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Abstract

In this paper we introduce a contact process on a dynamical long range percolation
(CPDLP) defined on a complete graph (V, ). A dynamical long range percolation is
a Feller process defined on the edge set £, which assigns to each edge the state of
being open or closed independently. The state of an edge e is updated at rate v. and
is open after the update with probability p. and closed otherwise. The contact process
is then defined on top of this evolving random environment using only open edges for
infection while recovery is independent of the background. First, we conclude that an
upper invariant law exists and that the phase transitions of survival and non-triviality
of the upper invariant coincide. We then formulate a comparison with a contact
process with a specific infection kernel which acts as a lower bound. Thus, we obtain
an upper bound for the critical infection rate. We also show that if the probability that
an edge is open is low for all edges then the CPDLP enters an immunization phase,
i.e. it will not survive regardless of the value of the infection rate. Furthermore, we
show that on V = Z and under suitable conditions on the rates of the dynamical long
range percolation the CPDLP will almost surely die out if the update speed converges
to zero for any given infection rate A.
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Contact process on a dynamical long range percolation

1 Introduction

The classical contact process on a fixed graph describes the spread of an infection
over time and space. It has been studied intensively and many variations have been
considered, see Section 3.1 for more background. In this article we study a contact
processes on a dynamical long range percolation (CPDLP), in which infections over any
distance are possible depending on whether the corresponding edge is present, which
also changes dynamically.

We assume that the underlying graph G = (V, E) is a connected and transitive graph
with bounded degree. The graph distance of G is denoted by d(-,-) and the set of all
possible edges by £ := {e = {z,y} : z,y € V,2 # y}. From now on we consider the
complete graph (V, £) which we also equip with the original graph distance d(-, -).

There are several notions of transitivity for graphs in the literature. Thus, we specify
the notion briefly. Here a graph G is called transitive if for any pair of vertices 1,25 € V
and respectively for any pair of edges ey, es € E, there exists a graph automorphism ¢
which maps x; to x2 and e; to es. A graph automorphism is a permutation on V which
preserves the graph structure, i.e. {z,y} € E iff {¢(x),¢(y)} € E. In the literature this is
sometimes called vertex and edge transitivity.

The CPDLP (C,B) = (C, B;);>0 is a Markov process on P(V) xP(£), where P(V) and
P(€) denote the power sets of V and £. We equip the space P(V) x P(E) with the topology
induced by pointwise convergence, i.e. (C,, B,) € P(V) x P(€) converges to (C, B) if
]l{(zte)E(Cn,Bn)} — ]1{($,€)€(C,B)} for all (37, 6) S P(V) X 77(5) Note that P(V) X P((‘:) isa
partially ordered space with respect to “ C 7. Furthermore, we denote by “ = 7 weak
convergence of probability measures on P(V) x P(€). As usual we denote by |A| the
cardinality of a set A.

We call C the infection process, which takes values in P(V). If « € C; then we call =
infected at time t. The process B describes an evolving edge random environment and
takes values in P(€). Thus, we call B the background process. If e € B, we call e open at
time ¢ and closed otherwise. Furthermore, we assume that B evolves autonomously of C.
Given that B is currently in state B the transitions of the infection process C currently
in state C' are forall x € V,

C—CU{z} atrater-|{yeC:{z,y} € B}| and

(1.1)
C — C\{z} atrater,

where )\ > 0 denotes the infection rate and r > 0 the recovery rate. We write C = C¢
when Cy = C. For the background dynamics we consider a dynamical long range
percolation. Let (pe)cce C [0, 1] and (9¢)ecs C (0,00) be sequences of real numbers such
that P, 3 = Diar ) @0 Ufy ) = Ugar ) if d(2,9) = d(2',y’). We exclude the trivial case
that p. = 0 for all e € £. Now the dynamical long range percolation B currently in state
B has transitions

B — BuU{e} atrate 9.p. and

B — B\{e} atrate 0.(1 — p.)
for all e € £. As initial distribution we choose By ~ 7, where 7 is the invariant law of B
which means that the events ({e € B, }).c¢ are independent and P(e € B;) = p. for all
ec&andt>0.

We will in particular be interested in the behavior of our process when we scale the

percolation and speed kernels. For this we will assume that they are of the form

(1.2)

ﬁe = ﬁe(q) ‘= (gPe and 0, = @E(’V) = YVe (1.3)

for all e € £ for some v > 0 and ¢ € (0,1] and fixed kernels (p.)ccs C [0,1] and
(ve)ece C (0,00). A long range percolation model assigns to every edge e € £ inde-
pendently the state of being open with probability p. and otherwise closed. The term
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“dynamical” means that we update the state of every edge e as time evolves. This is
done independently for every edge e = {x,y} at update speed 9, which depends only on
the length d(x,y) of that edge. This yields a translation invariant background dynamic,
where we use that the graph G is transitive.

Since we are in a long range setting we need some assumptions regarding the flip
rates of the background process to ensure that the CPDLP is well-defined.

In order to ensure that the transition rates of the infection process are not infinite we
need that at any given time ¢ the neighborhood of any vertex x remains finite. Therefore,
we assume that the sequence (P.)cce and (¥ )ece satisfy

Y Bfegyblegy <o and > @ <oo forallze V. (1.4)
yeV\{x} veV\{x}

Note that if the kernels are of the form (1.3) then (p.)eece C [0,1] and (ve)ece C (0, 00)
satisfy these assumptions iff (p.)cce C [0, 1] and (¥e)ecs C (0,00) do.

Remark 1.1. The assumptions in (1.4) imply that v(, ,1p{zy; — 0 and 0y, ,3 — o0
as d(zr,y) — oo. Since we also have that 9. > 0 for all e € £ it follows that C :=
inf,.,+s 074,y > 0, where C does not depend on the choice of » € V' due to translation
invariance. This implies together with (1.4) that

0<C D Py < Y. deyPlay) <0
yeV\{z} yeV\{z}

i.e. that the sequence (p{s 4} )yev\{z} iS summable.

Thus, as a consequence of the assumptions in (1.4) the probability that a long edge is
open, i.e. an edge connecting two vertices over a long distance, becomes exceedingly
small. Broadly speaking this means that a successful infection over a long distance
is getting more and more unlikely as the distance increases. The second part of the
assumption can be seen as assuming that all edges attached to an arbitrary vertex
are updated after a finite time. This might seem a bit unintuitive, but we need this
assumption for technical reasons. We discuss the necessity of this rate assumption
briefly in Section 3 right after Problem 3.3.

In Section 5 we will explicitly construct the CPDLP via a graphical representation and
then show that under these assumptions the resulting process is in fact a well-defined
Feller process (see Proposition 5.7) with state space P(V) x P(£) and that |C;| < oo
almost surely for all ¢ > 0 if |Cy| < oo, even if the background is started in &£ (see
Proposition 5.6).

We are interested in the survival behavior of the CPDLP as the parameter X varies,
and later on also as v > 0 and ¢ € (0,1) vary for percolation and speed kernels of the
form (1.3). In the general setting, we denote by

O(\,C) :=TP(CE # 0 Vvt > 0)

the survival probability of a CPDLP with infection parameter A and initial state Cy = C'
and By ~ 7 (and all other parameters fixed).
We denote the critical infection rate for survival by

Ae :i=1inf{A > 0: (), {z}) > 0},

where x € V is chosen arbitrary. Note that by translation invariance it follows that
(A, {z}) = 0(\,{y}) for all z,y € V. Furthermore, this together with the additivity of the
infection process C implies that 8(\,C) > 0 for some C' C V with 0 < |C| < oo then this
is true for all such sets. Thus, the definition of the critical rate A. does not depend on
the choice of the set of initially infected vertices as long as it is finite and non-empty.
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Furthermore, by standard methods and using the monotonicity of the system, see also
Remark 5.3, we get the existence of the upper invariant law 7, which is the weak limit
of the process started with (Cy,Bg) = (V,£). (Whenever relevant we will indicate the
dependence of 7 on the parameters of the model with subscripts.) The upper invariant
law is the largest invariant law according to the stochastic order, i.e. if v is an invariant
law of the CPDLP, then v < 7, where “<” denotes the stochastic order. Of course, there
exists the trivial invariant law §p ® 7. This poses the question for which parameters it
holds that 7 = §p ® 7. Since it is not difficult to see that §y ® 7 is the smallest invariant
law possible, 7 = §p ® 7 is equivalent to ergodicity of the system, i.e. that there exists
a unique invariant law which is the weak limit of the process. We define the critical
infection rate for non-triviality of the upper invariant law by

Ao=inf{A\>0:7\ £ 57}

2 Main results

Our first result is that the critical infection rate of survival and the critical infection
rate for a non-trivial upper invariant law are the same.

Theorem 2.1. The two critical infection rates coincide, i.e. \, = A..

The next result provides a coupling of the CPDLP with a contact process that has a
general infection kernel. As a consequence we obtain that if this contact process survives
then this implies survival of the CPDLP, and thus this leads to a sufficient criterion for a
positive survival probability of the CPLDP. We first define the contact process X with an
infection kernel (a.)cce C [0,00) and recovery rate r > 0 on the complete graph (V,&).
We additionally assume that a(, 3 = a1 if d(z,y) = d(2’,y’) and

> ey < o0 (2.1)

yeV\{z}

for all x € V. If X is currently in the state C it has the transitions

C — CU{z} atrate Z afz,y) and
yeC (2.2)
C — C\{z} atrater.

This process can again be constructed via a graphical representation and it is a well
known fact that if (2.1) is satisfied then X is a well-defined Feller process on the state
space P(V), see for example [Ligl12, Propostion 1.3.2] and [Swa09]. As usual we indicate
the initial configuration C' C V by adding a superscript X, i.e. X§ = C.
Theorem 2.2. Let C C V and (C¢,B,);>o be a CPDLP with parameter A, q and y. Then
there exists a contact process (Xtc)tzo with X, = C and with infection kernel

@(N) = %(A tie— VA + 0.2 — 4)\176;66) >0

for all e € € such that Xtc C CY for allt > 0. Thus, in particular
Ae < A,

where \. := inf{\ > 0: IP(X;{Z} # () Vt > 0) > 0} is the critical infection rate for survival
of X (which is again independent of x € V).

The following results are concerned with the behavior of survival as we scale per-
colation probability and speed with the parameters ¢ and . Thus, we assume that the
percolation and speed kernels are as in (1.3) and consider the survival probability # and
the critical infection parameter A. as functions of v and q.
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Remark 2.3. Note that in this setting a CPDLP with rates A, , v, ¢ has the same dynamics
as a CPDLP with rates A/r, 1,v/r, ¢ when time is sped up by a factor of r, and the survival
probabilities are the same. Thus, the survival behavior of a CPDLP with rates A, r,v,q
can be deduced from the survival behavior of a CPDLP with rates A, 1,7,q. In other
words, it is not necessary to explicitly study the dependence on r.

As a consequence of Theorem 2.2 we obtain the following result for fast update speed.

Corollary 2.4. Let X*° be a contact process with infection kernel (Agp.).cs and denote
the corresponding critical infection rate by

AX(q) = inf{\ > 0: Py (X120 £ ¢ vt > 0) > 0}.

Then we have
limsup A.(7,q) < lim A.(v,q) = A\2(q) < oo.
=00 y—00
The next result shows that for any fixed speed if we have overall a low probability
that an edge of any length is open, i.e. for ¢ small enough, we are in the immunization
region for the CPDLP. This means that the critical infection rate is infinite and so no
matter how large the infection rate is the CPDLP will die out almost surely

Theorem 2.5. For any fixed v > 0 there exists gy = qo(7y) € (0, 1] such that C dies out
almost surely for all ¢ < qo, regardless of the choice of A\ > 0, i.e. A.(v,q) = oo for all
q < qo, and such that \.(v,q) < oo for all ¢ > qo. Moreover, the function v — qo(7) is
monotone non-increasing on (0, co).

As a corollary we can also get more insight into the behavior of the critical infection
rate A\.(7,q) as a function of v and in particular into its asymptotic behavior as v — 0.
Note that while it is clear due to monotonicity that ¢ — A.(v,¢) is a monotone non-
increasing function, see also Remark 5.3, this is not so clear for the function v — A.(7, q).
Nonetheless, it can be shown (see Proposition 5.4) that A.(7,¢) can at most increase
linearly in v which implies that there exists a 7o(g) such that A.(v, ¢) = oo for all v < v(q)
and A.(7,q) < oo for all v > vy(¢q). Note that 70(¢) must be finite for any ¢ > 0 due to
Corollary 2.4 but that it may be 0. However, the following corollary states that for small
enough ¢ we have 7o(g) > 0 such that a nontrivial immunization phase exists. For this
we now set

@ = sup qo(y) = lim go(7), (2.3)
¥€(0,00) 70

where we have used the monotonicity of v — ¢o(7) stated in Theorem 2.5. This means

that by Theorem 2.5 for every q < ¢ there exists a 7 > 0 such that ¢ < q(7) < ¢

which implies A\ (7, ¢) = co and thus also ,(¢) > 0. In summary, we have the following

statement:

Corollary 2.6. For every q € (0, 1] there exists a vo = vy(q) € [0,00) such that A\.(v,q) =
oo for all v < y9 and A\.(7,q) < oo for all vy > ~y. Furthermore, there exists a ¢; € (0,1],
see (2.3), so that for every q < ¢q1 we have v(q) > 0 while for every q > ¢; we have
vo(¢) = 0. This implies in particular for every q < ¢; that lim,_,o Ac(7, q) = oo.

