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Abstract

We study the level-set of the zero-average Gaussian Free Field on a uniform random
d-regular graph above an arbitrary level h € (—oo, h,), where h, is the level-set
percolation threshold of the GFF on the d-regular tree T,. We prove that w.h.p as the
number n of vertices of the graph diverges, the GFF has a unique giant connected
component Ci") of size n(h)n + o(n), where n(h) is the probability that the root
percolates in the corresponding GFF level-set on T. This gives a positive answer to
the conjecture of [4] for most regular graphs. We also prove that the second largest
component has size ©(logn).

Moreover, we show that Ci") shares the following similarities with the giant com-
ponent of the supercritical Erdés-Rényi random graph. First, the diameter and the
typical distance between vertices are ©(logn). Second, the 2-core and the kernel
encompass a given positive proportion of the vertices. Third, the local structure is a
branching process conditioned to survive, namely the level-set percolation cluster of
the root in T (in the Erdés-Rényi case, it is known to be a Galton-Watson tree with a
Poisson distribution for the offspring).
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1 Introduction

1.1 Overview

The Gaussian Free Field (GFF) on a transient graph G is a Gaussian process indexed
by the vertices. Its covariance is given by the Green function of the simple random
walk on G, hence the GFF carries a lot of information on the structure of G and on the
behaviour of random walks, giving a base motivation for its study.

Level-set percolation of the GFF has been investigated since the 1980s ([10, 25]).
Lately, one important incentive has been to gain information on the vacant set of random
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Anatomy of a Gaussian giant

interlacements ([24, 31]), via Dynkin-type isomorphism theorems ([19, 28]). It was
subject to much attention in the last decade on Z< ([15, 16, 18, 17, 24, 26, 30]). On
such a lattice where the Green function decays polynomially with the distance between
vertices, it provides a percolation model with long-range interactions.

More recently, level-set percolation was studied on transient rooted trees ([3, 2, 32]).
There is a phase transition at a critical threshold h, € R: if A < h,, the connected
component of the root in the level-set above h of the GFF has a positive probability to be
infinite, and if h > h,, this probability is zero.

One can define an analogous field on a finite connected graph, the zero-average
Gaussian Free Field, whose covariance is given by the zero-average Green function
(see Section 1.2). A natural question is whether some characteristics of the GFF on an
infinite graph G can be transferred to a sequence of finite graphs (G, ), >0 whose local
limit is G. For instance, one might ask whether a phase transition for the existence of
an infinite connected component of the level-set in G corresponds to a phase transition
for the emergence of a “macroscopic” component of size ©(|G,|)! in the level set in G,,.
For G = Z%, a sharp phase transition was shown in [18], and Abé&cherli [1] studied the
zero-average GFF on the torus.

Abacherli and éerny recently investigated the GFF on the d-regular tree T, [3], and
the zero-average GFF on some d-regular graphs (large girth expanders) in a companion
paper [4]. In this setting, many essential questions (such as the value of h,, or the
sharpness of the phase transition at h, for the zero-average GFF) remain open. In this
paper, we answer some of them, and relate the percolation level-sets to other classical
random graphs, in particular the Erdés-Rényi model (Section 1.4).

1.2 Setting

In all this work, we fix an integer d > 3. We denote T, the infinite d-regular tree
rooted at an arbitrary vertex o, and G,, a uniform d-regular random graph of size n for
n > 1 (if d is odd, consider only even n). Let V,, be its vertex set and 7,, be the uniform
measure on V,, i.e. m,(x) = 1/n for every z € V,,.

Gaussian Free Field on regular trees

The GFF or, on T, is a centred Gaussian field (o1, (x))zcT, indexed by the vertices of
T4, and with covariances given by the Green function Gr,: for all vertices z,y € Ty, we
set Cov(er, (), 1,(y)) = G1,(x,y). Recall that

Gr,(z,y) = E}* Z L=y
k>0

where (X})r>o is a discrete-time SRW (Simple Random Walk) on Ty. In general, we
will denote Pg the law of a SRW on a graph G with initial distribution x, and Eﬁ the
corresponding expectation.

Gaussian Free Field on d-regular graphs

Assume first that G,, is connected. The zero-average GFF ¢g, on G, is a centred Gaussian
field (¢g,(z))zcg, indexed by the vertices of G,, and with covariances given by the
zero-average Green function Gg, on G,,: for all z,y € G,,, we set

Cov(tg, (x), %, (y)) = Gg, (z,y) := BI" {/OJFOO <1{Xt:y} - 1) dt]

n

for two sequences (an)n>1, (bn)n>1, We say that a, = ©(by,) if there exists ¢ > 0 such that for every large
enough n, ¢ < an/bp < 1/c
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where (X;):>0 is a continuous time SRW on G, started at « with Exp(1) independent
jump-times. Precisely, let ((;);>1 be a sequence of independent exponential variables of
parameter 1. Let (Xx)r>0 be a SRW started at z, independent of (¢;);>1. Then for all
t >0, we define X; := X, with k(t) := sup{k > 0, ¥F_, ¢; < t}.

The function Gg, is symmetric, finite and positive semidefinite. This ensures that g,
is well-defined (see [1] for details, in particular Remark 1.2).

If G, is not connected, then we set arbitrarily ¢g, (z) = 0 a.s. for all = € G,, (this will
not play a significant role for our purpose, as G,, is connected w.h.p., see Proposition 2.1).

Two layers of randomness

Denote P,,, and E,,, the annealed law and expectation for the joint realization of G,
and of ¢g on it. For a fixed realization of G,,, denote P9~ and EY the quenched law and
expectation.

1.3 Results
Define the level set qufd = {z € Tyq|er,(r) > h}. Let C" be the connected com-
ponent of E%{Ld containing the root o. Similarly, define the level sets Evfgh = {x €

Gn | g, (x) > h} forn > 1. Fori > 1, let Ci(") be the i-th largest connected component
of Ei; , by number of vertices. Break ties arbitrarily if several components have the
same size (this will not play a significant role in the paper). In [32], Sznitman showed
that there exists a constant %, € (0, 00) such that

if b > hy, n(h) := PT4(|C"| = +00) = 0, and if h < h,, 5(h) > 0. (1.1)

In [3] (Theorems 4.3 and 5.1), Abacherli and éerny showed that if h > h,, the
size of C" has exponential moments, and if h < h,, C* has a positive probability to
grow exponentially. In [4] (Theorems 3.1 and 4.1), they found that if G, satisfies some
deterministic conditions, which hold w.h.p. (with high probability), then the following
events hold P9»-w.h.p.: if b > h,, C%")| = O(logn), and if h < h,, at least {n vertices of
Elfgh are in components of size at least n°, for some constants 6, ¢ > 0 depending on h.

Thus, in the supercritical case h < h,, a positive proportion of the vertices is in at
least “mesoscopic” components (there is no explicit lower bound for §).

This work focusses exclusively on the supercritical case; recall that d can be any fixed
integer larger than 2. In the following results (and in the remainder of the paper), the
constants K;, i > 0 depend only on d and h.

We first prove the existence of a giant component:

Theorem 1.1. Let h < hy. The following holds:

(n)
IC; | Bong n(h), (1.2)

where M stands for convergence in P, ,-probability as n — +oc. Moreover, there
exists Ky > 0 such that

P (Ko—l logn < |C4] < Ko log n) L (1.3)

Note that by Markov’s inequality, for any € > 0 and any sequence of events (&£,,),>1

such that P,,,(£,) — 1, wh.p. G, is such that P9+(&,) > 1 — . Thus, w.h.p. on G,

the conclusions of Theorem 1.1 hold with arbitrarily large P9~ -probability. After a first

preprint of this work, Cerny [11] proved via a different approach that (1.2) also holds
under the deterministic conditions of [3] and [4], see Section 1.4 for a discussion.
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We also establish some structural properties of C\"). Let C(™) be the 2-core of C\",
obtained by deleting recursively the vertices of degree 1 of Ci") and their edges. Let
K be the kernel of Ci"), i.e. C"™) where simple paths are contracted to a single edge,
so that the vertices of K(™ are those of C(™) with degree at least 3.

Theorem 1.2. Global structure of C%n)
Fix h < h,. There exist K1, Ko > 0 such that

cn)
(C Pang g, (1.4)
n
and "
K P e (1.5)
n

Moreover, there exists K3 > 0 such that ifD%") is the diameter ofC%"), then

Ponn(D\” < Kylogn) — 1. (1.6)

n—-+oo

Last, there exists \;, > 1 such that for every ¢ > 0,
n Pangp
Ton({(@,9) € ()2, (1= &)logy, 1 < docn (2,y) < (1+¢)logy, n}) 51, (1.7)

where 7., is the uniform measure on (C\")? and d, the usual graph distance on ctm.
1

In other words, the typical distance between vertices of C%") is logy, n.

We will see in Section 3 that ), is the growth rate of C" conditioned on being infinite.

Say that a random graph G is the local limit of the random graph sequence (G,,)n>1
if G,, converges to G in distribution w.r.t to the local topology (see for instance the
lecture notes of Curien [13] for a precise definition). We prove that the local limit of Ci")
is C conditioned to be infinite. Say that two rooted trees 7', 7’ are isomorphic if there
is a bijection ® : T — T" preserving the root, and such that for all vertices =,y € T, there
is an edge between = and y if and only if there is an edge between ®(z) and ®(y).

Theorem 1.3. Local limit of C{"
Fix h < h,. For every radius k > 1, for every rooted tree T of height k, let V,ST) ={z €

C%"),ch,) (z, k) is a tree isomorphic to T} and pr = PT¢(Ben(o,k) = T||Ct = +o0).
1 o
Then
Vi) Bang
(n) pr
1G]

1.4 Discussion and open questions

GFF percolation versus bond percolation

The graph Efghn undergoes the same phase transition as some classical bond percolation
models for the size of the largest connected component. We draw a comparison with the
Erd6s-Rényi random graph (i.e. bond percolation on the complete graph), introduced by
Gilbert in [21]: for a constant ¢ > 0 and n € IN, ER(n, ¢/n) is the graph on n vertices such
that for every pair of vertices z,y, there is an edge between z and y with probability
¢/n, independently of all other pairs of vertices. Erdés and Rényi [20] showed that
the supercritical regime corresponds to ¢ > 1 and the subcritical regime to ¢ < 1.
Theorems 1.1, 1.2 and 1.3 hold for ER(n,¢/n) as n — +o0, for any fixed ¢ > 1, the tree
Ch being replaced by a Galton-Watson tree whose offspring distribution is Poisson with
parameter ¢, and )\, being replaced by c.
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As for Bernoulli bond percolation on G,, (each edge of G,, is deleted with probability
1 — p, independently of the others), the same phase transition holds for the size of the
largest connected component, the critical threshold being p = 1/(d — 1) (Theorem 3.2 of
[7D).

The structure of C\™

It was shown recently in [14] that the distribution of the giant component of ER(n, ¢/n)
is continuous w.r.t. to a random graph which can be explicitly described. Its kernel is
a configuration model whose vertices have i.i.d. degrees with a Poisson distribution
(conditioned on being at least 3). In particular, it is an expander. The lengths of the
simple paths in the 2-core are i.i.d. geometric random variables. See Theorem 1 of [14]
for details. This implies a result analogous to Theorem 1.2 for ER(n, c¢/n).

We conjecture that the kernel K(™) is an expander for every h < h,. The main obstacle
to gathering information on its global structure is that if 1)g, is revealed on a positive
proportion of the vertices of K™ (and hence of G,,), then it could affect substantially
g, on the remaining vertices. In particular, if » > 0 is large enough, we could imagine
that the average of 1)g, on the discovered vertices is positive. But by (2.9), the aver-
age of the GFF on the remaining vertices would be negative, hence below the threshold h.

Deterministic regular graphs

The results of [4] and [7] hold in fact for any deterministic sequence of large-girth
expanders (conditions (I) and (II) in Proposition 2.1), which is w.h.p. the case for G,,.
Very recently, éerny [11] gave another proof of (1.2) that holds under these deterministic
conditions. He also showed that |C£")| = o(n) w.h.p. His approach is very different, and
uses notably a decomposition of the GFF as an infinite sum of fields with finite range
interactions, introduced in [17].

In our proofs, averaging on the randomness of G,, is a crucial ingredient to control the
presence of cycles on large subgraphs of G,,, and allows us to extend some arguments
of [4], where 7)g, is locally approximated by ¢, .

We conjecture that those deterministic conditions are not sufficient for (1.3) to
hold. This was shown for the Bernoulli bond percolation in [23] (Theorem 2): for every
a € (0,1), one can build a sequence (G,,),>1 satisfying (I) and (II) such that the second
largest connected component has at least n® vertices (the second largest component first
grows exponentially on a tree-like ball until it has a polynomial size, and then is “trapped”
in zones where the expansion of the graph is close to an arbitrarily small constant).

1.5 Proof outline

Our proofs rely on two main arguments:

1) An annealed exploration of Ei; (Proposition 2.4), where the structure of G, is

progressively revealed. There is'a standard sequential construction of a uniform
d-regular multigraph M,,, which, conditionned to be simple, yields G,, (this condi-
tionning has a non vanishing probability, see Section 2). Each newly discovered
vertex is given an independent standard normal variable. Then g, is built via a
recursive procedure, using these Gaussian variables (Proposition 2.3).

2) A comparison of ¢g, and ¢1, (Proposition 4.1): on a tree-like subgraph T" of G,,,
such that there are no cycles in G,, at distance «loglogn of T for a large enough
constant x, there is a bijective map ® between T and an isomorphic subtree of T,
and a coupling of ¢g, and ¢, so that

sup [vg, (y) — o1, (®(y))| < log™' n.
yeT
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We stress the fact that we reveal v¢g_ only after having explored G, : if we reveal
1g, at a given vertex, it conditions the structure of G, and thus the pairings of the
still unmatched half-edges, so that we cannot use the sequential construction any more
to further explore the graph. Hence, during the exploration, we will need to build an
approximate version of g, depending on the Gaussian variables of 1). This makes some
proofs tedious, in particular that of (1.3).

From Section 2 onwards, we will work exclusively on M,, (and with the GFF on it,
1 m,,), proving that the statements of Theorems 1.1, 1.2 and 1.3 hold w.h.p. on M,,. Since
the law of G,, is that of M,, under a non-vanishing conditioning, these statements hold
w.h.p. on G,,. For convenience, we continue this Section with G,, and ¢, instead of M,,

and Y, -

The base exploration

The exploration that we will perform in all proofs, with some modifications, is as follows:
pick xz € V,,, and reveal its connected component Cfmh in Ei;n in a breadth-first way,
as well as its neighbourhood up to distance a,, = kloglogn. Until we meet a cycle, the
explored zone is a tree T, growing at least like C!* +os™'n and at most like /0% " by
2).

On one hand, C**'°®"" " has a probability ~ n(h + log™" n) = n(h) + o(1) to be infinite,
with a growth rate A\, > 1 (Section 3.2). On the other hand, the probability to create
a cycle is o(1) as long as we reveal o(y/n) vertices (since we perform o(y/n) pairings of
half-edges having each a probability o(1/n)/n to involve two already discovered vertices).
Thus, with P,,,,-probability at least n(h)+o(1), T, and 9T, will reach a size ©(/n log ™" n)
for some constant x’ > 0 (Proposition 5.1).

Conversely, C/ ' "™ has a probability 1 — n(h—log~'n) =1—mn(h)+o(1) to be finite,
and with P,,,,-probability 1 — n(h) + o(1), |C9""| = o(,/n) (Proposition 5.4).

1

Proof of (1.2).
First, we show that for any two vertices z,y € V,,, there is a P,,,,,-probability n(h)? + o(1)
that they are connected in Edz): . To do so, we explore C9"" and Cgmh, that we couple

with independent copies of chtloe™ n oo that with probability n(h)? + o(1), 9T, and 9T},
have O(y/n log_“/ n) vertices. The explorations from z and y are disjoint with probability
1—o0(1), since o(y/n) vertices have been explored. Then, we draw multiple paths between
T, and T, (with an “envelope” of radius ©(loglogn) around each of them to allow the
use of the approximation 2)), the joining balls (Section 6.1). The probability that Eighn
percolates through at least one of these paths is 1 — o(1).

Second, we prove by a second moment argument that P,,,,,-w.h.p., the number of
couples (z,y) € V,2 such that y € CI9" is (n(h)? + o(1))n? (Lemma 6.5).

Third, knowing that |CI"""| = o(y/n) with P,,,,,-probability 1 — n(h) + o(1), we deduce
in the same way that at least (1 — n(h) + o(1))n vertices are in connected components of
size o(y/n) (Lemma 6.4).

Those two facts together force the existence of a connected component of size

(n(h) + o(1))n.

Proof of (1.3).
The most difficult part is the upper bound. We show that for K, large enough, for z € V,,,
P (Kologn < |C9»"| < K;'n) = o(1/n), and conclude by a union bound on z and a

corollary of the proof of (1.2), namely that |C§") |/n Pang
The greater precision o(1/n) requires three additional ingredients:

¢ the size of CQ conditioned on being finite has exponential moments (Proposition 3.4),

EJP 28 (2023), paper 35. https://www.imstat.org/ejp
Page 6/60


https://doi.org/10.1214/23-EJP920
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Anatomy of a Gaussian giant

in particular, PT¢(|C%| > clogn, |C"| < +o0) = o(1/n) for a large enough constant
c

» when exploring k vertices around z, there is a probability ©(k?/n) that a cycle
arises, so that we will need to handle at least one cycle to fully explore C9"-";

* we need a better approximation of ¢g_ than log~! n in 2): with probability at least
©(1/n), we will meet too many vertices with an approximate value of ¢g, that are
in [h —log™ ' n, h +log™~' n], so that we can not tell whether they are in CI»"" or not
before the end of the exploration. To remedy this, we replace the “security radius”

ap in 2) by some r, = O(logn), so that we approximate g up to a difference
-6(1)
n .

Other proofs.
The proofs of Theorems 1.2 and 1.3 are based on slightly modified explorations, and are
much simpler.

1.6 Plan of the rest of the paper

In Section 2, we review some basic properties of G,,. In Section 3, we study the GFF
on T,;. In Section 4, we establish a coupling between recursive constructions of the
GFF on T, and on a tree-like neighbourhood of G,,. As these three sections consist of
preparatory work, most of their proofs are deferred to the Appendix. The core ideas of
the paper are in Sections 5 and 6. In Section 5, we explore the connected component of
a vertex in Eighn In Section 6, we prove (1.2). The most technical part of this article is
Section 7, in which we prove (1.3). In Section 8, we prove Theorems 1.2 and 1.3.

1.7 Further definitions

In this paper, graphs are undirected. For a graph G, denote dg the usual graph
distance on its vertex set V, and for every vertex z and every integer R > 0, let
Bg(z,R) :={y, dg(z,y) < R} and 0B¢(z, R+1) = Bg(xz, R+1)\Bg(z,R). Forany S C V,
let similarly B¢ (S, R) := UzesBg(x, R) and 0Bg(S,R+1) = Bg(S,R+1)\ Bg(S,R). If A
is a subgraph of G with vertex set S, let Bg(A4, R) := Bg(S, R). If z and y are neighbours,
we denote Bg(x,y, R) the subgraph of G obtained by taking all paths of length R starting
at z and not going through y.

The tree excess of a finite graph G is tx(G) = e — v + 1, where v := |V| and e is the
number of edges in G, see Section A.3 for elementary facts on the tree excess that will
be useful throughout the paper.

A rooted tree is a tree T with a distinguished vertex o, the root. The height h(z)
of a vertex z in T is dr(o,x). If T is finite, its boundary 0T is the set of vertices of
maximal height. The subtree from =z is the subtree made of the vertices y such that =
is on any path from o to y. The offspring of z is the set of vertices of its subtree. For
r > 0, the r-offspring of z is its offspring at distance r of x, and its offspring up to
generation r is its offspring at distance at most r. If y is in the 1-offspring of z, then y
is a child of z, and z is its parent. In this case, write z = 7.

If x, y are neighbours in 7, the cone from x out of y is the rooted subtree of T' with
root z and vertex set {z € T'| y is not on the shortest path from z to z}.

Unless mention of the contrary, all random walks are in discrete time. We will write
T, (resp. H 4) for the first exit (resp. hitting) time of a set A by a SRW.

For two probability distributions p, 4’ on R, we write i St w (or p Zt w) if 4’ dominates

stochastically p, i.e. there exist two random variables X ~ y and X’ ~ y’ on the same
probability space such that X < X’ a.s.
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2 Basic properties

2.1 From G, to the multigraph M,,

The graph G, can be generated sequentially as follows: attach d half-edges to each
vertex of V,,. Pick an arbitrary half-edge, and match it to another half-edge chosen
uniformly at random. Then, choose a remaining half-edge and match it to another
unpaired half-edge chosen uniformly at random among the remaining half-edges, and so
on until all half-edges have been paired. The resulting multi-graph M,, is not necessary
simple, i.e. it might have loops and multiple edges. The probability that M, is simple
has a positive limit as n — 400, and conditionally on {M,, is simple}, M,, is distributed
as G, (see for instance Section 7 of [33], in particular Proposition 7.13 for a reference).

