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Joint localization of directed polymers*
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Abstract

We consider (1 + 1)-dimensional directed polymers in a random potential and provide
sufficient conditions guaranteeing joint localization. Joint localization means that for
typical realizations of the environment, and for polymers started at different starting
points, all the associated endpoint distributions localize in a common random region
that does not grow with the length of the polymer. In particular, we prove that joint
localization holds when the reference random walk of the polymer model is either a
simple symmetric lattice walk or a Gaussian random walk. We also prove that the very
strong disorder property holds for a large class of space-continuous polymer models,
implying the usual single polymer localization.
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1 Introduction

The term directed polymers refers to a class of models describing a random elastic
chain in R interacting with its random environment. The random distributions on these
chains or paths are given by random Gibbs measures, with Hamiltonian composed of the
energy of local self-interaction and the energy of interaction with the environment.

Pinning one of the endpoints of the polymer chain and parametrizing the chain by
time, one can view it as a random walk in random potential. Time is a distinguished
coordinate in this (d + 1)-dimensional model. In the absence of interaction with the
environment, i.e., when the external potential is zero, random walks are diffusive: the
distribution of the free endpoint of the path of length n is approximately Gaussian with
variance of order n, so it spreads out and thins out as n — oc.

In the presence of an external potential, favorable and unfavorable regions for poly-
mers are created randomly, and one of the central questions in the theory is how these
impurities change the diffusive behavior, under the assumption that the environment
evolves and decorrelates in time.
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Joint localization of directed polymers

This assumption implies that different parts of the polymer path are exposed to
different states of the environment. Attractive regions and other environment features
are dynamically created and destroyed at every time step, and so it is fascinating that,
despite this, the random distribution of the polymer endpoint is often localized. In other
words, for large n it does not spread out like a Gaussian distribution with large variance.

Conditions guaranteeing various forms of localization have been extensively studied
in the literature over the last two decades, see [13], [18], [19], [14], [19], [21], [35], [20],
[38], [30], [171, [22], [9], [7], [12], [5], [8], [24]. Localization for directed polymers is
one of the main themes of the monograph [16].

In these works, various manifestations of localization were studied such as presence
of uniformly heavy atoms for the endpoint distribution, its asymptotic pure atomicity,
asymptotically nonvanishing replica overlap, and similar stronger notions in terms of
entire paths. The new notion of geometric localization introduced for lattice models
in [9], [7], and studied in [5] for continuous space models (along with the several new
notions of asymptotic clustering replacing asymptotic pure atomicity studied for lattice
systems in [38], [9], [7]) essentially means that despite the growing length of the polymer,
its endpoint distribution mostly concentrates in a random region of size of order 1. This is,
of course, in sharp contrast with the diffusive behavior observed for classical symmetric
random walks. Localization is related to the phenomenon of intermittency for solutions
of the stochastic heat equation, see [15], [10], [28]. The main factors contributing to
the localization/delocalization are the strength of the random potential in relation to the
temperature and the dimension d.

With every polymer model one can associate its Lyapunov exponent characterizing
the discrepancy between the density of quenched and annealed free energies, see precise
definitions below. One says that very strong disorder holds if the Lyapunov exponent
is strictly positive. Results of [9] and their generalizations in [5] establish that very
strong disorder is equivalent to geometric localization. In particular, applying results
of [20] and [30], we obtain that geometric localization holds for a broad class of lattice
models with i.i.d. environments in dimensions 1 + 1 and 2 + 1 and all temperature values.
It is known that very strong disorder holds only for sufficiently low temperatures in
dimensions d > 3: in this case, the so-called weak disorder holds for high temperatures,
see [26], [11], [2], [37], [29]. It is conjectured in [3] that a similar picture holds for a
broader class of generalized Hamilton-Jacobi polymers.

A remarkable explicit representation for the limiting random probability density of the
endpoint (and intermediate points) of the space-time white noise continuous polymers in
1 + 1 dimension was recently obtained in [24].

We are interested in the joint behavior of polymer measures exposed to the same
environment but with different endpoints. Such polymers, in dimension 1 + 1, with
Gaussian random walk as a reference measure, i.e., with quadratic nearest neighbor self-
interaction, play an important role in the ergodic theory of the heat/Burgers/KPZ equation
with random kick forcing: one can construct attracting global random solutions in terms
of Busemann functions associated with thermodynamic limits of polymer measures with
different endpoints, see [4] where all these objects were constructed. We will refer to
them as GRW (Gaussian random walk) polymers in this paper.

It is natural to conjecture that if localization holds for individual polymers, then
polymers with different endpoints exposed to the same environment must be localized in
the same region, i.e., one can find a random set of size of order 1 containing most of the
mass of both endpoint distributions, of both polymers pinned at different endpoints.

Our main result is that this is true in the (1 4+ 1)-dimensional case under natural
additional assumptions. We also check these additional assumptions and derive that
joint localization indeed holds for two classes of polymers in 1 + 1 dimensions. The
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first class of models is the GRW polymers studied in [4]. The second class is the lattice
polymers with symmetric simple random walk (SSRW) as the reference measure, in an
i.i.d. environment.

We note that while the very strong disorder for lattice polymers was established
in [20] and similar results have been obtained for some continuous-space polymers in
[21], [35], [12], [24], the same property for GRW polymers has not appeared in the
literature to the best of our knowledge. In this note, we adapt the proof from [20] and
derive that very strong disorder holds for a large class of space-continuous polymers,
including GRW polymers, which in conjunction with results from [4], [5], and our main
result allows us to conclude that joint localization holds for GRW polymers for all
temperature values in dimension 1 + 1.

Besides the localization for individual polymers, an additional assumption we need is
closely related to the requirement that the ratio of certain point-to-line partition functions
remains bounded by a random constant not depending on the polymer length. A stronger
form of this property was established for GRW polymers in [4], where convergence of
these ratios to finite positive numbers was established. The limits of those ratios or their
logarithms can be viewed as Busemann functions, and their existence has been also
established for exactly solvable models of log-gamma polymer in [25] and O’Connell-Yor
polymer in [1]. For general SSRW models, convergence of partition function ratios (i.e.,
well-definedness of Busemann functions) is known only conditionally, see [27], but the
boundedness of these ratios can be derived from the latter paper.

A first indication that such a result could be true is a theorem from [4] stating conver-
gence to zero (as n — oo) of the total variation distance between the n-th marginals of
the infinite-volume polymer measures with the same asymptotic slope but with different
endpoints.

2 The setting and statements of main results

We will consider two main cases, lattice polymers and polymers in continuous space.
To unify the notation, we define the space X to be either Z or R. In both cases, X is a
group with respect to the usual addition. The role of space-time for our polymers in 1 4 1
dimension is played by Z x X (X being the space and Z being the time).

Let A be a probability measure on (X, B), where B is the Borel o-algebra on X. To
simplify the presentation we assume that ) is not equal to a Dirac mass ¢, for any z € X.
For a € X and an i.i.d. sequence of random variables (¢;);en with common distribution
A on X, we define the partial sums Sy =a, Sy = a + Zle & for k > 1, and denote the
distribution of (So, ..., S,_1,5,) on X"T! by P". Equivalently,

P2 (dxo,...,dx,) = du(dzo)A(d(x1 — x0)) - - Md(Tp, — Tp—1)). (2.1)

For integers m < n we use the notation P]»" := P2~™. In this paper, we consider
probability measures A of the form A(dz) = p(z)vy(dx), where v is either Lebesgue
measure on X = R or the counting measure on X = Z and p is a probability density, i.e.,
a measurable nonnegative function such that [y p(z)y(dz) = 1.

We state our main results (see Theorem 2.7) imposing extra conditions on the distri-
bution A. Although we believe that these conditions hold true for a large class of models,
in this paper, we verify them only for two specific examples: the Gaussian random walk,
where A\(dz) = g(x)dx with .

_ —z2/2
g(x) = me , (2.2)
and the symmetric simple random walk, where A(dz) = 30_1 + £61, see our Assump-
tions 2.1 and 2.2 below.
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The (1 + 1)-dimensional polymer measures that we are concerned with are obtained
as a result of interaction of the above random walks with the environment potential, a
measurable function F': Z x X — R which can be viewed as a collection F' = (F})rez,
where F, : X - R, k € Z.

We denote the point-to-line directed polymer measure at temperature 7' = 1/8 €
(0,00), in potential F, started at (m, a) € Z x X and ending at time n > m, by u;';". The
measure y, " is a Gibbs distribution. It is defined to be the probability measure on

X"+ satisfying

tos (AT, ... dzy) = e BZiTn Bel@i)pmn(dp,, ... dz,), (2.3)

o
Za5
where the normalizing constant Zg“B" called the point-to-line partition function is defined

by

Z = / e BT F P (g, day,). (2.4)
’ Xn—m+1

We note that (2.3) defines a probability measure szﬁn whenever Z;nﬁ” < o0.

Since in this paper we only consider 1 4+ 1 dimension, the role of g is inconsequential,
as the very strong disorder regime holds for all positive S and environments satisfying
certain mild conditions (see [20] for the discrete case and Section 7 for the continuous
case). Because of this, we can omit the constant 5 from our notation and absorb it into
the environment F. We also use Z7 = Z0", um = p0n, Z"n = Z§', i = pi for brevity.

The polymer measure u"" can be viewed a Gibbs measure with reference measure
dg X 7™~ and Hamiltonian

-1
HE (@t tne1) = D | Fulon) + Vowsn — o),

=m

3

=

where
V(x) := —logp(x). (2.5)

Under this interpretation, V(zx41 — x) plays the role of the energy of nearest neighbor
self-interaction of the polymer chain. For the Gaussian density of the random walk step
given in (2.2), the energy V is quadratic.

