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Abstract: We develop a family of doubly robust kernel machines for classi-
fication in the presence of missing covariates. We assume that the missingness
is missing at random and the missing pattern is homogeneous over a subset
of covariates. First, we construct a novel convex augmented loss function
using inverse probability weighting, multiple imputation, and surrogacy. It
features (i) the double robustness against misspecification of the missing
mechanism or the imputation model, and (ii) computation feasibility via a
constrained quadratic optimization. Second, we obtain theoretical results
for the proposed kernel machine, which include Fisher consistency, an upper
bound of the excess risk, and the rate of convergence. We demonstrate
the finite sample performance of the proposed kernel machine through
simulation and real data analysis.
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1. Introduction

Classification is the problem of identifying to which category an observation
belongs. A classifier is an algorithm that maps input data to a category. In recent
years, kernel machine methods, such as support vector machines, have became
popular for their flexibility and computational ease. Typically, the algorithms
assume that the training data is fully observed. However, there are many sit-
uations where only a fraction of the covariates are available for some subjects.
Such cases of missing covariates arise either by chance or by design. For example,
in a two-stage clinical trial, information of some covariates is collected on all
patients in the first stage. While, in the second stage, information of additional
covariates is collected only on a subgroup of the patients. This could happen
because of patient dropouts which is referred to as missing by chance. It could
also happen because the information of the second stage is expensive or time
consuming (w.r.t. some patients). Hence, the collection or missing information
depends on the information of the first stage. This type of missingness is referred
to as missing by design. Another example of missing covariates often occurs in a
market surveys, where companies are interested in whether customers are willing
to purchase a new electric product (a binary response). Sensitive questions such
as personal income are often skipped in surveys when other covariates, such as
age, gender, and occupation, are collected.

Throughout the paper, we assume that the missing mechanism is missing
at random (MAR), which means that the missingness does not depend on
the missing components given the observed data. This assumption holds true
for missingness by design, although in general, the MAR assumption is non-
identifiable. The missing mechanism of the aforementioned two examples can be
categorized as MAR. For the two-stage clinical trial example, the missingness of
the information in the second stage only depends on the information collected
from the first stage which is observed and independent of the information in
the second stage. For the market survey example, whether a customer answers
the income question depends on the observed occupation and is assumed to be
independent of the actual value of income given the observed occupation. Under
the MAR assumption, three major approaches have been developed to handle
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the missing covariates, namely, the maximum likelihood method, the imputation
method and the inverse probability weighting method Little and Rubin (2002);
Pelckmans et al. (2005); Tsiatis (2006).

In the kernel machine literature, various methods have been proposed for
the classification problem in the presence of missing covariates. Smola et al.
(2005) constructed a framework that can handle missing covariates and missing
response under the condition that the kernel machines can be written as an
estimator in an exponential family. Pelckmans et al. (2005) proposed a classifier
by imposing a distribution for the covariates under the assumption of miss-
ing completely at random (MCAR). Shivaswamy et al. (2006) proposed the
support vector machines (SVM) using (conditional) probabilistic constraints
in the presence of missing covariates. Anderson and Gupta (2011) assumed a
specific distribution for the covariates and proposed a classifier using the ex-
pectation of the kernel matrix to circumvent the problem of missing covariates.
Luengo et al. (2012) compared different imputation techniques for three groups
of classification methods which include the SVM based on a working set se-
lection using second-order information (Fan et al., 2005). Hazan et al. (2015)
presented a kernel-gradient-based online algorithm under the low rank assump-
tion of the joint distribution of the covariates, observed attributes, and the re-
sponse variable. Stewart et al. (2018) provided an overview of some SVM-specific
strategies where the methods of imputation, multiple imputations, and proba-
bility constraints are employed first to handle the missing covariates. Smieja
et al. (2019) constructed a generalized Gaussian radial bias (RBF) kernel for
incomplete data under the normality assumption.

Other approaches in the domain of machine learning include K-nearest neigh-
bours (Garcia-Laencina et al., 2009; Choudhury and Kosorok, 2020), the neural
network ensemble models (Sharpe and Solly, 1995), classification trees (Saar-
Tsechansky and Provost, 2007; Ding and Simonoff, 2010), pattern classifica-
tion (Garcfa-Laencina et al., 2010), learning with limited attribute observation
(Bullins et al., 2016), adjusted weight voting random forests (Xia et al., 2017),
neural network with generalized neuron’s response (Smieja et al., 2018), deep
learning (Qiu et al., 2018), and graph representation learning (You et al., 2020).
As far as we know, the consistency of the classifier has not been established by
any of these methods. In a different domain, Wang et al. (2019) proposed doubly
robust joint learning for recommendation when ratings (i.e., the response vari-
ables) are potentially missing and the missing mechanism is assumed to be not
missing at random. Their method combines error-imputation based approach
and inverse probability weighting to build a doubly robust estimator for the
prediction inaccuracy, not for the loss function as is done in this work.

In this paper, we first introduce a kernel machine with an inverse-probability-
weighted-complete-case loss function, where the weight of a complete case is
chosen to be the inverse of the probability of observing this case. This kernel
machine is inefficient since only the complete cases are used. Additionally, the
consistency of the corresponding kernel machine is guaranteed only when the
estimator of the missing mechanism is consistent. Secondly, we propose a novel
kernel machine with a convex augmented loss to overcome the aforementioned
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drawbacks. The construction of the proposed loss consists of two steps. First,
through multiple imputations, the information of the incomplete cases is used
to construct an augmented loss function to achieve double robustness. Sec-
ond, a surrogate loss and nonnegative weights are used together to modify the
augmented loss to achieve the convexity. The latter is essential for a compu-
tationally tractable solution and a simple representation of kernel machines
(Steinwart and Christmann, 2008, Theorem 5.5). The surrogate losses we con-
sider here are the classification calibrated losses which possess the property that
minimizing the risk with respect to the surrogate losses implies minimizing the
risk with respect to the classification loss as proposed by Bartlett et al. (2006).
See more discussion of the classification calibrated loss in Steinwart and Christ-
mann (2008, Chap. 3) and Bao et al. (2020). We show that the proposed convex
augmented loss is indeed a calibrated loss for the classification loss in the pres-
ence of missing covariates.

We establish some desired theoretical properties of the proposed kernel ma-
chine. Specifically, we show that the optimal classifier is Fisher consistent and
doubly robust against the misspecification of either the missing mechanism or
the imputation model but not necessarily both. To demonstrate the closeness to
the Bayes risk, we derive an upper bound of the excess risk with respect to the
classification loss (Steinwart and Christmann, 2008, Sect. 2). This upper bound
holds if either the imputation model or the missingness model is correctly spec-
ified. In addition, we obtain an upper bound for the excess risk of the proposed
kernel machine classifier and establish the convergence rate of the risk. We
show that the proposed kernel machine classifier can be implemented using
constrained quadratic programming. The R package drkmdmc is provided for
implementation of the proposed methods. We demonstrate the performance of
the proposed kernel machine through simulation and real data analysis. Lastly,
we extend the proposed kernel machine to accommodate a more complicated
type of missing pattern.

Here, we would like to emphasize the difference between the proposed convex
augmented loss and the usual augmented inverse probability weighting (ATPW)
methods (Robins et al., 1994; An and Fuller, 1998; Fuller, 2011). The ATPW
technique is used to construct an augmented term to an estimator (Scharfstein
et al., 1999; Tsiatis, 2006, Chap. 6.5) or an estimation equation (Carpenter et al.,
2006; Han et al., 2019) in the presence of missing covariates. Our approach is
different from the usual AIPW method since we do not add an augmented term
to an estimator or an estimating equation. Specifically, in our proposed kernel
machine, we construct an augmented term to an inverse probability weighted
(IPW) loss function to achieve double robustness. However, this raises mathe-
matical challenges regarding the convexity of the augmented loss function and
further the ability to use the kernel trick (Hofmann et al., 2008). The proposed
kernel machine classifier is obtained by minimizing a regularized empirical risk
over a reproducing kernel Hilbert space (RKHS), in contrast to an optimization
program with respect to the IPW loss function.

So far, the only similar work we are aware of using the convex augmented
loss function is in Liu and Goldberg (2020) who developed kernel machines with
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a different missingness type, namely, missing responses. However, their result is
limited to the quadratic loss. The loss functions considered in the present work
are much broader, which include the hinge loss, the quadratic loss, the logistic
loss, and the exponential loss, among others.

The rest of the paper is organized as follows. Section 2 introduces some
notation and preliminary about kernel machine classification, the assumption of
missing at random, and a naive method to handle classification in the presence
of missing covariates. Section 3 presents the construction of a novel convex aug-
mented loss function which serves as the basis for the proposed kernel machine.
Section 4 provides the theoretical results including Fisher consistency, an upper
bound of the excess risk, and rate of convergence. Sections 5 and 6 compare the
proposed method with some existing methods through simulation and real data,
respectively. Section 7 concludes the paper with some discussion. All technical
details are deferred to Appendix.

2. Notation and preliminaries

Let Y € Y = {1,—1} denote a binary response variable which represents
two different categories. Let X € X C R denote a d-dimensional vector of
covariates, which is partitioned as X = (X7, XJ)" with X; € &; C R% and
Xy € Xy C R, respectively. Assume that X = X x X; is a compact set. Assume
that (X,Y) jointly follows an unknown probability distribution P. Denote the
marginal distribution of X by Px.

Let I{-} denote the indicator function. Define sign(t) = 2I(t > 0) — 1 € ).
For a measurable function f : X — R, denote the classification 0-1 loss as
L(X,Y, f) = I[Y # sign{f(X)}] = I[Vsign{f(X)} < 0]. Denote the risk by
R(f) =E{L(X.Y, f)}. The Bayes risk is defined by R* = inf; R(f), where the
infimum is taken over all measurable functions f. It is attained at fr op¢ such that
sign (fr,0pt) = sign {2P(Y =1 | X) — 1} with the value R* = [, min{P(Y =1 |
z),1—P(Y =1] 2)}dPx (Steinwart and Christmann, 2008, Sect. 2.1).

Let #H be a separable reproducing kernel Hilbert space (RKHS) of a bounded
measurable kernel on X. Denote its norm by || - ||%. Let & : X x X — R be
the kernel function satisfying that K(z,a’) = (®(z), ®(2)) for all z, 2’ € X,
where @ is called the feature map, and (-, -) denotes the inner product. For f €
H, IfII3, = (f, f). RKHS possesses the property that the norm convergence
implies the point-wise convergence. We further assume that k is universal in the
sense that H is dense in the space of bounded continuous functions with respect
to the supremum norm, denoted by || - ||oo- It is used to facilitate the derivation
of rate of convergence in Sect. 4. Without loss of generality, assume that ||k|oc <
1 (Hofmann et al., 2008; Steinwart and Christmann, 2008, Chap. 4). A kernel
machine is a function f € H which minimizes the regularized empirical risk.

Now, assume that X; is fully observed and X5 is potentially missing. Let R
denote the missingness indicator with R = 1 if X5 is observed, called the ‘com-
plete case’, and R = 0 if X is missing, called the ‘incomplete case’. We elaborate
the missing at random assumption as follows.
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Assumption 1. The missingness indicator R and the potentially missing co-
variates Xo are independent given the fully observed covariates X1 and the
response Y, i.e., the missing mechanism is missing at random (MAR) (Little
and Rubin, 2002).

Under Assumption 1, define the probability of observing X5 given X; and Y,
i.e., the propensity score, as 7°(X1,Y) = P(R = 1| X;,Y).

Suppose that (R;, X;1, RiXi2,Y;), i = 1,...,n, are independent and identi-
cally distributed samples of (R, X1, RX5,Y) where X5 is observed only when
R; = 1. Let P, (F(U)) = n=t 3" | F(U;) denote the empirical process for an
arbitrary function F' and a simple random sample of U in Uy, ..., U,.

When there is no missing covariates, R(f) is simply estimated by Rp(f) =
P, [I{Ysign(f(X)) < 0}]. When some covariates are missing, Rp(f) is not
available since sign(f(X)) is not defined for the missing observations. A naive
method is to just use the complete cases and estimate R(f) by

X R[Yisign{f(X,)} < 0]

Z?:l R;
Here, X; = (X1, Xi2). However, this complete-case-based estimator is biased
unless the missing mechanism is missing completely at random (MCAR) (Tsi-
atis, 2006, Sect. 6.1).

A common method to correct such bias is to use the inverse probability
weighted (IPW) loss defined by

RS (f)

RI[Ysign(f(X)} <0]
T(X1,Y) ’
where (X1, Y) is an estimator of 7°(X;,Y) (Tsiatis, 2006). Denote the empirical

risk with respect to (2.1) as Ripw,n(f) = Po{Lipw(R, X,Y, 7, f)}. The mini-
mizer of the regularized version of Ry ..p(f), i.e.,

LIPW (R,X,Y,;T\,f) =

(2.1)

J/C\WCC = arg ]r}él;_[l)‘llf”g{ + RLIPW,D(f)7 (2'2)

is defined as the weighted-complete-case kernel machine estimator. It can be
shown (Liu and Goldberg, 2020) that under MAR, R, p(f) is consistent
whenever 7(X1,Y) is a consistent estimator of 7%(X;,Y). However, the con-
sistency of 7(X1,Y) is not guaranteed in general. Secondly, the minimizer of
R Lipw,p (f) is subject to inefficiency since only complete cases are used directly.

