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Abstract: We study the nonparametric estimation of the underlying sur-
vival function of a survival time in a study with cross-sectional sampling
without any follow-up. Under a stationarity assumption on disease inci-
dence rate in the population, the survival function Sp is related to the
observed density of the backward recurrence time, fo, via the relationship
So(z) = fo(z)/fo(0). As fo(z) is non-decreasing, it is well-known that
the nonparametric maximum likelihood estimator of fy at z = 0 is in-
consistent. In this article, we establish the asymptotic distributions of the
estimators of So(z) when different consistent estimators of fo(0) are used.
Such results are currently missing in the literature. Another contribution
is the establishment of a local Kiefer-Wolfowitz-type result of the form
SUPgc[0,y] | Fn (@) —Fp(x)] = Op(n=2/3(logn)2/3) that makes use of weaker
assumptions than existing results, where [F,, and F,, are the empirical dis-
tribution function and its least concave majorant, respectively.
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1. Introduction

Cross-sectional surveys often collect information on time since a certain incident
event, but there is no follow-up of the study participants to collect the end-points
of interest. The time from the initial event to the sampling time is known as the
backward recurrence time or current duration data. Current duration data are
collected in studies of time to pregnancy [11], length of residency [28], duration
between episodes of psychiatric disorders [17], among others. However, the goal
is often to estimate the survival function of the full duration between the initial
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event and an endpoint of interest, but the endpoints are never observed or always
censored as there is no active follow-up.

An additional complication of current duration data is that the survival times
from the population do not have the same chance of being sampled. In particu-
lar, subjects with a longer survival time are more likely to be sampled. Let Y be
the unobserved survival time, which is the time from a disease incidence event to
a failure event of interest. An assumption that the disease incidence rate in the
population remains constant over calendar time and independent of individual
survival time, often referred to as a stationary disease incidence assumption, are
often assumed for cross-sectional sampling [26], because under the assumption
cross-sectional sampling is length-biased [2]. Let Y* be the length-biased version
of Y which is potentially observed from the cross-sectional sample when there is
complete follow-up. As there is no follow-up in our consideration, all the survival
times are immediately censored at recruitment and we only observe the back-
ward recurrence time X, which can be represented as X = Y*U [25, 24], where
U is a standard uniform random variable on [0,1] and it is also independent
of Y*. The form of the distortion Y*U is also known as multiplicative censoring
because the incompleteness of the Y* results from Y being scaled down by an
independent random variable U [25]. Recall Sy denotes the survival function
of Y. The density of X, fo, is then given by the following key formula [2]:

__ So(z)
fooo So (y)dy 7

where we assume throughout that E(Y) = [~ So(y)dy < oc.
In this article, we study the nonparametric estimation of Sy. Certainly,

_ Jfo(z)
fo(0)

for any z > 0, and we could estimate Sy whenever an estimate of fy is avail-
able. Since Sy is by definition decreasing, fy is also decreasing. The nonpara-
metric maximum likelihood estimator (NPMLE) of fy is given by the Grenan-
der estimator f, [5] of the backward recurrence times. However, [27] pointed
out that f,(0) := f,(0+) is not a consistent estimator of f5(0). As a result,
Sp(z) := fn(x)/fn(0) will also not be a consistent estimator of Sy(z). Different
alternative consistent estimators of fy(0) has been proposed in the literature:
based on a penalized likelihood [27], using the first bin of a simple histogram
[8], a local [14] and a smoothed Grenender estimator [8].

With a consistent estimator of fo(0), say f,(0), we can obtain a consistent
estimator of So(z) of the form S, (z) = f,,(x)/fn(0), where f,(z) is a consistent
estimator of fy(x) using, for example, the Grenander estimator, its penalized
or smoothed version. Nevertheless, to the best of our knowledge, theoretical
properties of Sn(x) have not yet been studied. Our main result in this paper is
to fill in this gap by establishing the asymptotic distributions of S, () at any
interior point of the support of Y, where f,(0) can be the different estimators
introduced above.

fo()

So(z) (1.1)
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The main crux of establishing the asymptotic distribution of S,(z) is to
observe that f,(x) and f,(0) are asymptotically independent for a variety of
choice of f,(x) and f,,(0). This insight results from the switch relation (3.2)
and the Hungarian approximation [13], so that the estimators f,(2) and f,(0)
will be related to Brownian motions in non-overlapping intervals asymptotically,
which is the source of independence.

Another contribution of this paper is the establishment of a local Kiefer-
Wolfowitz-type result that requires weaker assumptions than those in [12, 4].
Roughly speaking, [12] proved in their Theorem 1 that, if fy is bounded away
from 0 with a continuous first derivative fj that is bounded and away from 0,
then, with probability one, the maximum absolute distance between F, and F,, is
of the order n=2/31ogn. [4] considered Grenander-type estimators for monotone
functions in a more general setting. This kind of Kiefer-Wolfowitz-type result
has been applied to study the asymptotic optimality of shape-constrained es-
timators and bootstrap theory (see, e.g., [8] and the references therein) which
could be of independent interest. However, under our setting, the condition in
[12] or [4] corresponds to that Sy is bounded away from 0, and this must lead
to problematic formulation because Sy is a survival function and should be ulti-
mately equal to 0 at the endpoint. We weakened this assumption but allow the
result to be valid over a local region.

The organization of this paper is as follows. In Section 2, we first discuss the
non-uniqueness and inconsistency of nonparametric maximum likelihood esti-
mation and then review four different classes of consistent estimators, including
estimators based on the penalized estimator, the histogram estimator, the local
Grenander estimator and the smoothed Grenander estimator. Next, we establish
the asymptotic distributions of the above estimators at a fixed interior point as
well as a local Kiefer-Wolfowitz resul under relaxed conditions in Section 3. Sec-
tion 4 provides some numerical comparisons of different estimators. A real data
application is given in Section 5. Some discussions are provided in Section 6.
Proofs of the theoretical results are given in the appendix.

2. Nonparametric estimators and their consistencies

In this article, we focus on the nonparametric estimation of the survival func-
tion Sy. We first note that the NPMLE for Sj is not necessarily the plug-in
estimator obtained by using (1.1) with fo being replaced by f,,, the NPMLE for
fo, unless there is an additional constraint. In addition, it is well-known that
fn(0) := f,(0+) is inconsistent, which also leads to the inconsistency of the
plug-in estimator for Sy(x); see [27]. We then review four different consistent
estimators of fy(0) proposed in the literature and formally define and establish
the consistency of the corresponding estimators of Sy(z). This then enables us
to establish the asymptotic distribution of the estimators of Sp(x).
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2.1. Nonparametric maximum likelithood estimation

Given a random sample of current duration data Xi,...,X, as described in
Section 1, the likelihood function in an arbitrary survival function S is
T S(X)
L,(S) = || o, (2.1)
il;[ fo S(y)dy

subject to S € S := {H : H is a survival function on [0,00)}. On the other
hand, the likelihood function in an arbitrary density function f is

Lna(f) = [T £(X0), (2.2)

subject to f € F := {h: (0,00) = [0,00) : h is decreasing and [, h(y)dy = 1}.
The NPMLE of (2.2) subject to f € F is the well-known Grenander estimator
5], and we denote it by f,,. The Grenander estimator can be characterized as the
left-continuous slope of the least concave majorant of the empirical distribution
function of X;’s. Assuming that all the observations are distinct, it can also be
computed using the following formula:

; G i)/

Jn(X@)) = min max

for k=1,...
0<i<kk<j<n X(jy — X5 or N

where X(;)’s are the order statistics of X;’s with X(;) < -+ < X(); see [20].
In view of (1.1), a natural nonparametric estimator of Sy would be the plug-in
estimator: .
N fAn (=) > 0:
Su(z) = Fuey T20 (2.3)
1, z <0,
which is well-received in the community; for instance, see [11]; here, fn(O) =
Jn(04), which is equal to f,,(X(1))-
However, it is not immediate that S, is the NPMLE of (2.1) although fn is
the NPMLE of (2.2); in fact, if S € S maximizes L,,, then for any ¢ > 1, define

1, if £ = 0;
Se(@) = {S(w)/c, if x > 0.

Then, S, € S and L, (S) = L, (Sc). This means that the maximizer of L subject
to S € § is not unique without some additional appropriate constraints. This is
unlike the case of density estimation under monotonicity, where the constraint
that the density integrates to 1 alone ensures the uniqueness of the NPMLE. A
natural choice is to confine that

S(Xw) =1, (2.4)

as X (1) is physically the first observation. In the following Lemma 2.1, we shall

show that S, defined in (2.3) is the unique maximizer of L, under the additional
constraint of (2.4).
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Lemma 2.1. Any possible maximizer of L, is in the form of:

fn(@) 0:
Sn,c(frf) = {1 c Zji z 07 (25)

for some ¢ > fn(()) Hence, the unique mazimizer of L, subject to (2.4) is S,
defined in (2.3).

2.2. Consistent nonparametric estimators

Let 7 := inf{z € (0,00) : fo(z) = 0}. While f,(z) is a consistent estimator of
fo(x) for any 2 € (0,7) (see Corollary 3.1 in [8]), [27] noted that f,,(0) is not a
consistent estimator for fo(0); from which, in fact, if fo(0) < 0o, f,,(0)/fo(0) A
suplgj<ooj/Fj 4 1/U, where T';’s are partial sums of independent and identi-
cally standard exponential random variables and U is a uniform random variable
on [0, 1]. Furthermore, f,,(0) is simply too big as P(sup; << (i/T'j) > 1) = 1 by
the strong law of large numbers. As a result, the estimator S,, () = f,(z)/fn(0)
is not a consistent estimator of So(z) = fo(z)/fo(0) for any = € (0,7). In this
subsection, we shall discuss four different classes of consistent nonparametric
estimators for Sp(x), x > 0, based on various consistent estimators and their
variants of fo(0) proposed in the literature. The corresponding asymptotic dis-
tributions of these estimators will be established in Section 3.

2.2.1. Assumptions for asymptotic results

We first state the conditions under which the asymptotic results in Subsec-
tion 2.2 and Section 3 will be derived. Let £*(0) := lim,,o f* () and S (0):=
lim, o Sék)(x). Fix zo € (0, 7).

Cyl fy is decreasing and 0 < f,(0) < oo;

Cr2 0 <|fg(wo)| < o0;

Cy3 0 < [fd (wo)| < o0

Cy4 for some k> 1,0 < |f(§k)(0)| < oo and féi)(O) =0for1<i<k-1,

or
Cy4’ for some k > 1, 0 < |fék)(0)| < sup,sg \fék)(s)| < o0 and fél) (0) = 0 for
1<i<k-1;

Cr2 is used for establishing the asymptotic distribution of the Grenander
estimator at an interior point of the support; see [6]. C'¢3 is used for establishing
the asymptotic distribution based on smoothed Grenander estimator, which
is a standard assumption for density estimation using kernel smoothing when
deriving the asymptotic distribution; see [15]. The asymptotic behaviours of
different consistent estimators of fo(0) depend on the smoothness of fy at 0.
Clearly, C's4 is strictly weaker than C'y4’. C'r4’ is used in [14], where they studied



Nonparametric estimation for cross-sectional sampled data 2751

the behavior of the Grenander estimator fn near the boundaries of the support of
a decreasing density. The canonical examples that satisfies C;4’ (and therefore
also for Cf4) for k = 1 and k = 2 are the exponential distributions and the
half-normal distributions, respectively.

The followings are the corresponding equivalent conditions in terms of Sj.

Csl 0<f0 So(y)dy < o0;

Cs2 0< |So(x0)| < 00;

Cs3 0 < |57 (wo)| < o0;

Cgs4 for some k> 1,0 < |S(()k)(0)| < oo and S((f)(O) =0for1<i<k-—1;

Cs4’ for some &k > 1,0 < [S5(0)] < sup,s|S5™ (s)] < oo, and S (0) = 0 for
1<i1<k—1;

Recall that gg is the density of Y, the underlying variable of interest. That is
go(x) = —S{(x). Hence, for densities such that go(0) € (0,00), Cs4 is satisfied
with k = 1 (e.g., exponential and half-normal distribution). For densities such
that go(0) = 0 but |g((0)| € (0,00), Cs4 is satisfied with £ = 2 (e.g., gamma
distribution with shape and scale parameters being equal to 2).

2.2.2. Penalized NPMLE

As mentioned in Section 2.1, f, (0) is simply too big and inconsistent. [27] pro-
posed a penalized version of the log-likelihood by maximizing

n 2, a Z logf i) TLOZf(0+), (26)

where a > 0 is a penalty parameter to be determined, but we assume throughout
that o < X(y,). From now on, we denote fP to be the penalized NPMLE for f.
Tt is also shown in [27] that the penalized NPMLE has the same form that can
be achieved as the unpenalized one but with transformed variables X1,..., X,
from X,’s in the following way. Given a penalty parameter «, let X, := 0 and
X; = Xi(a) == a+ YaX (), for i = 1,...,n, where 7, is the unique, positive
number satisfying the following equation:

vy = min {1 — L/n}
1<i<n a+vXu )
The penalized NPMLE is a step function with jumps possibly at X;’s with its
value at the point X(; being equal to the value of the Grenander estimator
computed from the transformed sample of X1,..., X, at X;.
With the penalized estimator fI, it has been noted that (e.g. [11]) one can

use fP(x)/fF(0) to estimate So(z). To formally recognize that this estimator is
the NPMLE of a penalized log-likelihood, we define the penalized log-likelihood

lno(S) = Zlog {ﬂ} — naofg&, (2.7)
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subject to S € S, as f(0+) = %. As in the case without penalization, [,, o
0

does not admit a unique maximizer without any further constraint; henceforth,

we impose the same constraint of (2.4) as in the unpenalized case. We shall then

show that the maximizer is given by

R f:f(:v) x> 0:
SP(z)y:=< froy T = (2.8)
1, x <0,
where fF(0) := fF(0+4).
Lemma 2.2. Any mazimizer of l,, o s in the form of:
S (x) .
SP (z):={ e #>0; 2.9
E@) {L ey (29)

for some ¢ > fnﬁa(O). Hence, the unique maximizer of 1. subject to (2.4) is
SP as defined in (2.8).

The consistency of SF () follows from that of £ (z) and fF(0).

Lemma 2.3. If o, — 0 and no,, — 00 as n — 0o, and Sy is strictly decreasing
near zero, then SF(z) 5 S, (x) for x € [0, 7).

2.2.3. Using a histogram estimator

Let F,, be the empirical distribution of X7, ..., X,,. To estimate f;(0), a natural
and simple histogram estimator is suggested in [8] (see also [10]):

FH0) = fi, (0) = =12,

where the bin width {b,,} is a vanishing sequence of positive numbers. Assuming
fo(0) < coand | f}(0)| < oo, the asymptotic mean square error optimal choice for
b, can be shown to be {2f0(0)/f5(0)2}}/3n=1/3; see [10]. The following lemma
gives a more general result on the asymptotic mean square error optimal choice
of b, for ff (0) under different regularity conditions of fo at 0 as stated in C'¢4.
The corresponding statement in [8] corresponds to the case when k = 1. Given
two sequences {p, } and {¢, }, the notation p,, ~ ¢, means p, /g, — 1 asn — oco.

Lemma 2.4. Under Cyj for some k > 1, E(fF(0)) — fo(0) ~ ék)(O)bfL/k!,
Var(fF(0)) ~ ﬁfO(O), and the asymptotic mean square error optimal choice
of bn for fH(0) is

1

_{ fo(0) }%“n%g
2R 0) /Ky ‘

bOPt -
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The corresponding estimator of So(x) using f7(0) can be defined as

N an(l’) > n rH .
{ L, for o > 0 such that f(2) < fI7(0); (2.10)

SH(z) .= . -
1, for > 0 such that f,(z) > fi(0).

Lemma 2.5. If b, — 0 and nb, — 0o as n — oo, then fH(0) 5 f0(0). As a

result, SH () 5 So(z) for x €10,7).

2.2.4. Using a local Grenander estimator

[14] studied the behavior of the Grenander estimator f,, near the boundaries of
the support of a decreasing density. They established the asymptotic distribu-
tion of estimators of the form fN(0) := f,(ecn~?), where a € (0,1) and ¢ > 0
under Cy4’. In particular, the result implies that fn(cn_o‘) is a consistent esti-
mator of fo(0) if 1/(2k +1) < a < 1, ¢ > 0. The corresponding estimator of

So(z) using f,(cn~®) can be defined as

~ fn(z) —Q.
Sy (x) = {fn<cna)’ T>en

1, r <cn” .

Lemma 2.6. Suppose that Cs4’ holds and 1/(2k +1) < « < 1, then SN (z) 5
So(z) for z €10,7).