For general countable vertex sets V' we can only determine that A.(y,q) — co when
v — 0if ¢ < ¢ is small enough. But in the special case V = Z and F = {{z,y} C Z :
|xr—y| =1}, i.e. when G = (V, E) is the 1-dimensional integer lattice we can conclude that
this is the case for all ¢ < 1, under some further assumptions. In fact, these assumptions
even guarantee that for any fixed A we cannot have survival if the update speed 7 is
small enough.

Theorem 2.7. Consider G to be the 1-dimensional integer lattice. Let ¢ < 1 be fixed and
C C V be non-empty and finite. Furthermore, assume that the sequences (p.).cs and
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(ve)eeg satisfy

Z Yv{o,y}P{0y} <00 and Z yv{o{y} < oo0. (2.4)
yeN yeN

Then, for every \ > 0 there exists v* = v*(\, ¢) > 0 such that C® dies out almost surely
for ally < ~*,ie.0(\ v,q,C) =0 for all y < ~*. Thus, in particular lim,_,g A:(7, ¢) = oo.

Note that (2.4) is a stronger assumption than (1.4), and thus already implies the
latter assumption.

2.1 Outline

The rest of this paper is organized as follows. In Section 3 we discuss some related
literature in order to put our results into context with the current state of research. Then,
we state and discuss some open problems and possible directions for future research.

Since we will use on several occasions a comparison with an independent long range
percolation model we introduce this type of model in Section 4 and state some conditions
which imply the absence of an infinite connected component.

In Section 5 we construct the CPDLP via a graphical representation. Furthermore, in
Subsection 5.1 we show that this construction yields a well-defined Feller process. In
Subsection 5.2 we describe the construction of a dual infection process, which yields a
self-duality relation. We then use this relation to prove Theorem 2.1. In Subsection 5.3
we use the graphical representation to show Theorem 2.2 and Corollary 2.4.

In Section 6 we compare the dynamical long range percolation blockwise with an
independent long range percolation model and define a new infection process, which
dominates the original one. We use this newly defined process to show Theorem 2.5 in
Subsection 6.1. Lastly, we show Theorem 2.7 in Subsection 6.2.

3 Discussion

3.1 Related literature

The contact process was first introduced almost half a century ago by Harris [Har74]
on Z¢. Since then this process and many variations of it have been studied intensively,
mostly on bounded degree graphs. To the best of our knowledge the first to introduce
a long range variation of the contact process, where there is no intrinsic bound on
the distance between two vertices for which a transmission of an infection can take
place, was Spitzer [Spi77]. He studied so-called nearest particles systems. Bramson
and Gray [BG81] studied in particular the phase transition of similar systems. See also
[Lig12, Chapter VII] for more results on nearest particles systems.

Swart [Swa09] studied a contact process with general infection kernel (a¢)ccs as in
(2.1) and (2.2), see also [AS10], [SS14] and [Swa18] for more results on this process.
For applications in certain areas of physics, see for example [Gin+06].

Another long range variation of the model is a contact process defined on a random
graph with unbounded degree. To be precise, the considered graph has almost surely
finite degree but there exists no uniform bound for the degree of a vertex. For example,
Can [Canl5] studied a contact process on an open cluster generated by a long range
percolation, and Ménard and Singh [MS16] considered the phase transition of contact
processes on more general graphs of unbounded degree.

In this paper we study the spread of an infection in a dynamical random environment.
To the best of our knowledge the first to study such a model explicitly was Broman
[Bro07] followed by Steif and Warfheimer [SWO08], who considered a contact process
with varying recovery rates. Remenik [Rem08] studied a related model and made
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connections to multi-type contact processes, which had been studied earlier, see for
example Durrett and Mgller [DM91].

Linker and Remenik [LR20] explicitly considered a contact process on a dynamical
percolation, i.e. in the evolving random environment the edges of the underlying graph
of bounded degree open and close independently, and the closed edges cannot be used
by the infection. They studied the phase transition for survival. As a follow up we [SS22]
studied a contact process in a more general evolving edge random environment, but still
kept the assumption that the underlying graph has bounded degree. For more work in
this direction, see also Hilario et al. [Hil+21]. In the present article we consider a graph
with unbounded degree as a natural long range extension to these models on bounded
degree graphs.

Finally we mention recent work by Gomes and Lima [GL21] on the survival probability
of a dynamical long range contact process, which in contrast to our model includes a
vertex update mechanism. At update events a vertex independently has a radius assigned
according to some distribution. From this time on this vertex can infect every neighbor
inside the ball of this radius. Note that in this model the orientation of the edges is
important while in our model this is not the case since an edge is either open or closed
for infections in either direction.

3.2 Discussion and open problems

Theorem 2.2 states that a contact process X with a specific infection kernel acts as a
bound from below for the CPDLP such that survival of X implies survival of the CPDLP.
For this result we use a comparison result developed by Broman [Bro07]. Furthermore,
in Corollary 2.4 we show that the critical infection rate A\5°(q) of a contact process X*°
with infection kernel (Agp.)ccs is an upper bound for the limit of the critical infection
rate of the CPDLP i.e.

limsup Ac(y,¢) < lim Ac(y,9) = A (q) < oo.
y—00 Yoo

But in fact we will see in Lemma 5.9 that the rates a. (), ¢,7) of X converge to Agp. as

v — oo from below. Thus, it seems plausible to assume that the following conjecture

holds true.

Conjecture 3.1. Fix q and assume that (1.4) is satisfied. Then we conjecture that
Hm Ac(y,9) = A2 (q).

The shape of the infection kernel (Agpe)ecs does have a heuristic explanation. Let
us consider a particular edge ¢ and a given infection rate A. If the update speed o, is
chosen significantly larger than the infection rate, i.e. v large enough, then with high
probability there will be an update event between two consecutive infection events,
and thus this results heuristically speaking in a thinning of the infection process such
that infection events take place at rate A\p. as v — oo. Linker and Remenik made this
heuristic rigorous in the proof of [LR20, Theorem 2.3]. If we could extend their proof to
our model we would have shown Conjecture 3.1. But several steps of their proof rely
heavily on the fact that they only consider graphs with bounded degrees. Nevertheless
we believe that since we additionally assume that 9y, ,4 — oo as d(z,y) — oc it should
be possible to make this heuristic argument into a rigorous proof.

In Theorem 2.5, which is analogous to the result [LR20, Theorem 2.6(a)] in the
bounded degree case, we prove the existence of the so called immunization phase if
the sequences (ve)ece and (pe)ecs satisfy (1.4). This means that for a given ~ there
exists qo = qo(y) € (0,1] such that A.(y,q) = oo for all ¢ < ¢g and A.(7,¢q) < oo for all
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q > qo- In other words, if the parameter ¢ of the background dynamics is chosen small
enough no survival is possible no matter how large the infection rate A is. Linker and
Remenik [LR20] showed for the contact process on a one-dimensional nearest neighbor
percolation that a particular threshold value p; € (0, 1) exists such that an immunization
phase exists if p < p; and that no such phase exist for p > p;. Thus, by a comparison
argument, if there exists an edge e € £ such that p. is larger than this threshold p; then
also go(7y) < 1. The value ¢; of Corollary 2.6 was defined as the supremum over all values
of go(y) such that for all ¢ > ¢; we have \.(v,q) < oo for all ¥ > 0. This leads to the
following question:

Problem 3.2. For which sequences (p.)cce and (v.)ece do we have ¢; < 1 so that there
is a nontrivial phase transition in the parameter ¢?

It is clear from [LR20] that ¢; = 1 in the nearest neighbor setting, namely if p;, .3 < p1
for d(x,y) = 1 (and equal to zero otherwise). In a truly long range setting (p. > 0 for
all e € &) the proof of Theorem 2.5 suggests that if ZyGV\{z} P{z,y} 1S small enough it
should hold that ¢; = 1.

As a direct consequence of Theorem 2.5 we are able to characterize the survival
behavior for small ¢q. To be precise Corollary 2.6 yields that the infection will almost
surely die out as v — 0, i.e limy_,o A¢(7,¢q) = oo for ¢ < ¢1. In the special case V = Z with
Theorem 2.7, which is analogous to the result [LR20, Theorem 2.4(a)] in the bounded
degree case, see also [Hil+21, Theorem 1.1(i)] for higher dimensions, we are able to
show that lim,_,¢ A¢(7,q) = oo for all ¢ < 1 if we sharpen the assumptions on (v.).cg and
(Pe)ece from (1.4) to (2.4). As we will see in Section 6.2 these sharper assumptions are
crucial in the proof, where we use a comparison to a long range percolation model. The
assumption Zye]N Yv{0,4}Pf0,y} < o0 implies in particular that this long range percolation
model has no infinite component. Thus, for Z as well as more general graphs a natural
question is what the asymptotic behavior is if we assume that the long range percolation
induced by (gpe)ece forms a infinite connected component? In this case, the background
process would contain an infinite connected component at any time point ¢. Then we
expect that this should imply the possibility of survival for any background speed, i.e.
that lim, 0 Ac(7, ¢) = oo does not hold.

Problem 3.3. Assume that there exists a ¢ € (0, 1) such that the long range percolation
induced by (gp.)ece forms an infinite connected component almost surely and let ¢* €
[0,1) denote the infimum over all such q. Do we have for all ¢ > ¢* that sup{\.(v,¢’) :
72>0,q" €(g,1)} <o0?

In [Hil+21, Theorem 1.1(ii)] this was shown in the special case of the contact process
on a dynamical nearest neighbor percolation defined on the d-dimensional integer lattice.

Let us mention that the assumption yeV\{z} v{_j v < ooforall x € Vin (1.4) implies
that every edge {z,y} attached to an arbitrary vertex x is almost surely updated after a
finite time. Heuristically speaking this means that the neighborhood of x is “reset” after
a finite time almost surely, i.e. all edges attached to x are updated at least once. This
assumption is necessary for the proof strategy of Theorem 2.5 and Theorem 2.7. But the
assumption also means that the update speed of an edge tends to infinity as the length
of the edge grows, i.e. vy, ,; — 0o as d(z,y) — oo while it would seem more natural
to assume that v, is constant for all e € £. However, in the case of constant speed we
would have to restrict the state space as the CPDLP will not be a well-defined Feller
process on the full state space P(V) x P(&). This is because if we start with every edge
e in the state open, i.e. By = £ the infection process will explode in finite time since any
neighborhood will contain infinitely many neighbors almost surely. Nevertheless one
could consider this process with constant speed, i.e. v. = v for all e, on a smaller state
space. A possible choice for such a state space would be the set of edge configurations
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which are locally finite.

Finally, one may investigate whether A\, = 0 may be possible for certain parameter
regimes. For contact processes on graphs with bounded degrees it is easy to see that
a subcritical phase exists, i.e. A\, > 0, which can be proven via a comparison with a
continuous time branching process with binary offspring distribution. In general, such
a comparison can also be done for contact processes on the complete graph with a
summable infection kernel (a.).ce. The procedure is similar to that used in the proof of
Proposition 4.1 where we use such a comparison to show existence of a non-trivial phase
transition for a long range percolation model.

On the other hand if we consider a contact process with constant infection rate A on a
locally finite random graph with unbounded degree this kind of a comparison might fail,
and in fact such systems do not always exhibit a phase transition. For example, Gomes
and Lima manage to show this for their model, see [GL21, Theorem 2]. They show that
if the typical radius of the region of vertices which may be infected is large enough, then
the infection survives for any infection rate A. See also [Can15], [MS16] and [HD20],
where this type of question is studied for a contact process on static random graphs. For
our model we have the following conjecture:

Conjecture 3.4. If (v.)cce and (pe)ecs satisfy (1.4) then \.(v,q) > 0 for all v > 0 and
q € [0,1]. In words, this means that for all choices of v and q there exists a subcritical
phase for the infection.

