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and existence of pulsating traveling waves”*
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Abstract

In this paper, we first study the limits of the additive and derivative martingales
of one-dimensional branching Brownian motion in a periodic environment. Then
we prove the existence of pulsating traveling wave solutions of the corresponding
F-KPP equation in the supercritical and critical cases by representing the solutions
probabilistically in terms of the limits of the additive and derivative martingales. We
also prove that there is no pulsating traveling wave solution in the subcritical case.
Our main tools are the spine decomposition and martingale change of measures.
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1 Introduction

1.1 Background

A classical branching Brownian motion (BBM) in R can be constructed as follows.
Initially there is a single particle at the origin of the real line. This particle moves as a
standard Brownian motion B = {B(t),t > 0} and produces a random number, 1 + L, of
offspring after an exponential time 1. We assume that L has distribution {px, k¥ > 0} with
m =) .-, kpr < oo and 7 is exponentially distributed with parameter 5 > 0. Starting
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Branching Brownian motion in a periodic environment

from their points of creation, each of these children evolves independently and according
to the same law as their parent.

McKean [37] established the connection between BBM and the Fisher-Kolmogorov-
Petrovskii-Piskounov (F-KPP) reaction-diffusion equation

2
O O B ), .
where f(s) = E(st*1) and u : RT x R — [0,1]. More precisely, let N; be the set of
particles alive at time ¢ and X, (¢) be the position at time ¢ of a particle v € N;. It is
shown in [37] that, for any [0, 1]-valued function g on R, u(t,z) = E [[],c, 9(z + X4 (1))]
is a solution of (1.1) with initial condition g. The F-KPP equation has been studied
intensively by both analytic techniques (see, for example, Kolmogorov et al. [30] and
Fisher [17]) and probabilistic methods (see, for instance, McKean [37], Bramson [6, 7],
Harris [24] and Kyprianou [31]).
Particular attention has been paid to solutions of the form u(t,z) = ®.(x — ct).
Substituting this into (1.1) shows that ®. satisfies

%qf; +ed + B(E(®) — D) = 0, (1.2)
and such a solution ®. is known as a traveling wave solution of speed c. Kyprianou [31],
using the additive and derivative martingales of BBM, gave a probabilistic representation
of traveling wave solutions and also gave probabilistic proofs, different from Harris [24],
for the existence, asymptotics and uniqueness of traveling wave solutions. Inspired by
[31], we consider similar problems for BBMs in a periodic environment.

BBM in a periodic environment (BBMPE) is constructed in the same way as BBM,
except that the constant branching rate is replaced by a space-dependent rate function
g, where we assume g € C'(R) is strictly positive and 1-periodic, that is, g(z) = g(z + 1)
for any = € R. More precisely, initially there is a single particle v at z € R, performing
standard Brownian motion and producing a random number, 1 + L, of offspring at its
death time. Let b, and d, be the birth time and death time of the particle v, respectively,
and X, (s) be the location of the particle v at time s, then

by

byt
P, (dy —by >t | by, {X,(s): s >by,}) =exp {/ g(Xv(s))ds} .

Here, we fictitiously extend X, (s) beyond its death time d,. We still assume L has
distribution {py : & > 0} with m = >, kpr < oo. Starting from their points of creation,
each of these children evolves independently and according to the same rule as their
parent. We always assume that m > 0.

As defined before, let N; be the set of particles alive at time ¢ and X, (s) be the
position of the particle u € N, or its ancestor at time s for any u € Ny, s < t. Define

Zy = Z 0, (1)

uEN¢

and 7; = 0(Zs : s < t). Then {Z;,t > 0} is a point process describing the number and
positions of individuals alive at time ¢, and is called a branching Brownian motion in a
periodic environment (BBMPE). Let P, be the law of BBMPE with one initial particle
at z € R, thatis P,(Zy = J.) = 1. We use E, to denote the expectation with respect to
P.. For simplicity, Py and [, will be written as IP and I, respectively. Notice that the
distribution of L does not depend on the spatial location. In the remainder of this paper,
expectations with respect to L will be written as E.
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The F-KPP equation related to BBMPE has the following form:

ou 10%u
_ = (f _ 1.
or equivalently, v = 1 — u satisfies

ov  19%v

— = (1—-—v—1f(1- .

ot 2 Oz +e- v ( v))
In this case, traveling wave solutions, that is solutions satisfying (1.2), do not exist.
However, we can consider pulsating traveling waves, that is, solutions u : R x R — [0, 1]

to (1.3) satisfying
1
u(t—&—y,:z:) =u(t,x — 1), (1.4)
as well as the boundary condition

mEIPoo u(t,x) =0, IETOO u(t,z) =1,
when v > 0, and
lim u(t,z)=1, lim u(t,z) =0,

T——00 r——+00

when v < 0. v is called the wave speed. It is known that, under the assumption f € C1:®
for some « > 0, there is a constant v* > 0 such that when |v| < v* no such solution exists,
whereas for each |v| > v* there exists a unique, up to time-shift, pulsating traveling wave.
See [1, Theorem 1.14] for existence/non-existence and [21, Theorem 1.1] for uniqueness.

Recently, Lubetzky, Thornett and Zeitouni [34] established the connection between
F-KPP equation (1.3) and BBMPE with 1+ L = 2 and studied the the maximum of BBMPE.
In this paper we first study limits of additive and derivative martingales of BBMPE.
Then we use these limits to give probabilistic representations of pulsating traveling
wave solutions of (1.3) with speed v satisfying |v| > v*, where v* is a constant defined
below. In the rest of this paper, |v| > v* is called the supercritical case, and |v| = v* the
critical case. We also prove that there is no pulsating traveling wave solution of (1.3)
with speed v satisfying |v| < v* (called the subcritical case). The asymptotic behavior
and uniqueness of the pulsating traveling wave solution of (1.3) are studied in the
companion paper [40]. Therefore, we extend the results of Kyprianou [31] for classical
BBM to BBMPE. It turns out that most of the general ideas in Kyprianou [31] still work
for BBMPE. However, as we will see, carrying out the actual argument is much more
difficult.

Before we state our main results, we first introduce the minimal speed v*. As in [22],
for any A € R, let v(\) and (-, A\) be the principal eigenvalue and the corresponding
positive eigenfunction of the periodic problem: for all x € R,

0ne(2.0) = Ml ) + (302 + (o) ) (o) = 10z ),
Y+ 1,A) =p(z, A).

Then () is simple, that is, the corresponding eigenspace is 1 dimensional. We normalize
(-, A) such that [ 4 (x, \)de = 1. Define

(1.5)

A
V¥ i=min —=, \*:= argminv( )
A>0 A x>0 A

. (1.6)

Then v* defined by (1.6) is the minimal wave speed (see [2, 22]) and the existence of \*
is proved in [34], also see Lemma 2.3 below.
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1.2 Main results

For any X € R, define

Wi(A) = e TN N " e Xy (X, (8), ). (1.7)
u€E Ny

Theorem 1.1. For any A € R and = € R, {{(Wi()\))i>0,P,} is a martingale. The limit
W (A, x) := limyoo Wi () exists P -almost surely.

(1) If|A| > A* then W (\, z) = 0 P,-almost surely.

(ii) If |\| = A* then W (), z) = 0 P,.-almost surely.

(iii) If |\| < A* then W(\,z) = 0 P,-almost surely when E(Llog* L) = co, and W (), z)
is an L'(P,)-limit when E(Llog™ L) < co. Moreover, if |\| < \* and E(Llog* L) < oo, we
have

P, (W (A z) = 0) = 0. (1.8)

{(W(A))t>0, P} is called the additive martingale of the BBMPE starting from z.

Remark 1.2. For BBM, there is no essential difference between the case when the
initial ancestor starting from x and the case starting from the origin, whereas things are
different for BBMPE because the branching rate depends on the position. This is why
we write the almost sure limit of W;(\) as W (A, x), instead of W ()\). Nevertheless, it can
be proved that

(WA y),Py) L (e X0 DW(\ 2),P,), ify—zcZ, (1.9)

due to the 1-periodicity of g(-) and (-, ).

We will show that both «(\) and ¢ (z, A) are differentiable with respect to A, so we
can define

OWi(N) i= — 2 W) = ¢ T 3 (ANl (w<xu<t>, N ()X (1) = (X (1), A)).
u€E N
(1.10)

Theorem 1.3. For any A € R and = € R, {(OW(\))i>0,P,} is a martingale. For all
[A| > A*, the limit OW (A, z) := limpoo OW, () exists P, -almost surely.

(i) If|A| > A* then OW (A, x) = 0 P,-almost surely.

(ii) If |]\| = A\* then OW (\,x) = 0 P,-almost surely when E(L(log™ L)?) = oo, and
OW (A, z) € (0,00) (respectively OW (A, x) € (—o0,0)) P,-almost surely when A > 0
(respectively \ < 0) and E(L(log™ L)?) < oo.

{(OW(N\))i>0, P, } is called the derivative martingale of the BBMPE starting from x.

In [31, Theorem 1.3], there is a small gap between the necessary condition and the
sufficient condition for W (\*) = 0 P,-almost surely. Later Yang and Ren [42] fill this
gap and give the sharp E(L(log" L)?) condition. We adapt some ideas from [42] and get
the necessary and sufficient E(L(log™ L)?) condition for BBMPE.

Pulsating traveling waves have been studied analytically in many papers, see, for
example, [1, 2, 20, 21, 22]. The nonlinear reaction-diffusion equations in the analysis
literature are more general. The linear parts have general periodic diffusion and drift
coefficients, and general periodic domains are considered. The papers [1, 2, 20, 21] all
assumed a regularity condition on the non-linear term which, in the setting of this paper,
can be stated as f € C1® for some a > 0. [2, Theorem 1] proved that the minimal wave
speed is given by v* defined (1.6); [20, Theorem 1.3] gave the asymptotic behaviors of
pulsating traveling waves; and [21, Theorems 1.1 and 1.3] proved the uniqueness and
global stability of pulsating traveling waves. In contrast, in this paper, we only consider
nonlinear terms of the form g(z)(1 — s — f(1 — s)) with g € C'(R) being 1-periodic and
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with f being the probability generating function of a non-negative integer-valued random
variable. Nonlinear reaction-diffusion equations with nonlinear terms of this form are
related to branching Brownian motions. Other more general nonlinear terms covered by
analytic method are not considered in this paper since they are not related to branching
Brownian motions. On the other hand, we do not assume the condition f € C*® for some
« > 0, which is stronger than our condition E(L(log" L)?) < oo (see [40, Remark 4.1]).

In this paper, we use the nontrivial limits of the additive and derivative martingales
to give probabilistic representations of pulsating traveling wave in the supercritical case
lv| > v* when E(Llog™ L) < oo, and the critical case |v| = v* when E(L(log™ L)?) < co.
Thus we give probabilistic proofs of the existence of pulsating traveling waves in these
two cases. We also give a probabilistic proof of the non-existence of pulsating traveling
waves in the subcritical case |v| < v*. In [40], we will give a probabilistic proof of the
asymptotic behavior and uniqueness of the pulsating traveling waves.

Theorem 1.4. (i) Supercriticality case. If |v| > v* and E(Llog" L) < oo,
u(t,z) = E, (exp {—e”o‘)tW()\,x)}) (1.11)

is a pulsating traveling wave with speed v, where |\| € (0, \*) is such that v = %
(ii) Criticality case. If |v| = v* and E(L(log" L)?) < oo,

u(t,z) =E, (exp {feV(A*)tGW()\*,x)}> (1.12)
is a pulsating traveling wave with speed v*, and
u(t,z) =E, (exp {—BV(A*)%W(—/\*,:E)})

is a pulsating traveling wave with speed —v*.
(iii) Subcriticality case. There is no pulsating traveling wave when |v| < v*.

Remark 1.5. The theorem above gives a probabilistic representation of the pulsating
traveling wave in the supercritical case when E(Llog" L) < oo, and in the critical
case when E(L(log" L)?) < oco. It is natural to ask whether there are probabilistic
representations of pulsating traveling waves when these L log L-type conditions are not
satisfied. In the case of BBM, Kyprianou [31, Remark 6] mentioned that Biggins and
Kyprianou [4, Theorem 1.2 and the last paragraph of Section 1] (see also [3]) proved
that when EL < oo, there exist Seneta-Heyde norming constants {c;,¢ > 0} such that
c¢tWi(\) converges in probability to a limit, whose Laplace transform gives a non-trivial
traveling wave. In [31, Remark 6], it was also mentioned that, even for BBM, things are
somewhat less clear in the critical case when E(L(log™ L)?) = co. These are important
questions for BBMPEs also. Tackling them will require techniques very different from
those used in this paper. We plan to explore these in a future project.

Now we give a description of the strategy of the proofs of the main results. Our
main tools are the spine decomposition and martingale change of measures. We follow
the general ideas of [31], but we have to work much harder. A key to the proof of
Theorem 1.1 is a strong law of large numbers for the motion of the spine.

The proof of Theorem 1.3 is much more delicate. First, we use the differentiability
of ¢(z, \) with respect to A to define the derivative martingale. Next, similar to [31],
we define a a non-negative martingale {V;*()\), P, }, which is a variant of the derivative
martingale. When {V;*(\), P} is used to define a change of measures, the motion of
the spine is no longer a Bessel-3 process. Lemmas 2.12 and 2.14 are crucial for dealing
with the motion of the spine. Finally, to get the necessary and sufficient condition
E(L(log™ L)?) < oo, we adapt some ideas from [42].
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Using the Markov property and branching property of branching Brownian motion, it
is not hard to check that that u given by (1.11) and (1.12) are pulsating traveling waves.
The non-existence follows from a contradiction argument. As a byproduct, we get the
linear speed of the maximum of BBMPE.

Since () is an even function (see Lemma 2.3 below), in the remainder of the paper
we will deal only with the case that A > 0 (i.e., v > 0) unless otherwise stated. The case
A <0 (.e., v <0) follows from symmetry and the results are the same.

2 Preliminaries

Throughout this paper we use {B;,t > 0;11,.} to denote a standard Brownian motion
starting from z. Expectation with respect to I, will also be denoted by II,.. The following
many-to-one lemma (see [26], [34] and [36, §2.3]) is fundamental.

Lemma 2.1 (Many-to-one Lemma). Let t > 0 and F : C[0,t] — R be a non-negative
measurable function. Then

E, | Y F(Xu(s),s€[0,t])

u€E N

= T [em S0t (13,5 € [0,1])]

where C[0, t] denotes the space of continuous functions from [0, t] to R.
In particular, for any non-negative function f on R, we have

E, | S F(Xu®)

u€ENg

— 11, {em Jo g(Bs)ds ¢ (By))] .

This says that the mean semigroup of the BBMPE is a Feynman-Kac semigroup of the
Brownian motion B, and is closely related to the behavior of the BBMPE {Z;,¢ > 0}.
Now, we define

o(z,\) == e MP(x,)), NER,z€R. (2.1)

A direct calculation shows that ¢ satisfies

%qﬁm(x, A) + mg(x)p(x, A) = y(N)o(x, N). (2.2)

The function ¢ will play an important role in our proofs.
The following result will be used several times in this paper.

Lemma 2.2. Let b; < by be two real numbers. It holds that for any A,
B, \) =1Ly (B, \)eli (M8 EIT0NN] g by, by),

where 7 := inf{t > 0: By ¢ (b1,b2)}.