2.2.5. Using a smoothed Grenander estimator

Let K : [-1,1] — R be a nonnegative kernel that is symmetric around 0, satisfies
f_ll K(u)du = 1, and has a bounded derivative. While standard kernel density
estimators lead to inconsistency problems at the boundary, it is well-known that
the use of boundary kernels can correct the bias of a kernel estimator and the
smoothed Grenander estimator using boundary kernel is consistent at 0, see [3]
and [8] and the references therein. Here, we consider boundary kernels as in [3]
and describe the use of boundary kernels when 7 < oco. For a,b € R, denote
a Ab := min{a,b} and a V b := max{a,b}. To be more precise, we define the
smoothed Grenander estimator f;fh(x) by

(z+h)AT 1 z—u\

. ! ]
= [ () e e

where h > 0 is the bandwidth and the boundary kernel K, is defined by

¢ (x/h) K(u) + 9 (z/h) uK (u), z € [0, hl;
K;(u) := ¢ K(u), z € (h,7 — h);
d((r—x)/h) K(u) — 9 ((r — 2)/h) uK (u), x €[r—h,T]
(2.11)
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The coeflicients ¢(s) and 1 (s), for s € [0, 1], are determined by the requirements
that

S

o(s) /_81 K(u)du + 1(s) /_1 uK (u)du =1, (2.12)

@(s) /S uK (u)du + 1/)(8)/ u? K (u)du = 0. (2.13)

-1 -1
For hy, he > 0, a smoothed estimator of S is then given by

ff,hl (=)

85 (o) = Ty Tor @ such that £, () < £, (0);
n,hi,h . s K &
2 1, for « such that ff,hl(x) > fihz (0).

In the definition above, we allow one to use two different bandwidths for esti-
mating fo at « and 0. As stated in the following Lemma 2.7, SS,hhhz (z) will
also be a consistent estimator if the same bandwidth h,, = hi, = hs, is used

whenever h,, — 0 and h,n'/? — oco.

Remark 1. We define S’S,hl,hg (x) using two different bandwidths because the
rates of convergence of the smoothed estimator at x and 0 can be different,
depending on the smoothness assumptions at the corresponding locations; see
Theorem 8.4. From another point of view, one may want to use a smaller band-
width in a region with more data and vice versa, following the idea of adaptive
kernel estimates; see, e.g., [22]. In the present case, we have a decreasing den-
sity so that there will be more data at O than at x > 0. For simplicity, we only
use one bandwidth in the simulation studies.

Lemma 2.7. Under Condition Cs1, assume that 7 < oo and Sy is continuous
on [0,7], hj = hj, — 0 and hyn*/? — co for j = 1,2, then Sihlm (x) 5 So(x)
for xz €10, 7].

Remark 2. Smoothing S, directly will not give a consistent estimator of S
because Sy, is everywhere inconsistent.

2.3. Conditional distribution of Y given' Y > yo

For a small enough yg, an alternative way to avoid the inconsistency problem is
to consider the conditional survival function of Y given Y > yq (see, e.g., [11]),
denoted by Sy, (). Then, S|, (y) = fo(y)/fo(yo) for any y > yo. A consistent
nonparametric estimator is then given by

because [y (y) 5 fo(y) and f,(vo) 5 fo(yo). Note that in the case when yo =
Yon 4 0 at a certain rate in the sense that yo = cn™® for some ¢ > 0 and a > 0,
S|yo (y) is the same as the estimator S (y) for any y > yon,.
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3. Asymptotic distributions

In this section, we establish the asymptotic distributions of the four estimators
SP(xo), St (o), SY(w0), and S5, (w0) for mo € (0,7) and that of S, (xo)
for o € (yo,7) and yo > 0. To this end, we first review some technical tools
used in the proofs in the next subsection and establish a local Kiefer-Wolfowitz

result under relaxed conditions in Subsection 3.2.

3.1. Preliminaries

We first recall a few technical tools that shall be used in the proofs of the results
in this section. As the estimators of So(x) depend on the estimators of fo(x)
and fo(0), the study of the asymptotic distribution of the former ones depend
on the asymptotic joint distribution of the latter two. Instead of studying f,
directly, the established approach by [7] studies its inverse process, which is
more tractable. For a > 0, the inverse process of fn is defined by

U, (a) :=sup{t > 0: F,(t) — at is maximal}. (3.1)
Then, with probability one, we have the following switch relation (see 7] or [8]):
fu(@) <aeUy(a) <z (3.2)

Let By be the space of all locally bounded real functions on R endowed with
the topology of uniform convergence on compacta. That is, for hp, h € Bjoc(R),
hy, converges to h if for every M > 0, supye(_ g, a1 [hn(t) — h(t)] — 0 as n — oco.
Let Cpax(R) denote the (separable) subset of continuous functions z in Bjyc(R)
which satisfies z(t) — —o0 as [t| — oo, and = achieves its maximum at a unique
point in R.

Proposition 3.1 (Theorem 6.1 in [9]). Let (J1n, Jan) be a sequence of a pair of
random mappings valued in Bioe(R) X Bjoe(R) and (Thn, Ton) be another sequence
of random mappings into R X R such that:

(i) (Jins Jon) % (J1,J2), P((J1, J2) € Crnaa(R) X Cpnaa(R)) = 1;
(ZZ) T, Ton = Op(l);
(i) Jin(Tin) > sup, Jin(t) — Bin, and Jon(Ton) > sup, Jan(t) — Ban where
ﬂlnaﬂQn = Op(1)~

Then (T1n, Ton) 4 (Th,T5) := (arg max(Jy),arg max(Jz)).

Another tool that simplifies the establishment of asymptotic theory related
to the Grenander estimator is the Hungarian approximation ([13]): There are
Brownian motions W,, and Brownian bridges B,, for which B, (t) = W, (t) —
tW,(1), forall 0 <t <1and n > 1, and

F,(z) — Fo(z) = \/LEIEB”(FO(x)) +R,(z), 0<z<o0, (3.3)
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where with probability one,

sup R, ()] = o(log”) (3.4)

n

Denote {W (t) : t € [0,00)} to be a standard Brownian motion over the positive
real line with W (0) = 0 and {W(¢) : ¢ € R} to be a standard two-sided Brownian
motion with W(0) = 0. Let Y be distributed as arg max,cg{W(t) — t?}, the
(almost surely unique) location of the maximum of two-sided Brownian motion
minus the parabola t — t2.

Lastly, we also need the asymptotic distribution of f,(z0) at zg € (0,00)
with f(zo) < 0, which is established in [19].

Proposition 3.2 (Theorem 6.3 in [19]; see also Theorem 2.1 in [7]). Let z¢ €
(0,00). If f{(x9) < 0, then

—-1/3

A Fu(@o) = folao)} 5 2Y. (3.5)

nl/3

%fO(iUO)fé(ﬂUO)

Since the asymptotic distribution of n'/3 f71(0){ f,.(x0) — fo(zo)} will appear
frequently in the next few sections, for the sake of notational simplicity, we
denote it by
1/3

1
2Y

YalS) 1= Ji0) 3 o) o)

1/3

N '4So(xo)56($o)/ooo So(y)dy| Y

in terms of Sp. We also write Yy = Yo (Sy) without cause of ambiguity. In the
rest of the article, {W(t) : t € [0,00)} and Y are defined on the same probability
space and are independent of each other.

3.2. A Local Kiefer-Wolfowitz-type result

To establish the asymptotic distribution of 5”;? hi ha (x0), we shall need an esti-
mate of the difference between the empirical distribution function F,, and its
least concave majorant F,ina neighbourhood of xy. The Kiefer-Wolfowitz re-
sult refers to the following statement in [12] concerning the maximum absolute
distance between F,, and ﬁ‘n, where the underlying true distribution function
Fy is concave.

Theorem 3.3 (Theorem 1 in [12]). Suppose that T < co and sup{z : Fy(z) =
0} = 0. If Fy is concave, twice continuously differentiable on (0,7),

SUPy << (—f0(2)) e (=fol@)
- < oo and inf ——=>0. 3.6
infocser 72(2) o2 R (30
Then, with probability one,
sup ‘Fn(x) —Fy(2)| = O(n72/3 logn).
0<z<t
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Roughly speaking, this theorem holds if fy has a bounded support, and it
is also bounded away from 0 with a continuous first order derivative f} whose
negative values are both bounded from above and bounded away from 0. Since
we only wish to establish the asymptotic distribution of the estimator of Sy(x)
at an interior point x, it may not be necessary to assume conditions over the
whole support of fy. More importantly, their proposed condition that f; is
bounded away from 0 corresponds to the condition, under our setting, that Sy
is bounded away from 0, and this must lead to problematic formulation because
Sp is a survival function and should be ultimately equal to 0 at the endpoint; in
the following, we aim to modify the conditions, so that a similar claim remains
valid.

In view of this critical matter, we establish a local Kiefer-Wolfowitz result
in the following Theorem 3.4 where it suffices to assume the following Condi-
tion C'f5 instead of (3.6).

Cy5 fo is continuously differentiable on [0, z¢ + 28] for some § > 0 and 0 <
infefo,a0+26) |/0(2)] < SUDe(0,m0+26] [0 ()] < 00

Theorem 3.4. Under C;5, we have the rate of convergence,

sup  |Ep(z) — Fu(z)| = Op(n72/3(1og n)?/3).
z€[0,20+6]
This theorem is a direct consequence of a more general local Kiefer-Wolfowitz-
type theorem given in Appendix B. Note that although a local Kiefer-Wolfowitz-
type theorem is established in Theorem 2.5 of [4], it also requires the assumption
that the density has a bounded support and to be bounded away from 0, which
is thus not possible in our present setting. However, our proof follows a similar
argument as that for Theorem 2.2 in [4] with some modifications where we only
consider a region at a distance away from the right endpoint of the support.

3.3. Penalized NPMLE

In this subsection, we shall establish the asymptotic distribution of the penalized
NPMLE S (x4). Because SF(20) = fF(x0)/fF(0), to establish the asymptotic
distribution of S;’;’ (), we shall first establish the joint asymptotic distribution
of fP(x0) and fF(0) in the following Theorem 3.5. Note that for the marginal
distribution of fP(x0), Theorem 4 of [27] implies that under C4 with o, =
en~(RHD/(k+1) for some k > 1 and ¢ > 0, we have

n {F7(0) = fo(0)} 5 sup Wit) = (et Bt

where Beq1 = — £ (0) ££(0)/(k + 1)L,

Theorem 3.5. Under Conditions Cr1, Cr2, and Cy4 for some k > 1, if o, =
en~FHD/CEHD) for some constant ¢ € (0,00), then

(7T (0) = fo(0)},n 2L F7 (w0) = fo(wo)}) (3.8)

; (3.7)
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converges in distribution to

_ k1
(Sup W(t) — (c+ Brprit* ™)
t>0 t

,fo(O)Yo> :

Recall that {W(t) : t > 0} and Y, are independent. The same holds for the
other propositions that follow.

Corollary 3.1. Under Conditions Cs1, Cs2, and Cgs4 for some k > 1, and
also assume that o, = cn™FTD/CRHD) for some constant ¢ € (0,00), then the
followings hold.

(a) If k =1, then n'/3{SP (x4) — So(x0)} converges in distribution to

> (e B5¢2
750(;50)/0 Soly)dy sup {W(t) ( +62t)}+\y0’

0<t<oco t

where 3 1= —5h(0)/12([5° Soly)dy)?].
(b) If k > 1, then

4 d
n'/3{5F (wo) = So(z0)} = Yo.
Note that the constant ¢ for the asymptotically optimal penalty parame-
ter in the mean-squared error sense for S’ (zg) is the same as that for fF(0)
for all K > 1, If k£ = 1, this is true because of the independence between

W ()~ (c+B5t%) .
SUPg<jcool———7 =} and Yq due to that of {W(t) : ¢ > 0} and Y,. For
k > 1, the constant ¢ does not appear in the limiting distribution.

Remark 3. (1) In [27], the following condition is used in deriving the asymp-
totic distribution of the penalized estimator fy q:

Fo(z) = fo(0)x — fraP + o(z?) as 1 0, (3.9)

where 0 < fi < 0o and p > 1 and does not have to be a positive integer.
If C¢4 holds, then (3.9) holds withp = k+1 and f; = — f{(0)/(k+1)! by
Taylor’s theorem. On the other hand, there are examples where (3.9) holds
but Cy4 is not satisfied. For example, if fo(x) = ﬁ(l—zpfl)f(x €[0,1])
for p € (1,2), then for x € [0,1],

p Lo

Fo(z) = 22—
o(x) p—lx p—lx’

but fi(z) = —p/x®~P for z € (0,1) so that f}(0) = oo.
(2) The corresponding condition of (3.9) in terms of Sy is

/l So(y)dy = x — S1a? + o(a?) as x | 0, (3.10)
0

where 0 < 81 < oo. Similar to Remark 3 (1) above, if Cs/4 holds, then
(3.10) holds withp = k+1 and S; = — (gk) (0)/(k+1)! by Taylor’s theorem.



Nonparametric estimation for cross-sectional sampled data 2759

On the other hand, there are examples where (3.10) holds but Cs/ is not
satisfied. For exzample, suppose that So(x) =1 — zP~1 for x € [0,1]. Then
Jy So(y)dy = = — 2P /p and go(x) = (p — 1)aP~2 for any x € [0,1]. (3.10)
is satisfied for any p > 1. If p € (1,2), then S{(0) = —go(0) = —o0 so
that Cs4 is not satisfied.

(3) To simplify the presentation of the conditions and asymptotic properties of
the different estimators considered here, we only consider Cy4 (resp. Cs4)
or Crd" (resp. Cs4’) but not (3.9) (resp. (3.10)).

3.4. Using a histogram estimator

Similar to the previous subsection, to establish the asymptotic distribution of
SH (z4), we first establish the joint asymptotic distribution of the histogram
estimator f7(0) and the Grenander estimator at a fixed interior point f,(zq).
The rate of convergence and the asymptotic distribution depend on the order
of the bin width as well as the assumptions near f,(0).

Let Z(u,0%) denote a normal random variable with mean p and variance o2.
In this article, Z is independent of Y.

Theorem 3.6. Under Conditions Cy1, Cy2, and Cy4 for some k > 1, if b, =
en~ YR for some constant ¢ € (0,00), then,

<nTk+l{ff(O) — fo(0)}, n/3{ fu (o) — fo(mo)}>

4 (Z( (lfi(f))! ket f0(0)> , fO(O)YO).

Corollary 3.2. Under Conditions Cs1, Cg2, and Cgs4 for some k > 1 and if
by = en~ YR for some constant ¢ € (0, o0), then the followings hold.

(a) If k =1, n3{SH (x¢) — So(z0)} converges in distribution to

Z( B gSO(;Uo)S{)(O)»C_l{SO(xO)}Q /OOo So(y)dy> + Y.

(b) If k> 1,
n3 {81 (x0) — So(w0)} > Yo.

Note that when & = 1, the constant ¢ for the asymptotically optimal bin
width for S () in the mean-squared error sense is the same as that for f(0).
This is true because of the independence between the normal random variable
Z in Corollary 3.2 (a) and Yy. For k > 1, the constant ¢ does not appear in the
limiting distribution.

Remark 4. In general, we can also consider the asymptotic results under (3.10)
instead of C's4 and the cases when b, = cn™7, where v belongs to one of the
followings: (i) 1/(2p—1) <~ < 1, (it)y = 1/(2p—1) and (i) 0 < v < 1/(2p—1),
where p € (1,00) as in (3.9); see Appendiz D.1 for these considerations.
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3.5. Using a Grenander Estimator near 0

In [14], the asymptotic distribution of f,,(¢cn~®) is established for different range
of values of @ € (0, 1) under C4’. In the following Theorem 3.7, we first establish
the joint asymptotic distribution of fn(cn’o‘) and fn(:co). Using the notation
n [14], define D[Z(¢)](a) as the right derivative of the least concave majorant
(LCM) on R of the process Z at the point ¢t = a, and define Dg similarly, where
the LCM is restricted to the set {¢ > 0}. For the same value of k in C'y4’ or Cs4’,
define

Baoi, := { fo(0)2| £§F(0)| 71 (k + 1)1}%/ @+ 1)

2/(2k+1)
{(k‘+1'|50 (/ Sol(y dy) } ;

o 1/2
Aoy = {Bay/ fo(0)}/? = {sz/o So(y)dy} .

Theorem 3.7. Under Conditions Cy1, Cy2, and C4" for some k > 1, if a =

1/(2k+1), then the couple (n*/@*+V{f, (cn=) = fo(0)}, n'/3{ fu (o) — fo(z0)})
as a random vector converges in distribution to

(A3 DR[W (t) — t*"](cBy,), fo(0)Yo).