We assume we are given a probability space (2, 7,P), where ( is the space of
continuous functions F': Z x X — R (the continuity requirement is superfluous if X = Z)
endowed with local uniform topology and F is the completion of the Borel o-algebra with
respect to P.

We usually write the time argument of I’ as a subscript obtaining Fj : X — R, k € Z.
We introduce the space-time shifts (6™7),cz sex acting on Q, defined by ™" Fy(y) =
Fy1n(y + z), and we assume that these space-time shifts preserve P so that F' is space-
time stationary. We take the environment to be independent in time, meaning that the
collection (Fj)kez is independent. We also assume throughout this paper that F is not
deterministic (a deterministic stationary potential F' is a constant, so in this case the
polymer measures coincide with the reference random walks and localization does not
hold).

In the continuous case where X = R, we take the field F}, to have finite range spatial
dependence. In the discrete case the field will be independent in space as well as in
time. See Assumption 2.1 and Assumption 2.2 for the precise additional assumptions in
these two cases. We also give natural examples of random potentials for the continuous
case after Assumption 2.1.
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We are studying directed polymer measures p,"" in environment F. Though p/*"
depends on the realization of the environment, this dependence will be omitted from the
notation for brevity.

We are interested in the joint behavior of polymer measures p"" with varying a,m,
and n. To ensure that they all are well-defined probability measures for almost every
realization of F', we will need to check that

P(Q) =1 (2.6)
where
Q= () {Z" <ocforallacX}. (2.7)
m,neZ
m<n

We discuss this condition in Section 3. In particular, Theorem 3.1 implies that (2.6) holds
in the concrete cases that we consider.

Some of our results require additional sets of conditions that we collect together
as Assumption 2.1 (for the continuous space case) and Assumption 2.2 (for the lattice
case). In part these assumptions are carried over from [4, 5, 27, 9] to ensure that the
main results from these papers are applicable. More precisely, Assumption 2.1 fulfills
requirements on the environment stated in [4] and [5] on the continuous space case. In
this paper, we need an additional assumption of positive correlation, as well as a slightly
more restrictive exponential moment condition than in [4] and [5]. Assumption 2.2 is a
combination of requirements in [27] and [9] in the lattice case.

Assumption 2.1 (Continuous Environment Case). Here X = R, (dz) is Lebesgue mea-
sure, and )\ is absolutely continuous with respect to Lebesgue measure. The requirements
on the environment are the following.

(I) For all a € [-2,3], E[e®™(")] < oco. In addition, there exists > 0 such that
E[e"70 (0] < oo, where F} (z) = sup{Fi(y) : y € [z, +1]}.

(II) Nonnegative correlation, i.e., for all x € R,
£l (o) (-

where ¥ := log E[e~ ()],
(I1T1) P-almost surely, F}, € C*(R) for all k.

(IV) Fy is M-dependent for some M > 0, i.e., for all a € R, the collection of random
variables (Fy(x))y<q is independent of (Fy(x))z>atnr-

While Assumptions 2.1.I, 2.1.IT and 2.1.IV are essentially taken directly from [4]
and [5], we introduce Assumption 2.1.II to prove the very strong disorder property in
the continuous setting, see Theorem 2.12. Intuitively, positive correlation between the
environment at distinct points makes it more likely for the polymer to concentrate, or
localize, in small regions.

Natural examples of a field F' satisfying the above conditions are: (i) a Poisson field
on Z x R mollified in the spatial variable by a compactly supported nonnegative C!
function; (ii) a smooth Gaussian field with positive covariance, with finite dependence
range in space and i.i.d. in time.

Assumption 2.2 (SSRW Case). Here X = Z and \(dz) = $0_1 + 301. The requirements
on the environment are the following.

() Forall o € [-2,2], E [e*f0(0] < oo.
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(II) The collection (Fy(x))zeyz is i.i.d.

Now we will define precisely the concepts of localization and joint localization that
we will consider. The following definition from [5] is a generalization of the definition for
lattice measures given in [9]. For brevity, we replace the term geometric localization used
in those papers by localization. For z € X, K > 0, we denote Bi(x) = {y : |y —z| < K},
the closed ball of radius K centered at z € X.

Definition 2.3. Localization with parameters (0, K, ) holds for a sequence (v"),en Of
probability measures on R if

n—1

1
lim inf — ]1{ k(B >175}>9.
iminf 5 2 1 gy (Be(e) .

In other words, for every k£ from a set of natural numbers of density at least 6, the
measure * assigns mass at least 1 — § to some region of fixed size 2K. In this paper, we

study a related notion of joint localization defined as follows.

Definition 2.4. Let A C X be any set. Joint localization with parameters (6, K, 6) holds
for a family of probability measures (V) neN,aca if

n—1

1
liminf =) 1 inf v*(B >1-4%>0.
mint 321 sup 1 v (Bx(e) > 10} 2

If A contains more than one point, then this definition strengthens Definition 2.3 on
localization of individual measures and requires a uniformly heavy region Bg (x) of fixed
size 2K to exist and to serve all the measures v*, a € A, at the same time, i.e., all these
measures get localized to the same region.

The main results of this paper give sufficient conditions for joint localization to hold
for endpoint distributions p}; of random polymer measures pu; defined by

o= plmt, nelN. (2.8)

Here and throughout the paper, m,z, n € Z denotes the n-th coordinate of a vector (or
path) x.

Our main general result is Theorem 2.7. We give its implications for GRW and SSRW
polymers first.

Theorem 2.5. Suppose Assumption 2.1 holds and p = g, the standard Gaussian density
given in (2.2). Let § > 0 and let a < b. Then, for IP-almost every realization of F', there
are K,6 > 0 (depending on F') such that joint localization with parameters (6, K, 6) holds
for the family (p}})nen,ze(a,b)-

Theorem 2.6. Suppose Assumption 2.2 holds. Let § > 0 and let A be a finite subset of

27.. Then, for P-almost every realization of F', there are K, 0 > 0 (depending on F') such
that localization with parameters (6, K, 6) holds for the family (p})neNzcA-

We prove Theorem 2.5 in Section 5. We prove Theorem 2.6 in Section 6.

To state Theorem 2.7, we need to introduce point-to-point polymer measures. We
begin with the point-to-point reference walk distribution. For a,u € X and n € N, the
random walk P}, measure between points (a,0) and (u,n) is defined by

Py (dxo,. .. dry) = da(dzo)Nd(21 — 20)) - Md(Tr, — Tpo1))0u(dp)- (2.9)
The measure Py, has density with respect to d, ® @1 & §, given by

dPgu n—1
d((sa ® 7@(,”_1) ® 6u> (Z‘Oa e ,an) - g p(xk-f-l - -Tk)
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Note that under our definition Py , is not a probability measure (indeed it may be zero if
(a,0) and (u,n) are not connected by a random walk with steps A). We use the notation
pPait =Py ™. We can define the point-to-point polymer measure as

1

m,n
Zayi

p (dem, ... day) = e” Tizm P pmn gy, day,) (2.10)

u

where Z;";" is the point-to-point partition function (normalizing factor):

Z‘T&n - / e—ZZ;fn Fk(xk)PZzn(dxmwwydxn) (2.11)
]R-n,—m+1

n—1

= / H eka(:ck)p(xk_'_l _ xk)(éa ®,.y®(nfm71) ® 5u)(dl‘)
Rn—m+1 Pl

Definition (2.10) makes sense only if Z[;};j‘ is positive and finite. If Z]%* = 0 then we
define yyg"" := 0 where 0 is the zero measure. Finiteness of the point-tb-point partition
functions is discussed in Section 3. In particular, Theorem 3.1 implies that in the cases
we consider,

P(Qs) =1, (2.12)
where
%= (1 {Zn" <ooforalle,ucX}. (2.13)
m,neZ
m<n
We will work on the set
Qo = Q1 N Qs (2.14)

We have P(€p) = 1 due to (2.6) and (2.12).
We will often use the notation Z, = Z0" and p, = pos. Let us extend (2.8) and
define endpoint distributions for polymers started at a general time:

m,n m,mn,_—1

P =g, m,n € Z, n>m. (2.15)

Using (2.3), (2.4), (2.11), (2.15), we obtain

Zmn — / 207y (du), (2.16)
R

SO 1
Pa"(A) = / Zg vy (du),
a A

or, equivalently,

m,n

" (du) = 5 (du). 217)

We are ready to state our main result providing sufficient conditions for joint localiza-
tion. We believe that these conditions apply to a broad class of 1 + 1 polymer models. In
particular, Theorems 2.5 and 2.6 are corollaries of this general result.

Let G C X be a subset unbounded in both positive and negative directions. In
practical applications, G will be taken to be an additive subgroup of X associated to
the random walk measure (R in the continuous case and 27 in the simple random walk
case). In essence, G is the subset of X where random walks started at two points a,b € G
interact with the same environment.

Theorem 2.7. Let A be a bounded subset of G. Suppose that for some realization of the
potential F' € Q, the following holds.
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(a) For every § > 0 and every m € Z, there are K, > 0 such that localization with
parameters (4, K, 0) holds for the sequence (py"")52

n=m:-*

(b) For every a,b € G satisfying a < b, everyn € N, and y®2-a.e. (u,v) € X? satisfying

u<w,
Zg,ngfv > Zg‘,Ungu. (2.18)
(c) For everyr > 0, there is an integer m < 0 such that
lirginf(uB’L’"wgl)((—m, —r)NG) >0 (2.19)
and
1nginf(u(¢"7rgl)((r, 0) N G) > 0. (2.20)

Then for every § > 0, there are K,6 > 0 such that joint localization with parameters
(0, K, 0) holds for (pl!)nen,acA-

We prove Theorem 2.7 in Section 4.

