3) are then estimated as in (C.24)—(C.23)—(C.21) respectively,
but not all of them are error terms and one has to be careful to get a bound that vanishes
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with . Let us check that each of them indeed satisfies (D.14). For Vi, (D.20) and the
bound [|u]|cc < ||¢llceN imply that it is of the form N—lX;’?{O} with v, given by:

c . . Cllgll%e
UQ(Gab) = W Z 1j>max{a,b}Qaqb636§¢EN(j_(a+1))¢EN(]_(b+1)) S % (D24)

j<N-—1

It follows that e ~* A/ satisfies (D.14), thus ¢~ */2A] as well.
Consider now N;. From (C.23), we get:

ple2llgnlle 1

0j0j+1

ﬁ/
v (FN2) < 55 D vy (wiwjang) +
J<N-1 J<N-1

vh (FIC9"u,]).  (D.25)

9h

Here we do not even need the I'-controllability with size N~!/2 of the first term estab-

lished in Proposition C.2. Instead, recall that O;’h = Bj.’" + D;’” (j < N — 1) with:
1 O pj (gn)j
gh _ — aN ) gh _ J J.J+1 -1
B (n) = 5+ Z W0y (gn)ge,  DJt(n) = == = O(NT!). (D.26)
2¢{j,j+1}

It is then enough, recalling that u; is given by (D.20), to notice that I/é\; (fN2) satisfies:

vy, (fN2) < vy, (FINTI X0 04])

ﬁ/eQHQhHoo 1 N( . wj )
N™X,?2 Y- D.27
2N ) 5'j(_fj+1ygh f“ 2,{0}| + 2] ) ( )
J<N-—1
where:
. p'o; . )
w2 (i, §) = licj=——qi¢en(j — (i + 1)),
9j95+1
. 1 _ )

wy(a,b) = 3 Lag(si+11Le<i0ba ¢en(j— (0+ 1)1 gn)jsas (D.28)

Y2 = Z |U’J‘D]gh‘ < C(Pi,%gh)&

j<N-1

Due to the fact that ¢. is non-zero only for e N different integers, wo and each w% have
| - ||2,;y-norm bounded by Cs'/? for some C' = C(p+,q, gr) > 0 that does not depend on
j < N — 1. It follows from Corollary A.4 that e~ /2\/; is controllable with size 1 and of
large type, i.e. satisfies (D.14).

Consider finally N3, defined in (D.23). The bound (C.21) shows that uﬁ(f/\fg) is
bounded by a constant times the second term in (D.25). It follows that e~ */2A/; also
satisfies (D.14), which concludes the proof. O

E Sobolev spaces

Definition E.1. Let U C R? be a bounded open set with Lipschitz boundary. Forn € N
and p > 1, let W™P(U) be the following space. If n = 0, it is simply IL?(U). If n > 1,
WnP(U) is the set of functions f € ILP(U) such that, for any (ny,ns) € IN? withn; +ns < n,
there is ™2 € IP(U) satisfying:

Yu e C(U), / f(z,y)07 052 u(z, y) dx dy
U

:(—1)”1+”2/ frome (xy)u(z, y) de dy. (E.1)
U
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WmP(U) is a separable Banach space for the norm:
) 1/2
VEWWU), sy = X I ] (.2)
(n1,n2)€EN?
ni+n2<n
Moreover, the set C°°(U) of restrictions of elements of C*°(R?) to U is dense in WP (U)
for || - lwn»(). In the special case p = 2, define H"(U) := W™P(U). This is a Hilbert
space.
Along the text, we make use of the following Sobolev embedding results (see Theorem
4.12 in [1] and Theorem 1.4.4.1 in [31]).
Proposition E.2. Let U C R? be a bounded set with Lipschitz boundary. The following
embeddings hold.

e Letp > 2andn € N*, then W™P(U) C C"(U).
e Letp > 2 andn € IN*, then W*P(U) C W5(U) forany ¢ <n — 1 and any ¢ > 1.
In our case, U = I = < U >, where we recall that 0 = (-1,1)2, @ = O\ D and

>={(z,y) €B:z <y} =01\ {<}. We are interested in the subset 7/, defined in (2.39),
of the topological dual 7’ of 7.

Definition E.3. If (X, | - ||x) is a Banach space, let X' be its topological dual, equipped
with the norm:
[L(¢)]

sex\for llollx

If¢:0— R, let ¢s(z,y) = [¢p(z,y) + é(y,x)]/2 denote its symmetric part, and let T C T
be the subset of elements 11 satisfying I1(¢) = I1(¢s) for any ¢ € T. Then:

VIL € 7;/7 NT(H) = sup M = sup M
$€T\{0} ||¢H]H2(z) »eT\{0} ||¢S||]H2(Z)

(¢ )]
= sup ),
sem\{0} 191> ez ()

VLe X', Nx(L)=

(E.3)

(E.4)

where ¢, is the restriction of f to t>. T/ is closed for the norm (E.4).
The weak* topology on T' is the topology of simple convergence: a sequence (Il,,) €
(TN weak* converges to Il € T' if and only if:

Vo eT, nlggo I.(¢) =1(p) & VoeTs, nh_{TOlo I (d)) = 1)) (E.5)

The set T, is also closed for the weak* topology. We write (7., *) when explicitly referring
to this topology.