Again, note that as a functional purely dependent on W(-), Dr[W(t) —
t*+1](cBy,!) and Y are independent of each other.
Corollary 3.3. Under Conditions Cs1, Cs2, and Cgs4’ for some k > 1, if
o =1/(2k+1), then n/3{SN (20) — So(20)} % converges in distribution to

So(xo) [5° So(y)dy - Ay, - Dr[W (t) — t*+Y)(¢By,) + Yo,  ifk=1;
Yo, ifk>1,

where as before Dr[W (t) — t*1](cBy,!) and Yo are independent.

Remark 5. Again, for k = 1, the two summands are independent of each other.
It is also possible to establish the asymptotic results when 1/(2k +1) < o < 1;
see Appendix D.2 for details.

3.6. Based on smoothing f'n

To establish the asymptotic distribution of S“;f’hh,m (mo) we shall first obtain
the joint asymptotic distribution of (f5 oy (T0) = fo(wo), £, hz( ) — f0(0)). Recall

that Ky is the boundary kernel defined in (2.11) when 2 = 0. Fix ¢; > 0 and
co > 0. Denote

1 1
/’[’($20) = 20 6/(730)/ yQK(y)dya
-1
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0
u = 50 0) | Katwpiy

Let D be a 2 x 2 diagonal matrix with diagonal elements
1
d = folo) [ K2
-1

0
dos = ¢ fo(0) [ K3y

Since we assume Cy5 to obtain an estimate of the difference between F, and
F,, we are going to impose a modified Cy4:

Cp4" for some k > 2,0 < | £ (0)] < 0o and £7(0) =0 for 2 <i <k — 1.

Theorem 3.8. Under Conditions Cy1, Cy3, Cyd" for some k > 2, and C}5,
if hi = hin = c1in~ Y5 and hy = hop = con™ Y C*D | then the sequence of ran-

dom vectors (n®/>{f5,, (wo) = folwo)}, n/CFDLFS, (0) = fo(0)}) converges
in distribution to Z((ug;%),u(()k)) , D).

To state the main result in this subsection, we define additional notations.
Denote

1
i = 28 (o) / V2K (y)dy,
-1

0o 1
o? = cflso(xo)/ So(y)dy/ K*(y)dy,
0 -1

)= EO ssgosotan) [ ot Koty

o3 =c5 Soxo/ So(y dy/ Ky

The corresponding conditions of C4” and Cy5 in terms of Sy are
Cg4” for some k > 2,0 < |S(k)( 0)] < oo and Soi)(O) =0for2<i<k-1;
Csb Sy is continuously differentiable on [0, 2o + 26] for some § > 0 and 0 <
infie0,z0+20] [50()] < SUPe(o 24 +25] [0 ()] < 0.
Corollary 3.4. Under Conditions Cs1, Cs3, Cs4” for some k > 2, and Cg5, if

h1 = hln = clnl/E’, hg = hgn = anil/(2k+1), then n2/5{5'§’h1’h2 (1‘0) — So(xo)}
converges in distribution to

Z(p m—i—ué),ol—&—az) if k=2
Z(u,o3), ifk>2.

Remark 6. (i) It is also possible to establish the asymptotic results with the
same hy but hy = can™ under the two different cases (i): 1/(2k + 1) <
a<1/3 and (it): 0 < a < 1/(2k + 1); see Appendiz D.3 for details.
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(i) It is also possible to consider estimator in the form

an (7o)
wn(0)

in which we only use the NPMLE fn with smoothing effect at 0. The corre-
sponding asymptotic distribution can also be established using the methods
developed here. In particular, fn(xo) and ffh(()) will be asymptotically in-
dependent as n goes to infinity. The argument follows that found in the
proof of Theorem 3.8 and the details are omitted.

b

3.7. Conditional distribution of Y given'Y > yqo

Similar to previous sections, it can be shown that fn(xo) and fn(yo) are asymp-
totically independent when zy # yo. Hence, it is straightforward to obtain the
following result regarding the asymptotic distribution of the estimator of the
conditional distribution of Y given Y > yo.

Theorem 3.9. For fized yo € (0,7) and xo € (yo,7), assume that |S'(x0)| €
(0,00) and |S"(yo)| € (0,00). Then

W38, (o) — Spy (20)} % ——— 480z )S'(a:)/S(y)dy Py
lyo \ L0 |yo \LO So(yo) 0lZo)Pp(To 0 1

- e ‘480@0)5/ (o) [ So(y)dy v Yo

S3 (o) 0 ’

where Y1, Yy 4 argmax,zp {W(t) — t2}, and Y, and Yo are independent of each
other.

4. Simulation studies

In this section, we perform some simulation studies to investigate some prop-
erties and compare the performance of the four estimators considered in this
paper. All the estimators require some tuning parameters. We consider two
methods of choosing a suitable tuning parameter. The first one is using the
asymptotic mean-square optimal results and using some plug-in estimate to
estimate the constant involved. Note that the asymptotic mean-square opti-
mal choice also depends on the conditions near fy(0), in particular, whether
14(0) =0 or f5(0) < 0, which is generally unknown. In this simulation studies,
we simply use the rate that is optimal assuming f;(0) < 0. The second method
we consider is to use least-squares cross validation. For this method, we use fj
as the criterion function although we are interested in Sy because it is easier to
find a nearly unbiased estimator of fy. For the estimator based on the smoothed
MLE, we only use the second method based on [8].
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From Section 3, we know that all the estimators at 0 and the estimators
at xg considered in this paper are asymptotically independent, where zq is in
the interior support of fo. In Table 1, we present the sample correlations of
the estimators at 0 and xy based on different methods at xy = 0.25,0.5,1,
where the samples are from the standard exponential distribution. The sam-
ple correlations computed are based on 10000 replications of sample sizes n =
50, 200, 500, 10000, where the tuning parameters for f7(0), f2(0), fN(0) and
£5(0) are 0.5n72/3,0.5n=1/3, 0.5n~1/3, min(2n~"/%, max,—1.__, X;/3), respec-
tively. From Table 1, we see that the correlations are getting closer to 0 as the
sample size increases as expected. It can also be seen that the SMLE f;?(mo)
at 9 = 0.25 has higher correlation with ff(O) compared with other types of
estimators. This is probably because for small to moderate sample sizes, the
bandwidth is not too small so that f5(z0) at 2o = 0.25 and f5(0) both use
the values of fn(as) over a large common interval. In addition, the correlation
between the SMLE f5(20) and f5(0) is higher, in absolute value, in almost all
cases.

TABLE 1
Sample correlations of the estimators at 0 and xo based on different methods.

n = 50 n = 200
0 0.25 0.5 1 025 0.5 1
Cor(fF (x0), £F(0)) 0.16 —0.15 —-0.20 -0.01 —0.13 —0.12
Cor(fn(zo), fZ(0)) —0.02 —0.20 —0.20 —0.04 —0.15 —0.13
Cor(fn(x0), £ (0)) 0.36 —0.12 —028 012 —0.18 —0.16
Cor(f3 (z0), £5(0)) 085 026 —055 070 —0.13 —0.38
n = 500 n = 10000
0 0.25 0.5 T 025 0.5 1

) —0.03 -011 —-0.09 -0.04 -—0.05 —0.03
) —-0.08 -0.10 —-0.07 —-0.06 —0.04 —0.02
) —-0.04 -0.13 -0.11 —0.06 —0.05 —0.05
) 054 —-027 -026 —-0.11 —-0.15 —0.10

Since the estimate of Sp(xg) depends strongly on that of fo(0), we first com-
pare the estimators of fy(0) consider in this paper. Similar simulation studies
have been performed in [14] and [10]. [14] compared the penalized estimator
using the adaptive choice considered in [23] with the estimator using Grenan-
der estimator near 0. In addition to the two estimators considered in [14], [10]
also considered the histogram estimator and the Bayesian estimator proposed
in their paper. In this paper, we shall only compare the four frequentist esti-
mators considered here. Note that all the estimators require the specification
of some tuning parameters. We follow similar specifications in [14] and [10] by
using the adaptive method in [23] for the penalized estimator and estimating
the asymptotic mean-square optimal choice of the tuning parameter assuming
|£4(0)] > 0 for f£7(0) and fN(0). From the asymptotic independence results in
Section 3, we also know that the asymptotic mean-sqaure optimal choice for
SH(0) and SN (0) are the same as those for f7(0) and fN(0), respectively. We
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also provide some numerical comparison by choosing the tuning parameters us-
ing least-squares cross-validation (LSCV). To be specific, with a slight abuse of
notation, we define the following:

1. Denote f2o 5= fF, (0) with oy, = 06493, /*n=2/3 with

2T

R R FP a0 = P e (@m)
,8” _ max{ffc[)n—w:}(o) n,con—2/3 n,con—2/3 ,n_1/3 :

where x,, is the second point of jump of fchn,z/S and ¢g = 0.5. Simi-

larly, define ff 1 to be the same estimator as ff 0.5 except that c¢o = 1.
Here con~2/3 is an initial tuning parameter that is used to obtain f3,, an
estimate of the unknown quantity § = % f0(0)|f{(0)] that appears in the
asymptotic mean-square optimal choice.

2. Denote f = fH (0), where b, = 27 /3By;n~1/3, where

n,by,
By = 413 (0= 2R f (0)] 2, (4.1)
and
72(0) = min{n/* (/%) — fu(n=1%)}, —n13).
3. Denote fflv = A,i\fcn (0) to be the estimator using Grenander estimator near

0, where ¢, = 0.345By,n~1/3 with By, as in (4.1).

4. Denote frﬁcv = A,}ZQCV(O), where

o) n
oy = axgmin { [ Rawrie -2y f;,axn} ,
« 0 i=1

with fnj ¢ being the penalized Grenander estimator without using the ith
observation. We search o over a grid from 0.2n~2/3 to 2n~2/3.

5. Denote ff,cv = fgbCV(O). When using the histogram estimator to esti-
mate fp(0), there are multiple ways to normalize the modified Grenander
estimator. Given :‘an (0) for any b,,, we first obtain the corresponding es-
timator S of Sy through (2.10). Then the normalized estimator of fo(z),
denoted by A,fbn (x) is given by S’f{bn @)/ [° gﬁbn (y)dy. Then, boy is
defined as

boyv = argbmin {/ ffb(x)de — 22 ffbl(Xl)} ,
0 i=1

where ff l’fi is the estimator without the ¢th observation. We search b over
a grid from 0.2n~1/3 to 2n*1/3.A

6. fé\,fcv is defined similarly as fgov and we search ¢ over a grid from
0.2n~1/3 to 2n~1/3.
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7. For simplicity, we only use one bandwidth for the smoothed estimator at
all values. Denote f;?,cv = ff,hcv (0). Following equation (9.40) in [8],
hey is chosen to minimize

< 2 -, 2K(0)
/0 [ n(@)?de — — ; FnXa) + h—Dh'

In the implementation, we evaluate the above expression with h at grid
points from 0.1 to max;=1, ., X;/2 —0.1.

yor

We considered two probability distributions to generate the samples. The first
one is the exponential distribution, where f{j(0) < 0. For the rate parameter A,
we consider A = 1 and A = 2. The second one is the half-normal distribution
where f;(0) = 0 but |f{/(0)| > 0. For the scale parameter o, we consider o = 1
and o = 0.5. In Tables 2 and 3, we see that suitable choice of tuning parameters
or preliminary estimates is needed to obtain good results. For example, ff
and fN work well in the half-normal distribution with ¢ = 1, but have large
biases for the other distributions. The estimators with tuning parameters chosen
using cross-validation tend to have smaller biases and larger variances than their
counterparts. While the smoothed estimator has a faster rate of convergence, it
does not always outperform the other estimators in terms of MSE for the half-
normal distributions. It tends to give a larger bias. This can be due to the fact
that the first derivative vanishes at 0 for the half-normal distribution. In such
case, kernel smoothing with boundary correction using the reflection method
could perform better. Another possible reason is that the bandwidth is chosen
using the L2-loss of the whole density, not the single point at 0.

TABLE 2
Bias, variance and mean-squared error (MSE) of each estimator at 0 where the samples are
from an exponential distribution.

Exp(1) 40.5 D1 1 I OV ov Nov  ISov
n =50 Bias 0.012 —0.054 —-0.176 —-0.214 -—-0.061 —-0.012 —-0.115 0.024
Var 0.118 0.072 0.032 0.044 0.128 0.163 0.098 0.091
MSE 0.118 0.075 0.063 0.090 0.132 0.163 0.111 0.092
n =200 Bias 0.015 —-0.042 -0.139 —-0.133 —-0.023 —-0.025 -—0.076 —0.027
Var 0.063 0.036 0.018 0.024 0.083 0.055 0.040 0.026
MSE 0.063 0.038 0.038 0.042 0.084 0.056 0.046 0.027
n =500 Bias 0.010 —-0.034 -0.107 -—-0.096 —0.007 -—0.011 —-0.052 —0.014
Var 0.036 0.021 0.012 0.014 0.056 0.036 0.025 0.013
MSE 0.036 0.022 0.023 0.023 0.056 0.036 0.028 0.013

Exp(2)
n =50 Bias —0.131 —-0.252 -0.618 —-0.692 —-0.191 —-0.115 —0.291 0.046
Var 0.299 0.199 0.096 0.170 0.396 0.397 0.299 0.394
MSE 0.316 0.262 0.478 0.649 0.433 0.410 0.384 0.396
n =200 Bias —0.091 -0.173 -0.384 —-0.380 —-0.176 —0.151 —0.242 —0.037
Var 0.145 0.097 0.058 0.096 0.193 0.167 0.133 0.109
MSE 0.153 0.127 0.206 0.240 0.224 0.190 0.192 0.11
n =500 Bias —0.075 —0.135 —-0.265 —0.242 —0.138 —0.128 —0.186 —0.045
Var 0.083 0.057 0.032 0.054 0.115 0.088 0.073 0.045

MSE 0.089 0.075 0.102 0.113 0.134 0.105 0.108 0.047
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TABLE 3

Bias, variance and mean-squared error (MSE) of each estimator at 0 where the samples are
from a half-normal distribution.

Hnorm(1) 0.5 o I ey fHov nov  fecv
n =50 Bias 0.112 0.071 0.000 —0.002 0.072 0.086 0.037 0.246
Var 0.066  0.036 0.020 0.025 0.089 0.086 0.043 0.056
MSE 0.078 0.041 0.020 0.025 0.094 0.094 0.044 0.117
n =200 Bias 0.074 0.041 —0.006 0.013 0.047 0.037 0.030 0.112
Var 0.031 0.016 0.008 0.010 0.037 0.031 0.017 0.012
MSE 0.036 0.018 0.008 0.010 0.039 0.032 0.017 0.024
n =500 Bias 0.060 0.032 —0.007 0.014 0.049 0.040 0.037 0.076
Var 0.020  0.009 0.005 0.006 0.025 0.020 0.012 0.005
MSE 0.023 0.010 0.005 0.006 0.027 0.022 0.013 0.011
Hnorm(0.5)

n =50 Bias 0.113 0.041 —-0.174 —-0.162 0.007 0.076  —0.036 0.552
Var 0.158  0.100 0.080 0.109 0.159 0.185 0.137 0.286
MSE 0.171 0.102 0.111 0.135 0.159 0.191 0.138 0.590
n =200 Bias 0.075 0.025 —0.096 —0.050 0.002 0.050 —0.002 0.232
Var 0.071 0.042 0.042 0.042 0.066 0.074 0.060 0.040
MSE 0.076 0.043 0.051 0.044 0.066 0.076 0.060 0.094
n =500 Bias 0.056  0.017 —0.058 —0.017 0.021 0.039 0.009 0.167
Var 0.040 0.023 0.025 0.022 0.050 0.044 0.032 0.023
MSE 0.043 0.023 0.028 0.022 0.051 0.045 0.033 0.051

TABLE 4

Estimates of E([(fn — fo)?), where fn is the density obtained using fioﬁ, ;1:17 fa, iy,

foov: filev, lov: fiov-
Exp(1) 205 i 2 W Pov oy fov fRov
n = 50 0.036 0.034 0.031 0.034 0.044 0.039 0.041 0.014
n = 200 0.014 0.014 0.014 0.014 0.015 0.014 0.015 0.004
n = 500 0.008 0.008 0.008 0.008 0.008 0.008 0.008 0.002
Exp(2)
n = 50 0.071 0.068 0.066 0.084 0.083 0.071 0.080 0.027
n = 200 0.029 0.028 0.028 0.032 0.033 0.029 0.032 0.009
n = 500 0.015 0.015 0.015 0.016 0.018 0.016 0.017 0.004
Hnorm(1)
n = 50 0.031 0.029 0.028 0.029 0.034 0.031 0.031 0.019
n = 200 0.012 0.011 0.011 0.012 0.013 0.013 0.012 0.005
n = 500 0.006 0.006 0.006 0.006 0.007 0.007 0.006 0.003
Hnorm(0.5)
n = 50 0.059 0.056 0.052 0.057 0.067 0.058 0.065 0.039
n = 200 0.023 0.022 0.022 0.023 0.024 0.023 0.024 0.009
n = 500 0.012 0.012 0.012 0.012 0.013 0.013 0.013 0.005

Tables 4 and 5 give the estimates of the expected La-error of estimating fo
and Sy using different estimators, respectively. For the former one, the smoothed
MLE gives the smallest error in all the scenarios. For the Lo-error of estimating
So, smoothed MLE gives smaller errors in the exponential distributions but
similar errors in the half-normal distributions as the other estimators. Tables 6
and 7 show the biases, variances and mean-squared errors of the estimators
§|y0 (wo) of the conditional survival function S, (o) at two different values of
xo and yo. As expected, the biases are small.
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TABLE 5
Estimates of E([(Sn — S0)?), where Sy, is the survival function obtained using f£ s, Afl,

fH fN fP fH N £S
fn ’ fn ’ fn,CV’ fn,C’Vf fn,CV’ fn,CV‘
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Exp(1) Shos  Sha SH Sy 8Py SH.y SNov  SSov
n = 50 0.069 0.069 0.068 0.097 0.098 0.087 0.100 0.024
n = 200 0.032 0.032 0.035 0.040 0.040 0.037 0.040 0.010
n = 500 0.019 0.018 0.021 0.022 0.025 0.021 0.023 0.006
Exp(2)
n = 50 0.039 0.043 0.055 0.089 0.062 0.045 0.065 0.011
n = 200 0.017 0.017  0.023 0.028 0.025 0.020 0.025 0.006
n = 500 0.009 0.010 0.011 0.013 0.014 0.011 0.013 0.003
Hnorm(1)
n = 50 0.065 0.056 0.049 0.053 0.069 0.077 0.064 0.059
n = 200 0.034 0.027 0.023 0.025 0.035 0.040 0.030 0.022
n = 500 0.021 0.016 0.013 0.014 0.022 0.024 0.018 0.014
Hnorm(0.5)
n = 50 0.030 0.029 0.028 0.033 0.040 0.033 0.039 0.031
n = 200 0.014 0.012 0.013 0.013 0.017 0.016 0.015 0.012
n = 500 0.008 0.007  0.007 0.007 0.010 0.009 0.008 0.007
TABLE 6

Bias, variance

and mean-squared error of §|y0 (zo) where fo is the exponential distribution.

