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1. Introduction

The theory of small ball probabilities (also called small deviation probabilities)
is extensively studied in recent decades (see the surveys by M.A. Lifshits [97],
W.V. Li and Q.-M. Shao [94] and V.R. Fatalov [51]; for the extensive up-to-
date bibliography see [99]). Given a random vector X in a Banach space B, the
relation

P{[X]ls <e} ~ f(e), -0, (1)

(here and later on f(e) ~ g(e) as e — 0 means lim._,¢ f(€)/g(e) = 1) is called
an exact asymptotics of small deviations. Typically, this probability is expo-
nentially small, and often the logarithmic asymptotics is studied, that is the
relation

log (B{|X[l» <&}) ~ fe), 0.

Theory of small deviations has numerous applications including complexity
problems [135], the quantization problem [64], [106], evaluation of the metric
entropy for functional sets [97, Section 3], functional data analysis [52], non-
parametric Bayesian estimation [170], machine learning [150] (more applications
and references can be found in [94, Chapter 7]).

The discussed topic is almost boundless, so in this paper we focus on the most
elaborated (and may be the simplest) case, where X is Gaussian and the norm
is Hilbertian. Let X be a Gaussian random vector in a (real, separable) Hilbert
space $ (the basic example is a Gaussian random function in Ly (Q), where O
is a domain in R?). We always assume that EX = 0 and denote by Gx the
corresponding covariance operator (it is a compact non-negative operator in §).

Let (ux) be the non-increasing sequence of positive eigenvalues of Gx, counted
with their multiplicities, and denote by (¢x) a complete orthonormal system of
the corresponding eigenvectors.! It is well known (see, e.g., [98, Chapter 2]) that

1If Gx has non-trivial null space then ¢, form a complete system in its orthogonal com-
plement.
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if & are i.i.d. standard normal random variables, then we have the following
distributional equality?

d oo
X = § Vivk Pk &k,
=1

which is usually called the Karhunen—Loéve expansion.® By the orthonor-
mality of the system () this implies

d o0
XI5 = D ik (2)
k=1

Therefore the small ball asymptotics for X in the Hilbertian case is completely
determined by the eigenvalues .

Notice that if ;- ; s < oo then the series in (2) converges almost surely
(a.s.), otherwise it diverges a.s. The latter is impossible for X € ), so, in what
follows we always assume that the eigenvalues series converges (Gx is a trace
class operator).

Remark 1. Formula (2) shows that if the covariance operators of two Gaussian
random vectors X and Y have equal spectra (excluding maybe zero eigenvalues),
then their Hilbertian norms coincide in distribution.* In this case X and Y are
called spectrally equivalent. Trivially, such Gaussian random vectors have the
same Lo-small ball asymptotics.

Concrete examples of spectrally equivalent Gaussian processes are well known,
see, e.g., [47], [85, Example 4], [145], [114, Theorem 4.1], [104]. Some multivariate
generalizations can be found in [44], [136], [41].

Recently A.I. Nazarov and Ya.Yu. Nikitin [124] (see also [123]) developed a
general operator approach to the problem of spectral equivalence and obtained
a number of new examples.

Our paper is organized as follows. In Section 2 we describe the first results on
small ball probabilities in Hilbertian norm. In Section 3 we formulate two cru-
cial results: the Wenbo Li comparison principle and the Dunker—Lifshits—Linde
formula. These results formed the base for the systematic attack of the problem.

Further progress in the field is mainly based on the methods of spectral
theory. In Section 4 we give an overview of the results on exact asymptotics.
These results are mostly related to the spectral theory of differential operators.
Section 5 is devoted to the logarithmic asymptotics, the corresponding results
are related to the spectral theory of integral operators.

In Appendix we provide the history (up to our knowledge) of the results on
Lo-small ball asymptotics for concrete processes.

1
VEE

3Up to our knowledge stochastic functions given by similar series were first introduced by
D.D. Kosambi [87]. However, K. Karhunen [73], [74] and M. Loéve [105] were the first who
proved the optimality in terms of the total mean square error resulting from the truncation of
the series. An analogous formula for stationary Gaussian processes was introduced by M. Kac
and A.J.F. Siegert in [72].

4In fact, the converse statement is also true.

2For the special choice &, = (X, k) this equality holds almost surely.
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Let us introduce some notation.
For O C RY, || - ||2.0 stands for the norm in Ly(O):

IX|20 = / X (2)? de.
(@)

The Sobolev space W;[0,1] is the space of functions u having continuous
derivatives up to (m — 1)-th order, u(™~1) being absolutely continuous on [0, 1]
and u(™ € L,[0,1]. For p = 2, it is a Hilbert space.

A measurable function f(x) is called regularly varying at infinity (see, e.g.
[160, Chapter 1]), if it is of constant sign on [4, c0), for some A > 0, and there
exists a € R such that for arbitrary p > 0 we have

lim (pz) o

2 (@)

Such « is called the index of the regularly varying function. Regularly varying
function of index p = 0 is called slowly varying function (SVF). For instance,
the functions log? (x), o € R, are slowly varying at infinity.

A function f(z) is called regularly varying at zero, if f (%) is regularly varying
at infinity. We say that a sequence (ay) has regular behavior if ax = f(k), where
f(x) is regularly varying at infinity.

2. First works

The oldest results about Ls-small ball probabilities concern classical Gaussian
processes on the interval [0,1]. R. Cameron and W. Martin [28] proved the
relation for the Wiener process W (t)

4 1
P{|Wll2,0,1 <&} ~ \/—i_rexp(—g e?),

while T. Anderson and D. Darling [5] established the corresponding asymptotics
for the Brownian bridge B(t)

]P){”BHZ,[OJ] SE} ~ %exp(—%g‘%_ (3)
The latter formula describes the lower tails of the famous Cramer—von Mises—
Smirnov w?-statistic.

One should notice that a minor difference (rank one process) between Wiener
process and Brownian bridge influences the power term in the asymptotics but
not the exponential one.

In general case the problem of Lo-small ball asymptotics was solved by
G. Sytaya [166], but in an implicit way. The main ingredient was the Laplace
transform and the saddle point technique. The general formulation of result by
Sytaya in terms of operator theory states as follows.
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Theorem 1 ([166, Theorem 1]). As e — 0, we have

P{| X5 <} ~ (4927 Te(Gx By (Gx))?) %
s

Y exp(— [ TGx{Ru(Gx) — Bo(Gx) du).

0

Here Tr(G) is the trace of operator G; R,(G) is the resolvent operator defined
by the formula

Ru(G) = (I +2ug)™",
and v = ~y(€) satisfies the equation e = Tr(Gx R, (Gx)).

In terms of eigenvalues . of the covariance operator Gx, this result reads as
follows:

Theorem 2 ([166, formula (20)]). If u > 0 and > oy i < o0, then, ase — 0,
> 1
P{Z iy < 62} ~ (=2my?h" (7)) % exp(yh'(v) — h(7)), (4)
k=1

where h(y) = 377 log(1 4+ 2uk7y) and v is uniquely determined by equation

€2 = W' (y) for e > 0 small enough.

As a particular case the formula (3) for the Brownian bridge was also ob-
tained. However, these theorems are not convenient to use for concrete compu-
tations and applications. For example, finding expressions for the function h(y)
and solving the implicit equation for v = ~(g) are two difficulties that arise.
The significant simplification was done only in 1997 by T. Dunker, W. Linde
and M. Lifshits [49]. We describe it in detail in Section 3.

The results of [166] were not widely known. J. Hoffmann-Jgrgensen [65] in
1976 obtained two-sided estimates for Lo-small ball probabilities. Later the re-
sult of Sytaya was rediscovered by I.A. Ibragimov [69].° Cf. also [110], [38], [108],
[45], [4].

In 1984 V.M. Zolotarev [181] suggested an explicit description of the small
deviations in the case pp = ¢(k) with a decreasing and logarithmically con-
vex function ¢ on [1,00). His method was based on application of the Euler-
Maclaurin formula to the sums in the right hand side of (4). Unfortunately, no
proofs were presented in [181], and, as was shown in [49], this result is not valid
without additional assumptions about the function ¢ (in particular, the final
formula in [181, Example 2] is not correct, see the end of Section 3 below).

In 1989 A.A. Borovkov and A.A. Mogul’skii [22] investigated small devia-
tions of several Gaussian processes in various norms. However, as noted in [97,
Section 1], the result of Theorem 3 in [22] contains an algebraic error.%

5We notice that formula (23) in [69] contains several misprints. Apparently, this was first
mentioned in [51, p. 745].

60n the other hand, the statement in [51, p. 745] that this erroneous result was reprinted
in [95, p. 206] is in turn erroneous.
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One of the natural extensions of the problem under consideration is to find
asymptotics (1) for shifted small balls. It was shown in [166, Theorem 1] that
if the shift a belongs to the reproducing kernel Hilbert space” (RKHS) of the
Gaussian vector X, then

P{X — allo < e} ~ B{|[X[l5 < e} - exp(~||Gxal[% /2), (5)

where ||g;{%a||yj is in fact the norm of @ in RKHS of X. See also some relations
between the probabilities of centered and shifted balls in [66] by J. Hoffmann-
Jorgensen, L.A. Shepp and R.M. Dudley, [103] by W. Linde and J. Rosinski,
and [46] by S. Dereich. A generalized version of equivalence (5) for Gaussian
Radon measures on locally convex vector spaces was proved by Ch. Borell [21].

Formula (5) was later generalized by J. Kuelbs, W.V. Li and W. Linde [89]
and W.V. Li, W. Linde [93], who handled the asymptotics of probability

P{IX — f(t)alls < R(t)},  t— o0,

for various combinations of f and R, including the case R(t) — oo as t — 0.

3. Second wave

The main difficulty in using Theorem 2 is that the explicit formulae for the
eigenvalues of the covariance operators are rarely known. It was partially sur-
mounted by the celebrated Wenbo Li comparison principle.®

Theorem 3 ([92, 59]). Let & be i.i.d. standard normal random variables, and
let (pg) and (i) be two positive non-increasing summable sequences such that
1T/ < co. Then

P(Ymg <=} ~p{Smg <) ([[2) o0 ©
k=1 k=1 j=1 HE

So, if we know sufficiently sharp (and sufficiently simple!) asymptotic approx-
imations fi for the eigenvalues py of Gx, then formula (6) provides the Lo-small
ball asymptotics for X up to a constant. Of course, in order to use this idea
efficiently, we need explicit expressions of Ls-small ball asymptotics for “model”
sequences (fik).

An important step in solving the latter problem was made by M.A. Lifshits
in [96] who considered the small ball problem for more general series:

S:=>_ ¢(k)Z, (7)
k=1

7This space is often called the kernel of the distribution of the Gaussian vector X, see,
e.g., [98, Section 4.3].

8W.V. Li [92] proved this statement provided 3 |1 — ug/fix| < co and conjectured that
this assumption can be relaxed to the natural one [] ux/fix < oo. Later this conjecture was
confirmed by F. Gao, J. Hannig, T.-Y. Lee and F. Torcaso [59].

W. Linde [102] generalized W.V. Li’s assertion for the case of shifted balls. In [60] Theo-
rem 3 was extended to the sums Y pg|€x|P, p > 0, and even to some more general ones.
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where (¢(k)) is a non-increasing summable sequence of positive numbers, and
Zy, are independent copies of a positive random variable Z with finite variance
and absolutely continuous distribution. The main restriction imposed in [96] on
the distribution function F'(-) of Z is

aF(1) < F(br) < coF(7) (8)

for some b, ¢1, co € (0,1) and for all sufficiently small 7. This assumption implies
a polynomial (but not necessarily regular) lower tail behavior of the distribu-
tion. For the special case Zj, = £ the sum in (7) corresponds to La-small ball
probabilities (2).

Using the idea of R.A. Davis and S.I. Resnick [40], Lifshits expressed the
exact small ball behavior of (7) in terms of the Laplace transform of S. If Z has
finite third moment, then a quantitative estimate of the remainder term was
also given.

The next important step was done by T. Dunker, M.A. Lifshits and W. Linde
in [49]. The result is based on the following assumption on the sequence (¢(k)):

Condition DLL. The sequence (¢(k)) admits a positive, logarithmically con-
vex, twice differentiable and integrable extension on the interval [1,+00).

Under some additional assumptions” on the distribution function F' the au-
thors significantly simplified the expressions from [96] for the small ball behavior
of §. By using Euler—Maclaurin’s summation formula, they succedeed to express
the small ball probabilities in terms of three integrals:

I(y) : = / (log £) (v(1)) dt,

L(y): = / 2o(t)(log £ (vé(1)) dt.

L(y) : = / (6(8))? (log )" (v6(1)) dt.
1

Here f(7) is the Laplace transform of Z,

f(y) = / exp(—7) dF (7). 9)
0

9The results in [49] heavily depend on the finiteness of the total variation
Vi0,00) (7' (7)/ £(7)), where f is defined in (9). This condition together with restriction (8)
implies that the distribution function F' is regularly varying at zero with some index a < 0.
This condition also holds for the case Z = |£x|P, p > 0. Some relaxations are discussed in [49,
Section 5] and in the later papers of F. Aurzada [6], A.A. Borovkov, P.S. Ruzankin [23, 24],
L.V. Rozovsky (see [155] and references therein).
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The main result (Theorem 3.1 in [49]) reads as follows:

P{s < rpm B2 expto) o) +97)). r b0, (10

where v = «(r) is any function satisfying

o Ii(y) +9r

50 IQ(’}/) =0, (11)

and p(y) is a bounded function that represents the remainder terms in Euler—
Maclaurin formula and can be written explicitly via infinite sums.

At a first glance, formula (10) and condition (11) do not seem to be more
explicit than Theorem 2. Hovewer, for Z;, = £ (in this case f(7) = (1427)72)
the result of [49] turned out to be much more computationally tractable and
became the base for derivation of the exact asymptopics for many “model”
sequences of eigenvalues (¢(k)).

In particular, the following asymptotics were obtained in [49, Section 4].

1. Let p > 1. Then, as € — 0,

oo
P{Zk‘pgi SSQ}NC-NeXp (— Defﬁ), (12)
k=1
where the constants D and - depend on p as follows:
D:pgl( 'ﬁﬂ)p% 7:22_])1’
psinZ -1

while the constant C is given by the following expression:

14y

(27r)%(sin%) 2
(p—l)%(%)l—,—%

Notice that this example was first considered in [181].1°
2. The second result shows that the general asymptotic formula in [181] is
not true. Namely, we have as ¢ — 0

P{gem—m & <)

exp (— 35 — 4(log( log £))? + vio(log( log )) )

r2e2 (log Eiz)%

~

b

0However, as was first mentioned in [51, p. 743], the constants C and D in [181, Example 1]
were calculated erroneously: they contain the Euler constant that does not appear in the
correct answer. This error was reproduced in [92, formula (3.2)].
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where 1)g is an explicitly given (though complicated) 1-periodic and boun-
ded function. It is shown in [49] that g is non-constant while such term
is absent in [181, Example 2].1!

4. Exact asymptotics: Green Gaussian processes and beyond
4.1. Green Gaussian processes and their properties

As was mentioned above, the results of [92], [59] and [49] allow to obtain the
exact (at least up to a constant) small ball asymptotics for Gaussian random
vectors from sufficiently sharp eigenvalues asymptotics of the corresponding
covariance operators. The first significant progress in this direction was made
for a special important class of Gaussian functions on an interval.

A Green Gaussian process is a zero mean Gaussian process X on an
interval (say, [0,1]) such that its covariance function Gx is the (generalized)
Green function of an ordinary differential operator (ODO) on [0, 1] with proper
boundary conditions. This class of processes is very important as it includes the
Wiener process, the Brownian bridge, the Ornstein-Uhlenbeck process, their
(multiply) integrated counterparts etc.

First, we recall some definitions. Let £ be an ODO given by the differential
expression

Lu = (—1)* (pgu(€)>

(here pj, j =0, ..., ¢, are functions on [0, 1], and p,(t) > 0) and by 2¢ boundary
conditions

(0 (e-1)

+ (pewt™) e pou, (13)

Uv(u) = VO(U)+UV1(U) :0’ V= 13"'3267 (14)

where

Upi(u) := 'Vuu(kv)(l) + Z 'Yuju(j)(l)v

and for any index v at least one of the coefficients «,, and -, is not equal to
Zero.

For simplicity we assume p; € WZ,[0,1],  =0,...,¢. Then the domain D(L)
consists of the functions u € W2¢[0, 1] satisfying boundary conditions (14).

Remark 2. Tt is well known, see, e.g., [111, §4], [48, Chap. XIX], that the system
of boundary conditions can be reduced to the normalized form by equivalent
transformations. In what follows we always assume that this reduction is re-
alized. This form is specified by the minimal sum of orders of all boundary
conditions » = 32k

v=1"v:

M This error in [181] was also reproduced in [92, formula (3.3)].
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The Green function of the boundary value problem
Lu=Au on [0,1], u € D(L), (15)

is the function G(t, s) such that it satisfies the equation LG(t,s) = §(s—t) in the
sense of distributions and satisfies the boundary conditions (14).!? The existence
of the Green function is equivalent to the invertibility of the operator £ with
given boundary conditions, and G(t, s) is the kernel of the integral operator £~ 1.
If the problem (15) has a zero eigenvalue corresponding to the eigenfunction
@0 (without loss of generality, it can be assumed to be normalized in L2[0,1]),
then the Green function obviously does not exist. If ¢¢ is unique up to a constant
multiplier, then the function G(¢, s) is called the generalized Green function
if it satisfies the equation LG(t,s) = §(t — s) — wo(t)po(s) in the sense of distri-
butions, subject to the boundary conditions and the orthogonality condition

1
/Gtscpg )ds=0, 0<t<l1.
0

The generalized Green function is the kernel of the integral operator which is
inverse to £ on the subspace of functions orthogonal to ¢¢ in L3[0,1]. In a
similar way, one can consider the case of multiple zero eigenvalue.