E.1 Compact sets

In this section, we give a sufficient condition for compactness in (7;’ , *) Recall that
T = H?(W). Banach-Alaoglu’s theorem characterises compactness in (7, *):

Proposition E.4 (Banach-Alaoglu). Let K C (7/,*) be such that supy N7 < co. Then K
is relatively weak* compact.

The norm N7 is defined through a supremum, which is difficult to work with. Instead,
we formulate a sufficient condition for compactness which involves a sum. Such a
characterisation is known to hold when the underlying space is periodic, e.g. on the

torus T2, , = [—2,2)?: a linear form 7 € (H*(T?,,)) is bounded if and only if
— 2
Il —2 == > 1+ m|*)2|m(¢m)|” < oo, (E.6)
meIN?
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with |m|? = m? + m2 for m = (my,m2) € IN?, and where (¢,,)nen> is an orthonormal
basis of I?(T?, ,) made of real eigenvalues of the Laplacian: for (z,y) € T?, ,, writing
N == N\ {0}:

1/2 if my =0,

O (2,) = P, (2)ms (), pmy (x) = § 271/2 08 (%) ifmy =2m' —1eN",
212 sin (mFE) iy = 2m’ € N
(E.7)
The equivalence between (E.6) and N7 in the periodic setting comes from the fact that
a function has the same regularity as its Fourier transform. In our case, however, this
property does not hold because of the boundaries in 4, and A+ is not equivalent to the
norm || - ||lr,—2.

We look for a sufficient condition for compactness that can nonetheless be stated
in terms of the norm || - ||r,—2 defined in (E.6). To do so, note first that, by (E.4), it is
sufficient to work on the triangle > = {(z,y) € @: 2 < y}. The idea is then to extend
elements II € T to linear forms acting on the larger space H?*(T?, ,) of test functions,
then check that the norms of II and its extension are comparable. Define then:

I (u) = M(us),  weH*(T?,,). (E.8)

Clearly, TI°* is a linear form on IEI2(’]I‘2,272), although it may not be bounded any more.
The sufficient condition for compactness can now be stated.

Proposition E.5. Let A > 0, and let K4 := {IL € 7" : [|[[I®*|| _, < A}. Then K 4 is weak*
relatively compact in T/.

Proof. The goal is to bound the original norm A7 by the norm || - ||,—2 from (E.6), then
use the Banach-Alaoglu theorem (Proposition E.4) to conclude. In view of (E.4), it is
sufficient to work with test functions defined on the triangle. Consider:

To={¢:0€T} (E.9)

We first explain how to embed 7 into ]HQ(”JTQ,Q,Q) and bound the norm A7 by the strong
dual norm || - HH*(TEM) (recall (E.3)). Since this norm is equivalent to the norm (E.6),
this will be enough to conclude.

By Theorem 1.4.3.1 in [31], there is a continuous linear extension P from 7. to
H?(R?), i.e. there is C(>) > 0 such that:

Yu € T, PueH*(R?), (Pu)s=u, [Pullmme <C@)|ulps)- (E.10)

Let x € C*°(IR?) be equal to 1 on 1>, and be compactly supported in (—2,2)2. By Theorem
1.4.4.2 in [31], ]H"(]RQ) is a Banach algebra as soon as n > 2. It follows that there is
C(x, ) > 0 such that:

VueTs,  [IxPullmz(rz) () Ixllee ey | Pullpz g2y = C(x, &) l|ullmz )

06 ) IxPullpz gr2) . (E.11)

VARV
Q Q

where the last inequality comes from the inclusion > C (—2,2)? and the fact that
(xPu)|> = u. The mapping xP is an embedding from 7. to 72 := H3((—2,2)?), the
closure of C*°, compactly supported functions on (—2,2)? for the norm of H?((—2,2)?).
An element u of 72** can be turned into a periodic function in IHQ(TEM) with the same
norm, by setting u(- + (4a, 4b)) = u(-) for each (a,b) € Z>.
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Let us now compare the elements of 7/ and their extensions to H*(T?, ,). Take I €
7., and extend it to a linear form IT°** on IHQ(TQ_M) (possibly unbounded) through (E.8).
Then:

H Hext P
No(I) = sup | (ﬁ)| . [T (x Pu)|
wee\ {0} 1ullme ) wereifoy  Iullez(s)