Proof. Combining the positivity and continuity of ¢ (-, \) with (2.1), we see that, for any
A, [b1,b2]  © +— 9(x, ) is bounded between two positive constants. It follows from [9,
Corollary 2] that the gauge function

glz,\) =11, efJ(mg(Bt)—w))dt} . x € [by,bo),

is bounded. Now the desired conclusion follows immediately from [9, Theorem 2.3]. O

In the remainder of this section, we first introduce some properties of the principal
eigenvalue v(\) and show the eigenfunction (z, ) is differentiable with respect to A.
Next, we introduce three martingales, {E;(A\) : ¢ > 0}, {T¢(\) : t > 0} and {A§“> 1t >0}
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with respect to the Brownian filtration. These martingales are related to the additive
martingale, the derivative martingale and the non-negative martingale {V*(\),P,}
(defined by (2.34) below) of the BBMPE, respectively. Using the two non-negative
martingales {Z;(\) : ¢ > 0} and {AE”’)‘) :t > 0}, we get two kinds of measure changes,
that are related to the motion of the spine in Sections 3 and 4.

2.1 Properties of principal eigenvalue and eigenfunction
We first discuss some properties of (),

Lemma 2.3. (1) The function y is analytic and strictly convex on R. There exists a
unique \* > 0 such that

A* A
po = ) i X ) 2.3)
A* A>0 A
Furthermore
lim 7/(\) = —c0, lim ~'(\) = +oo. (2.4)
A——0o0 A—+o0

(2) The function v is even on R.

Proof. The analyticity, convexity of v, and the existence and uniqueness of \* are
contained in [34, Lemma 2.5]. For the analyticity and convexity of v, one can also see
[20, Lemma 2.1]. Now we show (2.4). Recall that ¢(z, \) = e~ (z, \) satisfies (2.2). If
one regards ¢(-, A) as a function of (¢, x), then %‘f = 0 and ¢ satisfies %‘f = S0za(®,\) +

(mg(z) —7(A)o(z, A).

By the Feynman-Kac formula,
¢, \) =11, [¢<Bt, Ne T Nm s g<Bs>dS] , TER.

Hence,
Yz, A) =11, [w(Bt, A)e T YNE=A(Be—z)+m. [ g<Bs>dS} , z€R. (2.5)

(One can also use It0’s formula to easily get the display above.) Since g is 1-periodic
and continuous, we can assume that 0 < o < g(z) < 8 < oo for all z € R. Notice that

2¢
I, [e=*B¢] = ¢=**+°3" and by (2.5), we have

6(ma+>‘727'y(/\)>tnx [w(Bh )\)] S w(x7 >\) S e(mB‘F%*V(A))tnx [d)(Bt’ )\)] .

Letting ¢ — oo, the boundedness of ¢) implies that

/\2 2
v(A) € 5 + ma, > +mp|. (2.6)
Combining this with the analyticity and convexity of v, we get (2.4).

If there exist A\; < A2 such that /(A1) = +/(A2). The convexity of v would imply
that 4/ is constant on [A1, A2], and then analyticity would imply that 4’ is a constant,
which contradicts (2.4). Therefore, +/(-) is strictly increasing on R, that is, (-) is strictly
convex.

(2) Let ¢(z) := ¢ (x, A) satisfy (1.5), i.e., ¢ is the positive eigenfunction corresponding
to the eigenvalue ()\). Let ¢ = ¢(z, —\) be the positive eigenfunction corresponding to
the eigenvalue (—)\), then () satisfies, forall = € R,

e (2) + X2 (0) + (32 + me(o) ) 0e) = 1(-N)a). @7

U@ +1) = ().
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Multiplying (2.7) by ¥ and integrating over (0, 1), we get that

/ Fpde = / (;ww FMR+ (N4 mg(x))ww) da

25%(1 1) = 592(0)%(0) + Mp(1)9(1) — Xp(0)3(0)

1
)¥( 5
1
+ ) < %d’xd’x /\wi/}x ( >\2 + mg(l‘))%/fi/)) dz
1
= [ (=t = b+ (392 4 w0 ) ds
1
= [ (§00as = M + (22 4 gt ) da
= ppda.
) /0 ida
Since 1,7 > 0, we obtain that y()\) = y(—\). O

We compare the values of 4/(\) and @ in the following lemma.

Lemma 2.4. (1) 7/ (\*) = 7(/\*). 2)If0 < X < X, v (V) < @ (3) IfF X > )\,

0 A* A
/ A
o> 1
Proof. Put f(\) = ( . (1) Note that
1)) — 1)

Since f(A*) = minyso f(A\), we have f'(A\*) =0, that is, v/ (\*) = 7()\’\:).
(2) If there were 0 < A\; < \* satisfying f/(A1) > 0, then, by the uniqueness of \*,

V

This contradicts the convexity of .
(3) If there were Ay > \* satisfying f/(A\2) <0, let A3 = sup{A : A < Ay and f'()\) > 0}.
Then by the continuity of f/, f/(A3) = 0 and A3 < Ay. By the definition of A3,

7(Aa) Y0

7'(A3) = N f(Az) > o > 7' (A2),

which contradicts the convexity of v again.
Suppose there were A\, > \* satisfying f/(\4) = 0. For any § € (0, \y — \*), we have

A4 / _ ) A
/ V(A)AdA:/ FNAA = F(As) = F(a — 6).
A A

4—6 A 4—6

We claim that f(\y4) — f(Ag — 6) > 0. In fact, since f/(A\) > 0 for A € [\gy — §, \4], we have
FOu) = fAg=0) > 0. If f(A\4) — f(Ag —0) =0, then f/(A) =0 for A € [A\y — §, \4]. Thus

we have N s
70w = B = 0w = fou -0 = T -,

which contradicts the strict convexity of v. Thus the claim is true.
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For A € [A4 — 0, 4], it holds that 7/(A\) < +'(A\4) = f(\4), and that f(A) > f(As —9)
because we have proved f’(A\) > 0 when A\ > \*. Thus, we obtain

RO s wF Y (O B (VR

f(A4)—f(A4—5)=/A76%dA§5 o

>0,

which implies that \* < § for any ¢ > 0. This contradicts the fact that \* > 0. The proof
of (3) is complete. O

In the following three lemmas, we will show that ¥ (z,-) € C(R) N C*(R \ {0}) and
that ¥, (z, A) satisfies

%db\m(ﬂﬁ, A) — P (x, A) — My (x, A) + (;)\2 + mg(x)) x(z, A) + M)z, A) (2.8)
= 7(N)Yalz, )+ (N (z, A).

Lemma 2.5. Suppose {/;(, A) is a positive eigenfunction of (1.5) with J(O, A) = 1. Then
for any x € R, ¥(x,-) € C(R)NCHR\ {0}). Moreover, ¥ (x, \), the derivative of 1) with
respective to \, satisfies, for all x € R,

1 ~ ~ 1 ~ ~
51&,\3%.(3:, A) — P, A) — My (z, A) + (2)\2 + mg(x)) a(z, A) + Aoz, A) (2.9)
= (N, )+ (), N).
Proof. Since (-, )) is 1-periodic, to prove zZ(x,N) € C(R)NCYR \ {0}) for all = €
R, it suffices to verify that, for any = € (0,1], ¢(x,-) is continuous and continuously
differentiable on R \ {0}. Define
bz, \) == e NP (z, ). (2.10)

Since 1;(, A) is a positive multiple of 9(-, A), we have that 8(, A) satisfies (2.2). Since
#(2,)\) = e~?* and ¢(0,\) = 1, we have by Lemma 2.2 that

g(x, A) =11, e ABr efoT(mg(Bt)—’Y(A))dt] . zel0,2], (2.11)
where 7 = inf{t > 0: B; ¢ (0,2)}. By (2.10), we only need to prove that for any = € R,
¢(z,-) € C(R) NCHR\ {0}).
Note that for any = € [0, 2],
O, \) = IL, [eJo (meBo—r)dt g 0} eI, {efg(mgwt)—w»dt’ B, = 2} < 0.
Thus for any A € R, the gauge function ¢(-, A) defined by

g(x, A) =1L, {efJ(mg(Bt)w(A))dt}

is bounded on [0,2]. The function v()) is analytic, convex and even, so v(0) is the
minimum of value of y(\) and for any A # 0, v(A) > ~(0). Hence,

O 2) < g(w,2) < g(w,0) =TI, [l MEEION] < sup g(z,0) <00, @€ [0,2].
z€[0,2]

Using the dominated convergence theorem with the dominant function eJo (mg(Br)—(0))dt
and the continuity of , we obtain that, for each fixed x, ¢(x, \) is continuous as a function
of A.

EJP 28 (2023), paper 72. https://www.imstat.org/ejp
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Now we prove ¢(z,-) € C1(R \ {0}). We only need to deal with the case A > 0. Fix a
Ao > 0. Note that

Bye Breld (ma(Bo)—v(\)dt < 9 o Jg (me(Bi)—7(0)dt (2.12)

and that for A € [A\o/2,3X0/2],

reld MEBO=Y)A < (N =107 o J (mE(B=Y(N)E _ yroli (me(BO—vO)dt (5 13)

for some large constant M. Since II, |eJo (m&(B)—v(0)dt| — 5(1‘,0), we can differenti-

ate (2.11) with respect to A and change the order of differentiation and expectation to
get that when A = )\,

ox(z,\) = I, [BTe—ABTefOT(mg(Bt)—’Y(k))dt + ,y'()\)Te—ABrefoT(mg(Bt)—’Y(k))df/ . (2.14)

and, by (2.12) and (2.13), the absolute value of the quantity in the expectation is bounded
by
24+ M max  4'(A) | eJo (me(B)=y(O)dt,
A€[X0/2,300/2]

Since Ay > 0 is arbitrary, a(x, -) is differentiable on (0, 0) and (2.14) holds for any A > 0.
Using the dominated convergence theorem, we obtain ¢, (z,-) is continuous.

Using the Markov property of Brownian motion for the second term of the right hand
side of (2.14), we have

ox(z, ) = —11,, [BTEABT elo (me(Bo)=1(N))dt | 17(y) /T elo (meB)=— (At g B A\)ds| |
0

Combining [10, Theorem 4.7 and 6.4] with regularity theory of second order elliptic
gquations (see, for ingtance, [19, Section 8.3]), we can get that, for any = € (0,2),
éx(x,\) € C%(R), and ¢y (z, \) satisfies

%%m + (mg —7(\)ér =7 (\)¢.

One can easily check that 1; = e“&()\, x) satisfies (2.9). O
Corollary 2.6. Suppose J(-, A) is a positive eigenfunction of (1.5) withlZ(O, JelC@R)n
CY(R\{0}). Then forany z € R, ¢(z,-) € C(R)NCY(R\ {0}). Moreover, ¥,(x, \) satisfies
1~ ~ ~ 1 ~ -~
§w>‘m(x’ A) — Yz, A) — Mg (2, ) + (2/\2 + mg(x)) Ua(x, \) + Mp(z, A) (2.15)
= YN da(z,X) + 7 (A, A).

Proof. Since y(\) is simple, we have QZ(:E, A) = zZ(O, A)i(z, A) for all z and A, where ¢ is
the eigenfunction in Lemma 2.5. The results follow immediately from Lemma 2.5. O

Lemma 2.7. It holds that ¢(z,-) € C(R) N CHR \ {0}) for x € R. Moreover, 1 (z, \)
satisfies (2.8).

Proof. For any A € R, let {/;(3)\) be the positive eigenfunction of the periodic prob-

lem (1.5) with (0, \) = 1. By Lemma 2.5, for any fixed x € [0,1], ¥)(x, ) € C(R) N CY(R\
(0}). Put

) = /01 P(z, N)dz.
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Since (-, \) is continuous and positive, we know that ¢(A) > 0. Then ¢(\) " ¢(z, \)
is a positive eigenfunction of the (1.5) with |[; ¢\~ 1(2, \)dz = 1. Thus ¥(z,)\) =
N e(x, N).

By Corollary 2.6, we only need to prove that ¢(-) € C(R)NC*(R\ {0}). Forany \g € R
and € > 0, define D.(\g) := {(z,\) : 0 <z <1, \g —e < XA < Ao + €¢}. By the proof of
Lemma 2.5, ¢(z, \) is bounded in D, ()\o). By the bounded convergence theorem, &(-) is
continuous at A\g. Since A\g € R is arbitrary, we get that ¢(-) is continuous in R. We now
show ¢(+) € C*(R \ {0}). By symmetry, it suffices to show ¢(-) € C1((0,00)). Let Ay > 0
and € > 0 with A\g — ¢ > 0. Note that
%(x’ A) = ze*p(z, \) + EAI%QZ)(L A).

Combining (2.13) and (2.14), we know that 1;,\ (z, ) is bounded in D.()\p). Therefore, by
the bounded convergence theorem, we have for |h| < ¢,

Ao+ h) —E(ho) _ /1. G, do +h) =@, Xo) /1~
fIng%) W =, %gr}) A dz = ; U (x, No)dz.

Combining this with the arbitrariness of A, ¢(+) is differentiable and ¢’ (\) = fol Uz, N)d.
By the bounded convergence theorem again, we get that @(-) is continuous. O

2.2 Measure change for Brownian motion

The martingale in the lemma below is related to the additive martingale {W;()\)} of
the BEMPE.

Lemma 2.8. Suppose {B;,t > 0;11,} is a Brownian motion starting from = € R. Define
Z(\) = e~ YNt=ABi+m [7 g(BS)dsw(Bt7 A).

Then {=Z¢(\),t > 0} is a Il -martingale.

Proof. ¢(x, ) is strictly positive, so by [td’s formula, we have

A ! '(/)w 1 ¢ wwxw — %25
——— = exp { logw(Bt,/\) — logw(Bo, )\)} = exXp { /0 ?dBS + § o de},

where we have written ¢ = (B, \), ¥, = V. (By, A) and ¢, = V.. (Bi, A) for short.

Thus,
t()\) _ t (wx B ) t (M ) ) }
o(\) _eXp{/o " A ) dB, +/0 2072 + mg(Bs) —v(A) | ds (2.16)

7 b by IR 2
exp{/o (wk)dBw/o (wA> ds}’

where the second equality follows from (1.5). For fixed A, by periodicity, %’ — A is bounded,
and so Novikov’s condition is satisfied (see, for example, Novikov [38]). Therefore,

(1]

(1]

{Z¢(N\),t > 0} is a II,-martingale. O
Since g;g’;g is a non-negative martingale of mean 1, we can define a probability
measure 11} by
dIn Ze(A
C I 10 (2.17)

A, |76 S0’

EJP 28 (2023), paper 72. https://www.imstat.org/ejp
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where {FF : t > 0} is the natural filtration of Brownian motion. A direct calculation
shows that ¢(x, \) defined by (2.1) satisfies

P (, ) _ Y (z,A)
oz, A)  Y(x,A)

t ¢y (Bs))
0 "#(B..N)

- A

By (2.16) and Girsanov’s theorem, B; — dsis a H;\-Brownian motion. In other

words, under IT)), {B;,t > 0} satisfies

_ d):n(Bta)‘)
dBt B ¢(Bt7/\)

where {B,, t > 0; IT}} is a Brownian motion. Hence, {B;,II)} is a diffusion with infinites-
imal generator

dt +dB;, Bo ==, (2.18)

102f(z) | (¢al@,)) Of (x)
== —A . 2.19
(AN@) =5+ < bz, ) o .
Since d’g({':\A)) is 1-periodic, the law of {B; — By : t > 0} under II} is the same as under
H)\
x+1*

In the remainder of this section and Sections 3-5, we always assume that {Y;,t >
0; H;\} is a diffusion with infinitesimal generator (2.19). To prove Theorem 1.1, we need
some properties of Y; under II. [34, Lemma 2.6 and Corollary 2.7] gave a strong law
of large numbers of {Y;} under IT)" for binary branching in the critical case A = \* and
their proofs also work for any A € R, and thus Y;/t — —'()), I1}-almost surely. For the
convenience of our readers, we give a proof below. Our proof is slightly different in that
we get that the rate function 7(z) attains its minimum at the point z = —+/(\) by a simple
analysis, see the beginning of the proof of Lemma 2.10. Now we prove the analog for
our general case.