In the next section, we will propose a convex augmented surrogate loss to
overcome these two problems.

3. Convex augmented loss
3.1. Augmented loss

We first introduce an augmented loss which serves as a stepping stone for the
later convex augmented loss. Our construction of the augmented term is based
on a conditional expectation with multiple imputations.
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Let F3), y (22) denote the conditional distribution function of X given X,
and Y’; for example, the conditional normal distribution as used in the simulation
study. Let F5qy (22) be an estimator of F20|1 y (x2) based on the sample.

Assumption 2. ﬁgll,y (z2) converges in probability to FQ*‘1 y (x2), i.e., for any
fized x1, x2, y, and € > 0,

P{|Fyy (w2) — Fypy y (22) | > e} — 0;

and T(z1,y) converges in probability to m*(x1,y), i.e., for any fized x1, y, and
e >0,
P{|7AT(x1,y) - Tr*(xlayﬂ > 8} — 0.

Remark 3.1. Assumption 2 requires that both ﬁg‘Ly (z2) and 7(x1,y) con-
verge to some deterministic functions F3, \ (x2) and 7*(x1,y) which are not

necessarily the true functions Fgu y (x2) and 7%(z1,y) due to possible model
misspecification.

Let X1y, X;Iﬁpy, and X3, ;- denote the random variables whose distribu-

tion functions are F2OI1,Y (z2), ﬁ2|17y (z2), and F2*|1,y (xz2), respectively.

Remark 3.2. Assumption 1 implies that the missingness R is independent of
both X;Tfy and X3, 5, given X1 and Y.

Denote X0 = (X, XJ, )7, X = (XT, X)iP0)T and X* = (X], X3 )T
for later use. Denote X8 = (X], ZT)T as a generic random vector (of dimension
dy +ds) where Z is some dy dimensional random vector. We shall use X8 to rep-
resent X, X'™P and X* in a generic form for later development. Let 78(Xy,Y)
denote a generic conditional probability R given X; and Y.

Define the augmented loss by

Laug (7", X™, f)
B R
o (X1,Y)

™(X1,Y)—R
(X1,Y)

ITY sign{f(X)} < 0]

Ex;, , U[Vsign{f(X1, X3, )} < 0] | X1,Y), (3.1)

R — 7T*(X1, Y)
7T*(X1, Y)
< {I[Vsign{f(X)} < 0] - Ex;

2|1,y

—I[Ysign{f(X)} < 0] +

(I[Ysign{f (X1, X5, y)} <0] | X1, Y)},
(3.2)

where the expectation is taken with respect to X;\l,Y' Note that the augmented
loss function Layg (7%, X*, f) depends on X, Y, and R. To simplify the notation,
we omit these three terms in the argument. Similar simplification is used to de-
note loss functions in Sect. 3.2. For fixed f, the empirical risk of (3.2) is used
to estimate E[I{Ysign(f(X)) < 0}]. A similar form has been used to estimate
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the population mean (Tsiatis, 2006, Sect. 6) or the regression coefficients (Sea-
man and Vansteelandt, 2018) in the presence of missing responses. However,
we consider La,g (7%, X, f) as a loss function over different f which is unlike
the aforementioned forms. We call the risk with respect to Layg (7, X*, f), i.e.,
Rurz,, (f) = E{Laug (7, X*, f)}, the auxiliary risk.

We introduce the following two conditions regarding model specification.

Condition 1 (CD). The conditional distributional model is correctly specified
if By y (2) = F20|1 v (@2) while 7 (21,y) is not necessarily °(x1,y).

Condition 2 (PS). The propensity score model is correctly specified if
7*(z1,y) = ™ (21,y) while F3y y (w2) is not necessarily Fgu vy (2).

Theorem 3.1. Under Assumption 1, Rz (f) = R(f) whenever Condition 1
or Condition 2 holds.

The proof of Theorem 3.1 basically shows that under either one of the two
conditions the expectation of the second term of (3.2) vanishes, thus establishing
the doubly robust property of Ry (f)-

By replacing 7* and X* as 7 and X'™P respectively, we obtain the sample
version of Layg (7%, X*, f) as

Laug(/ﬂ:7 Ximp, f)

R
T IYsign{f(X)} <0
s ()} <0
%(Xl, Y) —R . im
WEX;T;{’Y (I[Ysign{f(X1, X5 }"y)} < 0] | X1,Y), (33)
where the expectation is taken with respect to the conditional distribution X ;ﬁ‘;
To estimate the conditional expectation in (3.3), we multiply impute X;IEPY
m times, denoted by X;I;fl’ v»J=1,...,m, based on the distribution ﬁQ‘LY (z2).
Denote X ;™ = (X7, X';;Iﬁ’jx)T, j=1,...,m,and X = (X" Xme)T
Then, we modify Layg (7, X'™P, f) in (3.3) as
Laug(%a Ximpa f)
TV sian{ /(X)) <0
= sign
A(X,Y) o8 =
TXL,Y)-R [ 1 & ) ;
ALY — 8 2Ny ximey <o | 3.4
& senonl EPSULCEIUE IR (3.4

where the augmented second term is the weighted empirical risk with respect
to the imputed data. By the weak law of large numbers, the term in the
brackets of (3.4) converges in probability to EX;I‘nle (IYsign{ f(Xi, X;fﬁpy)} <

0] | X1,Y) as m — oo. This conditional expectation further converges to the



Kernel machines with missing covariates 2493

conditional expectation in (3.1) as n — oo. In practice, we find that a moderate
number of m is adequate as illustrated in the simulation.
At last, denote the empirical risk with respect to Loy (7, X™P, f) by R pimp. pl

aug

f) = Py Lang (7, X™P ). The corresponding kernel machine estimator is given
by
fon = argpin T, + Ry o) (3.5)

aug

where ) is the tuning parameter governing the penalty term || f||3,.

3.2. Convex surrogate

The computation of (3.5) involves non-convex optimization because of the 0-1
loss. It is common practice to replace the 0-1 loss by some convex surrogate. To
be more precise, by introducing

R _ 7m(X,Y)-R

W) = s =) Vi = =T

we write a generic loss for (3.4) by

Laug(’frgngv f)
:Wl(ﬂg) [sign{f(X)} < O] + W_y(m#)I [*Sign{f( )} < 0]

+ = ZVl (78) [blgn{f(Xg ZV (m&)I sign{f(ng)} <0
" (3.6)

The formula (3.6) is a general formula for any 7% and X&. While (3.4) is a
special case of (3.6) by substituting 7 and X™P into (3.6). For simplicity, we
fix m = 1. The results can be easily derived for general m.

Notice that the negative value of V; when R = 1 causes La.z(78, X, f) to
remain non-convex even after replacing the 0-1 loss by some convex loss. So our
first step toward the construction of a convex loss is to find a way of using only
nonnegative weights. It is achieved by the following proposed loss function,

Labs(ﬂ'ganvf)
=W (m®)I[sign{f(X)} < 0] + W_1(®)I[—sign{f(X)} < 0]

+ Vi (m®) [ Isign(Vi){f(X®)} < 0] + [Voa (7#) [I[— sign(Vo1){ £ (X*)} S(%]-7)

For general m > 1, we shall replace the last two terms of (3.7) by

Z%ﬁH%MM@WﬁH@]

Z 1(m8)|I[—sign(V_y) sign{ f(XF)} < 0]. (3.8)
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Lemma 3.1. Laps(78, X8, f) — Layg (78, X8, f) = =ViI(V1 < 0) = V_1I(V_1 <
0).

Remark 3.3. Lemma 3.1 shows that the difference between the two losses
(8.7) and (3.6) is free of f, which implies that the minimizer of the risk w.r.t.
Loug (78, X8, f) is the same as the minimizer of the risk w.r.t. Lans(m8, X8, f),
i.e., argminy BE{ L, (7%, X¥, f)} = argminy E{Laps(78, X8, f)}, where (78, X®)
can be either (70, X0), (7%, X*), or (&, X'™P). The loss function Lays(m8, X8, f)
is a nonnegative loss function with all positive weights. After replacing the 0-1
loss by some convez surrogate, a convex loss can be built. The proof of Lemma 3.1
1s mot trivial. The main technique enabled to guarantee that the following equa-
tion holds for the classification loss

I—sign{ f(X®)} < 0] = 1 — I[sign{f(X*)} < 0]

Then the term |Vi(n®)|I[sign(Vy)sign{f(X®&)} < 0] in the loss function Laps
can be related to the term Vil[sign{f(X®)} < 0] in the loss function Layg
(free of f). Similarly, the difference between the terms |V_1(w8)|I[—sign(V_1)
sign{ f(X®&)} < 0] and V_1I[—sign{f(X®&)} < 0] is free of f.

Next, we introduce a surrogate loss to deal with the non-convex classification
loss in (3.7). Let ¢(t) be a convex surrogate loss for the classification loss. Define
G(t) = ug(t) + vp(—t), where u and v are two positive constants. Let tyin =
arg mingeg G(t).

Assumption 3. ¢(t) is differentiable at 0 and ¢'(0) < 0. ¢(—t) is convex with
¢(0) =1 and ¢ satisfies sign(tmin) = sign(u — v).

By Theorem 2 of Bartlett et al. (2006), Assumption 3 ensures that ¢(t) is
a classification-calibrated loss, which is used to facilitate the derivation for the
excess risk in Sect. 4.

Lemma 3.2. Assumption 3 holds for the hinge loss, ¢(t) = max{0,1 — t}, the

quadratic loss, ¢(t) = (1 — t)2, the logistic loss, ¢(t) = log(1 + e~'), and the

exponential loss, ¢(t) = e *.

Now, on replacing the 0-1 loss by ¢, we obtain a convex augmented loss by
Ly(n®, X5, f)
=W (m®)¢{f(X)} + Wi (n®)o{—f(X)}
+ [Va(m®)|ofsign(V1) f(X®)} + [Voi(7®)[p{ —sign(V_1) f(XE)}. (3.9)
Define the corresponding risk as RLi(f) =E{L4(m8, X5, f)}.
Remark 3.4. The risk RLi (f), consequently its corresponding kernel machine,
depends on the conditional distribution of Xo given X1 andY and the propensity

score model w8(X1,Y). For example, when (n8,X8) = (n*, X*), by Assump-
tion 1 and Remark 3.2,

Resy(f)
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-/ / Wi ()6 (1, 22)}
X1,y J{0,1} J x,
() ¢{—f (w1, 22) YdFy), y (22) dFppyy (r)dFx, v (21,y)

/Xl, /{0 1}/& Va(m*) ¢ {sign(Vi) f (a1, 22)}

+ [Voi(m®)[¢{ —sign(Vo1) f (21, 22) HdFy), v (22) dFpp1y (1)dFx, v (21, y)

where Fpyy(r) is the conditional distribution of the missing mechanism R
given X7 and Y.

Denote the Bayes risk with respect to Lg(7*, X*, f) by REZ = infy RL;(f),
which by convexity is attained at fg opy = argming RL;} (f). Further denote the
kernel machine in H by

fo.opt,x = arg }%171_[1 M fIB + Ry (f)- (3.10)

Finally, denote the empirical risk of R+ (f) by RLW’D (f) =P, Ly(7, Xm™P, f).
The corresponding kernel machine estimator is

fo = argmin A3+ Ry p(f)- (3.11)

We refer to f;) in (3.11) as a doubly robust kernel machine estimator; this
property is shown in the next section.

The computation of fy through a constrained quadratic optimization under
the hinge loss is provided in Appendix A.

Remark 3.5. For the augmented 10ss Loug (T, X™P, f) in (3.3), though it is
a common approach to construct the augmented term for the general AIPW
estimator, directly estimating the conditional expectation in (3.3) does not work
because the signs of V1 and V_1 and the convexity of the conditional expectation
are unknown. We provide more details in Appendiz B.

4. Theoretical results
4.1. Fisher consistency

Recall that fr opt is the minimizer of the risk function R(f) in Sect. 2 and fy opt
is the minimizer of the auxiliary risk function RL; in Sect. 3.2.

Theorem 4.1. Under Assumptions 1 and 3,
R(fp,0opt) = R(fLz,.00t) = R(f1,.0pt) = R,
whenever either Condition 1 or Condition 2 holds, where

fri, oot = arg min R (f):

aug
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Theorem 4.1 states that whenever F3, y (z2) or 7 is correctly specified, the
minimizer of Rp: (f) achieves the Bayes risk.

Remark 4.1. Replacing the 0-1 loss by a surrogate loss cannot guarantee the
same minimizer due to different loss functions. However, for the classification
problem, the sign of the minimizer determines the classification rule. By the
Fisher consistency result (Theorem 4.1) and Remark C.1 (in the Appendiz C.5),
we have shown that sign{fe opt(x)} = sign{fropt(x)}, i.e., the two classifiers
foopt(€) and fropt determine the same classification rule.