Our intuition comes from a recent work by Jacob, Morters and Linker who consider in
[JLM22] a related setting to ours but on finite graphs of size N. In [JLM22, Section 5] they
define an auxiliary process which they call the wait-and-see process which dominates
the infection process, and they show with a supermartingale argument that under some
conditions the process has a fast extinction regime if the infection rate )\ is small enough,
i.e. the extinction time of the infection process is bounded by some power of log(N). We
believe that these techniques can be adjusted to infinite graphs in such a way that they
would imply Conjecture 3.4.

4 Long range percolation model

Several proofs rely on a comparison argument with a long range percolation model.
Thus, in this section we briefly introduce this model and show two results concerning
the absence of an infinite connected component. One of the first papers to mention
a long range percolation model is by Schulman [Sch83]. There, Proposition 4.1 and
Proposition 4.3 are shown in special cases. Since we could not find these results in the
literature in the generality that we need, we prove these results in this section, for the
sake of completeness.

The long range percolation model w takes values in @,.-{0,1} such that w =
(w(e))ece is a family of independent random variables with P(w(e) = 1) = b, € [0,1]
for all e € £. We declare an edge e = {z,y} € £ to be open if w(e) = 1. We assume for
every fixed # € V that 3°, -\ (,) bja,y) < 00 to guarantee that (V,w™'({1})) is a locally
finite graph, where w=1({1}) = {e € £ : w(e) = 1}. Furthermore, we again assume
translation invariance, i.e. that by, ,, = by, if d(z,y) = d(2',y’), where d(-, ) is the
graph distance induced by G = (V, E). We denote by C(z) the connected component of
w containing x € V. The following result provides a sufficient condition for absence of
percolation.

Proposition 4.1. Let ZyEV\{x} b{s,y) <1 for one, and hence every x € V. Then almost
surely there exists no infinite connected component. In this case |C(z)| is also integrable
forallz V.
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Proof. This can be proven via a coupling with a branching process. Since V' is countable
we can enumerate all vertices such that V' = {zg, z1,...}. We denote the set of all paths
of length n starting at zy by

T = {(ag,1,...,00) €V i € Ny, a0 = 79 and o;_; # «; forall 0 < i < n}.

For a = (ag,ayq,...,a,) we define the generation of « as |«| = n (so that |[(xz¢)| = 0).
Furthermore, we equip 7 with the lexicographical order with respect to the enumeration
of V.

Now we construct a family of random variables (X, )qc7 With X, € {0,1}. We set
X(z,) = 1 and define the remaining X, successively with increasing |a|. When defining
X, for a given |a| we proceed in lexicographical order, which also means that we “visit”
the parents with |a| — 1 in lexicographical order to define the values for their children.
We want Z,, := 3~ c7.a|=n Xa to define a branching process with Z, = 1. We also want
to ensure that for any = € C(x() there isann € Ny and o € 7 with |o| =n and o, = z
such that X, = 1, which implies that |C(x¢)| < >, cn Zn := T, where T is the total
progeny of the branching process. (However, an x € C(z() can appear multiple times in
the branching tree.)

As part of the construction we also successively define increasing sets I, C £ starting
with I,y = 0. These sets contain all the edges that we have used in the definitions
prior to determining X,. More precisely, suppose we have already constructed all X

before now defining X, with a = (a, @1,...,a,). Then, I, contains all edges {y,z} € £
for which there exists an o € 7 with X,» = 1 such that [&/| =k <n—1and o}, =y or
such that |&'| =n — 1, a/,_; = y and «’ smaller than («g, aq,...,a,—1) in lexicographical

order. We let w® be an independent copy of w for all @ € 7. Now, we define X, by

1 if{an—1,0n} ¢ In, w({an_1,0n}) = 1and X(a,,..a,_,) = 1,
Xo =191 if{an_1,an} € Io, w*{an_1,0n}) =1and X(a,,....a,_,) = 1,
0 otherwise.

This in particular implies that X, = 0 for any descendant of an o with X, = 0. Also, X, =
1 is only possible if o4 € C(20). On the other hand, for any 2 € C(x) there willbe a X, =
1 with a4 = =. In order to get independence between different generations and between
the several offspring of the same generation we used independent copies w® instead
of w. In words if we have that X, ., ,) = 1 and we have not used w({a,—1,ax,})
yvet ({an—1,a,} ¢ I,) then we set X, = 1 if w({z;,,a,}) = 1, otherwise we use the
independent w*({ay,—1, o, }). This is why Z = (Z,,)nen, With Z,, := Z%T:Ial:n X, now
defines a branching process for which the offspring distribution is the same in every
step because of translation invariance. In particular, the offspring mean is given by
B= Zer\{x} bz}

It is well known that for i < 1 the branching process dies out almost surely which
provides the first claim. It also holds that E[T] < ﬁ for p < 1 as for example shown
in [Van16, Theorem 3.5], which provides integrability of |C(x()|. Because of translation

invariance this result does not depend on the choice of x since |C(x¢)| 4 |C(y)| for all
yeV. O

Next we consider the special case V = Z and F = {{z,y} C Z: |z —y| = 1}. Since we
assume translation invariance we can simplify notation and set by, ,, 41} = bjo,x} =: by for
all £k € IN and all n € Z. Here, an infinite component can only exist if ) ©, . kbx = co. The
reason for this is that if )}, .,y kby < oo then the long range percolation is similar to a
finite range percolation in the sense that there appear so-called “cut-points”, see Figure 1,
which lead to a partition of the integer lattice Z into finite connected components. We
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will briefly show this result for the long range percolation before we continue with our
study of the CPDLP.

Definition 4.2. Let V = Z. A cut-point m € Z is a point such that no edge {z,y} with
x < m < y is present in the model, i.e. w({z,y}) = 0.

In the proof of the following result ergodic theory is used. We give a brief summary
of some of the important notions. Let (€2, 7, P) be a probability space and S : Q —
be a measure-preserving map, i.e. P° = P. We denote by Z = {A € F: A = S~1(A)}
the invariant o-algebra. We call (Q, F,P,S) an ergodic system if 7 is P-trivial, i.e. if
A €7, thenP(A) € {0,1}. Let X be the identity on Q, i.e. X(w) =wand f: Q2 - Rbea
measurable function. The mean ergodic theorem of Birkhoff, see [Kal06, Theorem 9.6],
in particular states that if (Q2, F, P, S) is ergodic then

i Z F(STFX) = E[f(X)] asn — oo, @.1)

k=—n

Proposition 4.3. Let (by)rew C [0,1) with ), _ kbx < co. Then the following holds:

1. For m € Z the probability P(m is a cut-point) = P(0 is a cut-point) > 0, and as a
consequence there exist almost surely infinitely many cut-points.

2. The subgraphs induced in the intervals between consecutive cut-points are inde-
pendent and identically distributed. In particular, this implies that the distances
between consecutive cut-points form a sequence of i.i.d. random variables as well.

3. Almost surely there exists no infinite connected component.

Proof. By translation invariance we know that

P(m is a cut-point) = IP(0 is a cut-point) = H (1= bgzyy)-
<0<y

The infinite product on the right hand side is strictly positive since

co k—1
Z bieyy = Z Z bi_i,—14xy = Z kby, < oo,
<0<y k=1 1=0 IEN

where we used that by_; _; 14} = by, for every [ € Z. Thus, this yields the first claim. Next
let us define X,;, := 1{;,isa cutpoint}- L€t S be a shift operator on Q = @,.-{0,1} such
that

(w({xa y})){x,y}ef) = (w({x + 1’ Y+ 1})){96,1/}65-

In words we shift all edges by one vertex to the right. Since we endow (2 with the
probability measure P such that (w(e)).cg is a family of independent random variables
it is clear that (2, F,P,S) is ergodic. Also, it is not difficult to see that X; = f(S *w)

cut

Figure 1: Illustration of a cut point.
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for all k € Z for a measurable function f : Q@ — {0,1}. Then by Birkhoff’s mean ergodic
theorem in (4.1) it follows that

1 < : .
on Z X, — E[X,] = P(0 is a cut-point) > 0

k=—n

almost surely. This implies that infinitely many X are equal to 1 almost surely. The
second statement is immediate since there are no edges between disjoint intervals whose
boundary points are given by consecutive cut-points, and the edges contained in those
intervals are independent. This also means that with probability 1 there cannot exist an
infinitely large component. O

5 Construction of the CPDLP via a graphical representation

In this section we formally construct the CPDLP via a graphical representation. First
let us define the dynamical percolation. We denote by A% = (A%) .o and A% = (AY) ¢
two independent families of Poisson point processes on R such that A% has rate v.p.
and A% has rate 9.(1 — p.). We define for each edge e € £ a two state Markov process
X:(e) on the state space {0,1}. Assume that the initial state is 0, i.e. Xo(e) = 0. Set
To(e) := 0 and define recursively

Tonti(e) :=1inf{t > Toy, : t € AP},
T2n+2 (6) = iIlf{t > T2n+1 1t e Agl}

for any n € INg. Then we set X;(e) = 0if ¢t € [Tap, Ton+1) and Xi(e) = 1ift € [Topnt1, Tont2)
for some n € INy. If the initial state is 1, i.e. Xy(e) = 1, then we can just interchange
the two Poisson point processes in the definition of the stopping times 7, (e). Since
the Poisson point processes are independent if e # ¢’ we get that X(e) and X (¢’) are
independent as well. By construction we see that X (e) has the transitions

0—1 atrate 9v.p. and
1—0 atrate 9e(1 — pe)-

Note that the stationary distribution of X (e) is a Bernoulli distribution with parameter p..
Now we define B, := {e € E : X,(e) = 1}, which is a Feller process with state space P(£)
and transitions as in (1.2). We add the set B C £ of all initially open edges to indicate
the initial state, i.e. B = B. In most cases we choose the invariant distribution 7 as
initial distribution, i.e. P(e € By) = p, for any e. In this case we omit the superscript.

Next we define the infection process C. Let A™f = (AI"f) .. and A™° = (A™°),cy be
two independent families of Poisson point processes on R such that foralle e £,z € V
fixed Al"f has rate A and A° has rate r and the processes are independent. From
here on we intepret A™f and respectively A™° as Poisson random sets on £ x R and
respectively on V x R for the sake of a more transparent notation. We call (e,t) € A™™f
an infection event and (z,t) € A™° a recovery event. Next we need to introduce the
notion of an infection path.

Definition 5.1. Let (y, s) and (z,t) with s < t be two space-time points and B a back-
ground process. We say that there is a B-infection path from (y, s) to (z,t) if there is a se-
quence of times s =ty <t; < --- <t, <t,41 =t and space points y = ¢, 1,...,Tp =
such that ({wx_1, 71}, 1) € A as well as {zy_1,21} € By, forallk € {1,...,n} and
AT ({ap} X [ty trgr)) = 0 for all k € {0,...,n}. We write (y, s) B, (x,t) if there exists
a B-infection path.
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Now in order to define the infection process C®® we choose a background process
B? with B¥ = B and set CS"? := C C V as well as

C9P .= {2 € V : 3y € C such that (y,0) B (z,t)} fort > 0. (5.1)

Again, if the background is stationary we write simply (CC, B). See Figure 2 for an
illustration of the graphical representation of the infection process C.

Remark 5.2. We use infection events which transmit infection from z to y as well as
from y to = as indicated by the double headed arrows. In the literature it is also common
to use oriented infection arrows instead, which only transmit from x to y. It is easy to
see that both constructions yield the same dynamics. In general, there is no unique
graphical representation, and thus there exists multiple ways to construct the same
process.

Remark 5.3. As for the standard contact process the graphical representation can be
used to show that the CPDLP is monotone increasing with respect to the initial conditions,
i.e. if C € ¢’ and B C B’ we have for suitably coupled processes CtC’B - CtC/’B’ and
BP ¢ BP for all t > 0. Furthermore, the process is also monotone increasing with
respect to the infection rate A\ and the parameter ¢. Finally, the process is additive with
respect to the initially infected vertices, i.e. CtCUC/"B =coPu CtCI’B for all t > 0 when
we are using the same Poisson point processes.

By Remark 5.3 it is clear that for infection kernels of the from (1.3) the critical
infection rate A.(v,q) is non-increasing in ¢. This is not clear at all for . But via the
graphical representation we can conclude that at least the function v — v~ \.(7, q) is
non-increasing. This means that the critical infection rate A\.(7, ¢) can at most increase
linearly with respect to «, as can be proven analogously to [LR20, Proposition 2.2].

Proposition 5.4. Let g € (0,1). The function vy +— v~ \.(v, q) is monotone non-increasing.