Lemma 2.9. Let y,; be the law of {*:} under II)). Then {y.} satisfies a large deviation
principle with good rate function

I(z) = 7"(2) + { 2 + 7V},
where v*(z) = sup,cg{nz — 7(n)} denotes the Fenchel-Legendre transform of .

Proof. For any z € R, A > 0, t > 0 and any measurable function F : C[0,¢] — R, by the
change of measure (2.17), we have

HQ [F({Yi}e<t)] =10, {mev()\)t/\(BtI)+m Iy g(Bs)dsF({Bs}sgt) . (2.20)

Since 1 is strictly positive and bounded, taking F' = 1 in the display above, we get that

11, [e—)\B,,+met g(BS)ds} _ e—)\x—&-'y(/\)t—&-O(l)’ (2.21)

where for fixed A, O(1) is bounded by a constant independent of (¢, z).
By (2.20), for any n € R,

%log I ] = llog 1, [¢(Bt, A)eﬂ(x)tq(&ﬂ;)m[g g(Bb)dsenBt:|

t Pz, A)
= %log 11, [me(An)Bﬂrm Is g(Bs)dS} + % — (0.
It follows from (2.21) that as ¢t — oo,
Jim % log I} [e™*] = 4(A — 1) = ¥(A).
EJP 28 (2023), paper 72. https://www.imstat.org/ejp
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The Fenchel-Legendre transform of  — (A — ) — v(}\) is given by
I(z) : = sup {nz — [y(A —n) —v(N)]}
neR

= :‘éﬁ{(”_ Az = (A=)} + Az + (N

=7"(2) +{Az + (N},

where the last equality follows from the fact that v is an even function. Note that
~v(A —=1n) —v(A) is differentiable with respect to n by Lemma 2.3. By the Gartner-Ellis
theorem (for example, see [11, §2.3]), {x} satisfies a large deviation principle with
rate function I(z). By the proof of [34, Lemma 2.6], I(z) is a good rate function. This
completes the proof. O

Lemma 2.10. For any x € R, it holds that % — —/()\) I} -almost surely.

Proof. By Lemma 2.3 (1), 7'()) is strictly increasing. Next, note that /(z) = sup,cg {nz—
[v(A—n) —~(\)]} and that the derivative of nz — (A — ) with respect to n is z ++'(A — 7).
For fixed z, define 7, such that 7/(\ —n,) = —z. Here the existence of 7). is guaranteed
by (2.4). By the convexity of v, 7, is an increasing function of z. Moreover, because ~' is
strictly increasing, we have

1(2) = =n=7' (A = n2) = [v(A = m2) = v(V)], (2.22)
where I(z) is equal to 0 when 7, = 0 or equivalently z = —/(\). Thus ddl—éj) =" (A —

7n.) > 0 (respectively % < 0) when 7, > 0 (respectively n, < 0). Using (2.22) and the
fact that ' is strictly increasing, we have for any ¢ > 0,

§:=inf{I(2):|z4+7(N)|>e} =I(—(\) —e) AI(—'(\) +¢€) > 0. (2.23)
Applying the large deviation principle of {u;}, we get

Y;
1) (’tt —l—’y'()\)‘ > 6) < Ce %2,
By (2.20), there is a constant C(\) > 0 such that
P(x,T): =1I) <m[6a)§] |YV: — Yo +~' (M)t > Te)
tel0,

¢(317A) —~(A)=A(B1—z)4+m [} g(Bs)ds
— Hm |:1/J(x’)\)e ’Y( ) (B1 )+ fo g( ) ]l{maxte[o,l] IBt7I+’Y,(>‘)t‘>T€}

< Ol(>‘>Hac [eiA(Blim)]l{maxte[o_yl] |Bt—m+'y’()\)t\>T€}]
< C1 (Mg [eABTIL{Bf>T57h’()\)\}] , xel0,1],

where B = max,c[o,1]{|Bt|}. Since, under Il, B} has the same distribution as |B;| and

2 22
[ e Fdy < Le=* forz > 0, there is a constant C»()\) > 0 such that

P(z,T) < Co(N)e T2 2z c0,1].
Thus, for any n € IN and « € R, one has

w( U i o> 2

te[n,n+1]

<I12 (Y, + ' (M\)n| > ne) 4 1) <max] Yot — Yo+ (Nt > ne)
0,1

telo,

<Ce ™2 + 1) [P(Y,,n)] < Ce™ ™72,
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where the last inequality follows from the fact that P(z,T) is 1-periodic in z. Since € > 0
is arbitrary, by the Borel-Cantelli lemma, we obtain % — —v/()\) I1}-almost surely. O

The martingale in the following lemma is related to the derivative martingale
{OW:(\)} of the BBMPE.

Lemma 2.11. Suppose {B;,t > 0;11,.} is a Brownian motion starting from x € R. Define
Ty (\) o= e YNEABem Jy 8(BIds (4B, X) (7 ()t + By) — ¥a(By, N)).-
Then {Y;(\),t > 0} is a II,-martingale.

Proof, For convenience, put J; := ¢~ YMNt=ABitm [&(B:)ds A straightforward computa-
tion using It6’s formula yields

1
dJ; = ~M\JdB; + (2/\2 — (A + mg(Bt)) Jydt,

d (Y(Bg, (Y (ANt + By) — ¥a(By, N)
=[x (B, \) (7' (M)t + By) + (B, A) — ¥aa (B, )] dB;

|5 Br NG )+ B+ 0B () 4 6B ) = (B V)] .
and

dT:(N) = d[J:((Bs, A)(Y (ANt + Br) — a(By, M)
=J; [(Ve — M) (Be, \) (7 (M)t + By) + Mpa(Be, ) + 9(Be, ) — Yax (B, )] dBy

1 O+ B) (e = M+ (332 200+ mgB0)) ¥ ) (B

= (s = 0 = Mt (3 )+ mB(B) ) v+ 00 =) ) (B Vi
=Ji [(V/(N)t + Be) (e — M) + Mbx + 9 — Y] (Br, \)dBy,

where in the last equality we used (1.5) and (2.15). Note that g, ¢, ¥, and ¥, are
1-periodic in z, so they are bounded for fixed A € R. Using this, one can easily check that

T
Hz/o TZ[(Y (Nt + By) (e — M) + Ay + 9 — 9ha,]” (By, \)dt < 00, forall T > 0.

Thus {Y;(\),t > 0} is a II,-martingale. O

The martingale {(Y;()\)):>0, II,} may take negative values. Now we introduce a re-
lated non-negative martingale. Before giving its definition, we first give some properties
of the function h defined by

Ya(z, )
h(z) =2 — ——=.
U(z, A)
Clearly h(x) is continuous and satisfies h(x+1) = h(z)+ 1. Recall that we always suppose
A > 0 unless explicitly stated otherwise. Since ¢(x, \) = e~ **¢(z, \), we have
¢>\ (.Z‘, /\)

h(z) = ~ @) (2.24)

It is easy to see that A’ is 1-periodic and continuous. Thus, 4’ is bounded.

Lemma 2.12. /'’ is strictly positive.
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Proof. Recall that ¢(z,\) = e **3)(x, \) satisfies (2.2). For any —oco < y < z < oo, define

T(y,z) := inf{t > 0: B; & (y,2)},

and 7, := inf{t > 0 : B; = y}. It follows from Lemma 2.2 that for any = € (y, 2),

o o B
(@A) =1L [¢(Br(y,z),)\)ef0 07 (meg(Be) W(A))dt}

=1L, [¢(y7/\)1{ry<n}em (mg(B”*”m)dt} +I1, [aﬁ(z,k)ﬂ{n«y}dgz (me(B) =t
(2.25)

By the monotone convergence theorem, the first term on the right-hand side of (2.25)
converges to

I, [g(y, A)elo” (B —adrg )]

as z — oo. The second term of (2.25) is equal to

L [ (2, A, <,y o8 (BB O] (2.26)
thus bounded by Ce—*#, if we can show that

I, {1/1(27)\)]1{7201,}6]‘0% (mg(Bt)—v(/\))dt} <C

for some constant C' > 0. Let ¢(z, —\) be the positive eigenfunction corresponding to
the eigenvalue v(—\) and let ¢(z, —\) = e*™¢(z, —)). Since v is even, we have ¢(x, —\)
satisfies (2.2). Therefore,

Qb(xa 7)‘)
=II, |:¢(ya */\)]l{'ry<7'z}€f07y (mg(Bt)*W()\))dt} il [(25(2, 7)\)]1{Tz<7'y}ef072 (mg(Bt)*W()‘))dt}
>N, [z, =M1 (5, <r, i (BB ONA]
that is,

I (mg(B)—~()dt] < Aw—z) L& —A)
L. {]l{”“y}e ’ ] =¢ Pz, —A)

Since x < z, A > 0 and v is bounded between two positive constants, (2.26) is bounded
by Ce~* and so converges to zero when z — oco. Therefore we have for any = > y and
A>0,

¢(xv )‘) =11, |:¢(y7 A)efow (mg(Bt)iA/(A))dt]l{Ty<oo}} . (2.27)

Since 11, (7, < 00) = 1, we have
O, ) =TI, [ ¢(y, A)elo" (meBO=aONar] (2.28)

Hence,
I g(r, A) = I g(y, \) + InTL, [ (ma(BI2 0]

Differentiating both sides of the previous equation with respect to A gives

o) oaly, ) o [Y)mel me@moa]

oz, 2) oy, N) IT, [efo*ﬂmg(Bt)—v(A))dt} = oA
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In other words, ¢ (-, A)/o(+, \) is strictly decreasing. Thus by (2.24), h is strictly increas-
ing.
By (2.1) and (2.28), we have

- _ A) _ max.ego,1¥(z,A)
C' = max II, elo” (me(Bo)—y(N)dt | _ oy oz, < — . < 4-o00.
yElz—1,z] [ yelz—12] ¢(y,A) ~ min,ejo1) (2, A)

It is well known, see [14, Theorem 8.5.7] for example, that for any b > 0,

1, [e—bTy] _ e—(x—y)\/ﬁ.

Differentiating both sides of the previous equation with respect to b, we get

bl T—Y (e
11, [Tye b y} :7\/%6 (@=y)V2b,

Recall that 0 < a < min,¢[o,1) g(z) and that (2.6) implies y(\) > ma. Thus we have

B(x) = hy) 2 TL, [y (\)ryeld” (meE) =00
>0, [y (e | je

_ Ty F (A E=9V20 ) —ma)
OV 0] —ma)

Therefore

> 0.

W (2) = lim M8 =0W) 7
y=z z—y Cy/2(y(N\) — ma)

This completes the proof. O

For any = € R, define
¥ =inf{t >0: h(B;) < —x — ' (\)t}.
Since h(x) is strictly increasing, for any x € R, we may rewrite the definition of 7§ as
=inf{t>0:B, <h '(—z—~y(\t)}.

Hence, 7§ is an {F}}-stopping time. Consider the barrier I'"**) described by » =
h=!(—x —+/(A\)t) on the space-time half plane {(z,t) : 2 € R,t € R*}, then 7{ is the first
time when the Brownian motion hits this barrier.

Define

AN 1= e NEABAm g 8B4y (B, 3) (2 + 4/ ()t + h(B1)) 1rg 51y

It is easy to see that A§“> is non-negative. We now prove that {Agm’)‘), t > 0} is a martin-
gale. Notice that A§“) = (T¢(A\) + 2E¢(A)) 1{+r>¢y- The key to proving the martingale
property is that ('I'T; A+ xET;()\)) = 0. This is also the reason why we consider the
barrier z = h~!(—x — 4/(\)t) instead of the line considered in [31]. As stated at the
beginning of this section, this martingale is related to the martingale {V;*(\)}.

Lemma 2.13. For any z,y € R with y > h=(—z), {A{" ¢ > 0} is a II,-martingale.
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Proof. By Lemmas 2.8 and 2.11, {=Z;()) : t > 0} and {Y()) : ¢ > 0} are II,-martingales.
Put F(B;) := T1(A) + 2Z,()\). Then {F(B;) : t > 0} is a II,-martingale. The fact 7§ is an
{F}-stopping time yields that { F(B;z ) : t > 0} is a IT,-martingale. Note that

AN = (TeN) + 2Ze(N) Lrgnny = F(B)1rgany

and
F(Brz) =0.
Thus
F(Brgnt) = F(B)lirgsey + F(Brg) e <ty = Agz’)‘),
and hence {AEW, t > 0} is a IT,-martingale. O

For z,y € R with y > h~—!(—z), consider a new probability measure II{"*) defined by

dH?(;c,)\) B Agw,/\)
M, | = A

Recall that under 112, {Y;} satisfies dY; = %dt + dét, where {Et,t > 0;I12} is a
Brownian motion starting from z. The following lemma, which says that h(Y;) + v/ (\)t
is a martingale under II2, is crucial to study the behavior of the spatial motion under
.
Lemma 2.14. Define

M; =+ (Nt + h(Y;) — h(Yy), t>0. (2.29)

Then {M,,t > 0;11)} is a martingale. Moreover, there exist two constants c; > ¢; > 0
such that the quadratic variation (M), € [c1t, cat].

Proof. By (2.24), h(Y;) = _ i) Using (2.18) and It6’s formula, we have

#(Ye,\)
D 2
=5 (B ) 4B [y oe (Bveay ) * 2o (o) J o

where {B;,t > 0;II}} is a Brownian motion. Notice that

§6ea(,3) + me(2)5(, ) = 7 (N6(z, ),

5 r0a (2. 2) + ()62 (2, 3) = 7' ()62, 3) +7(N)6x (2, V).

Thus
¢ 0r ¢  20a2 ¢ ¢ ¢? 2 9 ¢? ¢ 2 ¢?

_ lcb)\xac - 1¢A¢wm
2 ¢ 2 @2
o ’7/()‘)¢ + 'Y()\)Cb)\ - mg¢A . 1¢)\¢mz
a ¢ 2 ¢?
o d))\ 1 o
=7'(A) - o 3 %ac +(mg =7 (N)e| =7"().
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This yields
d (h(Yy)) = K/ (Y;)dB; — +/(M)dt. (2.30)

It follows from the boundedness of 4’ and Lemma 2.12 that h/(z) € [/c1, /cz2] for two
constants ¢; < c¢,. Integrating both sides of (2.30) gives

Y = (¥0) = [ H(Y)aB, —+ ().

Hence,
t
Mt:/ B(Y,)dB,
0

is a martingale with quadratic variation

t
(M), :/ (W(V.)2 ds € [ert, cat]. (2.31)
0 O
Define
T(s) =inf{t > 0: (M), > s} (2.32)

Thanks to the Dambis-Dubins-Schwarz theorem, Et := Mrp() is a standard Brownian
motion. Note that for y > h=1(—x),

g™ _dmtY) i,
dlly |zp  dl, |ze  dIG)|zs
T+ (At + h(¥y)
= s h(y) {Vs<t: z+h(y)+Ms>0}
_x+h(y) + M,
*Wﬂ{wgt: z+h(y)+M;>0}-

Put

e T,
A= A(T(t>) = (2 + h(y) + Mry) Livs<e: a+h(y)+ M >0}

= (ac +h(y) + Bt) ]l{vsgt; z+h(y)+Bs>0}

and G; = ]-‘qj?( +)- We have

g x4+ h(y) + My
dH,!)J\ G, - T + h(y) {VSStZ :E+h(y)+1\/[T(s)>0}7
that is,
dl—[gr)\) B &
dH1>l\ Gt AO

By [27], {a: + h(y) 4 By, t > 0; Hg(jr’A)} is a standard Bessel-3 process starting at = + h(y),
ie.,

{:Jc + h(y) + Mpg),t > 0; Hz(f’k)} is a standard Bessel-3 process starting at z + h(y).
(2.33)
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2.3 Martingales for branching Brownian motion

In this subsection we give three martingales that will play important roles for BBMPE.
First we prove that for any A € R and = € R, {W;(\),¢ > 0} is a martingale.