Thus, (non-zero) eigenvalues py, of the covariance operator of a Green Gaus-
sian process are inverse to the (non-zero) eigenvalues A, of the correspond-
ing boundary value problem (15): ug = /\,:1. Therefore, to obtain rather good
asymptotics of the eigenvalues pj, one can use the powerful methods of spectral
theory of ODOs, originated from the classical works of G. Birkhoff [13], [14] and
J.D. Tamarkin [167], [168].

Notice that the basic operations on random processes — integration and cen-
tering — transform a Green Gaussian process to a Green one. It is easy to see that
if G(t,s) is the covariance function of a random process X then the covariance
functions of the integrated and the centered (demeaned) process

= /X(s) ds, X(t) = X(t) —/X(s) ds (16)
0 0

are, respectively,

t

/G x,y) dydz, (17)

I
\

0

G(t,s) /IG t y)dy—/lG(x, s)da:—i—/l/lG(a:,y)dyda:. (18)
0 0 0 0

12Notice that if G is the covariance function of a random process then G(t,s) = G(s, 1),
and therefore the problem (15) is always self-adjoint.
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Theorem 4. 1 ([120, Theorem 2.1]). Let the kernel G(t, s) be the Green func-
tion for the boundary value problem (15). Then the integrated kernel (17) is the
Green function for the boundary value problem

Liu:=—(Lu') = u on [0,1], u € D(Ly), (19)

where the domain D(L1) consists of functions u € W22£+2[0, 1] satisfying the
boundary conditions

u(0) = 0; u € D(L); (Lu)(1) = 0.

2 ([114, Theorem 3.1]). Let the boundary value problem (15) have a zero
eigenvalue with constant eigenfunction ¢o(t) = 1, and let the kernel G(t,s)
be the generalized Green function of the problem (15). Then the integrated ker-
nel (17) is the (conventional) Green function of the boundary value problem (19)
where the domain D(L1) consists of functions u € WZQHQ[O, 1] satisfying the
boundary conditions

u(0) = 0; u(1) = 0; u' € D(L). (20)

3 ([126, Theorem 1]).'3 Let the kernel G(t,s) be the Green function of the
problem (15), and let the corresponding differential expression L have no zero
order term'* (po = 0). Then the centered kernel (18) is the generalized Green
function for the boundary value problem Lu := Lu = Mu with explicitly given
boundary conditions.

We provide three examples of transformations of Green Gaussian processes
generating somewhat more complicated boundary value problems:

1. Multiplication by a deterministic function ;
2. The so-called online-centering [85]:
¢
/ X(s)ds;
0

3. Linear combination of two Green Gaussian processes.

Theorem 5. 1 ([127, Lemma 2.1]).'5 Let X (t) be a Green Gaussian process,
corresponding to the boundary value problem (15), and let ¢ € Wfo [0,1], ¥ >0
on (0,1). Then the covariance function of the process ¥(t)X(t) is the Green
function of the problem

X(t)=X(t) —

~ | —

Lyu =y 'L )= u on [0,1], Y lu e D(L).

13For the problem (19)—(20) this statement was proved in [114].

14The case po Z 0 is much more complicated. In this case the centered process X is in
general not a Green Gaussian process.

15For X = W and X = B this fact was obtained earlier in [43, Theorems 1.1 and 1.2].
Some interesting examples can be found in [147].
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2 ([124, Theorem 2]). Let X (t) be a Green Gaussian process, corresponding
to the boundary value problem (15). Then the covariance function of the online-

centered integrated process )/(:(t) is the Green function of the problem
Lou:=tt'L  (tu))) = u on [0,1],  u€D(Ly),
where the domain D(Z\l) is defined by 2¢ + 2 boundary conditions
u(0)=0, t'(tw) eD(L), Lt (tu))(1) =0.

3 ([122, Section 2]). Let X1(t) and X3(t) be independent Green Gaussian
processes, corresponding to the boundary value problems of the form (15) with
the same operator L and different boundary conditions. Then for any a1, as > 0
such that o2 + a3 = 1, the mixed process

X(t) = Olle(t) + O[QXQ(t)

is a Green Gaussian process, corresponding to the boundary value problem of
the form (15) with the same operator L subject to some (in general, more com-
plicated) boundary conditions.

4.2. Exact Lo-small ball asymptotics for the Green Gaussian
processes

Apparently, the papers [11] by L. Beghin, Ya.Yu. Nikitin and E. Orsingher
and [43] by P. Deheuvels and G. Martynov were the first where the eigenvalues
asymptotics for covariance operators was obtained by the passage to the cor-
responding boundary value problem. The small deviation asymptotics up to a
constant was derived for several concrete Green Gaussian processes, including
some integrated ones [11] and weighted ones [43].

To formulate the general result, first, we describe the asymptotic behavior of
the eigenvalues of the boundary value problem (15).

It is well known, see, e.g., [111, §4], [48, Chap. XIX], that eigenvalues Ag of
Birkhoff-regular (in particular, self-adjoint) boundary value problem for ODO
with smooth coefficients can be expanded into asymptotic series in powers of k
(analogous results under more general hypotheses, as well as some additional
references, can be found in [163], [164]). Taking into account the Li comparison
principle (Theorem 3), it is easy to show that the Lo-small ball asymptotics up
to a constant for the Green Gaussian process requires just two-term spectral
asymptotics for the corresponding boundary value problem (with a remainder
estimate). This asymptotics is given by the following assertion.

Theorem 6 ([111, §4, Theorem 2]). Let p; = 1. Then the eigenvalues of the
problem (15) counted according to their multiplicities can be split into two sub-
sequences (X}), (A]), j € N, such that, as j — oo,

/ . 12 1 2t " . 1 1 2¢
Aj:(2m+p +0( 2)) , )\j=(27rj+p +0(j 2)) . (2
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The first term of this expansion is completely determined by the principal
coefficient of the operator,'® whereas the formulae for other terms (in particular,
for p’ and p) are rather complicated. However, it turns out that the exact Lo-
small ball asymptotics (up to a constant) for the Green Gaussian processes
depends only on the sum p’ + p”, which is completely determined by s, the
sum of orders of the boundary conditions, see Remark 2. So we arrive at the
following result.

Theorem 7 ([120, Theorem 7.2]; [114, Theorem 1.2]). Let the covariance func-
tion Gx(t,s) of a zero mean Gaussian process X (t), 0 < t < 1, be the Green
function of the boundary value problem (15) generated by differential expres-
sion (13) and by boundary conditions (14). Let 3¢ < 202. Then, as ¢ — 0,

P{| X || o) < €} ~C(X) - exp(_ D@g—zf—-l). (22)

Here we denote

20 1

Cw-1( 6, \TT a1 R

De= =3 (mm&) BT 9“/“ (tydt, (23)
0

and the constant C(X) is given by

2m)5 (& b sin ER
C(X) —Odist(X) ( ) 1(9:_ 1_5“21 EE) B (24)
20-1)2(3;) *T° (¢- %)
where Cgist (X) is the so-called distortion constant (cf. formula (6))
oo A
Odist(X) = H ) (25)

T el e
e A 1),

and Ay are the eigenvalues of the problem (15) taken in non-decreasing order
and counted with their multiplicities.

Remark 3. If Gx(t,s) is the generalized Green function of the problem (15)
then formula (22) should be corrected. Namely, if, say, one of eigenvalues A
vanishes, the exponent v in (23) increases by %7 and Ay in the product (25)
should be properly renumbered.

On the other hand, if, say, s = 2¢? then formulae (24) and (25) cannot be
applied directly. The correct result can be obtained if we substitute s — » — €
and then push € — 0 in (24).

The first step towards a general result was made by F. Gao, J. Hannig
and F. Torcaso [61]. They considered m-times integrated Wiener processes

161n general case the problem (15) can be reduced to the case py = 1 by the independent
variable transform, see [111, §4]. The expressions in brackets in (21) should be divided by

_ 1
Jo py 2T (t) dt.
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W,[fl"“’ﬂm](t). Here and later on, for a random process X (¢) on [0,1] we de-
note

t tm—1 th
XLfl""’ﬁm](t):(—1)ﬁ1+”'+ﬁm/ / .../X(s)dsdtl...dtm_l (26)
Bmﬁmfl Bl

(here 0 < ¢t < 1, and any f3; equals either zero or one; the usual m-times
integrated process corresponds to 81 = --- = (3, = 0).

From Theorem 4 it follows that the covariance function of W%g 1esfm] is the
Green function of the boundary value problem

(71)m+1u(2m+2) = \u on [07 1]’

with boundary conditions depending on parameters 3;, j = 1,...,m. The spe-
cial case W,[i’o’l""] is called in [61] the Euler-integrated Brownian motion, since

its covariance function can be expressed in terms of Euler polynomials.
By particular fine analysis, the authors of [61] obtained the formula

1—kg(2m+2)

P{HW%la“me]”Z[O,l] S g} ~ C . £ 2m+1 exp ( — Dmg_ 2m2+1)_ (27)

Here D,, is equal to the corresponding coefficient in (22) for £ = m + 1 and
ko is an unknown integer. It was also conjectured in [61] that ko = 0 for all
m € N and for any choice of 8; (for m < 10 this was checked numerically). This
conjecture was verified in [59].

Simultaneously, A.I. Nazarov and Ya.Yu. Nikitin [120] obtained the result
of Theorem 7 for arbitrary Green Gaussian process under assumption that the
boundary conditions (14) are separated:

Up(u)=0, v=1,....¢ Up(u)=0, v=~0+1,...,20. (28)

For general self-adjoint boundary value problems, Theorem 7 was established
later in [114].

Theorem 7 provides the exact Lo-small ball asymptotics up to a constant.
The methods of derivation of this constant were proposed simultaneously and
independently in [112] and [58]. Although slightly different, both methods are
based on complex variables techniques (the Hadamard factorization and the
Jensen theorem).

Remark 4. As an auxiliary result, the following generalization of (12) was
obtained in [120, Theorem 6.2]:7
Let ¥ > 0,6 > —1, p> 1. Then, as ¢ — 0,

oo

1}»{ S Wk +6)) e < 52} ~ C(9,p,8) - €7 exp ( - De—%), (29)

k=1

TFor p = 2 this formula was established earlier in [92].
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where

p—1 T 75 2—p—20p
D="——(—— o 30
2 (ﬂpsin%) T o) (30)

while
1+~

(2m) 59T (sin %) 2

C(9,d,s) = — .
(p—1)3(Z) T*rE(1+96)

Formula (29), together with Theorem 3 and the results of [112], gave an op-
portunity to derive ([130], [158]) the exact Lo-small ball asymptotics for Gaus-
sian processes satisfying the following condition on the eigenvalues uj of the
covariance operator:

= (Pu(k)"
(PQ(]C))UQ )

where P, and P, are polynomials, v, v > 0.'8 Several examples of such pro-
cesses can be found in [145] (see also [144], [146]).

Now we give an important corollary from Theorem 7 and Part 1 of Theorem 4.

Corollary 1 ([120, Theorem 4.1]). Given a Green Gaussian process X on [0, 1],

the parameter s (the sum of orders of boundary conditions) for the boundary

value problem (15) corresponding to any m-times integrated process X,[ffl’“"ﬁm]

does not depend on B;, j = 1,...,m. Thus, the Ly-small ball asymptotics for

->Bm]

Various processes Xlﬁl"' can differ only by a constant.

This corollary generates a natural question: which choices of parameters f;
give the extremal (maximal/minimal) constant in Lo-small ball asymptotics
among all m-times integrated processes?

For X = W the answer was given independently in [59, Remark 2] and [112,
Theorem 4.1]. It turns out that the usual integrated Wiener process W,E?’O’O"”]
has the biggest multiplicative constant, while the Euler-integrated Wiener pro-
cess W,[,}L’O’l""] has the smallest one. The same extremal properties of the pro-
cesses X,[,Q’O’O""] and X,[Tll’o’l""] for the Green Gaussian processes X under some
symmetry assumptions'? were obtained in [112, Proposition 4.4], [119].

The methods established in [120], [59], [114] and [112], [58] were widely used to
obtain exact small ball asymptotics for many concrete Green Gaussian processes.
Several examples were considered even in the pioneer papers [112], [58]. Much
more results can be found in [131], [41], [114], [142], [143], [9].2°

18 A particular case i = was considered earlier in [51, Theorem 3.7].

(GG
19In particular, these assumptions are fulfilled for a symmetric process, for instance, for
the Brownian bridge and the Ornstein—Uhlenbeck process.
20The thesis [70] is of particular interest. Besides several known examples, the Slepian
process S(t) = W (¢t 4+ a) — W(t) on [0,1] was considered there. It turns out that for a < 1
the eigenproblem for corresponding covariance operator is equivalent to the boundary value
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The Lo-small ball asymptotics of the weighted Green Gaussian processes are
of particular interest. The first results on exact asymptotics were obtained in
[43], [112], [58].

Numerous examples were considered in [127]. Also it was noticed in this paper
that if the weight is sufficiently smooth and non-degenerate (i.e. bounded and
bounded away from zero) then the formula (22) holds with the exponent -~
independent of the weight.?! However, if the weight degenerates (vanishes or
blows up) at least at one point of the segment, generally speaking, this is not
the case.

In fact, the following comparison theorem holds for the Green Gaussian pro-
cesses with non-degenerate weights. For simplicity we give it here for the case
of separated boundary conditions, a more general result can be found in [128,
Corollary 1].

Theorem 8 ([128, Theorem 2]).%? Let X (t) be a Green Gaussian process on
[0,1]. Suppose that the boundary conditions of the corresponding boundary value
problem are separated (see (28)).

Suppose that the weight functions 1y,vs € W£ [0,1] are bounded away from

zero, and
1 1
vlwa = [
[rion]

Denote by sy and 1 sums of orders of boundary conditions at zero and one,
respectively: g = Zﬁzl ky, 3 = Ziézzﬂ k,. Then, as € — 0,

=l
N =

(t) dt.

P{[[¢1 X ||2,50,1) < €}

~ P2 X]|

2,01 S €

TG T

4.8. Finite-dimensional perturbations of Gaussian random vectors

A natural class of Gaussian random vectors that often can be treated analytically
is the class of finite-dimensional perturbations of a Gaussian random vector X
for which we already know the exact small deviation asymptotics.?? In this
subsection we consider two types of such perturbations arising in applications.

problem for a system of ordinary differential equations. The analysis of this boundary value
problem is much more difficult than in the case of a single equation; in [70, Sections 2.2.10
and 3.3.7] it is performed only for 2 <a < 1.

21In contrast, the coefficient D, depends on the weight.

22For some concrete processes this result was established earlier by Ya.Yu. Nikitin and
R.S. Pusev [132].

23Notice that the logarithmic asymptotics does not change under finite-dimensional per-
turbations, see Section 5.
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4.8.1. Perturbations from the kernel of the original Gaussian random vector

The first example of such perturbations was considered by P. Deheuvels [42].
He introduced the following process:

1
Yie(t) = B(t) — 6K t(1 — t)/B(s) ds, 0<t<l,
0

where B(t) is the standard Brownian bridge while K € R is a constant. He

showed that the distributional equality Y (t) 4 Y5_ k() holds, and obtained
the explicit Karhunen-Loéve expansion for the process Y7 (t).

A general construction of one-dimensional perturbations in this class was
introduced by A.I. Nazarov [115].

Suppose that O C R? is a bounded domain, and let X (z) be a Gaussian
random function on O. Consider the following family of “perturbed” Gaussian
random functions:

Xoalr)=X(z) - aw(x)/X(u)go(u) du. (31)
o
Here a € R, ¢ is a locally summable function in O, ¥ = Gx ¢, and
0= [ e de= [[ Ox e dsty <. (32)
o Ox0

The latter condition just means that ¢ belongs to the kernel of the distribution
of X.%4

Remark 5. It is easy to see that the Deheuvels process Yy is a particular case
of Xy o for X =B, p=1and a = 12K.

Direct calculation shows that the covariance function G, o of X, . is a one-
dimensional perturbation of the covariance function G, namely,

Goalr,y) = Gx(2,y) + Q(x)Y(y),

1

where @ = q(a — 5)2 — %. The following statements can also be easily checked.

Lemma 1 ([115, Corollaries 1, 2]). 1. For the random functions (31), the
equality X, o(z) 2 X, 2_o(x) holds.

2. Leta = i. Then

a) The identity [, X, &(z)p(x)dz =0 holds true a.s.

b) The process X, 5(x) and the random variable [, X (u)p(u)du are
independent.

241n fact, the results in [115] hold in a more general setting, where X is a Gaussian vector
in a Hilbert space, ¢ is a measurable linear functional of X, and ¥ = Gx .
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Ifa= % then the random function (31) is called a eritical perturbation of
X. Otherwise it is called a non-critical perturbation.

It turns out that in the non-critical case the Lo-small ball asymptotics for
X, a(z) coincides with that of X up to a constant.

Theorem 9 ([115, Theorem 1]). Let a function ¢ satisfy (32). If o # % then,
as e — 0,

P{[Xpal20 <c} ~[1—aq™ - P{|X]20 <e}.

For the critical perturbations, a general result is substantially more compli-
cated, see [115, Theorem 2]. We restrict ourselves to the case where X is a Green
Gaussian process on [0, 1]. We stress that the assumption on ¢ here is stronger
than in Theorem 9.

Theorem 10 ([115, Theorem 3]). Let the covariance function Gx be the Green
function for the boundary value problem (15), where L is an ODO (13) with
pe = 1. Suppose that & = % and ¢ € Ly[0,1]. Then, as e — 0,

\/6 . 71' 2 _217.4—1
S < ~N— . JR— . < .
]P{HX@@”?,[OJ] = 5} ||</7||2,[0,1] (2£SIH(2€)€ ) P{”XHQ,[OJ] > 5}

Also in [115] an algorithm of derivation of Karhunen-Loéve expansion for the
process X, , was given?® provided we know explicitly the fundamental system
of solutions to the equation Lu — Au = 0 for A € R. For instance, this is the
case when X is the Brownian bridge, which is very important in applications
(see below).