Requirement (a) is the obvious necessary condition that single polymer localization
should hold if we want joint localization to hold.

Requirement (b) can be interpreted as a path crossing inequality for polymers. The
function —log Z;' , is the free energy associated to traveling from a to u in n units of time.
Relation (2.18) means that the sum of the energies associated to paths between a and u
and between b and v is less than the sum of the energies associated to paths between
a and v and between b and u. For the zero temperature last passage percolation case,
the analogous property for geodesics becomes the path crossing lemma (see Lemma
B.2 in [6]) and it is related to the cutting corner lemma for Lagrangian minimizers
(see Fact 2 and Lemma 3.2 in [39]). Requirement (b) is essentially a fact about (1 + 1)-
dimensional polymers and implies monotonicity properties in the endpoint polymer
measure (see Lemma 4.2). This monotonicity is a key property used in the proof
of Theorem 2.7.

We are able to verify Requirement (b) when the reference measure is log-concave
and when the reference measure is a simple random walk.

Requirement (c) is an assumption of the non-degeneracy of the marginals of the
polymer measure as n — oo. It is tightly related to boundedness of partition function
ratios Z0" /ZZ?’” from infinity and zero as n — oo. For GRW polymers a stronger condition
actually holds: the limits of these ratios are well-defined, positive, and can be interpreted
in terms of infinite volume polymer measures, see the discussion in Section 5.2 and, in
particular, Theorem 5.3.

We expect Requirements (a) to (c) to hold in large generality for (1 + 1)-dimensional
polymers. It is also natural to expect that single polymer localization implies joint
localization in high dimensions. However, our arguments based on the path crossing
inequality do not directly extend to these cases.

We are able to check Requirements (a) and (b) of Theorem 2.7 assuming that the ran-

dom walk density is log-concave, and so we derive the following corollary of Theorem 2.7.
We call the density p : R — [0, ) log-concave if the energy function V : R — (—o0, o0]
given by (2.5) is convex. Some well-known examples of log-concave densities are
Gaussian densities (p(z) e‘b(m‘“)z), Laplace densities (p(z) e~blz=aly and uniform
densities (p(z) o< 144 ()).
Corollary 2.8. Suppose )\ has a log-concave density with respect to Lebesgue measure
and that the environment satisfies Assumption 2.1. Also, suppose Requirement (c)
of Theorem 2.7 holds IP-almost surely for G = R. Let 6 > 0 and a < b. Then, for P-almost
every realization of F, there are K, 60 > 0 (depending on F') such that joint localization
with parameters (0, K, 0) holds for the family (p})nen,zc(a,b]-
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In Section 5, we will prove this corollary and then use it to derive Theorem 2.5.

The fact that localization holds for single polymers under Assumption 2.2 is a corollary
of results establishing very strong disorder [20] and results deriving localization from
very strong disorder for lattice polymers in [9]. However, no results demonstrating the
very strong disorder property are known to us for polymers in continuous space and
discrete time. We prove such a result in Section 7 using ideas from [20] to establish
very strong disorder for these models, and applying the main result from [5] to derive
localization from very strong disorder.

The very strong disorder property is a strict inequality between the limiting average
free energy of the model and the annealed upper bound. Under Assumption 2.2, assuming
finiteness of exponential moments of the environment, it was shown in Proposition 2.5 of
[18] that the average free energy,

¥ := lim llogZ" (2.21)
n—oo N
exists almost surely and equals lim,, %]E[log Z™]. This was improved in [31] to include
the setting of Assumption 2.2, where fewer exponential moments are assumed. The
quantity
¥ := log E[e (0] (2.22)

is the annealed bound of the free energy, and upper bounds the free energy by Jensen’s
inequality. The results from [20] and [30] show that under Assumption 2.2 the very
strong disorder property holds:

P < . (2.23)

The quantity 1 —1 is called the Lyapunov exponent of the polymer model. Definitions 2.21
and (2.22) can be extended to the continuous setting in the natural way. The existence of
the limit in (2.21) in the continuous setting is an easy extension of the analogous result
in the discrete setting and is discussed at the beginning of Section 7.

The very strong disorder property (2.23) is equivalent to localization of the sequence
of endpoint measures pj. Specifically, the following theorem was proved in [9] in the
context of Assumption 2.2 and then extended to the general continuous setting in [5].

Theorem 2.9 (Theorem 1.2 in [9] and Theorem 1.2 in [5]). The following holds under
either Assumption 2.1 or Assumption 2.2. If ¢ < ¢, then for all § > 0 there are K,0 > 0
such that PP-almost surely localization with parameters (9, K, 0) holds for the sequence of
endpoint measures (p{ )nen-

Theorem 2.9 in fact holds in arbitrary dimension and requires weaker conditions
than Assumption 2.1 and Assumption 2.2. In Section 7 we derive (2.23), and hence
single point localization of the endpoint measures, in the continuous setting, thus
checking that Requirement (a) of Theorem 2.7 holds. Specifically, we require the setting
of Assumption 2.1 and some additional assumptions on the density p, described below.

Assumption 2.10. The measure A is absolutely continuous with respect to Lebesgue
measure. There is a version of its density p that satisfies the following conditions.

(D [ |z|"p(z)dr < oo for some v > 2.
(I) sup e p(z) < co.

(IIT) There are L, R € R satisfying L < R such that p is nondecreasing on (—oco, L] and
nonincreasing on [R, c0). In addition, p is bounded away from zero on [L, R].

Assumption 2.10 defines a broad class of densities. We prove the following lemma at

the beginning of Section 5.1.
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Lemma 2.11. If p is log-concave, then the measure A(dx) = p(x)dx satisfies Assump-
tion 2.10.

Theorem 2.12. Suppose the environment satisfies Assumption 2.1 and the density p
satisfies Assumption 2.10. Then, the very strong disorder property (2.23) holds.

We prove Theorem 2.12 in Section 7. Theorem 2.12 and Theorem 2.9 immediately
imply the following one-point localization result in one dimension.

Theorem 2.13. Suppose the environment satisfies Assumption 2.1 and p satisfies As-
sumption 2.10. Then, for any 6 > 0 there are K,0 > 0 such that P-almost surely
localization with parameters (0, K,0) holds for the sequence of endpoint measures
(P5 )nen-

The remainder of the paper is organized as follows: In Section 3, we prove that
partition functions are finite and that the polymer measures are well-defined. In Section 4,
we prove Theorem 2.7, a general result on joint localization. In Section 5, we apply this
general result in the continuous setting and prove Corollary 2.8 and Theorem 2.5. In
Section 6, we apply it in the lattice setting and prove Theorem 2.6. In Section 7, we
establish very strong disorder for continuous polymer models proving Theorem 2.12 and
hence Theorem 2.13. Section 7 is independent of Sections 4-6. In Section 8, we prove
two auxiliary estimates.

3 Finiteness of the partition functions

The goal of this section is to prove the following theorem on finiteness of partition
functions.

Theorem 3.1. Relations (2.6) and (2.12) hold under Assumption 2.2. They also hold
under the combination of Assumption 2.1 and Assumption 2.10.

We note that the conditions of the theorem are not the most general. For example,
if A has bounded support, then all partition functions we consider are finite for every
realization of F € Q).

The part of the theorem concerning Assumption 2.2 is trivial because in this case
partition functions are finite sums of a.s.-finite r.v.’s. For the continuous case we will
need the following auxiliary lemma.

Lemma 3.2. Let G be a countable set of random nonnegative continuous functions
defined on the probability space (). Suppose that for all G € G,

sup E[G(z)] < oc. (3.1)
zeR

Also suppose that there is h € L' (R, dx) and ag > 0 such that for all a € [0, ag),

Ip(z — a) — p(z)| < h(z), Lebesgue-a.e.x € R. (3.2)
Then, the set
Q .= ﬂ {/ p(r —a)G(x)dx < oo forall a € ]R} (3.3)
Geg R

satisfies P(Y') = 1.
Proof. Let us define a measurable set

Q' = m m {/Rp(x — kap)G(z)dx < oo} N { /]Rh(x — kap)G(z)dx < oo}. (3.4)

Geg keZ
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Condition (3.1) implies
E/ p(z — kag)G(x)dx < 0o
R
and
IE/ h(z — a)G(x)dzx < oo.
R
Therefore, P(Q”) = 1. We will show that Q" C €/, establishing (3.3).
Let Ge§. Letag € R, k€ Z, and a € [0, ag) satisfy xg = kag + a. If F € Q”, then

/]Rp(x —x9)G(x)dx
= /]Rp(:c —kag — a)G(x)dr — /]Rp(x — kag)G(x)dx + /]Rp(x — kao)G(x)dx
< /]R Ip(x — kag — a) — p(x — kap)|G(z)dz + /]Rp(as — kag)G(x)dx

< /]Rh(x — kao)G (x)dx + /Rp(x — kao)G(x)dx

< 00.