In particular, an event true w.h.p. on M, is also true w.h.p. on G,,, so that it is enough
to prove all our results on M,,. In the rest of the paper, we will exclusively work on M,,.

Note that M,, is not necessarily connected, but that it is d-regular. The SRW on M,,
is as follows: if a vertex x has a loop, then a SRW starting at « goes through the loop
with probability 2/d, and if there is an edge with multiplicity £ > 1 between z and an
other vertex y, the SRW moves to y with probability ¢/d. The uniform measure ,, on its
vertices is still invariant for the SRW, and is the unique such probability measure if M,,
is connected. Also, the SRW is still reversible. These observations allow to transpose
readily the definitions in Section 1.2 from G,, to M,,. When M,, is connected, denote
G am,, the Green function (which is still symmetric, finite and positive semidefinite), and
¥ m, the GFF. When M,, is not connected, we also impose 1, () = 0 for all x € V,.

The following proposition is the main result of this Section (recall that the constants
K;’s implicitely depend on d and h). We postpone its proof to the Appendix.

Proposition 2.1. There exists K3 > 0 such that w.h.p. as n — +o00, M,, satisfies:

(I) M,, is a K3-expander, i.e. the spectral gap A, of M,, is at least K3 (the spectral
gap is 1 — \o/d, where ), is the second largest eigenvalue of the adjacency matrix
of M),

(1) for all x € M,,, Bum,, (z, | K3logn|) contains at most one cycle.

Moreover, there exists K, > 0 such that w.h.p. on M,,, the following holds: for all
x € V,, such that tx(Bu,, (z, | K4loglogn])) =0,

d—1

———| <log %n. 2.1
G, (2,0) = ——5 | <log™n (2.1)
If moreover y is a neighbour of x,
1 —6
GMn(x,y) — ﬁ < log n. (22)

Say that a given realization of M,, is a good graph when (I), (II), (2.1) and (2.2)
hold. Remark that a good graph is necessarily connected, as the spectral gap of a
non-connected graph is 0 (see Section 2.3 of [22]). In particular, M,, (and thus G,,) is
connected w.h.p. The equations (2.1) and (2.2) illustrate the fact that G 4, is close to
G, on a tree-like neighbourhood: it is well-known that for all z,y € Ty,

(d — 1)t dra(@y)

GTd($7y): d—29

(2.3)

A quick computation can be found in [34], Lemma 1.24.
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By Proposition 1.1 of [4] (whose proof also works with loops and multiple edges) (I)
and (II) imply that for some K35, K¢ > 0 and for n large enough, for all z,y € V,,,

Ks ks

(ENECR (2.4)

|G, (z,y)] <

Throughout this paper, we will often make binomial estimates, because the number

of edges between two sets of vertices in M,, is close to a binomial random variable,

as highlighted in the Lemma below. We will use repeatedly the following classical
inequalities: for n > m > 0 and p € (0, 1), if Z ~ Bin(n,p), one has

m m!

P(Z >m) < (::L)pm, P(Z <m) < (;;)(1 —p)™, (") <™ @25

The following Lemma is an important consequence of the sequential construction of
M,,.

Lemma 2.2 (Binomial number of connections). Let m € N, let W, W, be disjoint
subsets of V,,. Write mg := |Wy| and m, := |W1|. Suppose the only information we have
on M,, is a set E of its edges that has been revealed. Let mp := |E| and denote P¥ the
law of M,, conditionally on this information. Repeat the following operation m times:
pick an arbitrary vertex v € Wy, having at least one unmatched half-edge, and pair it with
an other half-edge. Add its other endpoint v’ in Wy, if it was not already in it. Let s be
the number of times that v’ € W;. Suppose that mg + m + my < n. Then

s < Bin|m, — " ). (2.6)
st. n— (mg+m)

In particular,
a) for any fixed k € N, there exists C'(k) > 0 so that for n large enough, if mg +m < n/2,

(2.7)

PE(s > k) < C(k) (mlm)k.

n
b) for k = k(n) — +oo and n large enough, if we have mg + m < n/2 and kn >

6(m1 + mg + mE)m, then
PE(s > k) < 0.99%. (2.8)

Proof. Pick v € Wy, such that v has an unmatched half-edge e. There are at most m;
vertices in Wy, so that there are at most dm; unmatched half-edges that belong to its
vertices. And the total number of unmatched half-edges is at least dn — 2(|E| +m) >
d(n — mg —m). Thus, the probability that e is matched with a half-edge belonging to
a vertex of W; is not greater than d(n_‘fZ’;_m) = n_(ggm), and this bound does not

depend on the outcome of the previous matchings. (2.6) follows.
Let Z ~ Bin (m . By (2.5), for £ € IN, we have

miy
' n—(mg+m)

E m k m k ok mkmk
PE(Z 2 k) < () (o) < (D) (25) < 3o
This yields (2.7). Moreover, if k — +o00 as n — +oo and kn > 6(m1 + mg + mg)m, by

k
Stirling’s formula, we have P¥(Z > k) < (W) < 0.99* for n large enough, and
(2.8) follows. O

It is straightforward to adapt this when s counts the number of times that v' was in
Wy (and there is no set W;). m; is replaced by mg + m in (2.6) and (2.7), and (2.8) does
not change. Throughout this paper, we will refer to these equations without mentioning
explicitly if we count the connections from Wy to W; or from W) to itself.
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2.2 GFF on M,

The name “zero-average” for the GFF on M,, (or G,,) comes from the fact that a.s.,

> () =0 (2.9)

eV,

since Var (3 ,cy. Y, (2)) = X2, ev, Gm, (2,y) = 0.
Hence, there is no domain Markov property. However, there is a recursive construc-

tion of Yuq,,:

Proposition 2.3 (Lemma 2.6 in [4]). Let A C V,, and z € V, \ A. Define o(A) =
o({Ym, (y), y € A}). Let (Xi)r>0 be a SRW on M,, and let H, be the hitting time of A.
Conditionally on o(A), Y am,, (z) is a Gaussian variable, such that

EMn [HA]

EM [, (2)]0(A)] = BN (b, (X)) — mEﬁf"[iﬁMn (Xm,)] (2.10)
and
E}'" [H 4]

Var' (Y, (2)|0 (AR G, (2, 2) — By (G, (2, Xz, )] + E; G, (0, Xpr,))-

(2.11)

Combining this Lemma and the sequential construction M,,, we obtain the following.

Ex'"[Ha]

Proposition 2.4 (Joint realization of M,, and ., ). A realization of (M,,¥,,) is
given by the following process. Let (§;);>1 be a sequence of i.i.d. N'(0,1) variables. A
move consists in:

e choosing an unpaired half-edge e and matching it to another unpaired half-edge
chosen uniformly at random (independently of (&;);>1), or

e choosing z € V,, and k € IN so that & has not yet been attributed, and attributing
&, to x.

At each move, the choice of e, x or k might depend in an arbitrary way on the previous
moves, i.e. on the matchings and on the value of the normal variables attributed before,
but not on the value of the remaining normal variables. Perform moves until all half-
edges are paired, and every vertex x € V,, has received a normal variable, that we denote

&

To generate a4, let z1,...,x, be the vertices of V,,, listed in the order in which
they received their normal variable. Let Yp, (21) := \/Gm,, (21,21)€s,. Fori=2,...,n
successively, define A; := {x1,...,2;_1}. Recall that we write o(A;) for o({¥)m, (y),y €

Y, (i) = B g, (20)|0(Ai)] + &a, v/ Var(va, () o (A7)

It might be confusing that ¢x¢, (x;) appears on both sides of the equation. Note
that the conditional expectation and variance on the RHS are ¢(A4;)-measurable random
variables.

Proof. Clearly, the graph obtained after pairing all the half-edges is distributed as M,,.
For every i > 1, {,, is a standard normal variable independent of the realization of M,,,
and of o(A;) for i > 1, so that we can conclude by Proposition 2.3. O

Last, we prove that the maximum of |¢)o, | on M, has a subexponential tail.
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Lemma 2.5 (Tail for the maximum of |4, |). Suppose that max,cy, Gu, (x,2) < Ks.
Then for all A > 0, if n is large enough,

PMn <mavx¢Mn(x)| > log?/? n> <n A (2.12)
xeVy

In particular, by Proposition 2.1 and (2.4), w.h.p. M,, satisfies (2.12).

Proof. Let N ~ N (0, K35). If n is large enough, then for all z € V,,,

log/3
P ([, (2)] = log?¥n) < PM (IN] = log?/*n) < 2exp (— OjKS” <n A

10g2/3 n

by Markov’s inequality applied to the function u — exp ( oy

u) By a union bound on

all z € V,,, we get PMn» (maxzeMn Y, ()] > log®/? n) <n7A. O

3 The Gaussian Free Field on T

In Section 3.1, we characterize C" as a branching process, with a recursive con-
struction (Proposition 3.1). Then, in Section 3.2, we establish its exponential growth,
conditionally on the event {|C| = +oc}. The main results are Propositions 3.3, 3.4
and 3.6.

3.1 C" as a branching process

There is an alternate definition of ¢r,, starting from its value at o and expanding
recursively to its neighbours. It shows that C” is an infinite-type branching process, the
type of a vertex x being ¢, (z).

Proposition 3.1 (Recursive construction of the GFF,(1.4)-(1.9) in [3]). Define a Gaus-
sian field ¢ on T, as follows: let (§,)yer, be a family of i.i.d. N'(0,1) random variables.

Let (o) := /9=2&,. Foreveryy € Ty \{o}, define recursively o(y) == \/ 755&, + 750 (7),
where 7 is the parent of y. Then

d.
Y =PTy-

Proposition 3.1 is the corollary of a more general domain Markov property (see
for instance Lemma 1.2 of [27] where it is stated for Z¢, but the proof works for any
transient graph).

Write PT¢ for the law of pr,, and PT¢ for PTe(- o1, (o) = a), a € R (such conditioning
is well-defined, (p1,(z))sct, being a Gaussian process). This construction gives a
monotonicity property for ¢r,. A set S C RT« is said to be increasing if for any
@WM).er,, (@) .er, € RT such that @) < &P for all z € Ty, (®M).cr, € S only if
(®)).er, € S. Say that the event {py, € S} is increasing if S is increasing.

Lemma 3.2 (Conditional monotonicity). If F is an increasing event, then the map
a — PTe(E) is non-decreasing on R.

Proof. Let a;,a2 € R such that a; > as. It suffices to give a coupling between a GFF
@%rlj conditioned on gpgrld)(o) = a; and a GFF @%rzd) conditioned on @%1?3(0) = ay such that

a.s., for every z € T, w%j(z) > cpgrzd)(z). To do this, let (§,)yer, be i.i.d. standard normal

variables, and define recursively apgrlj and 5"%?23 as in Proposition 3.1. Then for every

z € T4 of height & > 0, gpgrld)(z) = w%j(z) + (a1 — az)(d —1)7*. O
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3.2 Exponential growth

All proofs of this section are postponed to the Appendix, Section A.2.

Let Z}! := C" N 0By, (o, k) be the k-th generation of C". We first characterize the
growth rate of Z,’:. The first statement of the proposition below is a variant of Theorem 4.3
in [3].

Proposition 3.3. There exists \;, > 1 such that

lim PT4(|Z}| > Ak /k?) = n(h)

k——+oo

and
lim PT4(|Z] < kA}) = 1.
k—+oco

Moreover, h — A, is a decreasing homeomorphism from (—oo, hy) to (1,d — 1).

We now give finer results on the growth rate of |C|. It turns out that |C”| conditioned
to be finite has exponential moments:

Proposition 3.4. There exists a constant K; > 0 such that as k — +o0,

m%]Pfd(k <€l < 400) = o(exp(—K7k)). (3.1)

Since {Z}' # 0} C {|C"| > k}, we have the following straightforward consequence:
Corollary 3.5. For k large enough, for every a > h,
Pat(ICs] = +o0) < Py (2 # 0) < Pye(IC| = +o0) + e7F7.

In addition, there are large deviation bounds for the growth rate of Z}:

Proposition 3.6. For every € > 0, there exists C > 0 such that for every k € N large
enough,

max P (k" log | 2] & [log(\s — ). log(As + ) + k" log xa(a)]| 2} # 0) < exp(~Ch).
(3.2)
Let © be an arbitrary neighbour of o. Let "Jl“d+ be the cone from o out of 5. Write
chti=chnTS. Fork >1,1et 2" :=cl' n OBy (o, k). The last proposition also holds
when replacing C" by CJ'", and 2} by Z]"*.

4 Approximate recursive construction of 1,

Let x > 0 be a constant, and let
an = |Kklog,_,logn]. (4.1)

The following statement is the main result of this section. It shows that a recursive
construction of ¥ 54, , under some assumptions on the subset A C V,, of vertices where
Y m,, 1s already known, is very close to the construction of ¢, in Proposition 3.1. It is
a crucial tool for comparing ¥,4, and ¢r, in the exploration in the next section. It is
analogous to Proposition 2.7 of [4], where the assumptions on A are slightly different:
they are suited to a deterministic d-regular graph satisfying (I) and (II), while ours will
be adapted to an annealed exploration, where the randomness of M,, plays a role. The
proof is postponed to the Appendix, Section A.3.

Proposition 4.1. If the constant x from (4.1) is large enough, then the following holds
for n large enough. Assume that M,, is a good graph as defined in Proposition 2.1, and
that A C V,, satisfies

+ |A] < nlog ®n,
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e tx(Bum, (4, a,)) =tx(A), and
» max.ea [P, (2)] < log®*n.
For everyy € 0B, (A, 1), writing y for the unique neighbour of y in A, we have:

1

B[ ()l (4)] — 2, ()] < log P @2

and

d
Vart (v, o) - 0 | <Tow @.3)

We stress that the result holds for a fixed realization of M,,.

Figure 1: The unicity of § comes from the fact that when building B, (4, ay,) from A,
no cycle appears and no connected components of A join, since tx(B,, (4, a,)) = tx(A).

5 Exploration of ¢),,, around a vertex

5.1 Successful exploration

In this section, we prove that with P, -probability arbitrarily close to n(h) as n —
400, |CMnI| > nl/2log™" 0 pn, CMnh being the connected component of a given vertex
in Eigh (Proposition 5.1), and ~ the constant defined in (4.1).

To do so, we explore a tree-like neighborhood 7}, of z in th . We reveal T}, generation

n

by generation, and couple it with a realization of C!f“ogfl " C Ty4 that is independent of
the pairing of the half-edges of M,,. By Proposition 2.4, a realization of ¥ 54, is given by
a recursive construction with the same normal variables as those of the realization of
¢T,. When:

« that realization of C"'°8 " is infinite (which happens with probability n(h +
log~' n) ~n(h)), and
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* the conditions of Proposition 4.1 hold for each vertex of T,, until a generation
at which |0T,| > n'/?log™" % n (which happens with probability 1 — o(1), mainly
because we have a probability o(1) to create a cycle when pairing o(y/n) half-edges),

we can apply Proposition 4.1 to bound the difference between oy, and ¥\, by log*1 n,

ensuring that 7, C CM»"", the connected component of = in Ei; .

The exploration. Fix x € V,,. Let
by == (d—1)"% log % n, (5.1)

where we recall the definition of a,, from (4.1). Let (§,)yer, be a family of independent
variables, each of law A/ (0, 1), independent of the pairing of the half-edges in M,,. Define
the GFF o1, as in Proposition 3.1.

At every step of the exploration, 7, will be a tree rooted at x, ¥, its respective
counterpart in T4, rooted at o, and ® an isomorphism from 7, to ¥,. At step k, we will
reveal the k-th generation of 7). and ¥,.

Precisely, the exploration from x consists of the following steps:

* at step 0, T, = {z} and T, = {o}. Reveal the pairings of the half-edges of

B, (,a,). Stop the exploration if tx(Bag, (,a,)) > 0 or if or,(0) < h +log™ ' n.

* at step k > 1, reveal the edges of By, (Ty,a, + 1) that were not known at step
k — 1. Let Ox_1 be the set of the vertices of T, of height £ — 1. Stop the exploration
if at least one of the following conditions holds:

C1 acycle appears in By, (T, an, + 1),

C2 |O—1| > n*/?b,,

C3 Op_1 =0 (i.e. no vertex was added to 7, during the (k — 1)-th step),

C4 k> log,, n.
Else, denote xj 1,2, .. ., Zk,m the neighbours (in M,,) of vertices of O;_; that are
not in Oy_o, for some m € IN (note that m = (d — 1)|Ok—_1]|, each vertex of Ox_;
having one neighbour in Oy_, its parent, and d — 1 other neighbours at distance &

of o). Add to T} the vertices zj; of Ox_; such that o, (®(zk:)) > h + log™ ' n. Add
to ¥, the corresponding vertices ®(zy ;).

If the exploration is stopped at some step k, at which only C2 is met, say that it is
successful. In this case, by Proposition 2.4, we can sample 1,4, as follows: we reveal
the remaining pairings of half-edges in M,,. We set ¢¥pq, (z) = £&.Gum, (x,2). For all
kyi>1,if Ay, = {z} U {ze;|(¢,j) < (k,i)} where < is the lexicographical order on IN?,
let

Y, (Tn,i) = EM [, (w5,0) |0 (Ari)] + §k,z‘\/Var(1/)/\/tn($k,i)|0(z4k,i))~ (5.2)

Note that the conditional expectation and variance of the RHS are o (A ;)-measurable
random variables, so that (5.2) makes sense, even if ¢¥r, (xx,;) appears on both sides of
the equation.

Let S(x) := {the exploration from z is successful}. We prove the following:

Proposition 5.1.
Ponn(S(z) N {T, CCMmY)y — (). (5.3)

n—-+oo
Remark 5.2 (Exploration size). Denote R, the set of vertices seen during the explo-
ration (i.e. such at least one of their half-edges has been paired). Note that for n large
enough, for every z € V,,, by C2, C4 and (5.1), T, contains less than
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xX: X34
a x x >3 13,5
n 3,1 1232 o6

0.53
1.8 1.7

QAn

2.4
0.1 0.6 0.2

PTy (o) =0.7

Figure 2: Illustration of the exploration with £ = 3, a,, = 2, h = 0.3 and n = 148 (so that
log ™! n ~ 0.2). Thick vertices and edges represent 7}, after two steps. Red vertices have
not been included in 7, because @1, at their counterparts in T is below h + log_1 n. Any
number near a vertex v is o1, (®(v)).

n'/2(d — 1)~ log™® nlogy, n < n'/2(d—1)= log™*n
vertices, so that
|R.| < n'/2(d—1)""log *nx (1+(d—-1)4...+ (d—1)**") <n'/2log ®n.

In order to prove Proposition 5.1, we first show that C! Hog™' " oither has an expo-
nential growth at rate > /), with probability close to 7(h), or dies out before reaching
height log,, n with probability close to 1 —n(h). Although the proof is slightly technical,
it relies merely on Proposition 3.3 and on the continuity of the maps A’ — )\, and
'+ n(h'). It can be skipped at first reading. Recall the definition of Z}' at the beginning
of Section 3.2.

Lemma 5.3. Let 7. := {n!/2b,, < \Z£+log71n| < dn'/?b,} and F'{" = {leclﬂogiln =0}
fork > 1. Let ko := inf{k > 1, 7{" or F'{"") happens}, F*(") := {ky < logy, n}ﬂfég) and
Fren) {ko < log,, n}N }"é’g). Then, as n — +o00:

Porn(F*™) = () and Py (F*™) = 1 - 5(h). (5.4)
Proof. Remark first that by construction, P,,, acts like Py, on events that only de-

pend on ¢r,. Note that for every n > 1, 7*™) 1 F*(® = ¢, implying Pynn(F*™) +
P (F*(™) < 1. Hence it is enough to prove that

m “(n)
lnlgilgf:[l?ann(f ) >n(h) (5.5)
and
.. y%(n) .
ngir;(f; Pon(F7) > 1—n(h) (5.6)

Lete € (0,n(h)). Let & > 0be such that |n(h+9)—n(h)| < e and log Ap4+s5 > (9log Ax)/10.
The map ' — n(h’) is continuous on R\ {h,} by Theorem 3.1 of [3] and the map h’' — Ap/
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is an homeomorphism from (—oc, k) to (1,d — 1) by Proposition 3.3, hence such ¢ exists.
It is clear that

lim inf Pynn (ak < logy n,| s | 5 gt /an)

n—-+oo

> liminf Py, (ak < logy, n, |2/0| > nl/%n)

n——+oo

> liminf P,,,,, (\zh” ul> nl/an)

n—-+4o0o Llog/\h

> liminf Ponn (1255015 0%/ logk, n),

n—-+oo [log)\h n

hence by the first equation of Proposition 3.3 applied to i + 9,

lim inf P, (ak <logy, m,| 2018 " > n1/2bn) > n(h +8) > n(h) —e. (5.7)
n—-+0oo

Since each vertex of T, has at most d children, we have |Z,?H°g71 " gd\Z,?ﬂO{l "
deterministically for all k¥ > 1. Hence, letting &’ := inf{k > 0, |Z,£‘+1°g71”| > n'/2b,}
when this set is non-empty, 7./ holds, so that {3k < log,, n, |Z,}€L+1°g71 " > n'/?p,} C
UkSlOgAhn fén). Thus

lim inf Py (F*V) > liminf Py, (ukglogkin ]-',5")) > n(h) — ¢

n——+oo n——+o0o
by (5.7), and this shows (5.5).
—1
For n > e!/9, ¢h+d C ¢htl°e” ™ C ¢ch. Note that for n > 1,

P (F*)
> Pann( Z{ita o1 = 0)~Pann({Z[00 "0 =00 0 {3k > 1, 127577 2 01/2,))

=0
> Pann( Zlog, njo1 = 0)= Pann ({14777 < 400} 01 {3k 2 1, 2075 7|2 n2/20,})
=0

> IP"’""(Z(LIOgAh n)—1 ) — IPmm (|C§+log—1 n‘ < 400 | Jk > 1’ |Z]I€1+log7 n‘ > n1/2bn> )

The first term of the RHS converges to 1 — n(h) as n — +oco. For any k£ > 1 and for
-1 —1
any v € By, (o, k), denoting T, the possible subtree from v in C2™°8" ™ (if v € Z,?“Og ™)
and C,(h, d) the connected component of o in ({o} U Eﬂj‘s) NnT;,

P o (|T0] < 400 v € 217957y < PTa(|C, (h, 8)| < +00)

by Lemma 3.2, independently of the other vertices of Z,?Hogﬂ ", Thus,
Ponn(|C2] < 400 | Tk > 1, |2]| > n'/?b,) < PT4(ICo(h, )| < +o00)™ " bn.