Hext
<C(x,>) sup )l
veETEN\{0} ||UH1H2(1R2)

ext
<C(x,>) sup M (w)

= C(x, )T |22 - (E.12)
wer2(12,, )\ (0} [[Wllmz(r2, ) H-2(T?, ;)

The fact that || - |g-2(72, ) < ¢|| - [|7,—2 for some ¢ > 0 concludes the proof. O

F Poisson equations

In this section, we give conditions for the existence and uniqueness of solutions
of the various Poisson equations — among which the Euler-Lagrange equation (2.52)
and the main equation (2.61) — encountered along the text. To do so, we prove that
finding a kernel k that solves the (linear) Euler-Lagrange equation or a solution g of the
(non-linear) main equation is the same, and rewrite all linear equations in a common
framework.

Throughout Appendix F, a function u € I.?() is identified with the kernel operator
ud(-) = [u(-,y)é(y) dy for ¢ € L2((—1,1)). View also & as a multiplication operator: if
¢ € L2((-1,1)),

(Gu)(z,y) = o (z)u(z,y), (uo)(z,y) = u(z,y)a(y),

(uog)(z) = i u(z,y)o(y)o(y) dy. (F.1)

For a symmetric function f € 7T, write ; for the operator:

6p(x) = (02 — O1) f(z,24) = Do f (x,24) — O f(z,2-)
=—(02 — 1) f(zy,2), x € (—1,1). (F.2)

F.1 Euler-Lagrange equation
The next proposition is classical, and proves Proposition 2.3.

Proposition F.1. Let Il € 7] be associated with a kernel k via Il = 1(k,-), and write
Cy := & + k. Write for short Z,(k) for Z..(IT), and idem for Jy, (k). Assume Z..(k) < co.
There is then a generalised bias h € 1.>(d), with h a symmetric function admitting a
weak derivative that satisfies:

/ 5(2){01h(z, "), CrOih(z,")) dz < oo, (F.3)
(_lal)

such that Z,(k) = Jn(k). Moreover, k and h are related through the following Euler-
Lagrange equation: for any test function ¢ € H' (1) with ¢joq = 0,

% /V(k k) V- 5(2)(Oh(z, ), Cdrd(z,-)) dz = 0. (F4)

(7111)

EJP 29 (2024), paper 63. https://www.imstat.org/ejp
Page 85/96


https://doi.org/10.1214/24-EJP1121
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Large deviations for out of equilibrium correlations in the SSEP

This is a weak formulation of:

Ak(z,y) — [o(x) ) ( )on ()| k(2. y)
/ 2)0h(w, 2))K(z,y) + Kz, 2)0, (920 (2,9)a () ] d=

5( )3 (y) d1h(z,y)) + 9y (0 (x)a (y) Doh(z,y)) for (z,y) €A
h\am—lﬂam—(l

7(2)%(02 — 01)h(wy,2) — (02 — O)k(xy,x) = (p')? forx € (—1,1).

(E.5)

Proof. The existence (and uniqueness) of the generalised bias h such that Jj (k) = Zoo (k)
is classical and follows from arguments similar to those of Section 5.2, see Lemma 5.3
in Chapter 10 of [35]. Let us show that k satisfies the Euler-Lagrange equation with
bias h. Since h is such that J, (k) = infjc 5 J3(k), one has e (Jntep — Jn) <0 for any
¢ € H'(1) with ¢1s0 = 0 and small enough € > 0. Thus:

1 1 2

= [ Vk-Vo+ = (P b(x, z) da

8 Jn 4 Ji—1)

1
- = d(2)(O1h(z,+), (G + k)(D1¢(2,-)))dz = 0. (F.6)
P, AR, @+ B@9(,)

Applying this equation in the & = 0 case corresponding to the steady-state kernel %k (or
just recalling the expression (2.11)), one gets:

1/Vk‘o-V(Z): —1/ (P)2o(x, ) dz. (F.7)
8 Jn 41

This yields (F.5). Equation (2.52) follows by careful integration by parts. For instance,
the term &(y)dn(y)k(z,y) comes from the contribution of %k in the integral involving
C,=0+k:

/ 7(2)01h(z,z)(kd10)(z, x) d:zcdz:/ 7(2)01h(z,2)01(kd)(z, x) dx dz
(-1.1)? (-1.1)?
= / 5(z) [81h(x,,x)—81h(x+,x)} (ko) (z, z) da
(-1.1)
_ /( . 9y (6(2)1h(z, 7)) (ko) (2, ) da dz. (F.8)

Note that k¢(z, z) is simply f(—1 1 k(y,z)p(y, x) dy as k is symmetric, thus:

/ ol (x) [alh(:c ,x) — 31h(x+7 SE)} (kgb)(:v, :c) dx
(=1,1)
= /( Ly k(:c,y)qi)(x, y)O_(y) |:81h(y—7y) - a1h(y ,y)} dz dy. (F.9)

Using the symmetry of h and the fact that 91 h(x_, ) = 01 h(x, z4) (it is the same point in
the same triangle), the bracket involving 0, h is —d;, as claimed:

O h(z_,x) — h(xy,x) = (0 — O )h(xy, x) = —Op(x), x e (-1,1). (F.10)
O
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F.2 Equivalence of the Euler-Lagrange equation and the main equation

Proposition F.2. Let h € S(c0), where this set is defined in (2.45). Recall that [ :=
(-1,1),m=0\Dand>={(z,y) €B:x <y}, <=0\ .

e Let k € C3(>) N C3(<) be symmetric and suppose k solves the Euler-Lagrange
equation (F.5). Assume that k satisfies:

/5‘1(39)16(:6711)26‘1(1/) drdy < 1. (F.11)
4|

Then the correlation operator Cy, = & + k is invertible in L.?(). Define g € 1*(0)
through Cy, =6+ k = (671 —g)~!. Then g € C3(5)NC3() is symmetric and solves
the main equation (2.61).

» Conversely, let g € C3(5)NC3(<) be symmetric and solve the main equation (2.61),
and assume:

/6(x)g(x,y)25(y) dedy < 1. (F.12)

Then 6! —g is invertible, and k € C3(5>)NC3(<) defined through+k = (671 —g)~!
is symmetric and solves the Euler-Lagrange equation (F.5).

Remark F.3. Conditions (F.11)-(F.12) hold if 5’ < ¢,h € S(¢) for small enough e. [ ]

Proof. We only show that k¥ € C3(>) N C3(<) symmetric solving the Euler-Lagrange
equation implies that g solves the main equation, is symmetric and is in C?(>) N C3(<),
the other implication being similar.

By assumption (F.11), g admits a series expansion:

g= _671/2(1 —&—571/2/4:671/2)_1671/2 + 51
— 52, Z(—l)"(&*l/ch?*l/Q)on o5 1/2

n>1
=—6""0> (koa )", (F.13)

n>1

where o denotes composition and on n-times composition, n > 1. In particular, g
is symmetric, satisfies (F.12), and it inherits the regularity of k: g € C3(5) N C3(<).
Moreover, (F.13) already shows that g5 = 0 if kjpg = 0.

To check the Neumann condition on the diagonal and the fact that g satisfies the
main equation (2.61), let us write derivatives of k in terms of g. We henceforth drop the
symbol o. Using the inverse operator Ckfl = (671 — g), it holds that:

(G+k)(c —g)=id = ko '=Crg = k= Crgo. (F.14)

In the same way k = 6¢gC},. Differentiating k£ with respect to the second variable (or
alternatively integrating against the derivative ¢’ of a test function ¢ on (—1,1) and
integrating by parts) yields:

Ok = 82(Ck95) = Ckag(gc_T). (F.15)

Note that since k is symmetric, 02k(z,y) = d1k(y, z) for (x,y) € B means that 0k is the
operator adjoint to 9k in I.?((—1,1)), thus one has also:

6‘1k:5‘1(5g)0k. (E.16)
In particular, this gives the Neumann condition for g on the diagonal:

(01 — Oo)k(zy,2) = 7(2)%(01 — ) g(zy, ), x € (=1,1). (F.17)
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Let us now prove that g satisfies the main equation (2.61). Recall the convention: if
¢ : @ — Randq: (—1,1) — R, then ¢q is the function (z,y) — ¢(z,y)q(y), while

(q9)(z,y) := q(z)P(y).
The Euler-Lagrange equation (F.5) then reads:

Ak = [01(500h)Cy + Cuda (92h3) | — [o0nk + kdn] = 0, (F.18)

where the above is an equality between functions on . In (F.18), the right-hand side
in (F.5) has been included in the term in the bracket by using the operator C, = & + k.
The partial derivatives d»k, 0,k were obtained in (F.15)-(F.16). As k is not C? across
the diagonal, taking the second derivative is more subtle, and we do so against a test
function ¢ € C°°(0) vanishing on J[J:

— OokOop = 03k + 6.0 = —C 02(97)Dap = C1,05(g5) + CrG640. (F.19)
Above, recall that, for a symmetric function ¢ : @ — R, 6, is the function operator:

oy (2) = (02 — O )Y (2, x4) = (01 — o) h( 4, 7)
= 0p(xy,x) — O(r—, ) = Oop(x,4) — Otp(, w_), r € (-1,1). (F20)

Since &, = 524,, we get:
O3k = Cy03(go) + k&é,. (F.21)