The results of [115] were generalized to the case of multi-dimensional pertur-
bations of Gaussian random functions by Yu.P. Petrova [140].2°

Finite-dimensional perturbations of the Wiener process or the Brownian
bridge often appear in Statistics. Let us consider an w?-type goodness-of-fit test
with parameters estimated from a sample. The corresponding limiting process in
this case (the so-called Durbin-type process, see [50]) is just a finite-dimensional
perturbation?” of the Brownian bridge.

Unfortunately, in many important cases the perturbation functions ¢ for
the Durbin-type processes do not belong to Ls[0, 1], and thus Theorem 10 is
not applicable. For instance, this is the case for the Kac—Kiefer—Wolfowitz pro-
cesses [71] appearing as the limiting processes in testing normality with esti-
mated mean and/or variance.

Such processes require concrete fine analysis. For the Kac—Kiefer—Wolfowitz
processes, the exact Lo-small ball asymptotics was calculated in [125], for several
other important Durbin-type processes it was handled in [138]. The main tools

25In a particular case this algorithm was invented by M. Kac, J. Kiefer and J. Wolfowitz
n [71]. Some examples can be also found in the recent paper [10].

26The problem of La-small ball asymptotics for some concrete examples of such perturba-
tions of the Brownian bridge appearing in Statistics in a regression context was studied earlier
in [84]. Notice, however, that the power term in [84, Theorem 3.1] was calculated erroneously.

2"More precisely, a critical perturbation, as it was shown in [140, Theorem 4].
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in obtaining these results are the asymptotic expansion of oscillatory integrals
with amplitude being a slowly varying function [125, Theorems 1-3] and the
following generalization of the formula (29):

Suppose that 9 > 0, § > —1, p > 1. Let a function ® be slowly varying at
infinity, monotonically tending to zero, and assume that the integral floo y dt
diverges.?® Then, as e — 0,

11»{ SOk + 8+ B (k) PEE < 52}

k=1

~C-67exp(—Da_r>21+§ / @dt),

1

where D and vy are defined in (30) while C = C(9,6,d,®) is some (unknown)
constant.

4.3.2. Detrended Green Gaussian processes

This class of processes generalizes the notion of the demeaned process. It is
natural to view the process X (t) in (16) as the projection of X (¢) in the subspace
of functions orthogonal to the constants in L]0, 1]. In particular, this means

HXHQ,[OJ] = glelﬂg} X — a||2,[0,1]~

In a similar way, we can define the n-th order detrended process X, (t) as
the projection of X (¢) in the subspace of functions orthogonal in L2[0,1] to the
set P, of polynomials of degree up to n, that is

1 Xy ll2,0,1) = 1961179" X — Pll2,j0,1]-

This process is given by the formula

n

X(n) (t) - X(t) - Zajtj7

§=0
where the random variables a; are determined by relations

1

/th<n>(t)dt:O, j=0,...,n.
0

The first order detrended processes are simply called detrended.

281f this integral converges then the asymptotics coincides with (29) up to a constant.
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For several concrete demeaned Green Gaussian processes on [0,1], the Lo-
small ball asymptotics were obtained in [11] and [1]??; some particular detrended
processes were handled in [3] (up to a constant) and [84].

Yu.P. Petrova [139] considered this problem in a more general setting. Let
X be a Green Gaussian process on [0, 1] corresponding to the boundary value
problem (15) with £ = (=1)%u(®*9. It turns out that for n > 2¢ the covari-
ance function of the process X, does not depend on the original boundary
conditions®® and is the generalized Green function of the problem

(=1 u®9(t) = Au(t) + P(t), /tju(t) dt=0, j=0,...,n,
0

where P € P,,_o, is a polynomial with unknown coefficients.
The final result in [139] reads as follows:!
Letn > 2¢. Then, as € — 0,

IEJJ{”X(n)H2 < 6} ~ Ce“’exp(—DE*szl)’

where D is defined in (23) with 6, =1, v = %, while C = C(¢,n) is an
explicit constant.

4.4. Fractional Gaussian noise and related processes

It is well known that the standard Brownian motion (the Wiener process) is a
primitive of the Gaussian white noise, that is the zero mean distribution-valued
Gaussian process with the identity covariance operator.

Now we recall that fractional Brownian motion (fBm) WH with the
Hurst index H € (0,1) is a zero mean Gaussian process with the covariance
function

G (t,s) = = (s*H + 27 — s —t21), t,s >0 (33)

N =

(for H = 5 we obtain the conventional Wiener process).

Ina snnllar way, the fractional Brownian motion (say, on the interval [0,1])
can be considered as a primitive of the fractional Gaussian noise (see,
e.g., [148]) that is the zero mean distribution-valued Gaussian process with the
covariance operator Ko_op7, where

(Kou)(z)=(1-% di/ﬁgn (z —y)|z — |1_O‘u(y) dy.
0

29Notice that the power term in [1, Proposition 2] was calculated erroneously.

30Notice that the notation X (ny in [139] corresponds to X, _1 here.

3lFor X = W and X = B, the eigenvalues of GX(n) were found earlier in [2]. However,
the power term in La-small ball asymptotics was calculated erroneously in this paper.
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It is easy to check that Iy = Id, as required.

The logarithmic Lo-small ball asymptotics for the fBm and similar processes
was extensively studied at the beginning of XXI century (see Section 5). In
contrast, corresponding exact Lo-small ball asymptotics was a challenge until
recently. This is related to the fact that W is not a Green Gaussian process
for H # %

The breakthrough step in this problem was done by P. Chigansky and M. Kle-
ptsyna [32]. Using the substitution u(t) = ftl (7) d7, the equation

1
/ Gt s)p(s)ds = pp(t),  0<t<1,
0

for eigenvalues of the covariance operator of fBm was reduced to the generalized
eigenproblem for the second order ODO (here A\ = = 1)

—u" =MCou on [0,1]; u'(0) = u(1) = 0. (34)

By the Laplace transform the problem (34) was converted to the Riemann—
Hilbert problem which, in turn, was solved asymptotically using the idea of
S. Ukai [169] and B.V. Pal’tsev [133], [134]. In this way the two-term asymptotics
of the eigenvalues with a remainder estimate was obtained for the fBm in the full
range of the Hurst index. Based on this, the exact Lo-small ball asymptotics for
WH was established, along with some other applications. It should be mentioned
that the eigenfunctions asymptotics for fBm was also obtained in [32].

In later papers [35], [36], [86] similar results were obtained for some other
particular fractional Gaussian processes.

A1 Nazarov [118] considered the problem in a more general setting. He
considered the generalized eigenproblem

—u" + pou = MCqu on [0,1] (35)

(here pg € L1]0,1]) with general self-adjoint boundary conditions.

It turns out that the method invented in [32] goes through without substantial
changes in the general case. Moreover, the term pou in (35) can be considered
as a weak perturbation which does not affect the two-term eigenvalues asymp-
totics.32

The final result in [118] reads as follows:

Let the equation for eigenvalues of the covariance operator of the Gaussian
process X on [0,1] can be reduced to the generalized eigenproblem (35). If the
boundary conditions do not contain the spectral parameter™® then, as e — 0,

P{IX o0, < £} ~ C(X) - exp (= D(H)eH). (36)

32The latter fact follows from the general result [117] on spectrum perturbations and careful
analysis of the eigenfunctions asymptotics based on the ideas of [32].

33We do not know examples of conventional Green Gaussian processes corresponding to a
boundary value problem with the spectral parameter in the boundary conditions. In contrast,
some natural fractional Gaussian processes arrive at the problem (35) with A in boundary
conditions, see [118, Section 4]. In this case the exponent v in (36) differs from (37) and
should be derived separately though the general method [118] still works.
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where

55 1\2
D(H) = H sin(w H)T'(2H+1) '\ 2H _ m
( ) (2H+1)sin(#ﬂ) <(2H+1)sin<2é’fﬁ)) ) s (37)

(recall that s is the sum of orders of normalized boundary conditions in (35))
and C(X) is some (unknown) constant. If the problem (35) has a zero eigenvalue
then formula (36) should be corrected as described to Remark 3.

The result of [118] encompasses some previous results and covers several more
examples of fractional Gaussian processes.?*

It is worth to mention the paper [33], where the two-term eigenvalues asymp-
totics for the Riemann—Liouville process and the Riemann—Liouville bridge on
[0,1] was derived by reduction to the generalized eigenproblem for fractional
differential operators

DY Dg u= Au and ‘DT _“Dg,u = \u

with proper boundary conditions (here Df_, D{_, and °Dg,, °Df_ are the
left /right Riemann—Liouville and Caputo fractional derivatives, respectively, see
[83, Chapter 2]).

The next natural task is to transfer the result of [32] to the (multiply) in-
tegrated fractional processes. The first step here was made by P. Chigansky,
M. Kleptsyna and D. Marushkevych [34] who derived the two-term eigenval-
ues asymptotics and the Lo-small ball asymptotics up to a constant for the
integrated fBm (W), on [0, 1].

A unified approach similar to [118] reduces the problem for m-times inte-
grated fBm and related processes to the generalized eigenproblem

Lu=IMqu on [0,1], u € D(L), (38)

where £ is an ODO of the form (13) with ¢ = m + 1 and p; = 1, whereas the
domain D(L) is defined by the boundary conditions (14) of a special form. More
generally, if the equation for eigenvalues of the covariance operator of the Gaus-
sian process X on [0,1] can be reduced to the generalized eigenproblem (38),
we call X the fractional-Green Gaussian process.

Conjecture. Let X be a fractional-Green Gaussian process on [0,1]. If the
boundary conditions do not contain the spectral parameter then, as € — 0,

P{IX o0, < £} ~ C(X) -7 exp (= Dy(H)e™ 7077 ), (39)
where
1
. 200=1+H)
D) = ity (hamenmpen )T g
(2([+H)71)sm(m) (2([+H)71)sm(m)

34Notice that there exist various fractional analogs of classical Gaussian processes (Brown-
ian bridge, Ornstein—Uhlenbeck process etc.). Only for some of them the Lo-small ball asymp-
totics up to a constant can be handled by the considered method. In contrast, the algorithm
of derivation of logarithmic asymptotics considered in Section 5 covers all this variety.
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o (-1(2041)  (H-3)P2+x
YT TR -) 2o 4D

» 48 the sum of orders of normalized boundary conditions in (38), and C(X)
is some (unknown) constant. If the problem (35) has zero eigenvalues then for-
mula (36) should be corrected as described in Remark 3.

At the moment, this conjecture is proved for operators £ with separated
boundary conditions [37]. Notice that the problem of finding the exact con-
stant Cx in Ls-small ball asymptotics for the fractional Gaussian processes is
completely open.

Formulae (39)—(41) imply that, as for the Green Gaussian processes (see

Corollary 1), for any given fractional-Green Gaussian process X on [0, 1], the

Lo-small ball asymptotics for various integrated processes X,[E Bl can differ

only by a constant. To find a more general class of Gaussian processes with such
property is an interesting open problem.

4.5. Tensor products

In this subsection we consider multiparameter Gaussian functions (Gaussian
random fields) of “tensor product” type. It means that the covariance function
of this random field is a product of “marginal” covariances depending on differ-
ent arguments. The classical examples of such fields are the Brownian sheet, the
Brownian pillow and the Brownian pillow-slip (the Kiefer field), see, e.g., [171].
Less known examples can be found in [80] and [101]. The notion of tensor prod-
ucts of Gaussian processes or Gaussian measures was known long ago, see [29]
and [30] for a more general approach. Such Gaussian fields are also studied in
related domains of mathematics, see, e.g., [135], [154], [64], [106] and [79].

Suppose we have two Gaussian random functions X (z), z € R™, and Y (y),
y € R™, with zero means and covariance functions Gx(z,u), x,u € R™, and
Gy (y,v), y,v € R™, respectively. Consider the new Gaussian function Z(z,y),
xz € R™, y € R", which has zero mean and the covariance function

GZ((x’y)v (’LL, U)) = Gx(l',u)Gy(yﬂ)).

Such Gaussian function obviously exists, and the corresponding covariance op-
erator Gy is the tensor product of two “marginal” covariance operators, that
is Gz = Gx ® Gy. Therefore, we use in the sequel the notation Z = X @ Y
and we call the Gaussian field Z the tensor product of the fields X and Y
using sometimes for shortness the term “field-product”. The generalization to
the multivariate case when obtaining the fields élXj is straightforward. It is

j=
easy to see that the tensor products

d d
Wo(zy,...,2q) = _®1W (x5) and  BY(zy,...,z4) = @ B(x;),
i= -

are, respectively, just the d-dimensional Brownian sheet and the d-dimensional
Brownian pillow.
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Remark 6. We stress that the eigenvalues of the operator Ky ® Ky are just pair-
wise products of the eigenvalues of the marginal operators IC; and ICy. Therefore,
formula (2) for the fields-products deals in fact with multiple sums.

The logarithmic small ball asymptotics for fields-products are well investi-
gated (see Subsection 5.3), whereas examples on exact Lo-small ball asymptotics
for fields-products are not numerous. The first results were obtained by J. Fill
and F. Torcaso [53], who considered multiply integrated Brownian sheets

d
wi w(xl,..‘,md):gow[o ()

mi,..
J

(see formula (26)) on the unit cube Q4 = [0,1]¢. Using the Mellin transform,
they succeeded to obtain the full asymptotic expansion of the logarithm of the
small ball probability as ¢ — 0.

It turns out that to extract from this expansion the exact small ball asymp-
totics, say, for the conventional Brownian sheet W<, one needs infinite number of
terms. However, in some cases a finite number is sufficient. We restrict ourselves
to only one such example:*®

P{[W3 . ll2,0, <} ~ Ceexp (= D1e™2 = Dy~ 1), £ 0,

where C, Dy, D, are explicit (though complicated) constants.

Another technique based on direct inversion of the Laplace transform was
used by L.V. Rozovsky [156], [157]. He obtained the exact Ly-small ball asymp-
totics for double sums (cf. Remark 6)

S = aQZZ J+01) 7P (k4 02) TP2E i, (42)

j=1k=1

where p; > 1, po = 2, 61,02 > —1, and &, are i.i.d. standard normal random
variables.36

5. Logarithmic asymptotics
5.1. General assertions

The first general result on logarithmic Lo-small ball asymptotics was obtained
by W.V. Li [92] who proved that for arbitrary N € N we have, as ¢ — 0,

oo o
logP{ >~ gt <22} ~10gP{ Y ef <%}
k=1 k=N

35Notice that in [53, Example 5.9] the minus sign is lost under the exponent.
361n [156] the author deals with the case p1 # 2, in [157] — with the case p1 = 2.
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This relation, in particular, implies that the logarithmic asymptotics does not
change under any finite-dimensional perturbation of a Gaussian random func-
tion.3”

An important development of this result is the so-called log-level compari-
son principle. Roughly speaking, it means that if the eigenvalues of covariance
operators for two Gaussian vectors have the same one-term asymptotics then
the logarithmic Ls-small ball asymptotics for these vectors coincide. In partic-
ular, the power (regularly varying) eigenvalues asymptotics yields the power
(respectively, regularly varying) logarithmic Lo-small ball asymptotics.

For concrete behavior of eigenvalues (power decay, regular decay, etc.) such
statements were proved in various papers, see, e.g., [121], [78], [113]. In the
general case the result was established independently by F. Gao and W.V. Li [62]
and A.I. Nazarov [116].38

We recall the notion of the counting function of the sequence (uy):

N(7):=#{k: up > 7}

This notion is common in spectral theory. Notice that the functions k — uy
and 7 — N(7) are in essence mutually inverse. So, if uy decay not faster than a
power of k and have “not too wild” behavior®® then the one-term asymptotics
of N(7) as 7 — 0 provides the one-term asymptotics of u as k — oo, and vice
versa.’? However, for the super-power decay of uy, finding the asymptotics of
the counting function is much simpler than that of the eigenvalues.

Now we are ready to formulate the log-level comparison principle in the form
of [116].

Theorem 11 ([116, Theorem 1]). Let (uy) and (1) be positive summable se-

quences with counting functions N'(7) and N (1), respectively. Suppose that func-
tion N satisfies

hx
[ N(7)dr
lim i{)lf 0937 > 1 for any h>1. (43)
o JN(r)dr
0

If B
N(T) ~N(7), T —0,

37This follows from the fact that by the minimax principle (see, e.g., [20, Section 9.2]) the
eigenvalues 1, of the perturbed operator satisfy the two-sided estimate

He+N < fip < PE—N,

where py are the eigenvalues of the original (compact, self-adjoint, positive) operator, and N
is the rank of perturbation.

38The statement in [62] is more general than in [116] but the assumptions on the eigenvalues
behavior are somewhat more restrictive.

39For instance, this is true for regular behavior of u;. Moreover, a sequence (j) is regularly
varying with index p < 0 if and only if its counting function is regularly varying at zero with
index L.

40The latter is not true if uj decay slower than any power of k but in our case it is
impossible since pj are summable.
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then, as € — 0,
logP{ 3" fine? < 2} ~ logP{ 3" ue? < *}. (44)
k=1 k=1

Remark 7. The assumption (43) is satisfied, for instance, for N'(7) regularly
varying at zero with index p € (—1,0]. However, if N'(7) = Ct~tlog= (77 1),
o > 1, then the relation (44) in general fails as it is shown in [78, Section 4].%!
Thus, the assumption (43) cannot be removed.

Theorem 11 allows to use numerous results from the spectral theory of inte-
gral operators, where the counting functions for eigenvalues and their asymp-
totics are widely investigated. In the following subsections we provide the results
related to various behavior of (1) as 7 — 0.