Exp(1) S0.1(0.5) So0.1(1) S0.2(0.5) So0.2(1)
n = 50 Bias —0.027 —0.01 0.007 0.016
Var 0.049 0.031 0.047 0.038
MSE 0.05 0.031 0.047 0.038
n = 200 Bias —0.01 —0.005 0.008 0.008
Var 0.024 0.011 0.024 0.013
MSE 0.024 0.011 0.024 0.013
n = 500 Bias —0.007  —0.007 —0.002 —0.003
Var 0.013 0.006 0.014 0.007
MSE 0.013 0.006 0.014 0.007

Exp(2)
n = 50 Bias 0.015 —0.009 0.037  —0.002
Var 0.036 0.007 0.05 0.012
MSE 0.036 0.007 0.051 0.012
n = 200 Bias 0.004 —0.003 0.015 0.001
Var 0.014 0.003 0.021 0.004
MSE 0.014 0.003 0.021 0.004
n = 500 Bias 0 0.002 0.004 0.004
Var 0.006 0.001 0.011 0.002
MSE 0.006 0.001 0.011 0.002

5. Application to a health survey without follow-up

Most surveys are administered cross-sectionally without follow-up data, due to
cost and logistic reasons. Partial survival information in the form of backward
recurrence times are frequently collected in health surveys. However, without
any prospective follow-up, survival times being collected are all censored and
conventional statistical methods are not applicable. These partial survival infor-
mation being collected are therefore seldom analyzed. An exception in given in
[17], who examined the associations between childhood adversities and the dura-
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TABLE 7
Bias, variance and mean-squared error of 5'|y0 (zo) where fo is the half-normal distribution.

Hnorm(1) S0.1(0.5) So.1(1) S0.2(0.5) So.2(1)
n = 50 Bias —0.109 —0.097 —0.056 —0.06
Var 0.042 0.036 0.034 0.039
MSE 0.054 0.046 0.037 0.043
n = 200 Bias —0.074  —0.045 —0.035 —0.017
Var 0.019 0.019 0.016 0.02
MSE 0.025 0.021 0.018 0.02
n = 500 Bias —0.045 —0.029 —0.022 —0.013
Var 0.011 0.008 0.01 0.009
MSE 0.013 0.009 0.01 0.009

Hnorm(0.5)
n =50 Bias —0.052  —0.027 —-0.01 —0.019
Var 0.041 0.007 0.045 0.009
MSE 0.044 0.007 0.045 0.009
n = 200 Bias —0.019  —0.007 0.001  —0.003
Var 0.019 0.003 0.022 0.003
MSE 0.019 0.003 0.022 0.003
n = 500 Bias —0.009 —0.005 0.006 —0.002
Var 0.009 0.002 0.011 0.002
MSE 0.009 0.002 0.011 0.002

tions of adult mental disorders using backward recurrence times collected from a
nationally representative sample from the National Comorbidity Survey Repli-
cation. We analyzed a different survival outcome collected in the same survey,
the duration between suicidal thoughts. Although suicidal thoughts are recur-
rent events, cross-sectional surveys like the one we have usually collect the most
recent onset of the recurrent events. The survey was administered in 2001-2002,
and collected the time of last suicidal thoughts from 1010 respondents with ages
between 18 and 91.

The left panel of Figure 1 shows a histogram of the observed backward recur-
rence data, where the observed data apparently has a decreasing density. The
right panel of Figure 1 shows the estimator based on the penalized Grenander
estimator Sp,CVa where the tuning parameter is chosen using cross-validation
(the step function in black), and the one based on the smoothed Grenander
estimator (the smoothed curve in red). Only these two estimators are shown in
the figure because the other non-smooth estimates are similar to gp,cv- Table 8
shows the estimated values of the survival functions using different estimators
at different times. The values are in generally similar for various non-smooth
estimators.

6. Discussion

In this article, we considered four different classes of estimators of the survival
function for current duration data under stationarity. We established the asymp-
totic distribution of those estimators under various regularity conditions of Sy
at 0 and the assumption that S{(xg) < 0. If Sy contains a flat region so that
Si(x) = 0, then the corresponding fo will have a flat region and the Grenander
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Fic 1. The left figure shows a histogram of the observed data, where the observed data appar-
ently has a decreasing density. The right figure shows the estimator of the survival function
based on the penalized Grenander estimator (the step function in black) and the one based on
the smoothed Grenander estimator (the smoothed curve in red).

TABLE 8
Estimated values of the survival functions at different times (in 10 years) using different
estimators.
Time SPos  Spa Sy Sy Swev Spev Siev  Shicv

0.25 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.984
0.5 1.000 1.000 1.000 0.977 1.000 1.000 1.000 0.901
0.75 0.737 0.737 0.769 0.713 0.735 0.741 0.729 0.785
1 0.737  0.737 0.769 0.713 0.735 0.741 0.729 0.699
0.379 0379 0.395 0.367 0.378 0.381 0.375 0.344
0.180 0.180 0.188 0.174 0.180 0.181 0.178 0.181
0.087 0.087 0.091 0.085 0.087 0.088 0.087 0.083
0.032 0.032 0.033 0.031 0.032 0.032 0.032 0.023

Tk W N

estimator at any point inside the flat region converges at /n instead of nt/3
according to Theorem 6.4 in [1]. When such a case is considered, the asymptotic
distribution of the estimators of Sy(xo) discussed in this article can be estab-
lished easily because fn (o) converges at a faster rate than any of the estimator
of fo(0) considered here. On the other hand, the implication of Sy having a
flat region is that the survival time cannot occur in this region. However, the
observed variable can nevertheless occur at that point due to multiplicative cen-
soring. In establishing the asymptotic results, we also relaxed a bounded density
condition for a local Kiefer-Wolfowitz-type result in a general setting which is
of independent interest.

As expected from the faster rate of convergence of the smoothed estima-
tor compared with the non-smoothed one, our numerical results confirm that
the smoothed estimator can provide a more accurate estimate for both fy and
So- Therefore, if one is willing to impose more smoothness assumptions on the
underlying survival function, the smoothed estimator will be preferred. The
bandwidth chosen using least-squares cross-validation also seem to work well
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in that case. Another advantage of the smoothed estimator is that the esti-
mated survival probability will not be equal to 1 at values close to 0 so that
it can give more sensible estimate. For the non-smoothed estimators, they per-
formed similarly in simulation studies and share the same rate of convergence,
with the estimators based on the histogram estimator and local Grenander es-
timator perform slightly better than the penalized estimator in terms of the
Lo-loss.

Regarding the derivative condition of the order k in Condition C't4 (or Cg4),
similar conditions are also imposed in conventional kernel density estimation
problems at the interior point. However, it is in generally difficult to determine
this order k in any kernel density estimation problems, so many papers just
fix a certain k such as k = 1. The presented theoretical results are mainly for
understanding the limiting convergence rates of the estimators under different
precise conditions. In addition, the unknown constant multiple in the optimal
bandwidth affect practical performance as in conventional kernel density estima-
tion. We therefore recommend using data-adaptive approaches like least-squares
cross-validation illustrated in the simulation studies to choose the tuning param-
eters instead of trying to estimate the order of k. In addition, the higher the
value of the k is, the faster the convergence will be (see, e.g., Theorems 3.5
and 3.6). Thus, the conservative approach will be to use the minimal value like
k =1 in Condition C4. If the true k is 2 and one assumed k = 1, the estimator
will still be consistent but the convergence will no longer be the optimal one.
Section D in the appendix gives additional results when the order of the tuning
parameter is not the optimal one.

Alternative consisent estimators of fo(0) may be used. For example, [21] and
[10] studied Bayesian estimation of a decreasing density, where the former de-
rived posterior consistency of the Bayesian estimator of fy(0) and the latter
derived a contraction rate equal to n~=2/9 (up to log factors) under some as-
sumptions on the prior distribution.

We only considered the case without covariates. When a regression model
is considered, we expect that the NPMLE will be inconsistent as in the non-
parametric estimator and suitable smoothing or penalization will be needed. We
shall devote the further study in a future work.

Appendix A: Proofs for Section 2
A.1. Proof for Section 2.1

Proof of Lemma 2.1. For an arbitrary survival function S in S, define f(z) =
S(a:)/foC><J S(y)dy. Then f € F and L, (S) = Ly, 2(f). Hence, supgeg Ln(S) <
supfer Lin2(f) = Lpo(fn). If S is of the form (2.5), then Ly,(S) = Ly.2(fn)
and so S is a maximizer. Now, suppose S € S is not of the form (2.5). Define
f(z) = % for z > 0. Then f € F and f # f,. Since f, is the unique
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maximizer of L, o(f) subject to f € F,
Ln(s) = Ln,2(f) < Ln,2(fn) = Ln(Sn,c)7

for any ¢ > f,,(0).

Hence, any possible maximizer of L,, must be of the form (2.5). The unique-
ness of S,, follows from the fact that the constraint (2.4) implies that it can only
be achieved if and only if ¢ = fn(X(l)) = f(0). O

A.2. Proofs for Section 2.2.2

Proof of Lemma 2.2. The proof is similar to that in Lemma 2.1. For an arbitrary
survival function S in S, define f(x) x)/ fo y)dy. Then f € F and

ZIW(S) = lp.2.o(f). Hence, supSeS_ln,a(S) g supfe}-lmg,a(f)_: ln72,a(fn7a). If
S is of the form (2.9), then 1, o(S) = lh2,0(fna) and so S is a maximizer.

Now, suppose S € S is not of the form (2.9). Define f(z) := % Note

that f € F and f(0+) = S(0+){/;~ S(y)dy} ', where the limits exist as S is

a bounded monotone function. Since fnya is the unique maximizer of ,, o 2(f)
subject to f € F,

ln,a(g) ln,2 a(?) < ln 2 oc(fn a) = ln,a(sn,a,c);

for any ¢ > f,.(0).

Hence, any possible maximizer of I,, , must be of the form (2.9). The unique-
ness of Sn,a follows from the fact that the constraint (2.4) implies that it can
only be achieved if and only if ¢ = fnﬂ(X(l)) = fna(O) O

Proof of Lemma 2.3. For any = € (0,7), by Corollary 2 and Proposition 1 in
[27], and the fact that f,(x) is consistent (Corollary 3.1 in [8]),

& (s Fran(@) _ fa(@) + Oplan) & fole) _ -
Sn,ozn( ) fn an(o) - fn,an(o) — fO(O) *SO( )

The case when x = 0 is trivial because S, o, (0) = 1 and S(0) = 1. O

A.3. Proofs for Section 2.2.3

Proof of Lemma 2.4. Similar to the established approach in kernel methods, to
find an optimal choice of the bin width, we strike a balance between the square
of the bias and the variance. First, the variance is

Var(fH(0)) = —5 Fo(ba) (1 — Fy(by)).

b2
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Hence, Var(f(0)) ~ - f0(0). The bias is

Fy(bn) )

E(f1(0)) = fo(0) = b fo(0) = A by + o(b};).

Hence, E(f7(0)) — fo(0) ~ ék) (0)bk /K!. The mean square error is therefore

(k) 2
MSE(f# (0)) ~ {fom(())} 4 F0(0)

nb,,

and the optimal choice of b, in the sense of mean square error can be found
accordingly by minimizing the RHS of the above relation. O

Proof of Lemma 2.5. By Taylor’s theorem, the bias is o(1) as b, | 0. Hence,

MSE(f](0)) = o(1) + - T0Un)

as nby, — 0. As a result, f7(0) 5 f0(0). The consistency of S () then follows
from the consistency of f(0) and f,(x) (Corollary 3.1 in [8]). O

A.}. Proofs for Section 2.2.}

Proof of Lemma 2.6. Under C;4', Theorem 3.1 in [14] implies that f,, (cn=®) 5
f0(0). The consistency of SN () then follows from the consistency of f,(cn™®)
and f,(z). O

A.5. Proofs for Section 2.2.5

The proof of Lemma 2.7 requires the consistency of ff 5, as given in the following
Lemma A.1. The result is standard when dealing with the kernel smoothed
isotonic estimators, see, for instance, [15] and [18]. For completeness, we provide
a proof.

Lemma A.1. Let K : [-1,1] — R be a nonnegative kernel that is symmetric

around 0, satisfies f_ll K(u)du =1, and has a bounded derivative. Suppose that

h = h, — 0 and hn'/? — oco. If fo is a decreasing density and continuous on
[0, 7],

B P
sup |f95,(x) = fo(x)| = 0.
z€(0,7]

To prove the above lemma, we first state some properties of the boundary
kernel defined in (2.11) and (2.12). For = € [0, h], by (2.12),

z/h xz/h
/ Ko (y)dy =1 and / yKz(y)dy = 0. (A1)
—1 —1
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Similarly, by (2.12) and the fact that K is symmetric, for « € [t — h, 7],

1
| sy =1, (A2)

indeed, for z € [t — h, 7], by symmetry of K,

/ K. (y)dy = / {o( 755w — o (75 ) pay

= /1} {aﬁ(T;z)K(y)+w<%>zﬂ((y)}dy= L,

where the last equality follows from (2.12). Furthermore, it can be shown that
¢ and ¢ are bounded from above (see the supplementary of [3]).

Proof of Lemma A.1. For simplicity, we write f5 = f;fh For x € [0, 7], write

Fi(@) = fole) = {3 (@) = (@)} + {f7 (2) = fola)},

(z+h)AT o
£5() ;/( Ly <“”” - “) Folu)du.

z—h)V0 E

where

We first consider the three ranges of = according to the definition of K.

(i) Fix x € [0, h]. By the change of variable y = (x — «)/h and (A.1),

z/h
£2@) = fole) = [ Kal){olee — hy) = fo(@)}dy,
-1
Therefore, by the uniform continuity of fo,

sup |£7 (2) — fo(x)]

z€[0,h]

z/h
< sup / Ko ()l folz — hy) — foa)|dy — 0
z€[0,h] J —1

as n — 0o. By using integration by parts and a change-of-variable,
x+h 1 R

Frw - i = [ (T - R

0

__ /OM %%Kw (%) (B (w) — Fo(u)}du

z/h N
i | B Eula ) = Fala — ).
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Since K is assumed to be continuously differentiable, K and K’ are
bounded on the compact set of [—1,1]. By the boundedness of ¢,v, K
and K’, we have

o 1. A
sup £ (@) = 7 (2)] 3 5 11Fn = Folloos
z€[0,h]

where X indicates an inequality up to a constant multiple that does not
depend on n. By Marshall’s lemma [16], ||F), — Folloo < [|[Fn — Folloo =
O,(n~1/2). Since hn'/? — oo, SUPge0,n] 175 (x) = fo(x)| = 0,(1).