By a straightforward adaptation of Remark A.3, we have P} *(|C,(h,d)| < 4+o00) < 1,
and (5.6) follows. O

Proof of Proposition 5.1. We first establish that C1 happens with P,,,,-probability o(1).
Then, if there is no cycle in Buy, (7%, a,), we can apply Proposition 4.1, to bound the
difference between ¢, and Y4, .

By Remark 5.2, at most dn'/? logf3 n matchings of half-edges are performed during
the exploration. By (2.7) with k = mg = 1, mg = 0 and m < dn'/2log™> n, the probability
to create at least one cycle during these matchings is less than log~* n for large enough
n. Therefore,

P.nn(C1 happens) — 0. (5.8)
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Note that if C1 does not happen, then on Frn), (resp. ]-"’*(”)), C3 (resp. C2)is
satisfied, but not C4. Moreover, on F*("), (resp. ]-"*(")), C2 (resp. C3) does not hold, so
that we have P, (S()) > Papn(F*™) — Py, (C1 happens). Since F*™) N Frm =,
we get that

Pann(S(2)) € Papn(F*™)°)+Pypnn(C1 happens) < 1—P 4 (F ™)+ Pypnn(C1 happens).
Thus, by (5.4) and (5.8),
Ponn(S(x)) = n(h). (5.9)

Suppose now that the exploration is over and that S(x) holds. We compare 1, with
¢r,- Note that by C4, T); has a maximal height log,, n so that by the triangle inequality,

{To Z CMm"} € Ty € T,y [, (4) — ¢1,(®(y))] > log™' n} C Uyer, E(y),
where &(z) := {|vm, (2) — o1, (®(x))| > log™* n} and

E() = {ltm, () — o1, (@) > [¥ar, (§) — 1, (P(y))| + 2log ™ n} for y # .
Suppose that M,, is a good graph. For = ; € T, \ {z}, we can apply Proposition 4.1
Y, ()| <log??n }, (since tx(Bu, (Ak.i, an)) = tx(Ag.)
by C1 and since |A ;| < n'/? by Remark 5.2). Writing y = ;; and § = g, ), We get
for n large enough:

on the event 5,&"1-) = {maxyca,,

Y, () — o1, (2(y))
d—1

W, () — o1, (2(y))] < ‘ +log™3n

d—1
+ (\/VarM”(lﬂMn (Y)lo(Ak,i)) — d) f‘
and
d—1 d—1 _ d—1
’WarMn(an(y)w(Ak,i)) R iralE ’ Tl gty d|
11 [d—1 d .
< )7
StV d 2a-poe "
<log™*n.
Let &'(y) :=E(y) N 5,&?. We have
PMn(E'(y)) < P(|€]log™*n > log 3 n) <n~° (5.10)

by the exponential Markov inequality used as in the proof of Lemma 2.5. Moreover, by
(2.1), if k is large enough, we obtain in the same manner:

PMn(E(x)) < PMr(|&o]log ™ n > log ™2 n) < n~2. (5.11)

By Remark 5.2, we have |T,| < n'/2. By (5.10), (5.11) and a union bound on y € T,
we have that PM" (Uyer, £ (y)) < n=%/? with €'(z) := E(z). And PM" (Ugy i), sem, E47)) <
n~2 for large enough n, by Lemma 2.5.

Thus for n large enough, if M,, is a good graph,

PM(T, g €M) < P (Uyer, E(y)) <n 2 4 n7? <7,
so that by Proposition 2.1 and (5.9):
Ponn(S(x) N {T, C C2Mm"Y) = n(h). =
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5.2 Aborted exploration

For x € V,,, the lower exploration is the exploration of Section 5.1, modified by

replacing h +log~' n by h —log ™! n, so that we compare 7}, and Cé’*log_l ", If it is stopped

at some step k£ at which only C3 is met, say that it is aborted. Write
A(z) := {the lower exploration from z is aborted} N {CM=" C T, }.

Proposition 5.4.
Ponn(A(z)) — 1—n(h). (5.12)

n—-+4oo
The proof follows from a direct adaptation of Lemma 5.3 and Proposition 5.1. Note

in particular that IP“"”(CI happens) = 0(1)' and that IPmm (-A('T)) = Pann(ZI}clo_flcl)gil "=
0) +o(1) =1 —n(h) + o(1).

6 Existence of a giant component

In Section 6.1, we prove that two vertices z,y € V,, are in the same connected compo-
nent of Ei; with P, -probability —+> n(h)? (Proposition 6.2). Then in Section 6.2,
n n—-+oo

we use a second moment argument to get concentration and to show (1.2).

6.1 Connecting two successful explorations

Let us describe our strategy to establish Proposition 6.2. We perform explorations
as in Section 5.1 from z and y. If they are both successful and do not meet (which
happens with probability ~ 7(h)?), we develop disjoint balls, denoted “joining balls”,
from OT, to 0T, (Section 6.1.1). Each of them is rooted at a vertex of 07, hits 07, at
exactly one vertex, and has a “security radius” of depth a,, around its path from 97, to
0T, (see Figure 3). The construction of the joining balls only depends on the structure
of M,,, and not on the values of ¥o(,. Then, we realize ¥ o, on 1,7, and those balls
(Section 6.1.2). If they are all disjoint and tree-like, once we have revealed ¢»(, on Ty
and T}, this security radius allows us to apply Proposition 4.1 to approximate 154, on
the paths from 97, to 9T} by ¢r,.

Let us explain with a back-of-the-envelope computation how the joining balls allow to
connect 7, and 7, in Eighﬂ Since |T,| ~ n'/?b,, by C2, the probability that for a given
z € 0T,, exactly one of the vertices at distance |ylog,_; logn| (and no vertex at distance
< |vlogy_q logn]) from z is in 0T, is

~ IP(Bin((d _ 1)fylogd,1logn7 %) _ 1) ~ log’yn % n—l/zbn'

And there are ~ n'/2b, vertices in 97}, hence we can expect that that the number
of joining balls is at least ~ n'/2b,, x log” n x n=/2b,, = b2 log” n, provided that we can
control some undesirable events (such as an intersection between balls, or a cycle in a
ball). This is the purpose of Lemma 6.1.

Moreover, we know that for large » € N and v € dBr,(o,7), PT¢(v € C?) is of order
(An/(d —1))", by Proposition 3.6. Taking r = vlog,_; logn, the probability that Eighﬂ
percolates from 0T, to 9T, through a given joining ball is ~ log7108a-12n =1) 1 "if we can
approximate ¢, by ¢r,. For v large enough w.r.t s (recall (5.1) and (4.1), and recall
that A\, > 1),

(logg_q1 An —1) —2k—13 n x log'y logg_1 An n>>1,

b2 log” n x log” n > log
so that with high probability, Ef; percolates through at least one joining ball from 07T,

to 9Ty
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6.1.1 The joint exploration

For z,y € V,, write z & y if y € CMnoh. Let (&:,0)2e{z,y}ver, be an array of i.i.d. standard
normal variables independent from everything else. Define the joint exploration from
z and y as the exploration from z (with the (¢, ,)’s), then the exploration from y (with
the (§,,0)’s), as in Section 5.1, with the additional condition

C5 the exploration is stopped as soon as R, N R, # 0,

where R, (resp. RR,) is the set of vertices seen during the exploration from z (resp. from
y), as defined in Remark 5.2. Note that the families (¢, ,)ver, and (&, v)ver, generate
two independent copies of ¢, .

If both explorations are successful and C5 does not happen (denote S(z, y) this event),
we add the following steps to the joint exploration. Let v > 0 and

al = |ylog,_,logn]. (6.1)

Denote 21, ...,2s7,| the vertices of 9T,. For j = 1,2,...,|0T;| successively, build
B*(z;,al,) the subgraph of M,, obtained as follows (see Figure 3 for an illustration).
Write

BJ* = Uj/<jB*(Zj/, Cl{u) and Qj =R, UR,U B;, (6.2)

so that @); is the set of vertices seen in the exploration before the construction of
B*(zj,al,).

Let initially B*(z;, a,,) be the subtree from z; of height a,, in the tree By, (1%, a,) (in
blue in Figure 3). For k < a},, write B*(z;, k) := B*(z;,a},) N Bum,, (25, k). If B*(zj,a,) N
By # (0, say that j is spoiled, and the construction of B*(z;, al,) stops.

Else, for k = an,an,+1,...,a,, — 2a, — 2 successively, while tx(B*(z;, k) UQ;) = tx(Q;)
(i.e. no cycle has been discovered) and B*(z;, k) N B, (Ty,a,) = 0, add to B*(z;,al,)
the neighbours of B*(z;, k) and the corresponding edges (in red in Figure 3). If for
some k € {an,...,a, — 2a, — 2}, tx(B*(2;,k) U Q;) > tx(Q;) (i.e. at least one cycle is
discovered) or B*(z;, k) N B, (Ty, an) # 0, the construction of B*(z;, al,) stops.

If the construction has not been stopped for some k < a], —2a,, — 1, add the neighbours
of B*(z;,al, — 2a,, — 1) to B*(z;, a},) (also in red in Figure 3). If

|B*(Zj7a/n - Qan) N BMn (Tyv a")‘ 7é 1,

the construction of B*(z;, al,) stops.
Else, let v;(0) be the unique vertex of B*(z;, al, — 2a,) N B, (Ty, an). If

tX((B* (2, a;, — 2an) U Q) \ {v;(0)}) > tx(Q;),

the construction of B*(z;, al,) stops.

Else, for k = al, —2ay, ..., a, — 1 successively, while tx(B*(z;, k)UQ;) = tx(B*(z;, a, —
2a,,) U Q);), add the neighbours of B*(z;, k) to B*(z;,a},) (in green in Figure 3). Then, the
construction of B*(z;,a,,) is completed. In this case only, and if

tx(B*(zj,a,) UQ;) = tx(B*(2;,a;, — 2a,) U Q;),

say that B*(z;,a,,) is a joining ball. In other words, we obtain a joining ball if, revealing
the offspring up to generation a;, of z;, the (a, — 2a,,) offspring of z; intersects 9T, at a
unique vertex v;(0), and no cycle is discovered in the whole construction (except when
B*(z;,al,) reaches 0B, (Ty, an) at v;(0), if T, and T, were already connected in @); by
B*(zjs,al,) for some j' < 7).

Write J := {j < |0T,|, B*(zj,a,,) is a joining ball}. Recall the definition of S(z,y)
above (6.1). Let S'(z,y) := S(z,y) N {|J]| > log? 18 n}.
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Figure 3: Illustration of a joining ball B*(z;,a},). Here a,, = 2 and a], = 9. Dashed lines
represent subtrees that have not been fully pictured. The blue tree has total height a,,,
the red trees a/, — 3a,, and the green trees 2a,,.

Lemma 6.1. Fixy > 3k + 18.

1 2
Pann('s (xvy)) nI)oo ﬂ(h) .
Proof. Denote F*(")(z) (resp. F*(")(y)) the event F*(™ for x (resp. y). Remark that
the realization of F*(")(x) (resp. F*(™(y)) only depends on the version of ¢, defined
by (¢2.0)ver, (Tesp. by (&,.4).ver,) and not on the pairings of M,,. Hence, 7*(") () and
F*(")(y) are independent. As in the proof of Lemma 5.3, we get that

]Pann(]:*(n)(m) n -F*(n)(y)) = Pann(f*(n) (w))]Pann(]:*(n)(y)) - n(h)2

and P, (F7* " (2) U F* ™ () = 1= n(h)2.

Moreover, P,,,(C1l or C5 happens) — 0. Indeed, by Remark 5.2, less than
2dn'/?log™® n half-edges are revealed during the explorations from z and y, which
allows to control C5 as we did for C1 in (5.8). Thus,

lim sup | P onn (S’ (z,y)) — n(h)2| <limsup P, (S(z,y) N {|J]| < log7 3R 18 n})

n—-+oo n—-+oo

and it remains to prove that

lim sup Py (S(z,y) N {]J| < log? ¥ n}) = 0. (6.3)

n—-+oo
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We proceed in two steps: in step 1, we control the number of spoiled vertices, and
the number of vertices of 0B, (T}, a,,) that are hit when building the B*(z;,a),)’s (if a
large proportion of those vertices are in ();, then it significantly affects the probability
that B*(z;,a;,) is a joining ball). In step 2, we estimate the probability that for a given j,
B*(zj,a),) is a joining ball, provided that the bounds of step 1 hold. This gives a binomial
lower bound for | J|.

Step 1. By Remark 5.2 and (4.1), [0Bu, (Tx, an)| + [0Bm,, (Ty, an)| < 2n'/2log™" n. Note
also that for every j < |0T,|, B*(z;,a.,) contains less than (d — 1)%» < log” n half-edges.

Hence:
at every moment of the exploration, less than n'/? log” n half-edges have been seen.
(6.4)
Let
B* = Ujg‘aTﬂB*(Zj,a;l). (6.5)

To reveal the edges of B*, one proceeds to at most n'/2 log” n pairings of half-edges
by (6.4). Any pairing that results in an edge e between some B*(z;, k) and By, (T}, an)
then leads to at most

T4+ (d=1)4... 4 (d—1)% <3(d—1)2* <log*t'n <log” 'n

vertices of B*(z;,a;,) N B, (T, ar), since the construction of B*(z;,a),) stops if such
an edge happens at distance less than a], — 2a,, of z; (and recall that we choose v >
38+ 18 > 2k + 2).

Thus, by (2.8) with k = [log®"™ n|, m < n'/?log” n and m; + mo + mg < n'/?log” n
(due to (6.4)), for n large enough:

P ann (S(2,y) N {| B, (Ty, an) N B*| > log n}) < 0,990 " < n=3, (6.6)
Let N be the total number of spoiled vertices. By (2.8) with the same parameters,
Ponn(S(z,y) N{N >1log®" n}) < n3. (6.7)
Step 2. Recall the definition of B;‘ from (6.2). For j < m, denote
Sj = S(z,y) " {|Bm, (Ty,an) N Bj| < log® n} N {z; is not spoiled}, (6.8)

and let F; be the sigma-algebra of the whole exploration until B;_, has been constructed.
Suppose that for every j > 1 and every F;-measurable event £; C S;,

Ponn(B*(2j,a,) is a joining ball | £;) > n~/21og? 210, (6.9)
On € := {|Bm, (T, a,) N B*| < log®” n} N {N < log® n}, the number of j’s such that
S; holds is at least
|0T,| — log® n > n'/?log " "n
by (C2) and (5.1). Thus, if Z ~ Bin ([n'/2log™ """ n),n"1/21log? > 1% p),
Ponn (S(z,y) N {1J] <log" > n}) <P(Z <log" > n) + Pupn(S(x,y) N E).

For large enough n, P, (S(x,y) NES) = o(n~?) by (6.6) and (6.7). Moreover, one checks
easily (using v > 3« + 18 and (2.5)) that for n large enough, for all k < log? 3"~ p;

nl/2

IP(Z _ k) < (L”1/2 10g71{77 nJ)k(n—l/Q 10g772n710 n)k(l _ n—1/2 log'y72n710 n)m
<exp (k log(log? "1 ) — (log?*"~ 17 n)/2)
<1/n.

This yields (6.3). Hence, it only remains to prove (6.9).
Remark that P, (B*(2;,a,) is a joining ball | £;) > p1paps where:
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= Pann(§1|5j) and &, = &; N {no cycle is created and no connection to Q; is
made when revealing B*(z;,a,, — 2a, — 1)},

n

* pg = ]Pann(52|§1) where 52 = éA'l N {exactly one edge connects B*(z;,a,, — 2a,, — 1)
and D := 0Bm, (Ty,an) \ {Bm, (Bm, (Ty,an) N B}, 2a,)} } N {no cycle is created
and no connection to 9B, (Ty, a,) U B7 is made when revealing the other edges
of B*(z;,al, —2ay)},

* p3 = Pann(§3|§2) where we set 53 = 52 N {no cycle is created and no connection
to B, (T, an) U B} is made when revealing the remaining edges of B*(z;,a;,)}.

This definition of D guarantees that B*(z;, a},) will not intersect a previously realized
joining ball when growing the subtree from v;(0) in Ba,, (Ty, an).

(2.7) with k& = 1, mg,m < log” n and mg,m; < n'/?log” n due to (6.4) yields for n
large enough:

max(n'/?log” n,2log” n)

pi>1—C(1)log"n >1—n"Y/3 (6.10)

n

for i € {1,3}. Therefore, p1p; > 1/2 for n large enough.

On &, reveal the pairings of the half-edges of B*(z;, a,, — 2a,, — 1) one by one. &
holds if:

* a given half-edge is matched to a half-edge of D, which has probability at least ‘dﬂ

o
and

* each other half-edge is matched to a half-edge that had not been seen before (by
1/2 ~
(6.4), for each half-edge this happens with probability at least 1 — —— /*log" n

dn—nl/2log¥ n =
127 v

n log” n

]. - %)-

Since 0B*(z;,al, — 2a,, — 1) has (d — 1)|0B*(z;, a,, — 2a,, — 1)| unpaired half-edges,

p2 > (d—1)|0B* (2, a}, — 2a, — 1)|12] (1 _ n'log'n

)|BB*(zj,a;’—2an—l)\—1
By (4.1) and (6.1), one checks easily that on é'Al,
log? 2" "' n < |9B*(2j,al, — 2a, — 1)| < log” n,
and that on §; (defined in (6.8)),

|D| Z IaBMnéTyﬂln)l 2 n1/2 log_7n

by (5.1) and C2. Hence for n large enough,

1/21 -7 1/21 oY
p2 > (d—1)log? 21 p 8 ”(1—” & 2

log” n 1
> - 71/21 Y—2k—9 ]
dn dn > =3" 8 "

With (6.10), this entails for n large enough (uniformly on j and on &)):

y—2k—10

Puun(B*(2;,a,) is a joining ball | S;) > pipaps > n~1/2log n.
Then (6.9) follows, so that the proof of the Lemma is complete. O
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6.1.2 The field 1)), on the joint exploration

Suppose that we are on S’(z,y). By Proposition 2.4, we can realize ¢», on T, as in
(5.2) with the (&, )vet, (hence we first reveal the remaining edges of M,,). Then we can
realize it in a similar way on T} with the (§, )ver,, letting recursively

U, ki) = EM [han, (ki) 10 (Ak,i)] + €y o) v/ Var(@ad, We.i) o (Ar.i))

where Ay, ; := T, U {ye;|(¢,7) < (k,i)}, < being the lexicographical order on IN?, and & is
the isomorphism between T’, and T,,.

Recall that J = {j > 1, B*(zj,a,,) is a joining ball} and that for j € J, we denote
v;(0) the unique vertex of B*(z;,a;, — 2a,) N B, (T, an). Since no cycle is discovered
when revealing B*(z;,a,) \ B*(zj,a,, — 2a,), the intersection of B*(z;,a,, — a,,) and T}, is
a unique vertex v;(a, ), which is in the a,-offspring of v;(0) in the tree B*(z;, a),) rooted
at z;. Then we realize ¥r(, on B*(z;,a, — 2a,) and on the shortest path P; from v(0) to
v(ay) as in (5.2), via a family of i.i.d. N(0,1) random variables (&, x.;)k:>0. In the tree
T; := B*(zj,a;, — 2a,) U P; with root z;, denoting z; ;. ; the i-th vertex at generation & and

Aj,k,i =1, U Ty U {Uj/<jTJ’-} @] {yj,k’,i/ | (/fl,i/) < (k,l)} (6.11)

the set of vertices where 1), has already been revealed before z; ;. ;, we let

bty (501) = BV [, (2,0 0 (Ag )]+ & Var (e, (. 0) o (Aji). (6.12)

Write $*(z,y) C S’(x,y) the event that there exists j, > 1 and a path from z;, to
vj,(an) such that ¥y, (v) > h for every vertex v of that path. In particular, on $*(z,y),
x and y are in the same connected component of E%gh Recall the definitions of x (4.1)
and v (Lemma 6.1).