4.2. Ezxcess risk

Let Ly1(f) = Ly (7%, X%, f) and Lg2(f) = Lg (7% X*, f) denote the aug-
mented convex loss with Fy, (z2) correctly specified and 7* correctly speci-
fied, respectively. For j = 1,2, define the risk with respect to Ly j as R, ;(f) =
E{Ly ;(f)}. Denote the corresponding Bayes risk by sz = infs R, (f),
which is attained at fs jopt-

Following Bartlett et al. (2006), we define the optimal conditional ¢-risk as

H(n) = ggﬂg{n¢(t) + (1 =meé(=t)}, nel0,1],

where ¢(t) is a classification-calibrated loss. Let

vt = o0 - 11 (151, (4.1)

Similar to Bartlett et al. (2006, Theorem 1), we use 1(¢) to relate the excess
risk with respect to the classification loss to the excess risk with respect to the
proposed convex augmented loss. Recall that ¢(t) is a classification-calibrated
loss. By Bartlett et al. (2006, Lemma 2), 1(¢) is invertible. In particular, ¥(t) =
|t| for the hinge loss, ¥(t) = 2t* — 1 for the quadratic loss, ¥(t) = 1 log(1 +
t) + 5t log(1 — t) for the logistic loss, and () = 1 — /1 — 2 for the expo-
nential loss. We will use ¢ to derive the bound of the excess risk R(f) — R* in
Theorems 4.2, 4.3, and 4.4.

Assumption 4. There exist constants ¢y and c, such that
0< Ce S W()(,Il,y),%(l'l,y),ﬂ'*(llil,y) S Cy < 1

for all z1 € X, and y € Y, where ©°(x1,y), 7(x1,y) and 7*(x1,y) are defined
in (2.1) and Assumption 2.

Remark 4.2. Assumption 4 is used to bound the propensity score and its esti-
mator as in Tsiatis (2006, Chap. 6).

Theorem 4.2. Under Assumptions 1, 2, 3, and 4, (i) when Condition 1 holds,
{ R(f) —R* } < RL¢>,1(f) - Rz¢,1

SUp,cx ¢1(z) infex c1(2)
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where c1(x) > 1 is some function (defined in the proof) taking value in [2cec;* +
1—cp—cy, 2cch1 —2c¢p+1]; (i) when Condition 2 holds and the Radon-Nikodym
derivative of Fy3, y (x2) with respect to Fgu y (x2) is bounded by My,

{ R(f) = R* } _ Ri,.(f)=RL,,

SUp,cx C2(2) infex co(x)

where co(x) is some function (defined in the proof) taking value in [1, 1+ My (1—
C@)].

Remark 4.3. (i) When the derivative of Fy, y (x2) is bounded and the deriva-
tive of F20|17Y (z2) s greater than a positive constant, the Radon-Nikodym deriva-
tive of Fy, 5 (z2) with respect to F20\1,Y (z2) is bounded. (ii) The properties of
double robustness (Theorem 3.1), Fisher consistency (Theorem 4.1), and excess

risk (Theorem 4.2) hold for general reqularized empirical risk minimization, such
as neural network, in the presence of missing covariates with MAR mechanism.

For general f, Theorem 4.2 provides a bound of the excess risk R(f) — R* in

terms of the excess risks Ry, ,(f) — Ry, , and Ry, ,(f) — R, ,, respectively.

Next, we show the upper bound of the excess risk when the kernel machine f(ﬁ
in (3.11) is used.

To this end, we need some additional notations and assumptions. Denote the
excess risk of the population-version kernel machine in (3.10) with respect to
the Bayes risk by

a(N) = jnf {XIFIB+ Re; (1)} = inf R (1),

Clearly, a(\) — 0 as A — 0.

Let B denote the closed unit ball of H. Let M = {(4 + c,)c; ' }/2. Let
By (\) = A™Y2M B denote the ball with the radius A~'/2M. Define the empir-
ical Lo norm of By by

1 = gllza(e,) = {Pal S(X) = g(X)[P}V/? for f,g € By. (4.2)

By the density of universal RKHS, define the Ly(P,) e-balls around g € By
as the set {f € By If —glle.@,) < e}. For € > 0, the covering number of By
with respect to La(P,), denoted by N (By,¢€, La(P,,)), is the smallest number
of Ly(P,) e-balls needed to cover By (Zhao et al., 2015).

Assumption 5. Forp € (0, 2], there exists a constant Cs,, depending on p such
that supg,, o yean log N (B,€, L2(Py)) < Cape P, where Py, is the empirical
measure obtained by observing x1,...,x, and La(P,) is the empirical Ls norm
defined as in (4.2).

Remark 4.4. By Corollary 9.5 of Kosorok (2008), Assumption 5 holds for any
Vapnik-Cervonenkis classes (Kosorok, 2008, Sect. 9.1.1) of measurable func-
tions. Assumption 5 is also satisfied by the Gaussian RBF kernel with k(x,x’) =
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exp(—o2||z — 2'||?) where o, > 0 is the bandwidth parameter. By Theorem 2.1
of Steinwart and Scovel (2007), for any ¢ > 0, supp,_log N (By, €, La(IP,)) <

cp?gwdoél_pm)(l%)de’p, where 0 < p < 2,6 > 0, and cpsa s a constant

depending on p, §, and d.

Assumption 6. There exist two positive constants p1 and pz such that
|Fopy (72) — F2*|1,Y (x2) | = Op(n="r1) uniformly, i.e.,

sup [Fopy (22) — Fyjpy (22) | = Op(n™"),
T1EX],x2EX2,y€Y

and |T(z1,y) — 7" (21,y)| = Op(n™r2) uniformly, i.e.,

sup  [T(x1,y) — 7 (x1,y)] = Op(n="2).
z1€X1,y€Y

Assumption 6 is stronger than Assumption 2. It is used to derive the upper
bound of the excess risk and the universal consistency. The existence of the con-
stants can be warranted by using an order-preserving nonparametric estimator
and appropriate choices of smooth kernel function and bandwidths after Hall
and Miiller (2003, Theorem 3.4).

Assumption 7. Suppose that ¢(t) in Assumption 3 is locally Lipschitz contin-
uous, t.e., for any B > 0, there exist constants Cy(5) such that |p(t) — ¢(t')] <

Co(B)It —1'].

Remark 4.5. Assumption 7 holds for the hinge loss, the quadratic loss, the
logistic loss, and the exponential loss.

Define

O, () = Zt VG0, (13)

Cl

Theorem 4.3. Under Assumptions 1-7, when either Condition 1 or Condi-

tion 2 holds, for any b > 0, with probability no less than 1 — =2,

L R -R
infex Cj (3?) SUPgecx Cj (.’17)

<a(\) + Op{C¢()\_1/2)A_1/2n_ min(”l’”)} +en b

where j = 1,2, and

€n,\,b

Cs 1/2 Cy 2/(2+p)
=max |12C] xcp, max (CLA_2C)\E)1/2—p/4( ’p) 7( ,p) 7

n n

)

n n

36cQb SQClb]
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Cipn = Cr, \Y2H)MAY2 4 2M?, ¢, is a constant depending p, Ca, is the
constant defined in Assumption 5, cx = 3{Cp,(A\"Y/?) + 2MAY/2}2; ¢ is an
arbitrarily small enough positive constant, Cy is Lipschitz constants defined in
Assumption 7, Cr, is defined in (4.3), and Q is an absolute constant.

The universal consistency of the doubly robust kernel machine ﬁ, is discussed
in the next theorem.

Theorem 4.4. Suppose Assumptions 1-7 hold. Further suppose the constant
Cr,(B) in (4.3) is bounded by 037 for some ¢ > 0 and § > 1 and the tuning
parameter \ in (3.11) satisfies X — 0 and A9T2)/2pmintorrz) 5 oo Let 1p,
defined in (4.1), be increasing in [0,00). Then, whenever either Condition 1 or

Condition 2 holds, for any b > 0, with probability no less than 1 — e~2°,

R(fs) — R* — 0.

Remark 4.6. (i) When ¢ is either the hinge loss, the quadratic loss, the logistic
loss, or the exponential loss, 1 increases in [0,00). (i) By Theorems 4.2 and 4.3,
we conclude that the proposed convex augmented loss is indeed a calibrated loss
in the presence of missing covariates. (iii) In Theorem 4.4, we claim the consis-
tency of f through excess risk instead of deriving the bound of ||f— f*ll2 directly
is because even if by bounding ||ff f*ll2 under appropriate assumptions, we can
conclude f converges to f*. However, for the classification loss IYsign{f(X)}
< 0], the convergence of f cannot guarantee Rl(f) converges to Ry(f*) = R*
(due to the discontinuity of classification loss).

5. Simulation

We conduct simulation studies to compare the finite-sample performance of
the proposed kernel-machine methods with some existing methods in terms of
classification error.

We denote the seven competing methods as follows.

CC: The kernel machine that use only the complete observations without any
partially observed subjects.

Full: The kernel machine that use the full observations with the missing co-
variates assumed to be known from the generating model, i.e., the oracle
method.

IPT,: The kernel machine with the missing covariates imputed by the sample
mean.

IPTy: The kernel machine with the missing covariates imputed by the sample
mean from the k nearest neighbors.

IPT,,: The kernel machine with the missing covariates imputed by multiple
imputations.

WCC: The proposed weighted-complete-case kernel machine presented in (2.2).

DR: The proposed doubly robust kernel machine presented in (3.11).
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For all kernel machines, we use the Gaussian RBF kernel. The tuning pa-
rameter A and the Gaussian RBF kernel width parameter are chosen by (the
five-fold) cross validation where A is from {1/1000,1/100,1/10,1,10} and the
kernel width parameter is from {1/100,1/10,1,10}. The hinge loss is used as the
surrogate loss in our proposed methods. The last three methods (IPT,,, WCC,
DR) involve estimation of the missing mechanism P(R = 1|X;,Y") and/or mul-
tiple imputations of the missing covariates Xs.

The probability that an observation is fully observed is generated using
logistic regression of R on X; and Y. We estimate the propensity score using
either logistic regression (under a correctly-specified model) or probit regression
(under a misspecified model). The missing values Xy are imputed either from
the multivariate normal distribution or from the regression of X5 on X7 and Y.
For the former imputation, the procedure works as follows. We assume that
given X7 and Y, the conditional distribEtion of X5 is multivariate normal. Then,
we obtain the estimated distribution Fy|1y (22) by replacing the mean vector

and covariance matrix by their MLEs. At last, we use ﬁgu y (22) to generate m

independent samples {iju y :J=1,...,m} to form {lep (XT, X;Jnﬁ’ Y)
j=1,...,m}. An alternative way to estimate the imputation model is discussed
in Appendix D.

We consider three classification models with missing covariates in Table 1,
where the actual generating model P(Y = 1/X) and the missing mechanism
P(R = 1]X1,Y) are specified in detail.

Under the MLE imputation, denote the two methods of estimating the pro-
pensity score by logistic regression and probit regression by E1 and E2, respec-
tively. Under the regression imputation, denote the two methods of estimating
the propensity score by logistic regression and probit regression by E3 and E4,
respectively. The missingness indicator is generated through the logistic model.
Thus, Condition 2 holds when we apply methods E1 and E3.