Remark 8. It is of great importance that the one-term eigenvalues asymp-
totics is quite stable under perturbations. We provide here two assertions for
the additive perturbations of a compact operator or of its inverse.

For the operators with power eigenvalues asymptotics, the first assertion was
established by H. Weyl [179]; see also [18, Lemmata 1.16 and 1.17].

Theorem 12. Let K be a compact self-adjoint positive operator, and let the
counting function of its eigenvalues Nic(T) have the following asymptotics:

Ni(r) ~®(7), 70,

where the function ® is regularly varying with index p < 0 at zero.
1 ([19, Lemma 3.1]). Assume that Ky is another compact self-adjoint positive
operator, and that Nic, (1) = o(®(7)) as 7 — 0. Then

Nicqx, (1) ~ Nic—ie, (1) ~ Ni(1), 7 —0.

2 ([129, Lemma 5.1]).*2 Assume that B is a self-adjoint operator such that
ICB is compact, and IC~' + B is positive definite. Then

Nyc-14p)-1(1) ~ Nk (), 7—=0.

5.2. Power asymptotics

Some explicit formulae of power logarithmic asymptotics for concrete (Green)
Gaussian processes were derived in [92], [81] and [31].4°

41For this case, the double logarithmic asymptotics was derived in [78, Proposition 4.4]:

s C L 2
log‘logP{Zukfﬁ SEQH ~ ( ) g o1, e — 0.
k=1

o—1

42In [129] the assumptions on ® are somewhat weaker. Notice that a much more general
statement was proved in [107, Theorem 3.2].

43Later these results were covered by the exact Lo-small ball asymptotics of the Green
Gaussian processes, see Theorem 7.
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The first result on logarithmic asymptotics for a non-Green Gaussian pro-
cess (namely, for the fractional Brownian motion, see (33)) was obtained by
J. Bronski [26]. By particular fine analysis, he derived the one-term eigenvalues
asymptotics with the remainder estimate, and therefore, the relation

log P{|W " |3, 0.1y S e} ~ = D(H)e 1, =0, (45)

where D(H) is given in (37).

A1 Nazarov and Ya.Yu. Nikitin [121] succeeded to handle quite general class
of Gaussian random functions (including weighted, multiparameter and vector-
valued ones). They used a particular case of the deep results by M.S. Birman
and M.Z. Solomyak [17] (see also [18, Appendix 7]) on spectral asymptotics of
integral operators. It turns out that if the covariance function has the main
singularity of power type on the diagonal then the eigenvalues uj have a power
one-term asymptotics. The argument in [121] also uses part 1 of Theorem 12, a
particular case of Theorem 11, and the following corollary of the formula (29):
for ¥ > 0and p > 1,

oo

logP{ Y (9k) 7€t < 2} ~ —DeTFT, =0, (46)
k=1

where D is given in (30).
The final result of [121] reads as follows.*

Theorem 13. Let X be a zero mean Gaussian process on [0,1], and let the
covariance function admit the representation

N
Gx(t,s) = f(|t — s[*)R(t,s) —I—Zaj(t)aj(s), t,s €10,1].

Assume that p > 0, p ¢ N, a; € L3]0,1], R(t,s) = R(s,t) is a smooth function
on [0,1] x [0,1] while f is a smooth function on Ry with |f'(0)] = 1.%°
Then for any non-negative function v € Lo[0, 1] we have, as € — 0,

1
< el — P3p (23,, F(2p+1)\sin(wp)\)zp _1
10gP{||¢X||2,[0’1] _E} (2p+1)sin(2p§rl) (2p+1)sin(2pﬂ+1> - (47)

where

3o = [ (RED]2() 7 dr.
/

For X = WH we have p = H, R(t,s) = —3, and for ¢(t) = 1 formula (47)
coincides with (45).

44Here it is given in a simplified form. In particular, we restrict ourselves to the one-
parameter and scalar-valued case.

45The latter assumption can be made without loss of generality. We also notice that R(t,t)
has constant sign for ¢ € [0, 1].



Lao-small ball asymptotics: a survey 635

Remark 9. Theorem 13, in particular, implies that the terms more smooth than
the main (the most singular) one do not influence the logarithmic La-small ball
asymptotics.*6

If our Gaussian process is stationary, it is natural to derive its small ball
asymptotics in terms of its spectral measure. Such results were obtained by
M.A. Lifshits and A.I. Nazarov [100]. They considered weighted stationary se-
quences (for this case, see also the earlier paper [67] with S.Y. Hong) and
weighted stationary processes on the line and on the circle. Along with real
processes, the class of proper complex processes was treated.

We provide one of the results of [100].

Theorem 14 ([100, Theorem 2.2]). Let X (t) be a (real) 2m-periodic zero mean,

mean-square continuous stationary Gaussian process. Assume that its spectral

measure®” satisfies the asymptotic condition

Kk NM|k|_Tﬂ |k| — 00,

with some r > 1 and M > 0. Let ¢ € L]0, 27].
Then we have, as € — 0,

27 T
r—1 27TM% 2
< ~ — Tr—1
1<¢) 2 (rsm )/w ) =
0

The results of [67] and [100] are based on the spectral theory of pseudo-dif-
ferential operators with homogeneous symbols developed by M.S. Birman and
M.Z. Solomyak [15], [16].

To generalize the results of [100] for stationary processes on general Abelian
groups is an interesting open problem.

ﬁlk\?

log P (|

5.3. Regularly varying asymptotics

We begin with the generalization of the relation (46) to the regularly varying
asymptotics:

Lemma 2 ([78, Theorem 4.2 and Proposition 4.3]). Let p > 1. Suppose that
the function W(t) is slowly varying at infinity, and *8

to(In(0))(£) =0, - (In()’(t) =0, t— +oo. (48)

Then, as ¢ — 0,

log]P’{ i E~PU (k)& < 62} ~— sfﬁ(a(sfl), (49)
k=1

46This remark shows that the result in [27] is incorrect.

47Under our assumptions it is a symmetric non-negative sequence pur = p_g, k € Z.

48The relations (48) can be assumed without loss of generality, since for any SVF & there
is an SVF U satisfying (48) such that W(t) ~ ®(¢) as t — 400, see, e.g., [160, Chapter 1].
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where © is an explicit (though complicated) SVF depending on p and on V. In
particular, if ¥ >0 and 0 € R then

log]P’{ S (9k) P log” (k + 1) € < 52} ~—De 7 logiT(e7), &0,
k=1

here D = (251) 7o T ()7

wnere ( 2 ) (ﬁpsmg)

A simple example of Gaussian process with regular eigenvalues behavior (and
therefore regularly varying Lo-small ball asymptotics) can be constructed as
follows (see, e.g., [78]). Let X (¢) be a stationary Gaussian process on [0, 1] with
zero mean and covariance function

GX(ta S) = g(‘t - S|)a
where g is a smooth function on R, and
g(t) — g(0) = —t*T (") + O(t"),  t— 0+,

where 0 < @ < 2, 8 > «, while ¥ is an SVF. Then, similarly to [18, Appendix 7],
one can show that

2sin(Z2)I(a+1) (k)

g ora’ k — oo.

HE ~

The regular behavior of eigenvalues also naturally arises when considering a
Gaussian random field of the tensor product type, see Subsection 4.5. The first
result on logarithmic asymptotics for such fields was obtained by E. Cséki [39]
who investigated the Brownian sheet W? on the unit cube Q4. His result, ob-
tained by direct application of the Sytaya theorem (Theorem 2), reads as fol-

lows:*9

22(1—5

—2 2d—2/_—1

log P{|W¥||2,0, < €} ~
The result of [39] was generalized by W.V. Li [92, Example 2] on the base of
his comparison principle. Namely, he considered the double sums S?) defined
in (42) for p1,ps > 1 and 61,02 > —1 and showed that the logarithmic Lo-small

49Cs4ki also considered the pinned Brownian sheet

o

W1, ..., 2q) = Wi(z1,...,2q) — 21 ... 2gW(L,..., 1)

and obtained the following relation

o
log P{|| W%2,0, < e} ~logP{||W¥|2,0, <€}, -0,

which is in concordance with the fact that the pinned Brownian sheet is a one-dimensional
perturbation of W<,

Notice that in [51, Theorem 3.9] it is erroneously stated that Csdki considered only the
case d = 2.
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ball asymptotics for S in the cases p; = ps and p; # po is essentially different.
Namely, we have as ¢ — 0

__2 _P1
—Cre mTlogn-T(e7Y), pi = py;
2

log P{S® < 2} ~ { (50)

_028_:01_17 p1 < D2,

where C; and Cs are explicit constants; moreover, C; depends on p; only,
whereas Cy depends on pq, ps and d2 (but not on d1!).

In [92, Example 3], a generalization of (50) for multiple sums was given in
the case of equal marginal exponents p;.

These results show that even in the case of purely power eigenvalues asymp-
totics of marginal processes, the asymptotics for the tensor product contains a
slowly varying (logarithmic) factor.

In the paper [78] A.I. Karol’, A.I. Nazarov, and Ya.Yu. Nikitin generalized
the problem in a natural way and considered the fields-products with regu-
larly varying marginal eigenvalues asymptotics of a general form. They derived
the one-term asymptotics of the counting function A/(7) for the eigenvalues of
the tensor product, as 7 — 0, in terms of spectra of marginal operators. This
provides the logarithmic Ls-small ball asymptotics for the corresponding field-
product via Lemma 2.

It is sufficient to consider the case of two marginal operators. Let Iy and ICy
be positive (compact, self-adjoint) operators. Suppose that

N, (1) ~ 775101 (171), Ny (1) ~ 7 22 0y(r 1), 70, (51)

(recall that N (7) stands for the counting function of the eigenvalues of K). Here
the marginal exponents satisfy the assumption p;,p2 > 1, and the functions @,
and @, are slowly varying at infinity. Also denote by

N@(T) = N/C1®’C2 (T)

the eigenvalues counting function of the tensor product.

It turns out that in general situation, as in (50), two essentially different
cases arise. If p; # py then the order of growth of Mg () as 7 — 0 is defined
by the “factor” with the slowest marginal exponent. However, the logarithmic
small ball constant in this case is expressed in terms of zeta-function of the
“factor” with fast eigenvalues decay and requires complete information about
its spectrum.

In contrast, for equal marginal exponents p; = ps = p, the order of growth
of Ng(7) as 7 — 0 deeply depends on the behavior of ®; and ®5 at infinity. In
this relation, the so-called Mellin convolution of two SVFs

(D xW)(s) = /@(U)W(8071)071d0 (52)

was investigated in [78, Section 2]. In particular, it was shown that ® * ¥ is also
an SVF.
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Theorem 15 ([78, Theorems 3.2 and 3.4]). Suppose that the operator Ky sat-
isfies (51).
1. Let Ky be an operator subject to
Nic, (1) =O(r"#2), 70,  p2>p1.

Then we have )
No(T)~Cr rmid (7)), 70,

where C = Y"p0 | ub* (Ka).
2. Suppose that the operator Ko satisfies (51), and let p1 = pa = p. Then we
have

Ng(T) ~ T_%(I)(T_l), T =0, (53)

where @ is an explicit (though complicated) SVE depending on the convergence
of integrals®®

7@1(0)0%10 and 7@2(g)alda. (54)

As an illustration to these general results, we give the exact expression for the
SVF @ from (53) in the case where SVFs in marginal asymptotics are powers of
logarithm, see [78, Example 3]. Namely, let p; = ps = p, and let

Di(s) =log i (s),  Da(s) = log™ (s).

Then the asymptotic formula (53) holds with

1% ‘B + 1,30 4 1) log™ t72 1 (s), 1 > —1, 00 > —1;
% -log(log(s))log™(s), = —1,500 > —1;
% -log(log(s)) log ™" (s), =9 = —1;

18

1
pp (K1) -log™ (s), n < —1,01 < 30

ES
Il

—~
zrmg L

pE () + 3 il (K)) -log™ (s), s = 36 < —1
k=1

I
-

(here B is the Euler Beta-function).

The particular case »; = 52 = 0 of this formula can be extracted from [135],
see also [106]. For 371,50 > 0, this result was obtained in [62, Section 3], see
also [63].

Using general results of Theorem 15 and Lemma 2, the authors of [78] con-
sidered many examples of fields-products (with equal or distinct marginal expo-
nents) and sums of such products. Moreover, marginal processes can in turn be
the multiparameter ones, and a wide class of weighted Lo-norms is allowed.®!

50Tn particular, if both integrals (54) diverge then ®(s) = %(@1 * ®2)(s).
51Some examples can be found also in [141], [143].
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Other examples of regular eigenvalues asymptotics are generated by frac-
tional Gaussian processes with variable Hurst index. The first example of such
processes was apparently the multifractional Brownian motion. It was in-
troduced in [137], [12] and was investigated in various directions in several pa-
pers. There are some different definitions of this process equivalent up to a
multiplicative deterministic function. We give the so-called harmonizable repre-
sentation [12]

oo

WHO) =) [ RS ave

where W (€) is a conventional Wiener process and the functional Hurst param-
eter H satisfies 0 < H(t) < 1. The choice of normalizing factor

I'(2H + 1) sin(m H) 3
2 >

C,(H) = (

ensures that the variance of W#()(1) equals one.

A different process of the similar structure is the so-called multifractal
Brownian motion introduced in [149], see also [159].52

Both mentioned processes have zero mean. For H(t) = H = const they both
coincide with conventional fBm.

The Lo-small ball asymptotics for these processes was derived by A.I. Ka-
rol” and AL Nazarov [77], [75] under some mild assumptions on the regularity
of H(t). To obtain the corresponding eigenvalues asymptotics, they used the
approximate spectral projector method in combination with the methods of
asymptotic perturbation theory.

It turns out that the asymptotic properties of the eigenvalues are determined
by the set where the function H(t) attains its minimal value Hyy,. If the mea-
sure of this set is positive, the counting function A/ (7) has the classical power
asymptotics. The situation where this measure vanishes is much more compli-
cated. In this case, the asymptotics is non-power (regularly varying at zero) and
is determined by the behavior of the function

V(e) :==|{t € [0,1] : Huin < H(t) < Huin + €}

)

as € — 0.

We restrict ourselves to three examples from [77], [75]. For simplicity we
assume that Hyp, = 2

1. Let H(t) = 3+ (t —to)}, 0 < to <1, v > 0. Then the minimal value set
is [0, to], and Theorem 2 in [77] gives

t2
log P{|[WH Oy 100) < €} ~ — go 72, e —0.

52For this process the functional Hurst parameter H satisfies % < H(t)<1.
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For to = 1 we deal with a standard Wiener process on [0, 1], and this result is
well known.
2. Let H(t) = 1 + |t — to|”, v > 0. In this case we have

-2
1
2¢7, 0<ty<l;
V=91 ¢
€v, 19=0,1.
Therefore, Theorem 2 in [77] gives

log P{|WHO) |5 101) < €} ~ — C(to)T? (1 + %)sleogf%(efl), e —0,

where C(tg) = 27177 if 0 < to < 1 and C(tg) = 2% 7 if to =0, 1.
3. Let H(t) = 5 +dist”(t,D), where D is the standard Cantor set. A tedious
but elementary calculation gives for small € > 0

_ log(2)

V(e) = €' roe® ((log(e 1)),

where ( is a periodic function. In this case Theorem 2 in [77] is not applicable.
However, more refined Theorem 4.4 in [75] gives

log P{|WHO 5104y < e} ~ e 2log™ 7 (¢~ )n(loglog(e 1)), & -0, (55)

where 7 is an explicit (though complicated) continuous positive v log(3)-periodic
function.®?

It is also shown in [77], [75] that, despite the fact that the behavior of co-
variances of multifractional and multifractal Brownian motions is significantly
different, in the case H(t) > 3 their logarithmic Ly-small ball asymptotics co-
incide.

5.4. Almost regular asymptotics

Here we consider processes with more complicated (the so-called almost regu-
lar) eigenvalues asymptotics®

pr ~ k=P (k)b(log(k)), Kk — oo, (56)

where p > 1, ¥ is an SVF, and the function h satisfies the following condition:
Condition A. The function is positive, uniformly continuous on R, bounded
and separated from zero.

53We stress that the asymptotics in (55) is still regularly varying.
54Gimilarly to Footnote 39, the relation (56) is equivalent to the following asymptotics of
the counting function:

N(T) ~ 7 70(r Dg(log(r™1), -0,

where ® is an SVF and g satisfies Condition A. Moreover, g can be chosen T-periodic if b is
T ..
;-perlodlc.
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Remark 10. In general, the above mentioned conditions do not imply the
monotonicity of the function in the right hand side of (56). In what follows we
always assume such monotonicity.

We begin with the generalization of the relation (46) for the almost regular
asymptotics:

Lemma 3 ([152, Theorem 8]).>> Let p > 1. Suppose that the function ¥(t) is
slowly varying at infinity, and the function b satisfies Condition A. Then, as
e —0,

oo

log P{ 3" kP w(k)h(0g(k) & < <2} ~ —FTO(E ) llog(= 1), (57)
k=1
here © is the same SVF as in (49), and the function ¢ satisfies Condition A.
Moreover, if b is %-pem’odic then ¢ can be chosen %};D-pem’odic.

Remark 11. It was proved in [153, Theorem 5] that if ¥ = 1 and b is a
non-constant periodic function then ¢ in (57) is also non-constant. Apparently,
this assertion holds for an arbitrary SVF ¥ but at the moment this is an open
problem.

The spectral asymptotics of the form (56) (with ¥ = 1) can arise if we
deal with a Green Gaussian process X in the space Ls[0, 1;dm], where m is a
measure from a special class (see below). In this case uy are the eigenvalues of
the following integral equation:

/ Gx(t,$)p(s) dm(s) = pplt), 0 <t <1, (58)
0

It was shown in [17] (even in the multidimensional case) that if the measure m
contains an absolutely continuous component then its singular component does
not influence the main term of the spectral asymptotics. Therefore, the singular
component of m does not influence the logarithmic small ball asymptotics in
L]0, 1; dm] for the corresponding processes, see Theorem 13.