5.1 The CPDLP is a Feller process

By definition it is not clear yet if the CPDLP is a well-defined Feller process. For
example it is not clear if it might occur at some time ¢ that a vertex = is connected to
infinitely many other vertices via open edges. Since along open edges we consider a
constant infection rate A this would lead to an infinite transition rate if = is infected.

time

t -+

0-f : : V

Figure 2: The arrows indicate infection events and crosses indicate recovery events. The
grey areas indicate closed edges and red lines indicate infection paths. Note that for the
sake of simplicity we illustrated this only for a nearest neighbor structure.
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Furthermore, it is also not clear that if we start with finitely many infected vertices that
the set of all infected vertices stays finite for the whole time.

Thus, in this section we show that if we assume (1.4) the CPDLP is a well-defined
Feller process. First, we will show that the set of all infections stays finite for all ¢ > 0
(in expectation and thus almost surely) if we started with a finite number of infected
vertices C'. The same is true for the set of vertices that may influence a finite set of
vertices at a later time.

To this end we build a CPDLP (OCC’B ,BP) via the same graphical representation used
to build (C% %, B?), just that we only use the infection arrows and ignore all recovery
events. This yields that (,C%? BP) is a CPDLP with recovery rate 0 and (C%Z B?)
has recovery rate r. Naturally, we then have CtC‘B C OCC’B for all ¢t > 0. We are also
interested in the set of vertices in the past that have influenced the state of a particular
vertex x at time ¢t > 0. Fix an 0 < s < t. For any background process B we set more
generally for C € P(V)

ég’t = (A]gts ={yeV:(y,t—s) B, (z,t) for some z € C'}, (5.2)

which describes the set of vertices at time ¢ — s relevant for vertices x € C' at time ¢. We
write O(A]Svt if for the B-infection paths we ignore recovery events (r = 0). Note that this
process is increasing in s.

Now we will formulate a comparison of OCFC}’E as well as O(Ajsc’t to a connected
component of a long range percolation model. Let us define for every e € £ the random
variables X;(e) := L;.cpey and

(5.3)

Yi(e) 1 if 3s < t such that (e, s) € A™ and X,(e) =1,
o) =
! 0 otherwise.

Obviously, (Y;(e))cce is a family of independent Bernoulli random variables with b, :=
P(Y;(e) = 1). We declare an edge e to be open if Y;(e) = 1 and closed otherwise so
that we obtain a long range percolation model. We denote for this model the connected
component containing = by C¥*(x). Recall from Definition 5.1 that a B®-infection path
only consists of infection events (s,e) € A with e € BE. Thus, it is easy to see that
OCt{z}’g C CY¢(x) since at least all vertices at time ¢ which are connected to (0, ) via an
B¢-infection path are contained in C¥(x) by the definition of (Y;(e)).ce. This also implies
together with monotonicity that OC,;{'”}’B C CY¢(x) for any B C €. Likewise, since in (5.3)
infection events in both directions are included we have with an analogous argument
that ,C5d7 € € (x).

Lemma 5.5. For every ¢ > 0 there exists a T > 0 such that E[|CY*(x)|] < 1+ ¢ for
allt < T and every = € V. This implies in particular that E[| ,CS**|] < oo as well as
E|| Oég’;’t\] < oo forallt <T if C CV is finite. We also have O(A}]{;}’f C CYi(z) N\ {z}
almost surely as t ~\, 0.

Proof. Due to translation invariance it suffices to consider an arbitrary x € V for the
first statement of the lemma. Since the rate of potential infections due to A™ along e is
A we see that

be =P(Yy(e)=1)=1— ]E[e*”ot Xs<e>d5] < E{A /t Xs(e)ds],
0

for every e € £, where we used that 1 — ¢® < z for all x € R. The process X (e) is
obviously a two-state continuous time Markov chain with jump rates 0.p. and 0.(1 — pe),

EJP 28 (2023), paper 157. https://www.imstat.org/ejp
Page 14/36


https://doi.org/10.1214/23-EJP1042
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Contact process on a dynamical long range percolation

and thus fo e)ds is the occupation time of state 1, i.e. the total time e was open until
time ¢. The ﬁrst moment can be calculated explicitly, see Pedler [Ped71], to give

t A —Det
E[/ Xs(e)ds} —petp i Peq ety <y L2
0 Ve Ve
By Remark 1.1 we know that the right hand side is summable over edges connected to
x and each term convergences to 0 as t — 0. By Lebesgue’s dominated convergence
theorem the sum also converges to 0, and thus, for ¢ small enough ZyEV\{x} bieyy < 1.
Hence, by Proposition 4.1 there exists almost surely no infinitely large connected
components and moreover E[|CY*(z)|] < oo for every x € V. Furthermore, t — CYt(z) is
a.s. monotone decreasing as t — 0 and so C¥*(z) N\, {z}. Thus, by monotone convergence
the first claim follows.

Since C is finite it suffices by additivity to conclude that IE[| OC;{I}’SH < oo and

E[| O(Algg}’ttu < oo for t < T for some arbitrary € V. But since we already know that

,ClHE Y (z) and oél{;g}’: C CY¢(z) for all t > 0 the second part of the lemma follows
immediately from what we have already shown above. O

Proposition 5.6. Let C C V' be non-empty and finite and B C £. Then E[|ICSP] <
E]| OCtC’BH < oo forallt > 0 as well as K| ch’; S <ooforallt>s>0.

Proof. By monotonicity it suffices to show the claim for B = €. Fixt > 0andletT > 0
be as in Lemma 5.5. Then choose «w < 7T and k£ € IN such that ¢t = ku. We have due to
additivity that

E[,COf] =E[| [ oCEHe] < D B[ CEHE = 1C]-E[|,C{He] < oo,
zeC zeC

where the expectation on the right hand side is independent of = and finite due to |C| < oo
and due to our choice of u according to Lemma 5.5. On subsequent time intervals
[lu, (I + 1)u] we can use the Markov property and iterate the same argument conditioned

on (Cl{uC} € ,Bf)). Note that in any case Bf, C £ and so because of monotonicity (with
respect to the background) we obtain
c.E ce x},
U C(l+1 ||(001u »B )] < |OClu EH oci }'5”-

Putting this together we arrive at
e z k
E[loCt 1] <1C]-E[| oCie(]" < o0

The argument is completely analogous for Oég’é s C oégg" .- In this case we subdivide
the time interval [t — s, ] into k subintervals of length « < 7T from Lemma 5.5. We again
use that B C & for any ¢t > 0, in particular at the start of each subinterval. Due to
additivity in the sense that )

x|t
Bg s U CBS,S’

zeC
we obtain analogously with the help of Lemma 5.5 that
~C, ~{z},u k
B[ ,Cg? I < 0] B[ ,C5Z"]" < oo O

Now we want to show that the CPDLP is a Feller process. We consider the transition
kernel of the CPDLP denoted by P, ((C, B), - ) := P((C;"”,BF) € -) for any ¢ > 0. The
transition semigroup is defined by

- [ 1P a)
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for any ¢t > 0. In order to show that (7}):>¢ is a Feller semigroup it suffices to show for any
fixed ¢ > 0 that (C, B) — P;((C, B),-) is continuous (as a mapping into M;(P(V) x P(£))
the space of all probability measures on P(V) x P(£) equipped with the topology of
weak convergence). This then implies that 7; maps continuous functions to continuous
functions, as well as point-wise convergence, i.e. T3 f(C,B) — f(C,B) as t — 0 for
every C' C V and B C &, see [Kal06, Lemma 17.3]. From this strong continuity already
follows, i.e. sup(c p) |13 f(C,B) — f(C,B)| — 0 as t — 0 for continuous f, see [Kal06,
Theorem 17.6].

Proposition 5.7. The map ((C, B),t) — P,((C, B), ) is continuous seen as a mapping
from (P(V) x P(€)) x [0,00) to M (P(V) x P(E)), and thus (T})¢>o is a Feller semigroup.

Proof. To prove the claim it suffices to show (using the graphical representation) that
(th’:lnan’Bin) N (CtC’BvBtB) (5.4)

almost surely as ((Cp, Bp),tn) — ((C, B),t). Since we equipped P(V) x P(€) with the
topology which is induced by pointwise convergences it thus suffices to show that

Liee)e(cemin BBy = Li oe(co? BP))

almost surely as ((Cy, By), t,) — ((C, B),t) for every (z,e) € V x £. Since 1,pry and
Liccpp) are independent if e # €’ it is clear that

Liceeny = Lice?) (5.5)

if neither A% nor AY have points between t,, and ¢ and T¢een,} = L{ecpy- This will
almost surely be the case as soon as (B,,t,) is close enough to (B,t). Thus, it just
remains to show convergence of the infection process. Let us first consider ¢,,  t. Fix
an € > 0 and let B® be a background process that is restarted at time ¢ — ¢ in the state £
and consider (Ajgg}:’;.

Then, Lemma 5.5 yields that (A)g’“;},f is finite almost surely and (Ali{;i]:f N {z} as
€ \¢ 0. Since the process is monotone there are fewer infection paths for the actual
process because at time ¢t — ¢ fewer edges are open. Likewise, as € \, 0 we will have
AN [t —e,t] = 0. Thus, almost surely for n large enough we have

Lizeceneny = Liecomy = Liegoneny = L coom)-

It now remains to show that the condition on the left hand side is fulfilled as n becomes

large. For this we note from the above that a.s. for n large enough égfg}f" = (Ajl{;g}f.

We now use that by Proposition 5.6 O(A}i{;g}’tt is a.s. a finite set which forall 0 < s < ¢
includes (Aji{;gw’,ts for all n and 6]{3%; z Because we have for n possibly larger still that C,,

and C agree on O(Ajgg} ’tt the claim now follows. Thus, we have shown left continuity. Right

continuity follows by an analogous argument. Together with (5.5) this shows (5.4) and
so the claimed continuity. As pointed out before the proposition this implies that (7});>0
is a Feller semigroup and hence the CPDLP a Feller process. O

5.2 Phase transition with respect to the non-trivial upper invariant law

In this subsection we study the phase transition with respect to the non-trivial upper
invariant law 7. To be precise we will show Theorem 2.1 which states that the critical
infection rate for survival agrees with the critical infection rate for non-triviality of the
upper invariant law, i.e. A\, = A..
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In the last section we proved that the CPDLP (C, B) is a well-defined Feller process
on the state space P(V) x P(£) with corresponding Feller semigroup (7;);>0. We denote
by vT; the distribution of the CPDLP at time ¢ > 0 when the initial distribution is v.

Recall that the upper invariant law 7 is the weak limit of ((5\/ ®5£)Tt)t>0 ast — oo, and
that it dominates every other invariant law v of the CPLDP with respect to the stochastic
order. In fact, even if we start the background process stationary, i.e. By ~ 7, instead of
in £ the CPLDP still convergences towards the upper invariant law 7. Analogously to
[SS22, Lemma 6.2] one can show that if i is a probability measure such that 7 < p then
(0y @ w) Ty = v as t — oo.

Recall the definition of the process C from (5.2), i.e. forany fixedt > 0and C C V
we have

égi ={yeV:(yt—2s) B, (z,t) for some z € C'}.
One way of interpreting this definition is the following. First we fix a time ¢ and a set of
infected vertices C'. Next we fix the background B and let the graphical representation
run backwards in time from ¢ to ¢ — s. By this train of thought it is easy to see that the
following duality relation holds. Let A,C C V and B C &, then

P(CPP nA#0B)=P(C{ Y n aggjs #0/B) =P(Cn aggvt £ 0|B) (5.6)

holds almost surely for all s < t. For a contact process without background this procedure
yields a so called self-duality relation. For the infection process C this is not always
the case since if the background is started in an arbitrary initial condition B C €&,
then (ét, ]§t) will in general not be a CPDLP. Only if we start the background process
stationary, i.e. By ~ m, can we recovery the self-duality. The main reasons for this is that
B is reversible with respect to 7, i.e. if Bo ~ 7, then (B;).cjo.4 4 (Bt—s)sefo,4)- Thus, we
get that
P(CYNA#0)=P(CHNC +£0).

For a detailed proof of this equality see [SS22, Proposition 6.1]. Note that as already
mentioned in the beginning of Section 5 we dropped the super and subscripts concerning
the background process since we consider it to be stationary.

This self duality relation enables us to deduce the following connection between the
survival probability 6 and the particle density of the upper invariant law 7.

9(C) =P(CE #£PVt>0)=({ACP(V):CNA#D} x PE)).

which can be used to show that the two critical infection rates agree, i.e. A, = \., and
therefore show Theorem 2.1. For a detailed proof see [SS22, Proposition 6.3].

Remark 5.8. While the results in [SS22, Section 6] that we refer to in this subsection
are stated there for graphs with uniformly bounded degrees, which is not the case for
the CPDLP, the proofs of these specific results do not rely on this property and can thus
be applied in the exact same way in this setting.

5.3 Comparison with a contact process

In this subsection we prove Theorem 2.2, which provides a comparison between a
contact process with a specific infection kernel and the CPDLP, and Corollary 2.4. We
will see that this contact process acts as a lower bound with respect to survival, i.e if the
contact process survives so does the CPDLP.