Lemma 2.15. Forany A € R and z € R, {W;(\),t > 0;P,.} is a non-negative martingale
and the limit W (A, z) := limqoo Wi () exists P, -almost surely.

Proof. Recall that {Z;()\) : ¢ > 0} is a martingale by Lemma 2.8. Combining this with
Lemma 2.1, we get that

E,W,(\) = II, {em Jo B(B)ds=v(Nt=XBry (g, )\)] — ILE) = [LE(\) = e 4 (a, \).

Thus by the branching property, for s < ¢t we have

E, [Wi(A) | Fs) = E,

D DO HOBYE fs]

u€e N

— e )s Z E, e~ YN (E—s) Z ef)‘X”(t)ili(Xu(t)v)‘) Fs

vEN, uENy,u>v

= 7Ws Z EXU(S)Wt(j)S()\)
vEN,

= eI §T (X (5),A) = WL (),
vEN,

where u > v denotes that v is a descendant of v and Wt(fl(/\) is the additive martingale for

the BBMPE starting from X, (s). Therefore, {W;()) : ¢ > 0} is a non-negative martingale
and the limit W (A, z) = limyqoo Wi(\) exists P, -almost surely. O

The second martingale is given by the following lemma.
Lemma 2.16. For any A € R and z € R, {OW;(\),t > 0; P, } is a martingale.

Proof. It follows from Lemma 2.1 and the martingale property in Lemma 2.11 that
EwaWt()‘) = Hth()‘) = HwTO(/\) = e—A.’E (ﬂ/)(% )‘) - ’L/))\(l', )‘)) :

Using the branching property and the Markov property, it is easy to show that for any
t>s>0,

E. [OW(A) | F4

—e W 3 By, (8Wt(f)s(/\) +v’(A)sW§fl(A))
vEN,

—e T3 (M (X ()Xo (), A) = a(Ku(s), 1) + 7' (Ve (X, (5), 1))
vE N

:aWs ()‘)7

where, for each v € N, Wt(fl()\) and 8Wt(fl()\) are respectively the additive and deriva-
tive martingales for the BBMPE starting from X, (s). Therefore, {OW;(\),t > 0;P,} is a
martingale. O
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The martingale {OW;()\)} may take negative values. To study its limit we need to
consider a related non-negative martingale. Note that

=Mt —AX L (t / o wA(Xu(t)v )‘)
an(/\) + I’Wf()\) —e (N ugt e AXu( )1/)(Xu(t), /\) (IE + Y (/\)t + Xu(t) ’L/)(Xu(t),)\) )

= e NN IO, (1), M) (2 4+ 7 (V) R(Xu(2)).
u€e Nt
Put B
N ={ue Ny :Vs<t, z+~"(N)s+ h(Xy(s)) > 0}.
In the spirit of [31], we define for each z € R,
V) = > e YAy (8), M) (2 4y (At + B(Xu (1)) - (2.34)
u€1\7f

Recall that the barrier I~ is described by z = h™'(—x — 7/(A\)t) on the space-time
half plane {(z,¢) : z € R,t € RT}. Then N} is the set of the particles alive at time ¢ that
never hit this barrier before time ¢. Now we show that V;*()) is a martingale.

Lemma 2.17. For any z,y € R withy > h=!(—x), {V;®()\),t > 0; P, } is a martingale with
respect to {F; : t > 0}.

Proof. By stopping the lines of descent the first time they hit the barrier == we
produce a random collection C(—z, \) of individuals. Let o, denote the first hitting time
for each u € C(—xz, A). Consider the stopping “line”

L(t) ={ue C(—z,\) : 0, <t} UN?.

Let F.(;) be the natural filtration generated by the spatial paths and the number of
offspring of the individuals before hitting the stopping line £(¢). By the strong Markov
branching property of {Z;,¢ > 0} (see Jagers [28, Theorem 4.14], also see Dynkin [15,
Theorem 1.5] for the corresponding property for superprocesses, where this property is
called the special Markov property),
E, [OW:(\) + aWi(\) | Fr] = ViEO).
Thus
E, V(M) = By [0W;(A) + 2W: (V)] = e M9 (y, A) (z + h(y)) -

Hence we have for 0 < s <,
E, [V*(A) | Fl

_ Z e—fy(A)s+>\('y’(A)s+6)Ey Z e—'y(A)(t—s)e—A(Xu(t)—o—’y'()\)s—&-&)w(Xu(t)’)\)

veﬁj ueﬁf,u>u
X ((z = 0) +~' (Nt — )+ (7' (N)s +0) + h(Xu(1))) \ fs]

= Z e—’Y(A)s+>\(’W(>\)s+6)EXU(S)JFA//()\)SJH;V]‘/{—Sé(/\’ v)
veNZ

- Z eﬂ(A)sH(w’(A)eré)(;A(Xv(s)+v’(A)s+5)¢(XU(s)’ N x(z =8+ (7 (N)s+0) + h(Xy(s)))
vENE

= D e IINEIG(X, (5),0) (247 (Vs + h(Xu(s)))
veﬁf

:st()‘)v
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where 4 is such that (§ +7/()\)s) € Z, and in second equality, for each v, V" °(\, v) is the
counterpart of V;*° for the BBMPE starting from X,(s) +/(\)s 4+ 6 and we used the
periodicity of i and . So {V/*()),t > 0;P,} is a martingale. O

3 Proof of Theorem 1.1

3.1 Measure change by the additive martingale

The spine decomposition theorem has been studied in many papers (for example, see
[5], [8], [26], [35], and [39]). For any u € N;, define

Et(u, )\) — efw()\)tf/\Xu(t)+m IS g(X“(S))dsi/J(Xu(t), /\)’

which is similar to the martingale {Z;()), Il } for Brownian motion. Then we may rewrite
Wi(X) as
W) = 37 Sl e IS B
u€E Ny

Define a new probability measure P} by

dp?
P,

Wi\
= . 3.1
I TAEY G-

Now we construct the space of Galton-Watson trees with a spine. Here we use the
same notation as those in [31]. Let (7, F,F;, P,) be the filtered probability space in
which the BBMPE {Z, : t > 0} is defined. Let T be the space of Galton-Watson trees. A
Galton-Watson tree 7 € T is a point in the space of possible Ulam-Harris labels

Q=0u J @),

nelN
where IN = {1,2,3,...} such that
(i) ® € 7 (the ancestor);
(i) ifu,v € Q, wv € 7 implies u € 7;

(iii) for all u € 7, there exists A, € {0,1,2,...} such that for j € N, uj € 7 if and only if
1<j<1+A,.

(Here 1 + A, is the number of offspring of u, and A, has the same distribution as L.)

Each particle u € 7 has a mark (n,, B,) € Rt x C(R*,R), where 7, is the lifetime of
u and B, is the motion of u relative to its birth position. Then the birth time of u can
be written as b, = ), _, 7», the death time of u is d, = ), ., 7, and the position of u at
time ¢ is given by X, (t) = >, ., Buv(nw) + Bu(t — b,). We write (7, B,7) as a short hand
for the marked Galton-Watson tree {(u, 7., B,) : v € 7}, and T = {(7, B,n) : 7 € T}. The
o-field F; is generated by

(uy Ay, N, {Bu(s) : s € [0,m4]} : w € 7 with d,, < t) and
(u, {Bu(s) : s € [0,t — by} :u €T witht € [by,dy,)):7€T [~

A spine is a distinguished genealogical line of descent from the ancestor. A spine will
be written as £ = {& = 0,&1,&,. ..}, where &, € 7 is the label of ¢’s node in the nth
generation. We write u € ¢ if u = &; for some 7 > 0. Now let

T={(r,B,n,&):£CTeT}
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be the space of marked trees in 7 with distinguished spine, &, let
Fi=o0(F{(E:uef) uech})

and F = UtZOjft- The o-field F contains all the information about the marked tree and
the nodes on the spine, and F = U;>¢F; contains all the information about the marked
tree but does not contain information about what nodes are on the spine. We denote
by {X,(¢) : t > 0} the spatial path followed by the spine ¢ and write n = {n; : t > 0} for
the counting process of points of fission along the spine. Let G = o(X(¢) : t > 0) and
G=0 ((Xe(t) : t >0),(Ag,, de,, - k € IN)). The o-field G contains all the information about
the motion of the spine, and the o-field G contains all the information about the spatial
path of the spine, the fission times along the spine and the number of offspring born at
these fission times.

Hardy and Harris [23] noticed that it is convenient to consider {IP, } as measures on
the enlarged space (7~’, F) rather than on (7, F). We extend the probability measures
{P,} to probability measures {P,} on (7, F). Under P,, if v is the particle in the nth
generation on the spine, then for the next generation, the spine is chosen uniformly from
the 1 + A, offspring of v. Therefore, we have

~ 1

v<<u
Define =, (. )
=t e~ m (Xu(s))ds
ZH1+AE e loe e, —u}-
ueEN, v<u
According to [23] or [39], {Ct, }'t} is a martingale and
Wi(N) x
= ]PZE F )
WO()\) (Ct | t)
in other words, W;(\) is the projection of Q onto F.
Now we define a probability measure P on (7, F) by
dp> -
il — (3.2)
dP, | 7

According to [23] or [39], under P?:

(i) the ancestor starts from x and the spine process ¢ moves according to H;}, that is,
the spine moves as a diffusion with infinitesimal generator given by (2.19);

(ii) given the trajectory X, of the spine, the branching rate is given by (m + 1)g(X¢(¢));

(iii) at the fission time of node v on the spine, the single spine particle is replaced by
1+ A, offspring, with A, being independent identically distributed with common

distribution {fy, : k > 0}, where fj, = £EDPe;

(iv) the spine is chosen uniformly from the 1 + A, offspring at the fission time of v;
(v) the remaining A, particles O, give rise to the independent subtrees {(7, B,7n)j},

J € O,, evolving as independent processes determined by the measure Px (4,
shifted to their point and time of creation, where O, is the set of particle labels

with A, = |O,].
Moreover, the measure IP;} defined by (3.1) satisfies
P) = P)|r. (3.3)
EJP 28 (2023), paper 72. https://www.imstat.org/ejp
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3.2 Proof of Theorem 1.1

Proof of Theorem 1.1. By Lemma 2.15, we know {W;()),P,} is a non-negative martin-
gale. Let W(\,z) = limsup,., Wi(A) so that W(A,z) = W(X, z) P,-a.s. By (3.3) and [14,
Theorem 5.3.3],

W\ z) =00, P)as. <« W(\z)=0, P,as.

W z) < oo, Pl-as. <« /W(A,x)dm =1

(i) When X\ > \*, we have

Wi(A) > Cexp {—AX¢(t) —y(A\)t} = Cexp {—)\t (Xift) + 7()\)\)> } . (3.4)

By Lemmas 2.10 and 2.4, we have

L Xe(®) (N TN
e
Thus W (A, z) = 0o, P2-a.s. and hence W(\,z) = 0, P,-a.s.
(ii) According to the paragraph before Lemma 2.9, under P
—~'(A*) as t — oo. Define hitting times:

A

T 7

we have X%(t) —

TkZ:inf{tZOZXE(t)SLU—k}, k € IN.

Then T} is a I~P§*-almost surely finite stopping time. Thanks to the strong Markov property
and 1-periodicity, {jlc — Tyx—1}r>1 are independent and identically distributed. Moreover,
Ty, — 0o as k — oo, P2 -almost surely, and

Ty 1

JU T
Py Ty = lim —= = 1i = :
e A r—Xe(Ti) 7' (A7)

It follows that 7} — ﬁ is a mean zero (non-trivial) random walk. Thus

lim inf (Xg(t) + 7?%) <liminf (Xe(Ti) + ' (\)T)
—o0

t—o00

zlikrgiorgf (j’()\*k) + Tk) 7'(\*) = —c0, P2 -as.
where the last equality follows from the property of mean zero (non-trivial) random
walk. The lower bound (3.4) also holds when A = \*. Hence, W()\*, x) = 00, ]NPQ*—a.s. and
consequently W(\* z) =0, P,-a.s.

(iii) The proof of this part is similar to that of [31, Theorem 1 (iii)]. Suppose that
A € [0,\*). Then we have

lim XL@+@:77’(A)+M

Jim =S X >0, (3.5)

in other words, {X¢(t) + @t} is a diffusion with strictly positive drift. (When A = 0,
{AXe(t) + v(N)t} = {7(0)t} is a deterministic drift to the right and can be regarded as a
degenerate diffusion. In this case, the proof below still works.)

Suppose E(Llog" L) = oo. Let {dg, : i > 0} be the fission times along the spine. Note

that \
dek ()\) > C’A&,C exp {)\ <X5(d§k) + ’Y(/\)dgk) } s (3.6)
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where {Ag, : k > 0} are iid with distribution {j}, k¥ > 0}. The assumption E(Llog" L) =
oo implies that P} log™ A, = oo, and thus limsup k= 'log A¢, = oo, PX-a.s. By (3.5)

k—o0
and (3.6), W(\, z) = oo, PX-a.s. and hence W (), z) = 0, P,-a.s.
Suppose E(L log™t L) < oo. Recall that G is the o-field generated by the motion of the
spine and the genealogy along the spine. By the spine decomposition and the martingale
property of W;()\), we have

P2 (W) | 6) = ZAa Lo M )TN e g (X (d, ), \)+e MO (X (1), ).

The assumption E(Llog" L) < oo implies that P} log™ 4¢, < oo, and thus

limsup k™' log Ag, = 0.

k—o0

Since 1 is bounded, by (3.5), we have

lim sup P (Wt()\) | §) <00 Plas. 3.7)
t1oo
Hence lim inf;o Wi (M) < 0o PA-a.s. By [25] and (3.3), W;(A)~! is a non-negative P2-
supermartingale, which implies that the limit of W;(\)~! exists as t — oo I~P§-a.s. Hence
limyjoo Wi(A) < 0o PA-a.s. Therefore for A € [0,\*) and E(Llogt L) < oo, W(\,z) is a
LY(P,)-limit.
Now we prove (1.8). Noticing that

W) H(A)s Z e~V (t=9) Z e MWy (X, (1), ),

u€E N VENi,v>U

we get that under P,
d s u
W) £ D7 e TV W, Xu(s)),
u€ENg
where Wt(ul()\ X.(s)) is the additive martingale of the BBMPE starting from X, (s), and

given F,, {W,.~ (u) (A, Xu(s)),u € Ng} are independent. Hence, letting t — oo, we have
under P,

WA z)Le 7 N WM, Xu(s)), (3.8)

UEN

where W (\, X,,(s)) is the limit of the additive martingale for the BBMPE starting from
X.(s), and given F,, {W™ (), X,(s)) : u € N,} are independent.
Define
p(z) =P, (W(\z)=0), zecR.

For any y € R, we define the following two stopping times 7,7 and 77 with respect to
Brownian motion and BBMPE, respectively:

Tf =1inf{t > 0: B, =y},

7/ =1inf{t > 0:3u € Ny s.t. Xu(t) = y}.
At each fission time, there is at least one offspring. As a result, for any M > 0 and « € R,
P, (7] < M) >1,(r) < M).
By the decomposition (3.8) and the strong Markov property, we have

(1=p(x)) > (1= py))Pa(r) < M) > (1 - p(y) (1) < M). (3.9)
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Since 11, (Tf < 00) =1, letting M — oo, we obtain p(z) < p(y). By symmetry, we get
P,(W(Az)=0)=P,(W(\y) =0), Vz,yeR.