We set the training sample size n to be 100, 200, and 400, respectively, and
the number of imputations m in (3.4) to be 5. Let {(X;,Y;) : i = 1,...,N}
denote a generic testing sample of size N = 10,000. In the simulation, the test
instances are fully observed. In reality, when the covariates X, are missing in
some instances, we can impute them by X5 based on the estimated conditional
distribution ﬁ2|1 y(x2). Let f/ denote the generic estimate of Y; obtained by
the competing method based on common training data and X;. Denote the
corresponding empirical classification error by R = N1 ZZ Y- Y) Finally,
we set the number of replications to be 100. The implementation of both the
WCC and the DR algorithms, as well as the dataset generation can be found in
the R package drkmédmc. N

Table 2 reports the sample mean, median, and standard deviation of R
over 100 replications obtained by the competing methods for the three data
generating models under various sample sizes and different estimation meth-
ods of the missing mechanism and imputation (E1-E4). The corresponding
distributions of R are displayed by boxplots in Figs. 1-3. The boxplots of IPT,
and IPT) are omitted since they show nearly uniform inferiority to that of IPT,,



TABLE 1. Specification of three data generating models with missing covariates Xo in terms of the actual generating model P(Y = 1|X) and
missing mechanism P(R = 1/X1,Y), where logit(z) = log{z/(1 — z)}, 0 and 1 denote vectors of zeros and ones respectively, Qp = (w;;) with
wij =16 =35)+1i—j|71GE #j), U* = {U—EU)}/sd(U). For model 2, U = z1 + z2, E(U) = 1.3273, sd(U) = 0.7840; for model 8, U = z1 ++ -+ z6,
E(U) = 1.4659, sd(U) = 0.5306.

model X Xo logit(P(Y = 1|X)) logit(P(R = 1/X1,Y))
1 7o ~ N(0, I2) 21 logit{®(5(27 — 22) + 1)} -2 4+421Y
2 Z10 ~ N(Qlollo, Q%O) 29, 210 %{6.3 + 210 — E?:l(zi — 1)2} —% + 3(Y + I)U*
3 z17 ~ N(Qi7117, 9%7) 29, 213, 217 71*10{20 + m - Zzlll (zi — 1)2} 7% +YU*
z18 = 26 + 27 + 28 + 23 Z18, 219, 220

_ 2
z19 = 210 + 211 + 212 + 273
220 = 214 + 215 + 216 + Zf7

$99DILDO0D BUISSIUL YUN SIUIYIDUL [9ULD Y]
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TABLE 2. Sample median, mean, and standard deviation of the empirical risk R over 100 replications obtained by the seven competing methods
under the three data generating models, where the superscript indicates the method of estimating missing mechanism and imputation, e.g., WCC!
stands for the WCC method under E1. Note that by design, IPTY coincides with IPT2,; IPTS, coincides with IPTY; WCC' coincides with WCC3
and WCC? coincides with WCC*.

model 7 cc IPT, IPT, IPTL IPT3 ~wWCC! WCC? DR! DR? DR?® DR* Ful
1 100 median 1.66 1.30 129  1.09 1.09 1.66 1.66 094 096 094 089 0.39
mean  1.67 130 1.31  1.10 1.09 1.53 1.52 096 1.03 1.02 097 0.40

std 014 022 025 018 0.8 0.29 030 031 037 032 033 0.06

200 median 1.66 1.30 1.29 092  0.91 1.50 148 072 076 071 078  0.34
mean  1.65 1.32  1.30  0.90  0.90 1.41 1.39 077 079 077 0.82 0.35

std 011 018 021 017  0.16 0.30 031 024 027 025 027 0.04

400 median 1.66 1.26 1.34  0.80  0.80 1.29 1.34 062 064 068 064 031
mean  1.64 1.26 1.32 079  0.80 1.26 1.28 065 068 070 069 0.31

std 011 0.6 018 0.13  0.13 0.35 036 018 019 022 021 0.02

2 100 median 1.90 1.64 179  1.70 1.69 1.73 175 1.64 1.64 164 1.64 1.64
mean 196 169 1.79  1.72 1.71 1.78 .78 172 170 171 171 1.68

std 029 009 012  0.09 007 0.17 017 013 011 013 0.12 0.08

200 median 1.88 1.64 1.76  1.65 1.66 1.68 1.65  1.64 1.64 1.64 1.64 1.64
mean  1.90 1.69 1.76  1.67 1.67 1.73 1.72 167 166 167 167 167

std 021 009 011  0.08  0.08 0.12 0.11  0.07 0.07 0.08 0.06 0.09

400 median 1.90 1.64  1.79  1.64 1.64 1.64 1.65  1.64 1.64 1.64 1.64 1.63
mean  1.92 1.68 1.77  1.64 1.64 1.72 1.73 165 1.65 1.66 1.66 1.62

std 0.18 0.09 010 0.04  0.04 0.14 0.16  0.04 0.04 0.06 0.05 0.05

3 100 median 1.83 1.44 1.62  1.51 1.51 1.75 1.77 144 144 144 144 144
mean  1.88 1.48  1.63  1.53 1.53 1.76 177 1.46 145 146 145 147

std 028 0.09 014 009  0.10 0.29 0.30  0.07 0.05 0.08 0.06 0.08

200 median 1.82 144 1.66  1.44 1.48 1.71 170 1.44 144 144 144 144
mean  1.86 1.46  1.65  1.46 1.49 1.71 170 144 144 144 144 144

std 019 007 011  0.05  0.07 0.23 021 000 0.00 0.02 0.01 0.06

400 median 1.77 141  1.62  1.41 1.43 1.66 1.64 144 144 144 144 139
mean 178 142  1.61  1.41 1.43 1.66 1.65 144 144 144 144 1.40

std 0.09 0.05 0.08 0.03 0.05 0.15 0.16 0.00 0.00 0.00 0.00 0.05

¢04¢c
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Fic 1. Bozx plots ofﬁ obtained by the five competing methods (CC, IPTn, WCC, DR and
Full) under model 1.

as reflected in Table 2. The results of the kernel machines that use only the com-
plete observation (CC) method and the oracle (Full) method remain the same

across the four estimation methods since they do not involve missing values and
imputation.
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Fic 2. Bozx plots ofﬁ obtained by the five competing methods (CC, IPTyw, WCC, DR and
Full) under model 2.

It is seen that the doubly robust (DR) kernel machine method performs the
best in almost all cases regardless of the modeling of the missing mechanism and
imputation. The multiple imputation method (IPT,,) performs the second best.
The only exception that IPT,, performs better than DR occurs in model 2 when
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Fic 3. Bozx plots ofﬁ obtained by the five competing methods (CC, IPTm, WCC, DR and

Full) under model 3.

n = 400. Overall, the proposed DR method exhibits the desired robustness in
regard to the choice of methods used in estimating the missing mechanism and

imputing missing covariates.
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TABLE 3
Description of the responses and covariates of three real data sets and specification of the
missing mechanism of Xa of the training sets, where 27, z5 and z3 are the standardized
variables of z1, z2 and z3, respectively.

data (n, no) response and covatiates logit{P(R = 1| X1,Y)}

1 (748, 500) Y = 1: donating blood

z1: months since last donation

z2: months since first donation

z3: total number of donations

Xo =23 —1—2z3Y
2 (345, 200) Y = 1: in training set

z1: mean corpuscular volume

z9: alkaline phosphotase

z3: alanine aminotransferase

z4: aspartate aminotransferase

z5: glutamyl transpeptidase

z6: alcohol drank per day

X9 = (21, 26) —%—3Z§Y
3 (310, 200) Y = 1: abnormal

z1: pelvic incidence

zg: pelvic tilt

z3: lumbar lordosis angle

z4: sacral slope

z5: lumbar lordosis angle

z6: grade of spondylolisthesis

Xo = (24, 25) 2— L4 2)Yy

6. Real data application

We apply the proposed methods to three classification data sets regarding blood
transfusion, liver disorders, and the vertebral column, respectively, which are
publicly available from the UCI machine learning repository (www.ics.uci.edu/
~mlearn/MLRepository.html). The three datasets and the code that generate
the missing data appear in the package drkm4mc. The descriptions of the data
are given in Table 3, where the proportions of positive response (Y = 1) are
about 24%, 41%, and 67%, respectively.

We randomly divide each data into a training set of size ng (of about two
thirds of n) and a testing set of size n — ng. Further, we specify the missing
mechanism for the covariates X5 in the last column of Table 3 through some
logit models under which the missing rates are about 30%, 45% and 55%, re-
spectively.

We then apply the proposed methods to these data sets. For all three datasets,
we use the linear regression of X; to impute the missing values of X,. For
the third data, since the partially observed Xs = {z4,25} appears to follow
a bivariate normal distribution, we also use the bivariate normal variables to
impute the missing covariates. Thus, the estimation methods E1 and E2 are
also adopted for this data.

Table 4 reports the sample mean, median, and standard deviation of R
(over 100 replications) obtained by the different methods. Figure 4 shows the


http://www.ics.uci.edu/~mlearn/MLRepository.html
http://www.ics.uci.edu/~mlearn/MLRepository.html

TABLE 4. Sample median, mean, and standard deviation of the empirical risk R over 100 replications obtained by the seven competing methods for
the three real data sets. The results under IPTY: and DR' and DR? are not available for the first two data sets since the estimation methods E1
and E2 are not considered.

data CC IPT, IPTy IPTL IPT, WCC! WCC2 DR!' DR? DR?® DR* Ful
1 median 1.26 1.28  1.23 - 1.05 0.96 0.97 - - 0.95 0.95 0.87
mean  1.24 1.26  1.22 - 1.06 0.96 0.97 - - 095 095 0.88
std 0.15 0.18  0.20 - 0.14 0.12 0.12 - - 0.09 0.08 0.09
2 median 1.64 1.47  1.54 - 1.46 1.64 1.64 - - 1.44 144 1.31
mean  1.63 1.46  1.53 - 1.47 1.63 1.64 - - 1.46  1.46 130
std 0.16 0.16  0.17 - 0.14 0.15 0.15 - - 0.19 0.19 0.14
3 median 1.05 0.95 087 0.63  0.75 1.09 1.07 074 075 073 073 065
mean  1.06 096  0.87  0.63 0.75 1.08 1.07 075 076 073 0.74 0.65
std 0.14 0.6 017 010  0.16 0.22 021 017 0.18 0.17 0.17 0.12
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Fic 4. Bozx plots ofﬁ obtained by five competing methods for the three real datasets under
various estimations of the missing mechanism.

corresponding boxplots of R. The results of IPT, and IPT are again omitted
since they are uniformly inferior to that of IPT,,. It is seen that (i) for the first
data, the proposed DR method performs best under both E3 and E4. The WCC
method performs better than IPT,,. (ii) For the second data, the DR method is
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comparable with IPT,, under both E3 and E4. (iii) For the third data, the DR
method performs best under both E3 and E4. While the IPT),, performs best
under both E1 and E2 when the missing data are imputed from a multivariate
normal distribution.

The findings are consistent with the results in the simulation section. The pro-
posed doubly robust kernel machine method is recommended when the missing
covarites are imputed by a regression model. It can serve as a good alternative
to the multiple imputation method when the missing covariates follow from a
multivariate normal distribution.

7. Concluding remarks

We developed two kernel machines for classification in the presence of miss-
ing covariates. A novel convex augmented loss function was proposed to obtain
the doubly robust kernel machine. Its construction combines the techniques
of inverse probability weighting and multiple imputations. Theoretical results
regarding Fisher consistency, excess risk, and convergence are established. The
proposed doubly robust kernel machine is recommended in general after simu-
lation comparison with some existing methods.

We would like to note that the algorithm we develop for calculating the dou-
bly robust estimator involves multiple imputations within the loss and, there-
fore, is time consuming. It is of interest to pursue a faster version. Other di-
rections for future work include extensions to the regression model with the
continuous response and to handle missing covariates with the non-monotonic
pattern.

Appendix A: Computation details of the doubly robust kernel
machine fy (3.11) in Sect. 3.2

Write the original data as {(R;, X;,Y;) : ¢ = 1,...,n}. When R; = 0, XQZ
is missing. Write the data with multiple imputation as {(R; Xlu?p,Y)
1,...,n, j=1,...,m}, where lep (XlzaX;Jn‘Ifly)

The empirical risk of Rp; (f)is

RL‘“‘P D(f)
Z—Z (W1 (@)| ¢ {sign(W1) f (z:)} + (W1 (7)|  {—sign(W_1) f(2:)}]

n

+ %Z % Z [V1 (7)] p{sign(V1) f(x 1mp)} +|V_1 (7)] p{—sign(V_ )f(I;IEp)}],

Let N = n(m + 1). For computational convenience, we will re-order the nm
records of the triplet data with multiple imputation by a single index with
it=n+1,....,n(m+1).
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Then, J?¢ =argmingey M| f||3, + RLiﬁmp p(f) in (3.11) can be expressed as

-~

fo

=arg min
gfe%{

2[ DO{f(X0} + DI (¥ = 1) of-F(X >}}

nm .
i=n+1

n(m+1) ~ ~
+L> (w [1;W1<m=1>¢{—f<xi>}+1;“I<n=—1>¢{f<xi>}]

= RV = D) 6{f (X} + 1Y = —1) d{—f (X)) )} I

:afg%iﬁ{%;m“)[%m=1>¢{f< X0} 1 (¥ = 1) 6{-f(X )}}
n(m+1) =
b 2;%(1%{1% I(Y; = 1) ¢{~F(X) 1 - 1>¢>{f<xi>}}

- R (Y = D) 6{f(X)} +1(Yi = —1) 6{~f(X )}Hnm

Let
o (m+ D&Y, =1), i=1,...,n,
ARSI (YVi=-) 4+ (1 -R)I(Yi=1)}, i=n+1,...,n(m+1),
(m+1)&1(v; =-1), i=1,...,n;
V; = ~
NAIRLEEI(Yi=1)+(1-R)I(Y;=-1)}, i=n+1,...,n(m+1).

The objective function can be expressed as

NZW{f O} + ol TN + MR (A1)

(i) We first consider the hinge loss. Then, ¢(f) = max(0,1— f) and ¢(—f) =
max(0,1 + f). For the logistic loss and the exponential loss, the derivation is
similar (Steinwart and Christmann, 2008, Sect. 11.1).

Since p; and v; are both nonnegative, (A.1) is a convex function of f. By the
representer theorem of Steinwart and Christmann (2008, Theorem 5.5), there

exists @ = (aq,...,an)T such that ﬁﬁ() = Z;\Ll a;k(-, X;).
Let C' = (2N)\)~!. Minimizing (A.1) is equivalent to minimizing

N
1
C’Z(#z’fi + ving) + §Hf||$-u
i—1

subject to

& >0, &>1-f(Xi), >0, m>1+f(Xy), i=1,...,N.
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Next, introduce the objective function with Lagrange multiplier

N

N N
Lagr = O3 (s + vim) + 5L fI% + Dol = F(X0) — 63— 3 i
=1 =1

i=1

N N
+ > {1+ F(X) = mi} =Y vams, (A.2)
i=1 i=1
where 714, Y2i, v3; and ~y4; are all nonnegative for i =1,..., N.