Recall the contact process with general infection kernel from (2.2). Now we show
Theorem 2.2, which states that we can couple the CPDLP (C¢, B) with a contact process

X with infection kernel (@ (N))ecs, where

a0 = 3 (A — VO F 007 — i )
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<C
and the same recovery rate such that X, C C¢ forall ¢ > 0.

Proof of Theorem 2.2. Recall the independent two state Markov processes (X(e€))ccs,
where X;(e) = 1{.cp,} for all £ > 0. The process X (e) has transitions

0—1 atrate v.p. and
1—=0 atrate 0.(1 — pe).

We now set foralle € £
Yi(e) :=|{s < t:(e,s) € A™and X,(e) = 1}|.

Note that the intensity measure of the process Y (e) depends on X (e). The process Y (e)
is sometimes called a doubly stochastic Poisson process. Given that X (e) is currently in
state x € {0, 1} the transitions of Y (e) which is currently in state n are

n—n+1 atrate \z.

Now [Bro07, Theorem 1.4] together with Strassen’s theorem yields that there exist

independent Poisson processes (Y (¢e)).cs with rate

o = %()\ Fie— VOt 002 — 4)\66;66)

such that Y;(e) > Y, (e) almost surely for all ¢ > 0 and e € £. This means that we can find
a family of independent Poisson point processes (Zienf)eeg such that Zi:f has rate @, for
e € £ and such that (e, t) € A" implies that (e,t) € A" and e € B,.

Thus, we can construct a contact process X on P (V) via the graphical representation,
with respect to the Poisson point process Zinf such that it has the required transition

rates and Xtc C CY forall t > 0. It only remains to show that X is a well-defined Feller
process. To show this it suffices to verify (2.1). We see that

(5.7)

_ A+ Ve (1 _N1 45 pe ) 2X\0ePe

0=t="y - ORT ) = Nt d

where we used that 1 — z < /1 —z for z € [0,1] as well as éﬁigi)kz € [0,1] which follows

from the fact that (A + ©.)? > 49\ is equivalent to (A — 9.)? > 0 and p. € [0,1]. Since
15 < 1 we see that @. < 2)\p.. But by (1.4) the sequence (P{z,y})yev is summable
for every x € V, and thus (2.1) is satisfied. The last claim of the theorem follows

immediately. g

Next, we work towards the proof of Corollary 2.4. We thus assume kernels of the
form given in (1.3). As a first result we show that the rates (G.)ccs = (Ge(7))ecs Viewed
as functions of v converge to (Ape)ecs as v — oc.

Lemma 5.9. Let the sequence (a.(7)).cs be chosen as in Theorem 2.2. Then, it follows
that foreveryx € V

lm Y Gy (1) = Magyl — 0. (5.8)

7T ey

as well asa.(y) / \p. foralle € £ as vy — 0.

Proof. Let us consider the function = — /1 — z for = € [0,1]. The Taylor expansion at
x = 0 yields that

\/1755:17%70(1'2).
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Thus, since (ﬁgiﬁ € [0,1] we obtain
dyvePeAd 1 4yvepe

1—,/1— ==
(A+7ve)* 2(A+yve)?

+0(y7?),

where O(y~?2) is meant with respect to v — oo. This implies that

— _ A+ ve 4yvepeA _ YVePeA 1
Ge(v) = 2 (1 ! (A + yve)? ) A e Ot

The remainder vanishes and Ar:ﬂ - — 1l asy — oo so that @e(v) = Ap.. Next let us

consider the derivative of @, () with respect to ~, which is

Oyac(y) = 1("Uc -

'Ue()‘ + ’Yve) - QUEﬁe)\ )
\/(>‘ + ’Yve)Q — 4vePe Ny .
One can directly calculate that the fraction on the right hand side is always smaller than

ve, and therefore 0,a.(y) > 0 for all v > 0. This implies that @. () is monotone increasing
for all e € &, and thus 0 < @.(v) ,* A\pe as v — co. This implies

Qe (7) - /\ﬁe = )‘ﬁe — Ge (’7) < )‘ﬁe

for every e € £, which yields that (@, ,}(7) — AM{z,y})yev\{«} IS summable for every
x € V. Together with the pointwise converge we proved above we get (5.8). O

We have shown that the rates (a@.).cs converge to the sequence (Ape)ece from below.
Heuristically speaking this justifies to some extend the believe that the infection C
converges to the process X in the sense of Conjecture 3.1, i.e. that the respective critical
values converge. We were not able to show this claim, but we show now that AJ° at least
acts as an upper bound, i.e. limsup,,_, . Ac(7) < A,

Proof of Corollary 2.4. We fix q and omit it as an index throughout the proof. We first
observe that by Theorem 2.2

A= limsup A.(7y) > limsup A\.(7).

y—00 y—00

Thus, in order to prove the inequality in the claim of the corollary it suffices to show

N < A, That X = limy_o Ae(y) = A follows then also because by Lemma 5.9 we
know that @.(\,v) * A\pe for every e € £, and hence we get A° < liminf, o, Ac(y). In
order to show A < A\° we first need another bound on the rates @, = G.(\, 7).

We know that v1 — 2 <1— g for 0 < x <1, and thus analogously to (5.7) we see that

7y = 20 (1 T ) > (S iu)Ap (5.9)

We know that % S las v, /oo forall e € € and since (ve)ece is uniformly bounded
below due to (1.4) there exists for every ¢ > 0 a 7’ large enough such that % >1—¢
forall e € £ and all v > +/. Thus, we get from (5.9) for all e € £ that @.(\,v) > (1 — &) \pe
forall v > 4/, and so \' < 1—;)\2". By letting ¢ tend to zero A’ < A%° follows.

Finally, since we are assuming spatial translation invariance for the kernel (p.)cce as
well as p., > 0 for at least one ¢’ € £ we will have survival of our contact process X if
the classical contact process on Z with infection parameter \p., survives. But for this
contact process the critical infection rate for survival is known to be finite which implies

Ag® < oo. O
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6 Comparison of the background with a long range percolation
model

The aim of this section is to prove Theorem 2.5 and Theorem 2.7. These proofs can
be found respectively in Subsection 6.1 and Subsection 6.2. In order to prove these
results we need a another infection process C, which dominates the original infection
process C, i.e. C; C C; for all t > 0, and which is somewhat easier to analyze.

The idea, which was already used by [LR20] for graphs with bounded degree, is to
compare the dynamical long range percolation B blockwise to a long range percolation
model. We partition the time axis [0, c0) into equidistant intervals [nT, (n + 1)T), where
T > 0 and n € INy. We also define for each edge e € &,

(6.1)

{1 ife ¢ B, forall t € [nT, (n+1)T),
wp(e) =

0 otherwise,

which indicates whether an edge e is closed for the whole time period [nT, (n + 1)T).
To simplify notation we write w,(z,y) instead of w,({z,y}) for {z,y} € £. Now if we
accept all infection events (e,t) € A with ¢ € [nT, (n + 1)T') such that w,(e) = 0, this
leads to an infection process, which survives more easily than C, see also the illustration
of the graphical representation in Figure 3, where we have for the sake of simplicity
only drawn the process with nearest neighbor interactions. A problem is that obviously
(wn(€))(n,e)em, x¢ is not a family of independent random variables. But at least we know
that w,(e) and w,,(¢’) are independent for all n,m € Ny as long as e # ¢’. In order to
deal with the dependence that occurs along the time line for a fixed edge ¢ we need
a lower bound on the conditional probability that w,(e) = 1 given all previous states
wp—1(e),...,wo(e), which was shown in [LR20, Proposition 3.9].

Proposition 6.1. Let T' > 0 be fixed. Then we have for alln € N and e € E that
]P(wn(e) = 1|wn—1(€)7 cee 7w0<€))

T e*ﬁeT 4 (1 _ﬁe)(l _ efﬁeT) o efﬁef[)eT

> (1 —pe)ePe 1 — o—beveT (6.2)
S oT 1— efﬁeT
= (L= pe)e P (1 —PeT T e_ﬁeﬁeT) =:0e(7,4,T) = be.
time time
t + t -
3Pt} - [ % - -
2T |- b
O S Y [ ) B
04 V oo+ \%4
0 1 2 3 4 0 1 2 3 4

Figure 3: On the left hand side we illustrate the graphical representation with respect to
the background B. On the right hand side we modified the background in such a way that
the edges are only closed if they are closed throughout a whole interval [nT, (n + 1)T).
In both pictures red lines indicate infection paths.
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The next lemma allows us to compare a family of dependent Bernoulli random
variables with an independent family provided that we have a lower bound on the
conditional probabilities.

Lemma 6.2. Let (X,,)nen, be a family of Bernoulli random variables such that
P(X, =1/X, 1,...,X0) > qe€(0,1), nelN.

Then there exists a family of i.i.d. Bernoulli random variables (X )nen, such that
P(X/ =1) =qand X,, > X/, almost surely for every n € INy.

Proof. First of all we set py := P(Xo=1) and forn > 1and z,,—1,...,20 € {0,1},
pn(xn—la cee 7330) = ]P(Xn - 1|Xn—1 =Tp—-1y--- 7XO - 330),

which are by assumption all bounded below by ¢. Let (xn)nen, be an i.i.d. family of
random variables, which are uniformly distributed on [0, 1] and also independent of the
family (X, )nen,-

Next we iteratively define the desired family of random variables (X ).cn, along
with a family of auxiliary random variables (Y}, )nen,. First, let Yy := Tiyo<qoy fOr
qo = p% € [0,1]. Now set X{ := XYp such that that X < X, and

P(Xy=1)=P(Xo =1)P(Yy = 1) = pogo = ¢

Next suppose that we already defined X/,_,,...,X| as a function of X,,_4,..., X, and

Xn—1,---5Xo0- We set pj :=po and forn > 1and z,,_1,...,29 € {0,1},
P (Tn_1,...,20) =P(X,, = 11X, | =2p_1,...,X) =m0) > ¢

by our assumption on (X,,),en, and the construction of X _,,...,X{ as a function of
Xn-1,--.,Xo and another independent input from (X, )nen,. This implies that

—1
an(Tn—1,...,30) == q (P (Tn-1,-..,20))  €[0,1].

We now set Y, := 1y, <q.(x/_,....x;)} and X = X,Y,. It is again immediately clear
that X/ < X,,. Also,

P(X, =1X, ,,.... X)) =P, =1,X,=1X, 4,...,X)).

By choice x,, is independent of (X} )r<,—1 and (Xj)r<n. The random variable Y,, is a func-
tion of x,, and all (X})k<n—1. This yields that Y,, and X,, are conditionally independent
given (X];)kgnfl, ie.

]P(X;l = 1|X7/L71, ey X(/)) Z]P(Xn = 1|X7/L71, ey X(/))IP(Yn = 1‘X71L71, . ,X(/))
:p;(X/ 'aX(/J)qn(lezflv""X(/J):q

n—17--

due to our choice of ¢,. Since the right hand side is independent of the values of
X{, ..., X],_, it follows that X/ is independent of (X} )r<,—1 and that P(X] = 1) = q.
This concludes the proof. O

As a direct consequence of the bounds derived in Proposition 6.1 together with
Lemma 6.2 as well as the independence of w,(e) and w,,(¢’) for all n,m € N as long as
e # ¢/ we obtain the following comparison of (wy(e)),>o with a family of i.i.d. Bernoulli
random variables.

Corollary 6.3. Let T' > 0 and let (wy,(€))(n,e)en, x¢ be defined as in (6.1) as well as 6. as
in (6.2). Then there exists a family of independent Bernoulli variables (wy,(€))(n,e)enNox &
such that P(w),(e) = 1) = 6. and wy,(e) > w), (e) almost surely for all (n,e) € Ny x £.
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n+1 Q

Uc,rL =1 X{w,y},ﬂ =1

Figure 4: Illustration of the first and second rule. Solid lines indicate present edges and
dashed lines absent edges.

Finally we are able to define the new infection process C. We do this analogously
to the original process C, just that we use infection events (e,t) € A™ whenever
w/wTJ (e) = 0. This corresponds to the definition of an infection process as in (1.1) with
the background process B’ given by

B, =1—w{,/p(e),t > 0. (6.3)

We call a B’-infection path as in Definition 5.1 a connecting path.

Recall that in the definition of C we only consider infection events (e,t) € Al
whenever e € B;. But by definition this implies that w|;,7|(e) = 0, and by Corollary 6.3
also wi, . (e) = 0. Hence, we only get more infection events for C and thus C{’ C C{’
forall ¢t > 0.