The situation drastically changes when m is singular with respect to Lebesgue
measure. V.V. Borzov [25] showed that if Gx is the Green function of the prob-
lem (15) for the operator Lu = (—1)'u(®?) then the corresponding eigenvalues
i, obey the estimate o(k~2¢) instead of the usual asymptotics uy ~ C - k~2¢ in
the case of non-singular m. For some special classes of m better upper estimates
were obtained in [25].

Further improvements of these results are possible if we restrict ourselves to
the so-called self-similar measures m.

Recall the construction of a self-similar probability measure on [0,1] (a more
general situation is described in [68]). Consider n > 2 non-empty non-intersect-
ing intervals I; C (0,1), j =1,...,n, and define a family of affine functions S,

55For W = 1 this fact was obtained earlier in [113, Theorem 4.2].
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Fic 1. Cantor ladder.

j=1,...,n, mapping (0,1) onto I;. Consider also positive numbers (weights)
t;, 7 =1,...,n, such that thj =1.

It is not difficult to show (see, e.g., [113, Section 2]), that there is a unique
probability measure m such that for any Lebesgue-measurable set £ C [0, 1]

m(€) =D v -m(S;(E)): (59)

The relation (59) shows the self-similarity of the measure m. Notice that m
has no atoms. Its primitive is called a generalized Cantor ladder.

When >, |1;| < 1, the support of m (minimal closed set & C [0, 1] such that
m([0,1]\&) = 0) is called a generalized Cantor set. Its Hausdorff dimension
a € (0,1) is equal to the unique solution of the equation

n

>l =1,

Jj=1

In the case 3, |I;| = 1 the support of m is [0,1], and @ = 1. If, in addition,
t; = |I], j = 1,...,n, then m is the conventional Lebesgue measure. However
in other cases m is singular.
In the case n = 2, I; = (0, %)7 I, = (%,1), v =ty = %7 m is the standard
Cantor measure, and its primitive is the standard Cantor ladder, see Fig. 1.
Recall that we deal with a Green Gaussian process, so the integral equa-

tion (58) is equivalent to the boundary value problem®°
Lu= mu on [0,1], u € D(L), (60)

where A = p~t, £ is defined in (13), and D(L) is determined by the boundary
conditions (14). For simplicity we assume that p, = 1.

56The equation in (60) is understood in the sense of distributions.
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We list the main steps in the research on the problem (60). More references
can be found in [113].

For the simplest Sturm-Liouville operator Lu = —u", the exact power order
p of the eigenvalues growth was obtained by T. Fujita [57]. The one-term eigen-
values asymptotics in this case was obtained independently by J. Kigami and
M.L. Lapidus [82] and by M.Z. Solomyak and E. Verbitsky [165]. A.I. Nazarov
[113] generalized their result to the operators of arbitrary order.

Theorem 16 ([113, Theorem 3.1]). Given a self-similar probability measure m,
define
Cj Z:tj'|_[j|2£71, j:].,...,n,

and denote by p the unique solution of the equation®”

<=

¢ =1.

1

n

J

Let X be a Green Gaussian process, corresponding to the order 2¢ ODO.

1. If at least one ratio log(ci_l)/log(cj_l) is irrational, the self-similarity of
the measure m is called non-arithmetic. In this case the counting function of
eigenvalues to the integral equation (58) has purely power asymptotics:

N(1) ~ MTﬁi, T =0,

where M is some (unknown) constant.
2. If all quantities log(cj*l) are mutually commensurable, the self-similarity
of m is called arithmetic. In this case

N(r) ~777g(log(r™Y), 70, (61)

where the function g satisfies Condition A. Moreover, g is periodic, and its
period is equal to the greatest common divisor of log(cj*l), j=1...,n.

Remark 12. The quantity®® v = % is called spectral dimension of order
2¢—1 of the self-similar measure m. It is shown in [113, Theorem 5.3] that v < «
(recall that « is the Hausdorff dimension of the support of m), and v = « if
and only if v; = |I;|* for any j = 1,...,n. In particular, this is the case for the

standard Cantor measure, where v = o = Eg%

Remark 13. Theorem 16 was generalized in several directions. Namely, the
problem (60) was considered under the following assumptions:

1. Lu = —u”, and m is the distributional derivative of the Minkowski ques-
tion-mark function,®® see [162]. In this case m is a non-affine self-similar

57Notice that p > 2¢. Moreover, p = 2/ only if m is the Lebesgue measure.
58,emma 3 implies that the power order of the logarithmic La-small ball asymptotics for
the corresponding Green Gaussian process is just 2?11

59The function ?(t) introduced by H. Minkowski [109] is well known in number theory.
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measure, i.e. relation (59) holds with non-affine diffeomorphisms, namely,

t 1

TL:27 Sl(t):H—l,

In [162, Theorem 3.2], two-sided estimates for the eigenvalues of counting
function were obtained:

1
0 1 1
N(r) =131, 7= 0; :5 /log21+t dm) .
0
2. Lu = —u", and mis a self-conformal measure, i.c. S; in the relation (59)

are non-affine diffeomorphisms mapping (0,1) onto I;, subject to some

additional assumptions, see [55], [56];

m is a sign-changing self-similar distribution, see [174], [175];

4. L is a so-called measure geometric Krein—Feller operator related to
two self-similar measures, see [54] and references therein.®”

@

Up to our knowledge, the generalizations mentioned in items 3 and 4 have not
found an application in the study of small ball probabilities yet.

Using general results of Theorem 16 and Lemma 3, the logarithmic small
ball asymptotics in Lo[0, 1; dm] were obtained in [113] for several classical Green
Gaussian processes.

The statement of “arithmetic” part 2 in Theorem 16 does not exclude the
“degenerate” case where the function g in (61) is a constant, i.e. A'(7) has the
classical power asymptotics. It was conjectured in [113] that it is not the case,
i.e. g # const for any non-Lebesgue arithmetically self-similar measure m.

A A. Vladimirov and I.A. Sheipak [175] confirmed this conjecture for the stan-
dard Cantor measure and Lu = —u” using computer-assisted proof. Later [178]
they succeeded to give a complete characterization of the function g under as-
sumption that m is a so-called even Cantor-type measure.

Theorem 17 ([178, Section 5]). Suppose that m is an even Cantor-type mea-
sure, that is, for all j = 1,...,n, the lengths |I;| are equal, the gaps between the
neighbor intervals I; are equal (and non-zero), and the weights t; are equal. Let
Lu = —u". Then the function g in (61) satisfies the relation

g(t) = exp(—)s(t), (62)
where s is some purely singular non-decreasing function (i.e. a primitive of a
singular measure).5!

In [172] this result was transferred to the fourth order operator L.
N.V. Rastegaev [151], [153] obtained formula (62) for Lu = —u” and arbitrary
arithmetically self-similar measure m under the unique assumption: all gaps

60Notice, however, that some proofs in [54] contain gaps, see [173, 2.2.3].
61Formula (62) obviously implies that g # const.
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between neighbor intervals I; are non-zero. Further generalization (in particular,
for the higher order operator £) is an interesting open problem.

All previous examples generate the eigenvalues asymptotics (56) with ¥ = 1.
A general form of (56) arises, for instance, when considering tensor products.
We describe briefly corresponding results obtained by N.V. Rastegaev [152]. Let
K1 and K3 be positive (compact, self-adjoint) operators. Suppose that

Nic, (1) ~ 7751 @y (1 Y)gr (log(r71)), 7 — 0, (63)

where p; > 1, ®; is an SVF, and g; is a continuous positive Tj-periodic func-
tion.62 .
If N, (1) = O(7 ™ ?2) as 7 — 0, with ps > p; then

N () ~ 7751 ®y (1) g* (log(r71)), -0,

where g* is a continuous positive T}-periodic function.

Remark 14. It is shown in [152, Remark 2] that in general case g* can degen-
erate into a constant even if g; is not a constant. However, if g; has the form
given in Theorem 17 then g* also has such a form.

Suppose now that Ko satisfies a similar relation
Nic,(7) ~ 7772 By(r Hga(log(rh), 7—0

(p2 > 1, @5 is an SVF, and g5 is a continuous positive To-periodic function), and
let p1 = p2 = p. Then the asymptotics of Ng(7) as 7 — 0 is more complicated
and depends on the convergence of integrals (54) and, if they both diverge, on
the commensurability of 77 and T». In particular, if both integrals (54) diverge
and 177 = 15 =T then

Na(r) ~ 775 (@1 % @) (7 Hgg(log(r™h), 70,

(the Mellin convolution of SVFs is defined in (52)), where gg is an explicit
(though complicated) continuous positive T-periodic function.

Remark 15. The question of non-constancy of gg remains open even in the
case where both g; and gs have the form given in Theorem 17.

5.5. Slowly varying asymptotics

In this subsection we consider processes with super-power decay of eigenvalues.
More exactly, we assume that the counting function N (7) is slowly varying at
zero. The corresponding analog of the relation (46) reads as follows:

62The relation (63) implies that the function g has bounded variation on [0, T}], see [152,
Lemma 6].
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Lemma 4 ([116, Theorem 2]). Let (ux), k € N, be a positive sequence with
counting function N (1), and let

N(r)~e(r7h), 70, (64)

where ® is an SVF. Then, as e — 0,

logIF’{ Z,ukgi < 62} ~ 76(27) = —((I) *21)(7) = f%/Q(a)aflda,
k=1 1

where v = y(r) satisfies the relation
, e —0.

Remark 16. As it was mentioned in Subsection 5.3, © is an SVF, cf. (52).

The first examples of Gaussian processes satisfying (64) arose in [62], where
the case log(uy) ~ —k*¥ (k) as k — oo with an SVF ¥ was considered.%

The relation (64) is typical for the processes with smooth covariances. In [116],
a set of smooth stationary Gaussian processes R¢,o (C,a > 0) was considered.
These processes have zero mean-value and the spectral density

meq(€) = exp(~Cl¢[*),  E€R. (65)

For instance, it is well known that

B C . 1 (S B t)2
GRc,l(S;t) = m, GRc,z (S,t) = Qm exp <_ 4C ) .

The spectral asymptotics for the integral operators with kernels of this type
was treated in the remarkable paper [180]. The following relation for the count-
ing function can be extracted from [180, Theorems 1 and 2]: as 7 — 0, we
have

1
ﬂéi doge (t71),  a<l;

N~ = Lolog(rY),  a=1

¢
a

log(7~1)

2a—2  log(log(r— 1))’ a> 1.

Here

K(Sech(%))

63We notice that the result of [62, Theorem 2.2]

> a2a logéJrl e !
logB{ Y- gt <e?) ~ - 22T 8T )
k=1 atlwa(loga (e71)

is not true in general case. However, it holds if, say, ¥(k) = log? (k + 1), o0 € R.
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while K is the complete elliptic integral of the first kind.
Therefore, Lemma 4 yields the following relation as € — O:

1 a atl
—(3)" wipzlog = (7Y, a<l
ogP{|Recall2,01) <€} ~ < — L -log?(e1), a=1;
a logZ(e™1)

a > 1.

~ 2a—2 " Tog(log(e— 1))
Remark 17. Notice that the order of the logarithmic Lo-small ball asymptotics
in the latter case depends neither on C' nor even on «. The same effect was found
in [8] for the sup-norm.
F. Awrzada, F. Gao, Th. Kithn, W.V. Li and Q.-M. Shao [7] investigated
the small ball behavior in Lo- and sup-norms of smooth self-similar Gaussian
processes X, g with the covariance function

trs™

Gx,,(t,s) = t+ )21 (66)
In particular, it was shown that under natural assumption o > 3 > —% we have
1

3o )2 log’(e™Y), e—0. (67)
Remark 18. The method of [7] is based on the estimates of entropy numbers
of a linear operator generating the process, see [88]. We notice that the spectral
asymptotics for the operator with kernel (66) was obtained many years ago by
A.A. Laptev [91]. So, formula (67) can be obtained from the result of [91] and
Lemma 4.

log P {[| Xasll2,0,1) <€} ~ —

Another class of problems where the relation (64) appears is related to the
Green Gaussian process in the space L2[0,1; dm] with very “poor” measure m.
We describe here (not in a full generality) the corresponding class of degenerate
self-similar measures®* on [0, 1], see [161], [129].

Let 0 < t; < ... <ty <1, n > 2 be a partition of the segment [0, 1]. We
select one of intervals between these points I = (g, tx+1) and define the affine
function S mapping (0,1) onto I. Consider also positive numbers (weights)
a; >0,7=1,...,n, and vt > 0 such that Zjaj—i—t:l.

It is not difficult to show (see, e.g., [161]), that there is a unique probability
measure m such that for any Lebesgue-measurable set £ C [0, 1]

m(€) =v-m(STHE) + D a;. (68)
t;e€

In contrast with self-similar measures considered in Subsection 5.4, the mea-
sure m, defined by relation (68), is discrete. Its support has a unique accumula-
tion point Z. A straightforward calculation shows that

ty
1= 1

(69)

%:

64These measures are not self-similar in the sense of [68].
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The primitive of m is a piecewise constant function. Fig. 2 shows its graph for
the following values of parameters: n = 2; t; = 0.3, to = 0.8; a1 = %, ay = %,
t = 1. Formula (69) gives & = 0.6.

F1G 2. The primitive of a degenerate self-similar measure.

Remark 19. Evidently, the Hausdorff dimension of the support of degenerate
self-similar measure is equal to zero. Therefore, the spectral dimension of m (see
Remark 12) is also equal to zero.

The first result on the eigenvalues asymptotics for the boundary value prob-
lem (60) with degenerate self-similar measure m was obtained by A.A. Vladi-
mirov and I.A. Sheipak [176] in the case Lu = —u”. In [129], [177] this result
was generalized for the operators of arbitrary order.®® Using these results and
Lemma 4, the logarithmic small ball asymptotics in L2[0, 1; dm] was obtained
in [129] for several classical Green Gaussian processes.

Theorem 18 ([129, Proposition 4.3]). Let m be a degenerate self-similar mea-
sure described above. Let X be a Green Gaussian process, corresponding to the

651n fact, in [176], [177] sign-changing weights were also considered. Moreover, much more
precise information on the spectrum structure was obtained in these papers. However, these
results are not sufficient to receive exact small ball asymptotics for the corresponding processes.
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order 2¢ ODO. Then

log P{[| X [|2,10,1; am < €} ~ — logQ(s_l)7 e — 0,

foa(c 1)
where ¢ = v - [I|2¢1.

Tensor products of Gaussian processes with eigenvalues counting functions,
slowly varying at zero, were considered by A.I. Karol’ and A.I. Nazarov [76].5¢

Theorem 19 ([76, Theorem 3.2]). Let K1 and Ko be positive (compact, self-
adjoint) operators. Suppose that

N’C1(T) N¢1(T_1)7 NICQ(T) Nq)Q(T_l)v T—0,
where ®1 and ®o are unbounded and non-decreasing SVFs. Then we have
Ng(T) ~ (B % ®o) (77, T =0,

where

S

(® % U)(s) = /cb(safl)dq/(a)

is the so-called asymptotic convolution of SVFs.5"

Using general results of Theorem 19 and Lemma 4, the logarithmic Le-small
ball asymptotics were obtained in [76] for several fields-products with marginal
processes described above.
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66The small ball behavior of tensor product of some processes Rc,2, see (65), was investi-
gated by T. Kiithn [90] in various Lp-norms. However, only two-sided estimates for small ball
probabilities were obtained in [90].
67The properties of asymptotic convolution were investigated in [76, Section 2]. In partic-
ular, the asymptotic convolution is connected with the Mellin convolution (see (52)) by the
relation
(P*xT)(s) =(Px*T1)(s), where Uy(s) = s¥'(s).
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Appendix. Ly-small ball asymptotics for concrete processes

Process Logarithmic Asympt. up Exact
asymptotics to a constant asymptotics
Wiener process, W 28]
Brownian bridge, B 5]
Ornstein—Uhlenbeck, U [92] [120] [112]; [58]
Centered Wiener process, W 11
Centered Brownian bridge, B 11
Other Green Gaussian pro- [131]; [114];
cesses of the second order [142]; [70]
[112]; [58];
Weighted Green Gaussian pro- 02 [43] [130]; [127];
cesses of the second order ’ [142]; [9];
[132]; [122]
m-times integrated Wiener 11]98; [61]99; 58]; [59];
o B o] s sy | 7 [6 [58%; 9]
process, Wy, [120] [112]
m-times integrated Brownian
11]%8; 12 ; [112
R s oo] | fss); [112]
m-times integrated Ornstein— [120] [112]
Uhlenbeck, U,[qfl""‘ﬁm]
Other Green Gaussian pro- ) le]f [141]f
f the higher order [120); [11] [114]; [142];
cesses O [143]; [122]
Weighted Green Gaussian pro- .
cesses of the higher order [127); [128]
Detrended Green processes (3] 84]; [139
Finite-dimensional perturba- 115]; [125];
tions”? [138]
Fractional Brownian motion
m-times integrated fBm [121] [34]7%; [37]
Other fractional-Green pro- [35]; [118];
cesses [37]
Riemann-Liouville process and [33]
bridge
Other fractional processes and [121]; [143];
fields [67]; [100]
Smooth processes [62][;7] [116];
Fractional processes with vari- )
able Hurst index [77]; (73]
Processes  with  self-similar [113]; [129];
measure [56]72; [153]
Brownian sheet 39 53
Integrated Brownian sheet 78 53
[78]; [62];
Other fields-products [63]; [76]; [156]; [157]
[90]72; [152]

68 The case m = 1.

69The exponent of the power term was determined up to a constant, see (27).
70Perturbations from the kernel of the original Gaussian random vector.