Proposition 6.2. If x and v/« are large enough, then

Ponn(S*(2,y)) — n(h)%

n—-+oo

Proof of Proposition 6.2. Let v > 3x + 18. By Lemma 6.1,
limsup,,_, 4 oo Pann(S*(7,9)) <limy— 400 Pann (S (7,9)) = n(h)?.

Let &, := {M,, is not a good graph} U {max.cv, |¥rm, (2)| > 1og2/3 n}. By Proposi-
tion 2.1 and Lemma 2.5, Py, (€,) — 0. Therefore, it is enough to show that

hm Supn~>+oo Panﬂ(gz n (S/(xa y) \ S* (LC, y)) ) = 0
By a straightforward adaptation of the reasoning below (5.9),
limn—>+oo IPann(gyCL N (Sl(xa y) \S”([E, y)) ) =0,

where S”(z,y) := 8'(x,y) N {Vz € T, UT,, ¥, (2) > h+ (log~' n)/2}. Hence, we are left
with proving that
limsup Popn (ES N (S (x,9) \ S*(z,y))) = 0. (6.13)

n—-+o0o

We use again a binomial argument. Fix a realization of M, which is a good graph
(recall that « and y have already been fixed at the beginning of Section 6.1.1). For j € J
in increasing order, generate the GFF on T} as in (6.12). Denote E; the event that z;
and v;(a,) are in the same connected component of Eigh NT;. Note that on 8" (z,y),
T, C CMr"and T, C C;'", so that §”(z,y) N (Ujes Ej) C S*(z,y).

Note that Ao, = T, UT, U{Uj;T; } by (6.11). By Lemma 6.3 below, if n is large
enough, then for any good graph M,, for any j € J and any event & C S"(z,y) N
{max.ca;,, [Ym, (2)] < log>/®n} that is measurable w.r.t. the exploration until the
revealment of ¢, on T;_;, we have
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PMn(E; (1) > log?Hs/3~ 1y
Then, letting Z ~ Bin([log” ~** ¥ n |, log? /3= 1), we have
Pann(E; N (8" (2,9) \ S*(2,9)) ) < Pann(&n) + P(Z = 0).

If x and v/ are large enough so that v — 3k — 18 +y(Ks/3—1) = vKg/3 — 3k — 18 > 0,
we have lim,,_,;», P(Z = 0) = 0. Since Py, (E,) — 0, this yields (6.13). O

It remains to prove the following. For a good graph M,,, denote ]-"M" the sigma-
algebra of the exploration until the revealment of 1, onT;_;. In partlcular note that
F contains the information on o(4; 1), and that the structure of J is F;-measurable.
Lemma 6.3. Let Kg := log,_ 1((1 + An)/2). For n large enough, we have for any good
graph M,,, any j € J and any]-" "-measurable event
€} C 8" (w,y) N {max.ea, ., [, (2)] < log**n}:

PMr(E; |E)) > log?Hs/3~ Dy, (6.14)

Proof. All the inequalities in this proof hold for n large enough, uniformly in the choice
of a good graph M,,, j € J and EJ’- € FMn_We proceed in two steps. First, we prove that

PMr (v(0) € Cs,y |E]) > log T2 Ks/271 (6.15)

where C.; is the connected component of z; in Ei; N B*(zj,al, — 2a,). Second, we show
that for some constant Ky > 0 (uniquely depending on d and h),

PMr (Vo € Pjh, (v) > o | (€] N {v;(0) €C,})) > log™ " m. (6.16)

We prove that both hold for n large enough, uniformly in v € T; and on 8;.
If v/k is large enough, (6.15) and (6.16) imply (6.15), since in this case, we have

PMn (Ej |5J/) > 1Og(”f—2ﬁ)(K8/2—1)—K9f€ n > log’Y(Ks/?)—l) n

Part 1: proof of (6.15).

Since |A; x| < n*? and tx(Bum, (Ajx.i,an)) = tx(A;x,) for all k,i > 0, we can apply
Proposition 4.1 as below (5.9) to bound the difference between ¢, on C.; and ¢, on
an isomorphic subtree of Ty, with the following coupling: ¢, (o) := ¥4, (2;), and then
¢, is defined as in Proposition 3.1 via (& x,;)x,:>0. Recall that on §”(z,y), we have that
¥, (2;) > h+ (log™" n)/2. By Proposition 3.6, for any § > 0 and for large enough n,

) og™ ' n / ]PTd (‘:+
min, BT (|28 R (o, gy ) > PECED
a>h+(log=1n)/2 2

where PT¢(£+) > 0 (recall (A.3)) and
b= IninaLZth(log*1 n)/2 ]P:Jlrd(zlv € B’]Td+ (oa 1)7 @Td(z) > h+ 1) > 0.

such that Apysr > A\, — 0 (such ¢ exists

’ —1
by Proposition 3.3, if n is large enough), Zf,Jr_‘SQ’;; - ZZ/+_(lzofn n)/2’+. Since M,, is a

good graph an & C {max.ec4,,, [Ym, (2)] < log2/3 n}, we can apply Proposition 4.1 as
below (5.9) to bound the difference between ¢\, on B*(z,,a,, — 2a,) and ¢, on Ty,
and we get:

Note in particular that for §' >

10g71 n
2

/ P(ET P(ET
Pon (|acz7 > ()\h _ 5)‘%*2‘1" 5') > p (2 ) + 0(1) > p (3 )
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By cylindrical symmetry of B+ (o, a;, — 2a,), we even have
d

5<>>Jm%e+> (An = §)—2an >zm«8+><xh—6>“%2%
; |

Mn
r (”(0) € Cs, =3 0By (ody —2a,)] T 3 \d-1

Since K =log,;_;((1 + A\)/2), taking ¢ small enough yields (6.15).
Part 2: proof of (6.16).
Denote v;(1),...,v;(a, — 1) the vertices from v;(0) to v;(a,) on the path P;. Remark that
it suffices to prove that there exists a constant Ky > 0 such that for n large enough, for
every k € {1,...,a,},

PMr (pq, (v (k) = ] () O {tbm, (vj(k = 1)) > h})) > (d— 1)~ 5. (6.17)

In the notation of (6.12), v;(k) = ¥Yjkrta, 24,1 for 1 < k < a,. Write A; :=

Aj ktal,—2a,,1- Suppose that for n large enough and all £ € {1, . yan}, on EN{m,, (vj(k—
1)) > h}:
M, (v5(k))]o(Ag)] > —[h| — 1, and (6.18)
1
Var™ (¢, (v (k)| (Ax)) > -1 (6.19)
Then (6.17) holds with

Ky == —logy_, P(Y > (|h| + L1y //a—1),

where Y ~ N(0,1). Thus, it is enough to establish (6.18) and (6.19).

For k > 1, note that by construction of B*(z;,al,), v;(k — 1) and v;(a,) are the only
vertices of JAy, at distance less than a,, of v;(k). Let (X;)s>0 be a discrete time SRW
started at v;(k), and 7 := inf{s > 0, du, (v;(k), Xs) > a,}. Write H for the hitting time
of Ay by (X;). Letting

P (Xi = vj(k = 1), H < 7) and as := P} (X = vj(a,), H <7),

3 (k)
we get as in the proof of Proposition 4.1 that for 1, (Ax) in & N {Yaq,, (vj(k — 1)) > h}:

EM [y, (05 (k) o (Ak)] > a1, (v (k = 1)) + aztbaq,, (v)(an)) — log ™" n.

Since 0 < a; + a2 < 1 and min(Ya, (v(k — 1)), %m,, (vi(an))) > h >
follows.
Using Proposition 2.3, we split V := Var™= (¢, (v;(k))|o(Ax)) in the following way:

V =G, (0(k), 05 (k) — BTG (G, (0 (k), Xir) Lprer]
E) G H]_

M,, , IR )
Eq, (k) [GMn (vj (k)7 XH) 1{HZT}] Eﬂ/\/l”n [H]

ay) =

, (6.18)

EX" (G, (v;(k), Xn)].

By (2.4), (2.1) and (2.2), if  is large enough, for n large enough,

G, (vj(k),vj(k))— a1Gm,, (vj(k),vj(k — 1)) —asG, (v;(k),vj(an))
d—1 a1 + ao
“d—2 d-2

—log ' n

1
>—— —log 'n.
25— ~lgn

As below (A.20), we get that

‘Eﬁf&) (G, (05(R), X1t) Lir<ry] — a1Ga,, (v5(k), v5(k = 1)) = aaGa,, (v;(k), vj(an))

<log™'n
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and that
My Eﬁ(%) L] M -1
E Gy (G, (v (R), Xi) Lgsry] — ET[H]Eﬁ” (G, (vi(k), Xg)]| < log™" n.

These three inequalities imply that for 1, (Ax) in € N {Yu, (v;(k — 1)) > h}:
Var™» (Y, (vj(k))|o(Ax)) > ﬁ —3log 'n > ﬁ.

This shows (6.19) and the proof is complete. O

6.2 Average number of connections in E—g

n

Write z &% y if z and y are in the same connected component of E—g forz,y € V,.
In this section, we prove (1.2) of Theorem 1.1 via an argument on the number of palrs of

vertices such that = & y. Let S, be the set of pairs of distinct =,y € V,, such that x & Y.
Let A,, C V,, be the set of vertices z such that [CM»"| < nl/2,

We first suppose that the following two lemmas hold, and show (1.2). Then, we derive
them from Propositions 5.4 and 6.2, using a second moment argument.

Lemma 6.4. For everye > 0, lim,,_, y oo Ponn (JAn| > (1 —n(h) —e)n) = 1.
Lemma 6.5. For every ¢ > 0, lim,, 4 oo Punn(|Sn| > (n(h)?/2 — e)n?) = 1.

Proof of (1.2). Fix ¢ > 0. Remark that every connected component of Eigh is either

included in A,,, or does not intersect 4,,. Let (ﬁz(”))lzl (resp. (’Yz(n))zzl) be the sizes of

the connected components in A,, (resp. not in A4,), listed in decreasing order of size
(break ties arbitrarily).
Let &, := {|A,| > (1 — n(h) — e)n} N {|S.| > (n(h)?/2 — €)n?}. On &,, we have that
S WA -1 + T 1V = 1) = 218,] > n(h)?n? — 2en?.

Moreover, we have by definition of A,,:

S A E —1) < S AR < /A

Thus, for n large enough,

N (Val = Aa]) = D" (1 = 1) = (n(h)? — 3e)n®.
i>1

But |V,,| — |An| < (n(h) + €)n, so that

> ((n(h) — 4n(h)"'e)n.

Since 1\™ is the cardinality of a set included in V, \ A,, one has 7\ < (n(h) + )n.

Note that for n large enough, ’Y1 ) > V> W(W) Therefore, ’Y(n) \C(n
En:

((n(h) — 4n(h)~te)n < |CS™] < (n(h) + e)n.

By Lemmas 6.4 and 6.5, lim,—, o, Pynn(En) = 1. Since € was arbitrary, the proof is
complete. O

Remark 6.6. Note that we have |C{"”)| = max(+{",7{™). Since on &,, 3™ < \/n and
’Yén) < |Vl — |An] — ’YYZ) < (1+4n(h)~Y)en, we get that |C§")\/n Pang )

EJP 28 (2023), paper 35. https://www.imstat.org/ejp
Page 26/60


https://doi.org/10.1214/23-EJP920
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Anatomy of a Gaussian giant

Proof of Lemma 6.4. Let A/ be the set of vertices such that their lower exploration
(Section 5.2) is aborted. By Remark 5.2, for n large enough, A], C A, and it is enough
to prove the result for A/, instead of A,,.

Let ¢ € (0,1). By Proposition 5.4, for n large enough and every = € V,,, we have

Pann(z € Ay) — (1 —n(h))| <e. (6.20)
We claim that for n large enough, for all distinct z,y € V,,,
|C0Vann(19:€A;,7 lyGA;)‘ S 4e. (621)

Indeed, CoVann(lecar,lycar) = Pann(z,y € A7) = Papn(z € A})Papn(y € A},). On
one hand, by (6.20), we have
IPonn(x € AL)Pann(y € AL) — (1 —n(h))?| < 26+ &2 < 3e.

On the other hand, perform successively the lower explorations from x and then from
y as in Section 5.2 (with the additional condition C5). We get P,,,,,(C5 happens) = o(1)
as in (5.8). Then, revealing 9, on R, U R, and comparing it to ¢, as below (5.9), we
obtain

Pann(z,y € A7) = (1 = n(h))?| <e.
This shows (6.21). We now apply Bienaymé-Chebyshev’s inequality:
Ponn(|A7] < (1 =1(h) = 26"*)n) < Papn (][4, = Eana[lA7[]| = €'/n)
< L
= o2
ot n(n — 1)4e

< NET
< 5ye

for n large enough. Since € can be taken arbitrarily small, the proof is complete. O

g COme(lxeA;a ]-yEA;L)
z,y€Vn

Proof of Lemma 6.5. Let e € (0,1). Denote S} the set of pairs =,y € V,, such that S*(z, y)
holds. Since S} C S, it is enough to prove the Lemma for S} instead of S,,. First, by
Proposition 6.2,

Eannl|Sil] = (n(h)? — )25 > (n(R)2/2 — e)n?

for large enough n. Second, we show that for n large enough and all distinct =, y, w,t €
Vi,
|C0Vann(15*(z,y)7 18*(w,t))| < 257 (622)

from which we conclude by a second moment computation as in Lemma 6.4. We have
CoVann(Ls+(z,y) Ls+(w,t) = Pann(S*(z,y) N S*(w, 1)) = Punn(S* (2, y))Pann(S* (w, 1)).

By Proposition 6.2, for n large enough,
P o (S* (2, )P (S* (w0, 1)) — n(h)*| < e. (6.23)

Now, perform successively the exploration of Section 5.1 from z, then from y, then
from 2 and finally from ¢ (via an array of i.i.d. standard normal variables
(§uw)uefz,y.w,iywer,). We add the following condition: for any u € {z,y,w,t}, the ex-
ploration from v is stopped as soon as it meets a vertex seen in a previous exploration.
The probability that this happens is o(1) by Remark 5.2 and (2.7), since o(y/n) vertices
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and half-edges are revealed during these four explorations. Therefore, as for (5.9), we
get that for n large enough,

PP, (the explorations from z,y, z,t are all successful) € (n(h)* —£/2,1m(h)* +£/2).
(6.24)

If these explorations are successful, develop balls from 9T, to JT, as described in
Section 6.1, with Q; := R, UR,UR, U R; U B} for z; € OT,. Then do the same from
oT,, to 9T, this time with Q; := R, U Ry U (Useor, B*(2,a;,)) U Ry, U Ry U B for z; € 0T,
Finally, reveal ¥»4, on T, T, Ty, T; and on the joining balls from T to T, and from 7,
to 7}, in that order.

One can adapt readily the proof of Lemma 6.1 to show that with P,,-probability
1 — o(1), if the four explorations are successful then there are at least log” " ¥ n
joining balls from 07, (resp. 0T,) to JT), (resp. 01;). Note in particular that the
estimates of (6.4), (6.6) and (6.7) still hold. It is also straightforward to adapt the proof
of Proposition 6.2, and we finally have

|Pann (S* (2, y)NS* (w, t)) —Pann (the explorations from z, y, w, ¢ are all successful)| < e/2.
Together with (6.23) and (6.24), this yields (6.22). O

7 Uniqueness of the giant component

In this Section, we prove (1.3). We start by the lower bound in Section 7.1, showing
the existence P,,,-w.h.p. of a component (different from an)) having ©(logn) vertices.

Then, to show that \Cén)| = O(logn) Pypn-w.h.p., we perform an exploration of a new
kind, starting from some x € V,,. It consists of three phases (Sections 7.2 to 7.4), during
which we assign a pseudo-GFF @ to the vertices that we visit. JM\L is defined via
a recursive construction that mimics Proposition 3.1, as long as there are no cycles
(like o1, on T, in Section 5). If we meet one cycle, which can happen in the first phase
(Section 7.2, we use an ad hoc modification of these recursive formulas. Finally, in
Section 7.5, we reveal the true values of 1», one by one on the set of vertices we
have explored via Proposition 2.4, and check that they are close to 17]\/1\” . We show that
either [CMnh| = O(logn), or [CM="| = ©(n), in which case CM=" = C{™ by Remark 6.6.
Contrary to Section 5, we need this alternative to hold for every z € V,,, Pypnn-w.h.p. By
a union bound, it is enough to prove that

for = € Vi, Pann ({|CM"| = O(logn)} U {|CM™"| = ©(n)}) = o(1/n). (7.1)

Let us sketch this exploration in the lines below.

First phgs_g (Section 7.2). We explore the connected component C of z € V,, in the set
{y € Vo, ¥, (y) > b — n~?} for some constant a > 0. More precisely, we give a mark to
each vertex y such that |z/;/M\n(y) — h] <n~% and explore each connected component C’
of C \ M, where M is the set of marked vertices, until

- (i) €’ is fully explored and has no more than O(logn) vertices, or

- (ii) | K10 log n] vertices of C’ have been seen but not yet explored, for some constant K
fixed in the second phase.

We replace a,, of (4.1) by a “security radius” r, = ©(logn). Adapting Proposition 4.1
(see Lemma 7.6), this will allow us in Section 7.5 to bound the difference between JM\W
and ¥ g, by n~ with probability 1 — o(1/n), so that for every connected component C’
of C\ M, either C' C CM»" or ¢’ nCMnh = .

If we kept a,, m would approximate 14, only with precision 1og_9(1) n. With prob-
ability ©(1/n), there would be too many vertices y such that \w/M\n(y) — h| <log™®Wp,
hence for which we cannot know by anticipation whether they will be in C" or not.
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Moreover, we do not have P(C1 happens) = O(1/n) as soon as the number of vertices
explored goes to infinity with n. We will need to accept the possible occurrence of one
cycle. When this happens, we have to define zm in a slightly different manner. In
Section 7.5, we need a variant of Lemma 7.6 to control the difference between ¢/M\n and
1Y m,, in that case (Lemma 7.7).

Second phase (Section 7.3). If (i) happens for every component C’, the exploration is
over. In this case, |C| = O(logn) (see D2 and Proposition 7.2) and thus [C2"| = O(log n).
For each C’ such that (ii) happens, we explore its | K1 logn| remaining vertices, this
time in a fashion similar to Section 5.1. Each of these explorations has a probability
bounded away from 0 to be successful. If K is large enough, with probability at least
1 —o(1/n), at least one of these explorations is successful, and has a boundary of size
o(n'/2b,,).

Third phase (Section 7.4). For every C’ such that (ii) happens, we show that the
successful exploration of the second phase is connected to a positive proportion of the
vertices of V,,, via an adaptation of the joint exploration in Section 6.1. This yields (7.1).

7.1 Lower bound

In this section, we prove the existence of Ky > 0 such that
Pann(|cén)‘ > K(;l IOgn) — 1. (72)

To do so, we first show that if K is large enough, then with probability at least n—1/4,
C! consists of a unique “line” L,, of length [2K Hog n| (each vertex of C! having one
child, except the last one which has no children, Lemma 7.1). Thus, if we take n!/3
vertices of V, and assign to each of them an independent copy of C”, the probability that
at least one of them is isomorphic to L, is 1 — o(1). Then, we realize the component
of the corresponding vertex in £Z", and check that it is indeed isomorphic to L,, with
P -probability 1 — o(1), so that |CS™| > [2K;  logn| > Kj  logn.
Lemma 7.1. For n > 1, let e, be the event that C! has m = LQKO_1 logn| vertices
T1,...,T,m With x1 = o and for 2 < i < m x; is the child of x;_1, and that for1 < < m,
for any other child y of x; in T4, or,(x;) € [h+ 1,h + 2], o1,(y) < h — 1. If K is large
enough, then for n large enough,

PY4(Eline.n) > n~ /4.
Proof. Let vq,...,vq be the children of o in T;. Remark that for n large enough,
P (Eiine.n) > P (pp, (0) € [+ 1,h + 2))pp/12K0 " losnl " where
p = infacprsnse PR ({or, (v1) € b+ LA+ 2]} N {¥i € {2,...,d}, o, () <h —1}),
P = infaepannee PR ({or,(v1) € A+ LA+ 2} n{¥i € {2,....d— 1}, pr,(v:) < h—1}),
p" = infocihi,nto Pra(vie {1,...,d — 1}, p1,(v;) <h—1).

Using Proposition 3.1, one checks that p,p’,p” > 0. Taking Ky > —8logyp’ yields
the result. O

Proof of (7.2). Fix Ky > 12log(d—1) large enough such that the conclusion of Lemma 7.1
holds. Let z1,...,2|,1/s) € V;,. Forall 1 <i < [n'/3], attach a family M) er, of
i.i.d. N'(0,1) variables, these families being themselves independent. For each i, let C”(i)
be the associated realization of C” built with the family ( 752)) using Proposition 3.1.
Then, pick a realization of M,,, and let & ,, be the event that M,, is a good graph and

that the balls B, (z;, | 2K, " logn] + 2a,,)),1 < i < |n'/3] are disjoint and have no cycle.
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By Proposition 2.1 and (2.7) with mg = [n'/3], m < [n'/3] x (d — 1)12Ko " lean] 20410 gpq
k=1, IPmm(gl,n) =1- 0(1)
On &, ,, realize ¥, on By, (v, | 2K ' logn]) fori = 1,..., [n'/3| successively, using

the random variables (fg(,i)) 110gn)) @nd the construction of Proposition 2.4.