6.1 Existence of an immunization phase

In this subsection we prove Theorem 2.5 which states that for given speed parameter
~ > 0 there exists a ¢p € (0, 1) such that C dies out almost surely for all ¢ < gy regardless
of the choice of A > 0, i.e. A\.(7,q) = oo for all ¢ < qo, and that \.(v,q) < oo for all ¢ > qq.

The idea is that, if ¢ is small enough, then an arbitrary vertex will eventually be
isolated for a long time, and therefore a potential infection cannot spread to another
vertex before the isolated vertex is affected by a recovery event. To make this precise
we recall (w;,(e))(n,e)en, xe from Corollary 6.3 and define X = (X, ) (e,n)cexv, Where
Xen =1—w,(e), aswell as U = (Uz,n) (z,n)evxN, DY

1 if AN ({z} x [nT,(n+ 1)T)) =0,
v V(e x [T (1)) 64
0 otherwise.
IfU,, =0and ZyEV\{x} X{zy}n =0, then an infection on vertex x cannot possibly sur-
vive in the time interval [nT, (n+1)T), for any A > 0. This follows since ZyEV Xizyyn =0
implies that for the whole time interval all edges attached to x are closed. Therefore,
since U, , = 0 we know that the vertex z will recover and cannot be reinfected. Further-
more, between time nT and (n 4+ 1)T no infection can spread from xz. Now we define a
random graph G; with vertex set IV x INy and add edges according to the following rules.

1. IfU,, =1, add an oriented edge from (z,n) to (z,n + 1).

2. If X., =1fore={z,y}, add edges as if U, ,, = 1, U, ,, = 1 and add an unoriented
edge between (z,n) and (y,n).

The rules are visualized in Figure 4. Note that all “horizontal” edges are unoriented
such that they can be used in both directions, but all “vertical” edges are oriented and
only point upwards.
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Definition 6.4. Let G; be the random graph constructed above and C C V be the
set of all initially infected individuals. We say that there exists a valid path from
C x {0} to a point (x,n) if there exists a sequence zg,x1,...,T,; = x with zy € C and
0=mno <ny <---<n,, =n such that there exist edges in G from (zj,nk) to (Tg+1,Nk+1)
forallk € {0,...,m —1}.

For every n € N we denote by Y,, = Y,,(U, X) the set of all vertices x € V such that
there exists a valid path from Yy x {0} to (x,n).

Note that a valid path travels along edges in the direction of their orientation,
respectively in both directions in the case of unoriented edges. In Figure 5 we visualize
a part of the graph G; with a valid path.

Lemma 6.5. Let T' > 0, n € Ny and C Cc V. Then if C =Y, we have GET C Y, for any
A > 0. Thus, ifY,, = () then CS} = () and hence also C$;. = () for any A > 0.

Proof. In this proof we need the notion of a connecting path which is using the B’
background defined in (6.3) via the w/,(¢). If € CC, then there exists a sequence
of times 0 = ¢y < t1 < -++ < ¢y < tyw41 = nT and space points zg,z},...,2,, =z
with zy € C such that ({z},_;,2}},tx) € A™ and w], ({z}_;,2}}) = 0, respectively
X{m;cflﬁfi}’”k =1, where ny, := [t/T], forallk € {1,...,n’} and Arecﬂ({x;}x [th, tk+1)) =
() for all k € {0,...,n'}. Let for m € {1,...n} the position of the path at time mT be
denoted by z,,, i.e. z,, = 2}, if mT' € [ty trnr+1) so that x,,, € C,,,7 for m € {0,...,n}.
Now if we can show that z,,—1 € C(,,—1)r and z,,, € C,,,r imply that z,,, € Y,,, the claim
follows since xg € Yy = C by assumption.

So if x,,_1 # x,, it means that the infection must have spread from z,,_1 to z,, in the
time interval [(m — 1)T, mT). But we already assumed the existence of a connecting path.
Thus, we can find 0 <m’ <n'and > 1 such that ,, 1 = z},, and x,,, = z,,; such that
({2 > s g1 b bkt ) € A and Xear, s pm—1 = 1forall k € {0,...,1—1},
and thus by the second rule x,, € Y,,.

If ,,—1 = x,, then either there was no recovery event in the whole time interval
[(m - 1T, mT), and so by the first rule z,,, € Y;, or the infection must have spread to
another vertex and the vertex z,, got reinfected. Then there must have been a vertex z/,,
and a time ¢,/ 11 € [(m —1)T,mT) such that a/,, ,; = @, and ({],,, 2}, 1}, ty1) € A

O O o O O

Figure 5: Illustration of a part of G;. The red lines indicate a valid paths.
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as well as X, },m—1 = 1, and therefore z,, € Y,, by the second rule.

m,”];;n’+1
The second claim follows by the fact that C¢ ¢ C¢ for all ¢ > 0. Thus, if C¢, =0
then this implies that CS. = 0. O

Obviously (Ugn)(z,n)evxn, from (6.4) is a family of i.i.d. random variables with
P(U,,, = 1) = e "' and independent of the family (Xeon)(e,n)eex Ny, Which consists
of independent Bernoulli random variables such that P(X., = 1) = 1 — §.. The next
result states a sufficient condition for the extinction of Y/, which can be proven in exactly
the same way as [LR20, Lemma 3.7].

Lemma 6.6. Let x € V. IfE[|Y1]|Yy = {z}] < 1 then Y goes extinct almost surely for any
finite A C V as initial state.

Now we can finally show Theorem 2.5.

Proof of Theorem 2.5. We fix v > 0 and let A > 0 be arbitrary. Since Lemma 6.5 states
that extinction of Y implies extinction of the CPDLP, Theorem 2.5 follows from Lemma 6.6
if we can prove the condition stated in that lemma. Fix an arbitrary z € V and set
Yy = {«} as initial value. We can calculate that

E[Vi]l = B[l 3yev-x,,. o=ty Vill + P( () {X(yp0 =0} Elluol.  (6.5)
yev

Let us choose 0 < € < 1 arbitrarily but fixed. For the last term, we find a 7} > 1 large
enough such that

EU, o] =e¢ T < (6.6)

W ™

for all T' > T;. For the first term we see that Y; is actually the connected component
containing = formed by a long range percolation model with probabilities (1 — 6. )cee
with J. as in Proposition 6.1, which implies that

—0.T

1
< PetT + pe + —,  (6.7)

L - 1—e¢
1—6.=1—e P 4 pee Pl + (1—pe)pe ,
e VT

peveT _ 1
for all e € £. Here, we have used that 1 —x < e % and 1+ x < e* for x > 0. Recall that
Pr. = qpy. For the remainder of this proof we choose ¢ = ¢(T) := T2 and see that

1 1 1
1—06.(q(T),T) < =pele + =—Pe + — =: b (T 6.8
(¢(T) )_Tpv+T2p+veT (T) (6.8)
for all e € £. We attach T as an index to Y7(7") since by the choice of ¢ the probabilities
(1 — d¢)ecs determining the connected components only depend on the choice of 7. Next
we will show that there exists 7> > 0 and an M = M (e, T%) > 0 such that

B[y, (>3 | Y1(T)|] < (6.9)

Wl ™

for all T > T,. For this, let Z(T) be the connected component containing x formed by a
long range percolation model with probabilities (b.(T"))cce such that Y1(T) C Z(T) for
every T' > 0. This coupling is possible since (6.8) holds for all e € £. By Assumption (1.4)
and Remark 1.1 it follows that (by, 1 (7))ycv is summable for all x € V and T' > 0.
Furthermore, b.(T) is decreasing in T and b.(T") — 0 as T' — oo for all e € £. Therefore,
by Lebesgue’s dominated convergence theorem we see that there exists a T, > T} large

enough such that
> by (T) <1
yeV
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for all T > Ty. For this choice of T» the integrability of |Z(T%)| follows by Proposition 4.1,
i.e. E[|Z(T2)|] < oc. Thus, for every £ > 0 there exist an M = M(e,T2) > 0 such that

E[L{ 21> Z(T2)]] <

W ™

Since b.(T') is monotone decreasing in 7' foralle € £

g
E[Lz(r)>m|Z(T)]] < Ell gz > |Z(T2)]] < 5

for all T > T,. Furthermore, since by definition Y; (T') C Z(T) for all T we see that

13
E[L v ry>a V(D] < 3

for all T > T5. Using this and the bounds (6.6) and (6.9) in (6.5) we obtain

5
E[Y1]] <E[l{zyev.x,, 5 0=13Y1]] + 3

€
<EMgy, sy Vil + E[L gy, <y Lzyevix,, ,y0=13 Y2l + 3
<§+MIP({EIer:X{$7y}70:1}ﬂ{|Y1| §M})+§ (6.10)

SP(HyGV:X{x‘y},Ozl)

for all T' > T5. By using subadditivity of the measure P we get that

P(Hy ev: X{z,y},O = 1) = IP( U {X{z,y},() = 1}) < Z (1 - 6{z,y}(Q(T)aT)> —0
yev yev

as T — oo by Lebesgue’s dominated convergence theorem since 1 — 0, ,3(q(T),7T) <
bizyy(T2) for all T > T, and (b, ) (12))yev is summable for every » € V. This implies
that there exists a T3 > 715 such that

Py eV :Xuyo=1) <> (1=63,a),T))
yeVv

€

— 6.11
<3 (6.11)
forall T > T5. Now (6.10) and (6.11) imply that for all ' > T3 and thus for all ¢ = ¢(T") =
T2 < g} if we set ¢}y := q(T3) = T; * > 0 we have

E[h]] <e < 1.

We now let ¢o > ¢, > 0 be maximal such that A.(v,¢) = oo for all ¢ < ¢go. By the fact
that ¢ — A.(7,¢) is monotone non-increasing we then know that A.(v,q) < oo for all
q > qo. To complete the proof it now only remains to show that v — ¢o(y) is a monotone
non-increasing function on (0, c0), i.e. that for 0 < v; < 79 we have go(v1) > ¢o(y0). For
this suppose that we have qo(71) < qo(70). Then for any q € (q(71),q(70)) we have that
Ae(70,q) = oo while A.(y1,9) < co. But this contradicts the fact that by Proposition 5.4
we have 7, 'A\c(71,9) > 75 "Ae(70, ¢), and so we are done. O

6.2 Extinction for slow background speed

In this subsection we study the behavior of the survival probability as v — 0 and show
Theorem 2.7. On general graphs G = (V, E) we already obtained partial results on the
behavior of the critical infection rate for slow speed of the background process, which
we stated in Corollary 2.6: There exists a ¢; € (0, 1] so that for every ¢ < ¢; there exists
a0 = vo(q) > 0 such that \.(v, q) = oo for all v < 7. Now we restrict ourselves to the
one dimensional integer lattice G = (V, E) withV =Z and E = {{z,y} CZ : |z —y| = 1}.
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In this case we can fully characterize the behavior of the critical infection rate as v — 0
if we assume that (2.4) is satisfied, i.e.

> UvuPogy <00 and Y yug, < oo
yeN yeN

Obviously this assumption already implies (1.4). Furthermore by (6.7) it follows that

1
Doyl =0y) <Yy (P{z v} 0wy T + Playy + 7) <00 (6.12)
eyl
yeN yeN

for all x € Z due to (2.4). In the remainder of this section we focus on proving Theo-
rem 2.7. We achieve this by modifying and adapting the strategy used in [LR20].

Recall C with background B’ defined in (6.3), which is characterized by the w/,(e)
of Corollary 6.3. As in the previous section we construct a type of oriented long range
percolation model which will be coupled to C in such a way that if this model goes
extinct so does C. Since we know that extinction of C implies extinction of the CPDLP C
this will lead to the proof of Theorem 2.7.

One key point of the arguments used in [LR20] was that in an independent percolation
model on Z with p < 1 no infinite connected component occurs, and thus the percolation
almost surely partitions Z into finite connected components. As we saw in Proposition 4.3
the long range percolation exhibits a similar behavior if Zye]N Y(1 = 00,43) < 00.

Recall from Definition 4.2 that a cut-point m for a long range percolation model is a
point such that no edge {z,y} with © < m < y is present. In comparison to the nearest
neighbor case one major problem is that in the long range percolation model that we
will use, which is defined via the w),(e) of Corollary 6.3, the presence of cut points at
two different vertices is not independent. In fact the events ({k is a cut-point})icz are
decreasing events, and thus positively correlated by the FKG inequality, see [Gri99,
Theorem 2.4]. But this implies that also the events ({k is no cut-point});cz are positively
correlated. Therefore, we need to adjust the construction in such a way that we can deal
with these correlations.

Definition 6.7. Let n, Ko € N and T > 0. We call m € V an (n, Ky)-cut ifw}, ({z,y}) =1
forall x < m < y with |z — y| < 2Kj.

We call all edges e = {z,y} with length |z — y| < 2K short edges and denote by BXo
the o-algebra containing information of all w),(e) of all short edges in time step n, i.e.