Fix x € (7,7 — h). By the change-of-variable y = (x — u)/h and the fact
that f_ll K(y)dy =1,

1
£ = o) = [ K)o~ ) = fofe) .
By the uniform continuity of fo,

sup | fi7 (2) = fo(z)|

z€(h,7—h)

1
< sup / K@)|fol — hy) — fol)|dy — 0.
z€(h,7—h) J -1

By using integration by parts and a change-of-variable,

sz = [ b (M) - )

xT

_ /;h %%K (‘” . “) {Eo(u) — Fo(u)Ydu

1
1| EE@Eala —hy) = Fola =)}

Similar to (i), by the boundedness of K’,

~ 1. -
sup |fy (@) = £ ()] 3 10 = Folleo = 0p(1).
z€(h,7—h)

(iif) Fix « € [t — h,7]. By the change-of-variable y = (x — y)/h and (A.2),

1
£@) = fole) = [ Ka){olee — by) = fo(o)}dy,
Therefore, by the uniform continuity of fy,

sup | £ () = fo(x)]

z€[T—h,T]
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1
< gg]/ Ko ()| fole — hy) — fo(@)ldy — 0,
xe[T—h,T zh;"

as n — 00. By using integration by parts and a change-of-variable,
A | T—u -
- £ = [ (T - R
z—h

~ /;h %%Km (%) (Eo(u) — Fo(u)Ydu

1Moo .
=7 — K Fo(z — — F — .
ol Ay (Y{Fn(z — hy) — Fo(x — hy)}dy

By the boundedness of ¢, 1, K and K’, we have

~ 1, -
sup fia (@) = 3 @) 3 71 Fn = Folloo = 0p(1)-
xe|T—h,T

Combining (i)—(iii), the result is proven. O

Proof of Lemma 2.7. Since Sy is continuous, so does fo by (1.1). By Lemma A.1,
SUDPc(0,7] \f;?h(x) — fo(z)| 5 0 for any h — 0 and hn'/2 — co. Thus,

£S
S'S,hl,hz (z) = min (17 Ljéhli(ﬁ;) x5 So(x)
n,h2

for any x € [0, 7]. O

Appendix B: A local Kiefer-Wolfowitz-type result

In this section, we follow the general setting and notation in [4] and establish
a local version of Kiefer-Wolfowitz-type result under weaker conditions on the
underlying function of interest; namely by removing the condition of the lower
bound being away from zero; see Theorem B.3. Suppose F,, is a cadlag step
estimator for a concave function F : [a,b] — R, where a and b are known and
finite. Note that the argument and results in this section are also valid when
we take b to infinity, by then F : [a,00) — R. For simplicity, we only state the
results when F' is defined on [a, b]. The corresponding results when F' is defined
on [a,00) can be obtained by replacing “b]” by “c0)” without any major change
of arguments. Assume that F' is continuously differentiable with F'(a) = 0 and
denote by f its derivative. Fix an interior point y € (a,b).
We impose the following conditions on f:

(A1) The function f : [a,b] — R is decreasing and continuously differentiable
on [0,y + 2d0] C [a, b] for some dp > 0 such that 0 < inf;c(o,4250] [f(£)] <
SUP¢e[0,y+260] | (t)] < oo
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Note that [4] assumes instead 0 < infiepq ) [f/(8)] < Supepq [f/(8)] < 0o on
the whole support. Furthermore, assume that the cadlag estimator F,, can be
approximated in the sense that
sup [F(t) — F(t) — n~ 2B, o Ln(t)] = Op(7n), (B.1)
te(a,b]
where 7, — 0 as n — oo, L : [a,b] — R is non-decreasing, and B,, is a process
on [L(a), L(b)] that satisfies the following two conditions for a given 7 € [0, 4):

(A2) There are positive constants Ki, Ky such that for all z € [L(a), L(b)],
u € (0,1], and v > 0,

]P’( sup |Bp(x) — Bn(y)| > l/> < Ky exp(—Kaov2u™T);

lz—y|<u

(A3) There are positive constants K1, Ko such that for all € [L(a), L(b)],u €
(0,1], and v > 0,

P(Sup{Bn(az —2) = By(x) —vz?} > 0) < Ky exp(—Kov2u®™T).
z2u

Finally, we impose the following smoothness condition on L that does not require
L’ to be bounded away from 0 on [a, b].

(A4) The function L : [a,b] — R is continuously differentiable on [0,y + 2d¢] C
[, b] such that 0 < infie(o y1250) L' (1) < supyefo yt2s,) L' () < 00.

As explained in [4], a typical example that satisfies Conditions (A1l)—(A4) is
during the estimation procedure for a monotone density f. By the Hungarian
approximation, F;, can be approximated by a sequence of Brownian bridges B,,
with L being the cumculative distribution function F' corresponding to f, and
~Yn = (logn)/n. In our application, the function S(x) = f(x)/f(0) cannot be
uniformly bounded away from 0 when = approaches the ceiling of the support.
Since L' = f in this monotone density estimation, we also need to relax the
condition that L’ is bounded away from 0, which was necessarily required in [4].
Let FZ := F +n~2B,, o L. Denote

1 1/(4—71)
- (CO Zg"> (B.2)

for some ¢y > 0. For = € [a,b], let Fr(tfgcf)(-) be the least concave majorant of
the process {F(n) : n € [x — 2¢p, x +2¢,] N [a, b]}. The following Lemma B.1 is
similar to Lemma 2.1 in [4]. However, instead of considering the whole support
[a,b] of f, we only consider a local region around a fixed point y € (a,b) that
allows us to relax the assumption of L’ being bounded away from 0.

Lemma B.1. Under Conditions (A1)-(A4), there exist positive numbers K,
Ky, Cy independent of n, such that for co > Cy,

]P’( sup |Ff(m) — ﬁ;(lB;:)(l‘” + O) < Kyn ¢k,
z€[y—3Jo,y-+do]
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Proof of Lemma B.1. The proof is similar to that of Lemma 2.1 in [4]. We still
include here to illustrate the major differences. Without loss of generality, let
a = 0. Denote I, := [y — 6o,y + do] and I 2 := [y — 2d0,y + 2d¢]. For all z € I,
let

T = inf{u > (x — 2¢,) V (y — 0o) : EB(u) = FB) (y)},

n,Cn
with the convention that the infimum of an empty set is (z + 2¢,) A (y + do);
also let

Fs = sup{u < (x +2cn) A (y + 60) : EP(u) = FB2) ()},

n)c’!L

with the convention that the supremum of an empty set is (z — 2¢,) V (y — do)-
If FB(u) = F,(LEnz)(u) for some u < z, and FB(v) = Fy(ﬁf)(v) for some v > =z,
then we must have the common values of 5 = Ff(ﬁf) on the interval [u,v].

Therefore, if for some = € I, we have FP(z) # Z:“,(Lif) (x), then we must have
either Z; > x or s < x. Thus,

11»( sup |[FB(x) — F\B:2) ()] # o> < P(&; > x for some z € I,,)

n,Cn
zely

+P(Z; < « for some x € I)). (B.3)

Our goal is to show both probabilities on the right hand side are tending to be
arbitrarily small. Comparing with Lemma 2.1 of [4], they aim to show that the
probability P(sup,¢(q) |EB () — Fﬁ?(a:ﬂ # 0) is converging to 0. As a result,
instead of considering two probabilities on the right hand side of (B.3), they
need to consider P(Z; > x for some x € [2¢y,b]) and P(Zs < z for some z €
[0,b — 2¢,]), where they assumed f is bounded away from 0 to provide an
upper bound of these probabilities. In our case, we only need to consider these
probabilities when = € I, and so we do not need to require f to be bounded
away from 0. We shall first show that

P(i; > x for some x € I,)) < Kyn~ 2% (B.4)

for all cg > Cy for some sufliciently large Cy. If &; > = for some = € I, then by
definition of Z;,
EP2 (u) # E9 (w),

n,Cn

for all x — 2¢, < u < x. In that case, there exist 0 <y <z —2¢, and z < 2z <
(x+2¢,,)Ab, such that the line segment joining (y, F.Z(y)) and (z, F2(z)) is above
(t, FB(t)) for all t € (y,2). In particular, this line segment is above the point
(x — cn, FB(x — ¢,)), which implies that the slope of the straight line segment
joining the points (y, F2(y)) and (z — c,, FP(z — ¢,,)) is smaller than the slope
of another line segment joining the points (z, F2(z)) and (z — ¢,,, FP(x — ¢,));
this implies that

ny—(a:—cn) . z—(x—cp)

FB(y)_FnB(x_Cn) <FB(Z)_FnB(x_Cn).
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At a time, for every a € R, this further implies that either

B — FB(x — B — FB(z —
n (y) n (1‘ C") <aora< n (Z) n ($ Cn) .
y—(z—cp) z—(z—cp)

In particular, with the choice of a,, := f(x) + ¢, |f'(x)|, we have
P(z; > x for some x € [2¢,,1]) <Py + Py,
where
P, :=P3r eI,y (0,2 —2c,): F2(y) — FP(z —c,) > (y — x4+ cn)az),
and
Py:=P(3z € I, 32 € [z, (x + 2¢,) Ab] : F2(2) = FB(x —¢,)> (2 — x4 ¢p) ).

Furthermore, with ¢, := c¢2 f’(z)/4, we can easily argue that P; < Py + Py,
where
Py :=PEz€l,: FP(z) — F2(x —c,) > cpap + ta),

and
Pyo:=P(3z € 1,3y € [0,x — 2¢,] : FE(2) — FP(y) < (z — y)a, + t.).

We first estimate Pq ;. From (A1), f is uniform continuous on [0,y + do]. Thus,
by using Taylor’s theorem, as n — oo,

Fa) = F( = c) = eaf(2) + 2(f (@)] + o(1)),

where the o(1)
with MP .= F

n

term is uniform, in € I, in the order of small-o of ¢2. Therefore,
B _ P we obtain

Pua <P (30 € 1,5 (MEG) ~ MEG — ) > S (@) +ol1) )

62
<P <sup (MP (&) = MP( — ca)) > 2 in If’(t)|> ,

zely

provided n is sufficiently large. By definition of FZ, MP = n=1/2B,, o L. More-
over, |L(z) — L(z — ¢n)| < cnsupeq,, L'(t) for all @ € I, where by (A4),
IL'||1,,, = supse;, , L'(t) < oo. Using Lemma 5.1 in [4], we conclude that with
e :=infser, |f'(t)] > 0 and J := [L(0), L(y + d2)],

IP)1,1 < P (Sup Sup (Bn(x) - Bn(y)) > C%T\/HE>

e [a—y|<cn|L |1, ,

— — K282 —r
< K1||Ll|\1yl,zcn1 exp (—Wnci )

Iy‘z
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1/(4—7)
n ) - K2e?eo/GAILIIF, )

= KlHL/HI_yl,z (co logn

For a sufficiently large cg, we see that

n VO e Al LT Kae?eo/(65]|L/||T
nKaeTeo/(GAILTNT, ) ) —Ka2eTeo/(GBIIL]IIT, )
cologn -

Therefore we can find a K7 such that for ¢y sufficiently large and all large n,

By 1 < Ky Kee oo/ 6SIENE, ).
Replacing K252co/(65||L’||}%2) by K5, we conclude that there are positive num-
bers K; and Ky which depend only on f, L and Cj such that

—Ksc
Py < Kyn™ 729,

for all large n, provide that ¢y > Cy for some sufficiently large Cjy.
Next, consider Py 5. For all z € I, and z € [1,2/(2¢,)], let Y;,(z, ) be defined
by
Y (x,2) == FEB(x — 2c,2) — FB(2) + 2cphanz + to,
so that
Pio=P@3x € I,,3z € [1,2/(2¢,)] : Y(z, 2) > 0). (B.5)
Denote €3 := infycjgyqs,) [f/(t)]. Let 6 > 0 such that dex > 2sup,e; |f'(t)]
(that gives 6 > 2). Now, distinguish between two possible cases z € [1,6] or
z € [0,z/(2¢cy,)].
For z € [0, z/(2¢,)], by Taylor’s theorem and the definition of «,,

F(x —2c,2) — F(x) = —2cp2(ay — cu|f/(2)]) + 2¢2 22 F/ (),

for some x,, lying between x — 2¢,z and x. Thus, as ¢ > x, > = — 2¢,z > 0 for
z € [6,2/(2¢,)] and f'(zn) <O,

F(x —2¢,2) — F(x) + 2c,20, < 2%z sup | f/(t)] — 2¢% 2%ey
tel,

<22 zsup | f/(t)] — c2zdeq — 2 2%ey
tel,

< —eycd 2, (B.6)

where the second inequality follows as z > § and the last inequality follows from
the choice of 4.
Define A, := {(z,2) : x € I;, z € [§,2/(2¢,)]}. From (B.6), we have

(z,z)€A,

P ( sup Y (z,z2) > O)

2
<P| sup {MP(x—2c,2) — MP(x) - e2c? 2%} > nc2
(z:2)€An 4



2780 K. C. G. Chan et al.

2
< (o pae s o)) > ST

(z,2)€A,

where the last equality follows as MZ =n~'/2B, o L.

Define A, := {(t,u) : t = L(z),u = (L(z) — L(x — 2¢,,2))/(2¢n), (z, 2) € Ap}.
Then, for (t,u) € A/, by mean-value theorem, u = L'(z,,)z for some z,, lying
between x and x — 2¢,,z. Thus,

2 u? u?
Ty = 1L/, y50)
where [|L'[|0.y+60] = SUPseo,y+6,] L' (t)- Thus, following the arguments as above,

it yields

P| sup Yu(z,2)>0
(z,z)EA,

<P ( sup {Bn(t — 2¢cpu) — By(t) —

(t,u)e AL

cheay/nu? c2eav/n
L T a )
e
Now, denote by k, := |c,;!|, the integer part of ¢, and for all j =0,1,...,k,,
let t; := L(y — 61) + j(L(y + 62) — L(y — 61))/kn. If for some (t,u) € A}, one
has
2 2
B (t) - c2eqy/nu S cnsg\/ﬁ7 (B.7)

B, (t — 2cpu) — % 1

H [0,y+00]
then, for j =1,2,..., ky, such that ¢ € [t;_1,t;], one either has

Bn(tj - anu) - Bn(t]') ||CL/€2\/_U > 0;
or )
By (t — 2cpu) — By (t; — 2cpu) — By (t) + By(tj) > cnai\/ﬁ;
indeed, if not, then both
C g u
Bty = 2e01) = Bu() — T <0,
L1 5450
and )
Bt — 20, — Bty — 2e,u) ~ Bu(t) + Bu(t)) < 2V

which contradicts (B.7) after adding these last two inequalities.
Note that for any 7 =0,1,...,k,,

|Bn(t) — Bn(t;)] < sup sup [Bp(u) = Bn(v)].  (B.8)
u€[L(y—60),L(y+60)] |u—v|<kn*
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Furthermore, for (t,u) € A}, we have t —2c,u = L(x —2¢, 2) € J = [L(0), L(y +
d0)], so that

|Bp(t — 2cpu) — By (t; —2c,u)] <sup sup |By(t) — Bn(y)|- (B.9)
T Jt—y|<kn'

Hence, from (B.8), (B.9) and a simple use of triangle inequality, it follows that

sup sup {B,(t — 2cpu) — By (t; — 2cpou) — By(t) + Br(t;)}
te[tjfl,tj] u25inftg[0,y+50] L/(t)
<2sup sup |B(t)— Bn(y)|.
ted |t—y|<kn'

We conclude that

P ( sup Y, (x,z) > O)
(

z,2)EAR

2
<P (25w sup  |Balt) - Buly) > 22"
ted |t—y|<kn! 4

= c2eqy/nu?
+ E P ( sup {Bn(tj — 2cpu) — By (t;) — %} > O) .
; 0

j=1 \u2dinfieoytso) L' (t) y+30]

Using Lemma 5.1 in [4] with I = Jou =k, v = ciazﬁ, we have

2
P(2sup sup |Bn<t>—Bn<y>|>M>

teJ \t7y|§k;1 4

K. 2
%cik;) < Kic,'exp (—

I VO it
cologn ’

2 —T
< K1k, exp (— Kaezn LA C )

16 o

by definitions of ¢,, and k,, since k,, < ¢! and k,, > ¢,,;1/2 for those sufficiently
large n. Hence, there exist positive numbers K7 and K> that depend only on f,
L and Cj such that