. yEBTd(Ov\_QK(;
For 1 <i < [n'/3], let ®*) be a rooted isomorphism between Bu,.x(z;, |2K; * logn])
and B; := Ben ;) (i, 2K, logn]). Let &, = {supi<i<|n1/3) yen, [Yaq, (D) "L(y)) —
o1, (y)| < 1/2}. Adirect adaptation of the reasoning below (5.9) to show that P, (E2,n) =
1—o0(1).

Let &, := {Jip € {1,...,[n'/?]}, B;, is isomorphic to L, }. By Lemma 7.1, we have
that Papp (E3.0) > 1— (1 — n~ /4 °1 =1 - o(1).

Finally, by (1.2), we have P, (E4,) = 1 — o(1), with &, = {|C\"| > 10log n}.

All in all, we have shown that Pypn (&1, N E2n NEn NEspn) =1 —o0(1). And on
E1.n N E2.n N E3.n N E4y for n large enough, Cé‘;‘)n*h| > K, 'logn and Cf;‘)nvh £ C%n), so that
eS| > K5 M logn. O

7.2 First phase

In this section, we define the first phase of the exploration, and show that it is
successful with P,,,,,-probability 1 — n~%/* (Proposition 7.2).
Let a > 0. For every n € N, define

rn = [0.051log, 4 n| (7.3)
Let § € (0, hy — h) and ¢ € IN be such that the conclusion of Remark A.3 holds.

The first phase of the exploration. Let x € V,,. Let M be the set of marked ver-
tices. Initially, M = {z}. While M # (), pick y € M in an arbitrary way and proceed to
its subexploration, as detailed below.

There are three possible scenarios, according to the number of cycles discovered
during the first phase (zero, one, or more).

I - We first assume that we do not meet any cycle throughout the first phase of the
exploration of z.

Assume we have picked some vertex y € M. We now define the subexploration
from y. Let T, be the subexploration tree, that we will build by adding subtrees of depth
¢ in a breadth-first way. Initially T}, = {y}.

While 1 < |0T,| < Kjologn, perform a step: take y; € 9T, of minimal height and if
y1 # x, let 1 be its only neighbour where 7/)/M\n has already been defined. Note that if
y1 # vy, y1 is the parent of y; in T,. Reveal all the edges of B, (y1,71,mn + ¢), where
we recall that By, (y1,91,7n + £) is the graph obtained by taking all paths of length
rn, + £ starting at y; and not going through 77. Since we suppose that no cycle arises,
B, (1,71, %) is a tree, that we root at y;.

If yy = y = z, replace B, (y1,71, 7 + ¢) and B, (y1,71,¢) by Ba, (2,7 + £) and
B, (z, ) respectively. Let m(x) ~ N(0,4=2). If or,(0) < h —n~%, then the whole
exploration (not only the first phase) is over.

We construct T),(y1), the subtree of By, (y1,71,¢) in {z, 1/)//\/1\”(2) > h+n~%}. We start
with T, (y1) = {y1 }.

For k = 1,2,...0 — 1 successively, denote yj 1, .., Yk,m the children of the (k — 1)-th
generation of T, (y1). Let (&, k:)k,i>0 be an array of i.i.d. variables of law N(0,1),
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independent of everything else. Set

— 1 — d
Y W) 7= =7 M, (F) + 1/ 5= 8, (7.4)
Add y; to T, (y1) if w/j\/l\n(ym) > h+n~¢ and give a mark to y; ; (and thus add it to

—l

M)ifh—n=% <, (Yei) <h+n"%

Finally, include Ty (y:) in T}, add the vertices of 0T, (y:) to N, and take y; away from
0T,,. The step is then over.

If 0T, ¢ [1,Kiologn], the subexploration is finished. Say that it is fertile if
|0T,| > K10logn, and infertile else (hence if 07T, = 0).

IT - Suppose now that a unique cycle C' arises in the subexploration of some vertex y,
when revealing the pairings of By, (y1,71, 7 + £) in the step from y;, for some y € V,,
and y; € V,, \ {z} (we treat the special case = = y; below). Let m := |C| be the number
of vertices in C'. There are two cases.

Case 1: When C' is discovered, there are already k consecutive vertices yi, ...,y of
C where 1/)//\2 has been defined, for some 1 < k < m — 1. Reveal By, (C,r,). Denote
21,---,2m—k the remaining vertices of C, such that z; # ys is a neighbour of y;, and z; is
a neighbour of z;_; for ¢ > 2. Give a mark to z1,...,2,— and y;. Take y; away from 97,,.
If y, was in 07} for some y whose subexploration was performed previously, take it away
from that set.

Figure 4: Case 1. Marked vertices are in red. C consists of the thick edges. T, and Tj
are delimited by the purple contours. Remark that we could have y = ¥ (it is not the case
here).

We now define w/M\ on the z;’s. To do so, we mimic a recursive construction of the
GFF on G,,, the infinite connected d-regular graph G,, having a unique cycle C,, of
length m (such a construction always exists on a transient graph, see for instance Lemma
1.2 in [27]). G,,, consists of a cycle (), of length m, with d — 2 copies of ’II‘;lF attached to
each vertex of C,,, thus it is clear that the SRW is transient and that the Green function
Gg,, and the GFF are well-defined.

Let ug,...,u1,v1,...,0,_r be the vertices of C,,, listed consecutively. Let U :=
Gm \ {u1,...,ur}, (X;)j>0 a SRW on G, and recall that Ty is the exit time of U. Define

o= Pg;l’" (XTU: u17TU<—|—oo), B8 = PUG{” (XTU: uk,TU<+OO)1{k>1}
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Ty—1
and v :=E5" 3752 1ix, =y,

and let (&;);>1 be a family of i.i.d standard normal variables, independent of everything
else. Define

Ban, (1) 1= aBpn, (1) + Boan, (Uk) + 761

Then for ¢ > 2, define recursively

U, (2i) = Qe (rim1) UM, (Zim1) F B (i) VMo (Uk) + /- (eti—1)Si (7.5)
where we set
Ui =G\ {ur, ..., up,v1,. .., 021}, Qe (i) := PG (Xry, = vi—1, Ty, < +00),

Ty, —1

Bim—(eti-1) i= PG (X1, = ug, Ty, < +00) and Yo —(kyi-1) = ES 3500 Lix =0y
Case 2: w/M\n has not been defined on any vertex of C. There exists a unique path of
consecutive vertices y,...,y; for some j > 2 such that y; € C, and for2 <¢ < j -1,

JM\n(yi) has not been defined and y; ¢ C. Reveal By, ({y1...,y;-1} UC,ry,). Give a
mark to the vertices of {y1,...,y;—1}UC. Take y; away from 97,.

Figure 5: Case 2. Marked vertices are in red.

We define w/M\n on {yi,...,y;—1} U C in a way similar to Case 1. Let (&;);>1 be
a sequence of i.i.d. standard normal variables, independent of everything else. For
1=1,2,...,7, set

U, (i) = &b, (Yim1) + /)i (7.6)
where of_; := PS¢ (H.4 < +oc) and v}, := Efn| flz{gl}fl 1(x,=-}), 2,72 being two

neighbours in G,, such that z (resp. z’) is at distance j — 7 (resp. 7 — i + 1) of C,,,. Then,
define 1/J/M\n on C as in Case 1 with £ = 1.

If C is discovered while revealing By, (x, 7, + £), give a mark to all vertices of C,
and, if ¢ C, all vertices on the unique shortest path from = to C. Let k := d, (2, C).
Let uy € G,, be at distance k of the cycle C,,. Let JM\n(x) ~ N(0,Gg,, (ug,ur)). If
o1, (0) < h—n~% then the whole exploration (not only the first phase) is over.

After the discovery of C. Assume that no other cycle will be discovered during the first
phase of the exploration from z. Resume the subexploration from y, by picking a new
vertex y' € 0T, (recall that we have taken y; away from 97,) and proceeding to the step
from ¢, and so on until the subexploration from y is over. After that, as long as M # (),
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pick a vertex ¢ in M and proceed to its subexploration as described in I (recall that no
new cycle is discovered), with the following amendment, if 4" has several neighbours
y{,...,yp (for some k > 2) on which w/M\ﬂ has already been defined (see for instance -
or y, in Figure 5). In this case, in the step from y” (the first step of the subexploration
from y"), reveal only Ny<;<x B, (v, v/, 7 + £) instead of B, (v, 4", 7 + £) (not by the
way that y” is not properly defined). In words, perform the subexploration only in the
direction of non-marked vertices.

III - If a second cycle arises, the whole exploration from z is over, and is not successful.
We have now fully described how the first phase can unfold. Say that the first phase
is successful if at some point, the following holds:

D1 M =4,
D2 qm has been defined on at most | K1, logn| vertices, and
D3 at most one cycle has been discovered.

Denote S;(z) this event. If all subexploration trees were infertile, then the whole
exploration from z is over, and said to be successful. Denote Sy siop() this event.

Proposition 7.2. Fix a > 0. For any fixed value of Ko > 0, if K1 is large enough, then
for large enough n and every x € V,,, Puun(S1(x)) > 1 —n=5/4,

Proof. In a nutshell, the argument is as follows. We first show that with probability
1 — o(n=5/*), we see at most one cycle after having explored n?/1° vertices (which will
turn out to be more than the number of vertices seen in the first phase). Then, we
show that for some large constant K > 0, with probability 1 — o(n_5/ 4), the first K logn
subexplorations encompass less than K2 logn vertices. To this end, we use the fact that
during any subexploration, say of some vertex y, the increment of |07),| during a step of
the subexploration from y has a positive expectation if ¢ is large enough, since C" has a
positive probability to have an exponential growth (see Lemma A.2 and Remark A.3, this
is why we explore subtrees of depth /¢ instead of individual vertices). Finally, we show that
with probability 1 — o(n~%/4), the first K logn subexplorations generate less than K logn

marks. In particular, note that except for cycles, each vertex where m is defined has
a chance O(n~%) to get a mark, and a cycle brings less than 2d‘r, = ©(logn) marked
vertices. This in turn ensures that there are indeed no more than K log n subexplorations
in the first phase.

We now proceed to the proofitself. Let £ ,, be the event that two cycles are discovered
before n3/10 vertices have been seen during the exploration from z. By (2.7) with k = 2,
mo =1, mg =0 and m < n3/19,

IPann(gLn) < n_4/3- (77)

Next, let K > 0 be a constant; we bound the number N of steps during the first
| K logn] subexplorations (or on all subexplorations if there are less than | K logn| of
them). Let &, := {N > K? logn}, we now show that if K is large enough, then we have
for n large enough:

Ponn(Ean) <n2. (7.8)

Suppose that we perform the subexploration from some vertex y. Let y; € 97,, with
y1 # y. If no cycle arises when revealing the (r,, + ¢)-offspring of y;, then 0T, (y1)| — 1,
the increment of |07),| during that step, dominates stochastically p s — 1, by definition
of pe .5 at Remark A.3, as soon as n~® < 4. If a cycle arises (which happens at most once
on &7 ), at most two vertices are marked and taken away from 97,,. If the subexploration
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is not over after j steps, then |07,| > S;_; — 2, where S;_; is the sum of j — 1 i.i.d.
st.

random variables of law py 5 s — 1, hence taking values in the bounded interval [0, d‘],
and with a positive expectation by Remark A.3. The —1 in j — 1 comes from the fact that
we do not include the step from y (as it might be that we only explore a reduced number
of vertices once we have discovered a cycle, if y is a marked vertex with at least two
marked neighbours). The +2 comes from the possibility that up to two vertices can be
taken away from 0T}, if there is a cycle (see Case 1 in particular). Hence

P,,n(the subexploration from y lasts more than j steps) < P(S;_1 < Kyglogn + 2)
By the exponential Markov inequality, there exist constants ¢, ¢’ > 0 such that
for every j > 2K19(E[pe,ns] — 1) logn, P(S;-1 < Kiglogn +2) < ce7.

Therefore, N is stochastically dominated by a sum S of | K logn| i.i.d. variables of
some law p (independent of n) such that

for every j > 2K19(E[pe,n.s) — 1)~ logn, pu([j, +00)) < ce=¢7.
Hence, letting & ,, := {N > K?logn}, by the exponential Markov inequality,
Ponn(E2,n NES ) < Pann(S > K[ Klogn|) < (B[e¢Y/2]e¢ Kn/2) K logn]

for large enough n and for Y ~ u. Thus (7.8) follows.
Finally, let &3 ,, be the event that more than 37, + % log n marks are given during the
first | K log n| subexplorations. Suppose that for n large enough,

Ponn (€5, NES, NEspn) <n™2. (7.9)

Taking K > 1, on &, N &5, N &S, (which holds with P,,,,-probability 1 — o(n=%/4)
by (7.7), (7.8) and (7.9)), less than 1 + 3r,, + glogn < |Klogn| vertices receive a
mark during the first | K logn| subexplorations, so that M = () after at most | K logn|
subexplorations. Moreover, in a step of a subexploration, less than d’ vertices are added
to the subexploration tree. Hence if K1; > K2d’, on &5 ,,» D2 holds. In addition, less than
(d — 1)?™ < n'/19 new vertices are seen in a step of a subexploration. When a cycle C is
revealed, there are at most 2r,, new vertices in C' (and on the path leading to C, in Case
2), so that less than 3r,,(d — 1) < n'/1% new vertices are seen. Therefore, on £, N &S,
less than 7%/10 vertices are seen during the first | K logn| subexplorations. Thus, on
&, NE;s, NES,, conditions D1, D2 and D3 are satisfied and this yields the conclusion.

Therefore, it only remains to show (7.9), which we now do. When a cycle C appears,
our construction implies that less than 3r, vertices receive a mark. When performing
m steps in a subexploration, the number of marked vertices obtained is stochastically
dominated by a binomial random variable Bin(m,dén_“). Indeed, at each step, we
reveal JM\n (and thus ¢7,) on less than d* vertices. And for any vertex y € T, \ {o}, by
Proposition 3.1,

2 —a
max P 4 (or, (y) € [h —n"% h+n"% | or,H) = d -

) S —————=<n"
a’>h V2rd/(d—1)
Hence, if Z ~ Bin([K?logn], Cod‘n™2),

[K?logn]

K
]Pann { S n S ]P Z 2 71 S
(EfnN&E,NE3M) < 5 og n> ( % log

) (C2dfn7a)% logn.

But by (2.5), for large enough 7, (Hg’l?gg?) < [K?logn)] % logn Thig yields (7.9), and
the conclusion follows. O
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7.3 Second phase

If S1 stop() holds, i.e. all subexploration trees are infertile, the exploration is over. In
this Section, we suppose that S; () \ S stop(«) holds. For every fertile tree, we perform an
exploration similar to that of Section 5.1 from each vertex of its boundary, and show that
with probability at least 1 — n~%/, at least one exploration per fertile tree is successful,
and hence has a boundary of size G(nl/ an) (Proposition 7.3). We illustrate this second
phase in Figure 6 below.

Let Ty,...T,, be the fertile subexploration trees for some positive integer m. For
every g € {1,...,m}, denote y,1,¥q2, ... the vertices of 97,. For ¢ = 1,2,... successively,
we perform the explorations from y, ;, 4 > 1 as defined in Section 5.1 (using an array of
independent standard normal variables (&, ; x.j)x,j>0)- If ¥ is the j-th vertex of the k-th
generation in the exploration tree of y, ;, let recursively

_— D (7 d
)= 20y e

so that m plays the role of ¢, on T, in Section 5.1. We implement three modifications:

—

* we do not explore towards %, ;, the parent of y,; in T, (hence we generate ¢4, as
the GFF on a subtree of T;’ instead of T),

+ we do not stop the exploration if %\n (Yq,i) < h+ log™*

from the first phase that M(yq,i) > h+n"%), and

n (we only know a priori

* we stop the exploration if it meets a vertex already discovered in the first phase or
during the previous exploration of some y, ; (thus with ¢’ < ¢, or ¢ = ¢ and j < 9).

A vertex y,; whose exploration is successful is back-spoiled if one vertex of its
exploration is seen later during the exploration of y,/ ;. Let

Ean = {3q < m, all successful explorations of y, 1, y4 2, . . ., are back-spoiled}

On Sy () := (S1(x) \ Sistop(w)) NES,,, say that the second phase is successful.

Proposition 7.3. If K, is large enough (depending only on d and h), then for n large
enough and every x € V,,,

P o (S2(2) U Sy stop () > 1 —n~0/° (7.10)

Proof. Say that y,; is spoiled if it is met during the previous exploration of some y ;.
Define &; ,, := {at least |1000logn] vertices are spoiled or back-spoiled}. We claim that
for n large enough,

Punn(Es5n) <n2, (7.11)

and for some constant K32 > 0 (that only depends on d and h), for all ¢ < m and ¢ < |07},
for every event &, ; C {y,,; is not spoiled} that is measurable w.r.t. the whole exploration
until y, ;-1 (0r y,1,jo7,_,| if ¢ = 1) has been explored:

P,nn(the exploration from y, ; is successful | &, ;) > K. (7.12)

On &%, there are at least (Ko — 1000) log n non-spoiled vertices on each 97, (and at
most (K79 + 1) logn since each step of a subexploration brings less than logn vertices to
0T,). And, if more than |1000logn| vertices of each 0T, are successful, one of them will
be successful and not back-spoiled, thus fulfilling the requirement of Sa(x).

By (7.12), if K¢ is large enough, for n large enough, the probability that no more
than [1000logn| explorations from 0T, are successful is at most
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infertile
subtree

Figure 6: Marked vertices are in red. There are four fertile subexploration trees (7}
rooted at y;, T> rooted at y-, T5 rooted at x and T} rooted at y4), and two infertile ones.
Lightgray areas correspond to the explorations of the y,;’s in the second phase. ys o
is spoiled by y1,2. y3,2 is back-spoiled by y3 3. Each of the subxploration trees will be
either included in C2*" or have no common vertex with C~+", depending on the value
of ¥ oq,, on the marked vertices.

(ot ) 1 = Kig) Koo 1000 o <

logn
(K10+1)%10H? K10—1000 4
(1000100°(K107999)K10—999 (1 — Kyp)™re =n

by Stirling’s formula. Hence by a union bound on 1 < ¢ < m, noticing that m < 2K71/K19
for n large enough by D2, we have:

Pann((SZ(x) U Sl,stop(z))c) S IPann(Sl (l,)c) + Pann(‘sg,n) + mn74 S 277/75/4

by Proposition 7.2 and (7.11), and this concludes the proof. Hence, it remains to establish

(7.11) and (7.12).

Proof of (7.11). Note that by D2, by Remark 5.2 and by (7.3),

1/210g™! n vertices and half-edges have been seen in the first two phases.

(7.13)

In particular, less than n'/2 log™ " n edges are built during second phase. Since by

D2, we have that |{y,,;,q < m,i < |0T,|} < K11logn, each new edge has a probability at

most

less than n

1

Ki1logn/(n —nl/? log™! n) < 2Kyn~tlogn
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to spoil a vertex. Thus, the number of spoiled vertices is stochastically dominated by a
random variable Z ~ Bin(n'/2log™! n,2K11n"'logn). For n large enough,

1729 —1 10 20
IP(Z Z 10) S (n lloog n) (2K11nlogn) S n5 loilon S Tl_g.

Moreover, by (2.8) with & = |999 logn| and mg, m1, mg, m < nl/2 log_1 n due to (7.13),
P onn (more than [999 logn| vertices are back-spoiled) < n=3.

(7.11) follows.
Proof of (7.12). By (7.13) and (2.7) with k& = 1 and mg, m1, mg, m < n*/2log ' n, for n
large enough,

P,nn(a cycle is created during the exploration from y, ;) < log™ ! n.

The law of 77Z1/J\/l\ on the exploration tree from y, ; is that of ¢, on an isomorphical
subtree of T;r (and not T, since we do not explore towards 7, ;), with ¢, (o) = @/J/M\n (Yq,i)-
Denote C” the connected component of o in Egﬁd“‘)g*l m+U{o}, and Z} its k-th generation
for every k > 0. Then for any event &, ; C {y,; is not spoiled} that only depends on the
exploration before we inspect y, ;,

P,nn(the exploration from y, ; is successful|&, ;) > p, — log™!n,

where p,, := mingspp-a ]P?)Fd(ﬂk < logy, n,|2k| > n'/2b,) (recall that w/M\L(yW) > h+
n=%).
Let § € (0, hy — h). Clearly, there exists p’ > 0 such that for n large enough,
mingsj,4p—a IPZTd(Elv € 2, or,(v) >h+9)>p.

For ¢ > 0 small enough so that log;_; (Ant+s — ) > (3log,_; An)/4 (such ¢ exists by
continuity of i/ — M., Proposition 3.3), for n € IN,

o= min_ P, 3k < log,,n —1, |Z£+1°g_1”’+| > n'/?p,)

b>ho
. T h48,+ 1/2

> min P, (|27 >n'“h

= b>hts b (| Llogkhnj —1| = ")

. T h+6, 1 -1
> min PIZN0E 1] > Gngs — o)) 7).