Write U = dlag(,ulv"'a,uN)a V= dlag(yla"'7VN)7 £ (61a"'7§N)T7 n =
(M- nn)T, To = (Yats - Yan)T for a =1,...,4, K = (k(x;,x;))Nxn- De-
note 1 and 0 as the vectors of ones and zeros, respectively.

We have

1
Lagr=C (U +Vn)T1+ EaTKa—l—I‘I (1-Ka-—¥§)
—ITe+TT1(1+ Ka—n) —Tln. (A.3)

Setting the partial derivatives of Lagr with respect to «, & and n to zeros,
respectively, we get the following equations

L
OLagr _ po — KT, + KT5 =0,
da
OLagr
A8 U1 -T,-Ty=0
aé 1 2 )
oL

B oV1-Ty—Ty=o0.
on

Solving ¢, U and V' by I'y,...,I'y and substituting them in the primal
problem (A.3), we obtain the dual program

1
Larg = —5 (Fl — F3)T K (Fl — F3) + FIl + F;l
_ I/M\" (K -K r1+r1T1
- 2\I3 -K K ;s I 1)’
where 0 <, I'1 <, CU1 and 0 <, I'3 <, CV1; the subscript ‘e’ stands for
element-wise. It then reduces to a quadratic optimization with box constraints.

(ii) Second, consider the quadratic loss, i.e., ¢(f) = (1—f)2. Substituting ¢(f)
n (A.1), we get

N
T Il = PR L SR (A

Since ¢(f) and ¢(—f) are both convex, there exists o« = (a1,...,an)T such
that fs(-) = Z;V:;L a;k(-, X;). After some simple algebra, we express

1
(A4) = N{aTK(U +V)Ka —2aTK(U - V) +1T(U? + VH1} + \a"Ka.
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Setting its derivative with respect to a to be the zero vector, we solve
a=({U+V+ANIy)"HU-V),

where Iy is the N x N identity matrix.

Appendix B: Discussion of the infeasibility of construction of a
convex augmented loss with the augmented term
obtained by the conditional expectation estimation

The conditional expectation estimation approach is a common method to con-
struct the augment term in the ATPW literature. Here, we reason the infeasi-
bility of this approach for the classification problem in the presence of missing
covariates.

First, we recap our approach. The augmented loss function in (3.6) is

Laug (78, X®, f) =W (7*)I[sign{f(X)} < 0] + W_(7*)I[-sign{f(X)} < 0]
AVi(r) I [{sign{ f(X*)} < 0] + Vi (w®) I[{ —sign{f(X®)} < 0].

Based on (3.6), we introduce a new loss (3.7) given by

Laps(m®, X5, f)
=Wi(m®)I[sign{f(X)} < 0] + W_1(®)I[—sign{f(X)} < 0]
+ [Vi(m®)[I[sign(V1)sign{ f (X*)} <O]+|V_1 (7*)|I[— sign(V_1)sign{ f(X*)} <0].
Then, minimization with respect to La.,e is equivalent to minimization with

respect to L,ps. Replacing the 0-1 loss by the convex surrogate loss ¢, we obtain
a convex augmented loss (3.9) given by

Ly (m®, X5, f) = Wi(m®)o{f(X)} + W_1(7®)p{—f(X)}
+ [Vi(w®)[@{sign(V1) f(X®)} + [Vo1 (7®)|¢{—sign(V_1) f(X*)}.
The loss function L,s serves as a connection between the nonconvex augmented
loss Ly and the convex augmented loss function Ly in (3.9).
Second, we explain the problems in building a convex augmented loss as (3.9)

by directly estimating the required conditional expectations.
Denote the conditional expectation given X; and Y as

Q%(X1,Y, f) = Egpy (I[Ysign{f(X1, X5)} < 0] | X1,Y) (B.1)
Based on (B.1), define the augmented loss by

R #(X1,Y)— R ~

Loug1 (7,Q, f) = m[[Ysign{f(X)} <0]+ (X0, Y) Q(X1,Y, f)

where @ is an estimator of Q°(X1,Y). Then, in the same way as Layg we can
express

Laug1 (7%, Q%, f) =Wi(n®)I[sign{f(X)} < 0] + W_(n®)I[—sign{f(X)} < 0]
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FVi(r8)Q¥ (X1, 1, f) + Vou(7#) Q% (X1, -1, f),
where Q% denotes a generic conditional expectation.
However,all positive weights as L,ps because the signs of Vi (78) and V_;(78)

are unknown. Even if they are positive, since Q8(X1,1, f) and Q(X4,1, f) are
not necessarily convex, it is not clear that the obtained loss function

Wi (7)o f(X)} + W (m®)o{ = F(X)} + Vi (7#)Q% (X1, 1, f)
+ Vfl(ﬂ-g)Qg(Xla _1, f)

is convex after replacing the 0-1 loss by the convex surrogate loss ¢ as Laps.
Appendix C: Proofs
C.1. Proof of Theorem 3.1

Proof. Case I: Under Condition 1, F3, y (22) = F20|1,Y (z2). By Assumption 1,

)

E{E( LY [Ysign{f<X>}§o1|X1,Y)}
E{E (” Xl}’(h | X1, )E(I[Ysign{f(Xl,XQ)}SO] |X1,Y)}
—n e (TELD S X;’(h XY ) E (I sign{ ] (Xs, Xap)} 0] X0,7)}

= s X ) S1gn 0
—p (TS s <01

Then,

RLaug(ﬂ-*aX*af)

(g im0} < 01+ =G s rvsion (7 (x)} < )

=E(I[Ysign{f(X)} <0]) + E (R;?X—(ﬁ/;])

PXLY) =Ry
T S nysign (7 (x)} < )

IYsign{f(X)} < 0]

=E [[{Ysign(f(X)) < 0}].
Case II: Under Condition 2, 7*(X1,Y) = 7%(X1,Y). Then,

RLaug (’/T*aX*a f)
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=E (I[Vsign{f(X)} <0])+E (

79(X1,Y) - R
‘E( (X, Y)

Observe that the second term of (C.1) equals

7'('0 X ,Y — R . *
7(70(1X—17)Y)I[Y51gn{f(X )} < 0]>

IYsign{f(X)} < 01) . (1)

7T0(X1,Y) —R - * *
E {E (Wl[nlgn{f(x )} <0 X ,Y)

}

- (fysint ey} <o (T ey ))
- (tvsintsoey <o (CEEDEE v v )
1

which is zero after Remark 3.2. Similarly, the third term of (C.1) is zero. This
completes the proof of Case II. O

7

C.2. Proof of Lemma 3.1

Proof. Recall that
Labs(’”ga Xg, f)
=Wi(m®)I[sign{f(X)} < 0] + W_y(w®)I[—sign{f(X)} < 0]
+ [Va(w®)|I[sign(V7)sign{ f(X*)} < 0]
IV (e[ sign(V-_y )sign{ f(X*)} < 0]. (c2)
We now show the relation between L (7%, X8, f) and Laps (78, X, f).
Recall that sign(t) = 2I(t > 0) — 1 € Y; thus, I[sign{f(X®)} = 0] = 0.
Consequently,
I[—sign{ f(X*)} < 0] = I[sign{ f(X*)} = 0] = 1 — I[sign{ f(X*)} < 0].
Then, the third term of (C.2) is
ViI(Vi > 0)I[sign{f(X*#) < 0] — VaI(V1 < 0)I[-sign{f(X*)} < 0]
=V I(Vi > 0)I[sign{f(X®)} < 0] —ViI(V4 < 0)(1 — I[sign{f(X8)} <0])
=W I[sign{f(X8)} < 0] —WVI(V; <0). (C.3)
Similarly, the fourth term of (C.2) can be expressed as
V,ll[—sign{f(Xg)} < 0] — V,1](V,1 < 0) (04)
Combining (C.2), (C.3), and (C.4),
Laps (78, X8, f) = Wi (w®)I[sign{ f(X)} < 0] + W_q1(x®)I[—sign{f(X)} < 0]
+ Vil[sign{f(X®)} < 0] + V_1I[—sign{f(X®)} < 0]
— Vll(Vl < 0) — Vfll(Vfl < 0)
:Laug(WO,XO,f) *‘/1[(‘/1 <O) —V_lI(V_l <O) |
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C.3. Proof of Lemma 3.2

Proof. Recall that G(t) = u¢(t)+ve(—t) and tyin, = arg mingeg G(t). When ¢(t)
is the hinge loss, the quadratic loss, the logistic loss, or the exponential loss, ¢(t)
is differentiable at 0 and ¢’(0) < 1. Also the convexity of ¢(—t) holds with
6(0) = 1.

Next we will show that sign(tmn) = sign(u — v).

(i) Suppose ¢(t) is the hinge loss. Write ¢(¢t) = max(0,1 —¢t) = l_%ll_tl
Then,

t 1—1 1+1¢
G(t):i(v—u)+| . Lt | ; |v+“;”.
Case 1: u > v. We show that for every a < 0, there exists 8 > 0 such that

G(a) > G(B).

If -1 < a <0, choose 0 < 8 < 1. Then, G(a) — G(B) = (v —u)(a — 8) > 0.
If o < —1, choose 8 = 1. Then, G(a) — G(f) = —u(av — 1) — 2v > 2(u —v) > 0.
Therefore, the minimizer of G(¢) is non-negative and the sign of the minimizer
is the same as u — v.

Case 2: u < v. We show that for every @ > 0, there exists 8 < 0 such that
G(a) > G(P).

If 0 <a<1,choose —1 < < 0. Then, G(o) — G(B) = (v —u)(a — ) > 0.
If &« > 1, choose § = —1. Then, G(a)—G(5) = v(a+1)+u(—1-1) > 2(v—u) > 0.
Therefore, the minimizer of G(¢) is negative and its sign is the same as u — v.

Case 3: u = v. We show that sign (tmin) = 1 = sign(u — v).

Since for every a > 1, G(a) = au + u > 2u = G(1); thus, tmin < 1. Second,
since for every a < —1, G(a) = —au + u > 2u = G(—1); thus, tpy;, > —1. Ob-
serve that G(a) = 2u when o € [—1,1]. Then, tpi, = 1/2 is also the minimizer
of G(t).

Combining all three cases, we have ¢, = sign(u — v).

(ii) Suppose ¢(t) is the quadratic loss, i.e., ¢(t) = (1 — t)2. Then,

G'(t) =2(u+v)t — 2(u —v).

Thus, tmin = j7. Consequently, sigh(tmin) = sign(u — v).

(iii) Suppose ¢(t) is the logistic loss, i.e., ¢(t) = In{1 + exp(—t)}.
The derivative of G(t) is

s —exp(—t) exp(t)
¢ = 1+exp(—t) " 1+exp(t)

If u > 0 and v > 0, by solving G'(¢t) = 0, we have ty;, = log (%) Then,
sign (tmin) = sign(u — v).
If wu =0 and v > 0, then G'(¢t) > 0. Thus, tpmin = —oo and sign (tmin) =

sign(—v) = —1.
If w > 0 and v = 0, then G'(t) < 0. Thus, tmnin = 00, and sign (tmin) =
sign(u) = 1.

(iv) Suppose ¢(t) is the exponential loss. The proof is similar to (ii). O
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C.4. Proof of Theorem 4.1

Proof. Recall the decision function fg opt in Sect. 3.2 with respect to F;ll,y(:cg)
and 7*.

Case I: Suppose Condition 1 holds.

Recall that

Ry (f) = EWi(m")o {f(X)} + Woa(m")o{=F(X)}]
+E[Vi(m")[ ¢ {sign(V1) F(XT)} + [Vor (77)] ¢ { = sign(Vor) f(X)}]
and X* = (X1, X3, ).
On replacing Fy), y (22) by FS‘LY (x2),
E[[Vi(7")| ¢ {sign(V1) f(X")}]

- / / Vi ()| ¢ {sign (Vi) f (21, 22)} dF 1y (22) dFrpsy (r)dFx, v (21,9)
X1,Y J{0,1} J x5

-/ N /{ oy G s () £ ) ARy (22) B () Ex, o 01,0)
B (Vi (x| ¢ {sign(Va) F(X)}]
Similarly, we get

B[V (n%)] & {~ sign(Vo1) F(X*)}] = E[[V_1 ()| & {— sign(V_1) F(X)}].
Then,
Riy(f) = E{Ly (x°, X, )} = B[E {Ly (x*, X, [) | X}]

=EEWi(x)¢ {f(X)} + W () {-F(X)}
+ [Vi(m)[ ¢ {sign(V1) f(X)} + [Vor(7")[ ¢ {—sign(V_1) f(X)} | X]).