2
P(2sup sup |Bn(t) — Bn(y)| > M < Kyn~ Ko,
teJ |t7y\§k;1 4

for all n, provided ¢g > Cj for some sufficiently large Cy. Furthermore, with (A3),
we have

kn 2 2
Cph€ nu
ZP( sup {Bnaj—%nu)—Bn(tf)‘||‘Lf||22f }>O>
1

G= u>dinfieqo,y460 L (1) [0,y+60]
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kn 2 2
coean/nz
Y- sup Bu(t; — 2) — Bo(t;) — —n2v12” L
1< <t>{ ! oL

j= 2>2cpdinfie(o,y450) L [0,5+60]

o KQ&QTL 4-7
< Kiexp| -———122" <20n5 inf L't )
; 1 ( 16HL/”?0,y+60] t€[0,y+do] ( )

n s Koe2co(26 inf L'(t)*7/ae||L'||*
< K, n~ 2e5¢0(20 infiefo,y450] L' (1)) /(16]| H[O,y+60]),
- cologn

by definitions of ¢, and k,. Renaming K; and K», the expressions on the right
hand side in the last inequality is bounded from above by K;n~%2¢ for all n,
provided ¢y > C for some sufficiently large Cy, where K7 and K5 depend only
on f, L and Cy. We conclude that there exist constants K7, Ko such that

P sup Yy (x,2) >0 | < Kyn 2o,
(z,z)EA,

for all n, provided ¢q is sufficiently large.
To show that Py o < Kin~%2¢  we also need to show that

P sup sup Yi(z,2) >0 | < Kyn~ 20,
w€l, z€[1,6]

For any z € I, and z € [1,4], by Taylor’s theorem, for some z,, lying between
T — 2¢,z and z,

F(x —2cp2) — F(x) = —2cp2f(z) + 26222 f' ().
By the definition of a, and as f’ is uniform continuous on I,
F(x —2cp2) — F(x) 4+ 2cpa,z = 22| f/(2)|2(1 — 2) 4 o(c2),

where 2¢2|f/(x)|z(1 — 2) < 0 because z > 1, and o(c2) is uniform in 2z € [1,]
and z € I,,. Recall that t, = ¢2 f'(z)/4 < 0. Thus,

F(x —2c,2) — F(z) + 2ch0,2 + t, < —2|f(2)|/8,

for all z € [1,6] and x € I, for all sufficiently large n. Hence,

z€ly, 2€[1,8]

P (sup sup Y, (z,z) > 0)

z€ly z€[1,6] z€l,

=P (sup sup (Bn(L(z — 2¢p2)) — BuL((x))) > Ciﬁs)

<P (sup sup (MP(x —2¢,2) — MB(x)) > % inf |f'(t)|>

zel, ze[1,6) 8
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c2\/ne
< .

<P sup sup |Bn(t) — Bn(y)| >
t€[L(y—0d0),L(y+00)] [t—y|<2cn||L’ ||z, 590

Using Lemma 5.1 in [4], we have

P (sup sup Y,(z,z) > 0)

z€ly z€[1,6]

—1 5_1 —Kact~Tne?27T||L’ \|;y72577'/64
Iy € ’ .

< K27 e | L

By renaming K; and K, the last displayed term is bounded from above by
Kin~%z2¢ for all n, provided ¢y > Cy for some sufficiently large Cy. Thus, we
have shown that

PLQ S Kln_ch‘).

Using similar argument as above, Py can also be shown to be bounded from
above by Kin~%2¢. It remains to show that P(Z; < x for some z € I,) <
Kyn—Kzc0_If for some = € I,, Ts < x, then by the definition of Z;,

BB () # 5 (u) (B.10)

n,Cn

forall z <u < x+2¢,. Let x,, := z+¢,. Note that Félifm) is the least concave

majorant of the process {FZ(n) : n € [z, — %,z + %]} Define

Tim = inf{u > (2 — en/2) V (y = 00) : BF (u) = BE) (w)},

with the convention that the infimum of an empty set is (@, + ¢, /2) A (y + do)-
From (B.10), we also have

EB(u) # E) (u)

n,cn /4
for all © € [z, — ¢ /2, 2y + ¢ /2]. Hence,
P(Zs < x for some x € I)) < P(Z;,, > x, for some z,, € I,).

The last probability can be shown to be bounded from above by Kin~ 2% as
(B.4). O

Lemma B.2. Under Conditions (A1)-(A4), we have

logn\ >/
- .

swp  |EP(e)— FP(a)| = OP(
z€[y—0d0,y+do]

Proof of Lemma B.2. The proof is similar to that for Theorem 2.1 in [4]. For
any intervals I C R, denote by C' M the operator that maps a bounded function
h : I — R into the least concave majorant of h on I.
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Denote I, := [y—0do, y+0do] and I, o := [y—20¢, y+20¢]. Fix z € I, C (a,b). It
suffices to consider all sufficiently large n such that a < = —2¢,, and z+2¢, < b.
Define

TP () := FP (2 + can) — FP (2),

for all n € [—2,2]. Then, by the definition of Fr(ﬁf) (2),

ER9 (x) = FP () = (CM_s 5 T{)(0).

n,Cn
With MB = FB — F, we have
TP () = My (& + ) — My (2) + F(a + cun) — F(2).

Since sup,ey, , |f/(%)] < oo and |n| < 2, it follows from Taylor’s theorem that
TP () = M7 (@ + ean) — M7 (2) + Y59 () + O(c), (B.11)

where YAB’I)(n) := ¢y f(x), and the big O-term is uniform in 7 € [—2,2] and
x € I, for all large enough n so that 2c¢, < dp. Because the process Yn(B’x)

is linear, its least concave majorant on [—2,2] is YTEB’I) itself. Using the fact
that the maximal distance between the least concave majorants of processes
is less than or equal to the maximum possible distance between the processes
themselves, we have

|EB2) (2) — FB(2)] = [(CM|_0 9T %)(0)]
<Y, BD(0)] + [(CM_g 9 TF)(0) - V(B (0)]

< sup  |[(CM_ogTP) () = V2% ()]
n€(-2,2]

< sup [T (n) — VB ().

n€l-2,2]

Using (B.11), we obtain for any = € I,, and all large enough n,

|ES (@) = F2 ()] < sup  |M7 (x4 can) — M2 (2)] + O(c})).
ne[—2,2]

Hence, for A > 0 sufficiently large and all large enough n,

P( sup |0 0) - FE() > 4 )
z€l,

< ]P’< sup sup |MB(z+ c,n) — MB(z)| > Aci/Q)
zely nel-2,2]

= ]P’< sup sup |B,oL(z+c¢yn) — ByoL(z)| > Aci\/ﬁ/Q)
w€l, ne[-2,2]

IN

IP’< sup sup | B, (z) — Bn(y)| > Aci\/ﬁ/Q),
z€|

L(y—=30),L(y+380)] |e—y| <2 | L'||1,
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where [|L'||r, , = sup;¢g, , |L'(t)]. Using Lemma 5.1 in [4], for sufficiently large
A and n,

nycn

IP( sup [EB2) (2) — FB ()] > Aci)

z€ly
K, 20—=2—T|| 7 /||~T ,, A—T
< 72%”L, o exp{ — Ky A*2 I|IL ||1y,2”0n
_ K ( n )1/ R A
2||L/||],%2 Co 10gTL '

Since the above upper bound tends to 0 as n — oo provided that A is sufficiently
large, .
sup | FSR0 (x) — F2 ()] = Op(cy). (B.12)
zely o
Finally, the proof is completed in view of Lemma B.1, (B.12) and the triangle
inequality that
sup |E7 (2) = FP (2)] < sup | B2 (2) = B2 (@) + sup | S () = P ()] O

Mn,Cnp, n,Cn

z€ly z€l, z€ly

Theorem B.3. Under Conditions (A1)-(A4), we have

A logn \ /(4=
sup  |Eu(e) - Fula) =opm>+op( ) .
z€[y—80,y+60]

Proof of Theorem B.3. The proof is similar to the proof for Theorem 2.2 in [4].
Write . . . .

Since the maximal distance between least concave majorant processes is less than
or equal to the maximum possible distance between the processes themselves,

sup |F(x) — FP (2)] < sup [Fu(x) — FP(x)].
z€[a,b] z€la,b]

Denote I, := [y — 0o, y + o). The triangle inequality gives

sup | (z) — Fu ()|

z€ly
< sup |Fu(e) — F7 ()] + sup |E7 (@) — Fa(a)| + sup |E7 (2) = F7 (2)]
zE€Ly Ay z€ly
< sup [Fu(2) = BP (@) + sup [FP(2) = Ful@)| + sup | FP () — B (2)]
z€[a,b] z€[a,b] x€ly
<2 sup [Fu(e) — E7 (@) + sup |E7 (@) — EF ().
z€fa,b] zely

The required result then follows from (B.1) and Lemma B.2. O
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Appendix C: Proofs for Section 3
C.1. Proofs for Section 3.2

Proof of Theorem 3.4. By Theorem B.3, it suffices to verify Conditions (A1)—
(A4). For the problem of estimating a decreasing density, F,, is the empirical
distribution function. By the Hungarian approximation, F, can be approxi-
mated by a sequence of Brownian bridges B, with L being the distribution
function F' corresponding to f, and v, = (logn)/n. Under C}5, Conditions (A1)
and (A4) are satisfied. For Conditions (A2) and (A3), Corollary 3.1 in [4] has
verified that Brownian bridges will satisfy these two conditions with the choice
of 7 = 1. Hence, the required results follow from Theorem B.3 with y taking

values (2j + 1)dp for j =0,1,..., L;T%J, the integer part of 2"”700, and y = xo. O

C.2. Proofs for Section 3.3

Proof of Theorem 3.5. We only provide the proof when k& = 1 as the other cases
can be proven similar. To derive the asymptotic joint distribution in (3.8), we
shall make use of some intermediate result of [23] as well as the method of proof
(see, e.g., [7] and [8]) of deriving the asymptotic distribution of the Grenander
estimator at a fixed interior point; so, some of the details will be omitted. With
the Hungarian approximation in (3.3), denote

7€) 1= sup | n1/3 FBu(Eo(2)) — fo(0)an — {fo(0)x — Fo(z)} + Ra()

x>0 [67%% +x

Z#(c) = sup nl/Gf[;l(O)Wn(fg((;)m_l/?’) — ¢ — Bot? .
£>0

By Lemma 2 in [23], we have

sup 13 { fran (0) = fo(0)} = Zn(e)| = 0, (C.1)
0<e<Ch

for whatever C,, = o0,(n'/?). Furthermore, from the proof of Proposition 2 in
Woodroofe and Sun (1996), for any 0 < ¢; < ¢z < 00,

sup | Zn(c) — Z#(c)| = 0. (C.2)
c1<c<ca
In view of (C.1) and (C.2), to study the asymptotic distribution of (3.8), it
suffices to consider that of (Z#(c), n'/3{ fn(x0) — fo(zo)}).
Let a,b € R. Using the switch relation in (3.2) and the fact that adding or

multiplying a constant will not affect the location of the maximum of a process,
we obtain, with the probability one, that

03 ful@o) = folwo)} < b (C.3)
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& n3{U, (Y30 + fo(wo)) — 20} <0
& sup{t > —zon/3 : Fp(zo+tn"1/3)—n=2/30t — fo(to)tn /3 is maximal} <0
< sup{t > —zon'/3 Vi (t,b) is maximal} < 0,

where for ¢t > —zont/3,
Vi (t,b) == n?/3{F,, (zo + tn~Y3) — Fp(x0) — folzo)tn 3} —bt.  (C.4)
By the same Hungarian approximation in (3.3), define

Vi (t,b) := 0/ S{Wi, (Fy (o + tn~1/%)) — W, (Fo(xo)) } (C.5)
+ ’I’L2/3{F0(.T0 + tn_1/3) — Fo(aio) — fo(.’l?o)n_l/3t} — bt

and note that

Vou(t,b) = n'/{B,, (Fo(zo + tn /%)) — B (Fo(to))}
+ /3 Fy(wo + tn™ /%) = Fy(wo) — fo(wo)n™/*t}
+ 023 Ry (w0 + tn™Y3) — Ry (o)} — bt
= Vau(t,b) — n!/{Fy(zo + tn /%) — Fy(x0) } Wi (1)
+n?3{ Ry (0 +tn~Y/3) — Ry ()}
= vﬂ(tv b) + Op(l)v
where the 0,(1) term is uniform in ¢ over any compacta as W, (1) = O,(1),
nt/S{ Fo(xo + tn=1/3) — Fy(z9)} — 0 uniform in ¢ over any compacta, and
sup;eg [0/ { Ry (vo+tn=1/3)— R, (x0)}| = 0,(1) by (3.4). Using Proposition 3.1,
it can be shown that sup{¢ : V,,(¢,b) is maximal} and sup{t : V;,(¢,b) is maximal}
are asymptotically equivalent in the sense that the difference between them con-
verges to 0 in probability. As a result, it suffices to consider V,, in establishing

the asymptotic distribution of (3.8).
Note that we can write

Wa(t) — (c+ ﬁ2t2)}
t

V(t,a) = fo(O){Wn <n1/3F0(;§(g)m1/3)) ~ W (W) }

+ 0?3 {Fo(xo + tn~Y3) — Fy(z0) — fo(wo)n 3}, (C.6)

— WSl 2(0)
Wn(t) = fO(O) Wn( ’21/3 >

is again a Brownian motion. Denote

i _ 2
H, :=sup {t>0: Wat) §C+62t )

Z#(c) = sup{
>0

where

is maximal} ,
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Hys :=sup{t: Vn(t, b) is maximal}.

Let
An = {Hnl < Kru ‘Hn2| < Kn}v

where {K,} is any positive sequence such that K, — oo but K, = o(n'/3).
Note that H,1 = O,(1) and H,2 = O,(1). The former one can be seen by,
for example, using the law of iterated logarithm of Brownian motions. Thus,
P(A4,) — 1 as n — co. Note that

P(Z#(C) < a,sup{t : V,,(t,b) is maximal} < 0) =: Dypy 4 Dyo, (C.7)
where
D1 :=P(Z#(C) < a,sup{t : V,,(t,b) is maximal} < 0, A,),
Dy = P(ZF(C) < a,sup{t : V,,(t,b) is maximal} < 0, A).
Clearly, since Hy1, Hpo = Op(1) and K, — oo,

limsup D2 < limsup P(AS) = 0. (C.8)

n—oo n—oo

Also, define a sequence of events

{Wn(t) —§c+52t2)}

B, = {w : sup < a and

0<t<K,

sup{t € [ Ky, K] : ‘N/n(t, b) is maximal} < O}.

Observe that on A,

s {Wnu) - (0+ﬂ2t2)}

0<t<Kn t

= sup
t>0

{Wn(t) - Ecwztz)}

Therefore, we have
Dp =P(B,NA,) =P(B,) +o(1), (C.9)

as P(A,,) — 1. Recall the definition of V;, in (C.6). Note that for all sufficiently
large enough n,
K, < nl/BFo(Q:OQ— K,n=1/3)
f5(0)
Therefore, using the independent increment property of Brownian motions, for
all sufficiently large enough n,

sup
0<t<K,

{Wm — (c+ Bat?)

" } and sup{t € [—K,, K,] : V,,(t,b) is maximal}
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are independent. Hence, for all sufficiently large enough n,

T (e )
IP’(Bn):IF’< sup {Wn(t) i+52t)}<a>

0<t<K,

-P(sup{t € [-K,, K,] : V,(¢,b) is maximal} < 0). (C.10)

Therefore,

P( s {Wn<t>—<c+ﬁzt2>}<a>

0<t<Kn, t
_ ]P( sup {Wn(t) — (C+ ﬁ2t2)} < CL,An>
0<t<Kn t
N ]P’( sup {Wn(t) —(c+ Bgtz)} - a,A%)
0<t<K, t
_ P< sup {Wn(t) — (C+ 52t2)} < CL> + 0(1)7 (Cll)
0<t<oo t

where the last equality follows as P(A,) — 1. Similarly, we have

P(sup{t € [—K,, K] : V,,(¢,b) is maximal} < 0)
— P(sup{t : V,,(t,b) is maximal} < 0) 4 o(1). (C.12)

In view of (C.7)—(C.12), for all sufficiently large n,

P(Z#(C) < a,sup{t : V,(t,b) is maximal} < 0)
_ P( wp {Wn(t) - §c+62t2)} - a)

0<t<oo

- P(sup{t : V,,(,b) is maximal} < 0) + o(1).