By symmetry, one has also
ok =01(0g) Cr, = 0k =07(0g) Ok + d,5k. (F.22)
Thus:
Ak = (6 07g+ 25" 019+ " g)Ch + Cr(059G + 20295 + g5"') + §,5k + k5d,.  (F.23)

Compose (F.18) by Ck_l on each side. Using Ck_1 =&~ — g, this yields for Ak, still as an
identity between functions on I:

CrlARCT! = 671035 g) — 903 (0g) + 03(g5)5 " — 03(95)g
+ Cy H(840Kk + kad,)Cy (F.24)

From kC}, 1 — 5¢ and the following identities obtained by integration by parts
—g0i(0g) = D295 019 + g3, + D297’ g, (F.25)

we obtain:

= =
g

—/ —/
O AKC = Ag + 2% 019 + 2059 % + 20295 019+ g5 64 + 56,9+ g % + =9
+ 0295’ g + g5/ 019 + 0,59 + gd,G — 295,5°g. (F.26)

We next show that:

!

it [01(001h) i + Crin(0ah0) | Ot = Ab+ %/alh + am%
+ OogaO1h + 02hcd1g + godp, + 6pag.  (F.27)
This follows by noticing that
C.t01(601h) = 67" (6/01h + 5I7h) — g 01 (GO, h)
= %/81h+8fh+819681h+g65h, (F.28)
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where in the last step, we used an integration by parts as in (F.25). Part of the boundary
terms cancels thanks to the final identity:

Ci ol o6nk + kadn) Cyt = (67 — g) oo +a6n (6" —g) —2(67" — g)adna(c " —g)
=26, — 956, — 30ng — 2(1 — g&)on(1 — Gg) = god + 509 — 295%6hg. (F.29)
Plugging the relations (F.26), (F.27), (F.29) in the Euler-Lagrange equation (F.18), we
get:

/

o' o
0=A(g—h)+ = 01(29 — h) + 02(29 — h) = + 02(g — h)G 019 + 029501 (g — h)

— —11
+ 295204 _gg + & (‘;2 + 25, — 25h> ny <Z2 426, - 25h> g+ 0295 g + g5'd1g. (F.30)

2

In addition, the boundary conditions of (F.5) imply that 6, ; = —5 5 (recall 7" = —2(p’ )2).
Finally, an integration by parts gives:

D2ga'g = —g5"g — go'Org. (F.31)

The second line in (F.30) thus vanishes, and the first line is precisely the main equa-
tion (2.61). O

In the next sections, we focus on establishing existence, uniqueness and regularity
for solutions of the Euler-Lagrange equation (F.5). In view of Proposition F.1, this will
prove Proposition 2.6.

F.3 Existence and uniqueness

We now focus on solving the Euler-Lagrange equation (F.5) and the Poisson equa-
tion (5.7). To do so, we rewrite them in a common framework. Both equations are
formulated as equations on J involving symmetric functions. To solve them, it is there-
fore enough to look at the equation in a single triangle, say >. To do so, let us introduce
some notations.

Recall that the function M acts on ¢, € I.?(4) according to:

1
M. 0ay) = [ 0w 0@iw2) s (o) <. (F:32)
“1
Define by extension M on the triangle as follows: if (¢, ) € IL2(>)?,

d(r,y) ifz <y,

] (F.33)
o(y,xz) ifx>y.

M(p, 1)) = M(bs,)s), bs(z,y) = {

For ¢ € L?(>) and ¢ : (—1,1) — R, we often write:

(af)(@,y) = q(x)f(z,y), (f)(z,y):= f(z,y)q(y), (z,y) €>. (F.34)

Given symmetric ¢,¢,¢ : @ — Rand d: (—1,1) = R, we say that f : @ — R solves the
Poisson problem (P) = (P ¢ .4) if f is symmetric, and f. is a classical solution of (),
where:

Af(z,y) + [d(z) +dy))f(z,y) — M(f,€) for (z,y) € >,
—M(&, f) = M(O1f, 1) — M(019, 01 f) = ¢(z,y)

0. f=0 onD,

f=0 on (0>)\D.

(Ps) :

(E.35)

where 0, stands for the normal derivative on the diagonal.
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Remark F.4. (i) If = h € S(o0) (recall (2.44)), d =0, (¢ =0and ¢ € T NC?(>) has
norm 2, then (P) corresponds to the Poisson problem encountered in the proof of
large deviations, in (5.7).