Let

ur(z) = E{Wi(z*) + Vi(z")I(V; > 0) = V_1(#")I(V_1 < 0) | X =z},
vi(x) = E{W_1(7*) + Vo1 (7)) [(V_1 > 0) = Vi(n")I(V1 <0) | X =z}
(C.5)

Then,

Ry (f) = Elun(X)o{f(X)} + 01 (X)o{ - f(X)}].

Let

Gi(z, [) = ur(x)¢{f(2)} + v1(z)p{—f(2)}.
Given z, up(z) and vi(x) are known. Then, minimizing G;(z, f) is equivalent
to minimizing R+ (f). Further, since both u; () and vi(z) are nonnegative, by
Assumption 3, we have sign(fs opt(z)) = sign(uq(z) — vi(z)).
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Next, we show that
sign{ui(z) —v1(z)} =sign{2P(Y = 1| X =x) — 1}.

Recall that for j = —1,1,

Then,
E{Wi (") | X =z}
R
=E{ ——=I(Y=1)| X =
(=70 = 1x=)
1
=—PY=1L,R=1|X=
P = LR=1]X =2)
1
=—FPR=1|X=2Y=1)PF¥ =1|X=
o PR=11X =Y = DR = 1] X =)
0
e Dpy g x 2,
m*(x1,1)
where 70(21,y) = P(R = 1|X; = 21,Y = y) is the propensity score.
On the other hand,

E{Vi(x")I(Vi > 0) | X =z}
(m(XLY)-R_ .
E{Wﬁ&JUHYlﬂ@ﬁzm|X }

ZMP(YzLR:mX:x)
7T*(.’E171)
“P(R=0|X=2,Y=1)P(Y =1| X =z

={1 -7%az, D)}P(Y =1| X =2x),

where the second equality holds because %I(Y =1I(Vy 20) #0if
and only if Y =1 and R = 0. Also,

E{V_, (z*)I(V_, <0) | X =z}

:E{wqth)—R

Y] IY =-1)I(Vo, <0) | X = ac}

:W’—)P(Y:—l,Rzl\XZLB)
7T*(£17_1)
ST S pp g X =Y = —)P(Y = —1| X =)
'/T*(:rlv_]')
m*(x1,—1) — 1

— 0 — = — =
Sy e TP = X =),
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where the second equality holds because %I(Y =-1I(V_1 <0)#0
ifand only if Y = —1 and R = 1.

Similarly, we have

7T0 T1, —
E{W_,(7*) | X =2} = W*Eml BP(Y ——1|X =2)

E{Vi(m)I(V1>0) | X =2} ={1 -7, -1)}P(Y =-1| X =z)

E{Vi (") I[(Vi < 0) | X = 2} = %WO(% DP(Y =1 X = a).

Thus,
770(37171) 0
up(x) :mP(Y =1|X=2)+{1-7"(z, )}PY =1| X =2x)
A Gt ) el o P 1| Xz
) Lo, )y = -1 X = ),
770('1:17_1) 0
v1(x) :W*(xl _1)P(Y =-1|X=z)+{1l—-7"(x,-1)}PY =-1| X =2)
T =1 o0 _ -
77*(.’17171) ( 171)P(Y 1|X )

Observe now

7 (21, D (21, —1){us () — vi(2)}
=1*(x1, - )72, )P(Y = 1| X = 2)

7z, —1)P(Y = -1 | X = 1)
7 (xy, —1){1 = 7%z, —1)}PY = -1 | X = x)

3
*
~ o~ o~ o~
8
-
—_
~— N~

=r"(z1, )" (21,-1) {2P(Y =1 | X =z) — 1}.
This implies that

sign{ fs,opt ()}
=sign{ui(z) —vi(x)} =sign{2P(Y =1 | X = z) — 1} = sign{f1,opt(z)}.

Case II: Suppose Condition 2 holds.
In this case,
Ry (f) = EWi (7)) {f(X)} + W_r(7°)p{~ F(X)}]

+E[[Vi(n°)[o{sign(V1) f(X*)} + [Vor(x%)|o{~ Sign(V—l)f(X*()é]-G)
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The first expectation of (C.6) is

/Xl’y /{071} /X (Wi (x°)|¢{sign(W1) f (21, 22)}

+ |W—1(W0)|¢{*SigH(W—1)f($1,:rz)}dF20|1,y (2) dFRp1,y (1)dFx, vy (21,Y),
(©.7)

where the third integration follows from the independence in Assumption 1 and
Remark 3.2. Note that when R = 1, (C.7) is nonzero. Then, given X; and Y,
the conditional distribution of X» is Fy), 5 (z2).

Given R =7, Y =y, define

dF3), y (2)
h(x1,72,y) = ﬁ, (C.8)

which is the Radon-Nikodym derivative of £, (z2) with respect to F20\1 y (z2).
Then, by Remark 3.2, the second expectation of (C.6) is

[ et e )
2.y oy Ja
+ [Vor (1) |p{—sign(V1) f (w1, 22) }dFy) y (2) dFppya (r)dFx, v (21, 9)

/ / / [[Vi(7°)|p {sign(V1) f (21, 22)}
Xx1,Y J{0,1} J X,
(Vo1 (x%)[¢{—sign(V_1) f(z1,22)}]

dF* (z2)
%llideg\Ly (z2) dFgjy,1(r)dFx, v (71,Y)
dFy), y (22)

_ /X . /{} /X Va(n)l{sien(V)f o1,2))

+[Vor (%) ¢ —sign(Vor) f (w1, 22)}]
h(‘rh €2, y)dFQOU,Y (1'2) dFR\Y,l(r)dFXl,Y(:L'h y)a (09)
where the first equality holds because of the change of measure and the second

equality follows after (C.8).
Consequently, combining (C.7) and (C.9),

Ry (f) = E[Wi(n"){f(X)} + Woi(n%)o{—f(X)}]
E(h(X,Y)[[Vi(x°)[¢{sign(V1) f(X)}
+[Voi (7)o = sign(Vo1) f(X)}]).
Define

uz(w) = B{W1 (") | X =2} + B[A(X, Y){Vi(n") (Vi 2 0)} | X = 1
= Bh(X, Y){Vor (n) (Vo < 0)} | X = a]
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= u21(x) + u2(x) + us(x),
va(z) = E{W_1(7°) | X = 2} + B[W(X, Y){V_1(x)I(V_1 > 0)} | X = 2]
— ER(X,Y){Vi(x")[(Vi <0)} | X = x]

= ’()21(33‘) + ’UQQ(Z‘) + ’Ugg(l‘). (ClO)
Clearly, both ug(z) and va(z) are nonnegative.
Then,
R, (f) = Elua(X)¢{f (X)} + v2(X)p{—F(X)}].
Define

Ga(, f) =uz(2)¢{f(2)} + va(2)d{—f(2)}-

By the similar argument in Case I, we focus on minimizing Ga(z, f).
By Assumption 3, we have sign{ fy opt(z)} = sign{ua(z) — v2(z)}.
In what follows, we show that

sign{us(z) — va(x)} =sign{2P(Y =1 | X =x) — 1}.

Recall that W;(7%) = BI(Y = j), Vj(n°) = Z5BI(Y = j) for j = —1,1.
By (C.10),

uzl(x)E{ﬁI(YlﬂXx}
:mP(R:LY:I\X:x)
:mP(Rzl|X:m,Y:1)P(Y:1|X:x)
:mP(Rzl|X1:x1,Y:1)P(Y:1|X:x)
—P(Y =1]|X), (C.11)

where the fourth equality is obtained by Assumption 1 and the definition of
70(X1,Y). Similarly,

vor(x) =PY =-1]| X =2x). (C.12)

By the definition of usz(z) in (C.10),

7T0 1 -
Uz () = E{h(X,Y)%I(Y =1DI(V1>0)| X = ;v}
:h(x,l)%P(Rzo,Y:HX:x)

= h(z, ){1 =72, )}P(Y = 1| X = z), (C.13)
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where the second equality holds by the fact that h(X, Y)%I Y =
1)I (V1 >0)#0ifand only if Y =1 and R =0.
Similarly, we get

vas(x) = —h(x, 1)%13(3 1LY =1|a2)
= —h(z, ){r%z1,1) = 1}P(Y = 1| X = z), (C.14)
and
va2(7) = E{h(X, Y)%—ly’)y_)RI(Y =-1I(V_1>0)| X = 33}
79z, —1)
= h(z, —1)mP(R =0,Y=-1|X=uz)
= h(z, - 1){1 = 7%z, —1D)}P(Y = -1 | X = z), (C.15)

where the second equality holds by the fact that h(X,Y)V_y (7°) I (V_1 > 0) #
0 if and only if Y = —1 and R = 0.

By the definition of ugs(z) in (C.10) and the fact that the integrated term
h(X,Y){V_1(7°)I (V_1 < 0)} # 0 if and only if Y = —1 and R = 1. Hence,

7T0 X1, — —
ug3(z) = —h(m,—l)ﬁP(H =L,Y=-1|X=nu1)
= —h(z,-D{r(z;,-1) - 1}P (Y =-1| X =x). (C.16)

Substituting (C.11)-(C.16) in (C.10),

uz(x) — va(x)

=P(Y =1|X=2z)+h(z, ){1 =72, )}P(Y =1| X =)
+ h(z, —1){1 = 7%z, -D)}P(Y = -1 | X = 2)
—[PY=-1|X=2)+h(z,-1){l —7°(21,-1)}P(Y = -1 | X =)
+h(z,1)(1 = 7°(21,1))P(Y =1 | X = 2)]

=2P(Y =1|X=2) - 1.

Thus,

sign{ua(z) — v2(2)} = sign{fs.opt(r)} = sign{2P(Y =1| X = z) — 1}
= sign{fr.opt(2)}.

By Theorem 3.1, Rp: (f) = R(f). Then,

R(f],opt) - RL;ug (fI,opt) Z 7QIL_* (fL;ug,opt) = R(fL;‘mg,opt) Z R(f[,opt)- 0

aug
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C.5. Proof of Theorem 4.2

Proof. Recall that

Laug (7%, X%, f)
=W (7%)I[sign{f(X)} < 0] + W_y(n°)I[—sign{f(X)} < 0]

+ Vi (n) I[sign{ f(X°)} < 0] + Vo1 (x°)I[-sign{f(X°)} < 0]
o

SRy sin{ £(X°)} < 0]

R
P pvsien(£()) < 0]+
where X0 = (X1, X5)1,y). By Theorem 3.1,

R (1, X0, f) = B{ Laug (7", X°, )} = R(f) = E(I[Y sign{f(X) < 0}]).

aug(

Define Laug,1(f) = Laug(7*, X%, f), Laug,2(f) = Laug(7®, X*, f). Then, for j =
1,2, the risk function and the Bayes risk are given by Rpr, ., . (f) = E{Laug,;(f)}
and Ry = =inff Ry, (f), respectively. '

By Theorem 3.1, we have

RLagr () = Rieo (f) = R(S)-

Thus, the excess risk of R(f) —R" is equivalent to Ry,,, ,(f) =R}, . for both
j=1and 2.

Define Labs,l(f) = Labs(ﬁ*a X07 f)a Labs,Q(f) = Labs(ﬂov X*a .f) where Ly is
the form of (3.7). For j = 1,2, the risk, the Bayes risk, and the Bayes decision
function are

RLabs,j (f) =E {Labs,j(f)} ) Rzabs,j = H;f RLabs,j (f)7

and
fabs,j,opt = arg HlfiIl RLabs,j (f)
Then,
R(f) -R" = RLaug,j (f) - *Laug_.,j = RLabs,j (f) - R*L.dbs,ja (017)

where the first equality holds after Theorem 3.1 and the second equality holds
after Lemma 3.1. Thus, the excess risk R(f) — R* equals Ry, ,(f) —Ri .
when Condition 1 holds and equals R, ,(f) =R}, , when Condition 2 holds.
Subsequently, we will focus our analysis on these two excess risks.

Recall that

R Laper (f)
=E(Wi(7*)I[sign{f(X)} < 0]+ W_y(n")I[—sign{f(X)} < 0]
+ Vi (m) | I[sign(V1)sign{ f (X°)} < 0]

+ [Voy (7)1 [ sign(V_1)sign{ f(X°)} < 0])
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and

R Las2 (f)
=E(Wi (") [sign{f(X)} < 0] + W_1(7°)I[-sign{f(X)} < 0]
+ [Vi(°) | I[sign (V1 )sign{ f (X*)} < 0]
+ Vo (7| I[—sign(Vo1)sign{ f(X™)} < 0)).
For j =1,2, let
¢;(@) = uy(2) + vy (@), (C.18)

where wuj(x) and vi(x) are defined in (C.5), and us(x) and vy(z) are defined
in (C.10).
Using the integration argument in the proof of Theorem 4.1,

RLabs,j (f)
=E(u; (X)I[sign{f(X)} < 0] + v1(X)I[-sign{f(X)} < 0])
=E{¢;(X)(n; (X)I[sign{f(X)} < 0] + {1 — n;(X)}[=sign{f(X)} < O]},
where 1;(X) = Z;(( < - Since ¢; (X) is positive and by Steinwart and Christmann
(2008, Sect. 2.1), minimizing Rp,,. ;(f) yields
sign{ fabs,jopt ()} = sign{2n;(z) — 1}.
For the classification loss function,
Rzabm = RLabs,j (fabs,jppt) =E [cj (X) min {nj (X)v 1- 15 (X)}] :
Thus,
RLabs,j (f) - Rzabw
=E {¢;(X) (n; (X)I[sign{ f (X )} 0] + {1 — n; (X) M [=sign{f(X)} < 0]

—min {n;(X),1—n;(X)})}
=E(¢; (X) [2n; (X )—1\1[{2%( ) — 1}sign{f(X)} < 0]). (C.19)

Similarly,
Ry, () = E(e; (X)n;(X)o{ F(X)} + {1 =0 (X)}o{ = F(X)}]).-

Define U(n,t) = né(t)+(1-n)¢(—t). Then, R = Elc;(X) infier U{n;(X),t}]
— Ele; (X)H {; (X)}]. Hence,

Ry, (f) = Ry, , = Ele;(X)ULn; (X), f(X)} — inf Un; (X),t}]).