BEo .= o({w),({z,y}) : |[v —y| < 2Ko}). (6.13)

Note that for any m the event that m is an (n, Ky)-cut is contained in BXo.
Now let 7o € IN and define for k € Z,

= [k(2Ko + 70), (k + 1)(2Ko +10) — 1] NZ

Mleft [(2Ko + 70), k(2Ko +10) + Ko — 1] N Z
MM = [k(2K 4 o) + Ko, k(2Ko 4+ 10) + Ko + 10 — 1] N Z
MPT™ = [k(2Ko + o) + Ko + 7o, (k + 1) (2K + 70) = 1] N Z

The collection (My)xez forms a disjoint partition of Z. Furthermore, for every k € Z the
sets M V™4 and M9 are disjoint and M, = M°" U M™4 U M}9™. We also want to
remark that | M| = 2K + ro, |[M™9] = 7y and | M%) = |M9"| = K,. See Figure 6 for a
illustration. Next we define for k£ € Z and n € IN; the random variables

(6.14)

1 ifno (n, Ko)-cut lies in M,
Xk n +— .
0 otherwise.
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If X), = 0 then there exists a barrier in M™¢ during the time interval [n7, (n + 1)T)
which the infection C cannot overcome via short edges.

We will now partition the space-time strip Z x [nT, (n + 1)T') for every n, where
T > 0, according to the presence of (n, Ky)-cuts. Let ¢, be the rightmost (n, Ky)-cut in
MM x [nT, (n +1)T) and if none is present, then set it equal to the right boundary of
MM, Now set Dy, == [ck—1,n + 1, ck,n] N Z. We see that Sy, := Dy, X [nT, (n+1)T) is
a disjoint space-time partition of Z x [0, c0), which depends only on BXo. See Figure 7
for an illustration.

The boxes can only be of bounded size and we see from the construction that

min .__ g sright left
Phn 2 D i=Mmy UM A A A A (6.15)
Dy, C© DI =4y M9 U Mt U MR = pmid g pRin g e,
This provides us with an upper and lower bound on the number of vertices contained
in Dy, ,, namely 2Ky < |Dy, | < 2K( + 2ro. We define S}Cmr? = DI x [nT, (n+ 1)T) and
S = Dp® x [nT, (n + 1)T') as the minimal and maximal possible space-time box with
S,‘Cmf; C Skn C SP
Recall that X}, provides us with the information whether it is possible for the
infection to traverse M,gmd via short edges. So if X;_;, = 0 and X, = 0 then the
boundaries of Sj,, are (n, Ky)-cuts and the infection can only leave this box via long
edges e = {z,y} with length |z — y| > 2K,. In this case we call the box S} ,, isolated. In
order to describe the possibility of infection in C via long edges between S;, ,, and 5},
we define for k #£ [ € Z and n € IN,

1 if there exists a long edge e = {z,y} with |z — y| > 2K
Wiy n = which connects S, to S, at some ¢ € [nT, (n + 1)T), (6.16)
0 otherwise.

See Figure 8 for a visualization in the case | = k + 1.

Note that by definition Wy, 1y, = Wy xy,n, @and thus we will assume k < [. The idea is
that for large K\ a transmission of the infection via a long edge will be unlikely since
they will most likely not be open. In addition, we intend to control the survival via short
edges in (isolated) boxes Sy ,, for £ € Z and n € INy. Recall that a connecting path is a
B’-infection path used by C. We define

1 if there exists a connecting path starting at n7T that
Ugm = is ending at (n + 1)T and is contained in Sy , (6.17)

)

0 otherwise,

see Figure 9 for an illustration. If Uy ,, = 0 then an infection contained in an isolated box
Sk,n can only survive via transmission along long edges.

Remark 6.8. Let us summarize some properties of the variables we just defined.

My

|
|
. : 1

. : |
M MmN
|

-

A
Jo Y

ro Ko

Y
N

5

Figure 6: Illustration of the sets Mj,_;, M°®, M4 and M 9™
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time
A
| . | |
2T il . L
! . | :
I : | '
| N .
]Si ! :
| 1,1 :5071i
: 3 I
T
| | .
| ] !
5‘11,0 ' So.0:
| K .
I | 3
| ]

Figure 7: An illustration of a possible partition. The thick black lines represent (n, Ky)-
cuts and the blue boxes the resulting partition.

1. The intervals Dy, and boxes S ,, for k € Z are measurable with respect to BXo,
For n # n’ we have that Dy, and D;, are independent (and thus also S , and
S;n are independent) for all £,1 € Z.

2. The X, , variables from (6.14) depend only on short edges of maximal length 2Kj.
Since the minimal distance between M4 and M™1 is larger than 2K, for k # [ we
see that X}, ,, and X, are independent if k # [ for all n,n’ € INy.

3. Uy, from (6.17) only depends on edges {z,y} with z,y € Dy, (and recovery
events). On the other hand, Wy, ;3 , from (6.16) only depends on edges {z',y'}
such that #’ € Dy, ,, and v € D, ,,. Since Dy, ,, N Dy, = 0 for k # | we have that U
and Wy 1y, are conditionally independent given BEo for all k', k,l € Z (k < 1) with
n =n' € Ng. If n # n/ then they are independent.

4. By definition Uy, and U, are conditionally independent given Bffo forall k,l € Z
with n =n' € Ng. If n # n’ then they are independent.

5. Analogously, the variables Wy, 1y, and Wy 1y, are conditionally independent
given BXo for all {I,k} # {lI',k'} if n = n’ € Ny. If n # n’ then they are independent
for all choices of {l, k} and {I', k'}.

Note that in points 3 to 5 conditioning on BX¢ serves the purpose of knowing what the
partition (Sj »)rez in step n look like.

We will again define a random graph G» with vertex set Z x INy, whose edges are
placed according to the following rules which are illustrated in Figure 10:

1. If Uy, = 1 add oriented edges from (k,n) to (k—1,n+1), (k,n+1) and (k+1,n+1).

time

A

{r.y} €B,

Figure 8: The thick black line represents again a (0, Kj)-cut and the blue boxes a part of
the resulting partition. Here we visualize the case when Wiy 1130 = 1.
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time

=7

Figure 9: The thick black lines represent again (0, K)-cuts and the blue boxes are part
of the resulting partition. Here we illustrated the case when Uy o = 1.

N XY

Eo1 : k 1 k42
Upn =1 Xpm=1
ntl () /Q O\i/Q
o OG0 G- 00
k-1 k kil 1 I+1
I’V{k,l},n =1

Figure 10: Visualization of the three rules regarding the construction of the graph Gs.
Solid lines are present edges and dashed lines absent edges.

2. If X, = 1 add edges as if U, = 1, Ur41,,» = 1 and additionally an unoriented
edge between (k,n) and (k + 1, n).

3. f Wixy,n» = 1 add an edge as if Uy, = 1, U}, = 1 and additionally an unoriented
edge from (k,n) to (I,n).

If Uy, = 1 then the infection survives through the space-time box Sj , and it could
possibly spread in at least one of the boxes S, 41 form e {k -1,k k+1}. If X}, , =1
then it could possibly spread to its right neighbor in the time period [nT, (n + 1)T') via
short edges. If Wy, ;3 ,, = 1 for any [ # k the infection could spread from Sy ,, to S ,, (or
vice versa) via long edges. Note that in the latter two cases we add oriented edges as in
the first case because even if there is no connecting path contained within the respective
space-time box the infection could still survive (and spread to the nearest neighbours)
via open edges between the boxes. Analogous to Definition 6.4 in the previous section
we define a valid path as a path that traverses edges in the direction of their orientation,
as well as a corresponding process.

Definition 6.9. Let G2 be the above constructed random graph. Let Zy C Z denote
the indices of the boxes which contain the initially infected vertices C C Z. We say
that there exists a valid path from Z; x {0} to a point (k,n) if there exists a sequence
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ko, ki,...k;yy = k with kg € Zy and 0 = ng < n; < --- < n,, = n such that there exist an
edge in Gy between (zy,ny) and (zx41,ni4+1) forall k € {0,...,m — 1}.

We define the process Z = (Z,),>o by letting for all n > 1 the random set Z,, =
Z,(U, X, W) contain all points x € Z for which there exists a valid path from Z; x {0} to
(x,n) in Gs.

This following lemma and its proof is similar to Lemma 6.5 in the previous section.

Lemma 6.10. Let IL > 0,n € Ng and C C V. We choose Z, such that k € Z, if
CNDpo#0. Ifx € CST then there exists a k € Z so that x € Sy, and k € Z,,. Thus, if
Z, = (0 then CS. = 0, which in particular implies C$p = 0.

Proof. Recall the definition of C and of a connecting path from (6.3). If x € égT then for
some z, € C there must exist a connecting path from (xg,0) to (x,nT). Form € {0,...,n}
we denote the position of the connecting path at time mT by x,, so that x,, € (NIZT with
*, = x. Since the (Skn)kn)ezxn, form a disjoint partition of Z x [0, 00) for every z,,
there exists a k,, = kn(2.,) such that (z,,,mT) € Sk, m. To prove the claim it again
suffices to show that z,, € C¢, and ,,,1 € é(cmH)T imply that k,,, 1 € Z,,41 because
we have kg € Zy by the definition of Z;.

1. Let us start with the case that k,, # ky,+1. Let ey, ... e, for some r € IN be the edges
present in the connecting path from (z,,, mT) to (41, (m 4+ 1)T) that connect
vertices in different space-time boxes. Let e, = {z/,y'} and ¢’ € [mT, (m + 1)T)
with (z',t') € Sy m and (y',¢') € Sy, for some £/ < I'.

If [#" — 3| > 2K, then Wy 11y ,,, = 1 since the edge e,,» must have been open at
time t' € [mT, (m + 1)T). Thus, by the third rule I’ € Z,, ;1 if ¥’ € Z,, (and vice
versa).

On the other hand if |2’ — /| < 2K, then I’ = k&’ + 1 because for any space box
|Dg.n| > 2Ky. Hence, the boundary between Sy ,,, and Sy ., is no (m, Ky)-cut since
this would prevent an infection to spread via the short edge e,,/. This implies that
Xk .m = 1. Thus, by the second rule I’ € Z,,,41 if k¥’ € Z,,, (and vice versa).

By applying a combination of the second and third rule to e, ..., e, it follows that
km+1 € Zm1-

2. Now we consider the case that k,, = k,,+1. In this case the infection path is
either contained in Sj ,,,, and this would imply that Uy ,,, = 1, or it leaves the box
and returns at a later time. By arguing as in point 1. we see that either there
exists an [ € Z such that W ;3 ., = 1 or we have Xy ,, =1 or Xj_1,, = 1. Thus,
kim_H S Zm+1. O

We again find ourselves in the situation that the process Z is somewhat easier to
handle than the original infection process, but it still hides a lot of dependency structure.
For the remainder of this section we choose T := % By the definition of J. in Lemma 6.1
this yields

5. ~1y — (1 —apeve (1 _ 1-—e™
(a7 = (1= e (1= gpe e ) (6.18)
which is now independent of ~.

Next we will show that we can choose 7y, Ky and v (or equivalently T') in such a way
that the probabilities that any of the X, W or U variables are 1 are small. With this we
will then show that we can choose ry, Ko and v* in such a way that Z,, goes almost surely
extinct for all v < ~*.
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Bound on the X variables Let us recall that

{Xkn =1} = {no (n, Ko)-cut lies in Mj™} = ) U {w.({z,y})=0}. (6.19)
ZEM;:M ISZ<y,
|z—y|<2Ko

The probability P(X}, , = 1) does not depend on - because of (6.18). This is important
since later, in order to find a bound on P(Uy,, = 1), we need to vary . Since (w},(€))cee
is a family of independent Bernoulli random variables we can use these variables to
define a long range percolation model with probabilities b := (1 — 6 x}) for all k € Z.
Therefore, we see with (6.19) that in the terms of the long range percolation model it
holds that

{Xkn=1}C ﬂ U {w!,({x,y}) = 0} = {no cut point lies in MM}
zeMPd z<z<y

We set

P(Xpn=1) < IP( N U (e} = 0}) = e1(ro). (6.20)

zeMPd z<z<y

Note that the right hand side only depends on the size ry of M,ﬁmd and not its exact location.
By (6.12) we know that Y2, kb, = > ;2, k(1 —d50,x}) < co. Thus, by Theorem 4.3 there
exist almost surely infinitely many cut points. But this means that

81(7“0) —0 as ryg— oo. (6.21)

Note that this bound is independent of the choice of Ky. This is important since in
the next step we derive a bound for the probability P(Wy; 3, = 1) by choosing Ko
accordingly. But the choice of K will depend on the choice of rg.