(ii) Let h € S(o0), ¥ =0, d = 56, with §,, given in (F.20). Take ¢ as follows:
&(z,y) = 01(c01h) (z,y) = 0. (5(x)01h(x,y)),  (z,y) €. (F.36)
Define then ¢(x,y) for (x,y) € Das:

¢(z,y) = —01(ah) (2,y) — 02 (ha’) (z,y) + M(ko + 55, &) (z,y)
+ M(ko +5ha,€)(x,y) — [ko(w,y) + (@ha)(z,y)] [o(2)dn(z) + T (y)dn(y)]. (E37)

Then (P) is the Euler-Lagrange equation (F.5) written with unknown f = k—ko—aha.
Note that f is chosen so that the boundary conditions in (F.35) imply the Neumann
condition 9, f = 0.

|

In the remainder of the section, we study existence, uniqueness and regularity of
solutions of (P). For x € {>, <}, we write (-,-) for the usual scalar product on L?(x),
and simply (-, -) for the scalar product on L?(0) = I.?(7). The norm on L?() is denoted
by || - ||2. Let also tr denote the trace operator on the boundary of @. When interested
only in a portion I' of the boundary, we may write trr.

We will use the fact that the Laplacian with 0 Dirichlet boundary condition on (9>)\ D
and 0 Neumann boundary condition on the diagonal D has a gap o > 7%/4 > 0, see e.g.
Equation 5 in Section 3.3. of [39]. This means that, for any symmetric f € 7 satisfying
the boundary conditions of (P ), one has:

Ifisll2 <a VAR = (IFI3 <o VI3 (F.38)

We first obtain existence and uniqueness of solutions of (P) in the set 7(p) C 7 = H*()
of functions satisfying the boundary conditions of (P) by a fixed point argument. The set
7(py and its counterpart 7 p,_) for functions on > are defined as follows:

Tipy =@ N {f :trp(dy. f) = 0,tron(f) = 0},
Timy = H() N {f tr(f) = 000 0(>) \ D, trp(d,. f) = 0} = {fi= : f € Tipy}. (E39)

Proposition F.5 (Solving (P)). Let ¢, ¢ € 1L?(0), ¢ € T be symmetric functions. Let also
d:(—1,1) — oo be bounded. For f € Tp, define Sf as the symmetric function such that,
for (z,y) € >,

Sf(x,y) = (—As)™"| —d+df + fd— M(f,&) — M(&, )
— M(01f,019) = M(, 01 f) | (2, y). (F.40)

Above, AZ! is the inverse of the Laplacian on > with 0 Dirichlet condition on (95>) \ D,
and 0 Neumann conditions on the diagonal D.

Then Sf € T(py. Moreover, ifd =0, { = 0 and ||V¢[2 < 1,
a unique fixed point fg € T(py with || fo y|m @ < C and || fyy
C,C’" > 0 independent of ¢, ).

If instead 1 = 0, there is a fixed point fg 4¢ € T(py provided |||z, ||| are small
enough, with || fo.o.ellm @ < 0(|d]c. €]z ]|]l2) and § vanishes when (|d]c. [1€]z. | ]2)
vanishes.

o|l2 < 2, then S has
loo < C’, for constants
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Proof. We prove that S is a contraction on 7(p) for the norm ||V - ||2. Let us start by

showing that S is well defined. The inverse operator A_' exists by Lemma 4.4.3.1 in [31]

and, by Theorem 4.4.3.7 in [31], maps L?(t>) onto 7(p_). It follows that S(7(p)) C T(p).
We now prove that S is a contraction. For f € 7(p), one has:

||V5f||§:<(VSf) ( f)\>> + (VS (VSHa)
= (SN (ASH ) — (S (ASF)a), = —(ST, AST). (F41)

The integration by parts is legitimate by Theorem 1.5.3.1 in [31]. Let us compute the
right-hand side. One has, using 7 < 1/4:

e B MEOE= [ fG 0o

1 ) 1/2 , 172
< 4(/(_171) f(z,2)? dz) (/(_anp(z,y) dz) ", (F42)

and the same holds for M (0 f, 811) As a result, by Cauchy-Schwarz inequality and using
101 fll2 = 27/2||V |2 as implied by the symmetry of f:

1
(S£.M(£,6)] < {1572l 1€],
(57, M(@u7,01))| < SIS FIIT LIV (F43)

Recalling the expression of Sf from (F.40), (F.41) is therefore bounded as follows:

1S £13 < 15l (I + 2ol + L0 NIV = g gy
Since f,Sf € T(p), the Poincaré inequality F.38 can be applied and yields:
IVS£ll2 < a2 (|62 + 2072 dll o |V £1l2
a’l/Ql\Zf\\zllﬁllz N IIVfllzgiIlelz). (E45)

By similar computations, if f1, fo € 7(p), one obtains:

-1/2

IV(Sf1 = Sf2)lle < ™2 (207 2 d]loc + “—

In particular, S is a contraction as soon as:

—-1/2 v
a71/2(2071/2||d||00_|_05 4”5“2 T I ;/’HZ) <1 (FA7)

Recall that o > 72/4. If d =0, £ = 0,
Remark F.4), then:

< 1 and ||¢||2 < 2 (which includes case (i) of

1 1 4
IVS(fi — f2)ll2 < EHV(fl*fz)H% VSfll2 < E||Vf||2+;- (F.48)

There is thus a unique fixed point fy . € 7(p), and since ||¢||> < 2, it belongs to the
ball B(0,¢) = {u € H'®) : tr(u) = 00on 90, ||Vullz < ¢} with ¢ = 8/(2r — 1) < 2.
Poincaré inequality (F.38) yields || fyy |lui@ < (4 + 16/72)!/2 < 2, and Theorem 4.3.1.4
in [31] yields ||fs4|lH>@ < C for some universal C' > 0. The Sobolev embedding
H?([@) C C°(5>) N C°(<) then implies || f4, 4|/ < C’ for a universal C’ > 0 as claimed.
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Consider now the case ¢ = 0 which includes item (ii) of Remark F.4. Then:

4
2 @+ Y v~ o),
ol

IVS(fr = f2)ll2

IN

4 €ll2
19551 < 5 (2llle + 52w g + (F.49)
If ||d||co, ||€|l2 are small enough, S is a contraction and the norm of its fixed point vanishes
when ||d||oc, ||£]|2 and ||¢]|2 vanish. This concludes the proof. O

F.4 Regularity estimates

In Proposition F.5, the solution of (P) has been shown to be in H?(I4). In this section,
we use results of [31] to argue that the solution of (P) is more regular if the data ¢, v
are regular. This concludes the proof of Proposition 2.6. The study of regularity is made
very complicated by the presence of corners.

Proposition F.6 (Theorem 5.1.3.1. in[31]). Letb € IN, p > 2 and let € Wb’p(b). Let
51,52, 53 denote the corners of > numbered in a counter-clockwise fashion, with S the
upper left corner. Consider on > the equation Af = (, with the boundary conditions
of (P.). Ifb =0, then f € W?P(>). Ifb < 3, f € W**2P(1>) provided ¢ vanishes at the
corners, i.e. provided:

vj € {1,2,3}, ¢(S;) =o. (F.50)

Remark F.7. Though the statement of Proposition F.6 makes no mention of them, we
recall notations from [31] so that the reader may check that Theorem 5.1.3.1 applies to
our case.

Label by j € {1, ..., 3} the line segments composing 9r> in a counter clockwise fashion,

with the convention that j = 1 for the y = —1 segment. S, is then the point joining
segments j,j + 1 in d>. Let w; be the counter-clockwise measure of the inwards angle
at Sj:
2 ifj=1,
wy = {2t (F.51)
/4 if j € {2,3}.

Let v; = p; denote the unit outwards normal and 7; be the (counter clockwise) unit
tangent vector on the line segment j. Define also ®; = 7/2if j € {1,2}, ®, =0if j =3
and &3, := ®,. Finally, for m € Z and each j, define:

o o 2m ifj=1,
Ny = A CEMT_ o g ifj =2, (F.52)

wj
—2+44m  ifj=3.

|
In our context, Proposition F.6 translates to the following result.

Proposition F.8 (Regularity of solutions of (P)). Let ¢,4,d, & be such that the solution
f given by Proposition F.5 exists.

(i) Assume d = 0, £ = 0, let ¢ € C?(>) N C?(Q) be symmetric and let ¢ € S(c0),
corresponding to item (i) of Remark F.4. If ¢|pn = 0, then f € W4P () for any
p> 2.

(ii) Recall the definition (2.44) of S(¢) for e > 0. Take ¢ = 0, and d, ¢, ¢ defined in
terms of h € S(¢) as in item (ii) of Remark F.4. Then f € W*?(I2) for any p > 2, and
k=f+ko+3hd € ko+ S(¢) for some £ > 0 depending only on py and e.
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Proof. Since f is symmetric, we work only on >>. Let us first assume f has the alleged
regularity and treat all claims of item 2 that do not have to do with the regularity of f.
Define:

e = kol = masx {1k = Kolloes 101 (k — ko)lloe } (E53)

Notice first that k — kg = f +&ha with h € S(¢) implies that k — ko € W4P(12) for all p > 2,
thus k also as kg is regular.

Let us now prove that ||k — ko||c: vanishes when d, ¢, ¢ vanish. By Sobolev embedding
(see Proposition E.2), it is enough to prove the same for ||k — ko||w2.» ). Since k — ko =
f 4 aha, it is enough to bound | f|lw2»@). Theorem 4.3.2.4 in [31] implies that, for a
universal constant C' > 0:

1l < C(IAFlwos + 1 lwrs ). (F54)
Recalling the expression (F.40) of the mapping S, it holds that:

1A fllwor@ < (Illp + 2lldlloollfllp + 1€llo0) I1f lw» @)
< C'(llp + 2lldllooll fllp + 1€ lo0) 1f I @) (E.55)

where the second inequality is again a Sobolev embedding. The fact that ||f]|n2(g)
vanishes with d, ¢, £ now follows from Proposition F.5.