Following Definition 2 of Bartlett et al. (2006), the -transform of ¢ can be
written as

izn(X) -1y = inf U{n;(X), f(X)} - inf U{n;(X),t}.  (C.20)

f: f(2n;—-1)<0



2524 T. Liu and Y. Goldberg

Specially, 1 is convex when ¢(«) is the hinge loss, the logistic loss, or the

exponential loss.
Thus,

Homeroa)
(RLabs,,- (f) = Riw., )

supge v ¢(7)

—y {mm(mmmm ~A|I{20,(X) — Dsign{f(X)} < o1>}

< {B(|20,(X) — 1[T[{20,(X) — sin{ F(X)} < O]}

<E{(120y (X) — I[{20,(X) — Usign{ f(X)} < 0])}

—E(I[{2, (X) — 1Jsign{7(X)} < 0}:{12n, (X) — 1]})

E(I[{20, (X) - 1}sign{£(X)} < 0}:{20,(X) — 1})
E(I[{20,(X) — 1)sign{f(X)} < 0]

-

[ bt Uy (). 7(X)

E[U{n; (X), f(X)} — inf Uin; (X), t}]

inf U{n;(X),t}])

LB (@)U {n(X), (X)) ~ inf Uy (X), 1))

~infyexy cj(a:)
fRLN(f) R,

infme_;y Cj (.’13)

where the first equality follows from (C.17), the second equality follows from
(C.19), the fourth equality follows from the convexity of ¢ and Jenssen inequal-
ity, the fifth equality holds after applying Lemma 2 of Bartlett et al. (2006) to
the nonnegative loss function ¢(«) and 1(0) = 0, the sixth equality holds after
Lemma 2 of Bartlett et al. (2006) and ¢ (t) = ¥(—t), and the seventh equality
holds after the definition of ¢ in (C.20).

Finally, we derive the bounds for ¢;(x) for j = 1,2. By the definition of u; (z)

and v (x) in (C.5),

e1(x) = wi (2) + v1 ()
E{W*(Xh (R=0)+%I(R:1)|X:x}
Ogig 70(X1,Y) + 1.

By Assumption 4,0 < ¢, < 7*(X1,Y), 7%(X1,Y) < ¢, < 1. Therefore, 2coc, t +

l—cr—cu<ci(x) < QCuczl —2¢p + 1.
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Recall that us(x) and vo(z) are defined in (C.10), and h(x1, z2,y) is defined
in (C.8). Then,
c2(x) = uaz(z) + v2(2)
=1+4+2h(z, D){1 =7z, )}P(Y =1| X =)
+2h(z, —D){1 — 7% (zy, - D)}IP(Y = -1 | X = 2).

Note that h(z1,z2,y) is nonnegative and when |h(x1,z2,y)| < Mp, then 1 <
Cg(x) < 1+M}L(1—Cg). O

Remark C.1. By the definition of n;(X), i.e., nj(X) = Z’((i(()),

Sign{f¢,opt (l‘)} = Sign{f],opt (l‘>} = Sign{f@st,opt (l‘)}
=sign{2P(Y = 1| X =2) — 1},

where j = 1,2. This implies the Fisher consistency of the decision function

Sign{fcf),opt (.’E) } :

C.6. Proof of Theorem 4.3

Proof. From Theorem 3.1, if either 7* = 7° or v (z2) = }7‘20|1 v (x2), R(f) =
RLaug(ﬂ-*aX*a f) Then7 R(f) = RLaug(ﬂ-O7 XOa f)7 where XO = (X17X2\1,Y)~
Now we show the upper bound of

R(fs) = R* = R(fs) — R(f1.0pt)-

Observe that

R(fd)) *R(fl,opt)
:RLaug(ﬂ-O7X07f¢>) - RLaug(W()?XOyfI,opt)
0 v0 7 . * * . * *
=R (7, X7, fs) *J}g?f{RLaug(ﬂ' , X ’f)+}£;quLaug(” X5 )

aug

- RLaug<7r*aX*?j/;5) + RLaug(Tr*aX*vﬁ> - RLaug(FO7XOafI,opt)
SRL&"E (7-(-0’ XO’ f";’) - RLaug (ﬂ—*? X*’ -}/(;)
+ RLaug<Tr*) X*a fLOpt) - RLaug (71—07X07 fLOpt)
R (7, X", ) — inf Rp,, (7", X*,
+ R (77 X7, fo) = I0f R (7 )

ang (
R L (70, X, f5) = R (7%, X, [

+ ‘,R'Laug(ﬂ—*?X*vfI,opt) - RLaug(ﬂ—oaXovfI,opt”
+ RLaug(ﬂ-*’X*’qu) - figg_LRLaug(ﬂ-*7X*7f)

<2 sup ‘RLaug(ﬂ—O>Xoa f) - RLaug(ﬂ-*7X*7 f)l
feH
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+ RLaug<7T*7X*7f¢) _ figqf.[RLHUg(ﬂ-*7X*’f)'

If either Condition 1 or Condition 2 is correctly specified, both R,
R(f) and Ry, (7, X f) = R(f). Thus,

Tr*7X*7f) =

aug (

2sup |RL (’/TO,XOaf)f,R'L

feH

aug aug(ﬂ-*7X*7f)|:0'

Hence, it suffices to derive the upper bound of

R, (75, X5, [5) — inf Ry, (7 X" f).

By RLaug(ﬂ-*’X*7f) = R(f)7

R (7% X%, fs) = R(fs)-
Combining

fi&f{RLaug(ﬂ'*aX*a f)= fuel?f-t R(f) > R(fI,Opt)

and Theorem 4.1, we get
R (0, X, ) = 106 R, (7, X, 1) < RU) = R L)

By Theorem 4.2,

{inf o5 ()}o {R(f¢>) — R(fo,0pt) } <Rr,,(fs) - Ri, .- (C.21)

sup,e x €5 (%)
Then, we focus on the upper bound of the RHS of (C.21).

RHS of (C.21)
= flg?f{ E{Ly(m*, X*, /)} + M fll5 — B{Ls(x*, X", fpopt)}

— inf B{Ly (", X", )} = A F I, + B{Lo (", X7, fo)}
—an(\) + E{Ly(7*, X*, f4)} — B{Ly(7, X™ f,)}

+ E{Ly(@, X", f4)} — E{Ly(T, X™P, f4.opt. )}

+ E{Ly(7, X™, fs.0pt.2)} — flg; E{Ly(7*, X*, /)} = Al fII5
:an()‘) + E{L¢(7T*7 X*v f/;)} - E{L¢(%7 Ximpa .]/0;7)}

+ E{Ldﬁ(%’ Ximpv f¢)} - E{L¢(§T\7 Ximp’ fd’;OPt,/\)}

+E{Ls(@, X™ fyoptn)} — E{Lo(m*, X*, fs.0pt.0)} — All foopt. a1 3
<an(N) + Al foll3 + E{Ly (7, X™, f4)}

= M Fooptallfy = E{Ls @ X", fyopen)}
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+E{Ly (", X7, f3)} — B{Ly(T, X"™P, f4)}
+ E{Ly (7, X, fo.0pt,n)} — E{Lo (7", X7, fo,0pt.1) }-
Define
(J1) = Ml foll3 + E{L(T, X™P, f5)} — Al foopenll3e — E{Lo (@, X ™, fo0pt,0)};

(J2) = B{Ly(m*, X", f4)} — BE{Ls(%, X"™, f4)};
(J3) = B{Lg(®, X™P, fs opt )} — E{Ls(7*, X*, fs.0pt.1)}-

We begin with the upper bound of J; and Js.
By the fact that P, Ly (7, X'™P f¢) is nonnegative and by the definition of f¢
n (3.11),

Mol < Ml foll3 + PaLo(F, X™P, f5) < PnLy(T, X™P,0).

For all the hinge loss, the quadratic loss, the exponential loss, and the logistic
loss, ¢(0) = 1. Then,

Lg(7, X'™P 0)

Lty =1+ fl(y )+ | =y = 1)‘ T By = 2y
Y e i
<2yt _gp
CL, CL
Thus, ||f¢||H < MA~Y/2. Similarly, 2 < M2,

Next we examine the difference between Ly (7%, X*, f) and Ly (7, X™P, f).
Observe that

L¢(7T*,X*7f) - L¢(%7Ximp7f)

= | 20y = {0} + 1Y = ~1)g{-F(X)}
1R =021y = Do (X)) — I(R = 121y = 1o(— (X))
1R =0 "Ly = —1)of—f(x)}
1R = )T 1Y = —1)e{f(X")}
| E 1y = o7 0} + 21 = —1o{-F(X))
+1(R = 0" =21(y = Do f sy - 1(R = )L 1y = 1){—r (X))}

+I(R=0)——I(Y = —1)¢{—f(X""")}

—I(R=1) ; I(Y = —1)e{f(X™P)}
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= (2 - 2) 10 = 00O} + 10 = Do)
IR = 01 = D6 (X)) — o (X))
(IR = DI = DIo{-F(X)) - o{~FX™)))
FUR =0 = -DI6L=(X") = 6(-{ (X))
(IR = DI = -D[{F(X)} ~ o F(X)))
+ (1 [ﬂ’ 100} = 2oy )
+(rr = 1)[ (X };¢{f<xm>}]). (©22)

Observe that

L FXN) - 2o f(X))

=2 6{= (X)) = 26{-F(X")}+ 26{-F(X)} = 2p{-~F(X™)}. (C.23)
Combining (C.22) and (C.23),

L¢(7r*7X*7f)_L¢(7?aXimp7f)

1
— I(R=0)I(Y =j)+ I(R=DIY = —j) (= -1
& fra-onr ()

GLFX)) — olif (X))
H(2-F) X 10 =detiseo)

™

j=%1
(2-3) 10 == 1o, (C21)
j=+1

Recall that By (\) = MA~'Y/2B, and that By is the ball covering H with ra-
dius MA=1/2. Then, for j € {~1,1}

|6{if (@)} < 16{if (@)} = $(0)] + [6(0)] < Cs(A™?)]| flloo + #(0)
S C¢()\_1/2)M)\_1/2 4 1’

where the second inequality follows after Assumption 7 with ¢(0) = 1 and Cj
is the Lipschitz constant in Assumption 7.

By Assumption 6, |Fy;y (22) — F2*|1,Y (x2) | = Op(n~r*) and Lemma 4.2 of
Liu and Goldberg (2020),

sup [E[o{jf(X™?)}] — Blo{i /(X

f€Bu
={Cy(ATV2)MATY2 +1}0, (")
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=0, {Cy(AN"YH)A\" V2P (C.25)

for j € {—1,1}.
Then, combining (C.24), (C.25) and Assumption 6 that |7 —7*| = O,(n™"?),
we obtain

Sup [E{Ly (7", X", )} =E{Ly (7, X'™P, f)}| = Op{Cy(AH/H)A"H/ 2~ minlore2)y,
SEEEN

This leads to
(J2) + (J3) = 0, {Cy(A"V/2) A1/ 2= min(prp2)y, (C.26)

Next, we derive the upper bound of (J;) using Lemma 6 of Bartlett et al.
(2006).
Define the functional class

Loa={Le®@ X", )+ FlI3—Lo @ X™, fooptA)=All fooptallz : f € Bl
Define

Qd,,,\n = {E(E) — 0 E(f) = 8,( S £¢7>\n},

Z = sup P,g, where g € Gy »,. (C.27)
gqus,An

We now bound the function in £, . Lemma 6 of Bartlett et al. (2006) requires
the following three conditions.

L supger, . oo < Cin

2. There exists ¢ > 1 and 0 < 8 < 1, for any £ € Ly 5, , E(£2) < ¢{E (£)}".

3. Fixed 0 < a,e7 < 1, suppose if some ¢ € Ly, has P,/ < ae; and
E(f) > €1, then some ¢’ € L4 5, has P,/ < aeq and E({') = ;.

Under these three conditions, for any £ € Ly, that satisfies P,f < aeq, we
have
P{E(f) > e} >1—-¢?,

provided that

€1 > max {5*,

9cQb 4QC1b
(1—a)?n’ (1 - a)n} ’

where @ is an absolute constant and e* > 2-E(Z).