"1The case m = 1.
2 Two-sided estimates.




Lao-small ball asymptotics: a survey 651

References

1]

[12]

[13]

[14]

[15]

A1, X. (2016). A note on Karhunen-Loéve expansions for the demeaned
stationary Ornstein—Uhlenbeck process. Statistics € Probability Letters
117 113-117. MR3519833

A1, X. and L1, W. (2014). Karhunen—Loéve expansions for the m-th order
detrended Brownian motion. Science China Mathematics 57 2043-2052.
MR3247532

A1, X., L, W. and L, G. (2012). Karhunen—Loéve expansions for
the detrended Brownian motion. Statistics & Probability Letters 82
1235-1241. MR2929770

ALBIN, J. M. P. (1996). Minima of H-valued Gaussian processes. The
Annals of Probability 24 788-824. MR1404528

ANDERSON, T. and DARLING, D. (1952). Asymptotic theory of certain
“goodness of fit” criteria based on stochastic processes. The Annals of
Mathematical Statistics 23 193-212. MR0050238

AURZADA, F. (2007). On the lower tail probabilities of some random se-
quences in l,. Journal of Theoretical Probability 20 843-858. MR2359058
AURzZADA, F., Gao, F., KUnN, T., L1, W. V. and SHAO, Q. M. (2013).
Small deviations for a family of smooth Gaussian processes. Journal of
Theoretical Probability 26 153-168. MR3023839

AURrzADA, F., IBRAGIMOV, I. A.) LirsHITS, M. A. and VAN ZAN-
TEN, J. H. (2009). Small deviations of smooth stationary Gaussian pro-
cesses. Theory of Probability & Its Applications 53 697-707. MR2766145
Barcozy, M. and Icror, E. (2011). Karhunen-Loéve expansions of a-
Wiener bridges. Central European Journal of Mathematics 9 65-84.
MR2753883

BARCZY, M. and Lovas, R. L. (2018). Karhunen-Loeéve expansion for
a generalization of Wiener bridge. Lithuanian Mathematical Journal 58
341-359. MR3881918

BEGHIN, L., NIKITIN, Y. Y. and ORSINGHER, E. (2003). Exact small ball
constants for some Gaussian processes under the Lo-norm. Zapiski Nauch-
nykh Seminarov POMI 298 5-21. English transl.: Journal of Mathematical
Sciences, 128(1):2493-2502, 2005. MR2038861

BENAssI, A., COHEN, S. and IsTas, J. (1998). Identifying the multifrac-
tional function of a Gaussian process. Statistics € Probability Letters 39
337-345. MR1646220

BIRKHOFF, G. (1908). On the asymptotic character of the solutions of
certain linear differential equations containing a parameter. Transactions
of the American Mathematical Society 9 219-231. MR1500810
BIRKHOFF, G. (1908). Boundary value and expansion problems of ordi-
nary linear differential equations. Transactions of the American Mathe-
matical Society 9 373-395. MR1500818

BIRMAN, M. S. and SoLoMJAK, M. Z. (1977). Asymptotics of the spec-
trum of pseudodifferential operators with anisotropic-homogeneous sym-
bols. Vestnik LGU 13 13-21. [Russian|. English transl.: Vestnik Leningrad


https://mathscinet.ams.org/mathscinet-getitem?mr=3519833
https://mathscinet.ams.org/mathscinet-getitem?mr=3247532
https://mathscinet.ams.org/mathscinet-getitem?mr=2929770
https://mathscinet.ams.org/mathscinet-getitem?mr=1404528
https://mathscinet.ams.org/mathscinet-getitem?mr=0050238
https://mathscinet.ams.org/mathscinet-getitem?mr=2359058
https://mathscinet.ams.org/mathscinet-getitem?mr=3023839
https://mathscinet.ams.org/mathscinet-getitem?mr=2766145
https://mathscinet.ams.org/mathscinet-getitem?mr=2753883
https://mathscinet.ams.org/mathscinet-getitem?mr=3881918
https://mathscinet.ams.org/mathscinet-getitem?mr=2038861
https://mathscinet.ams.org/mathscinet-getitem?mr=1646220
https://mathscinet.ams.org/mathscinet-getitem?mr=1500810
https://mathscinet.ams.org/mathscinet-getitem?mr=1500818

652

[16]

[26]

[27]

28]

A. Nazarov and Y. Petrova

Univ. Math., 10:237-247, 1982. MR0463738

BirMAN, M. S. and SoLoMJAK, M. Z. (1979). Asymptotics of the spec-
trum of pseudodifferential operators with anisotropic-homogeneous sym-
bols. II. Vestnik LGU 3 5-10. [Russian|. English transl.: Vestnik Leningrad
Univ. Math., 12:155-161, 1980. MR0555971

BIRMAN, M. S. and SOLOMYAK, M. Z. (1970). Asymptotic behavior of
the spectrum of weakly polar integral operators. Izvestiya Akademii Nauk
USSR. Seriya Matematicheskaya 34 1143-1158. [Russian]. English transl.:
Math. USSR-Izv., 4(5):1151-1168, 1970. MR0279638

BirmMAN, M. S. and SorLomyak, M. Z. (1974). Quantitative analysis
in Sobolev imbedding theorems and applications to spectral theory. In
Proceedings of X Summer Mathematical School. Yu.A. Mitropol’skiy and
A.F. Shestopal (Eds) 5-189. [Russian]. English transl.: AMS Translations,
Series 2, 114, Providence, R.I1., 1980. MR0482138

BirMAN, M. S. and SoLomyak, M. Z. (2001). On the negative dis-
crete spectrum of a periodic elliptic operator in a waveguide-type domain,
perturbed by a decaying potential. Journal d’Analyse Mathématique 83
337-391. MR1828497

BirRMAN, M. S. and SOLOMYAK, M. Z. (2010). Spectral theory of self-
adjoint operators in Hilbert space. Second edition, revised and extended.
Lan’, St.Petersburg [Russian]. English transl. of the first edition: Mathe-
matics and Its Applications. Soviet Series, 5, Kluwer, Dordrecht etc. 1987.
MR1192782

BORELL, C. (1977). A note on Gauss measures which agree on small balls.
Annales de I’IHP Probabilités et statistiques 13 231-238. MR0482971
Borovkov, A. A. and Mogur’ski, A. A. (1989). On probabilities
of small deviations for random processes. Trudy Instituta Matematiki
Sibirskogo Otdeleniya AN SSSR 13 147-168. [Russian]. MR1037254
Borovkov, A. A. and RUZANKIN, P. S. (2008). On small deviations of
series of weighted random variables. Journal of Theoretical Probability 21
628-649. MR2425361

Borovkov, A. A. and RUZANKIN, P. S. (2008). Small deviations of
series of independent positive random variables with weights close to ex-
ponential. Siberian Advances in Mathematics 18 163-175. MR2438490
Borzov, V. V. (1970). Quantitative characteristics of singular measures.
In Spectral Theory and Wave Processes. Problems of Mathematical Physics
4 42-47. Leningrad University Publisher [Russian]. English transl.: volume
4 of Topics in Mathematical Physics, pages 37-42, Springer, Boston, 1971.
MR0281860

Bronski, J. C. (2003). Small ball constants and tight eigenvalue asymp-
totics for fractional Brownian motions. Journal of Theoretical Probability
16 87-100. MR1956822

Ca1, C. H., Hu, J. Q. and WaNG, Y. L. (2021). Asymptotics of
Karhunen-Loéve Eigenvalues for Sub-Fractional Brownian Motion and
Its Application. Fractal and Fractional 5 226.

CAMERON, R. and MARTIN, W. (1944). The Wiener measure of Hilbert


https://mathscinet.ams.org/mathscinet-getitem?mr=0463738
https://mathscinet.ams.org/mathscinet-getitem?mr=0555971
https://mathscinet.ams.org/mathscinet-getitem?mr=0279638
https://mathscinet.ams.org/mathscinet-getitem?mr=0482138
https://mathscinet.ams.org/mathscinet-getitem?mr=1828497
https://mathscinet.ams.org/mathscinet-getitem?mr=1192782
https://mathscinet.ams.org/mathscinet-getitem?mr=0482971
https://mathscinet.ams.org/mathscinet-getitem?mr=1037254
https://mathscinet.ams.org/mathscinet-getitem?mr=2425361
https://mathscinet.ams.org/mathscinet-getitem?mr=2438490
https://mathscinet.ams.org/mathscinet-getitem?mr=0281860
https://mathscinet.ams.org/mathscinet-getitem?mr=1956822

[40]

[41]

Lao-small ball asymptotics: a survey 653

neighborhoods in the space of real continuous functions. Journal of Math-
ematics and Physics 23 195-209. MR0011174

CARMONA, R. (1978). Tensor products of Gaussian measures. In Vector
Space Measures and Applications 1. Lecture Notes in Mathematics 644
96-124. Springer Berlin Heidelberg. MR0502402

CARMONA, R. and CHEVET, S. (1979). Tensor Gaussian measures on
L,(E). Journal of Functional Analysis 33 297-310. MR0549116

CHEN, X. and L1, W. (2003). Quadratic functionals and small ball prob-
abilities for the m-fold integrated Brownian motion. The Annals of Prob-
ability 31 1052-1077. MR1964958

CHIGANSKY, P. Y. and KLEPTSYNA, M. L. (2018). Exact asymptotics
in eigenproblems for fractional Brownian covariance operators. Stochastic
Processes and their Applications 128 2007-2059. MR3797652
CHIGANSKY, P. Y. and KLEPTSYNA, M. L. (2021). Sharp asymptotics
in a fractional Sturm—Liouville problem. Fractional Calculus and Applied
Analysis 24 715-738. MR4280578

CHIGANSKY, P. Y., KLEPTSYNA, M. L. and MARUSHKEVYCH, D. A.
(2018). Exact spectral asymptotics of fractional processes. arXiv:1802.
09045. MR4015693

CHIGANSKY, P. Y., KLEPTSYNA, M. L. and MARUSHKEVYCH, D. A.
(2020). Mixed fractional Brownian motion: A spectral take. Journal of
Mathematical Analysis and Applications 482 123558. MR4015693
CHIGANSKY, P. Y., KLEPTSYNA, M. L. and MARUSHKEVYCH, D. A.
(2020). On the eigenproblem for Gaussian bridges. Bernoulli 26
1706-1726. MR4091089

CHIGANSKY, P. Y., KLEPTSYNA, M. L., NAZAROV, A. I. and RASTE-
GAEV, N. V. (2023). Spectral asymptotics for a class of integro-differential
equations arising in the theory of integrated fractional Gaussian processes.
Technical Report, in preparation.

Cox, D. (1982). On the existence of natural rate of escape functions
for infinite dimensional Brownian motions. The Annals of Probability 10
623-638. MR0659533

CsAxki, E. (1982). On small values of the square integral of a multipa-
rameter Wiener process. In Statistics and Probability. Proceedings of the
3rd Pannonian Symposium on Mathematical Statistics 19-26. D. Reidel
Publishing Company. MRO0758997

Davis, R. and RESNICK, S. (1991). Extremes of moving averages of ran-
dom variables with finite endpoint. The Annals of Probability 19 312-328.
MR1085338

DEHEUVELS, P. (2006). Karhunen-Loéve expansions of mean-centered
Wiener processes. In High Dimensional Probability. Proceedings of the
Fourth International Conference, IMS Lecture Notes — Monograph Se-
ries, Vol. 51 62-76. IMS, Beachwood, OH. MR2387761

DEHEUVELS, P. (2007). A Karhunen-Loéve expansion for a mean-
centered Brownian bridge. Statistics & Probability Letters 77 1190-1200.
MR2392790


https://mathscinet.ams.org/mathscinet-getitem?mr=0011174
https://mathscinet.ams.org/mathscinet-getitem?mr=0502402
https://mathscinet.ams.org/mathscinet-getitem?mr=0549116
https://mathscinet.ams.org/mathscinet-getitem?mr=1964958
https://mathscinet.ams.org/mathscinet-getitem?mr=3797652
https://mathscinet.ams.org/mathscinet-getitem?mr=4280578
https://arxiv.org/abs/1802.09045
https://arxiv.org/abs/1802.09045
https://mathscinet.ams.org/mathscinet-getitem?mr=4015693
https://mathscinet.ams.org/mathscinet-getitem?mr=4015693
https://mathscinet.ams.org/mathscinet-getitem?mr=4091089
https://mathscinet.ams.org/mathscinet-getitem?mr=0659533
https://mathscinet.ams.org/mathscinet-getitem?mr=0758997
https://mathscinet.ams.org/mathscinet-getitem?mr=1085338
https://mathscinet.ams.org/mathscinet-getitem?mr=2387761
https://mathscinet.ams.org/mathscinet-getitem?mr=2392790

654

[43]

[48]

[49]

[51]

[52]

A. Nazarov and Y. Petrova

DEHEUVELS, P. and MARTYNOV, G. (2003). Karhunen-Loéve expansions
for weighted Wiener processes and Brownian bridges via Bessel functions.
In High Dimensional Probability III. Progress in probability 55 57-93.
Springer Basel. MR2033881

DEHEUVELS, P., PECCATI, G. and YOR, M. (2006). On quadratic func-
tionals of the Brownian sheet and related processes. Stochastic Processes
and their Applications 116 493-538. MR2199561

DEMBO, A., MAYER-WOLF, E. and ZEITUNI, O. (1995). Exact behav-
ior of Gaussian seminorms. Statistics & Probability Letters 23 275-280.
MR1340163

DEREICH, S. (2003). Small ball probabilities around random centers of
Gaussian measures and applications to quantization. Journal of Theoret-
ical Probability 16 427-449. MR1982037

DONATI-MARTIN, C. and YOR, M. (1991). Fubini’s theorem for double
Wiener integrals and the variance of the Brownian path. Annales de I’In-
stitut Henri Poincaré. Probabilités et statistiques 27 181-200. MR1118933
DuNFORD, N. and SCHWARTZ, J. T. (1971). Linear Operators. Part III:
Spectral Operators. Wiley, New York. With the assistance of William G.
Bade and Robert G. Bartle. MR0412888

Dunkgr, T., LirsHiTs, M. A. and LiNDE, W. (1998). Small devia-
tion probabilities of sums of independent random variables. In High di-
mensional probability. Progress in probability 43 59-74. Springer Basel.
MR1652320

DurBIN, J. (1973). Weak convergence of the sample distribution func-
tion when parameters are estimated. The Annals of Statistics 1 279-290.
MRO0359131

Faravov, V. R. (2003). Constants in the asymptotics of small devia-
tion probabilities for Gaussian processes and fields. Russian Mathematical
Surveys 58 725-772. MR2042263

FERRATY, F. and VIEU, P. (2006). Nonparametric functional data anal-
ysis: theory and practice. Springer Series in Statistics T76. Springer, NY.
MR2229687

FiLL, J. A. and TorcAso, F. (2004). Asymptotic analysis via Mellin
transforms for small deviations in Ly-norm of integrated Brownian sheets.
Probability theory and related fields 130 259-288. MR2093764
FREIBERG, U. (2011). Refinement of the spectral asymptotics of gen-
eralized Krein Feller operators. Forum Mathematicum 23 427-445.
MR2787628

FREIBERG, U. R. and RASTEGAEV, N. V. (2018). On spectral asymp-
totics of the Sturm-Liouville problem with self-conformal singular weight
with strong bounded distortion property. Zapiski Nauchnykh Seminarov
POMI 477 129-135. [Russian]. English transl.: Journal of Mathematical
Sciences, 244(6):1010-1014, 2020. MR3904060

FREIBERG, U. R. and RASTEGAEV, N. V. (2020). On spectral asymp-
totics of the Sturm-Liouville problem with self-conformal singular weight.
Siberian Mathematical Journal 61 901-912. MR4198835


https://mathscinet.ams.org/mathscinet-getitem?mr=2033881
https://mathscinet.ams.org/mathscinet-getitem?mr=2199561
https://mathscinet.ams.org/mathscinet-getitem?mr=1340163
https://mathscinet.ams.org/mathscinet-getitem?mr=1982037
https://mathscinet.ams.org/mathscinet-getitem?mr=1118933
https://mathscinet.ams.org/mathscinet-getitem?mr=0412888
https://mathscinet.ams.org/mathscinet-getitem?mr=1652320
https://mathscinet.ams.org/mathscinet-getitem?mr=0359131
https://mathscinet.ams.org/mathscinet-getitem?mr=2042263
https://mathscinet.ams.org/mathscinet-getitem?mr=2229687
https://mathscinet.ams.org/mathscinet-getitem?mr=2093764
https://mathscinet.ams.org/mathscinet-getitem?mr=2787628
https://mathscinet.ams.org/mathscinet-getitem?mr=3904060
https://mathscinet.ams.org/mathscinet-getitem?mr=4198835

[57]

[71]

[72]

Lao-small ball asymptotics: a survey 655

FuJaita, T. (1987). A fractional dimension, self-similarity and a general-
ized diffusion operator. In Probabilistic methods in mathematical physics.
Proceedings of Taniguchi International Symposium 83-90. Tokyo, Kinoku-
niya.