Let p denote this common value. It follows from (3.8) that p satisfies p = E,p!™:! for any
s > 0. Since |N,| > 1 almost surely and P,(|N,| > 1) > 0, p = E,p/™: implies p = 0 or
1. Since W (A, z) is an L!(P,)-limit in this case, we have p < 1 and hence p = 0. This
completes the proof. O

4 Proof of Theorem 1.3

The martingale {V;*(\)} will play an important role in the proof of the following
result.

Proposition 4.1. Suppose that A > \*. Then OW (A, y) = limyoo OWy () exists P, -almost
surely in [0, 00). Furthermore, P,(0W (\,y) =0) =0 or 1.

Proof. Let x € R be such that y > h~!(—=x). Since V;*()\) is a non-negative martingale, it
has an almost sure limit. Let v(~%*) denote the event that the BBMPE remains entirely
to the right of I"®"), where the barrier I'"®" is described by z = h~!(—z — ~/(\)t) on
the half plane {(z,t) : z € R,t € RT}. On this event we have V;*(\) = W, (\) + W, (A).
Hence, on (=%, lim4o. (OW; (\) +2W;(\)) exists and equals limyjo, V,*(\) > 0. Note that
when A > \* we have W (J\,y) = 0 Py-almost surely. Therefore, we have limy V() =
limy oo OW;(A) on (—2),
Let m; := min{X,(¢) : w € Nt}. Then

Wi(A) = e TS e ANy (X, (), M) > ce TN

uE N

where ¢ = min.¢jp,1]%(2,)) is a positive constant. Since W(\*,y) = 0, we have
limgpoe e YAEAME = O, that is, limgee (M + 1/ (A*)t) = co. Hence inf;>o{m; +~'(\)t} >
—oo PPy -almost surely for all A > A\*. Therefore
N EP N . / _ Ua(z,2)
P, (v ) > P, (ggg{mt+7()\)t}> x+zrél[%,)§] ey 1 asztoo. (4.1)

Thus OW (A, y) = limy4oc OW(A) exists P, -almost surely in [0, 00).

It remains to prove that OW (], y) is either strictly positive or zero with probability
one. Noticing that

OW,(\) =75 Z e~ TN (t=5) Z e~ AXu (1)

< (X0, )Y ONE = )+ Xat)) = tr(Xa(8), ) + 7/ )s(Xa(D), 1)

we have under P,

W) £ e 3 (WA, Xuls)) + 7 (s Xu(5)))

uEN

where Wt(fl()\, X.(s)) and 8Wt(fl(/\, X.(s)) are the additive and derivative martingales
for the BBMPE starting from X, (s), and given F,, {(W,")(\, Xu(s)), OW, "L (X, Xou(5))) :

u € N} are independent. Letting ¢ — co and noticing that W (A,y) = 0 P,-almost surely
for A > \*, we have under P,

AW (A, y) £ eV N gWw (A, X, (), (4.2)
u€E N,
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where 0W (" ()\, X, (s)) is the limit of the derivative martingale for the BBMPE starting
from X, (s). Define

p(y) =P, (OW(\,y) =0), yeR. (4.3)
Thanks to (4.2), an argument similar to the one used in the proof of (1.8) shows that (3.9)
still holds for p(-) defined by (4.3), and P, (0W (\,y) = 0) = P.(OW (A, z) = 0) holds for
any y,z € R. Let p denote this common value. It follows from (4.2) that p satisfies
p = E,p/+| for any s > 0. Since |N,| > 1 almost surely and P, (|N,| > 1) > 0, p = E,pl sl
implies p = 0 or 1. This completes the proof. O

4.1 Measure change by V

We have shown in Lemma 2.17 that, for any z,y € R with y > h=1(—2), {VF(\),t >
0;P,} is a martingale. We now assume z,y € R with y > h~'(—z) and use V7()) to
define a probability measure ]P?(f”\) on (T,F):

apy™V Ve
P, |z Ve

. (4.4)

According to [23] or [39], there exists a probability measure I~P§,‘””\) on (7~', F ) such that

PN = P £, (4.5)

and under P{"V:
(i) the ancestor starts from y and the spine £ moves according to Hg(,m’k).
(ii) given the trajectory X of the spine, the branching rate is given by (m + 1)g(X¢(t));

(iii) at the fission time of node v on the spine, the single spine particle is replaced by
1+ A, offspring, with A, being independent identically distributed as {py : k¥ > 0},
where pj, = 7(“1)1“-

m-+ ’

(iv) the spine is chosen uniformly from the 1 + A, offspring at the fission time of v;
(v) the remaining A, particles O, give rise to the independent subtrees {(7, B,7n)}},
j € O,, and they evolve as independent processes determined by the measure

Px,(a,) shifted to their point and time of creation, where O, is the set of particle
labels with 4, = |O,|.

Define
Ry == —h(y) + v (N)T(t) + h(Xe(T(t))), t>0.

By (2.29) and (2.33), {x + h(y) + R; : t > 0} is a standard Bessel-3 process started at
x + h(y), where

t
T(t) =inf{s > 0: (M)s >t} and (M), = / [0 (Xe(s))]2ds, (4.6)
0
(see (2.32) and (2.31)).

4.2 Proof of Theorem 1.3

Assume z,y € R satisfy y > h™'(—z). Let V*(\) = limsup,;,, V;*(\) and using the
fundamental measure theoretic result again, we have

VT(\) =00, Pi"Mas. <= VT(\) =0, Pyas. (4.7)
VT(\) < o0, PI"Nas. = /V‘”()\)d]Py =1. (4.8)
EJP 28 (2023), paper 72. https://www.imstat.org/ejp
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Theorem 4.2. For z,y € R satisfying y > h~'(—x), the almost sure limit V*(\) has the
following properties:

(i) If A > X\* then V*(\) = 0 P,-almost surely.

(ii) If A\ = X\* then V*()\) = 0 P,-almost surely or is an L'(P,)-limit according to
E(L(log™ L)?) = 0o or E(L(log™ L)?) < .

(iii) If X € [0,\*) then V*(\) = 0, P,-almost surely or is an L' (P,)-limit according to
E(Llogt L) = 0o or E(Llog" L) < cc.

Proof. Recall that p;, = (k+ 1)pr/(m + 1). Suppose ¢ > 0. A simple calculation shows
that, for any fixed ¢ > 0, E(L(log™ L)) < oo if and only if

Z P(log L > en*/) < oo

n>1

where under P, L has distribution {p; : k > 0}. Therefore, if {A4,, : n > 0} is a sequence
of independent copies of L under P, then by the Borel-Cantelli lemma,

limsup n~%log A,, =

n—oo

0 ifE(L(log™ L)1) < oo,
{ oo ifE (L(log"™ L)?) = o0

P-almost surely.
(i) Suppose that A > \*. By Lemma 2.4, 7/(A) > v(A)/A. Then by the definition of
V(M) in (2.34),

Vi (A) Ze MK+ 2T0) y x ( ), \) ( Y NT(#) + h(Xe(T(2))))
= MX@O1 WTO) M 0= TW (X (T(1)), A) (2 + h(y) + Re)
ZC(A)e_’\R"J”\(”/(A)_Q)T(O (@ +h(y) + Ri),

where the constant c(A) := e~ ) inf, g {2 @@ (2, A)}. Under P, {z + h(y) +
R} is a Bessel-3 process, and so for any € > 0, this process eventually grows no faster
than ¢'/2*¢ and no slower than ¢'/2~¢. By Lemma 2.14, there exist two positive constants
¢1 < ¢ such that (M); € [c1t, cot] and hence by (4.6), L < T(t) < L. Combining these
with /() > v(\)/A, we get that

e W(A)
V*(A) = limsup V7, (A) > ¢(A) limsupe —eA TN W)= 2 g1 /2-e = 00, IP(I M.as.
tToo tToo
Hence, by (4.7), V#(\) = 0, P,-almost surely.
(ii) Suppose that A = A\* which, by Lemma 2.4, implies that v/(A*) = v(A\*)/\*. We
first consider the case that E(L(log™ L)?) = co. Recall that dg, is the death time of the
particle &, on the spine and 1 + A, is the number of its offspring. We have

Vil () = Ag, (x 4+ (\)dg, + h(Xe(dg,))) e e =2 Xelden)yy (X (de, ), A7),
We only need to prove that, I~P§,I’A)-almost surely,

limsup A¢, (z + ' (X\*)de, + h(Xe(de,,))) e—v()\*)dgn—/\*Xs(dgn)w(Xdalgn)7 A*) = +o0.

n—oo

Define v, such that T'(v,) = dg,, thatis, (M), = v,. Then

&n

z+h(y) + Ry, = x4+ (\)de, + h(Xe(de,,))-

EJP 28 (2023), paper 72. https://www.imstat.org/ejp
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It suffices to show that for any M > 0, INPZ(,'T’A)-almost surely,
“+o0

>

n=0

= +o00.

xg(T(vn)H"‘r/(A*)T(vn))w(}(5 (T(Un)),k*)ZM} o

{Aen (x+h(y)+R1,n)e***(

Since inf,cg (2, A*) > 0, it suffices to show that for any M > 0,

+oo

_ Pz,
D e, ath) R e Renzar) = T00 Py Y-as. (4.9)
n=0

Recall that G denotes the o-field generated by X, (the spatial path of the spine). For
any set B € B[0,+00) x B(Z. ), define

@(B) :=#{n: (v, A¢,) € B}. (4.10)

We first show that, conditioned on G, ¢ is a Poisson random measure on [0, +00) x Z
with intensity (m + 1)g(Xe(T'(¢)))dT(¢) Y oyez, Prok(dy). For simplicity, given g, put

f@) = (M), = fot [h’(Xg(s))]2ds. Then, it is known that f(¢) is a strictly increasing
C'-function and f’(t) € [c1,c2]. Hence T'(t) = f~1(t) and T'(¢) € [1/c2,1/c1]. Define

o(B) = #{n: (de,, A¢,) € B}.

Using the spine decomposition, it is easy to show that, conditioned on G, ¢ is a Poisson
random measure on [0, +00) x Z,. with intensity (m +1)g(X¢(t))dt 3_y.c, Prdr(dy). Note
that, given the spatial path of the spine, f(t) is a deterministic increasing function and
vn, = f(de,). It is not difficult to verify ¢ satisfies the definition of Poisson random
measure. Moreover, for any D C Z,, $([0,t] x D) = ([0, f(t)] x D). By making the
change of variables s = T'(u), we have

t f(t)
[ m+ DXe(e)ds = [ (m+ De(Xe(T )T (w)
0 0
Hence, conditioned on G, the intensity of ¢ is

(m + 1)g(Xe(T()dT(t) > prdr(dy).
kEZy

Thus for any ¢ € (0, 4+00), given G,
Ny i=#{n: o) St Ag, (2 -+ h(y) + Ry )e ™ Fon > M |

is a Poisson random variable with parameter

|+ DET60) S50 e 22} AT
k

Since min,er g(z) > 0 and 77(t) € [1/c2,1/c1], to prove (4.9), it suffices to show that

+o0 -
/0 (m+1) Zﬁk]l{k(wh(ywm)eﬂ*mzM}dt =+o0, PyVas. (4.11)
k

For any ¢ € (0, +00), put
—+o0
Ao=Sw :/ D Pl o re s dt < cp (4.12)
0 = =
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Using arguments similar to those in the proof of [42, Theorem 1], we get that ]lsy(f’)‘) (A.) =
0 (see Lemma 7.1 in the Appendix for a proof), which implies (4.11) holds. Therefore, we
have V*(\) = oo, I?’éx”\)-a.s. Hence VZ(\) =0, P,-a.s.

Now we consider the case that E(L(log" L)?) < co. Recall that G is the o-field
generated by the motion of the spine and the genealogy along the spine and {n; : ¢t > 0}
is the counting process of fission points along the spine. Using the spine decomposition
and the martingale property of V;*(\*), we have

B (0 0018) = (-+9/ 00+ X6l = AT X000 0000

_ Ua(Xe(de, ), A)
w(Xﬁ (dﬁk)v )‘*)

nyg—1

+Z Afk (m"_’}/()‘*)d&c +X§(d5k)

) =N Xe(de) =Y\ e (X, (de, ), A*).
k=0

Next we show that I~P7(f”\)—almost surely,

+oo

1y Z/JA(Xf(dfn,)vA*)) —\*X¢(de,, ) —y(A*)d *
§A + 7' \)de + Xe(de ) — 2 02 ) e(den ) =YV en ) (X (de. ), A
(4.13)
< +00.

Using an argument similar to the one above, it is equivalent to prove

+oo

¥ . ~
ZAfn (x _ 0y AT) + Rv") e N Ron < oo ]P,(f’*)-a.s.
n=0

oy, A*)
For simplicity, we use z to denote = — ¢(;((yy’/\’\:)) and we will show
+o0 _
> Ae, (@4 R, )N P < 400 P V-as,
n=0

Choose any € € (0, \*),
+o0 foo
DA, @+ Ry, )N =) Ag (F4+ Ry, ) e N Pl coenn
n=0 n=0

400
D Ag, (T Ro) e N Py e
n=0
=:I1+1IL

We will prove that both I and II are finite I~P§,I’A)-almost surely.

Recall that ¢ is defined by (4.10). We rewrite I as
I= / (# + Ry)ye ™ Bl gy enyo(ds x dy).
[0,+00)><Z+

Since P (1) = PV (P{" (1|G)), by the compensation formula of Poisson random
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measures,

~ ~ t+oo *
PN (1) = PN (/0 (m + 1)g(Xe(T(5))) (& + Rg)e ™ e Zp‘km{kgeeRs}dT(sO

k
(4.14)

- +oo .
5 IPZ(/I’A) (/ (i’ + Rs)(i_A Rs Zﬁkk]l{kgeéRs}d3>
0 k
+oo .
< Zi)k/ IP’SJI)\) ((‘i + Rs)ei()\ 7€)RS]1{RSZ€_1 log™t k}) ds.
k 0

In the display above and also in the sequel, we write A < B when there exists a constant
¢ > 0, such that A < ¢B. Under IAF"Q(,“J”\), Z + R, is a Bessel-3 process, which has the same
distribution as |W; + &| under P,,, where (W;, P,,) is a 3-dimensional standard Brownian
motion starting from 0 and £ is a point in R? with norm Z. Thus

oo

(z A) ) < Zpk/ P, (|Ws + | e—(A*,e)\W5+50|]1{|W5+2|26,1 Jog+ k+i}> ds

+oo
S Zﬁk/ ly +£|e*(>\ *f)\yJﬂL’\dy/ s—3/2—1y?/27s 44
L 0

{ly+@|>e 1 logt k+a}

N +o0
_ Zﬁk/ |y+x|€,(x76)\y+@\dy/ —1/2—t/2m gy
L 0

{ly+&|>e 1 logt k+a} |yl

= R
k

{\y+i\26_1log+ k+i} |y‘

gZﬁk/ FRERees
{\y\Ze_llong k:} ‘y|

k

~ (1= gy,

Using spherical coordinates in the last integral, we get

N
~llogt k

and therefore, P{" (I < +o00) = 1.