Then, it suffices to verify Conditions 1, 2, 3 and bound E(Z).

(i) To verify Condition 1, for all £ € L, »,,, since Ly is a convex function, by
Assumption 7 and Lemma 4.23 of Steinwart and Christmann (2008)

] < [Lg(T, X, f) = Lo (T, X, fo.0pe,0)] + M Fl13 = || Fooper ]3]
< Cr, W = Foopealloo + AILFIR A+ Al fo0ptal%
<20, (AVAHMATY2 4 2M% = . (C.28)
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Thus, supseg, , [[€llc < C1,x which implies Condition 1. By (C.28), we also
have ||4]l4 < Cix by Lemma 4.23 of Steinwart and Christmann (2008) and
1 flloo < [ flln-

(ii) To verify Condition 2, observe that

|Lg (T, X, f) = Lo (T, X™, f4 0pt.2)]
< |Wi@)S{F(X™)} — Wi (R)S{ Fooper (X™P)}]

[ Wor (RS FX™®)} = Wy (R){— foroper (X))

+ Vi@)o{sien(Vi) (X)) = Vi(@)osian(Vi) fo.opa (X))

+ Vo1 (R)o{ -~ sign(Vi) F(X™P)} = Vg (7)o~ sign(Vi) fy.op r (X))
=Wi(T)|¢{f(XT™P)} — ¢{ fo,oper (X ™)}

+ W_r(D)]{=F(X™P)} = ¢{— fp.0ptn (X P}

+ Va(7)|¢{sign(Va) £ (X™™P)} — p{sign(V1) fo,ope,n (X™P)}

+ Vor (@) o{ = sign(Vi) f(X™P)} — ¢{— sign(V1) fo.opt r (X P)}|
<WL(@)CsA 2 = Fooptrlloo + W (F)CoN ) f = Fooptalloo

+ Vi@ Co(AV2)IF — fooptalloe + Vo (@CoAT )N = Fooptalls

2¢, +4)C,(N"1/2
( )Cl¢( )||f— fo.optalloo

:CL(;s()‘_l/g)Hf - f¢,0pt,>\||00a

<

where the second inequality holds because of the locally Lipschitz continuity of
¢ in Assumption 7; the third inequality holds after Assumption 4.
Note that

UL, X, f) = Lo (@, X ™, fo.0p0)| + M FI5 = 1 Fs.0pt0 5]
<Cr, ANVAIf = fooptalloo + Al + Fooptallsllf = fooptn
<{CL, W)+ A f + Fooptall I = Foopealln
<{CL, A2+ 2MAPH f = fooptalla

|

Then,
E(6?) < {CL,(A\Y2) + 2MAY2Y2 || f = fooperll3-

Using the same argument as in the proof of Theorem 3.4 of Zhao et al. (2012),
we can show that

B(0) > Alf = f;,opt,AH%-L'
Thus,
() < g{c%(xl/?) +2MAY2)2E (). (C.29)

Then Condition 2 is satisfied for ¢y = 2{Cf,(A71/2) + 2MAY/?}? and B = 1.



Kernel machines with missing covariates 2531

(iii) To verify Condition 3, fixed 0 < «, &1 < 1, recall that for a function f; €
By (M), €(f1) € L4 x, which is defined as

0(f1) = Le(@ X", f1) 4+ Al 115, — Lo(@ X™P, foopt.n) — Al fo0pt. |5

Assume that P,0(f1) < ae; and E{{(f1)} > e1. Since ¢(fpopt,n) = 0,
Ppl(fpopt.n) = 0 and E{4(fsopt.a)} = 0.

Also P, £(f) and E{¢(f)} are both convex functions of f. There exists f’
between f1 and fy ope,x such that E{¢(f')} = e; and P,¢(f") < aey. This
implies Condition 3.

Consider the difference

Lo(@, X™ )+ A fl3 — Lo(F X™P, fooptr) — Ml fooptallze- (C.30)
By (3.11),
P L (Ti, X', fo) 4+ Ml FollFy < PrLo(@i, XM, fo0pt.x) + Al fo.0pta 1305
and
~ imp 7 n =~ im €1
Pr{Lg(Ti, X, fo)+ A foll3— Lo (@i, X, fo optn) = All fooptallz} <0 < 5

Since Conditions 1, 2, and 3 hold, applying Lemma 6 of Bartlett et al. (2006)
to (C.30),

PIE{Lg(Ti, X™™P, f5) + A fol13 — Lo (i, X™™P, fo.0pt,0) = Al fo.0pt a3} < e1]
>1—e?, (C.31)

where

<* 36¢A Qb 8QC’17>\b>
€1 > max (e, , ,

n

with ¢y = 2{Cp,(A"Y2) + 2MAVY2}2, Oy = 20, (A"Y2)MA~Y2 4 202,
e* > 12E(Z). Note that both ¢y and Cj 5 are functions of A.
By Assumption 5 and Lemma C.1,

02 1/2 02 2/(2-'1-}7)
E(Z) < Ci,a¢p max (C’l_,ic,\s)l/%p/4 <—p> ) (—p> , (C.32)

n n

where ¢, > 0 is a constant depending on p and € > 0 is an arbitrarily small
enough positive constant. Let

€n,\b
:51

Cop\ 2 Capp /TP 36¢Qb
> max ll2C’1,>\cpmax{(CLECAE)I/%Z’/4 (ﬂ) ,<ﬂ> ) <9 )

n n n
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8QC1b

n
By (C.26) and (C.31), with probability no less than 1 — e=2°,

(J1) + (Jo) + (J3) < O {Cs(A~Y2)p=min(err2)) e )

b

)

Therefore, with probability no less than 1 — e2
1 R(fo) = R(foopt)
infrex ¢j(x) Sup,ex ¢ ()

<an(A) + 0, {Cy(A~V2)p=minlerr2)) e ) (C.33)

for j =1,2. O

C.7. Lemma C.1

The following lemma is to bound E(Z) in (C.27).

Lemma C.1. Under Assumption 5, for any e > 0,

1/2—p/4 1/2 2/(2+p)
<o) (52) " (2}

where ¢y, is a positive constant depending only on p,
2
Ciy=Cr, N VHMAY2 4 2M2, ¢y = X{C’L(b()ﬁl/Q) +2MAY2)2,

Proof. Recall Gy, = {E(¢) —¢:E({) =¢,£ € L4, }. For any £ € Gy 5,, by

(C.29)

n)

E(?) < eAE() = cye.
Then,

E(Z)=E( swp Bg)=E| swp [B()— S ¢{f(X0)]
i=1

g€g¢,)\n ee[’¢vkn’
E@)=¢
1 n
<E sup [E(¢) — — ZE{f(XZ)H = Rad(Ly x,,n, CcrE),
LELy Ny, ,E(ZQ)SCXE n i=1

where Rad(L4 ., 1, cae) is the local Rademacher average of £, », for cxe. (See
Sect. 5.2 of Steinwart and Scovel, 2007 for more details.)
Recall that

Lo, ={Le(F X" f) = AlFlI3 = Lo (@ X™, fo.opt.nn) = M Fo.optr, I3
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[ € By}

and ||€]ly < Ci,x. Then, the ball Cy B covers Ly », . It is sufficient to consider
the local Rademacher average, defined by

1 n
Rad(C1 1B, n,cxe) = E sup E() — = > H{f(X)}
{0:€Cy 2B and E(2)<cye} ni4

= Cy zRad(B,n, C;icAE),

where the second equality holds after (37) of Steinwart and Scovel (2007, Sect.
5.2).
By Assumption 5,

sup log N (B, C’l_f\c,\e, Ly(P,)) < 02717(01_)?(3)\6)71).

n

Since B is a closed unit ball, by Proposition 5.5 of Steinwart and Scovel (2007),

Co 1/2 Cs 2/(2+p)
Rad(B,n,C’l_’ic,\a) < ¢, max (C’l_’f\cke)l/%p/4 (—p) , (_;;) ,

n n

where ¢, > 0 depends only on p. Therefore,

E(Z) < Rad(ﬁ@)\n,n, exe) < Rad(CL)\B,n, CAE)

Cy 1/2 Cs 2/(2+p)
< Ch,5¢p max (C’;ic,\s)l/2_p/4 (—p> , (—p) )
O

n n

C.8. Proof of Theorem 4.4

Proof. We first consider €, ;. When p € (0, 2), %—% > 0. Since Cp,(8) < 039,
then

Cix =200, (N2 MATY2 4 2% < 26AV2MATY? 4 2M? < 6y AT9TD/2,
(C.34)

where 01,/ is some constant depending on ¢ and M. Also for A € (0,1) and t <
0 < s, we have \* < A!. Then,

2 2
ex=31{C1, (A2 1 aMA/22 < X(5A—<q+1>/2 + 2MAY2)2 < Gy A2,
(C.35)

where d3 s is some constant depending on § and M. Thus,

C1,Acp(01_),2\c,\6)1/27”/4 _ CPOLAP/QC)\1/27p/4€1/27p/4

< Cp(51 M)p/2)\—(q+1)p/4(52 M)\—(q+2))1/2—p/451/2—p/4
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< CP5M7EA7([I+1)I)/4>\7(Q+2)(1/271)/4)

= cp(sMs)\—(2q+4—p)/47

where 7 is some constant related to 61 as, 92,0, and €. Hence,

1/2-p/4 [ O 1/2
Cixep (Ciic&) (ﬂ)

n

Scp5M750217/1)2/\*(q+1)p/4/\*(q+2)(1/2*p/4)n*1/2 (C.36)

and,

O, N\ 2@ HP)
Cl,)\cp( ’fL’p)

<epdy ATV ) =2 (), (C.37)
Substituting (C.36) and (C.37) in (C.32),
E(Z)
<max {Cp5M75021,/1)2)\_(2q+4_p)/4n_1/2; Cp61M0227/p(2+p))\_(Q+1)/2n_2/(2+p)} )

Consequently, if min {A\(20+4-P)/4p1/2 \(@+D)/2p2/(240)} — 00 E(Z) — 0.
By (C.34) and (C.35), if A(@t1)/2p — 00 and A972n — oo, then,

min{ \CIHD) /412 \@t0)/2,2/ )y o BQCIAD 0 36aQb
n n

0.

Hence, if A\972n — oo, then €, — 0.
Next we consider O,{Cy,(A\~1/2)A\71/2p=min(p1.r2)} Since Cy(B) < 547, the
following equality holds,

C¢()\_1/2))\_1/2n_ min(p1,p2) < §3~49/2 \~1/2p~ min(p1,p2)
— 5 —(a+1)/2,, —min(p1,p2)
Hence, if A(@+1)/2pmin(orr2) s o0 then O,{Cy(A"1/2)A"1/2p~ minlprr2)} 5 .
Since A — 0, a(\) — 0. Therefore, for p € (0,2], if A — 0 and A(@+2)/2pmin(e1,02)

— 00, then the RHS of (C.33) converges to zero, that is,for any b > 0, with
probability no less than 1 — e=2?,

1 R(fs) — R*
inf,ex Cj(x)w {Squex cj(x) } — 0

Since R* is the Bayes risk, then R(ﬁﬁ)fR* is nonnegative. Note that inf,c x ¢;(z)
and sup, ¢y ¢;(x) are positive and finite and ¢ is increasing in [0, 00). Thus, for
any b > 0, with probability no less than 1 — e=2?,

R(fs) — R* — 0.

This completes the proof. O
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Appendix D: An alternative way to estimate the imputation model

An alternative way to estimate the imputation model is to employ the EM
algorithm. When all the models were fully parametric, one can use the following
EM algorithm

e E-step: Compute the prodictive distribution for Xs by

P(Y = ylay, ;08 f(a]a1; 65)
JPY = ylay,@2,y;050) f(x2]21; 057 ) das

flaalzr,y;00) =

e M-step: Update the parameters by solving the score equations for 6;
and 05:

n

D RS (015 @15, wai, i) + (1= R)E{S1 (015214, Xo, yi)lns, i3 03] = 0

i=1

and

n

Z[Risz(gz; T1i, 21, Yi) + (1 — Ri)E{S2(02; 215, X2, yi) 214, s e(t)}] =0,
i=1

where S7 and Ss are the score functions of of #; and 5 are respectively.
Noticed that the normalization constant [P(Y = y|x1,x2,y;9§t)) f(za)zy;
th))dxg is known to be difficult to calculate as it involves the multivariate
integral. See discussion in Tsiatis (2006, Remark 2, Sect. 6.2). One possible
strategy is to apply Metropolis-Hastings algorithm to construct a Markov chain

with a stationary distribution is f(xz2|z1; F)gt)) for every given x; and at every
iteration t of the EM algorithm.
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Supplementary Material

R code

(doi: 10.1214/23-EJS2158SUPP; .zip). The R package drkmdmc for the weighted-
complete-case kernel machine estimator and the doubly robust kernel machine
estimator, and R code for Sects. 5 and 6 are provided at https://github.com/
LTTGH.
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