By Proposition 3.6, liminf,,, ;. p/! =: p” > 0. Since p,, > p'p] foralln > 1,

P,nn(the exploration from y, ; is successful|y, ; is not spoiled) > p,, — log™'n> %

for n large enough, and we can take K15 = %. This shows (7.12). O

7.4 Third phase

Suppose now that we are on Sy(z). For 1 < ¢ < m, denote y, one vertex of T, whose
exploration was successful and not back-spoiled in the second phase, T, its exploration
tree, and B, the boundary of 7;, . In this section, we connect each B, to ©(n) vertices in
a fashion similar to Section 6.1. However, revealing the GFF on a positive proportion of
the vertices would prevent us to use an approximation of the GFF as in Proposition 4.1.

To circumvent this difficulty, denote R;» the set of vertices seen in the first two
phases, and partition V,, \ R, 2 arbitrarily in sets Dy, Dy, ..., D, for some r € IN such that

|D1| = ‘D2| =...= |Dr,1‘ = |_K14 lOgTLJ, (714)
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for some constant K14 > 0 to be determined in Proposition 7.4. We will connect each
B, to a positive proportion of the vertices of D; only, with P,,,-probability 1 — n=3
(Proposition 7.4), before revealing the GFF on the vertices of the first two phases, and
on the connection from D; to B, in Section 7.5. The result will follow by symmetry of
the D;’s and a union boundon1 <7 <r —1.

The exploration.

1) The w-explorations. Let wy,...,w| k,,10gn| b€ the vertices of D;. We proceed suc-
cessively to the w-explorations of wy,ws, ..., i.e. for i > 1, we perform the exploration
from w; as in Section 5.1, but stop it if we reach a vertex seen in the first two phases or
in the w-exploration of some w;, j < ¢ — 1. In particular, if w; was discovered during the
exploration of some w;, j < ¢ — 1, say then that w; is w-spoiled and do not proceed to its
w-exploration. Denote R, the set of vertices seen during all the w-explorations.

For ¢« > 1, if we explore w; and C2 happens, say that the w-exploration from w; is
w-successful. Let s, be the number of w-successful vertices. Let w;,,...,w;, be the
w-successful vertices with 7; < ... < 7,,. Let Twij be the exploration tree of w;,, for
je{l,...,s0}. Take away

e from each 8Tw1j: the vertices that are seen in the w-exploration of some w;, for
7> ij,

» from each B,: the vertices z such that B, (z,Z, a,) intersects R,,.

Say that those vertices are w-back-spoiled.
2) The joining balls. For ¢ = 1,...,m successively, we develop balls from B, to the
aTwiJ ’s, 1 < 5 < 59, with a few modifications w.r.t the construction of Section 6.1.1: let
21,45 %2,q, - - - D€ the vertices of B,. For z; , € B, let

B;:q = U g):q'<qor q’:q,i’<iB*(Zi’,q’a an),
and let R; ; := R12 U R, U B}, be the vertices seen before building B*(z;,al).
Replace B, Q; and B, (T}, a,) of Section 6.1 by B} , R; , and Uj‘;lBMn(Twij ,n,)
respectively.
Say that B*(z;4.a;,) is a J-joining ball if it hits By, (Tw,,,a,) at one vertex after
a), — 2a, steps, and no other intersection with vertices seen previously is created.

Proposition 7.4. For n large enough, we have

P (S2(x) N {3(J,q), there are less than log” **~'® n J-joining balls from B,}) < n~*
(7.15)
and if K4 is large enough, then for large enough n:

Pann(S2(z) N {sg <logn}) <n~* (7.16)
Proof. Proof of (7.15). We adapt the proof of Lemma 6.1. Since there are less than
log® n w;’s (and |R1,2| is controlled by (7.13)), we can replace (6.4) by

/27 v+2

less than n'/“log”™“ n vertices are seen during the three phases. (7.17)

Let B* := UL, U.ep, B*(2,a,,). (6.6) becomes
Pann(S2(x) N {|B* N (U7 B, (T, an))| = log®"n}) < n=° (7.18)

Let IV be the number of vertices of U’ B, that are spoiled, i.e. the vertices z such
that B*(z,a,) = Bum,, (2, %, a,) is hit by a previously constructed B*(2’,a),). (6.7) becomes

’r N

Ponn(Sa(z) N{N >log* n}) <n~>. (7.19)

EJP 28 (2023), paper 35. https://www.imstat.org/ejp
Page 38/60


https://doi.org/10.1214/23-EJP920
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Anatomy of a Gaussian giant

1/2

In addition, by (2.8) with k& = log®n, mg = 1, m1,mg, m < n'/2log™/?n,

]Pann (86,71) S 77/_57 (720)
where & ,, == Sa(z) N {more than log;2 n vertices are w-back-spoiled}. Then, define
Siq = S2(x) N &S, N{[(U;Z1 B, (T, an)) N By | < log® n} N {z;, is not spoiled}.

It is straightforward to adapt the proof of (6.9) to get that for every 1 < J < sg,
the probability that B*(z;4,a),) is a J-joining ball, conditionally on S;,, is at least

n

n~121og? 7" n. On Sa(z) N {N < log® n} N &S, at least
n/2b, —log®n —log* n > n'/?|log™" " n|

zi 'S are neither spoiled nor w-back-spoiled by (5.1). As in the end of the proof of
Lemma 6.1, if v > 3k + 18, we get that for n large enough: for every (J,q) € ({1,...,s0} N
{1,...,m}) and Z ~ Bin(n/?|log™" " n|,n"1/2log? 21 p):

P onn(S2(z) N {there are less than log? 318 Jjoining balls from Bg})
< Ponn (sg(x) N {18 N (U B, (T, an))| > log™ n} U {N > log™ n} U 56,n))

+P(Z <log? 318 p)
<3n°+4+log”n max P(Z=k) by(7.18), (7.19) and (7.20)

kglogw—&c—ls n

<4p~d

as below (6.9). Since sg < |Dq| < log2 n by (7.14) and m < K71 logn by D2, a union bound
on (J,q) yields (7.15).

Proof of (7.16). We now estimate the probability that at most log n w-explorations are
w-successful. Note that by Remark 5.2 and (7.13),

|R12| + |Rw| < n'/?log™"/?n. (7.21)

Hence if C > 0 is large enough, by (2.8) with £ = |Clogn] and mg, m1,mg,m <
nt/2log ™% n,

P ann (So(x) N {more than C'logn w;’s are w-spoiled}) < n~>. (7.22)

Moreover, for every ¢ > 1, conditionally on the fact that w; is not w-spoiled, the
probability that the w-exploration from w; is stopped because it reaches a vertex of I, »
or a vertex seen in the exploration of some w;, j < i is o(1) by (2.7) with k =1, my =1,
mi,mg,m < n'/2log"'/?n. Hence, a straightforward adaptation of the proof of (5.9)

yields

Pynn (the exploration from w; is w-successful | Sz(z) N {w; is not w-spoiled}) > n(h)/2.
(7.23)
Take K14 > 3C. By (7.22), (7.23) and (7.14), if Z ~ Bin(|(K14logn)/2],n(h)/2) and n
is large enough,

Ponn(S2(z) N {sg < logn})<n=5+ P(Z < logn).
One checks via Stirling’s formula that if K1, is large enough, then for large enough n,

(K14 log n

P(Z <logn) <2logn max P(Z=k) <2logn 1 )(1 — n(h)/2)Ha— 1) logn
ogn

k<logn

<n7?

)

and (7.16) follows. O
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7.5 Revealing ¢, on the three phases

Let R'f (resp. Rg’) be the set of vertices where W has been defined during the first
(resp. second) phase, and R;f’ be the set of vertices in the w-successful w-explorations
and on the J-joining balls, for all 1 < J < m, on which we will realize 9o, on the third
phase.

By Proposition 2.4, we can realize 9, jointly with M,, by

* proceeding to the three phases of the exploration from z,
» revealing the remaining pairings of half-edges of the M,,,

* defining o4, On R}p U R;p, in the same order as ¥, has been defined, using the
same standard normal variables: we let

Y, (@) = ban, (€)1 922/ g, (@, )

if Ba, (2,7 + £) has no cycle, and ¢uq, () = Yan, (2)\/Gpn, (2, 2)/Ga, (g, up) if
it has one cycle C, and du,, (z,C) = k. For every y, we define the event
Ay, ={z € V,, Y, (2) was defined before 1o, (v)} and

Y, (1) = EMr [, (9)|o(Ay)] + &g/ Var(Pa, (y)]o(4y)),

for every y € R?{’, where &, is the normal variable used when defining w/M\n (v),
« revealing ¢\, on RY, and finally on V;, \ (RY U RY U RY).
Let &, := {M,, is a good graph} N {max.cv, [¢a, (2)| < log??n},
St (#) = 81(2) N {sup, e o [V, (4) — D, ()] < n~?/2},
S (2) = Ss(2) N ST () N {supy e o [, () — Y, ()] < (log ™" m)/2}, and

Sgp’i(x) = s;/’(x) n (ﬂ;"zl at least logn vertices of D; are connected to Ty, in Eighn) for

every ¢ > 1.
Suppose that for ¢ > 0 (defined in the beginning of Section 7.2) small enough
(depending only on d and k), and for n large enough:

Ponn ((S1(2) \ S¥ () NErp) <03, (7.24)

P onn ((Sa () \ SY () N Er ) < n~3, (7.25)

and forevery 1 <i¢ <r —1,

Ponn((S2(2) \ 844(x)) N Ern) <% (7.26)
Letting S{ gop (%) = S1stop(7) NS (2), (7.24), (7.25), (7.26) and (7.10) imply that
P o (8] gtop () U (NIZ1SF3(2)) ) N Ern) = 1 =7 7/E (7.27)
On Sfj stop () U (ﬂf;llS;ﬁ ;(x)), we have the following alternative:

+ either CM»" contains a subexploration tree T, whose exploration was fertile, the
exploration from g, is successful and connected to at least logn vertices of every

Di,lgigr—linEih;
Sn
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« or CM=" contains no such tree, and CM»" C R, so that [CM~"| < K logn, where
we take K() > Ku.

Note that the second case comprises 3{% stop() but is a priori not included in it: there
could exist fertile subexploration trees not connected to x in Efgh if Y a1, is below h on
the appropriate marked vertices.

In the first case, " contains at least logn vertices of each D;, 1 <i <r —1, so
that by (7.13) and (7.14) for n large enough:

n7|R1_2|7|DT| > n

" = T
’ Ky 10g’l7, 2K14

> (r—1)logn >logn

Letting thus K15 := (2K14) ™', we have on S{fstop(z) U (ﬂ::_llS;’bl(x)) for every n large
enough:
|cCMnh| < Kglogn or [CM» > Kysn.

By (7.27) and a union bound on all z € V,,

Ponn(Kologn < [CS| < Kisn) <m0 4 Py (E5,).

By Remark 6.6, |C}")| < K151 Pann-w.h.p. By Proposition 2.1 and Lemma 2.5, we have
Pann(E5,,) — 0 so that

Pann(‘cén” < KO log n) — 1,

yielding (1.3). Hence, it remains to show (7.24), (7.25) and (7.26).

7.5.1 The field ¢\, on the first phase: proof of (7.24)

Proposition 7.5. Let a, Ky, ¢ be such that Proposition 7.2 holds with K1, = Ky and K19
as in Proposition 7.3, and such that the conclusion of Lemmas 7.6 and 7.7 hold. Then for
n large enough, (7.24) holds.

To prove Proposition 7.5, we need two variants of Proposition 4.1, whose proofs are
postponed to the Appendix, Section A.4. The first consists in replacing the “security
radius” a,, = O(loglogn) by r, = O(logn).

Lemma 7.6. If a > 0 is small enough (depending only on d and h), then the following
holds for n large enough. Assume that M, is a good graph, that A C V,, satisfies

 |Al <n?/3,
« tx(B, (A, 7)) = tx(A), and
/3 n.

* max.ea [Yu, (2)] < log®

For everyy € 0B, (A, 1), writing § for the unique neighbour of y in A, we have:

1 —za
B s, (0l (4]~ e, ()] <7 7.2
and
M d —2a
Var™ (Y, ()lo(Ay)) — o= | s n™ (7.29)
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The second variant of Proposition 4.1 corresponds to Case 1 and Case 2 of the first
phase of the exploration. Let us introduce some notations before stating the Lemma.
Recall that for m > 3, G,, is the connected (and infinite) d-regular graph with a unique
cycle C,, of length m. Recall the definitions of ay, Sk, vk, ), and ~;, from (7.5) and (7.6).

For k > 0, let z; be a vertex at distance & of the cycle C,, in G,,,, and Z;, be a neighbour
of z;, at distance k + 1 of C,,,. Note that Bg,, (zk, %%, ) (the subgraph of G,,, obtained by

m

taking all paths of length r,, starting at z; and not going through z;) contains C,, if and
only if k < r, — [m/2].
Lemma 7.7. If a > 0 is small enough (depending only on d and h), then the following
holds for n large enough (uniformly in m > 3).

Assume that M,, is a good graph, that A C V,, is such that

. |A| < n2/3,
* Ais atree, and

* maxea [, (2)] < log? n.

Case 1. Lety €V, and suppose that
- y has a neighboury in A,

- for some 1 < k < m, there exists yj in A, a path P of length m — k from y to y
whose only vertex in A is yj, and a path P’ in A of length k — 1 from y to Y, so that
C:=PUP U(y,y) is a cycle of length m (and y =y if k = 1), and

- tx(Bm, (AUC,ry,)) =1.

Then
[EM [, ()| (A)] = artban, (7) — Briba, ()] < n > (7.30)

and
‘VarM" (Y, (Y)|o(A)) — v ’ <n2 (7.31)

Case 2. Let y € V,,, and suppose that
- y has a unique neighboury in A,
- for some 1 < k <r, — [m/2], Bm, (y,Y,7n) is isomorphic to Bg., (2x, 2k, ), and

- tx(Bm, (AUPUC,r,)) =1, where C is the cycle in Bum,, (y,7, ) and P the path
from y to C.

Then
[EM" [ an,, (1) |0 (A)] — atoan,, ()] < m2° (7.32)
and

[VarMr (a4, (y)|o(A)) — v | < n ™2 (7.33)

Proof of Proposition 7.5. We proceed as below (5.9) in the proof of Proposition 5.1.
Denote

En = {3y € R |Yan, () — daa, (1) = n "} N Er NS (2),.

On &, m is defined on at most K log n vertices by D2 (and our choice of K11 = Kj),
so that by the triangle inequality, either | aq, () — Y aq, ()] > 0™ log~2n, or there exists
y such that

[, (4) = Yaa, W) = 0~ log ™2+ supyc o [Yan, (7) — ¥, (7)

’
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where RZ) is the set of vertices where w/M\ has been defined before 1p/M\n (y). Let

Dat, (@) — Yan, @)} N En

E@y) = {l¥am, (v) = Yar, (y)] = n~*log™ n+ supy o

For y # x, we can apply Lemma 7.7 (if z/J/M\(y) is defined in Case 1 or Case 2) or
Lemma 7.6 (in the other cases), so that

Pann(E(y)) < ]Pann(”_2a|§y| >n"¢ 10g72 n— n_QQ) < Pann(|§y| > ”a/Q) <n”*

by the exponential Markov inequality, and P,,,(€(z)) < n~* by the same argument,
where we set £(x) = {\m(x) —thpm, ()] > n~*log 2 n} NE,. For the particular case
that there is a cycle C in B, (x, 7y, + £), at distance k£ > 0 from z, a computation similar
to that of the variance in Lemma 7.7 shows that for a small enough (depending on d and
h only), maxy>o |Ga,, (uk, ur) — Gam, (z, )| < n~2%. Hence, we get by a union bound on
Yy < Rll/’ that for large enough n,

Ponn(En) <n *Kologn < n™ 3.

The conclusion follows. O

7.5.2 The field ¢\, on the second phase: proof of (7.25)
It is enough to show that for each y, ; whose exploration in the second phase is successful,

— —1
Pann ({Supzequ,i\{yq)i} an (Z) - 7vZ}./\/ly,(Z” > 10g27n} N 87,71) < n74;

where T, . is its exploration tree, and to conclude by a union bound on y, ;. This follows
from a straightforward adaptation of the reasoning below (5.9). Note that the n~3 in the
RHS of (5.10) can be replaced by any polynomial in n.

7.5.3 The field ¢, on the third phase: proof of (7.26)
By symmetry, it is enough to consider the case ¢ = 1. Following readily the argument
of the proof of (6.14), we get that the probability that Efgh percolates through a given
J-joining ball is at least log”(KS/?’*l) n, for any J. By (7.15) and (7.16), and a union bound
on every couple (J,q) € {1,...,s0} x {1,...m},

Ponn(S2(2) \ 8§ (2)) N Erp) < 2074 + somP(Z = 0),

where Z ~ Bin(|log??" ¥, log?(Ks/3-1) n). If k and v/k are large enough, then

~—3r—18

P(Z = 0) = (1 — log?Hs/3=1) ) llog <t

for n large enough, and (7.26) follows.

8 Properties of C\"

8.1 The local limit: proof of Theorem 1.3

Proof of Theorem 1.3. The proof mimics the reasoning of Lemma 6.4. Let k£ > 0 and let
T be a rooted tree of height k&, with no vertex of degree more than d. Let z € V,,. We
perform an exploration as in Section 5.1. Denote Sy (x) the event that the exploration is
successful, that Sy(x) C CM»" and that B, (z,k) is isomorphic to 7. We claim that

Ponn(Sr(z)) — PT(By,(0,k) =T, |C!] = +0). (8.1)
n—-+o00
The proof goes as those of Lemma 5.3 and Proposition 5.1. In the proof of Lemma 5.3,

replace F\") by Fi") := F\" 1 {Ben (0, k) = T} and F'{") by F'3) := F'\ U {Ben (0, k) #
T}, for every j > 1. We also check easily that
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PTa (Cé”rlog—l " A Br, (O’ k) — Cél*log—l " A BTd(O7 k)) 1

in order to determine B, (z, k) Py,,-w.h.p., as Proposition 5.1 only ensures thatwe

have w.h.p. the inclusion chtlog™ n Br,(o,k) € Bm, (z,k). Moreover, we get as for
(6.21):
sup |CoVann(Sr(x),Sr(y))] — 0. (8.2)

z,yEV, n——+o0o

Let € > 0. Applying Bienaymé-Chebyshev’s inequality as in Lemma 6.4, we get

Ponn(]||Sr| — PY4(By, (0, k) = T,|C"| = 400)n| <en) — 1, (8.3)

n—-+o0o

where Sy is the set of vertices « € V,, such that Sy (z) holds. Let S C V,, be the set of
vertices such that their exploration is successful. By Theorem 1.1 and a reasoning as in
the proof of Lemma 6.4, with P,,,,,-probability 1 — o(1),

() [c{] < n'/3, so that Sy € Snec™,
(i) [[C{™| = n(h)n| < en,
(iii) ||S] = n(h)n| < en.

By (i), Sr = SN V™). Thus, |S7| < [Vi"| < S7] + €™ 189, so that by (ii), (iii) and
(8.3),

(PT(Bry, (0, k) = T,|Cl| = +00) — e)n < |V,T)| < (PT4(Br, (o,k) = T,|CL| = +00) + 3¢)n.

Moreover, |C§")| —n(h)n| < en by (ii), so that for e small enough,

PTa (BTd(Oa k) =T, |C<}>L| = +OO) V(T)| < IPTd(BTd (07 k) =T, |Ct’>l‘ = +OO)

Vi
—Ve< < +Ve.
n(h) c| n(h)
Since n(h) = PT4(|C"| = +c), we have
PTe(B k)=T,|Ct| =
(Brafe,) = LICN = 400) _ sy, (o, ) = T 2] = +0).
n(h)
And since we can take ¢ arbitrarily small, the conclusion follows. O

8.2 The core and the kernel: proof of (1.4) and (1.5)

We now prove (1.4) and (1.5) of Theorem 1.2, starting with (1.4). Let K; (resp. K>)
be the probability that o has at least 2 (resp. 3) children with an infinite offspring in C”,
under PT¢. Then (1.4) follows by a second moment argument as in Lemma 6.4 once we
show that for z,y € V,,,

Pupn(z e C™) — K, and (8.4)
n—-+oo
CoVann(Loecn 1yecm) | =2 0. (8.5)

Proof of (8.4). We proceed in three steps: first, we show that with probability ~ K3, the
exploration of Section 5.1 is successful for two children of x. Second, we prove that
some vertex w is connected to these two explorations, forming a cycle with x. Third, we
adapt the lower exploration of Section 5.2 to show reciprocally that z is not in C(") with
probability = 1 — K.

First step. For z € V,,, we perform the exploration in Section 5.1 from z, replacing C2
by the following condition: for every neighbour v of z, stop exploring the subtree from v
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at step k + 1 if the k-offspring of v has at least n'/2b,, vertices. Stop the exploration if
this happens for at least two neighbours of z. In this case, say that the exploration is
successful.