Z# () £ sup { W(t) = (c+ Bat?) }

n
t>0 t

and by using Proposition 3.1, it can be shown that

Note that

sup{t : V,,(¢,b) is maximal} 4 S(b),
where S(b) := sup{t : \/fo(zo)W (t) + 3 f{(z0)t* — bt is maximal}. Therefore,
Titm B0 {fn.0, (0) = fo(0)} < a0/ {fueo) — fole)} <b) (€13

= lim P(Z#(c) < a,sup{t : V,,(t,b) is maximal} < 0)
n—oo

:P<Sup{w(t) - (c+ﬁgt2)} < a) P(S(b) < 0)

>0 t
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_ ]P(SHP{W(t) - (C+ﬁ2t2)} < a)

>0 t

41»( |4 fo(zo) £ (zo)| /2 Y < b).

O
Proof of Corollary 3.1. Firstly, we write
S (20) = So(@0) = Iy + Ina + Ins, (C.14)
where
2 1 1
Inl = fn(xO){ ~ - }7
frna, (0) Jo(0)
1 .
In = ——1Jn — ;
2 fO(O) {f (1'0) fO(IO)}
I o= fnvan (IO) - fn(IO)
n3 -— = .
Jn.a,(0)
(a) Note that under C's4, fj is strictly decreasing near 0. Hence, by Corollary 2

and Proposition 1 in [27], and the choice that o, = cn=2/3,

n3 s = nt30,(an) = 0,(n~13) = 0,(1).

Now, note that the rates of convergence of I,; and I,s are both ni/3.
With Lemma 3.5, continuous mapping theorem, and Slutsky’s theorem,
we obtain

T (e 2

o+ ) = g { O
1

7

where W(-) and Y are independent. The result then follows as

fo(0)/ fo(0) = So(wo), 1/ fo(0) = [~ So(y)dy, and f§(z0)/ fo(0) = Sh(zo).
For 1,1, by (3.7),

+ |4 fo(wo) fi (z0) > Y,

n'/3I,, = nl/gOp(n_fk—Tl) = 0,(1),

as k > 1. For I,3, note that a,, = cn~(FT1/Ck+1) — 4(n=1/3) Thus, by
Corollary 2 and Proposition 1 in [27],

(el (D) o

For I,2, by Proposition 3.2, we have

1/3

W30 4 A0} S o) i(ao)| ¥
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1/3
Y

_ ‘4f0(330) Cfolze) 1
fo(0)  £o(0)  £o(0)

— ‘450(330)55(%) /OOO So(y)dy

1/3
Y.

C.3. Proofs of Section 3.4

Proof of Theorem 8.6. Using C'y4 and the Hungarian approximation (3.3)—(3.4),
we have

) gy
(s By (183
e + S o, (550
+ (J;fi(%)! b, + o(by,)
/2wy n<5%b")) +0,(n72) + 0, (w7t logn)
+ (Jgi(l))!bﬁ+ (o)

Hence,

. (k) c1/2
ot { T80 _ oo} = 2 ok © ) +oy1). (€19

Thus, it suffices to consider the joint asymptotic distribution of the term

W (Fo(bn))/v/brn and 3 (o) — fo(zo)}. For the latter one, it suffices to
consider sup{t : V,(¢,b) is maximal}, where V,, is defined in (C.6). With H,
and K, as defined in the proof of Lemma 3.5, let

E, = {|Hn2| < K, }.

From there, we have lim,, ., P(E,,) = 1. For a,b € R, we have

1 .
Jp =P (J—b?Wn(FO(bn)) < a,sup{t : V,(t,b) is maximal} < O)

=P <LWR(FO(bn)) < a,sup{t : V,,(t,b) is maximal} < 0, En) +o(1)

1 -
=P < Wa(Fo(by)) < a,sup{t € [-K,, K,] : V,(t,b) is maximal} < O>

=
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+o(1). (C.16)
Note that for all large enough n,
Fo(bn) < Fo(zo — Kon™'/3).

Hence, by the independent increment property of Browinan motions, we have

P (\/%Wn(Fo(bn)) < a,sup{t € [-K,, K,] : V,(t,b) is maximal} < O)

P (\/Lb_an(Fo(bn)) < a) P (sup{t € [~Kn, Ky] : Vi(t,b) is maximal} < 0)

= IP’( MZ < a> . {]P’(sup{t : Voo (t,b) is maximal} < 0) + 0(1)}.
(C.17)

Thus, from (C.16) and (C.17) (see also (C.13)),
Tim J, = P(v/o(0)Z < a) - P( [fo(wo) fo(wo) ¥ <), (C.18)
In view of (C.15) and (C.18),

lim P (0755 {5, B (bn) — fo(0)} < @013 ful0) — folwo)} < D)

n—roo

(k) —1/2
: 0 (0) 4, ¢
= n n <— bl
lim P((k 1)!c + N W (Fo(bn)) <a

sup{t : V,,(t,b) is maximal} < O>

(k) (
—p(J Bk 4 VROEZ <) Btien fie Y 0.

Proof of Corollary 3.2. Write

A

STIL_I(IO) - SO(‘TO) = Iln +1-2n7

where

. fn(xo)
F81(0)£0(0)

1 N
IZn ::m{fn(zO) - fO(xO)}

{F10) = fo(0)},

1in ‘=

(a) If k = 1, both the rates of convergence to 0 of Zy,, and Z5,, are n'/3. By
Theorem 3.6,

Lo a _folzo) , (cfo(0)
ns {SH (z9) — So(z0)} = — f2(0§2 Z( 02

The result follows from the relationship between fy and Sg.
(b) If k> 1, Iy, = Op (n=*/(+D) = o, (n=1/3). Hence, by Theorem 3.6, the
result follows. O

,01f0(0)> + Yo.



Nonparametric estimation for cross-sectional sampled data 2793

C.4. Proofs of Section 3.5

The following elementary fact is used in the Proof of Theorem 3.7.

Lemma C.1. Let {F1,} and {Ea,} be two sequences of events. Suppose that
{A,} is a sequence of events such that P(A,) — 1 and for all large enough n,
Ey,, and Es, are independent given A, then P(E1, N Ea,) = P(E1,)P(Ea,) +

o(1).

Proof. For all large enough n,

IP>(Eln N EQn) ]P(Eln N E2n|An) ( ) + 0(1)

= ]P( 1n|A ) (E2n|An) ( ) (1)

= P(E1n, N Ap)P(E2n N Ap) /P(An) + 0(1)

={P (Eln)(l + 0(1)) H{P(E2n)(1 + 0(1))}/(1 + o(1)) + o(1)

= P(E1n)P(E2p) + o(1). O

Proof of Theorem 3.7. For 1/(2k+ 1) < a < 1,t >0, and xz € R, define
Vi (,t) == n T 2{F, (tn~%) — fo(0)tn ™} — at

and recall the definition of V,, in (C.4). For x > 0,y € R, using the switch
relation (3.2), and the fact that adding or multiplying a constant does not affect
the location of the maximum of a process,

P(n' =2 fu(en™) = fo(0)} < &, n!3{ fo(w0) — fo(x0)} < v)
= P(nUn(fo(0) + an~=2) < e, *{Un (fo(0) +yn~ /%) — o} < 0)
= P(sup{t > 0 : Vp1(z,t) is maximal} < ¢,
sup{t > —zon/3 : V,,(,t) is maximal} < 0). (C.19)
For t > 0, by the Hungarian approximation (3.3) and Condition C/3,
Vi (z,t) = n®2 W, (Fy(tn™%)) — n®2 Fy(tn=*) W, (1)
+ p(i+e) /27f0 ©) (trf‘)‘)]€+1 —at
!

(k+1)!
= ~n1(l‘,t) + O;D(l)v

where

Vi (@, t) = n®2W, (Fo(tn~%)) —at, t>0

and the o0,(1) term is uniform on compacta. To apply Proposition 3.1, we first
extend the process V1 (z, -) and Vo (, -) to the real line by defining V;,1 (z,t) =t
and an(x t) = t for t < 0. Then, by Proposition 3.1, we can show that
sup{t : Vp1(x,t) is maximal} and sup{t : V1 (z,1) is maxnrnal} are asymptoti-
cally equivalent in the sense that the difference between them converges to 0
in probability. The establishment of the joint convergence and checking of the
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tightness conditions required in Proposition 3.1 are essentially the same as in the
proof of Lemmas 3.1 and 3.2 in [14]. Note also that sup{¢ : V,,(¢,y) is maximal}
and sup{t : V,,(t,b) is maximal} are asymptotically equivalent; see the proof of
Theorem 3.5. Thus, from (C.19), we obtain that

Tim B2 fo (™) ~ fo(0)} < 03 Fulwo) — folwo)} <)

= lim P(sup{t: V1 (z,t) is maximal} < ¢,sup{t : V,(y,t) is maximal} < 0).
o (C.20)
Define
Ay = {|sup{t : Vi1 (z,t) is maximal}| < K,
|sup{t : V;,(,t) is maximal}| < K.},

where K, — oo but K, = o(n™™(®1/3)) Since sup{t : V,(z,t) is maximal}

and sup{t : V,(z,t) is maximal} are both O,(1), P(4,) — 1. On A4,, for all
large enough n,

sup{t : Vp1(z,t) is maximal} = sup{0 < ¢t < K,, : V1 (2, ) is maximal};

sup{t : V;,(,t) is maximal} = sup{—zon~ /3 <t < K,, : V},(x, t) is maximal};

and
Fo(K,n™®) < Fy(zo — Kon~/3).

By the independent increment property of Brownian motions, sup{t : an(x, t)

is maximal} and sup{¢ : V,,(z,t) is maximal} are independent conditional on
A, for all large enough n. Therefore, by Lemma C.1,

lim P(sup{t : Vi (2, ) is maximal} < ¢, sup{t : V,,(y,t) is maximal} < 0)
= nh_{réo P(sup{t : V,1(x,t) is maximal} < ¢)
Tllgr;o P(sup{t : V,,(y,?) is maximal} < 0)
= 7}1—>H;o P(sup{t : V,1(x,t) is maximal} < ¢)
- lim P(n'/*{ fu(wo) = fo(wo)} <))
=P({fo(0)/c}'*Dr[W ()](1) < #)P(fo(0)Yo < y), (C.21)

where the convergence of the first term in the last line is proven in the proof of
Theorem 3.1 in [14] while the second one follows from (3.5). For = < 0,

P =2 { fulen™) = fo(0)} < 2,n'/*{ fu(wo) — folwo)} < y)
< P2 fu(en™) = fo(0)} < 0) = 0, (C.22)

where the convergence on the right hand side is obtained in the proof of The-
orem 3.1 in [14]. Combining (C.20), (C.21), and (C.22), the required result is
proven. U
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Proof of Corollary 3.3. Write

fn(-TO) ;

SN (w0) — So(wo) = —— {fn(en™) = fo(0)}

fn(en=) fo(0)

1 .
+ m{fn(xo) — fo(z0)}

The rest of the proof is similar to that for Corollary 3.2 by using Theorem 3.6,
we just omit here. O

C.5. Proofs of Section 3.6

To prove Theorem 3.8, we first expand f2, (xy) and ffh(o) in the following
(C.23) and (C.24), and then study the asymptotic behavior of the terms in the
two expansions in the following Lemmas C.2, C.3 and C.4.

For all sufficiently large n, [xo—h, zo+h] C (0,7) and so the boundary kernel
reduces to the usual kernel K for fih(aco). Write

fyﬁh(x()) = Mwo,l,n(h) + Ma;o,Q,n(h) + Mwo,S,n(h)a (023)

where

8
IS

ZE0+h1 _
My 1 n(h) = iy g (et dFy(u),
sty [ () R

g
S

|
<

Muza) = [ L (20 e, - )

T

Moy () i= /Wh 1r (”““0}: “) d(Ey — Fo)(w).

.’I:U—h h
Similarly, write
£50(0) = Mo 1,n(h) + Mo 2,0 (h) + Mo 3.0 (h), (C.24)
where
Mo 1 n(h) == th( ”)dF()
0,1,n = 0 n 0 A olu),
Mosnh) = [ Lk (=7) d(Fs — Fo)(w)
0,2,n - 0 h 0 h n 0)\u),

m ~

Mo 3.0 (h) = /Oh %Ko (_E) d(E, — F,)(u).

The following lemma establishes the asymptotic behaviour of the first term
in the expansion of [, (x¢) and f;;,(0). In particular, the deterministic terms

Mo 1.n and Mo, will contribute to the asymptotic biases of f;’ih(xo) and

f ih(o)v respectively.
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Lemma C.2. Under Conditions C¢1, Cr3 and Cy4 for some integer k > 2, if
h = h,, = 0, then we have the followings.

(i) Asn — oo,

7 Oagnh) = foeo)} = 555 o) | Ky
(i) As n — oo,

_1\k 0
2 0o = 00} > S0 [ 4 Ratway

Proof. (i) By the change-of-variables formula, the facts that [ 711 K(u)du =1
and K is symmetric,

Mwo,l,n(h) - fO(xO)

:/ K (y){fo(xo — hy) — fo(xo)}dy
/ K ()= Foo)hy + 3 8 (€)W Yy
h2/ 18 (Eny)y* K (y)dy,

where &, ,, lies between x¢ and z¢ — hy. The result then follows from the
dominated convergence theorem.
(ii) By the change-of-variables formula again,

Mo,1,n(h) = fo(0)
0
:/ Ko(y){fo(~hy) — fo(0)}dy

= [ ot {~s0m+ 160 S Ly

—D)rh k) k
- T/ Ko)fo" (§n.y)y"dy,
: 1

where Taylor’s theorem has been applied to an extension of fy to an
interval containing 0 as an interior point and the last equality follows
from (A.1). The result then follows from the dominated convergence the-
orem. O

The following lemma establishes the joint asymptotic distribution of the sec-
ond term in the expansion (C.23) and (C.24) of ff,hl(xo) and f;ih2 (0).
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Lemma C.3. Under Condition Cy1, if hj = hj, — 0 and \/nh;,/logn — oo
for 3 =1,2, then we have

( nthmo)g’n, \/ ntho)Qm) i) Z(O, D), (C25)

where D is a diagonal matriz with elements diy = fo(xo) f_ll K?(y)dy and dyy =
f {Ko(y)}?dy.

Proof of Lemma C.3. By the change-of-variables formula, (v/nhiMg,2n,
VnhaoMp 2.,) can be written as

( [ 11 K (y)dWin(y), K 01 Ko(y)dW2n(y)>’

Wan(y \f {Fo (20— hay)—Fo(zo) — Folao — hay) + Fo(xo)}, y € [~1,1],

where

Wan(y f{ﬁ hay) — Fo(—hay)}, g€ [-1,0]

Using the Hungarian approximation (3.3) and (3.4) for the following R, (-), as
hi — 0 and v/nhy/logn — oo,

Win(y) = \/%[n_l/z{ﬁn(%(fo—hly))—Bn(FO(x()))}+Rn($o — h1y) — Rn(20)]

- %{ano(xo ~ hay)) — W (Fol0))}
Fy(xo — h1y) — Fo(zo) logn
+Vhy e W, (1) + O, (\/n_h)
- \/%{Wn(Fo(xo — hay)) — Wa(Fo(z0))} + 0p(1), (C.26)

where the o,(1) term is uniformly small in y. Similarly, as hy — 0 and
vnhsa/logn — oo, we have

Wan(y) = \/hi (0= Y/2B,,(Fo(—hay)) + Ru(—hay)]

1 Fy(—hay) logn
X \/—h_QW"(FO(_th)) - \/EOTWn(l) + Op( nh2>

1
= ﬁWn(FO(_hy)) + 0p(1), (C.27)
where the 0, (1) term is again uniformly small in y. Since Brownian motions have
independent increments, for all large n, J%{Wn(FO (o — h1y)) — Wh(Fo(zo))}

and ﬁWn(Fo(—th)) are independent as Fy(—hy) is smaller than min(Fy(xg—



2798 K. C. G. Chan et al.

>

1Y), Fo(xo)) so that the increments do not overlap. In addition, y +~
ﬁ{Wn(Fo(xo — h1y)) — Wy (Fo(xo))} has the same distribution as the process

Pl =Bl e

and y — \/Lh—QWn(FO(fhzy)) has the same distribution as the process

W (W) y € [-1,0],

where W; is a standard two-sided Brownian motion and Wy is a standard
Brownian motion, and W; are independent of Wy. Therefore, for all large n,
Y1 € [71, 1] and Y2 € [*130]7

(= Voot — ha) = Wa ool }, = WaFof )
4 <W1 (FO(“"”O — ) = FO(xO)),WQ (L’(_hm))). (C.28)

h1 h2
By the uniform continuity of W; and Wy on compact intervals, we have

- (Fo(% — hl;il) — F0($0)> — Wi (fo(zo)yr)
1

Fo(—h
W2( 0(h22y2)

sup 5 0,

y1€[-1,1]

sup 5o. (C.29)

y2€[—1,0]

) —Wa(fo(0)y2)

By (C.26), (C.27), (C.28), and (C.29), we obtain that

(Wor (y1), Wiz (42)) = (V/Fol@o) Wi (y1), v/ Fo(0)Wa (y2))

as a process on [—1,1] x [—1,0]. Accordingly, as n — oo,
1 0
([, sawatn). [ Kot
J 1 0 R
4 (VG [ K@), /RO [ K ) ~ 2(0.D)

where D is defined as in the statement in the theorem. This is because the ex-
pected values of f_ll K(y1)dW(y1) and f_ol Ko(y2)dWs(y2) are both 0, the vari-
ance of 1 K (y1)dWi(y1) is [*, K?(y1)dyy, the variance of [ Ko(y2)dWa (y2)
is fi)l Ko(yg)Qdyg, and W; and W5 are independent so that the off-diagonal

elements in D are 0. |

The following lemma establishes the order of the third term in the expansion
of ff,h(xo) and fih(O).
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Lemma C.4. Under Conditions Cy1 and C¢5, if h = h,, — 0, then we have
the followings.
() Myy3n = Op(h_ln_2/3(log n)z/g);
(i) My 3., = Op(h~'n=2/3(logn)?/3).
Proof. (i) By using integration by parts, the change-of-variables formula, and
Theorem 3.4, for all sufficiently large n,

xo+h —u .
M= [ G (B ) ) = B
/{waww Fa(zo — hy)} K’ (y)dy

<l s 1B \/ K'(y
y6[0,10+6]
= 0, (h~tn=?/3(logn)?/3).