On the other hand, similar calculation yields
+oo
oz,
]P"(/ ) (Z ]I{Agn>eeR”n })
n=0
~ o +oo
:(1 + m) Zpk]P:(yw’ ) (A g(Xg(T(S)))]].{,;+R§<F—1 10g+ k+i}dT(3)>
k
“+o0
SZﬁk/ P, (Ws+2| <e'logtk+7)ds
k 0

+0o0 R
<Zﬁk/ dy/ §=3/20—lul?/2ms 4
% (ly+a|<e=llog® k+&} 0
§Zﬁk

k
SZ@@ (6_1 log™ k + 25@)2.
k

-1

d
/ S [ dy
{\y|_e log k+2w}
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The assumption that E(L(log™ L)?) < +oo implies that 33, ., k(log* k)? < +o0, which
implies that the right side of the last inequality is finite. Hence, Z:fo 1 {Ag, >eon } <

400, ]?’l(f’”-almost surely, that is, II is a sum of finitely many terms. It follows that
]Pl(f’A)(II < 400) = 1. Hence (4.13) is valid, which implies that

lim sup INP?(f’\)(Vt“”()\*) |G) < o0 ]13;”””\)-21.5.

tToo

By Fatou’s lemma, lim inf;joc Vi (A*) < o0, I?’,Ef”\)-a.s. It follows from (4.4) and (4.5) that

VE(A) 1 is a PV -supermartingale and therefore has a limit P\""-almost surely. It
follows that ~
lim sup V;#(\*) = li inf VP(N) < oo, P{"M-as.
tToo S ’
Hence, by (4.8), V¥()\*) is an L'(PP,) limit when E(L(log™ L)?) < cc.
(iii) Now suppose ) € [0, \*) and E(Llog™ L) = co. By Lemma 2.4, 7/(\) < y(\)/\. We
have

Vi (V) 2 Ag, (x +7'(Wde, + h(Xe(dg,))) e W en A Xelen)y (X (de, ), A)

da(y, A) AR, (XX
> A — R’U vn ( Y ()‘))T(vn)
= g, (I 3y, V) + Ry, | € X

Since a Bessel-3 process eventually grows no faster than t!/2*¢, the leading order in
the exponent is —/\(Q — 9" (\)T(vy,). The assumption E(Llog™ L) = oo implies that

limsup n~'log Ae, = oo, P{"-a.s. Thus we have V*()\) = oo, P{"V-a.s. and hence
n—oo

V*(X) =0Py-as.
When X € [0,\*) and E(Llog™ L) < oo, using the spine decomposition, we have

PN (1V7(3)|0)
= (2 + 7 (V) + h(Xe(t))) e AXeDH7 O = ACTE = ODty (X (1), \)

ng—1
£ 3 A (@47 (W, +h(Xe(dg, ))) e Xellon /) =
k=0

(N
X

—’y/(/\))dﬁk ¢(X§ (dﬁk)’ )\)

Similar to the case of part (ii), to prove that V*(\) is an L*(PP,)-limit, it suffices to show

lim sup ]13;“”)‘)(‘/?(/\*) 1G) < o0, ]T’Z(f“)-a.s.
tToo
which is equivalent to prove

- Da(y,A) ) =
> A, (x - % + Rvn> e M AT AT < oo PEN.as.  (4.15)

n=0
The assumption E(Llog™ L) < oo implies that INPZ(;C”\) log™ A¢, < oo, and hence

limsupn ! log Ae, = 0.

n— oo

Therefore, using 7'(v,) = d¢, and the proof of (3.7), we have

3 4 e AR DT () < o, B)as,

n=0

which implies (4.15). Hence, V*()) is an L*(IP,)-limit. O
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Proof of Theorem 1.3. By Lemma 2.16, {0W,()\),P,} is a martingale. Suppose A > \*.
The case A < —\* follows by symmetry. For a given = € R, let y € R be such that
y > h~'(—z). By Proposition 4.1, we know that on the event 7=, V=(\) = 9W (), y)
P,-almost surely. Combining this with Theorem 4.2, we get that 0 (\,y) = 0 almost
surely on the event v(~%*) when A > \* or when A\ = \* and E(L(log" L)?) = cc. By (4.1),
we know that

P,(7"®*Y) =1 asz — .

Hence OW (), y) = 0 P,-almost surely when A > \* or when \ = \* and E(L(log* L)?) =
0.

Now we deal with the case of A = A\* and E(L(log™ L)?) < oco. Let z > x, then
the monotonicity of h implies that y > h~'(—x) > h~!(—2). By (2.34), we get that
Vi#(\) < Vi#(\) and hence V¥#()\) < VZ()\) P,-almost surely. So on the event (=%,
V*(X) < OW(A,y) Py-almost surely. Letting z — oo, we have V¥(\) < OW (A, y) Py-
almost surely. It follows from Proposition 4.1 that P, (0W (A, y) = 0) = 0 or 1. Therefore,
when V*#()\) is an L'(P,)-limit, we have OW(\,y) € (0,00). So Theorem 4.2 implies
Theorem 1.3. O

5 Proof of Theorem 1.4

It was proved analytically in [1, Theorem 1.2] and [20, Proposition 1.2] that pulsating
traveling waves exist if and only if || > v*. In this section, we will use probabilistic
methods to prove the existence in the supercritical case |v| > v* and critical case |v| = v*,
and the non-existence in the subcritical case |v| < v*.

5.1 Existence in the supercritical case (v > v*)

In this subsection, we consider the case v > v* and E(L log+ L) < o0. By (2.6) and

Lemma 2.4, @ strictly decreases from +oc to v* on [0, A*]. Therefore, for any v > v*

there exists a unique A € (0, \*) such that v = @ Recall that the additive martingale

Wi (\) is defined in (1.7). As stated in Remark 1.2, we have that fory — z € Z,
(WA y),Py) £ (e A0=2W (A z),P,).
We know that (3.8) holds, that is, under IP,,

WA ) £ e W 3™ Wy X,(s)),
uENg

where W (" (\, X, (s)) is the limit of the additive martingale for the BBMPE starting from
X.(s), and given F,, {W (), X,,(s)) : u € N,} are independent.
Theorem 5.1. Suppose |v| > v* and E(Llogt L) < co. Define

u(t,z) :=Egexp {—eW(A)tW()\, x)} , (5.1)

where |A| € (0, \*) is such that v = @ Then u is a pulsating traveling wave with speed
v.

Proof. We assume that A > 0. The case A < 0 can be analyzed by symmetry. By (3.8) and

EJP 28 (2023), paper 72. https://www.imstat.org/ejp
Page 32/50


https://doi.org/10.1214/23-EJP960
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Branching Brownian motion in a periodic environment

the Markov property, we have, forany ¢ > s > 0,

u(t,z) = B, exp {feV(A)tW(/\,x)} =B, exp { — Wi 7 W(“)()\,Xu(s))}
u€ENg

=T, (Ez {exp{ — YN (t=s) Z WM\, Xu(s)} ‘ f])

u€ N,

=B, [] Bruexp {-@0w0, x, ()

uEN

— IET H u(t — 57X1L(S))'

uEN
In particular, setting s = ¢, we have
u(t,z) =E, [] u(0,X.(t)).
uEN

For convenience, let f(z) = u(0,z). The following argument is similar to the one
used in [37]. Let T be the first fission time of the initial particle. Then the expectation
E; [T,en, f(Xu(t)) in the display above can be split into two pieces, according to whether
T <t or not. Conditioned on the first fission time of the initial particle and on the number
of its offspring, we have

t
u(t,z) =1L, [f(By), T > t] +/ / Zpku(t — 5,y)F I, [T € ds, B, € dy]
0 JR

t s
=1L [e Bt )|+ [ [aBae P (e — 5, 5.)] ds.
0

By [16, Lemma 1.5 on p. 1211], the above equation can be written as

t
u(t,z) =1L, [f(By)] + Hx/ g(Bs) [f(u(t — s,Bs)) —u(t — s, Bs)] ds. (5.2)

0
By (5.1), u is bounded. Using the display above, a routine argument (for details, see

Appendix B) shows that u(¢, ) satisfies

ou 10%u

E:§@+g~(f(u)—u).

Moreover, since @ = v, by (1.9), we have

u <t + l, x) =E,exp {—e“’()‘)(H%)W()\, x)} =[E,exp {—e”(/\)H)‘W()\, m)}
v
=E,_;exp {—eW(A)tW()\,:E - 1)} =u(t,z —1).

In order to prove that u(¢, ) is a pulsating traveling wave, it remains to show that

mgr_noo u(t,z) =0, TEI-PDO u(t,z) = 1.

Let |z] denote the integer part of z. By (1.9),

lim u(t,z) = lim E,_ |, exp {—e”’(’\)te_)‘LxJW()\,x - I_:CJ)}

T—+00 xT—r00
Since lim, ;o e M*) =0and y =2 — |2] € [0,1), we have

e MW (\y) =0, P,-almost surely asn — co.
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It follows from the bounded dominated convergence theorem that for fixed ¢ > 0,

lim u(t,y +n) =E, lim exp {*ev(A)tef)\nW(/\vy)} =1
n—oo

n—oo

For any y € [0,1], let f,(y) = u(t,y +n) and thus f,,(y) = E,exp {—e?Mte= "W (X, y)}.
Then f,(y) < fnt+1(y) and f,(y) — 1 as n — oo for any y € [0, 1]. By Dini’s theorem, we
have lim,, o fn(y) = 1 uniformly for y € [0, 1], that is,

lim wu(t,z) =1
Tr——400

By (1.8) and (1.9), we have lim, , o, u(t,z) = 0. Therefore u defined by (5.1) is a
pulsating traveling wave. O

5.2 Existence in the critical case (v = ")

Recall that the derivative martingale is defined by (1.10). Using the 1-periodicity of
g(+) and ¢(-, A), and the fact W(\,y) = 0 P,-almost surely for A > \*, we get that for
y—z €7,

OW (A, ), P,) < (e X=2aW (), 2), P.).

Recall that we have under P,

AW (A, y) £ eV 3T gw (A, X, (s)).

uENg

An argument similar to the one used in Section 5.1 leads to the following result.

Theorem 5.2. Suppose |v| = v* and E(L(log" L)?) < cc. Define
u(t,z) = E, (exp {—e"’()‘*)ti?W()\*,m)}) .
Then u is a pulsating traveling wave with speed v*, and
u(t,z) =E, (exp {feV(A*)tGW(f/\*, :c)})
is a pulsating traveling wave with speed —v*.

Proof. We assume that A > 0. The case A < 0 can be analyzed by symmetry. The proof
of u(t, z) being a pulsating traveling wave is similar to the proof of Theorem 5.1. The
decomposition (4.2) implies u(t, =) satisfies the F-KPP equation (1.3). For the derivative
martingale, we also have fory —x € Z,

(OWA" ), Py) £ (e THIW (N, 2), Py).
It follows that
1
u <t+ *,x) =u(t,z —1).
14
By Theorem 1.3, we obtain P, (OW (\*,y) = 0) = 0 when E(L(log" L)?) < co. Therefore,

lim u(t,z) =0, lim u(t,z)=1.

T—r—00 T—r+00

So u(t,x) is a pulsating traveling wave with speed v*. O
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5.3 Proof of Theorem 1.4

The following result about the extremes of BBMPE is a consequence of Theorem 1.1
and (1.8).
Lemma 5.3. Let m; := max{X,(¢t) : v € N;} and m; = min{X,(¢t) : v € N;}. If
E(Llog" L) < oo, then for any = € R,

m
and lim — = —v*, P,-a.s.
ttoo T ttoo T

Proof. We first show that

) —-m
lim sup —t <
tToo

If this were not true, there would exist A > \* such that

lim sup — —me > @ > v*

oo t A

Hence,

Wi(A) > e 0 (my, 3) = M5 (my, ).

Then we have

lim sup W;(A) > lim sup G )1/;(mt7)\) = 400,
tToo tToo

which contradicts Theorem 1.1.
Next we show that
e Ty
liminf —— > v*.
tToo
For any small §, ¢ > 0, let A = \* —4. By the mean value theorem, there exists A € (A—e¢, \)
with
YA = YA - &) =7 (Ne. (5.3)

For any fixed A and A\ — ¢, there exist Cy,Cy > 0 such that C; < ¢(x, \), ¥(x, A —¢€) < Co
for any x € R. Using an argument similar to that of [32, Corollary 3.2], we get that

limsup e~ v(M)t Z e A (t)w(Xu(t)ﬂ)‘)I{Xu(t)z(f'y’(S\)Jre)t}

tToo wEN,
g]irg::p Coe~ 7N Z ef(Afe)Xu(t)efeXu(t)1{Xu(t)2(ﬂl(5\)+e)t}
u€EN
<lim sup Cpe YN Z e~ A=Xu(t) j—e(—7' (N +e)t
tToo wEN,
= lim sup Coe~ YN =7 (M) Z o~ (A=) Xu(t) €t
ttoo u€ENy
C
<lim sup 526_7()‘_“ Z 6_(’\_6)X’“(t)w(Xu(t)7)\ _ E)e—ezt
t1Too 1 weN,

C
=lim sup —ze_etht()\ —¢€) =0,

tToo Ol

where in the last inequality we used (5.3). Therefore,

. —y(\)t —AX,(t) ~ _ )
}ge v EZN e P(Xu(t)s Ny, <y Gyran = W z), Pr-as.

By (1.8), P, (W (A, z) = 0) = 0. Thus the previous limit implies that

B inf s uen, X, @ <(—v )+t > 0-
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This yields

. . —my 175

1 f—=>+'(\) —e

iminf —= > (N —e€
Since ¢, are arbitrary and 7’ is continuous, we obtain liminf o, =5 > 7/(A*) = v*.
Thus

Since 7(-) is an even function, using an argument similar as above, we can easily get
that limmoo % = v*. O

Proof of Theorem 1.4. (i) follows from Theorems 5.1. (ii) follows from Theorems 5.2.
Now we prove (iii). If the conclusion were false, let u(¢, z) denote the pulsating traveling
wave with speed v < v*. By the uniqueness of solutions of initial value problem

du 16%u
9 5@“‘%‘ (f(u) — u),

with initial value u(0, ), we have

z)=E, HuOX

u€EN,

Noting that u(t + +,z) = u(t,x — 1), we get that for vt € N,

u(0,z) =u(t,x +vt) = Epype H =E, H ) + vt),

uEN, uEN,

where the last equality follows from the periodicity. Since 0 < u(t,z) < 1, by the
dominated convergence theorem, we have
u(0,z) = lim I, H )+ vt) = lim H u(0, X, (t) + vt)

t—oo,vtelN f—>oo ,wteN
uE Ny u€ Ny

<E, lim u(0,m;+vt)=0,
t—oo,vteN

here we used limo (M + vt) = —oco P -almost surely, which follows from Lemma 5.3.
This leads to a contradiction. O

6 Extensions

The problem studied in this paper can be generalized to a more general setup. We
can consider the case where the inhomogeneity is not just in the branching rate, but
also in the spatial motion, just as in Lubetzky et al. [34, Section 5]. We still assume that
L does not depend on the spatial location.

In this section, we consider a branching diffusion in a periodic environment, where
both the branching rate and underlying dynamics are spatially dependent. Each particle
moves as a symmetric diffusion X = {X;,¢ > 0} and, it produces a random number, 1+ L,
of offspring with a branching rate g € C*(R).

More precisely, let {X;,¢ > 0;1I,} be a diffusion process with infinitesimal generator

£=p) L <p(w)g2(x) a> , 6.1)

ox 2 Oz

where p and o are positive and 1-periodic C' functions. In other words, {X:,t > 0}
satisfies
dXt = M(Xt)dt + 0'()(,5)(:11/‘[/,57 XQ =, (62)
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where

and {W,} is a standard Brownian motion. Recall that L has distribution {py, k¥ > 0} and
m= 3 5o kpr < oo.

In this case, we need to reformulate the eigen-problem. For every A € R, let v(\) and
¥ (-, A) be the principal eigenvalue and the corresponding positive eigenfunction of the
periodic problem: for all z € R,

o*(x)
2

A202(x)
2

Yo+ () — Ao®(2))s + ( ) + mgm) =1\,

(x4 1,A) =z, ).

(6.3)

We normalize (-, \) such that fol W(z, N)p(x)dz = 1.

6.1 Properties of principal eigenvalue and martingales

First, we will show that Lemma 2.3 still holds for branching diffusion in a periodic
environment.