It follows that Q" c . O

Proof of Theorem 3.1: Assumption 2.1.I implies
Ele~ 0] < o0, (3.5)

so E[ZI™"] < oo for all a € X by Fubini’s theorem and thus P{Z"" < oo} = 1 for all
a € R. To prove (2.6), we need to extend this to uncountable intersection over all a.
Since

Zmm = e~ Fm(a) / p(x — a)ZﬁTH’”daj7
R
relation (2.6) will follow from Lemma 3.2 applied to the collection
G = {x s ZMH s mon e Z, m < n}

once we check conditions (3.1) and (3.2). Condition (3.1) follows from (3.5). Condi-
tion (3.2) with some function € L' is satisfied if # — sup,¢ g q,) P(¢ — @) is integrable
on R. Since the latter follows from Assumption 2.10, the proof of (2.6) under the
combination of Assumption 2.1 and Assumption 2.10 is complete.

Let us prove (2.12).

If I’ € 4, then (2.16) implies that for all m,n € Z satisfying m < n, all a € R, and
y-a.e. u € R,

Zgh" < oo, (3.6)

To prove (2.12), we need to show that this relation holds for all a,u € R (rather than just
v-a.e. u), P-almost surely. We can apply Lemma 3.2 to

g= {x n—>/ Zg;l’"*le*F"*l(y)dy : myn €, m<n-— 1}
R

because (3.1) follows from (3.5) and we already checked condition (3.2) in our proof
of (2.6). Thus we have P(Q)) = 1, where ' is defined in (3.3).
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Let F € Q. For every a,u € R and every m,n € Z satisfying m < n — 1, Assump-
tion 2.10.1II and the definition of Q' imply

Zau" = / Zyy e T Wp(u — y)dy
R

Ssupp(Z)/ Zpn—tem gy

zeR
< e Fm(a) sup p(z / / Z"H’l" Le=Fn— 1(y)dacdy
- zeR
< 0. (3.7)

If m = n — 1, then for every F' € (),
Z;ﬁ;l’” =e” "‘1(“)p(u —a) < oo.

Therefore, Q' C Q5 implying (2.12) and completing the proof of Theorem 3.1. O

4 Joint localization for general polymer models

The main goal of this section is to prove Theorem 2.7. The main idea of the proof is
that for m < 0, the endpoint distribution p;"" (dy) is a mixture of endpoint distributions
p%™ for x € R. Thus, if localization holds for (py""),>m, i.€., the measures p;"", are
mostly concentrated in a compact region R, at least some measures p2" also must assign
large mass to R. Finally, a monotonicity argument allows us to conclude. The endpoint
distributions (p2™(dy)).cx of point-to-line polymers can be viewed as probability kernels
from X to R equipped with Borel o-algebras. We recall that for measurable spaces (5, S),
(E, ), afunction x : SxE& — [0, 1] is a probability kernel (from S to F) if k, is a probability
measure on (E, &) for every z € S, and « — x,(A) is a measurable function for every
A € &. If x is a probability measure on S, then the convolution yx is the probability
measure on (£, £) given by

XK(A):/Sx(dx)mw(A), Ace.

For d € IN and z,y € R? we write 2 < y to mean z;, < y forallk =1,...,d. We will
say that a function f : R* — R is coordinatewise nondecreasing or simply monotone (for
brevity) if f(x) < f(y) for all z,y € R? satisfying z < y.

For measures v, on R?, we say that v stochastically dominates y, and write p < v, if

" f@)pldz) < [ f(x)v(dr) (4.1)

RA

for all monotone f : RY — [0,1]. Equivalently, one can require (4.1) to hold for all
monotone f : R? — [0,00) or for all monotone f : RY — {0,1}. Ind =1, u < v is
equivalent to p((—oo,z]) > v((—o0, z]) for every = € R.

4.1 Deterministic joint localization
We will derive Theorem 2.7 from the following general result.

Proposition 4.1. Let o < b and G C X be a measurable set. Assume that (K")pen is a
sequence of probability kernels from X to X and (x").en is a sequence of probability
measures on X. Suppose the following conditions hold:

(a) (localization) For every § > 0, there are K,6 > 0 such that localization with
parameters (9, K, 0) holds for the sequence of probability measures (x"£")nenN-
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(b) (monotonicity) ky = ky for every x,y € G C X satistying r < y.

(c) (positive mass)

n_ = lirginfxn((—oo, a)NG) >0, (4.2)
Ny = 1irrl>inf x"((b,00) N G) > 0. (4.3)

Then, for every 6 > 0, there are K,0 > 0 such that joint localization with parameters
(9, K, 0) holds for the sequence (K} )nenN, z¢(a,b)nG-

Requirements (a) to (c) of Proposition 4.1 are counterparts of Requirements (a)
to (c) of Theorem 2.7. The dictionary between the notation in Proposition 4.1 and
in Theorem 2.7 is as follows. The collection of measures (k)gex, nenw Will correspond
to the endpoint measures (p?).ex, nen, the sequence (x")nen will correspond to the
marginals (/,Lgl’"wgl)n:mwrl,,”, and the convolutions (x"k™),en Will correspond to the
sequence (10" ) n=m,m+1,...-

Heuristically, condition (a) of Proposition 4.1 implies that for many n € N, the
measure x"k" concentrates in a constant size region. Requirement (c) allows us to show
that if the measure x"x" is concentrated in some region, then there must be some z_ < a
and z4 > bsuch that k3 and 7 are concentrated in the same region. We then use the
monotonicity condition in Requirement (b) to deduce concentration of £ in the same
region for arbitrary z € [a, ).

Proof. Let 6 > 0 and define §' = gmin(n_, 7+). By Requirement (a) we can find K,6 > 0
such that localization with parameters (¢’, K, #) holds for (x"&")nen-
Suppose that for some n € IN and some z € R we have

X"k"(Bg(z)) >1-4¢". (4.4)

Define R = {# € G : k?(Bgk(z)) > 1 —6}. We will show that sets RN (—oc,a) and
RN (b,00) are not empty by showing that y" assigns positive mass to each of them.
By (4.4),

18 < [ KB () n)

SXT(XNG) + (1 =0)x" (G\R) +x" (R)
=1-6x"(G\R),

SO 5
(G\R) < 5 (@.5)

The definition of localization does not change if we discard finitely many values of n,
and so, due to (4.2) and (4.3), without loss of generality we will assume that n is large
enough to ensure that x"((—o0,a) N G) > n_/2 and x"((b,00) N G) > n4/2. By (4.4)
and (4.5),

-8 < /X K2 (B (2))x" (dx)

<X (RN (~00,0)) + (1= X" (G'\ B) + X" (G, 00)) + X" (X 6)
<X (RN (~o0,0) + (1-0) % +X(6) = & 4 1" (X\G)

:Xn(Rﬂ(—oo,a))+(1—5)%+1—%.
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Therefore,
n- ¢

X" (RN (—00,a)) > 573 >0,

where the second inequality follows from the definition of §’. Thus, RN (—o0,a) # 0, and
there is x_ € G with z_ < a such that

ky (Bg(z)) >1—0. (4.6)

A similar proof shows that there is z; € G with x; > b such that
Kyt (Br(z)) >1—46. (4.7)
Ify € (a,b) NG, then z_ < y < x4, so (4.6), (4.7) and Requirement (b) imply

/@Z((—oo,z —K)) <k} ((w00,z—K))<1—kl (Bg(2))<d

and

Ky (2 + K,00)) <k, ((2 + K, o0))<1-— ng+(BK(z)) < 4.

The last two displays imply
Ky (Bk(2)) >1-26, Vye€ (a,b)NG. (4.8)

In summary, for sufficiently large n € NN, if (4.4) holds, then so does (4.8). Therefore,

B I : i
fmind 3 A {swp ik (Bx(2) > 120}

S R .
= hnn_1>10r01fa 2]1{32 s.t. Vz € (a,b) NG, k., (Bk(z)) >1— 26}

n—1

1 o
> liminf — ]l{su ' (Br(z >175'}
> limin n; SUp x (Bk(2))

> 0.
This completes the proof since J > 0 is arbitrary. O

4.2 Proof of Theorem 2.7

Let us check that the assumptions of Proposition 4.1 hold true for the polymer
endpoint distributions. The dictionary between Proposition 4.1 and Theorem 2.7 was
introduced right after the statement of Proposition 4.1.

Requirement (b) of Proposition 4.1 is implied by the following lemma. Note that it
requires neither Assumption 2.1 nor 2.2. Recall the definition of )y given (2.14) as the
set on which all point-to-point and point-to-line partition functions are finite.

Lemma 4.2. Suppose that F' € Q. Also suppose that (2.18) holds for some n € IN, some
a and b satisfying a < b, and yv*?-a.e. (u,v) satisfying u < v. Then p7 < pj'.

Proof. Fix y € R. Using (2.18) and the symmetry of the set {(u,v) : u < y,v < y}, we
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have

- [ [ z.zpaa@n@
u<ly JveR ’ ’

- / 7 (du) / 20 y(dv).
u<ly veER

Dividing both sides by the finite, nonzero number [ . Z' v(dv) [, . Zi ,7(dv), we

obtain (du) p p
w) U
oo Zanr ) Ji wy]nb”( p—
f]R a, v,y d,U f]R Zbﬂ),y d’U)
completing the proof. O

Pa((—00,9]) =

The following lemma shows that the polymer endpoint distributions are transition
kernels as claimed and gives a disintegration formula.

Lemma 4.3. Letm < k < n. For every F € Q,

PEE(A) = /R PR A) () (da) = (" )pb(A), A€ B.

Proof. For any B € B,
P _ 1 _ n—1 P
(Mgz,nﬂ_k 1)(3) :W /]Rk N e > em Fz(mz)l:)gn,n(dxm7 o ,dl‘n)
0 m—1y BxR"

]' m,k "
~ [ 75 25,
0
which may be abbreviated to

1 m k n
e 2oy Zy "y (dy).