We adapt easily the proofs of Lemma 5.3 and Proposition 5.1 to show that for x € V,,,

P,nn (the exploration from z is successful) t} K. (8.6)
n—-+oo
Indeed, K, is the probability that the realization of ¢, to which we couple 54, is
such that o has at least two children with an infinite offspring. Then, as in Lemma 5.3,
there is a probability 1 — o(1) that the offspring of these children grows at an exponential
rate close to A\, (Proposition 3.6). Thus, letting

F™'.— U< j<i{the j-offspring of v has at least n'/2b, vertices}

for every child v of o, and Foo_ Uuy vs children ofo(ﬁ()ﬁ)k_l N Jﬁfffk_l), we get that

core,k *

Pann(Ur<r<|tog,, o1 Foaon ) WS, 1. and

Ponn(Ui< k< [logy, nl {at most one child of o has a non-empty k-offspring}) — 1— K;.
v n— oo

As for (5.8), we do not meet any cycle with P,,,,,-probability 1 — o(1). This yields (8.6).
Second step. If the exploration from x is successful, let x1, x5 be two children of x such
that the exploration subtrees T, and T}, from x; and x5 satisfy min(|0T,, |, |0Tx,|) >
n'/2b,,. Then, let K > 0 and let wy, ..., w|x10gn] € Va be vertices that have not been met
in the exploration from x. Proceed to their w-exploration as described in the first part
of the construction in Section 7.4. By Remark 5.2, o(y/n) vertices are seen during the
exploration from z and the w-explorations. By (2.7) with k = 1, mg, my, mg, m = o(y/n),
with P,,,-probability 1 — o(1), no w-exploration intersects the exploration from z, and
no w; is spoiled or back-spoiled.

As in (7.23), we get that for each w;, its w-exploration has probability at least (h)/2 to
be w-successful. Hence with P,,,,,-probability at least 1 — (1 — n(h)/2)Klesn] =1 — o(1),
there exists ¢y such that the w-exploration from w;, is successful. Denote 8Tw10 the
boundary of its exploration tree. Write

Score (z) :={the exploration from z is successful}nN

{3ip > 1, the w-exploration from w;, is successful}.
We have just shown that

lim Jirnf P ann(Score(z)) > lim inf P unn(the exploration from x is successful) > K;. (8.7)
n——+oo n—r+00

Next, we grow joining balls from J7T, to 0T, , and then from 97}, to 9T, . We

proceed as in the second part of the construction in Section 7.4 with m = 2 and so = 1.
Similarly to (7.15), we get that

IPann (Score(x) N (Score,joining,l U Score,joining,z)) = 0(]—)'

with Score joiningi := {there are less than logY ~3#—18

fori=1,2.

Finally, we reveal 9, on the exploration from z, on the w-exploration from w;,, on
the joining balls from 97, to 0T, , and on the joining balls from 97}, to 9Ty, , in that
order. Denote Score connect the event that there exists a joining ball By from 907, to 8Twio
and another B; from 07, to 6‘Twi0 such that minyer, ur,,ur,, UBUB, PM, (y) > h. Asin
the proof of Proposition 6.2, we get that Py, (Seore () N S ) =o(1). Hence

n joining balls from 97, to 9Ty, },

U
core,connect

EJP 28 (2023), paper 35. https://www.imstat.org/ejp
Page 45/60


https://doi.org/10.1214/23-EJP920
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Anatomy of a Gaussian giant

liminf,, oo Pypn(x, 21, 2o, 2 are in a cycle of CM» and [CM~| > n'/3)
Z hm infn—H—oo IPann (Score (I‘))

If |C§")| < n'/3, this cycle is in C%"), and thus in C(™ so that by (1.3), for large enough
n and any x € V,,, one has by (8.7):

liminf,, s 4 oo Papn(z € CM™) > liminf,, s 4 oo Papn(Score()) > K.

Third step. For xz € V,, turn the exploration into a lower exploration, replacing
h +log 'n by h —log~'n (as in Section 5.2). Say that the lower exploration from
x is aborted if for some k£ < loglogn, at most one child of = has a non-empty (k — 1)-
offspring. Let Acore(x) := {the lower exploration from z is aborted}. We get as in the
proof of (8.6):

Pann(Acore(z)) — 1— Kj. (8.8)

n—-+o0o

Moreover, revealing ¢ r, on T, we can apply Proposition 4.1 as below (5.9) to get
that

Pupn (Acore () N {CM»" 0 By, (x, [loglogn|) C T, }) = 1-Kj. (8.9)

n—-+0o0
For each neighbour y of z, denote C, its connected component in CM» \ {z}. If
the exploration is aborted and C~"" N B, (, |loglogn|)CT,, then z has at most one
neighbour y such that C, U {z} is not a tree and z ¢ C™). Thus liminf,, o Pypn(z &
C()>1 — K, and (8.4) follows. O

Proof of (8.5). By (8.4), for x,y € V,,
Pann(z € CUNPyn(y € CM) — K2

n—-+o0o

It remains to show that Py, (z,y € C™) " K3,
n—-+0o0

Perform the exploration from x as in the beginning of the proof of (8.4), then do the
same from y (and stop the latter if it reaches a vertex of the exploration from z). Since
o(y/n) vertices are revealed during these explorations (see Remark 5.2), then by (2.7),
the probability that the exploration from y meets that of x is o(1). Thus by (8.6),

Punn(the explorations from z and y are both successful) —+> K2
n—-+0oo

Then, let x1,22 (resp. ¥i1,y2) be the children of = (resp. y) whose exploration is
successful. We complete the exploration in a fashion similar to that above (8.7). Let K > 0
and let w1, ..., W K10gn] € Vi be vertices that have not been met in the explorations
from x and y, and proceed to their w-exploration. If there exists i > 1 such that
the w-exploration from w;, is successful, build joining balls from 07, ,97,,,9T,, and
0T, to Twio- Finally, reveal 9, on T, on T, on Twio and on the joining balls from

0Ty, ,0T,,,0T,, and 07,,, in that order. As in the proof of (8.7) and below, we get that

lim inf Py, (z,y € C™) > K2, (8.10)

n—-+o0o

Conversely, if we perform the lower explorations from x and y as defined in the end
of the proof of (8.4), we easily get that

Ponn(3z € {z,y}, the lower exploration from z is aborted) = 1—- K2,
n—-+0o0

Then, we reveal ¢, on T,. Following the reasoning below (5.9), we get that Py,,-
w.h.p., Bomnn(z, [loglogn]) C T, and thus

PP, ({the lower exploration from z is aborted} N {z € C™}) = o(1).
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This yields
liminf,, s 4o Papn(3z € {z,y},2 ¢ CW) > 1 - K3.
Together with (8.10), this concludes the proof. O

This reasoning can be readily adapted to prove (1.5), with a modification of the
exploration (requiring that at least three children of x have a successful exploration).

8.3 The typical distance: proof of (1.7)

The proof of (1.7) goes as that of (1.2), with a slight modification of the explorations
of Section 5. Those explorations were indeed stopped after at most log,, n steps. But
since around +/n vertices were explored, and since the growth rate of C” is close to Ay,
we can expect that a successful exploration lasts in fact (1/2 4 o(1)) log,, n steps. Then,
connecting two such explorations as in Proposition 6.2 (adding an additional distance
O(loglogn) = o(logn)) yields the typical distance (reciprocally, explorations lasting less
steps will be too small to be connected).

Proof of (1.7). Fixe € (0,1).
Upper bound. In the exploration of Section 5.1, replace C4 by the following condition:
stop the exploration if £ > (1/2 +¢/3) log,, n. By Proposition 3.6,

. T h4log™'n 2 htlog™'n| _ _
lim,, oo Pt <|ZL(1/2g+s/3) log, nyl > n'/2b, [|CaT% " = +oo) =1.

Thus, Propositions 5.1, 6.2 and Lemma 6.5 remain unchanged. And if z,y are
connected in E— via successful explorations from z and y and joining balls from 07} to
0T, then

dyon (2,9) < 2(1/2+2/3)logy, n+af, < (1+2)logy, n

YGn

for n large enough. Then, Lemma 6.5 implies that

IPann(gl,n) — ]-;

n—-+oo
where & ,, := {|{(z,y) € VnQ,dE’dZ}gh (z,y) < (L+¢)logy, n}| > (n(h)? —e)n?}.

We have to check that only o(n?) of the couples (z,y) described in & ,, are not in Cf”),
and that \C£”)|/n is indeed close to n(h). Note that by (1.2) and (1.3),

Punn(E1,n NE2n NEsp) n_)—+>oo 1,

where &, := {Vi > 2, || < Kylogn} and &, := {(n(h) — e)n < |C\™| < (n(h) + &)n}.

On &, we have [{(z,y) € V2\ (C\")2, dgzn (z,y) < (1+¢€)logy, n}| < n®?2, so that on
VGn
gl,n N g?,nr

{(2,9) € (C")2 dgio (@) < (1+€)logy, n}| = (n(h)? - 2¢)n?

Thus, on gl,n n gg,n n gg,nt

2 2
. L2 2 2nh)e + €
o ({(2:9) € O degn 29) < (1) ogy, m)) > hais > 1= = Coims
L1 B2
n(h)
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Lower bound. It remains to show that the typical distance in C;") is at least (1—¢) logy, n.
Modify the lower exploration of Section 5.2 by saying that it is aborted if

* C1 did not happen, and

« it is stopped at some step k < (1/2 — £/2)log,, n, or less than n'/2~</10 vertices
and half-edges have been seen at step [(1/2 —¢/2)log,, n].

By Lemma 8.1 below,
P (the lower exploration from z is aborted) =1 — o(1). (8.11)

For z,y € V,,, perform the lower exploration from z, then that from y, and stop it if
it meets a vertex of the exploration from z. This happens with P,,,,-probability o(1) by
(2.7) with k = 1, mg, m1, m, mg = o(y/n) (recall Remark 5.2).Hence by (8.11):

Pann(gab(m7 y)):]- — 0(1), with
Eap(z, y):={the lower explorations from x and y are aborted},

Then, reveal ¥ ,4, on the exploration trees 7, and T,. Applying Proposition 4.1 as
below (5.9), we get that:

Ponn(&an(z,y) NENE) =1 —0(1),
with &, := {Boman(z, [(1/2 —/2)logy, n]) C T.} for z € {z,y}.
On Eup(z,y)NENE, ifx,y € Cf"), then d,w (z,y) > (1 — €)log,, n. Therefore, for
1
every z,y € Vi, Pynn(Ezy) = o(1), with
Eny i={z,y € Cf"), dcﬁn) (r,y) < (1 —¢)logy, n}.

Similarly, for all distinct z,y, z,t € V,,, we get that P, (x4 N E,¢) = 0(1), so that
COVann(lgm‘y, ].gzyt) = 0(1)
Thus by Bienaymé-Chebyshev’s inequality,

Pmm(g&n N {|{(m,y) € Vn27 d (r,y) < (1—¢) IOg)\;L n}‘ > 677'2}) — L

ng n—-+oo

For € > 0 small enough and n large enough, on

Es.n N {{(z,y) €V, doon (2,y) < (1 =€) logy, n}| > en?},

Tom ({(amy) € (c§”))2,dc§n> (z,y) < (1 —¢)logy, n}) < 07+ This concludes the proof of
(1.7). O

It remains to establish the lemma below.

Lemma 8.1. We have

lim P,,,(the lower exploration from x is aborted) = 1.

n— o0
Proof. Note first that P,,,,,(C1 happens) = o(1) by (2.7) with k = 1, mp = 1, mg = 0 and
m = o(y/n) by Remark 5.2. Therefore, it is enough to prove that

PT(|B “1,(0,[(1/2 = ¢/2)logy, n] +an)| < n1/2’5/8) —1,

—1
ch—los
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since if this event happens, less than n'/27¢/10 vertices and half-edges have been seen at
step [(1/2 —¢/2)log,, n]. By (4.1), it suffices to show that

PY(|B 1 (0, [(1/2 = £/2) logy, n))| < n*/?275/T) = 1, (8.12)

—1 -
ch—los

To do so, we first prove that for n large enough and every loglogn < k < (1/2 —
e/2)logy, n,
IP’]Fd <|Z£710g—1n| > n1/2—s/6) < e—Ck +n—3. (813)

Let§ > O such that A\, < A\p—s < Ap+¢/10 (B — A being continuous, Proposition 3.3).
—1
Since Z,'j_log " C Z,?*‘S for n large enough and all £, a direct computation shows that

Pra (|Z,Tlog_1 "> n1/2_8/5Xh75(a)> <Py (log |Z870 > My_s(1 +/5)k + log Xn—s(a)) .

Then by Proposition 3.6, there exists C' > 0 (depending on ¢) such that for n large
enough, for every loglogn <k < (1/2 —¢/2)log,, nand a > h,

pTa <|Z]}fzflog_ln‘ > n1/2—a/5xh75(a)> < e CF,

By Proposition 2.1 of [4], there exists ¢ > 0 such that forall A’ < h, anda > d — 1,
one has y/(a) < ca'71°8¢-1 ' < ca. Since y; is continuous on [h, +-00) (Lemma A.1), we
have for n large enough max;,«,<1oe2 » Xn—s(a) < n¥/%°, so that

P (|Zz?_log71 = "1/2_8/6) < e % + PP (g, (o) > log?n)

Using the exponential Markov inequality as in Lemma 2.5, we get PT4(pp, (o) >
log2 n) < n~3. This yields (8.13). Then, for n large enough, this implies

]PTJ(‘Bc(}; (O7 |_(]_/2 — 6/2) logAh nJ)' > n1/2—5/7)
< IPTd (E”{i S UOg 10g n, (1/2 — 5‘/2) IOg/\,L n]7 |Z£—log*1 7L| > n1/2_5/6)

L(1/2—¢/2) logy, n]

< > (e=CF +n73)

k=|loglogn]
< 1/loglogn.

(8.12) and the conclusion follow. O

8.4 The diameter: proof of (1.6)
Recall that D§”> is the diameter of Cf"). In Section 7, we have in fact proven that there
exists a constant K4 > 0 such that for &, := {Va € C{", | B (2, [ K1 logn|)| > Kisn},
1
we have

Ponn(En) — 1
n—-+oo
Namely, one can take K5 = Ky + 310g_1 -
Hence it is enough to show that on &,, D%n) < 6Kf21K13 log n, which will imply (1.6).
We do this by a short deterministic argument.
Let 2, € C". If 9B (21,2| K16 logn] + 1) = 0, then D{") < 4K glogn + 2.
Else, let 25 € 8Bc§n> Exl, 2| Kiglogn] +1). Fori = 1,2, we have

|Bc§n> (x4, | K16logn])| > Ki5n and Bc§">(xi’ | Ki6logn]) C Bcin) (z1,4| K16logn]).
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Moreover, Bcin) (1, [ K1glogn]|) N Bcin) (z2, | K16logn|) = 0. Thus, we have
|BC§”> (.2?1, 4LK16 log TLJ)| Z 2K15’ﬂ.

For i > 2, if 9B, (21, (3i — 4)[ Kiglogn| + 1) = 0, then D" < 2(3i — 4)K6logn + 2.
Else, let x; € 0B, (21, (3i — 4)[ K16 logn] + 1). As for i = 2, we get that
1

|Bc§n) (.131, (32 - 2) I_Km 10g’flJ)| - ‘Bqn) (331, (3Z - 5) I_Klﬁ IOg nj)| > ‘Bqn) (.Z‘i, Kig 10gn)|

> Kisn.

Since |V,,| = n, 0B, (w1, (3ig — 4)[ K16 logn| + 1) = () for some i < K7, and
1

D\ < 6K Kyglogn.

This shows (1.6).

A Appendix

A.1 Proof of Proposition 2.1

Proof of Proposition 2.1. By Theorem 1 of [8], there exists ¢ = (d) > 0 such that M,, has
an expansion ratio at least c¢(d) w.h.p., and thus satisfies (I) with K3 = (¢(d)/d)?/2 by the
Cheeger bound (see for instance Theorem 2.4 in [22], the expansion ratio being defined
in Definition 2.1 of [22]).

As for (II), fix K3 > 0. For all € V,,, one obtains B, (z, | K3logn]) by proceeding to
at most d(d — 1)L%s1°8") pairings of half-edges. If K3 is small enough, d(d — 1)%slosn] <
n'/> — 1 so that by (2.7) with mg = 1, mg = 0, m = d(d — 1)K31°8") and k = 2, for n large
enough:

P(tx(Bm, (z, | K3 logn])) > 2) < C(2) (7/)2 < p-11/10,

n

By a union bound on z € V,,, w.h.p. M,, is such that for all x € V,,,
tx(Bum,, (z, [Kslogn])) < 1.

In the remainder of the proof, we fix a realization of M,, such that (I) and (II) hold. In
particular, M,, is connected and G u4,, is well-defined.

Let us establish (2.1). Let « € V;, be such that tx(B, (z, K4|loglogn|)) = 0. Note
that U := B, (x, | K4loglogn|) and W := By, (o, | K4loglogn|) are isomorphic. Then
G%y, (z,2) = GY (0,0), where we let

Ga, (Y. 2) = E;"ln[zfio 1¢x,—.y] for every y,z € V,, and A C V.

Recall that T4 is the exit time of A by the SRW (Xj),>o. Similarly for every B C T,
and y, z € T4, we define

GT,(y. 2) =B

Tp
> 1{Xk=2}1 : (A1)

k=0

On one hand, by the strong Markov property applied to the exit time Ty,

G’?/d(oﬂ O) = GTd(O7 O) - ngd [GTd (OvXTw)] = % - ngd [GTd (OvXTw)]'
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On the other hand, by Lemma 1.4 of [1], for all y,z € V;, and A C V,:

EM~[T
Gl (0:2) = Gt (0. 2) — B (G, 2, X )] 4 22 (a2)

so that G, (z,2) = G, (z,2) — E3" [Gum, (#, X1, )] + w Therefore,

d — ]. EMn T
G, (.2) — 2] < [BT(G, (0, X, )] + (B2 (G, (X ]| + 2 20

— n
By (2.3) and (2.4), if K, is large enough, then for large enough n:
EX (G, (0, Xy )] + B3 [G g, (0, X1y, )]| < log™" .

Note that Ty is stochastically dominated by the hitting time H of | K4 loglogn| by a

SRW (Z)r>0 on Z starting at 0, whose transition probabilities from any vertex are %
towards the right and 1/d towards the left. By Markov’s exponential inequality, there
exists a constant ¢ > 0 such that for n large enough and every k > n'/10,

P(H > k) <P(Z, < [Kaloglogn]) < P(Z), < (452 — 1/100)k) < e,

Hence for n large enough, EX'" [Ty] < E[H] < n'/1% 4+ 37, 10 ke™* <n'/2. Thus,
-1
Gm, (z,z) — T 5 <log "n+n"12 <log®n

for large enough n, and this yields (2.1). One proves (2.2) by the same reasoning. O

A.2 Proof of Propositions 3.3, 3.4 and 3.6

We start with the proof of Proposition 3.3. We will need the following Lemma (whose
proof is immediate from Propositions 3.1 and 3.3 of [32] and Proposition 2.1 (ii) of [3]),
from which )\j, originates.

Lemma A.1. Fix h < h,. There exist A\, > 1 and a function x} that is continuous with a
positive minimum X min 01 [k, +00), that vanishes on (—oo, h) and such that

M =X )T xn(er, (@)

wEZ:’Jr

is a martingale w.r.t. the filtration Fj, :== o (cpqu(x), © € By (o, k)), k >0, and has an a.s.
limit M.

Proof of Proposition 3.3. We first establish that limy_, ;. PTe(|Z]] > MF/k2) = n(h).
Clearly,

limsupy,_, 4 oo PH(|Z}] > A} /k?) < PT(ICY| = +00) = n(h).

Conversely, denote £ = {|Cl"| = 400} and EF = {\Z£’+| > \¥/k?}. By Theorem 4.3
of [3],
lim PTe(&F) =PTe(er) > 0. (A.3)

k—+oco

Hence, for any € > 0, for k large enough,

Pr(gh) > PTe(eT) —e. (A.4)
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Let T be the cone from 5 out of o, C™ := C2 NT;, and 2"~ := C»~ N 3B, (5,k)
d

o

fork>1.Let &~ = {|C¥7| = +oo} and & = {|2,",| > \i/k?}. Define € := {pr,(0) >

]

h} N { " is finite} and &, := {¢r,(c) > h} N{ Z£’+ = (}. We have
Pri(g- n&) > P~ NE) —PT(E- NEN(E)) —PT(E" NEN(E)S).

Define Mgo’_ on Cg’f as MQO on Cf’Jr. From the proof of Theorem 4.3 in [3], we get that
PTa({M~ >0} N (&)%) — 0. And, by Proposition 4.2 in [3], PT<(£~ n{M%~ =0}) =0,
so that PT4(£~ N (&,7)¢) — 0. Moreover, (€;),>0 is an increasing sequence of events and
& = Ug>1&, so that PT4 (€N (&)¢) — 0. Hence, for k large enough,

Prg - n&) >Pr(E"NE) — 2. (A.5)

Note that {|C| = +oo} = ET U (E7NE), sothat P(ET) + P(E~ N E) = n(h). And for
allk > 2, &ML (& né&) C{|Z2]| > A} /k?}, therefore, if k is large enough, by (A.4) and
(A.5), one has

PY(|Z] > A /K%)= n(h) — 3e.