Proof of Lemma 2.3. The analyticity and convexity of v are proved in [20, Lemma 2.1].
Since g is 1-periodic and continuous, we can assume that 0 < a < g(z) < 8 < oo for all
x € R.

We first prove (2.3). Assume A > 0. Since (-, A) is 1-periodic and continuous, there
exists g € [0,1] such that ¢(-,\) attains its minimum at . Using v, (29, A) = 0 and
Yea (0, A) > 0, we get that

Na® ()

YN0, A) > ( .

~ i) + mg(x@) (a0, N).

Hence 9

YN 2 5 min o?(@) = N|pt]l oo +ma.

Similarly, by considering the maximum value, we get that

)\2
Y(A) € & max 0%(z) 4 Allpllos +mp.
2 z€0,1]
Thus
A2 A2
1A € |5 min o*(2) = Allplls +ma, - max o (@) + Mlpllos +mB| -

It follows that @ — oo both as A — 01 and as A — oo, and hence

exists. The proofs of (2.4) and the uniqueness of \* are the same as those in Lemma 2.3.

Now we will show that ~(-) is an even function. Let ¢(x, \) be the positive eigenfunc-
tion corresponding to the eigenvalue v()\) and define ¢(z) := ¢(z,\) = e (z, ). A
direct calculation shows that ¢ satisfies

0'2 X
) - ()2 L) o+ mgla) =, (6.4)
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that is,
a*(x)
2

Let ¢)(x) = ¥(x, —\) be the positive eigenfunction corresponding to the eigenvalue (—\)
and define ¢(x) = 1) (x), then ¢(z) satisfies

bux + (1) dp +mg(z)d = Y(N). (6.5)

0'2 X - - —
o) 5 (o) {2 L) 6+ () = (-6 (6.6)

2 Oz
Pz +1) = e ().

Multiplying (6.6) by ¢ and integrating over (0,1) with respect to the measure p(z)dz, we
get that

-3 [ ' Gopde = / ol (rto ) 5 )i+ me(e)odds
- B (p(w) ) gf) ar+ | ' me(a)pdda
=— /01 g—f (p(gc) (@) 8(]5) dz + 1 mg(x)ppdz

-/ o2 (o =22 ) 6+ mgta)oita

1
=7(A) / pppd,
0
where in the second equality we used integration by parts, the fact

0() 220D () D (i) = e () (A ) + @) = N B

and the periodicity of p,o,v, . Since ¢, ¢, p > 0, we obtain that y()\) = y(—\).
Since v is convex and even, we have that v(0) is the minimum of 4. Hence, v()\) >
~(0) > 0 and v* > 0. O

With Lemma 2.3 in hand, one can immediately get that Lemma 2.4 holds in the
present general case. In order to prove Lemma 2.5 and Lemma 2.7, we need to use
{X,} to substitute {B,}. Let ¢(-, \) be the positive eigenfunction of (6.3) with (0, A) = 1.
Define %(x, A) = e"\mzZ(m, A), then q~5 satisfies (6.4). Note that the argument of [9] for
Brownian motion and the Laplacian still works for any symmetric diffusion and its
generator. Hence Lemma 2.2 holds for our branching diffusion in periodic environments.
Thus 5 has the probabilistic representation

bz, \) =11, e—AXTef()f(mg(Xt)—v(A))dt} . ze0,2],

where {X;} has infinitesimal generator (6.1) and 7 = inf{t > 0 : X; ¢ (0,2)}. Using
arguments similar to those in the proof of Lemma 2.5, we have

oz, \) = —1I1, [XTe’\XT eJo (me(Xe)=y(N)dt | 7y /T edo (me(X)—yONdt g x  N\)ds|
0

Repeating the argument of Lemma 2.5, we get that %(-, A\) € C?(R), and > satisfies

0'2 x ~ ~ ~
o) 2 (o) L 2 e+ () 1) = 7' 05

2 Ox
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By defining ¢(\) =, ¢ )dz and ¢(z, \) =& L\ (z, A), we get [y ¥(z, \)p(x)de =
1.
Define
Et(/\) — e—'y()\)t—AXt—i-m fot g(XS)dsw(Xt’ )\)

Using It6’s formula, one can easily check that {E:()),¢ > 0} is a II,-martingale. Since

;:)8% is a non-negative martingale of mean 1, we can define a probability measure I} by

dIm

X

dIl,

(1]

_ =)
S\’ 67

7

where {FX :t > 0} is the natural filtration of {X,}. Similar to the proof of Lemma 2.8,

we have
()‘) — ex { (wa: _ ) K (’(/}mwz/) - z/}:% 0_2 _ > }
ey exp /0 " A dX, +/0 7%)2 +mg—y(\) | ds

:exp{/o (%-A) o(X,)dW, — 2/0 (%—A>202(Xs)ds},

where in the second equality we used (6.2) and (6.3). Then by Girsanov’s theorem, under
12, {X;} satisfies

[1]

o+

[1]

dX; = <,u(Xt) + <W - A) 02(Xt)> dt + o(Xy)dWy, Xo = . (6.8)

w(Xtv)‘)
So under II, {X;} has infinitesimal generator
o?(x x (2, x
AN =) 2 (o) ) (el ) 9D g

For convenience, in this section, we always assume that {Y;,t > 0;II}} is a diffusion
with infinitesimal generator (6.9). One can show that, under H;}, {Y:/t} satisfies a large
deviation principle with good rate function

I(z) =" (2) + {Az +y(\)} = f}gg{nz — v} + Az +(V)}
In order to prove Lemma 2.10, it suffices to show that
P(x,T) := 11 <r6n[(z)17x] [YV: — Yo ++'(\)t] > Te) < Cy(N)e T2z eo,1],
where § is defined by (2.23). By (6.8), we have
P(z,T) < (tren[émi] | / Y5 )dW,| > Te — C)

where C'is a constant depending only on J, since the functions u, o and i are bounded.
Thanks to the Dambls Dublns Schwarz theorem there ex1sts a standard Brownian motion
B, such that B<A) = fo Y;)dW, with (A); = fo Y;)ds. Let omax = maxge(o,1) (),
then we have

tel0,02

mmx

P(x,T) <II) (m{g}ﬁ |§(A>t| > Te— C’) < 1D ( max \§t| >Te— C’) < Cy(N)e0T/2,
te[o,

where the last inequality follows from the tail probability of normal distribution. This
gives Lemma 2.10 in the present situation.
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Define
Ti(A) i= e YA EE DS (5, N) (7 (A + X0) = (X0, V)

Notice that
To(A) = e YN Jo 8Os (41 (A)1p( Xy, A) — 92 (Xi, N)) - (6.10)

Using (6.2), (6.5) and (6.10), repeating the argument of Lemma 2.11, we show that
{T:(\),t > 0} is a II,-martingale. As in Section 2,

A = e AT (X, ) (24 ()4 D) Loy

is a non-negative martingale, where h(z) = © — @A) For gy € R with y > h=1(-x),

Y(2,2)
we have a new probability measure HZ(,I’A) defined by
dH?(/:t,)\) B Agm,)\)

dlly |z a A(()m’)‘)'

Next, we prove Lemma 2.12 in the general case.

Proof of Lemma 2.12. Since ¢(z,\) = e **4(x, \) satisfies (6.5) and 7(-) is even on R,
similar to (2.27), we have for all z > y and A > 0,

0w, \) =1L, [@ly, el s 00y (6.11)
where 7, = inf{t > 0 : X; = y} under II,. Therefore
In ¢z, \) = In¢(y, A) + In1l, [efo”’ <mg<Xt>—7<A>>dtn{Ty<oo}] . (6.12)
Fix a A\g > 0. Since y(A) > v(\o) for all A > Ao, we have for A > ),

7 efo ! (meXn—y(N)dty (ry<oo} < MO =10) 7y  Jo ¥ (me(Xe)—v(A))dtq (ry <00}

- Mefofy(mg(Xt)f"/(/\o))dt]l{Ty@o}
for some large M. Since II, [efOTy (me(Xo)=yQo)dty 4] = ig;igg we can differenti-

ate (6.12) with respect to A and change the order of differentiation and expectation to
get that for A > \g,

a2 \) ) br( ) II, [,y/()\)Tyefo' (mg(Xt)—’y(A))dt]l{Ty<oo}} 613)
S@N) oy N B s TR '

Since Ay > 0 is arbitrary, (6.13) holds for all A > 0.

Now we show that I13(r) = 5 (h(x) — h(y)), where 7, = inf{t > 0:Y; = y} and
{Y;,t > 0; H;}} is a diffusion with infinitesimal generator (6.9). By (6.7) and the optional
stopping theorem, we have

(A (A
I ((ry At)Lr, <)) =1L, <(Ty A t)ﬂ{ry<t}:t()> =II, <(Ty ALz, <iyTle {:t( ) |f5§MD
Eo(A) Zo(A)
Zr at(N) =, (\)
:Hx <(7—y A t)ﬂ{TySt}ﬁ(t)\) :HJ; Ty]l{.,—ygt}m .
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Letting ¢ — oo, the monotone convergence theorem implies that

=, (A)>
I (7L coor) =y [ Tyl oot —2 )
e (Mylr, <oc}) <Ty <o} 210

Since Y;/t — —'(\) I12-almost surely, we have II)(7, = co) = 0. Therefore,

T )\)
HA = Hm 1 =y (N 1y —A(y—z)+ [ ¥ mg(X)dt ’l/](ya
2(7y) (Ty {ry<oo}€ 0 o, )

Ty )\)
=11, (7,1 ST (me(X)—v(at 9 A) -
x (Ty {ry<oc}€’® Y

Using (6.11), (6.13) and that h(x) = — 253}, we obtain

11, [Tyef(;y (m(Xt)g(Xt)i’Y(/\))dtﬂ{T <°°}}
y

I, [efo“y (m(X)g(X)—r(N)deq {Ty@}}

_ L (N a@N)y 1
R0y (qb(y,A) ¢<m))‘ (h(w) = hly))

7' ()
Notice that Y; satisfies (6.8), that is,

Hi(Ty) =

Vi, A
avi= (ur) + (L) - 2) o)) ar + 0 (VWi Yo =
Let Zt(l) satisfy
A4z = —ppdt + o(ZWyaw,, zV =, (6.14)

where —p1 < min, ¢y (M(z) + (f;((zz,/\/\)) — ,\) 0'2(z)> with p; > 0. By the comparison the-

orem for solutions of stochastic differential equations (see, for instance, [29, Proposition
5.2.18]), we have

(Y, > 2, Vo<t <oo)=1. (6.15)
Let ") = inf{t > 0: Zz") =y}, then T} (7, > 7{")) = 1 and TTA(r,)) > I (r{") with 2 > y.
Define .
z% = / o(ZW)aws, (6.16)
0

then {Zt@), 12} is a martingale with quadratic variation

t
(20 = [ o*(zi0)ds.
0

Let
T () =inf{s > 0: (2P, > t}. (6.17)

Due to the Dambis-Dubins-Schwarz theorem, Wt = Z(Q) is a standard Brownian

TC) (1)
motion. It follows easily from the assumption on o that o; := min.¢[g 0%(z) and
03 = Max e[o,1] 02(z) are positive numbers. Hence

t
(ZP), € [o1t,09t] and TP (t) € { } . (6.18)
09 01
Moreover, we have
20,0 = —mTO W) + 28}, , > _’C%t + W, I-as. (6.19)
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If we define

—y}and 7Y = inf{t > 0: =Lt 4 W, = ¢}, (6.20)

= inf{t >0: zW —
o1

Y T2 (t)

()

then 7152) > 7153) and 7151) = T<2>(T§2>) > , I1}-almost surely. Hence, we obtain

o2

(ry) > (V) > () > (7).

0’2z

Since 7153) is the hitting time of a Brownian motion with drift —u4 /o, it follows from [29,

Exercise 3.5.10] that

g1

2
Hi(e‘aﬂgg)) = exp {Ml (x—y)— (x—y) % + 2a} .
i

) —ar® g ®
Fix an o > 0. For any a > 2ay, Tég)e Ty < Me=“7y for some large constant M. By

the dominated convergence theorem, we can differentiate both sides of the previous
equation with respect to a and get that for a > 2ay,

— [ 2
H;‘(T?S?’)e_mf)) = # exp {Ml(m —y)—(z—y) 'l% + 2a} . (6.21)
V5 +2a N 91
1

Since ag > 0 is arbitrary, (6.21) holds for any o > 0. Notice that T} (753) < o0)=1and

7753)@_“753) — 7'753)]1{7(3’@0} as o — 0T. By the monotone convergence theorem, we get
that ' o
m JC) A v
() =Tt~ )
Therefore,
h —h //\H)\ ,)\H)‘ (3) ue\
V@) — tim MO Y)Y OB AW
yor Ty yor o x—y y—or (T —y)og 1072

This completes the proof. O

Recall that ¢(z, \) = e **1)(x, \) and ¢(x, \) satisfies (6.5). Differentiating both sides
of (6.5) with respect to A\, we get that

o?(x
D s+ (x)ors + ma(z)on = 2(Nex + 7/ (V6.
Recall that h(z) = — %((f’A’\)). A straightforward computation similar to that in the proof

of Lemma 2.14 yields that
dn(Y;) = (V)R (Yi)dB, -+ (\dt,
where {B;,t > 0;II} is a Brownian motion. Define M, = v/(A)t + h(Y;) — h(Y;). Then

{M;,t > 0} is a [12-martingale with the quadratic variation

(M), :/0 (o (V) (V)2 ds € [ext, eat].

Thus, we can use the Dambis-Dubins-Schwarz theorem to make a time change of the
martingale M,; and get that

{m + h(y) + My, t > 0; H‘Sf"”} is a standard Bessel-3 process starting at z + h(y),
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where T'(t) = inf{s > 0: (M), > t}.
Now, we consider martingales for branching diffusion in a periodic environment. In
this case, the many-to-one formula is

Ey | > F(Xu(s),s € [0,t])

u€EN,

— 11, [e leXodsp (x, s e0,4))],

where F : C[0,t] — R is a non-negative measurable function. So W;(\), OW;(\) and
Vi#(A), defined by (1.7), (1.10) and (2.34) respectively, are still martingales for our
branching diffusion in a periodic environment.

6.2 Extensions of Theorems 1.1, 1.3 and 1.4

For branching diffusion in a periodic environment, we can define the probability
measure P} similarly by (3.1) and ]f’; on (7~', ]?) by (3.2). The spine decomposition
described at the beginning of Subsection 3.1 is still valid and the only difference is the
spatial motion of the particles: now the infinitesimal generator of the motion of the spine
is given by (6.9) and the infinitesimal generator of the motion of a non-spine particle is
given by (6.1). Since Lemma 2.10 still works for the motion of the spine and Lemma 2.4
yields the relationship between /(\) and v(\)/\, the proof of Theorem 1.1 also works
for branching diffusions in periodic environments. Therefore, Theorem 1.1 holds for
branching diffusions in periodic environments.