(uo"" 7y ) (dy) = 7 ;

Using this along with (2.17) and Fubini’s theorem we obtain, for any A € B:

m,n 1 m,n
Po’ (A):ZT,/ZOy v(dy)

- ng | |zt 2t annan)

Zk,n
g / Ydy)(da)
Zy R A ZEm
1 m n n
— g [ 252 (A da)
0 R

- / oA (g ) (),
R

which completes the proof. O
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Let us now derive Theorem 2.7 from Proposition 4.1.

Proof of Theorem 2.7. We are going to apply Proposition 4.1 to sk} = p} and x" =
pg"my b, with an appropriately chosen m. Lemma 4.3 implies that p{"" = y"". Require-
ment (a) of Theorem 2.7 means that for any § > 0 there are K, 6 > 0 such that localization
with parameters (4, K, #) holds for (py"")n>0. Thus, Requirement (a) of Proposition 4.1 is
verified. Requirement (b) of Proposition 4.1 follows from Requirement (b) of Theorem 2.7

combined with Lemma 4.2.

Requirement (c) of Proposition 4.1 holds if we (i) choose a = —r and b = r, where
r > 0 is chosen to ensure A C [—r,r| and (ii) use Requirement (c) of Theorem 2.7 to find
m > 0 such that (2.19) and (2.20) hold. O

5 Continuous space joint localization

In this section, we prove Corollary 2.8 and Theorem 2.5 using Theorem 2.7. The
standing setting in the rest of this section is that of Assumption 2.1 and in addition we
always assume that p is log-concave with energy V given by (2.5).

5.1 Proof of Corollary 2.8

We need to check that the conditions of Theorem 2.7 hold P-almost surely for G = R.
Due to Theorem 3.1, we may restrict ourselves to the event 2.
Since p is log-concave, the set

E={zeR : p(z) >0} (5.1)

is an interval. Adjusting the values of p at the endpoints of F if needed, we will always
assume that p is continuous on F, the closure of E. Clearly, Z}, > 0 if and only if
u—a€nE={nx :x€FE}

First we check Requirement (a) of Theorem 2.7. Due to Theorem 2.13, this amounts
to proving Lemma 2.11.

Proof of Lemma 2.11. By Lemma 1 in [23], p has all finite moments and in particular
satisfies Assumption 2.10.1.

Assumption 2.10.II holds true because V is a convex function satisfying V' (z) > —oo
forall z € R and lim|,| o V(2) = +00.

Let us check Assumption 2.10.III. As p is continuous on E, there is zyp € F such that p
attains its (positive) maximum at zy. Equivalently, V attains its (finite) minimum at xg.
There exist L, R € E such that 2 € [L, R] C E and sup,¢(r, g V(z) < cc. Indeed, if zo
is in the interior of E, pick L, R so that [L, R] is in the interior of £ and contains (. If
zo € {inf E,sup E'}, we can use V(zy) < oo to choose a sufficiently small segment [L, R]
with one of the endpoints coinciding with xo to ensure sup,¢(, g V(z) < co.

It follows that p is strictly positive on [L, R]. The convexity of V' implies that it is
nonincreasing on (—oo, L] and nondecreasing on [R, o), so V = —logp is nondecreasing
on (—oo, L] and nonincreasing on [R, c0). O

Now we establish Requirement (b) of Theorem 2.7. First we require a lemma proving
a monotonicity property of polymer measures with log-concave step distributions.
Lemma 5.1. For all F € Qgy, a € R and all u,v € a + nE satisfying v < v, we have
Mau = Hao-

Our proof is an extension of the argument used for Lemma 7.3 in [4], a specific case

of our lemma, with p(x) = \/%6*3”2/2. It relies on the following fact.
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Lemma 5.2. Let v be a positive measure on R and let

A{ZER: 0</p(z:c)1/(dac)<oo}. (5.2)
R
Then, for all z,z' € A satisfying z < 2/, we have

o P2~ 2d) [y 2l = ()
f]Rp(Z —z)v(dr) pr(z’ — x)v(dx)

We derive Lemma 5.1 from Lemma 5.2 first.

(5.3)

Proof of Lemma 5.1. We prove the lemma only for a = 0 since the proof is almost
identical for arbitrary a. Let 7, denote the projection of a path (zg,z1,...) to the
coordinates k through n, an element of R"~**!. We will prove

G Ton G Ty, V2,2 €nE, 2 <2, (5.4)
forall k € {n,n —1,...,0} using induction. The statement of the lemma is (5.4) with
k = 0. Note that (5.4) with k = n is trivially true because g 7, = 6, for all z € nE,
and 6, < 4, forall 2,2’ € R with z < 2.

Suppose that (5.4) holds for some k € {n,...,1}. Let f : R"~*+2 — [0, 1] be a bounded
monotone function.

Denoting z = (z4_1,...,2,) € R" %2, disintegrating ugzw,;ll’n, and using Fubini’s
theorem, we obtain '

| fes ity o)

o -1
0.k=1 1yn—1 0041

0,21 L=k “z¢,xe41
/ f@r—1,...,2n) - dx
R»— k42 ZO,Z

0,k—1 n n—=1 70 041
ZO 7 Th—1 ZO@k l=k sz@'ul d (5.5)
an X .
0,z

xk}717"'7$n)

Rn—k+2 Zglmk

—k+2

/ flag_1,... ,xn)ug,zkwg_ll(dxk,l)ug’zﬂ,;i(dxk, ooy dey)

= xk,...,xn)ug)zﬂkiz(dka..,d;vn),
Rn— k+1
where
flzg,...,z,) = / flzp_q,... ,J;n)ulgﬂkﬂ,:l(da:k_l). (5.6)
R
It will be convenient to redefine f on the set of (zy,...,z,) for which uf , is the zero

measure. Let
S ={(zp,...,xn) € R"F . oy € KE}.

For z € S define f(z) by (5.6). For z ¢ S define

5 _{sup{f(y):yeb’,yﬁl‘}, JyeSsty=x

5.7
/(@) 0, otherwise. -7

If f is monotone on S then it is easy to check using (5.7) that f is monotone on all of
Rnkarl.

We will now show that f is monotone on S. For every z,z’ € S with z < a7,

/ f(xk*h Tkyoo- >$n)M§,mk771;11(d$k71) < / f(mkrflv :C;ca s 795%)#]5,“771:1(‘1551@71) (58)
R R
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due to monotonicity of f. Now let
v(dr) = Zg AL .
Then, for all w € kF,

#0 wT - 1(dl’) f]Rp;w — 92' (dﬂ;l N

(5.9)

Since F' € ), (5.9) defines a well-defined probability measure for all w € kE. Lemma 5.2
and (5.9) imply that for all w,w’ € kE satisfying w < v/,

16 Ty =G T (5.10)

Since for every (zx, Tri1,---,2n) € R***! the map zx_; — f(zr_1, %%, ..,T,) is mono-
tone, (5.10) implies that for all 2’ € R™»*+1 and all 2, < x;

Af(mkflv l';ga cee 7$;1)/4L(]§’xk7(';_11(dxk,1) < Af(xkflv x;m sy x;)ﬂ’é,r;ﬂﬂ—lz_ll(dmkfl)
(5.11)
Inequalities (5.8) and (5.11) imply that for all z, 2’ € S with z < 2/,

/ f .’L'k 1y Thye-- 7xn)/~1”67’zk7r];_11(dxk71>

f(xk 15 mlﬁ v 7$;L)Mg7w;€ﬂ];}1(dl‘k,1)

IN
5\

so f is monotone on S.

The inductive assumption that (5.4) holds for k, equality (5.5), and the fact that f is
monotone imply that the left-hand side of (5.5) is monotone in z € nFE. As this statement
holds for every monotone function f : R"~*+2 — [0, 1], we conclude that (5.4) holds true
for kK — 1, which completes the induction step. The proof of Lemma 5.1 will be complete
once we prove Lemma 5.2. O

Proof of Lemma 5.2. Let us first show that if z,2’, 2,2’ € R satisfy z < 2z’ and z < 72/,
then

p(z —z2)p(z —2') > p(z' —2)p(z — 2'). (5.12)

We can assume p(z’ — z) > 0, because otherwise (5.12) is trivially satisfied. In this
case, 2/ —x € E. If p(z —z) = 0, then z — x ¢ E and thus, since E is convex, we must
also have z — 2’ ¢ FE, due to our assumptions on z,a’, z, 2’. This implies p(z — z’) = 0,
so (5.12) is satisfied. We now consider the case where p(z’ —x) > 0 and p(z — z) > 0, i.e.
V(2 —x),V(z —z) < 0o, where V is the convex function defined in (2.5).

Wehave z — 2’ < z—x, 2’ — 2 > 0, and 2’ — 2z > 0. Since the difference quotient of a
convex function is an increasing function, we have

Viz—a)=-V(z—-2") Viz-a2+(E —2)-ViEz—2"+ (2 —2))

' —x ' —x
G 2/:‘;(2/ —2), (5.13)
Multiplying both sides of (5.13) by 2’ — x and rearranging, we obtain
“Vi—z)-V(E —-2)>-V(E —2) - V(e —1).
Taking the exponential of both sides, we obtain (5.12).
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Now we can use (5.12) to write

= /< //< p(z — z)p(z' — 2" )v(dz")v(dz) + /< //> p(z — 2)p(z2' — 2" )v(dx")v(dz)
2 /< /,< p(z — 2" )p(z" — z)v(da’)v(dw) + /< //> p(z' — 2)p(z — 2" )v(da")v(dx)
:/ / p(z' = 2)p(z — 2" )v(dx")v(dx)
z<y Jz’'€R
= /(oom p(z' — :E)z/(dx)/ p(z — 2" )v(da').
Dividing both sides by f]Rp(z’ — 2" \v(dz') fmp(z — 2/)u(da’) we obtain (5.3). -

Proof of Requirement (b) of Theorem 2.7. We assume that F' € Q. If ngu =0, then (2.18)
holds trivially, so let us assume that Z;', > 0, or, equivalently, recalling the definition of
FEin (5.1), u — b€ nkE.