Gao, F., HANNIG, J., LEE, T. and Torcaso, F. (2003). Laplace trans-
forms via Hadamard factorization. FElectronic Journal of Probability 8
1-20. MR1998764

Gao, F., HanNiG, J., LEE, T. Y. and Torcaso, F. (2004). Exact Lo
small balls of Gaussian processes. Journal of Theoretical Probability 17
503-520. MR2053714

Gao, F., HanniG, J. and TorcAso, F. (2003). Comparison theorems
for small deviations of random series. Electronic Journal of Probability 8
1-17. MR2041822

Gao, F., HANNIG, J. and TorcAsO, F. (2003). Integrated Brownian mo-
tions and Exact Lo-small balls. The Annals of Probability 31 1320-1337.
MR1989435

Gao, F. and L1, W. (2007). Logarithmic level comparison for small devia-
tion probabilities. Journal of Theoretical Probability 20 1-23. MR2297848
Gao, F. and L1, W. (2007). Small ball probabilities for the Slepian
Gaussian fields. Transactions of the American Mathematical Society 359
1339-1350. MR2262853

GRAF, S., LuscHGY, H. and PAGES, G. (2003). Functional quantization
and small ball probabilities for Gaussian processes. Journal of Theoretical
Probability 16 1047-1062. MR2033197

HOFFMANN-J@RGENSEN, J. (1976). Bounds for the Gaussian measure
of a small ball in a Hilbert space Technical Report, Aarhus Universitet,
Matematisk Institut. MR0474447

HOFFMANN-J@RGENSEN, J., SHEPP, L. A. and DUDLEY, R. M. (1979).
On the lower tail of Gaussian seminorms. The Annals of Probability 7
319-342. MRO0525057

Hong, S. Y., LirsHITS, M. A. and NAzAROV, A. 1. (2016). Small devi-
ations in Ls-norm for Gaussian dependent sequences. Electronic Commu-
nications in Probability 21 1-9. MR3510249

HuUTCHINSON, J. E. (1981). Fractals and self similarity. Indiana University
Mathematics Journal 30 713-747. MR0625600

IBRAGIMOV, I. A. (1979). The probability of a Gaussian vector with val-
ues in a Hilbert space hitting a ball of small radius. Zapiski Nauchnykh
Seminarov LOMI 85 75-93. [Russian]. English transl.: Journal of Soviet
Mathematics, 20(3):2164-2175, 1982. MR0535459

JIN, S. (2014). Gaussian processes: Karhunen—Loéve expansion, small ball
estimates and applications in time series models, PhD thesis, University
of Delaware. MR3337699

KaAc, M., KIEFER, J. and WOLFOWITZ, J. (1955). On tests of normality
and other tests of goodness of fit based on distance methods. The Annals
of Mathematical Statistics 26 189-211. MRO0070919

Kac, M. and SIEGERT, A. J. F. (1947). An explicit representation of


https://mathscinet.ams.org/mathscinet-getitem?mr=1998764
https://mathscinet.ams.org/mathscinet-getitem?mr=2053714
https://mathscinet.ams.org/mathscinet-getitem?mr=2041822
https://mathscinet.ams.org/mathscinet-getitem?mr=1989435
https://mathscinet.ams.org/mathscinet-getitem?mr=2297848
https://mathscinet.ams.org/mathscinet-getitem?mr=2262853
https://mathscinet.ams.org/mathscinet-getitem?mr=2033197
https://mathscinet.ams.org/mathscinet-getitem?mr=0474447
https://mathscinet.ams.org/mathscinet-getitem?mr=0525057
https://mathscinet.ams.org/mathscinet-getitem?mr=3510249
https://mathscinet.ams.org/mathscinet-getitem?mr=0625600
https://mathscinet.ams.org/mathscinet-getitem?mr=0535459
https://mathscinet.ams.org/mathscinet-getitem?mr=3337699
https://mathscinet.ams.org/mathscinet-getitem?mr=0070919

656

A. Nazarov and Y. Petrova

a stationary Gaussian process. The Annals of Mathematical Statistics 18
438-442. MR0021672

KARHUNEN, K. (1946). Zur Spektraltheorie stochastischer Prozesse. An-
nales Academiae Scientiarum Fennicae 34. [German]. MR0023012
KARHUNEN, K. (1947). Uber lineare Methoden in der Wahrscheinlichkeit-
srechnung. Annales Academiae Scientiarum Fennicae 47 3-79. [German)].
MR0023013

Karor’, A. I. (2022). Singular values of compact pseudodifferential oper-
ators of variable order with nonsmooth symbol. Zapiski Nauchnykh Sem-
inarov POMI 519 67-104. [Russian]. MR4545351

Karor’, A. I. and NazAROV, A. 1. (2014). Small ball probabilities for
smooth Gaussian fields and tensor products of compact operators. Math-
ematische Nachrichten 287 595-609. MR3193939

Karor, A. I. and NAzAroOv, A. I. (2021). Spectral analysis for some
multifractional Gaussian processes. Russian Journal of Mathematical
Physics 28 488-500. MR4348444

Karor, A. I., Nazarov, A. 1. and NIKITIN, Y. Y. (2008). Small ball
probabilities for Gaussian random fields and tensor products of com-
pact operators. Transactions of the American Mathematical Society 360
1443-1474. MR2357702

KHARTOV, A. A. and LIMAR, I. A. (2022). Asymptotic analysis in mul-
tivariate average case approximation with Gaussian kernels. Journal of
Complexity 70 101631. MR4388511

KHOSHNEVISAN, D. (2002). Multiparameter Processes: an introduction to
random fields. Springer Science & Business Media. MR1914748
KHOSHNEVISAN, D. and SHI, Z. (1998). Chung’s law for integrated Brow-
nian motion. Transactions of the American Mathematical Society 350
4253-4264. MR1443196

Kicawmi, J. and Lapipus, M. L. (1993). Weyl’s problem for the spectral
distribution of Laplacians on p.c.f. self-similar fractals. Communications
in Mathematical Physics 158 93-125. MR1243717

KiLBas, A. A., SrRivasTava, H. M. and TRuJiLLO, J. J. (2006). The-
ory and applications of fractional differential equations 204. Elsevier.
MR2218073

KIRICHENKO, A. A. and NIKITIN, Y. Y. (2014). Precise small deviations
in Lo of some Gaussian processes appearing in the regression context.
Central FEuropean Journal of Mathematics 12 1674-1686. MR3225824
KLEPTSYNA, M. L. and LE BRETON, A. (2002). A Cameron-Martin type
formula for general Gaussian processes — a filtering approach. Stochas-
tics: An International Journal of Probability and Stochastic Processes 72
229-251. MR1897916

KLEPTSYNA, M. L., MARUSHKEVYCH, D. A. and CHIGANSKY, P. Y.
(2020). Asymptotic accuracy in estimation of a fractional signal in a small
white noise. Automation and Remote Control 81 411-429. MR4100229
KosamBi, D. D. (1943). Statistics in Function Space. Journal of the In-
dian Mathematical Society 7 76-88. MRO0009816


https://mathscinet.ams.org/mathscinet-getitem?mr=0021672
https://mathscinet.ams.org/mathscinet-getitem?mr=0023012
https://mathscinet.ams.org/mathscinet-getitem?mr=0023013
https://mathscinet.ams.org/mathscinet-getitem?mr=4545351
https://mathscinet.ams.org/mathscinet-getitem?mr=3193939
https://mathscinet.ams.org/mathscinet-getitem?mr=4348444
https://mathscinet.ams.org/mathscinet-getitem?mr=2357702
https://mathscinet.ams.org/mathscinet-getitem?mr=4388511
https://mathscinet.ams.org/mathscinet-getitem?mr=1914748
https://mathscinet.ams.org/mathscinet-getitem?mr=1443196
https://mathscinet.ams.org/mathscinet-getitem?mr=1243717
https://mathscinet.ams.org/mathscinet-getitem?mr=2218073
https://mathscinet.ams.org/mathscinet-getitem?mr=3225824
https://mathscinet.ams.org/mathscinet-getitem?mr=1897916
https://mathscinet.ams.org/mathscinet-getitem?mr=4100229
https://mathscinet.ams.org/mathscinet-getitem?mr=0009816

[88]

[89]

[95]

[96]

[97]

(98]
[99]
[100]

[101]

[102]

[103]

[104]

[105]

Lao-small ball asymptotics: a survey 657

KUELBS, J. and L1, W. V. (1993). Metric entropy and the small ball prob-
lem for Gaussian measures. Journal of Functional Analysis 116 133-157.
MR1237989

KueLBs, J., Li, W. V. and LINDE, W. (1994). The Gaussian mea-
sure of shifted balls. Probability Theory and Related Fields 98 143-162.
MR1258983

KUHN, T. (2011). Covering numbers of Gaussian reproducing kernel
Hilbert spaces. Journal of Complezity 27 489-499. MR2805533
LapTEV, A. A. (1974). Spectral asymptotic behavior of a class of integral
operators. Mathematical Notes 16 1038-1043. MRO0372687

L1, W. (1992). Comparison results for the lower tail of Gaussian semi-
norms. Journal of Theoretical Probability 5 1-31. MR1144725

L1, W. V. and LINDE, W. (1993). Small ball problems for non-centered
Gaussian measures. Probability and Mathematical Statistics 14 231-251.
MR1321763

L1, W. and SHAO, Q. M. (2001). Gaussian processes: inequalities, small
ball probabilities and applications. In Stochastic Processes: Theory and
Methods. C.R. Rao and D. Shanbhag (Eds). Handbook of Statistics 19
533-597. North-Holland/Elsevier, Amsterdam. MR1861734

LirsHITS, M. A. (1995). Gaussian random functions. Teor. Veroyatnost. i
Mat. Statist. (TViMS), Kiev [Russian]. English transl.: Kluwer, Dordrecht,
1995. MR1472736

LirsHITS, M. A. (1997). On the lower tail probabilities of some random
series. The Annals of Probability 25 424-442. MR1428515

LirsHITS, M. A. (1999). Asymptotic behavior of small ball probabilities.
In Probability Theory and Mathematical Statistics. Proceedings of the Sev-
enth Vilnius Conference 453-468. VSP/TEV.

LirsHITSs, M. A. (2012). Lectures on Gaussian processes. Springer.
MR3024389

LirsHITS, M. A. (2023). Bibliography of small deviation probabilities.
https://airtable.com/shrMGOnNx19SiGxII/tbl7Xj1lmZW2VuYurm.
LirsHITS, M. A. and NAzAROV, A. I. (2018). Lo-small deviations for
weighted stationary processes. Mathematika 64 387-405. MR3798604
LirsHITS, M. A., Nazarov, A. I. and NIKITIN, Y. Y. (2003). Tail be-
havior of anisotropic norms for Gaussian random fields. Comptes Rendus
Mathematique 336 85-88. MR1968908

LINDE, W. (1994). Comparison results for the small ball behavior of Gaus-
sian random variables. In Probability in Banach Spaces, 9. Progress in
probability 273-292. Springer. MR 1308524

LINDE, W. and ROSINSKI, J. (1994). Exact behavior of Gaussian measures
of translated balls in Hilbert spaces. Journal of Multivariate Analysis 50
1-16. MR1292604

L, J. V. (2013). Karhunen-Lo¢ve expansion for additive Brownian
motions. Stochastic Processes and their Applications 123 4090-4110.
MR3091100

LOEVE, M. (1948). Fonctions aléatoires du second ordre. In P. Lévy.


https://mathscinet.ams.org/mathscinet-getitem?mr=1237989
https://mathscinet.ams.org/mathscinet-getitem?mr=1258983
https://mathscinet.ams.org/mathscinet-getitem?mr=2805533
https://mathscinet.ams.org/mathscinet-getitem?mr=0372687
https://mathscinet.ams.org/mathscinet-getitem?mr=1144725
https://mathscinet.ams.org/mathscinet-getitem?mr=1321763
https://mathscinet.ams.org/mathscinet-getitem?mr=1861734
https://mathscinet.ams.org/mathscinet-getitem?mr=1472736
https://mathscinet.ams.org/mathscinet-getitem?mr=1428515
https://mathscinet.ams.org/mathscinet-getitem?mr=3024389
https://airtable.com/shrMG0nNxl9SiGxII/tbl7Xj1mZW2VuYurm
https://mathscinet.ams.org/mathscinet-getitem?mr=3798604
https://mathscinet.ams.org/mathscinet-getitem?mr=1968908
https://mathscinet.ams.org/mathscinet-getitem?mr=1308524
https://mathscinet.ams.org/mathscinet-getitem?mr=1292604
https://mathscinet.ams.org/mathscinet-getitem?mr=3091100

658

[106]

[107]

[108]

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

A. Nazarov and Y. Petrova

Processus stochastiques et mouvement brownien 367-420. Gauthier-Vil-
lars & C° [French]. MR0190953

LuscHGY, H. and PaGES, G. (2004). Sharp asymptotics of the functional
quantization problem for Gaussian processes. The Annals of Probability
32 1574-1599. MR2060310

MaRKUS, A. S. and MaTsagEv, V. I. (1982). Comparison theorems for
spectra of linear operators and spectral asymptotics. Trudy Moskovskogo
Matematicheskogo Obshchestva 45 133-181. [Russian]. MR0704630
MAYER-WoOLF, E. and Zerruni, O. (1993). The probability of small
Gaussian ellipsoids and associated conditional moments. The Annals of
Probability 21 14-24. MR1207213

MiNkOWSKI, H. (1904). Zur Geometrie der Zahlen. In Verhandlungen
des III Internationalen Mathematiker-Kongresses in Heidelberg, Berlin
164-173. [German].

NAGAEV, A. V. and STARTSEV, A. N. (1981). Asymptotic properties of
the distribution of an infinite quadratic form of Gaussian random vari-
ables. In Limit Theorems for Stochastic Processes and Statistical Conclu-
sions, Work Collection, Tashkent 144-160. [Russian]. MR0680440
NAIMARK, M. A. (1969). Linear Differential Operators. Second edition,
Nauka, Moscow [Russian]. English transl. of the first edition: Linear Dif-
ferential Operators. Part I. F. Ungar Publ. Co. XIII, New York, 1967. Part
IT. F. Ungar Publ. Co. XV, New York, 1968. MR0262880

Nazarov, A. 1. (2003). On the sharp constant in the small ball asymp-
totics of some Gaussian processes under Lo-norm. Journal of Mathematical
Sciences 117 4185-4210. MR2027455

Nazarov, A. I. (2004). Logarithmic asymptotics of small deviations for
some Gaussian processes in the Lo-norm with respect to a self-similar mea-
sure. Zapiski Nauchnykh Seminarov POMI 311 190-213. [Russian]|. En-
glish transl.: Journal of Mathematical Sciences, 133(3):1314-1327, 2006.
MR2092208

Nazarov, A. I. (2009). Exact Lo-small ball asymptotics of Gaussian
processes and the spectrum of boundary-value problems. Journal of The-
oretical Probability 22 640-665. MR2530107

Nazarov, A. 1. (2009). On a set of transformations of Gaussian random
functions. Teoriya Veroyatnostei i ee Primeneniya 54 209-225. [Russian].
English transl.: Theory of Probability & Its Applications, 54(2):203-216,
2010. MR2761552

Nazarov, A. I. (2009). Log-level comparison principle for small ball
probabilities. Statistics € Probability Letters 79 481-486. MR2494639
Nazarov, A. 1. (2020). Some lemmata on the perturbation of the spec-
trum. Russian Journal of Mathematical Physics 27 378-381. MR4145907
Nazarov, A. I. (2021). Spectral asymptotics for a class of integro-
differential equations arising in the theory of fractional Gaussian processes.
Communications in Contemporary Mathematics 23 2050049. MR4289918
Nazarov, A. I. and Nazarov, F. L. (2004). On Some Property of
Convex Functions and an Inequality for the Vandermonde Determinants.


https://mathscinet.ams.org/mathscinet-getitem?mr=0190953
https://mathscinet.ams.org/mathscinet-getitem?mr=2060310
https://mathscinet.ams.org/mathscinet-getitem?mr=0704630
https://mathscinet.ams.org/mathscinet-getitem?mr=1207213
https://mathscinet.ams.org/mathscinet-getitem?mr=0680440
https://mathscinet.ams.org/mathscinet-getitem?mr=0262880
https://mathscinet.ams.org/mathscinet-getitem?mr=2027455
https://mathscinet.ams.org/mathscinet-getitem?mr=2092208
https://mathscinet.ams.org/mathscinet-getitem?mr=2530107
https://mathscinet.ams.org/mathscinet-getitem?mr=2761552
https://mathscinet.ams.org/mathscinet-getitem?mr=2494639
https://mathscinet.ams.org/mathscinet-getitem?mr=4145907
https://mathscinet.ams.org/mathscinet-getitem?mr=4289918

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

[130]

[131]

[132]

[133]

Lao-small ball asymptotics: a survey 659

Journal of Mathematical Sciences 120 1122-1124. MR2099062
Nazarov, A. I. and NIKITIN, Y. Y. (2004). Exact Ly-small ball behav-
ior of integrated Gaussian processes and spectral asymptotics of bound-
ary value problems. Probability Theory and Related Fields 129 469-494.
MR2078979

Nazarov, A. I. and NIKITIN, Y. Y. (2004). Logarithmic Lo-small ball
asymptotics for some fractional Gaussian processes. Teoriya Veroyatnos-
tei i ee Primeneniya 49 695-711. [Russian]. English transl.: Theory of
Probability & Its Applications, 49(4):645-658, 2005. MR2142562
Nazarov, A. I. and NIKITIN, Y. Y. (2018). On small deviation asymp-
totics in Lo of some mixed Gaussian processes. Mathematics 6 55.
NazArov, A. I. and NIKITIN, Y. Y. (2021). Gaussian processes centered
at their online average, and applications. Statistics & Probability Letters
170 109013. MR4192344

Nazarov, A. I. and NIKITIN, Y. Y. (2022). Spectral equivalence of
Gaussian random functions: operator approach. Bernoulli 28 1448-1460.
MR4388945

NazArov, A. I. and PETROVA, Y. P. (2015). The small ball asymptotics
in Hilbert Norm for the Kac—Kiefer—-Wolfowitz processes. Teoriya Veroy-
atnostei i ee Primeneniya 60 482-505. [Russian|. English transl.: Theory
of Probability & Its Applications, 60(3):460-480, 2016. MR3568791
Nazarov, A. I. and PETROVA, Y. P. (2023). Ly-small ball asymptotics
for some demeaned Gaussian processes. Technical Report, in preparation.
Nazarov, A. I. and Pusev, R. S. (2009). Exact small ball asymptotics in
weighted Lo-norm for some Gaussian processes. Journal of Mathematical
Sciences 163 409-469. MR2749130