Bound on the IV variables For these random variables describing transmission along
long edges we have Wy, 1y, = Wy 1y n, which is why we only need to consider k£ < . We
see that

Wiy n =1} = U  {w.({zy}h) =0} c U  {wh({zyh) =0}
€Dk n €D n QTED?ax,yED;naX
|lz—y|>2Kq |lz—y|>2Kq

with the sets D’®* and D;"** defined in (6.15). Note that the right hand side is indepen-
dent of Bffﬁ defined in (6.13). Thus, for a given ro we can conclude that

P(Wn.n = 1|BX0) < > (1= 6ayy) = axi(Ko,m0), (6.22)
z€DP™ ,ye D™
lz—y|>2K,
with the right hand side independent of v due to (6.18). By subadditivity and (6.22) we
get
P # k: Wiy = 1UBEY) <) ak1(Ko, o).
I#k

Next we take a closer look at D’ defined in (6.15). We see that D™ N D@y = Mjnid
and if [ > k 4 1 then D™ N D™ = (). Thus, the term 1 — dy, . appears at most
twice in the above sum for any particular edge {z,y} with € DF®*. Noting also that
|Dr**| = 2(r¢ + Ko) and using symmetry and translation invariance we see that

Zak,l(KOa ro) = ZZak,l(Koﬂ“o) < 4|Dp™| Z (1—6¢0.3)

1+£k I>k y>2Ko
= 8(Ko +10) Z (1= d50,43)-
y>2Ko
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Thus, in summary we obtain for any k € 7Z,

P # k: Wiy = 1BEY) <8(Ko+10) Y (1= 6(0,)) = e2(Ko,70). (6.23)

y>2K

But since we know from (6.12) that }  ny(1 — d(0,}) < co. We also obtain that
> ysax, Y(1—0{0yy) — 0as Ko — oo, and thus it is not difficult to see that £2(Ko,79) — 0
as Ky — oo for every ry. In addition, if we choose Ky = ry then we see that also

ea(ro,70) =0 as 1o — oo (6.24)

Bound on the U variables Recall that on every finite graph the classical contact
process dies out. We denote by T;‘(’t’K“ the extinction time of a classical contact process
with infection rate and recovery rate as the CPDLP (C,B) on a complete graph with
2(Ky + ro) vertices, where every vertex is initially infected. Since |Dy, | < 2(Ko + 1) it
holds that

P(Up.n = 1|BE0) < P(r155° > 471 = e3(Ko, 70, 7). (6.25)

ext

For every ¢ > 0 we can choose v* = v*(Kjy, o) > 0 small enough such that P(7/%"°
v~ 1) < eforall v < v*, and thus in particular e3(Kg,79,7) — 0 as v — 0.

We observe now that (X km)(k,n)eZX]No are independent random variables and that for
any n € INy the random variables (X}, ,)recz are measurable with respect to Bffo. But the
family of random variables (Uk,n)(k,n)EZX]Ng are only independent in time (for different n),
but for a fixed n in the spatial direction (for different k) only independent conditionally
on BX¢, see Remark 6.8. The analogous statement holds for {W{M}m ckleZk<lne
INg}. Our next aim is therefore to construct independent upper bounds of the W and U
variables, which are also independent of the X variables.

Proposition 6.11. Let a (Ko, 79) and e3(Ko,70,7) be as in (6.22) and (6.25) and
o, Ko >0 large enough as well as y >0 small enough such that a, ;(Ko,0), €3(Ko,70,7) <
1. Then there exist independent families

>

U ={U;, :k€ZneNo} and W' :={Wj, kl€Zk<lmnécNy}

of independent Bernoulli random variables with IP(WJEk,l},n = 1) = ay,(Ko,79) and
P(Uy,, = 1) = e3(Ko,m0,7) for all k # | and all n € Nq such that W 3., < W{/k,z},n
and Uy, < U,’m almost surely and such that they are independent of the family
(Xkn) (kyn) €Zx o -

Proof. Recall that BXo = o({w],({z,y}) : |v — y| < 2K,}) from (6.13). We will now
explicitly construct the U’ and W' variables. For that we define the random variables

Pini=PUkn =0[B5°) and pf ., = PWpyn =0BS°)
forl, k € Z with k # [ and n € Zy. Now let
{(Xin:k€ZneNo} and {x{yp,: kl€Zk#IlneNo}

be two independent families of uniform random variables on [0, 1], which are also
independent of the X, U and W variables. Furthermore, we define the random variables

v o 1- e3(Ko,70,7)

1 —ag (Ko, 7o)
sk,n . U S > —
pk,n

and 3‘{/[12,1},71 =

b

W
Prkiyn
which are measurable with respect to Bffo. Note that by (6.22) and (6.25) it follows that
pf{";l}’n > 1 — ay1(Ko,0) > 0 and that p/, > 1 —e3(Ko,70,7) > 0. This yields that S?l/g,l},n
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and sy, ,, have values in [0,1]. Now let U’ = {U} ,, : k € Z,n € Ny} be a family of Bernoulli
random variables such that U}, = 0 if and only if Uy, = 0 and xj/,, < s{/,,. By definition
it is clear that Uy ,, > Uy, and we see that

IP(UIQ,n = O|B§0) = P(Uk,n = O?XkU,n < sg,n“gfo) = pkU,nSI[cJ,n =1- Eg(Ko,?"()7’}/), (6.26)
where we used in the second equality conditional independence given BX¢, which follows
since sy, is B° measurable and xj/,, independent of Uy, ,,. Note that the right hand side
is deterministic, and thus it follows that the variables U; ,, are independent of BXo for all
k € Z and n € INg.

Analogously, we define the family W’ by setting W{ kdbn = 0 if and only if Wi ;3. =0

W W . _ . .
and X{k,1}.n < 50ki}.n (and otherwise W{k,z},n = 1). Analogously as in (6.26) it follows
that
IP(W{/k',l},n = O|BTIL<O) = p‘{/[lj:,l},ns‘{/ll/c,l},n =1- akvl(KO7T0)7 (6.27)

which implies that I, ,, is also independent of BEo for all k,l € Z with | # k and n € INo.
By taking the expectation in (6.26) and (6.27) we get that

IP(U];JL = 0) =1- €3(K0,7“0,’)/) and ]P(Wfkﬁl},n = 0) =1- a,kJ(Ko, To), (6.28)

and therefore Uy ,, and W{ k,i},» Nave the correct marginal distribution for all &,/ € Z
with [ # k£ and n € INy.

It is left to show that these variables are two independent families of independent
random variables. We already know by construction that the U’ and W’ of different time
steps n # n’ are independent. Thus, it suffices to show independence of the variables in
the same time step. Therefore, we fix some n and omit the subscript n in the following.

Let my,mo € Ng. Let uy,...uy, and wy,...w,,, be in {0,1}, and let k1,...,k,, be
distinct integers as well as ey, .. ., e,,, be distinct edges. We need to show that

P(U, = wr,..., Uy = um,, W,
=P(U;, =w)...P(Uy,, =um)P(W,, =w1)...P(Wy, = =wn,)

Since we are considering Bernoulli random variables it suffices to consider u; = --- =

!/
:w1a~"1ka2 :wm2)

Uml =wp = ...:wm2 = 0. Now we see that
P(U;, =0,....U;  =0,W, =0,...,W ~=0)

=E[ﬂ>(fﬁ{% =0} {xf, < s 10 ﬁ{wej = 0pn (! < s HB"0))]

Now, = 0}|B"°) [Trod <25 [T P < 5550,
=1 i=1 j=1

j=

mq

ﬂE[IP(ﬂ{Uki —0}n
=1

where we again used conditional independence analogously to (6.26) and (6.27). Thus,
we have that

IP(U];:O,...,U]/CMI:O’W/ :0,...,W/ :0)
:(l—Es(Ko,To,’Y))ml (1 — ac, (Ko, r0))

<w[e( (Yo =00 (v, =o)f) T TT -

i—1 Pk; j=1 Pe;

ma

:(1 - ES(KOa rOafY))ml H (1 - aej (KO; TO))

°1

—P(U}, =0)---P(U},, = 0)P(W, =0)---P(W}, =0),
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where we have used in the second to last equality that the U and W variables are
conditionally independent given BXo and (6.28) in the last equality. Note that since the
families U’ and W' are independent of B%° it follows immediately that they are also
independent of the X variables since those are measurable with respect to B%¢. This
concludes the proof O

Now we define a process (Z,)ncz as in Definition 6.9 but as a function of the random
variables X, U’ and W’, which we obtained in Proposition 6.11, instead of X, U and W
used to define Z. Due to the monotonicity in the definition of those processes it follows
that Z,, C Z], for all n € Ng. Thus if (Z),),cz goes extinct almost surely, then the same
follows for (Z,)nez.

Lemma 6.12. IfE[|Z;||Z] = {0}] < 1, then Z’ dies out almost surely for any finite A C V
as initial state.

Proof. Analogously to Lemma 6.6, respectively to [LR20, Lemma 3.7]. O

Now we are ready to show Theorem 2.7, which states that for any ¢ € (0,1), C C V
non-empty and finite, and A > 0 there exists 7* > 0 such that C® dies out almost surely
for all v < ~*, i.e. (N, v,q,C) =0 for all v < v*. We will also show that this implies that
Ae(y,q9) — oo asy — 0.

Proof of Theorem 2.7. The proof strategy is similar to that of the proof of Theorem 2.5,
and it again suffices to consider Z/, = {0} since the general case follows analogously
as in the proof of Theorem 2.5. We see that |Z{| < 3|Z|, where Z is the connected
component containing the origin 0 of a long range percolation model (see Section 4) with
probabilities given by

b{k,l} = P(Wfk,z},n =1) and b{k,k+1} = P({Wfk,kﬂ},n =1} U{Xkn =1})

for all k,! € Z with |k —I| > 2. Note that the constant 3 comes from the fact that any
vertex in Z, which is connected to the origin at time 0 via unoriented edges, connects to
3 vertices at time 1 via oriented edges, see Figure 10. We see that we can again split up
the expectation such that

E[|Z|] =E []l{Xl,0:1}U{X71,0:1}U{3jeZ:W€0$j}Y0:1}|Z|]

+ E[]1{xl,ozo}m{x,l,Ozo}mnjez{wgo,j}70:0}Ué,o] . (6.29)

<E[Uj,0]
We also know that by (6.20) and (6.22) combined with Proposition 6.11
P(Xkn =1) <e1(ro) and IP(W{/kJ},n =1) < ay(Ko,ro)

so that the by ;) have bounds that are independent of the choice of , namely, we have
for any fixed k that

D by < 2e1(ro) + Y ar (Ko, o).

I#£k I#k
From here onwards for the remainder of the proof we choose Ky = r3. Now by (6.21)
and (6.24) it follows that

Zb{kvl} < 2e1(rg) + Zak,l(ro,ro) —0

1#k 1#k

as ro — oo. Hence, there exists a constant Ry > 0 such that >~ ; by < 1 for all
ro > Ri. Thus, by Proposition 4.1 we know that |Z] is integrable. We add ry as an index,
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i.e. Z(rp). We can show analogously as in the proof of Theorem 2.5 that for every ¢ > 0
there exists an M = M (e, Ry) such that

€
E[|Z(ro) {1 z(ro)>my] < 3
for all r¢ > R;. Thus, we can conclude that
B[l ix, o=1}u{x -1 0=1}0{3j€Z:W], ,, ,=1}|1Z(ro)l]
<E[L{z(0)>m3| Z(ro)[] + M(P(X10=1) +P(X_10=1)+ > P(W{,1,0=1))

JEZ

g% + M(251(r0) + Z ax.1(ro, TO))~

1#k

Next we again use (6.21) and (6.24) to see that there must exist a constant Ry > R;
such that M(251(r0) + Z#k ak,l(ro,ro)) < § for all ro > Ry. By (6.25) we can choose
7* > 0 small enough such that E[Uy ] < § for all ¥ < v*. Then it follows with (6.29) that
E[|Z|] < 3¢. Thus, if we choose ¢ < ; we see that

E[|Z;]] < 3B[|Z]] < 1.

By Lemma 6.12 it follows that (Z],),cw goes extinct almost surely, which implies the
same for (Z,)nen since Z,, C Z), for all n almost surely. Then by Lemma 6.10 it follows
that C{#} goes extinct almost surely and so also C€ for all finite C' C Z and all v < v*.
In formulas this means that (), v,q,C) = 0 for all v < ~v*.

Finally this implies that lim, o Ac(7,¢) = oo since otherwise there would exist a
A < oo and a sequence 7, — 0 such that sup,, Ac(n,q) < A. But this would imply that
for this A fixed 6(\,y,,q,C) > 0 for all 0 < |C] < oo in contradiction to what we just
proved. O
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