First, consider the case ngv =0,ie,v—b¢nE. Sincev—a>v—>b>u—>band
v—b ¢ nE while u — b € nE, we must have v — a ¢ nFE by convexity of nFE. As a result, in
this case Z;L’v = 0 and so (2.18) is satisfied.

We now consider the case Z;', > 0. By disintegrating the point-to-point partition
function in the first coordinate we have

Zi, e [pp(a —a)Zynde

Zl?,u ZZ:L,U
- e—Fo(a)+Fo(b) f]R i((z:tg))p(z _ b)Z;;Ze’F"(b)d:C
= 7
_ —Fo(a)+F0(b)/ M n o o=lcg
—ec Py (dx). (5.14)
 ple—p) e (40

Note that for uﬁuwfl-a.e. z, we have p(z — b) > 0, hence the right-hand side of (5.14) is

well-defined. Equation (5.12) shows that for a, b € R satisfying a < b, the map y f) EZ:Z?
1

is nonincreasing on the set {y € R : p(y —b) > 0}, which has full measure under p; , 7
and u{}yvﬂfl. Since Z;',, > 0 and Z;/, > 0, Lemma 5.1 implies that y;’,, = 1,,. Therefore,

,FO(QHFO(,))/ plx—a) , 4 da) > 7F0(a)+F0(b)/ plx—a) , 4 p

e Uy, T T) > e —— Uy, T ).

R p(l’ — b) :u’b7 1 ( ) R p(x _ b) p“b, 1 ( )
Under the assumption Zﬁv > 0, the same computation as in (5.14) shows that the

Zav and (2.18) follows. 0

no s
Zb,v

right-hand side is

Corollary 2.8 then follows because we have proven that if the environment satis-
fies Assumption 2.1 and p is log-concave, then Requirements (a) and (b) of Theorem 2.7
hold P-almost surely.

EJP 28 (2023), paper 109. https://www.imstat.org/ejp
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5.2 Proof of Theorem 2.5

In this section, we prove Theorem 2.5 on joint localization for GRW polymers under As-
sumption 2.1. In this case, p is Gaussian, hence log-concave, so to apply Corollary 2.8 it
remains to prove that Requirement (c) of Theorem 2.7 holds P-almost surely.

We need to know that the marginals of finite-dimensional point-to-line polymer
measures have uniformly positive density with respect to the random walk reference
measure. For GRW polymers under Assumption 2.1, one can actually prove a stronger
result, convergence of densities to a positive limit, uniform on compact sets. Expressing
densities of marginals of polymer measures via partition functions, one can see that
convergence of those densities is tightly related to convergence of ratios of certain
partition functions. The latter convergence is a direct corollary of Theorem 3.2 of [4],
one of the main results of that paper describing the basins of attraction for global
solutions of the Burgers equation with random kick forcing:

Theorem 5.3 ([4]). Let p = g under Assumption 2.1. Then, with P-probability 1, for
every z,y € R, the sequence (Z;}/Zg)nem converges uniformly on compact sets to a
C'(R x R) function v(z,y). The function v satisfies

0 <w(z,y) < oo,
logv(z,y) = o(|z]), z — +oo,
logv(z,y) = o(ly|), y — Loo.

For our purposes it is more convenient to use an intermediate result proved in [4] as
a part of the argument for Theorem 3.2 in [4]:

Theorem 5.4 ([4]). Let p = g under Assumption 2.1. Then there is a probability one
event Q C ) such that for every F € ) the following holds. For any m € Z, x € R,
there is a measure u/»*>° on the space of paths v : {m,m + 1...,} — R such that for any
k > m, the sequence (u;’“"w;l);’;m converges in distribution to u;’“"owgl. Further, the

marginals of u»*>° are absolutely continuous with respect to Lebesgue measure, with
everywhere positive density.

In fact, the conditions under which Theorems 5.3 and 5.4 holds are weaker than As-
sumption 2.1 and in particular positive correlation is not required.

Proof of Theorem 2.5. Using Corollary 2.8 we need only verify that Requirement (c)
of Theorem 2.7 holds PP-almost surely, with G = R. Theorem 5.4 shows that
lim inf (u; 2"y ) (U) > 0

n— oo

for any set U with positive Lebesgue measure, and so in particular IP-almost surely Re-
quirement (c) holds for any r > 0 with m = —1. O

6 Joint localization under Assumption 2.2

In this section, we prove Theorem 2.6 and hence establish joint localization for
the simple random walk model with one-step measure A\ = %5_1 + %51. This model
is equivalent to the up-right path model of [27] obtained from ours by a coordinate
change (rotation by 7/2 and scaling by V/2). Throughout this section we work under
Assumption 2.2 designed to ensure that the assumptions in [27] are satisfied.

Our goal is to check that all three requirements of Theorem 2.7 hold for this model
for any bounded subset A of 27Z.

Proof of Requirement (a) of Theorem 2.7: We recall that for any non-constant environment
in dimension one, the very strong disorder property

1
lim —log Z" < log e~ ()

n—oo N
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was shown to hold true when the collection (Fy(z))yez is i.i.d. and Fy(0) has all exponen-
tial moments in [20]. The same result under Assumption 2.2 was shown to be true in
[31]. It was shown in [9] (one can also apply generalizations in [5], [8]) that this property
(i.e., the discrepancy between the annealed and quenched average free energies) implies
localization, thus ensuring Requirement (a). O

To see that Requirement (b) of Theorem 2.7 holds, we will use the following lemma
which is only a restatement of Lemma B.2 of [27] for our coordinate system in a conve-
nient form.

For n € IN, we will need

Vo={-n-n+2...,n—2n}, (6.1)

the set of points accessible by the simple random walk at time n.
Lemma 6.1 ([27]). Let F € Q,a € 2Z, u,v € Z,u < v, andn € N. If

w,vea+1+V, 1, (6.2)
then ) )
,n ,n
Za—i—l,'u > Za+1,u (6 3)
Zaw — Zaw ‘
If
u,v€a—14+V,_q, (6.4)
then ) )
n ,n
Za—l,'u < Za—l,u 6
ZO’" — ZO,n . ( 5)

Proof of Requirement (b) of Theorem 2.7: Let us fix n € IN. The claim is obvious if a = b
or u = v, so let us assume a,b € 27 and u,v € Z satisfy a < b and u < v. Assuming

Z00, Zyw > 0, (6.6)

a,v’

we obtainv € a+V,, and u € b+ V,, and see that forallz € {a+1,a+3,...,b—1}, u,v €
x + V,—1. This allows to check conditions (6.2), (6.4) and apply inequalities (6.3), (6.5)

to these intermediate values. In particular, for every y € {a,a +2,...,b — 2}, we obtain
0,n 1,n 0,n
Zy,u Zy—&-l,u Zy+2,u
on — 1,n — 0,n
Zyﬂ) Zy—&-l,v Zy+2,1)

Combining these inequalities over all these values of y, we obtain
Z;L,u lel,u

n — n
Za,v Zb,u

(6.7)

which is equivalent to (2.18) under our assumption (6.6).

It remains to consider the case where (6.6) is violated. If Zg::} = 0, then (2.18)
obviously holds. Also, if Zz?,’: =0, then Z&LL = 0 and thus (2.18) holds. This completes
the proof of Requirement (b) for an arbitrary A C 2Z. O

Finally, we establish Requirement (c) using boundedness of point-to-point partition
function ratios. The following lemma is a simple corollary of Theorem 4.14 in [27].
Lemma 6.2. For P-almost every F' € ), every v € (—1,1), and every sequence (,)neN
such that lim,, , “* = v, and a,b € 2Z,

44 zZ0
0 < liminf % < lim sup % < 00. (6.8)
nooo Zpy, T nmeo Zpg,
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Proof. Theorem 4.14 of [27] shows that

Zl,n 1,n
. 1,2, . 1L,zn
0 < liminf —252%n < Jimsup —2E22n < oo (6.9)
n—00 a:zn n—00 a:zn
and
1,n 1,n
0 < liminf —252% < limsup —25 22 < oo (6.10)
e a,n n—0oo armn
..z .
P-almost surely for every a € Z. If a < b, then we can write -5** as the telescoping
b,xn
product

n b—1 eg,n
Za,rn _ H Zf,mn

n - €r+1,M
Zb¢wn {=a Ze"‘lywn

wheree, =0ande,=1—ey_1 for/ =a+1,...,b. We can then apply the displays (6.9)
and (6.10) to obtain the result. O

The limiting behavior of ratios of partition functions is tightly connected to the
properties of the shape function. As discussed in [27], [34], and [16], there is a concave,
continuous, deterministic, even function A : [-1,1] — R, called the shape function, such
that

1
lim max |-logZ;, —A((z —a)/n)| =0 (6.11)

n—oox€a+V, [N
P-almost surely. In addition, A is not constant if the environment is not deterministic.