For the derivative martingale, recall that for each x € R, V*()) is defined by

VEO) = Y e T Op(X, (1), 0) (@ + 4 (Mt + h(Xu(1)),
ueﬁf

where N7 = {u € N, : Vs < t, +~'(\)s 4+ h(X,(s)) > 0}. Define a probability measure
IPZ(/I’/\) on (T,F):
ey Ve
dP, |- V&)

According to [23] or [39], there exists a probability measure ]T’Sf’\) on (7~', f) such that
(z,A) — p@,N)
IPy”’ = ]Pyl |7,
and under 1137(,”””\) the spine decomposition is same as that in Section 4. The spine £ moves

according to Hg(f’”, that is, {x + ' (\)T'(t) + h(X(T(t))) : t > 0} is a standard Bessel-3
process started at = + h(y), where

T(t) = inf{s > 0: (M), >t} and (M), = /O [0(Xe (s))H (Xe(s))]2ds,

Therefore, Theorem 1.3 holds in this case.
Finally, the proof of Theorem 1.4 is still valid, since (1.9) and (3.8) still hold. In this
case, the F-KPP equation will be

&= (0 2 5

) u+g- (f(u) —u), (6.22)

where f(s) = E(stT1).
Remark 6.1. Now we briefly discuss the case when the offspring distribution is allowed
to change periodically. More precisely, if a particle dies at position z, it produces a
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random number, 1 + L(z), of offspring. We assume L(x) has distribution {px(x), k > 0}
with m(z) := >, 5, kpx(z), and for each k, py(-) and m(-) are 1-periodic C'* function with
m(-) > 0. In this case, we can show that Theorem 1.1 still holds, but we could not prove
Theorem 1.3.

Note that {Y;,¢ > 0; I} has the infinitesimal generator (6.9) and all the coefficients
are 1-periodic. If we regard {{Y;},t > 0;I1}} as a process on [0, 1), where {Y;} is the
fractional part of Y;, then {{Y;},¢ > 0;I1)} is a Markov process. Thus {{Y;},¢ > 0;1I}}
is a diffusion on a compact set and has an invariant distribution on [0,1), say n(dx).
Using this and adapting some ideas from [33], we can show that Theorem 1.1 holds with
E(Llog" L) replaced by fol E(L(x)log" L(x))n(dz) when L is allowed to be 1-periodic.

However, we were not able to prove Theorem 1.3 when L depends on x periodically.
First, using the change of measure by the martingale V;*(\), the spatial motion of the
spine is a time-changed Bessel-3 process. The fractional part of the Bessel-3 process
{{R:},t > 0} is not a Markov process, and does not have an invariant distribution.
Moreover, since p; is a function of the spatial location x, for estimates like (4.14)
and (7.1), one can not take p; out of the expectation as we did before.

6.3 The case when extinction is allowed

In this subsection, we relax the assumption on the offspring distribution to allow
extinction and generalize our results further. More precisely, we assume that each
particle produces L offspring with EL > 1. We also suppose that the spatial motion of
each particle is a symmetric periodic diffusion with infinitesimal generator (6.1).

First we consider the additive martingale and the pulsating traveling waves in the
supercritical case. Under IT’;, the spine decomposition still holds, see [39]. Therefore,
Theorem 1.1 (iii) still holds in this case except that (1.8) has to be modified slightly: when
|\l < A\* and E(Llog" L) < oo, conditioned on non-extinction, W(\,z) > 0, P,-almost
surely.

Now we prove the assertion above. Let p be the unique fixed point of f(z) = z in
(0,1). Define

p1(xz) =P (W(A x) =0) and pa(z) = P, (3¢ such that (Z;,1) = 0),

then po(x) is the extinction probability and ps(z) < pi(z) for any = € R. Both p;(z)
and po(z) are 1-periodic. Since W (), ) is still an L!(P,)-limit in this case, we get that
pi(x) < 1for any = € R. We first claim that

pi(z) = p2(z) =p, z€R. (6.23)

To prove (6.23), we first show that p;(-) is continuous. Define stopping times T@X and
77 with respect to the symmetric diffusion {X;,¢ > 0} and the branching diffusion in a
periodic environment respectively by

7';( =inf{t > 0: X; =y},

7/ =inf{t > 0:3u € Ny s.t. X,u(t) = y}.

Using an argument similar to that at the end of the proof of Theorem 1.1, we get
(1= p1(@) = (1 = pi(y)Palry <1). (6.24)

The probability Pm(ryz < t) is no less than the probability that the initial particle has
reached the position y and has not split before time ¢. Hence, we have

(1=p1(@) 2 (1= pi)Pa(rf <8 = (1= pr())Ty (e X1y
> e M1 = pi(y)(r; < 1),
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where [ = sup_¢jo 1 g(z). Using a symmetry argument, we get that

e P L= pr()La(ry" < 1) < (1= pi(2)) < (1= pa(y)) /T, (7 < 1) (6.25)
Now we use an argument similar to the proof of Lemma 2.12 to prove that

lim I, (¢ <t) =1 (6.26)

Without loss of generality, we suppose y > z. Recall that X = {X;,¢ > 0} satisfies (6.2).
Let Zt(l) satisfy (6.14) with —p; < min_ ¢ 1 w(z). Similar to (6.15), we have

(X, > 2, Vo<t < o0) =1.

Recall that 7'351) = inf{t > 0 : Zt(l) = y}, and Zt(Q), T(t), 7-@52) and 7'353) are defined
by (6.16), (6.17), (6.20) and (6.20), respectively. Since y > =, we have Hw(TZ‘/X < Ty(l)) =1.
Combining this with (6.18), (6.19) and (6.20), we get that

2 3

X 1) 2 2
W -y B <

)

and thus I, (7, < ¢) > I,(ry") < o1t). It follows from [29, Section 3.5.C] that the

passage time 7$¥ for Brownian motion with drift — u1/01 has density

- — x4 &)
Hw(Tf)eds): L exp{—(y 7 }ds, s> 0.

273 2s

Letting b =y — x, 4 = pu1 /o, and r = b?/s, using the bounded convergence theorem, we
have

0'125
lim T(7{* < o1t) = lim /
0

y—axt b—0+

b (b+ps)2}
exp{ —~——2tds
V2ms3 p{ 2s
i < 1 r 12b?
=1 LAY VPR S O
b0 w\/ﬁeXp{ 2 HT o } "

o1t
>~ 1 r
= expq——cdr =1.
A oy P { 2 }
This yields (6.26).

Combining (6.26) and (6.25), we get

limsupe P11 —pi(y)) < (1 —pi(z)) < li{}ri;nf P11 - pi(y)). (6.27)
y—x y—r

Letting ¢ — 0, we get 1 — pi(z) = lim,_,,(1 — p1(y)). This implies the continuity of
p1(+). Since pi(z) < 1 for any = € R, we have that sup,¢ 1) p1(z) = max,cpo,yp1(z) < 1.
It follows from the periodicity of p;(-) that sup,cgr pi(z) < 1. Hence sup,cp p2(z) <
sup,cgr P1(z) < 1. Using similar arguments, we can show that ps(-) is continuous in R.
More precisely, (6.24) also holds when p;(+) is replaced by ps(-). Hence (6.25) holds for
pa(+) instead of p;(-). Combining this with (6.26), we get that (6.27) holds for py(-). This
implies the continuity of ps(-).

Recall that Xp(dy) is the position of the ancestor at its death time. By the branching
property and the monotonicity of f, we have

p2(z) = Bz (f(p2(Xp(dp)))) < Ez(f(itelgpz(y))) = f(;telgpz(y))~

EJP 28 (2023), paper 72. https://www.imstat.org/ejp
Page 45/50


https://doi.org/10.1214/23-EJP960
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Branching Brownian motion in a periodic environment

Thus sup, ¢y p2(x) < f(sup,cr p2(z)). Since the probability generating function f(s) =
E(s) satisfies f(s) > s for s € [0,p) and f(s) < s for s € (p, 1), we have sup,cp p2(z) €
[0,p]. Similarly, inf,eg p2(x) > f(infier p2(z)) and hence inf, e p2(z) € [p,1). Therefore
infrer p2(2) = sup,eg p2(x) = p, thatis, pa(z) = p.

By the branching property, the equation p;(x) = E,.(f(p1(Xy(dy)))) holds and thus the
proofs also work for p; () = p. Thus (6.23) is valid. Hence, conditioned on non-extinction,
W(A,z) > 0, Py-almost surely.

Define u as in (5.1). It follows from (1.9) that

IEIPOO u(t,z) = p.
Repeating the argument of Subsection 5.1, we get that u(¢,) defined by (1.11) is a
solution of (6.22) and (1.4), and satisfies the boundary condition:
IEEHOO u(t,z) = p, mEIfoo u(t,z) = 1. (6.28)
Thus we may say u is a pulsating traveling wave of equation (6.22) connecting p at —oco
and 1 at oco.

If extinction is allowed, we can treat the critical case (v = v*) similar to what just
did in the supercritical case. First, under 1137(,”””\) the spine decomposition still holds, see
[39]. Next, define ps(z) = P, (W (A\*,x2) = 0), then p3(x) = p and the proof is the same
as above. The analogue of Theorem 1.3 holds and is given below.

Theorem 6.2. For any A € R and x € R, {(OWy(\));>0,P,} is a martingale. For all
[A] > X%, the limit OW (A, z) := limyqeo OWe() exists P, -almost surely.

(i) If |A| > A* then OW (A, z) = 0 P,-almost surely.

(ii) If |]\| = \* then OW (\,x) = 0 P,-almost surely when E(L(log™ L)?) = oo, and
OW (A, z) € (0,00) (respectively OW (A, z) € (—o0,0)) conditioned on non-extinction PP,-
almost surely when \ > 0 (respectively A < 0) and E(L(log" L)?) < co.

Similarly, u(t,z) defined by (1.12) is a solution of (6.22) and (1.4) with boundary
condition (6.28).

7 Appendix

7.1 Appendix A
Recall that, for any ¢ > 0, A is defined in (4.12).
Lemma 7.1. For any ¢ > 0, P{""(4.) = 0.

Proof. The proof is almost the same as the proof [4~2, (8)]. The only changes are some
notation and fixing of a few typos. Note that under IPy(f”\), g — L) | R; is a Bessel-3

é(y,A*)
process starting from x — @j((;”/\ﬁ)). For simplicity, we still use = to denote =z — %/\A))

Then z + R; has the same law as the modulus process of W; + &, where {W;,t > 0; P, }
is a three-dimensional standard Brownian motion and 2 is a point in R?® with norm Z. We
still use A. to denote the same set corresponding to {W;,t > 0; P, }.

~ +o0
¢ > PG ]1AC/0 Y Pl s re s misanydt (7.1)
keZ,

+oo -
/ E ﬁklpz(/m’)\)(IlAcIl{(iquRt)e—**(i‘*'Rt)ZMkfle*V’i})dt
0

kEZy
+oo
= Z pk/ P, <]]-AC]]-{|Wt+§:|e—A*\W(t)+.—ﬂ2]\/[k_1e_)\*;;,}> dt. (7.2)
kEZy 0
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We claim that there exists K; > 1 such that when k& > K;

log k o .
{yeR3:1+:z<|y|< OAg* }C{y€R3:|y+£|6_>‘ v+l > prg=le—A ﬁ} (7.3)

In fact, 1 + 2 < |y| < l(;%k implies 1 < |y + 3| < lf\%k + Z. Consider the function
fx) = Ze~*"7. On the positive half line, it increases to a supremum and then decreases
to 0 as z goes to infinity. Thus we can find K; > 1 large enough such that when k£ > Kj;,

log k
)\*

log k
1+2 <yl < :>f(|y+§f)2f<(;g* +~’5>

K|yt s log k .
= |y + dle NIV > (O)i +56) ke AT

Thus (7.3) is valid.
We continue the estimate (7.2) when k£ > K,

“+o0
°z 2 ﬁ’“/ Pu (Lo (1 cigssy ) d
k:k>Ky 0

—+oo
- Z PrPuw <]1Ac/0 ]1{1+:i<wt<“;’ik}dt>' (7.4)

k:k> K,

(|Wy|,t > 0;P,,) is a Bessel-3 process starting from 0. Let {I% : « > 0} be the family of its

local times, then the process {I%,a > 0} is a BESQ?(0) process which implies 1% & all,
and P,, (I, = 0) = 0 (see Revuz and Yor [41], p. 425, Ex. 2.5). Thus

+o0 lc;\g;k
Pu (L‘“/ 1{1+5c§|wt|§13%ﬁ}dt) =Py ﬂAc/  15da
0 1+
10;5* a_ll‘;Q
=P, ]IAC/ ada/ du
143 0

log k

T +oo
:/ ada/ Py (LaLiu<q-1a y) du.  (7.5)
143 0 -

Note that
P, (L ljuca101) = (Pu (A) — Py (a1 <))’ = (Py (A) — Py, (Ik <u)) ",

and there exist C' > 0 and K5 > 1 such that for £ > K>

B 1 log k2 \9 9
ada = - —(1+2)° | >C(logk)~.
1+& 2 A

Then (7.5) implies

+oo oo
P, <]]'Ac A ]1{1+5:<|Wt<1°f;k}dt) > C(log k)z/o (Pw (AC) — Py (léo < u))+du

(7.6)
Set K = K; V K5. Using (7.4) and (7.6) we get
+o0 4
> ﬁk(logk)2/ (P (Ac) — Py, (1% < )" du < +oo. (7.7)
kk>K 0
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The assumption E(L (log™ L)Q) = 400 is equivalent to 5, ., Pk (log™ k:)2 = 4o00. Then
by (7.7),

+o0o I
/ (Pu (Ac) — Py, (1% <u)) " du=0.
0
Thus P, (A.) = 0 since P, (I}, = 0) = 0, consequently PN (A,) = 0. 0

7.2 Appendix B

In this subsection, we show that how to get (1.3) from (5.2).

Let {X;,t > 0;I1,} be a diffusion process with infinitesimal generator £ given by (6.1).
In particular, when o = 1 and p = 1, {X;,t > 0;11,.} is a Brownian motion and £ = %83—;
By [12, Theorem 1.XVII.6 on p. 303] (for Brownian motion) and [18, Theorem 1.10] (for
diffusion), we have the following lemma.

Lemma 7.2. Let {X;,t > 0;I1,.} be a diffusion process in R with generator L. Suppose
w is a Borel function on [0,00) x R and bounded on [0,T] x R for any T > 0. Define

t
F(t,z) = Hm/ w(s, Xi—s)ds, (t,z) € [0,00) x R.
0
Then F and 2 are continuous in (0, 00) x R.

If, in addition, w is continuous and if, for every (r,z) € [0,00) X R, there exist a
neighbourhood U and constants o € (0,1] and C' > 0 such that

lw(s,y) —w(s,z)| < Cly — z|* forall (s,y),(s,z) €U, (7.8)
then F, 2F 9E and %ig (0,00) x R and F satisfies
OF
g :£F—|—w in (0,00) x R.

Now we derive (1.3) from the integral equation (5.2). Actually we prove the result for
general £ given by (6.1) which include the special case of 1 5 a +—. Suppose u is bounded
and satisfies

t
u(t,x) = I, [f(Xe)] + Hw/ g(Xs) [f(u(t — s, X)) —u(t — s, X,)] ds. (7.9)
0
For simplicity, we write F' € C1((0,) x R) if F, %F are continuous in (0,00) x R,

and write F € C?((0,00) x R) if F, 2E 2 and dxfj are continuous in (0,00) x R. The
equation (7.9) can be written as

u=1[0+F, in (0,00) X R, (7.10)

where F(t,z) =11, fot (Xi—s) [f(u(s, Xi—s)) —u(s, Xi—s)]ds and (¢, z) = I, [f(X¢)]. We
know that I € C?((0,00) x R). Since u is bounded, g(z) [f(u(s,x)) — u(s,z)], as a func-
tion of (s,z), is bounded in (0,00) x R. By Lemma 7.2, we have F € C!((0,00) x R).
Therefore, by (7.10), u € C'((0,00) x R) holds. Since g and f are continuously differ-
entiable, g(z) [f(u(s,z)) — u(s,z)] satisfies (7.8). Using Lemma (7.2) again, we have
Fe 02(( o0) x R). Hence we have u € C%((0,00) x R) and %&£ — LF = g - (f(u) — u).
Slnce — L1 =0, we have

— —Lu=g- (f(u) —u) in (0,00) x R.
In particular, if {X;,t > 0;1I,} is a Brownian motion, we get (1.3) from (5.2).
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