Nazarov, A. I. and Puskv, R. S. (2013). Comparison theorems for
the small ball probabilities of the Green Gaussian processes in weighted
Lo-norms. Algebra i Analiz 25 131-146. [Russian]. English transl.: St. Pe-
tersburg Mathematical Journal, 25(3):455-466, 2014. MR3184601
Nazarov, A. I. and SHEIPAK, I. A. (2012). Degenerate self-similar mea-
sures, spectral asymptotics and small deviations of Gaussian processes.
Bulletin of the London Mathematical Society 44 12-24. MR2881320
NikiTiN, Y. Y. and KHARINSKI, P. A. (2004). Sharp Small Deviation
Asymptotics in the Lo-norm for a Class of Gaussian Processes. Zapiski
Nauchnykh Seminarov POMI 311 214-221. [Russian]. English transl.:
Journal of Mathematical Sciences, 133(3):1328-1332, 2006. MR2092209
NIKITIN, Y. Y. and ORSINGHER, E. (2004). Sharp small ball asymp-
totics for Slepian and Watson processes in Hilbert norm. Zapiski Nauch-
nykh Seminarov POMI 320 120-128. [Russian]|. English transl.: Journal
of Mathematical Sciences, 137(1):4555-4560, 2006. MR2115871
NIKITIN, Y. Y. and Pusev, R. S. (2012). Exact small deviation asymp-
totics for some Brownian functionals. Teoriya Veroyatnostei i ee Prime-
neniya 57 98-123. [Russian]. English transl.: Theory of Probability & Its
Applications, 57(1):60-81, 2013. MR3201638

PAL'TSEV, B. V. (1974). The asymptotics of the spectrum and eigenfunc-


https://mathscinet.ams.org/mathscinet-getitem?mr=2099062
https://mathscinet.ams.org/mathscinet-getitem?mr=2078979
https://mathscinet.ams.org/mathscinet-getitem?mr=2142562
https://mathscinet.ams.org/mathscinet-getitem?mr=4192344
https://mathscinet.ams.org/mathscinet-getitem?mr=4388945
https://mathscinet.ams.org/mathscinet-getitem?mr=3568791
https://mathscinet.ams.org/mathscinet-getitem?mr=2749130
https://mathscinet.ams.org/mathscinet-getitem?mr=3184601
https://mathscinet.ams.org/mathscinet-getitem?mr=2881320
https://mathscinet.ams.org/mathscinet-getitem?mr=2092209
https://mathscinet.ams.org/mathscinet-getitem?mr=2115871
https://mathscinet.ams.org/mathscinet-getitem?mr=3201638

660

[134]

[135]

[136]

[137]

138

[139]

[140]

[141]

[142]

[143]

[144]

[145]

[146]

[147]

A. Nazarov and Y. Petrova

tions of convolution operators on a finite interval with a kernel with a ho-
mogeneous Fourier transform. Doklady Akademii Nauk SSSR 218 28-31.
[Russian]. MR0355697

PAL'TSEV, B. V. (2003). Asymptotic behaviour of the spectra of integral
convolution operators on a finite interval with homogeneous polar kernels.
Tzvestiya: Mathematics 67 695-779. MR2001765

PAPAGEORGIOU, A. and WASILKOWSKI, G. W. (1990). On the aver-
age complexity of multivariate problems. Journal of Complezity 6 1-23.
MR1048027

PeccaTi, G. and YOR, M. (2006). Identities in law between quadratic
functionals of bivariate Gaussian processes, through Fubini theorems and
symmetric projections. In Approzimation and probability. Banach Center
Publications 72 235-250. Polish Academy of Sciences, Institute of Math-
ematics. MR2325748

PELTIER, R. F. and LEVY VEHEL, J. (1995). Multifractional Brownian
motion: definition and preliminary results. Technical Report, INRIA.
PETROVA, Y. P. (2017). Exact Le-small ball asymptotics for some Durbin
processes. Zapiski Nauchnykh Seminarov POMI 466 211-233. [Russian].
English transl.: Journal of Mathematical Sciences, 244(5):842-857, 2020.
MR3760053

PETROVA, Y. P. (2017). Spectral asymptotics for problems with integral
constraints. Mathematical Notes 102 369-377. MR3691705

PETROVA, Y. P. (2021). Lo-small ball asymptotics for a family of finite-
dimensional perturbations of Gaussian functions. Zapiski Nauchnykh Sem-
inarov POMI, Ya.Yu. Nikitin’s memorial volume 501 236-258. [Russian]|.
MR4328192

PUsEv, R. S. (2008). Small deviations for Matérn random fields and pro-
cesses in the Hilbert norm. Doklady Mathematics T8 778-780. MR2477245
Pusev, R. S. (2010). Asymptotics of small deviations of the Bogoliubov
processes with respect to a quadratic norm. Theoretical and Mathematical
Physics 165 1348-1357.

Pusev, R. S. (2010). Small Deviations Asymptotics for Matérn Processes
and Fields under Weighted Quadratic Norm. Teoriya Veroyatnostei i ee
Primeneniya 55 187-195. [Russian|. English transl.: Theory of Probability
& Its Applications, 55(1):164-172, 2011. MR2768527

PyckE, J. R. (2001). Une généralisation du développement de Karhunen—
Lo¢ve du pont brownien. Comptes Rendus de I’Académie des Sciences-
Series I-Mathematics 333 685—-688. [French]. MR1868238

PYCKE, J. R. (2003). Un lien entre le développement de Karhunen-Loeéve
de certains processus gaussiens et le laplacien dans des espaces de Rie-
mann, PhD thesis, Paris 6 [French].

PyckE, J. R. (2003). Multivariate extensions of the Anderson-Darling
process. Statistics € Probability Letters 63 387-399. MR1996187
PYCKE, J. R. (2021). On Three Families of Karhunen-Loéve Expansions
Associated with Classical Orthogonal Polynomials. Results in Mathemat-
ics 76 1-27. MR4279486


https://mathscinet.ams.org/mathscinet-getitem?mr=0355697
https://mathscinet.ams.org/mathscinet-getitem?mr=2001765
https://mathscinet.ams.org/mathscinet-getitem?mr=1048027
https://mathscinet.ams.org/mathscinet-getitem?mr=2325748
https://mathscinet.ams.org/mathscinet-getitem?mr=3760053
https://mathscinet.ams.org/mathscinet-getitem?mr=3691705
https://mathscinet.ams.org/mathscinet-getitem?mr=4328192
https://mathscinet.ams.org/mathscinet-getitem?mr=2477245
https://mathscinet.ams.org/mathscinet-getitem?mr=2768527
https://mathscinet.ams.org/mathscinet-getitem?mr=1868238
https://mathscinet.ams.org/mathscinet-getitem?mr=1996187
https://mathscinet.ams.org/mathscinet-getitem?mr=4279486

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]
[158]

[159]

[160]

[161]

Lao-small ball asymptotics: a survey 661

QIaN, H. (2003). Fractional Brownian motion and fractional Gaus-
sian noise. In Processes with Long-Range Correlations. Lecture Notes in
Physics 621 22-33. Springer.

RAL'CHENKO, K. V. and SHEVCHENKO, G. M. (2009). Path properties
of multifractal Brownian motion. Teoriya Imovirnostet ta Matematychna
Statystyka 80 106-116. [Ukrainian]. English transl.: Theory of Probability
and Mathematical Statistics, 80:119-130, 2010. MR2541957
RasMusseN, C. E. and WiLLiams, C. K. I. (2006). Gaussian processes
for machine learning 1. MIT Press, Cambridge. MR2514435
RASTEGAEV, N. V. (2014). On spectral asymptotics of the Neumann
problem for the Sturm-Liouville equation with self-similar weight of gener-
alized Cantor type. Zapiski Nauchnykh Seminarov POMI 425 86-98. [Rus-
sian]. English transl.: Journal of Mathematical Sciences, 210(6):814-821,
2015. MR3407794

RASTEGAEV, N. V. (2017). On spectral asymptotics of the tensor product
of operators with almost regular marginal asymptotics. Algebra i Analiz 29
197-229. [Russian]. English transl.: St. Petersburg Mathematical Journal,
29(6):1007-1029, 2018. MR3723816

RASTEGAEV, N. V. (2020). On the spectrum of the Sturm—Liouville prob-
lem with arithmetically self-similar weight. Technical Report, arXiv:2011.
13064.

RITTER, K., WASILKOWSKI, G. W. and WOZNIAKOWSKI, H. (1995).
Multivariate integration and approximation for random fields satisfying
Sacks—Ylvisaker conditions. The Annals of Applied Probability 5 518-540.
MR1336881

Rozovskir, L. V. (2017). Small deviation probabilities of weighted sum of
independent random variables with a common distribution having a power
decrease in zero under minimal moment assumptions. Teoriya Veroyat-
nostei i ee Primeneniya 62 610-616. [Russian]. English transl.: Theory of
Probability and its Applications, 62(3):491-495, 2018. MR3684651
Rozovsky, L. V. (2018). On the Exact Asymptotics of Small Deviations
of Lo-Norm for Some Gaussian Random Fields. Teoriya Veroyatnostei i ee
Primeneniya 63 468-481. [Russian]. English transl.: Theory of Probability
& Its Applications, 63(3):381-392, 2019. MR3833093

Rozovsky, L. V. (2019). Small ball probabilities for certain Gaussian
random fields. Journal of Theoretical Probability 32 934-949. MR3959633
Rozovsky, L. V. (2021). On Small Deviation Asymptotics in the Lo-
Norm for Certain Gaussian Processes. Mathematics 9 655.

RYVKINA, J. (2015). Fractional Brownian motion with variable Hurst pa-
rameter: definition and properties. Journal of Theoretical Probability 28
866-891. MR3413959

SENETA, E. (1976). Regularly varying functions. Lecture Notes in Mathe-
matics 508. Springer-Verlag Berlin. MR0453936

SHEIPAK, I. A. (2010). Singular points of a self-similar function of spectral
order zero: self-similar Stieltjes string. Mathematical Notes 88 275-286.
MR2867056


https://mathscinet.ams.org/mathscinet-getitem?mr=2541957
https://mathscinet.ams.org/mathscinet-getitem?mr=2514435
https://mathscinet.ams.org/mathscinet-getitem?mr=3407794
https://mathscinet.ams.org/mathscinet-getitem?mr=3723816
https://arxiv.org/abs/2011.13064
https://arxiv.org/abs/2011.13064
https://mathscinet.ams.org/mathscinet-getitem?mr=1336881
https://mathscinet.ams.org/mathscinet-getitem?mr=3684651
https://mathscinet.ams.org/mathscinet-getitem?mr=3833093
https://mathscinet.ams.org/mathscinet-getitem?mr=3959633
https://mathscinet.ams.org/mathscinet-getitem?mr=3413959
https://mathscinet.ams.org/mathscinet-getitem?mr=0453936
https://mathscinet.ams.org/mathscinet-getitem?mr=2867056

662

[162]

[163]

[164]

[165]

[166]

[167]

[168]

[169]

[170]

[171]

[172]

[173]

[174]

[175]

[176]

A. Nazarov and Y. Petrova

SHEIPAK, I. A. (2015). Asymptotics of the spectrum of a differential oper-
ator with the weight generated by the Minkowski function. Mathematical
Notes 97 289-294. MR3370516

SHKALIKOV, A. A. (1982). Boundary-value problems for ordinary differ-
ential equations with a parameter in the boundary conditions. Functional
analysis and its applications 16 324-326. MR0684145

SHKALIKOV, A. A. (1983). Boundary-value problems for ordinary dif-
ferential equations with a parameter in the boundary conditions. Trudy
Seminara imeni I.G. Petrovskogo 9 190-229. [Russian]. English transl.:
Journal of Soviet Mathematics, 33(6):1311-1342, 1986. MR0731903
SOLOMYAK, M. Z. and VERBITSKY, E. (1995). On a Spectral Problem
Related to Self-Similar Measures. Bulletin of the London Mathematical
Society 27 242-248. MR1328700

SyTAYA, G. N. (1974). On some asymptotic representations of the Gaus-
sian measure in a Hilbert space. Theory of Stochastic Processes 2 93—104.
[Russian]. MR0362471

TAMARKIN, J. (1912). Sur quelques points de la theorie des equations
differentielles lineaires ordinaires et sur la generalisation de la serie de
Fourier. Rendiconti del Circolo Matematico di Palermo (1884-1940) 34
345-382. [French].

TAMARKIN, J. (1928). Some general problems of the theory of ordinary lin-
ear differential equations and expansion of an arbitrary function in series
of fundamental functions. Mathematische Zeitschrift 27 1-54. MR1544895
UKkAI, S. (1971). Asymptotic Distribution of Eigenvalues of the Kernel
in the Kirkwood-Riseman Integral Equation. Journal of Mathematical
Physics 12 83-92. MR0275084

VAN DER VAART, A. and VAN ZANTEN, J. H. (2008). Rates of contraction
of posterior distributions based on Gaussian process priors. The Annals
of Statistics 36 1435-1463. MR2418663

VAN DER VAART, A. and WELLNER, J. A. (1986). Weak convergence
and empirical processes with applications to statistics. Springer Series in
Statistics. NY, Springer. MR1385671

VLiADIMIROV, A. A. (2015). Oscillation method in the spectral problem
for a fourth order differential operator with a self-similar weight. Algebra
i Analiz 27 83-95. [Russian]. English transl.: St. Petersburg Mathematical
Journal, 2'7(2):237-244, 2016. MR3444462

VLADIMIROV, A. A. (2019). On a class of singular Sturm-Liouville prob-
lems. Transactions of the Moscow Mathematical Society 80 211-219.
MR4082869

VLADIMIROV, A. A. and SHEIPAK, I. A. (2006). Indefinite Sturm-
Liouville problem for some classes of self-similar singular weights. Pro-
ceedings of the Steklov Institute of Mathematics 255 82-91. MR2301611
VLADIMIROV, A. A. and SHEIPAK, I. A. (2006). Self-similar functions
in Ly and the Sturm—Liouville problem with a singular indefinite weight.
Sbornik: Mathematics 197 13-30. MR2437086

VLADIMIROV, A. A. and SHEIPAK, I. A. (2010). Asymptotics of the eigen-


https://mathscinet.ams.org/mathscinet-getitem?mr=3370516
https://mathscinet.ams.org/mathscinet-getitem?mr=0684145
https://mathscinet.ams.org/mathscinet-getitem?mr=0731903
https://mathscinet.ams.org/mathscinet-getitem?mr=1328700
https://mathscinet.ams.org/mathscinet-getitem?mr=0362471
https://mathscinet.ams.org/mathscinet-getitem?mr=1544895
https://mathscinet.ams.org/mathscinet-getitem?mr=0275084
https://mathscinet.ams.org/mathscinet-getitem?mr=2418663
https://mathscinet.ams.org/mathscinet-getitem?mr=1385671
https://mathscinet.ams.org/mathscinet-getitem?mr=3444462
https://mathscinet.ams.org/mathscinet-getitem?mr=4082869
https://mathscinet.ams.org/mathscinet-getitem?mr=2301611
https://mathscinet.ams.org/mathscinet-getitem?mr=2437086

[177]

[178]

[179]

[180]

[181]

Lao-small ball asymptotics: a survey 663

values of the Sturm-Liouville problem with discrete self-similar weight.
Mathematical Notes 88 637-646. MR2868390

VLADIMIROV, A. A. and SHEIPAK, I. A. (2012). Asymptotics of eigen-
values in a problem of high even order with discrete self-similar weight.
Algebra i Analiz 24 104-119. [Russian]. English transl.: St. Petersburg
Mathematical Journal, 24(2):263-273, 2013. MR3013324

VLADIMIROV, A. A. and SHEIPAK, I. A. (2013). On the Neumann prob-
lem for the Sturm—Liouville equation with Cantor-type self-similar weight.
Functional Analysis and Its Applications 47 261-270. MR3185121
WEvYL, H. (1912). Das asymptotische Verteilungsgesetz der Eigenwerte
linearer partieller Differentialgleichungen. Mathematische Annalen 71
441-479. [German]. MR1511670

Wipom, H. (1964). Asymptotic behavior of the eigenvalues of certain
integral equations. II. Archive for Rational Mechanics and Analysis 17
215-229. MR0169015

ZOLOTAREV, V. M. (1984). Asymptotic behavior of the Gaussian measure
in ly. Problemy Ustoichivosti Stokhasticheskikh Modelei — Trudy Seminara,
Moscow 54-58. [Russian]. English transl.: Journal of Soviet Mathematics,
24:2330-2334, 1986. MR0859211


https://mathscinet.ams.org/mathscinet-getitem?mr=2868390
https://mathscinet.ams.org/mathscinet-getitem?mr=3013324
https://mathscinet.ams.org/mathscinet-getitem?mr=3185121
https://mathscinet.ams.org/mathscinet-getitem?mr=1511670
https://mathscinet.ams.org/mathscinet-getitem?mr=0169015
https://mathscinet.ams.org/mathscinet-getitem?mr=0859211

	Introduction
	First works
	Second wave
	Exact asymptotics: Green Gaussian processes and beyond
	Green Gaussian processes and their properties
	Exact TEXT-small ball asymptotics for the Green Gaussian processes
	Finite-dimensional perturbations of Gaussian random vectors
	Perturbations from the kernel of the original Gaussian random vector
	Detrended Green Gaussian processes

	Fractional Gaussian noise and related processes
	Tensor products

	Logarithmic asymptotics
	General assertions
	Power asymptotics
	Regularly varying asymptotics
	Almost regular asymptotics
	Slowly varying asymptotics

	Acknowledgments
	Appendix. TEXT-small ball asymptotics for concrete processes
	References