We now prove that k& — ko satisfies the boundary conditions of elements of S(c0).
Since f, ko, h vanish on 07, so does k. Moreover, Jsh = 0 at the extremities S5, S3 of the
diagonal D and O f = 0 on D means Js (k — ko)(S2) = 0 = 0s (k — ko)(S3). We have thus
shown that if f has the alleged regularity, then & — kg € S(¢’) for some &’ > 0 depending
ond, ¢,¢, i.e. on p,e recalling (F.37)-(F.36) and h € S(e).

Let us now prove the regularity of f. By definition, Af = ASf, with S defined
in (F.40). Let p > 2. The idea is classical: if f € W2T™P(d), n € IN, we want to prove
that ASf € W*™P(), from which f € W3T™P(2) by Proposition F.6 provided ASf
satisfies suitable boundary conditions. To implement this recursion scheme, we first
prove that ASf € I.?(d). By assumption on ¢, in case of item (i) (using the Sobolev
embedding C?(5>) € W?2#(1>) for any s > 2), and from (F.36)-(F.37) for item (ii), we
see that it is the regularity of f only that limits the regularity of ASf. The fact that
ASf € ILP’(0) then follows from the Sobolev embedding H!(1) ¢ L*(W), valid for any
s > 2, see Proposition E.2. It follows that f € W2?(J) by Proposition F.6.

To obtain further regularity on f, let us check that ASf is in W*~1?(1) whenever
f € WbP() for b € IN*, and also that ASf satisfies the condition (F.50) in Proposition F.6.

The regularity of ASf boils down to proving that W(u,v), defined in (F.32), is in
WoP(1>) (b € N*) whenever u,v € W»P(1>). This is the claim of the following lemma.

Lemma F.9. Letp > 2 and 1 < b < 4. Let u,v € W»?(1>), and recall from (F.32) the
definition of M. Then M(u,v) € W¥P(1>).

Lemma F.9 is easily proven by approximating u,v in W»?(1>) by sequences in C>(>),
and integrating by parts.

It remains to prove that ASf satisfies the condition of Proposition F.6, i.e. that
ASf(S;) = 0 for j € {1,2,3}. By assumption in the case of item (i), and from the
expression (F.37) and the definition (2.44) of S(¢) for item (ii), we know that ¢;sg = 0.
The fact that fjs0 = 0 gives M(f,£)(S;) = 0 = M(E, f)(S;) for each j. Integrating by
parts and since ¢ € S(o0), one has also M(01f,01¢)(S;) = 0 = M, 0.f)(S;). It
follows that ASf(S;) = 0 for j € {1,2,3}, thus f € W*P(10). Since p > 2 was arbitrary,
this concludes the proof. O
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F.5 Bounds on the solution and definition of ¢

Let h € S(o0) and let g, = 61 — (5 + k3, ) ! be the solution of the main equation (2.61)
obtained from the solution kj; of the Euler-Lagrange equation (F.5). In this section, we
define the ¢ arising in Theorems 2.4-2.7, and show that the C! norm of g;, — gy can be
controlled by ||A||c: and p’ as claimed in Theorem 2.7. Writing Cy,, = 6+ko = (671 —go) 7},

notice first that, as soon as ||k;, — ko||2 is sufficiently small:
gh — go = Ck_ol — (o4 /Ch)71 = Ck_ol — (Cry + (kn, — ko))il
=Cot Y (=)™ (ki — ko)C) ™ (F.56)

n>1

For ky, — ko € S(¢’) for some suitably small ¢’ > 0, one can take derivatives inside the
sum, which directly yields:

lgn — gollor < 8(pa, lkn — Kollcn), lim d(z,y) = 0. (F.57)

(z,y)—0
Since f = kn — ko — dha is the solution of (P), ||kn — k|/ct in turn only depends on
P+, |h|lc1, thus ||lgn — gollcr only depends on 7, ||h||c1, and vanishes when they both
vanish as claimed in Theorem 2.7.
We now define ¢g.

Definition F.10 (Definition of eg). Let h € S(c0). Let p_ € (0,1), and choose e =
ep(p-) >0and py € [p_,1) such that, if p := 5= < ep and h € S(ep), then:

e The contraction S has a fixed point f.

* g, iIs a negative kernel (as defined in (A.2)).

« To ensure good concentration properties in Section 3, ||gn — hllct|gnllcr <
(21°C1s)7 L, Pllgn — hller < (21°Crs)~! and p'ep < (21°Crs)~!, where Crs is the
log-Sobolev constant appearing in Lemma 3.4.
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