Since e > 0 was arbitrary, limy_, 1o PT4(|Z]| > A} /k?) = n(h).
Now, we show that PT4(|Z2"| < kAF) — 1. For all k > 1, by definition of M},

—k h,
M]? 2 Xh,rnin)\h ‘Zk +‘-

From the proof of Proposition 3.3 in [32], M/ is a.s. finite. Therefore, k~'\, " ’Zg,+‘ —

0 a.s., and
PTa(|Z]F| > kAF/2) — 0.

In the same way, PT¢(| 2| > kAl /2) — 0. Since Z! C Z/"" U 2", we are done.
The last part of the Proposition comes directly from Propositions 3.1 and 3.3 in [32].
O

A crucial idea to prove Propositions 3.4 and 3.6 is to make a finite scaling, in order
to get a branching process that is uniformly supercritical w.r.t. to the value of ¢, (o).
Indeed, the fact A\;, > 1 does not ensure that the expected number of children of o in ’]I‘;r
(or even in Ty) conditionally on ¢r,(o) = a is more than one for every a > h, in particular
if a is small. However, due to the exponential growth of Cff (and CQ’J’) of Proposition 3.3,
it turns out that for ¢ € IN large enough, even conditionally on ¢, (o) = h, the expected
number of vertices in the /-offspring of o is more than one, as stated in the Lemma below.

Lemma A.2. There exists { € N such that for every a > h,
By (|21 > B[ 24 > Epe 2] > 1.

We will use it in the proofs of Propositions 3.4 and 3.6, looking at the branching
process whose vertices are those of C/* at height 0, ¢, 2, etc.

Proof of Lemma A.2. Write &, := {|Z,’:+| > A\F/k%}. By (A.3), there exists ¢ > 0 small
enough such that for every k > =1, PT¢(&,) > . For a; large enough, P (o, (o) >
a1) < /2. Note that & is an increasing event, so that by Lemma 3.2, the map a’ —
]Plr,d (&x) is non-decreasing. Therefore, for every a’ > a1 and k > M, if v ~ N(0, %)
denotes the law of ¢, (o),

PE(E) 2 PIE) > [ BE €M) 2 PP () ~ PR(pny(0) 2 ) 2 5/2. (46)

— 00
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From the construction of Proposition 3.1, it is straightforward that
p := P} (o has one child z in C**, and ¢r,(2) > a1) > 0. (A7)
Hence for ¢ € IN large enough,

A
(€-1)

h, pe
(P B > 1.
In addition, for every M € R, {|{Z£‘ 7| > M} is an increasing event. By Lemma 3.2, for
every a > h, ET4[|Z)"|] > E}*[|Z2}>"]. Since Z;"" C Z} a.s., the conclusion follows. [

Remark A.3. By a direct adaptation of this proof, in particular (A.6) and (A.7), one has
PTa[|Cl| = oc] > P 4[|C!| = o0] > 0 for all a > h. Also, the conclusion of the Lemma still
holds if for a fixed § € [0, h, — h), Zé‘”r now denotes the /-th generation of the connected
component of o in ({0} U EZ"**) N'T;: denoting p,p5 the law of |Z1"*| conditionally on

or,(0) = h, we have I, [Zé“’] = E[ps,p,5] > 1if £ is large enough (depending on h and
9).

Proof of Proposition 3.4. Fix a > h, and let / € IN be such that the conclusion of
Lemma A.2 holds. Let I\ := dBcr(o,f). For j > 1, if Fj # (), choose an arbitrary
vertex z; € F;. Let O; be the (-offspring of z; in C! and let Fj1 := O; U F; \ {2;}. Thus,
we explore C" by revealing subtrees of height < /, so that at each step, we see at most
(d—1)+...+ (d—1)* < d'! new vertices. Hence, if |C"| > k for some k € IN, there will
be at least |k/d‘*!| steps before C" is fully explored.

By Lemma 3.2 (applied to {|Z£’+| > k} forevery k > 1), forevery j > 1,
stochastically a sum S; of j i.i.d. random variables of law p, ; — 1, where

F;| dominates

pen is the law of | 2| conditionally on ¢, (o) = h. (A.8)

Therefore,
+oo

Pl(k<|Ch| < 4o0) < > P(S;<0).
g=|k/d+1]
But a variable of law p; ;, — 1 is bounded and has a positive expectation by Lemma A.2,
therefore there exist ¢, ¢’ > 0 such that P(S; <0) < ce=<'7 for all j > 1. Hence,

§ e ¢ comld /)

Pla(k < |C) < +o0) < ¢ < Ty
_ec

J=Lk/d+1]
and (3.1) follows. O
Proof of Proposition 3.6. Let ¢ > 0. By definition of M}' and Lemma A.1,
{12071 = xu(@) O+ )Y € (M) = X Xminxn (@) (v + )4}

so that by Markov’s inequality, for any a > h,

, A +e\”
Pre(|201] > xp(a) (A, +e)F) < PTe (M;? > Xh,minXh(@) (h)\h> )

- AV
<Xt (52 o) BB
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This yields the upper large deviation for Z,?’+ (and for Z,}g, using the facts that
Zl C 2T U2y, and that |2,"7| and |Z,""| have the same law).
It remains to prove that for some C' > 0 and k large enough,

max P (k= og| 2| < log(An —€) | 2 # 0) < exp(—Ck). (A.9)

a>

We proceed in two steps. We first initiate the growth of C” by showing that if Z,, # 0,
the probability that |Z,,] = o(n) decays exponentially with n, where ¢ is such that
Lemma A.2 holds. Then, if Z;, has at least O(n) vertices, each of them has a positive
probability to have a Kn-offspring of size at least \X"/n3 > (A, — &)F with k := (K + {)n
and for a large enough constant K, independently of the others vertices. Hence the
probability that |Z;| < (\;, — ) decays exponentially with n, and thus with k.

First step. Recall the exploration of C" of the proof of Proposition 3.4, but perform it in
a breadth-first way: reveal first the /-offspring of o, then the /-offspring of each vertex of
Zé‘, then the /(-offspring of each vertex of Zé}, and so on. Forn > 1, if ZZL #0,letj+1
be the first step at which we explore the offspring of a vertex of Z,,. Note that j > n.
As in the proof of Proposition 3.4, there exist €, ¢, ¢’ > 0 such that P(S; < ei) < ce=¢t for
every ¢ > 1. Hence, for every n > 1,

min Py (|27, > en |25, #0) > 1 - ;ce*’i >1- 1%6_0/«;6'”. (A.10)
Second step. Let K be a positive integer constant, and let F' be the set of vertices
z € Z) such that the Kn-offspring of z has at least A\X" /n3 vertices. This step mainly
comes down to showing that the probability that F' is empty decays exponentially with n.

Define the events

h, n h, n
En = {25, | = A" /n’} and &, = {| 2, | = A" /0’
We first show that
p:=minPT(&,) > 0. (A.11)

a>h

By (A.3), liminf,,_, o PT4(€)) =: p’> 0. Let a; be such that P(pr,(0)>a;)<p’/4. For
n large enough,

Jusn Paé(E,)v(da) > p' /2, hence [ PT(E],)v(da) > p' /4,

where we recall that v is the density of ¢r,(c). Since & is an increasing event, by
Lemma 3.2:

ming>q, Py(E)) > p'/4.
By Lemma 3.2 again,
ming >, PYe(3z € Z{H', or,(2) > a1) = IP;JLT‘Z(HZ € Zf"", or,(2) > a1) =:p" > 0.

Hence p > p'p” /4 and (A.11) is proved. Note that |F| > Bin(|2] |, p”). Thus by (A.10),
st.
min DL (|F| > 112}, # 0) > 1 - PE(2},| < enl 2, #0) = (1-p)F 21— ce™"
az
for n large enough, up to changing the values of the constants ¢ and ¢’. Therefore,

max P <|Z(hK+e)n| < A" nd | 2, # (Z)> < e < e
az
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If K is large enough, then for n large enough, A" /n3 > (A, — ) E+O(+D) 5o that
X Py (‘Z(hKH)M < (A — ) EFOCT | 20 @) <ce C".

We adjust the conditionning: {Z{LKH)n # 0} c {Z} # 0}, and |Z?K+e)n‘ < (A\n —
g)E+Om+1) on [Z £ () \ {Z{ 1o)n # 0}. Therefore, there exists ng > 1 such that for
all n > ng,

max Py (‘Z(hK+£)n| < (A — ) EHOHD \Z(hKJrz)n # @) < cexp(—c(K +£)(n +1)),

(A.12)
where the new value of ¢’ depends on the constants K and ¢. This yields (A.9) for large
enough multiples of K + ¢. One can readily replace each Z! by Z/:* in this reasoning
(for any m > 1), to get the same result for Z(hkie)n instead of Z(}‘KH)R.

It remains to show the result for non multiples of K + ¢. Let k > (K + ¢)ng. Write
k= (K +0n+m,with0 <m < (K +¢) — 1. Note that on {Z' # 0}, 2" has at least one
vertex whose (k — m)-offspring is not empty. Hence

max PT4(|ZE] < (A — o) | 2} #0) < max BT (12070, < (\ — )" | 207, #0)
< max T (1204 ] < O — )k it 2 g)

< cexp(—c'(K +{)(n+1))
< ce_c/k,

where the third inequality comes from (A.12). Adapting this last computation for Z£’+ is
immediate. This concludes the proof of (3.2). O

A.3 Proof of Proposition 4.1

In the proof, we will use the following two facts on tree excesses, that we use
implicitely in other parts of the paper. First, for any subgraph A of any finite graph G
and R € N, tx(Bg(A, R)) > tx(A), with equality if and only if B;(A, R) has the same
number of cycles and the same number of connected components as A. Second, if G is
connected, tx(G) = 0 if and only if G is a tree, i.e. has no cycle.

Let us give a short proof. For the first fact, it is enough to show that for any
choice of A and G, the sequence (tx(Bg (A, R)))r>0 is non-decreasing. Since Bg (A, R +
1) = Bg(Ba(A, R), 1), it is enough to check that tx(Bg(4,1)) > tx(A), without loss of
generality. Let aq,...,a, be the vertices of A forsomen > 1. Fori=1,...,n,addto 4
the neighbours of a; and the corresponding edges. This yields B (A, 1). Each time we
add a neighbour z of a;, if 2 was not already in A, then the edge {a;,z} was not either.
Hence, the quantity (number of edges — number of vertices) is not decreasing during
this process, so that tx(Bg(A,1)) > tx(A). As for the second fact, it is classical that if G
is a tree, then tx(G) = 0 (see e.g. Theorem 2.2 in [9]). Reciprocally, if G is connected, is
not a tree and tx(G) = 0, then there is a spanning tree T' of G such that tx(7") < 0 (since
T is obtained from G by deleting no vertex and at least one edge on a cycle of G), but
this contradicts the fact that if T is a tree, then tx(7) = 0.

We will also need the lemma below, which is a consequence of Lemma 3.3 in [12] and
of the following observation. If (X;);>0 is a SRW on T, then the trajectory of its height
(br,(X;))j>0 is distributed as a random walk on IN U {0} with transition probabilities 1/d
towards the left neighbour and (d — 1)/d towards the right neighbour, and reflected at 0.

Lemma A.4 (Geometric repulsion). Let s € IN, and A C V,, such that tx(Bu, (4, s)) =
tx(A). Letx € V,, \ B, (A, s), let (X;);>0 be a SRW started at = and T its first hitting
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time of A. Then 7 dominates stochastically a geometric random variable of parameter
(d—1)7s.

We give a shortened proof of Proposition 4.1, due to the many similarities with the
proof of Proposition 2.7 in [4], and refer the reader to [4] for details.

Proof of Proposition 4.1. Let us first prove (4.2). By our assumptions on A and y T}, :=
B, (y,Y,an — 1) is a tree rooted at y. Let 9T, be the (a,, — 1)-offspring of y in 7),. Let 7
(resp. 7') be the hitting time of 9T}, (resp. 0T, U{y} by a SRW (X;);>¢. By Proposition 2.3,

EM [ pq, )|o(A)] = B [, (Xaa) Laa<e) + B [, (Xa,) La,s-)

E;""[H.] (A.13)
———FE X .
E‘;rMn" [HA] Tn [¢Mn ( Hy )]

By the reasoning leading to the domination of Ug)"m below (2.43) in [4], we get

1

o, ()| < log .

’EyM" [Wm, (Xa) Yaaze] = o=

In particular, it is worth noting that in our context, (2.33) in [4] becomes

1
‘PM"(HA <7 -] < log~°n and E)'" [7'] < 2logn. (A.14)

Therefore, to establish (4.2), it is enough to show that

d—2 _
B o, (X0) o] = 0B oae, ()| <3108%n a9

and

d—2 B Eﬁ/‘ [H 4]
d—1 Bz [Hal
We start with (A.15). Following the proofs of (2.35) (using Lemma A.4 with s = a,,

fixing « large enough, instead of Lemma 3.4 of [12]) and (2.36) in [4], and using the fact
that max.c 4 [, (2)] < log?® n, we get that

sup B2 pn, (Xpr)] — B2 [, (X)) | < log™Cn.
zE y

EX" [P, (Xm,)] < log™n, (A.16)

Also, by (A.14), P?/JV‘"(HA >7)— %‘ < log™%n. Combining these two facts yields (A.15).

As for (A.16), we have Ej'» [Ha] = Ey'» [7'] + 30 o7 Py (Xp = 2)EX' [Hal. By

(3.20) of [12], E,TMH"[HA] > ﬁ > 1og8n/4. Combining this with (A.14), we get

E)[Ha]
Ex" [Ha]

Moy,

Z p/ EZ [HA] S SIOgn S 1Og76 n)
TEMA[H,| T log®n

ZeaTy Tn A g

6

where p/, := PJ'" (X, = z). By (A.14), n. Therefore,

/ d—2 —
ZzEBTy b, — ﬂ‘ < 1Og

EMn [HA]

<2log %n + max |—2%——=
Ex"[Ha]

z€0Ty

I

Since max.ca |, (2)] < log2/3 n, (A.16) and thus (4.2) follows once we show that

EM~ [H
max # - 1‘ <5log ’n. (A.17)
z€0Ty | Ex," [HA]
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Here lies the main difference with Proposition 2.7 in [4], which makes the stronger
assumption that |A| = O(logn). For all z € 9T,, following the first part of the proof of
Proposition 3.5 in [12], we obtain the upper bound:

B [Ha] Slog”n+ Y (ma(2)) + e 0 980 B 1
eV (A.18)
< 1Og2 n -+ (1 + ne- M log? n)EMn [HA]

Tn

Recalling that E2'"[H 4] > log® n/4; this yields

EM- [H 41log? f
1Al dlogTn A tos'n < 1 | 5log0n, (A.19)
Er." [H4] log®n

Conversely, the second part of the proof of [12] gives us that

EM- [H
# >1 — ne MMnlog®n _ PMn(Hy <log®n)(1+5log %n).
Eﬂ'nn [HA}
By Lemma A.4 applied as below (A.16), we have sup_cr, PM~(H, <log?n) <log %n.
Together with (I) and (A.19), this yields (A.17) and the proof of (4.2) is complete (note
that the required lower bounds on « given by Lemma A.4 are uniform in y and A).
We prove (4.3) in the same fashion. Since H4 > 7’ a.s., (2.11) yields
d d
Var'™" (¢, (y)]o(A4)) — 1l S ‘GMn (v,9) = By (G, (Y, X#) Lia=r] — d—1‘
EMn [HA}
2 EMn Xu,)l|-
Eﬂ'n [HA] Tn [GMn(ya Hy )}

(A.20)

+ (B G,y X)) Lt yser] —

Following the reasoning at (2.47) and below in Proposition 2.7 of [4], one shows that
the first term of the RHS is O(log_5 n). Then, we apply to the second term of the RHS of
(A.20) the same reasoning as (A.15) and (A.16), the inequality max, ycv, |G, (2, y)] <
K (/by (2.4), since M,, is a good graph) replacing the inequality max.c4 [{am, (2)] <
log?’? n. O

A.4 Proof of Lemmas 7.6 and 7.7

Proof of Lemma 7.6. We follow the argument of Proposition 4.1, with a few adjustments.

First, the bounds in the first inequality of (A.14) and in (A.15) are in fact e~ “*» for
some constant ¢ > 0, and one can replace a,, by .

Second, the proof of (A.16) can be adapted by noting the following two facts. On one
hand, he condition |A| < n?/? implies that E,, [H4] > n'/3/4. On the other hand, the
second inequality of (A.14) still holds for large enough 7, using the same comparison
with a biased random walk as in (2.33) in [4], since for £ > 0.3logn and a constant v > 0
that depends neither on k nor on n, P(7' > k) < e 7%, O

Proof of Lemma 7.7. We will only show (7.32) and (7.33). The other proofs are very
similar and left to the reader.

We start with the proof of (7.32). We follow the proof scheme of (4.2). Let 7 be the
hitting time of 0B, (v, 7, ) \ {y} by @ SRW (X} )r>0. Note that {Ha <7} C{ Xy, =y}
We write

EM [, )]0 (A)] =Py (X, =7, Ha < 7)o, @) + E)" [, (X)Ll ,>7)
EMn [HA]
- % FM» Xm,)-
p g B 0, ()
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Since B, (v, 9, rn) and Bg,, (2k, %k, ) are isomorphic,

P':;\/t"(XHA = g7 HA S T) = PZka(XHaBGm(zkv = E) =: a%_

ZkoTn)

Since
— 1 /
{XHBBG,”W@«'»L) =Zr} € {Hz;) < +oo}, we have aff < ay.

Reciprocally, on { Hz;) < 400} \ {XHBBGW(%%T”) = Zr}, @ SRW starting at distance
rn of C,, has to reach C,,. As in the proof of (A.14), a comparison with a biased SRW
on Z shows that this happens with a probability O(e~“") for some constant ¢ > 0
uniquely depending on d and we get that if ¢ small enough, then for large enough n,
[P (Xpr, =7, Ha < 7) — o} < n2e.

It remains to establish

E;)"" [H 4]
E " [, (X ) 1masr) — 5

¥ pMn X < npse, A21
BN (1] [V, (Xu,)l| <n ( )

To do so, one adapts the proofs of (A.15) and (A.16) exactly as in the proof of
Lemma 7.6: if H4 > 7, (Xy)k>0 leaves B, (AUCUP, ;) before hitting A. By Lemma A.4
with s = 7, if a is small enough, (X}) does not hit A within the next log® n steps with
probability at least

(1—(d—1)"m)l’n > 1 _2log?n (d—1)""™ >1—nde,

Then, we use Corollary 2.1.5 of [29] as in the proof of (2.36) of [4]: after Uog2 n| steps,
the fact that M,, is an expander (i.e. Ay, > K3 > 0) forces the empirical distribution of
X to be very close to the uniform distribution =,,. (7.32) follows.

For (7.33), we follow the proof scheme of (4.3). If 7’ is the exit time of B, (v, 7, ),
we have

[VarM" (v pq, (9)|o(A) = Yl < |G, (0, 9) — BN (G, (0, X#a) Lira=r'] — Vi
EMn [HA]
2 EM- X :
Eﬂ'n [HA} T [GMH (y7 HA )]

(A.22)

+ E’/Mn [GMn (anHA) 1HA>7—'] —

We deal with the second term of the RHS as (A.21) to show that it is O(n~3%). As for
the first term, we have as in (2.47) and below in [4]:

EJ [Gam, (4 Xp,) Lia=r] = EJ' (G, (y. Xo)] = O(n™3%)

if a is small enough, by (2.4). Now, by (A.2) applied to D := B, (y,Y, ) (note that
Tp = 7') and the second inequality of (A.14) (which still holds, as remarked in the proof
of Lemma 7.6), we get

EM:
|G, (y,y) — B (G, (y, X)) = GRy, (9, 9)] < —5-— = O(n™3%).

But D is isomorphic to F := Bg,, (2k, Zk, s ), SO that

GRy, (wy) = GE, (k2
= Ga, (zk21) — PS™ (T = 21)Ga,, (21, Z5) — P (T # %) Ga,, (21, 2)

for any z € 9B¢,, (E,1) \ {zx}, by cylindrical symmetry of B¢, (F,1). One checks easily

m

that if a is small enough, then for n large enough,

G/’?,[n(y,y) = Ggm (zk, 28) = Ga,, (2k, 21) — ng”" (Te = z)Ga,, (2, Z5) + O(n=39).
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One easily adapts the reasoning leading to (A.14), despite the presence of one cycle,
to get

P (Tg = z;) = PO (Hzpy < +00) + O(n™3) for a small enough.

Note indeed that {Tr = Z} C {Hz} < +oo}. Reciprocally, if z € 9Bg,, (E, 1) \ {Z&},
a SRW starting at z has a probability decaying exponentially with r,, to reach Z, since
there are at most two injective paths from z to zx, and each contains at least r,, — 3
vertices where the SRW has a positive probability (only depending on d) to enter a
subtree isomorphic T; and to never leave it.

Since v, = Ga,, (2k, 21) — PS™ (H{zy < +00)Ga,, (2k, Zx), we obtain

IGRy (y,9) — 1l = O(n™3%).

All in all, we get that the first term of the RHS of (A.22) is O(n~3%), and (7.33)
follows. =
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