(if) Similar to (i), by using integration by parts, the change-of-variables, and
Theorem 3.4, for all sufficiently large n,

Mo 3 n

) % Oh {¢(0)K’<—%> +¢(0)K’<—%>(— %) +w(0)K<_%>}

{Fn(u) — Fp(u)}du

0
= %[1{¢(0)K’(9)+¢(0)K'(y)y+w(O)K(y)}{Fn(—hy) — Fo(—hy)}dy

Sh s ) )] [ {OOK ) OK W O K )y
y€[0,z0+0]
= 0, (h™'n=2/3(logn)??). 0

Proof of Theorem 3.8. First, for f;ihl (x0), by Lemma C.2 (i), Lemma C.3, and
Lemma C.4 (i), we have
n2/5{f7§,h1 (z0) — fo(zo)} = n?P My 1.0 + 1% Myy 2.0 + 1/ Myy 3.0
S )+ 2(0,dn),

as N2/ My, 3., = n?/°0,(n'5n=2/3(logn)?/?) = o,(1). For fnh (0), by Lem-
ma C.2 (ii), Lemma C.3, and Lemma C.4 (ii),

/DL, (0) = fo(0)}
— nk/(2k+1)M071)n + nk/(2k+1)M0,2’n 4 nk/(2k+1)MO,3,n

A u + 2(0, da),
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as nk/(2k+1)MO 3 = nk/(2k+1)Op(nl/(2k+1)n—2/3(logn)2/3) — Op(l).
The required joint convergence follows as (i) My, 3., and My 3., are of smaller
order than the other two terms in the expansion (C.23) and (C.24) of f5, (o)

n,h1
and fihz (0), respectively; and (ii) v/nhi My, 2,n and /nha My 2, are asymptot-
ically independent by Theorem C.3. O

Proof of Corollary 3.4. The proof is similar to the proof of Corollary 3.2 using
Theorem 3.8. Write

~

Sf,hl,h2 (w0) — So(xo) = Hin + Hap,

where
" EhQ(O)fO(O){f"’hI(O) fo(0)}, (C.30)
o m{ff’hl(%) = fo(zo)}. (C.31)

Since we assume | Sy (xg)| > 0 and hy = c;n /%, the rate of convergence of Ha,,
is n2/%. On the other hand, the rate of convergence of Hy,, is n*/(2k+1),

(i) If k = 2, both Hy, and Hs, have the same rate of convergence. By Theo-
rem 3.8,

fo(zo)

AUEREE

. 1
n2/5{‘9§,h1,h2 (z0) — So(zo)} i> —Z(ugfo),dn) -
fo(0)

(ii) If k > 2, Ha, dominates and
578 a 1
n?/5{S . na (o) — So(zo)} = fO—(O)Z(Mg), di1)-

The results then follow using the relationship between fy and Sp. O

C.6. Proofs of Section 3.7

Proof of Theorem 3.9. Similar to previous sections, it can be shown that f,, ()
and f,(yo) are asymptotically independent when xo # yo. Write

n1/3{5'|y0 (o) — S\yo (7o)}

1 45,2 fo(zo) 1/3¢ ¢
= %n 3L fa(wo) — folzo)} — m" 3L fa(yo) — folyo)}
A ﬁwlﬁlfo(xo)fé(xo)ll/wl + jﬁ((zg 14fo(30) £ (50)|/2Y
_ DO [, Solwo) filw) 1 [P
Jo(vo) fo(0)  fo(0)  fo(0)
L Do) o0 |, olwo) folw) 1 [T
fo(0)  fo(yo)? fo(0)  fo(0)  fo(0)

The result then follows using the relationship between fy and Sp. O
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Appendix D: Additional results

In this section, we provide additional asymptotic results under different regimes
defined by underlying smoothness (p or k) and the tuning parameter (y or «).

D.1. Additional Results for Section 3.4

Theorem D.1. Under Conditions Cy1, C;2, and (3.9) for some p > 1, if
b, = cen™7, where ¢ > 0 and v € (0,1), then the followings hold.

(a) Ifzp#f1 < vy <1, then

(n2 O EE©0) = fo()} ! { Falwo) = folwo)})
4 (20,7 £(0)), fo(0)Yo).

(b) if y= 217%1, then

(5 4FI(0) = Fo(0)} n Y { Fulo) = folo)})
5 (Z(=he"™ e fo(0)), Fo(0)Yo).

(c) if0<v< g,

(nw(pfl){ff(o) — fo(0)}, n3{ fulao) — fo(xo)})
% (—Hie"™, fo(0)Yo).

Proof of Theorem D.1. Using the Hungarian approximation (3.3), (3.4) and
(3.9),

T2la) _ fug0)
{5} (5o
=c1/2n%<71>7”(5%b”>) +0,(n"Y2) + 0,(n" logn)

— f1P TP (P,

3

) R o)

Note that

(i) Tf g <7 < 1, then —y(p—1) < —£=4

3= {w _ fo(O)}

< 1(y—1) < 0. Therefore,



2802 K. C. G. Chan et al.

/2 1 1 1
== WalFo(ba) + Op(n=772) 4 0y (n207"7 Hlog n)
+O(n2==7e=1) 4 70, ¢ £4(0)).
(ii) If v = ﬁ, -1 = —21;;_11 = 1(y — 1). Therefore,
p=1 [, (b, ¢ 1/2 _
2p—1 { b( ) _ 0(0)} = TI/V,L(Fo(bn)) — ficP™ 4 0,(1)

(i) If 0 < v < gy, then §(y — 1) < —=&=; < —y(p — 1) < 0. Therefore,

wirn {50 b et o,0) 5 g,

The joint convergence can be established similar to the proof of Theorem 3.6
and we omit the details. O

To state the following Corollary D.1, denote
Dy = D1(So, xq, ¢, p) := "~ 18180 (x0),

D2 = DQ(SO,C) =7 (O,C_lsg(l'())/ S(](y)dy> .
0

Corollary D.1. Under Conditions Cs1, Cs2, and (3.10) for some p > 1, if
bp, = cen™7, where ¢ > 0 and v € (0,1), then the followings hold.

(a) Ifzp%l <7y <1, then

n2CDL8H (1) — So(0)} % Do, if v > 7

PN

n3 {85 (z0) — So(z0)} > Da + Yo, if v =

)

3 {SH (9) — So(wo)} % Yo. if v < 5.

Wl Wl Wl

(b) If v = 52—, then

2p—17

n#1{8H (z0) — So(20)} > D1 + Da, if v >

n5 {85 (20) — So(z0)} > D1 + Da + Yo, if v =

”%{Sf(xo) — So(wo) } L ify < 5.

Wl W= W=
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(c) If0 <~y < ﬁ, then

Y P=YLEH (50) — So(z0)} 4 Dy, if 1p—1) <

3 {SH (z9) — So(wo)} 5 Dy + Yo, if y(p — 1) =

W= Wl Wl

In (a) and (b), Dy and Yo are independent.
Proof of Corollary D.1. Write

SH(x0) — So(x0) = Hip + Han,

where

@) femg
Hin =~ s {10 = pO)

1 A
HQn = M{f’n(mo) - fo(xo)}

With Theorem D.1, the proof remains to compare the rates of convergence to 0

of Hy, and Hs,. Since f}(z¢) < 0, the rate of convergence of Hy, is n'/3.
(a) If 1/(2p — 1) < v < 1, then the rate of convergence of H,,; is n(!=7)/2,
(i) If v > 1/3, then (1 — v)/2 < 1/3. Hence, Hi,, dominates and

o j2re d fo(zo)
n=0 8 o) = Sofwo)} 5~

(ii) If v = 3, then (1 —v)/2 = 1/3. Both Hy, and Ha, have the same
rate of convergence. Using the asymptotic joint distribution of the
two random variables in Theorem D.1,

Z(07071f0(0)) = DQ.

n 38 (20) — So(x0)} % Do + Yo,

where Dy and Y, are independent.
(iii) If v < 1/3, then (1 —+)/2 > 1/3. Then Hj,, dominates and

nl/s{gf(.%‘o) — SQ(Q?())} i Yo.

(b) Suppose that v =1/(2p — 1). The rate of convergence of Hy,, is nier,
(a) If v > 1/3, then p € (1,2) and (p —1)/(2p — 1) < 1/3. Hence, Hy,
dominates and

4 Jo(zo)

n B (@0)=Sh(a)} S —pEEZ (=A< ol0) = Di+Da.
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(b) If v = 1/3, then p = 2 and (p — 1)/(2p — 1) = 1/3. Both Hj,, and
Hs,, have the same rate of convergence and
n'3{SH (20) — So(0)} % Dy + Ds + Yo,
where Dy and Yq are independent.

(¢) f v < 1/3, then p > 2 and (p — 1)/(2p — 1) > 1/3. Hence, Ha,
dominates and

nY/3{8H (g) — So(z0)} > Yo.
(¢) The proof is similar to (a) and (b), and it is omitted. O

D.2. Additional Results for Section 3.5

For ¢ > 0, define

Ay = {c/fo(0)}V/2 = {/ So(y dy}l/z.

Theorem D.2. Under Conditions Cy1, Cr2, and Cy4’ for some k > 1, if

1/(2k+1) < a < 1, then (n0=/2{f, (cn=) — fo(0)}, n/*{ fu(wo) — folzo)})
converges in distribution to (AT Dr[W (£)](1), fo(0)Yo).

Again, note that as a functional purely dependent on W(-), Dr[W(¢)](1) and
Yy are independent of each other.

Proof of Theorem D.2. First, note that Theorem 3.1 in [14] implies that
A2 (en=®) = fo(0)} 5 D[W (B)(1).

The require joint convergence can be proven similar to that in the proof of
Theorem 3.7 U

Corollary D.2. Under Conditions Cgl1, Cs2, and Cs4’ for some k > 1, if
1/(2k+1) < a < 1, then

n1=0/2{GN (20) — So(wo)} > 50(330)/00050(y)dyA1IDR[W(t)](l)a fora>

n'/3{8N (o) —So(x0)} > So(xo)/(JmSO(y)dyAllDR[W( )J(1) + Yo, for a =

n/3{SN (z0) — So(x0)} % Yo, for a <

ool»—n wl)—l W

Proof of Corollary D.2. Write

& fn(mO)
SN(z) — Sp(xg) = ——222
n ( 0) 0( 0) fn(cn—o‘)fo(O)

1 o
+ m{fn(»@o) — fo(z0)}-

The rest of the proof is similar to that for Corollary D.1 by using Theorem D.2,
we just omit here. O

{fulen™) = fo(0)}
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D.3. Additional Result for Section 3.6

Theorem D.3. Under Conditions Cy1, Cy3, Cyd" for some k > 2, and Cy 9,
if hi = hip = ein~ Y5 and hy = hon = can™®, where a € (0,1), then the
followings hold.

(i) If 1/(2k +1) < o < 1/3, then
(n/2 45, (@0) = folwo)}, =2 f5,(0) = fo(0)})

converges in distribution to (Z(pgi),())T, D).
(i) If0 < a<1/(2k+1), then

(n2/2 075 1, (w0) = folwo)} n* L f 0, (0) = Fo(0)})

converges in distribution to (Z(ﬂ;%)7d11),u(])

P

Proof of Theorem D.3. First, for f;fyhl (o), by Lemma C.2 (i), Lemma C.3, and
Lemma C.4 (i), we have
n?/ 2 f3 (@) = fo(wo)} = n®P My 1 +1° Myy 2.0 + 1%/ My 3.0
i //*(z%) + Z(0,d11),

as n?° My, 3., = n?/°0,(n'°n=2/3(logn)?/?) = o0,(1). For fib (0), by Lem-
ma C.2 (ii), Lemma C.3, and Lemma C.4 (ii), we have

(i) if 1/(2k+1) < a < 1/3,
n(l_a)/2M0,1,n _ O(n(l—(x)/2—o<k) _ 0(1)7

n(lia)/zMO,Q,n i> Z(07 d22)7
n(l_“)/zMo,gm = n(l_o‘)/20p(n°‘n_2/3(log n)2/3) = o0,(1).

Thus,
n(=0/20F5(0) = f5(0)} % Z(0, das).

(i) f 0 < a < 1/(2k + 1),

k (k)
n O[]\4’0,1,71 — :uo ’

nkaMO,2,n = ”kaOp(n_1/2+a/2) = o,(1),

ko My 3., = nF0,(n*n =23 (logn)?/3) = 0,(1).

Thus,
arp d
a5 ,(0) = fo(0)} 5 .
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The required joint convergence follows as (i) My, 3., and My 3 ,, are of smaller
order than the other two terms in the expansion (C.23) and (C.24) of ff,hl (zo0)
and fTihz (0), respectively; and (ii) v/nhi My, 2 »n and v/nha Mg 2, are asymptot-
ically independent by Theorem C.3. O
Corollary D.3. Under Conditions Cs1, Cs3, Csd” for some k > 2, and Cs5,
if hi = hin = cin~ /%, hy = hoy, = con™®, where a € (0,1), then the followings
hold.

(a) If 1/(2k + 1) < a < 1/3, then

n(=/2(85 \ (x0) — So(z0)} % Z(0,02), if a >

A d
n?%(85 (o) = So(z0)} % Z(uiP 0% +03), if a =

CﬂlP—‘CﬂIHCﬂl’—‘

d
n?5{85 . (x0) = So(x0)} % Z(u?,0?), if a <

(b) If0<a<1/(2k+1), then

7

n {85, ha(@o) — So(wo)} b g, if ak <
n?P{85, . (x0) — So(z0)} % Z(u® + u?, 0?), if ak =

7

n?P{85, . (x0) — So(z0)} % Z(u”, o), if ak >

U‘ll\)O‘lI[\DCﬂIl\D

Proof of Corollary D.3. Recall the definition of Hy, and Hs, in the proof of
Corollary 3.4.

(a) If 1/(2k + 1) < @ < 1/3, then the rate of convergence of Hj,, is n!=®)/2,
(i) If o> 1/5, then (1 — «)/2 < 2/5. Hence, Hy,, dominates and

n(lia)/z{gihl’hz (xO) — 50(1'0)} i _?;Eg;)g

(ii) If « =1/5, then (1 — a)/2 = 2/5. Both Hy,, and Hj, have the same
rate of convergence. By Theorem 3.8,

Z(0,da2).

288 0 Solan)) S 5 2, din) = S0 2(0.daa).

(iii) If @ < 1/5, then (1 —«)/2 > 2/5. Hence, Hy,, dominates and

N 1
n?P{85,  (x0) — So(x0)} B ——=Z (P, d11).
f0(0)

The results then follow using the relationship between fy and Sy.
(b) If 0 < a < 1/(2k + 1), the rate of convergence of Hy,, is n®*.
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(i) If ak < 2/5, then Hy, dominates and

nak{sﬁhl,h2 (w0) — So(zo0)} A _j};ig;)z) o,

(ii) If ok = 2/5, both Hy, and Has, have the same rate of convergence.
By Theorem 3.8,

578 1
n2/0{55»h17h2 (zo) — So(wo)} i WZW%},dn) - J}?)Eg;g) Ho

(iii) If ok > 2/5, then Ha, dominates and

N 1
”2/5{55,}11,@ (z0) — So(zo)} i —Z(M;(Li),dll)-
fo(0)

The results follow using the relationship between fy and Sp. O
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