Remark 6.3. Theorem 4.14 of [27] gives a stronger result than what we used in the
proof of Lemma 6.2. It gives upper and lower bounds for (6.9) and (6.10) in terms of
Busemann functions. In addition, Theorem 3.8 in [27] implies that if the shape function
A is differentiable on (—1,1) then for every v € (—1, 1) there is a probability one event
such that the ratios in (6.8) converge on it.

Convergence of ratios of point-to-line partition functions to finite positive random
variables (exponentials of Busemann functions) follows immediately from Theorem 3.8
in [27] under the assumption that the shape function is differentiable everywhere.
It is widely believed that this differentiability assumption holds for a broad class of
potentials F.

Although no direct analogue of Theorem 5.3 is available for lattice polymers, we are
still able to prove the following useful result without any differentiability assumptions:

Lemma 6.4. For P-almost every F' € ) and for every a,b € 27,

Zn n
0<linnii£fZ—ZL Sli&s;pz—zl < 0. (6.12)

Proof. We will prove that (6.12) holds on the probability one event that (6.11) and the
conclusion of Lemma 6.2 hold.

Suppose first that b > a. Recalling the definition of V,, in (6.1), for any v € (—1,1), we
can write

Zv=Y Zi,

rca+V,

SNoozp+ >z,

r€a+V,, r€a+V,,
r<vn+ta z>vn+a

(21(1}7 n) + EQ(Ua n))Zglv

IN
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where

era-‘rvny Z(?,:c

r<vn+ta
Ei(v,n) = B
b
i
Y5(v,n) = max N
zea+V,, Zl:Lm
r>vn+a ’

We note that if z € a +V,, and # > vn +a, thenz € b+ V,,, so Z], > 0 and Yo(v,n) is
well-defined. Let us show that

limsup Xo(v,n) < 00, Yv e (—1,1). (6.13)

n—oo

Let z,(v) = min{z € a4+ V, : £ > vn + a}. It follows from (6.7) (or, equivalently
from Requirement (b) of Theorem 2.7) that for all x > z,,(v)

Zg,a: Z:zz,ccn(v)
ZI?,J: B Zglzn(v))
SO "
Za,mn(v)
Z2 (Uv 7’L) < T .
b,y (v)

5, (V)

Since lim,, = v, we can apply Lemma 6.2 to the right-hand side of the above and

obtain "
lim sup ¥z (v, n) < limsup ‘:LL(U) < 00,
n—oo n—roo Zb,:vn(v)
proving (6.13).
Our next goal is to find v* € (—1,1) such that
lim sup 31 (v*,n) < oo. (6.14)

n— oo

This estimate along with (6.13) applied to v = v* implies the upper bound in the lemma
for the case b > a.
Since A is concave and not constant, there is v* € (—1,1) such that

max A(w) > A(v*)

we[—1,1]

and A(v) < A(v*) for all —1 < v < v*. Then, by (6.11) and the choice of v*,

Z Zg,x — Z enA((xfa)/n)+o(n) < (7’L—|- 1)enA(v*)+o(n). (6.15)
z€a+Vy,, z€a+Vn,
z<v'n+a z<v*n+a

Here o(n) is uniform over z in the summation.
Consider a maximizer u* € (—1,1) of A. There is € > 0 such that

A = inf  A(w) > A(vY). (6.16)

Jlw—u*|<e
For sufficiently large n, we have

1 .
z > > zr, > 5enem +o(n), (6.17)

€L+ V,,
[(z—b)/n—u*|<e
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Inequalities (6.15), (6.16), and (6.17) imply

¥q(v*,n) < Antl) 1)6”(‘\(”*)’””"(”) -0

ne
as n — oo. Thus, (6.14) is established, which completes the proof of the upper bound for
the case b > a.

The proof of the upper bound for the case where b < a is similar. For the lower bound
it suffices to reverse the roles of a and b and apply the upper bound. O

With Lemma 6.4 at hand, we can prove the following result.

Proposition 6.5. If m < k <n and y € a + Vy_,,, then P-almost surely,

lim inf (ug""m 1) ({y}) > 0.

n—oo

Proof. Forall y € a + Vi_,,, we have

m,k 7k,n

Za
() () = =t —

The factor Zg}j > 0 on the right-hand side does not depend on n. The remaining factors
satisfy
—1 —1

k,n k.,n
Z Zk

Y _ 7kmn § m,k r7k,n _ E m,k
Zm,n - Zy Za,z Zz - Za,z ka
@ z€a+Vi—m z€a+Vi—m Y

k,n

From Lemma 6.4, limsup,, , . % < oo forall z € a + Vj,_,,. The result follows because
Y

a+ Vi_., is a finite set. O

Proof of Requirement (c) of Theorem 2.7: Let m < 0 be an integer such that V_,, N (r, c0)
is not empty. Then, for any y in this set, Proposition 6.5 implies

liminf (5" 5 ) ((r, 00)) > liminf (ug" "7 ") ({y}) > 0,

n—oo

s0 (2.20) holds. The argument for (2.19) is similar. This completes the proof of Require-
ment (c) under Assumption 2.2 and the proof of the entire Theorem 2.6. O

7 Very strong disorder in continuous space

7.1 Derivation of the theorem from auxiliary results

In this section, we establish Theorem 2.12 in the setting of Assumption 2.1 and As-
sumption 2.10.

We use (Sk,...,Sn) to denote the path of a random walk distrbuted according
to P, PE™, or P& (see (2.1) and (2.9) for definitions). Recall that in the setting
of Assumption 2.10, these random walk measures have one-step density given by A(dz) =
p(z)dz. For a probability measure v and a random variable X distributed according to v,
we define v(f(X)) = [ f(z)v(dz) for a measurable function f and v{X € A} = v(A) for a
measurable set A.

First, we briefly discuss the existence of the limit in (2.21). The reasoning is almost
exactly the same as in the discrete case, given for example in [18]. We give a sketch of the
argument here for completeness. It is easy to prove that the sequence (+E[log Z"])en
is subadditive which implies that the limit

¥ = lim ~Eflog 2] (7.1)

n—00 M
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exists. Then, one can use an exponential concentration inequality which easily adapts to
our continuous space setting:

Theorem 7.1 (Theorem 1.4 in [31]). Suppose E[e/™ (9] < co. Then, there is a constant
a > 0 such that

1 2e7mat” )<t <1
Pq=|logZ" —E[logZ"]| >t < I
{3 e 2"~ Blog 27} }{2 =
It follows that the sequence (1 logZ"),cn converges P-a.s. and in LP((2) for any
p € [1,00) and
1
lim —logZ"™ = 1.

n—o00 N

Recall that ¥ = log ]E[e*FO(O)]. To prove Theorem 2.12, it suffices to prove

lim inf lIE[log Z" < 0. (7.2)
n—oo N

Our proof of (7.2) uses comparison of %]E[log Z"™] with fractional moments of Z™ and
extends the ideas used in [20] and [18] in the discrete case to the continuous case. The
discretization portion of our method is similar to the proof of very strong disorder in
[30]. However, it is not obvious how to use the change of measure argument from [30]
in our setting due to the lack of the i.i.d. property in space.

There are some additional difficulties in the continuous setting. First, the authors in
[20] rely on the inequality

6
<Z|xi|> <> lwl’, @i €R,i€Z, 0€(0,1). (7.3)

7

The version of this inequality where the sum is replaced by an integral does not hold
in general. However, we are able to employ a discretization procedure that enables
effective use of (7.3). Our discretization method is described in Section 7.2.
Second, the analysis in [18] uses the following overlap metric of the endpoint distri-
bution p":
I, = (p")®*{X =Y} (7.4)

where X,Y ~ p" are independent. Equivalently, (7.4) is the square of the ¢%(Z) norm of
the density of p”. In the continuous setting, I,, = 0 and so the same object is not useful.
In addition, we found that the L?(R) norm of the density did not have the same desirable
properties as (7.4). Instead, we employ the new family of overlap measurements defined
on probability measures v on R by

I(r,v) :=v®{|X -Y|<r}, r>0. (7.5)

A similar but slightly different metric was used in [35] in the continuous space and
continuous time setting. In Section 7.3 we prove an important comparison property
between I(r,v) and I(R,v) for R # r and then use arguments from [18] to conclude.
Additionally, to simplify the presentation we will assume throughout this section that
p has mean zero, i.e. ¢ := fR zp(z)dz = 0. In fact, if ¢ # 0, then we can reduce this
noncentered case to the centered one using the stationarity of the environment:

zn — pm (6_ Z:L:*ol Fk(Sk)) i Zn7
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where Z" = P™ (e‘ i B k(sk"“)> is the partition function associated to the centered
random walk density p(z) = p(z — ¢), and

lE[log Z"] = —E[log Z"].
n

1
n

In the remainder of this section, we state several auxiliary lemmas and derive Theo-
rem 2.12 from them. The proofs of the auxiliary lemmas are given in Sections 7.2 and 7.3.
We must introduce some notation first. Let

W;L’,Jn = Z;L’,;nefﬁ(mfn), wm .= Zmefﬂm (7.6)

be the normalized point-to-point and point-to-line partition functions, respectively. Note
that (W™),en is a martingale, and in particular E[W™] = 1 for all m. We define
W = [, Wkidy. For § >0, let

T ={J}, ker}, (7.7)

where
J0 = [k, (k + 1)0). (7.8)

The collection 79 is a disjoint covering of R by intervals of length . We frequently omit
the § superscript for brevity. In addition, constants denoted by C or ¢’ may change line
by line.

The following lemma can be seen as an approximate factorization of the partition
function that allows us to relate the quenched free energy at step nm to a fractional
moment at step m.

Lemma 7.2. Forany § >0, 6 € (0,1), and m € IN:

1 1
—BllogW"™] < —log > E

nm
JeJgs

0
( sup Wg?}n) )
xze€Jo ’

The next result is an involved technical proposition that allows us to get rid of the
supremum in Lemma 7.2 and replace it with evaluation of ijﬂ atx = 0.

Lemma 7.3. Let ¢ > 0. There are numbers 6, € (0,1) and d, > 0 such that for all
0 € (6p,1) and § € (0,0¢), there is a positive constant C' such that for all m € N

0
Z E (sup WE;”)
zeJo ’

JeJs
The next proposition replaces the sum of partial fractional moments on the right-hand
side of (7.9) with the fractional moment E[(W™)?].

Lemma 7.4. Let ¢ > 0. There is a number 6, € (0,1) such that for all § € (6y,1) there is
a positive constant C such that for allm € N and § € (0,1),

> E

Jegse

0
<CcY E [(ng;") ] + 05 F T 4 0ot I m e (7.9)
JeJge

1
1 2—¢

()| < (s sbemt-teorny =)7L a0

We will also need the following proposition giving a decay rate of the fractional
moment E[(IW™)?]. Recall that v is the number of moments of \ as stated in Assump-
tion 2.10.1.

Lemma 7.5. Let ¢ > 0. There is number 6, € (0,1) such that if§ € (6o, 1) then there is a
positive constant C such that for alln € IN,

E[(Wn)e] < Cn_%'/—"_a.
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The proofs of Lemmas 7.2-7.4 are given in Section 7.2. The proof of Lemma 7.5 is
given in Section 7.3.

Proof of Theorem 2.12. Let h € (0,1) and ¢ > 0, to be chosen later. Let §,, = m~".
Taking € < %u — 1, we can use Lemma 7.5 to see that for m sufficiently large,

E[(W™)% <m™. (7.11)

Lemmas 7.2-7.4 and (7.11) imply that there is a constant § € (0,1) and a positive
constant C such that for all m sufficiently large,

—E[log W"™]
< % log (C (s Fomd AoV ) T 00 b 4 053157”27“%)
_ ai log <C (mh—%hs+%—i6(E[(Wm)0D1—s> = + Cm%h—%+hs+s + Cm—ih+270+hs+s>
m
(7.12)
< ai log <C (mh—%—%ha-&-%a) 7. 4 Cmih—dthete Cm—3h+270+hs+e>
m

Choose h € (0, 3) close enough to § such that —2h + 55 < 0. For instance h = 23 suffices.
Then, choose € > 0 so that

1 1 3
h—5—5h5+15<0,

1 1
§h_§+h5+5<0,

and

3 7
—Zh+%+ha+s<0.

Then all the powers of m in (7.12) are negative, so
L Bllog ™™ < L log (om(1)), m —
—IE(lo —log (o, , M — 00.
nm & ~— Om &
Taking m large enough, we obtain that there is a constant A such that
1
—EllogW"™ < A<0, nel.
nm

Combining this with —-TE[log W"™] = -LT[log Z"™] — ¥, we obtain (7.2) and complete
the proof of the theorem. O

7.2 Fractional moment upper bounds for free energy

In this section, we prove Lemmas 7.2-7.4. We first prove a short lemma concerning
the expectation of the normalized partition function.

Lemma 7.6. IfU C R is a measurable set, k,m € Z, k < m, and x € R, then

E(W, ] = Phm{S,, e U}. (7.13)
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Proof. We have
EWS) =B [ Wy
:E/ phom (G*Z:lz? Fi<si>ef(mfk>q9) d
U
= / phom (IE) [672?;;1 Fé(Si)ef(mfk)ﬂ}) dy
U

k.m
- / PE™ (1)dy
U
= P’;””{Sm I U},

proving (7.13). O
Proof of Lemma 7.2. For z1,...,z, € R, we define
m L 0,m n—1)m,nm
Wzl,...,mn T WO,wl e Wign—l,)fn :

Then, we use Jensen’s inequality and (7.3):

1 1
—ElogW"™ = —Elog Z / wo . de
" " Jreyseosdien, €T Ty XX Tk,

0
1
= Elog( / wr o da:) (7.14)
enm Z Jle---XJkn Lyeesdbn

Ty Jhn €T

0
1
< ——log IE(/ Wwm da:) |
Qnm Z .]k1><~--><Jkn L1,y Tn

Jreyseosdien, €T°

We can use an inductive argument to obtain a product estimate on each of the integrals
on the right-hand side:

m — m—1 (n—1)m,nm
/ le,...,xnd'x - / lea-~~7$n,71 / Wﬂcn—hxn d:cndxl . dxn_l
iy X X Jpeyy iy XX Tk, Jion

—1

m—1 n—1)m,nm
g/ wrot, day...dz,_i-  sup / W= bmanm g,
Jk-1><~-~><Jkrn7 1 Jk.,L

1 3fn—leJk,nf
n
<. < H sup / Wéfw—l)m,lmdx,
=1 Y€k, STk,

where in the above we define J,, = Jy. By the independence of the environment at
different times and spatial stationarity,

6 n 0
E(/ wm dz) < E<sup wom ) .

So,
0 O\ n
> () Whde) < (X E(swwin) )
JklyankneJa Jk1><‘..><Jkn J}cGJ‘; yeJo )
Using this estimate on the right-hand side of (7.14), we complete the proof. O
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Proof of Lemma 7.3. First, note that

7 < sup e~ 0@ . sup Wom Fol@),
lz|<s |z|<d |z|<d

Also, Wf)’f}z efo(*) is independent from Fy, since, by the definitions in (2.4) and (7.6),

m—1
m—1
W;ij]neFo(w) :/ e~ Zict Frlyr) H P(Yrs1 — Yr)dy1 - - - dym,
o R™ 2 Jy o

where in the above yg = . From this independence, we get
]
( sup W:gy;)
|z]<é |z]<6 lz|<d
0

= (sup 69F°($)> E ( sup Wf"; FO(””)) 1

|z|<é |z]<é

1 0

= E( sup e_eF"("’)> {E(e_”‘)(o))] ]E(e_GFU(O))IE (sup Wa?mk FO(T))

|z|<8 !

lz|<d

E <E

9
(Sup {e” Fo(x) 1. sup {Wf}’; Fo(z)}) 1

< GoE

lx|<d

-1
Co := IE< sup e_eFO(x)> {E(e‘gﬂ’(o))} .
|z|<1

Note that we assume here § < 1 so that the constant Cy does not depend on 4.
We define

0
<Sup WOm Fo(x)—Fo(0 )) ] 7 (7.15)

where

ro = 2 SUPren (@) (7.16)
1nfz€[L,R] p(x)

where L and R are as in Assumption 2.10.III. Assumptions 2.10.IT and 2.10.IIT imply that
ro < 0o. We also define

As = {y €R : sup p(y — ) > rgp(y)}- (7.17)
x| <6

Using (7.3), (2.22), and (7.17) we obtain

6
(sup{Wom Fo(z) Fo(o)}> :<Sup {20 eFo@)—Fo(0)- mﬂ})
|| <8 |z|<d

G
= (SUP / p(y— )2, e—Fow)—ﬁmdy)
|lz|<d /R
0
lz|<s /R
’ 0
< </ sup p(y — x)Wz},"}nke—Fo(O)—ﬁdy> + </ sup p(y — x)W;:}::e—FU(O)_ﬂdy)
Ap o As |z|<8

6 6
< r%"(/ p(y)WJ,’Jmke_FO(O)‘ﬂd@ + (/A sup p(y—x)Wj,’ﬁe‘FO(o)_ngy> :
5

5 |lz|<d
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Taking expectations of both sides of the above and applying Jensen’s inequality and
Lemma 7.6, we get

[
E sup {WO’T eF"(‘r)*F‘)(O)}
P

6 0
< TSOEK/A p(y)VV;,’?ZeF“(O)ﬁdy> } + </A sup p(yx)E[W;’}Z}eF“O)ﬁdy)

§ s |z|<d
< rg’B[(Wy 7)) + RY, (7.18)

where

Ry = / sup p(y — 2)PL™{S,, € Ji}dy. (7.19)
As |z|<o

The lemma will follow once we find 6, € (0,1) such that for all 6 € (p, 1),

Y R =00 m 2t 4 i e M), (7.20)
keZ
The lemma will follow from (7.20), (7.18), and (7.15).

Let us take any D € R and ¢y > 0 such that (D — o, D + do) C (L, R). We claim that
for ¢ € (0, dp),

‘s1‘1p ply—x) <roply —0), VYy=>D (7.21)
z|<d
sup p(y —x) <rop(y +90),  Vy < D. (7.22)
|x|<o

We verify (7.21), and the analysis for (7.22) is similar. Note that for y € [R + §, 00),

sup p(y —z) < p(y — 9)

|z| <8
since p is nonincreasing on [R, c0) by Assumption 2.10.III. Also, for all y € [D, R + 0),
since § < §; we have

—6§)> inf
p(y )*zéﬂi,R]p(Z)

and

sup p(y — z) < sup p(z).
|z| <& z€R

This implies (7.21) since

sup p(y _ .17) < SupmG]Rp(y - iL’)

- p(y —9) < rop(y — 9).
|z|<é lnfze[L,R]P(Z) < ) op(y )

By (7.21) and (7.22),

Ry <rmoR;, +roR}, (7.23)
where
Ro= [y s e Ay, (7.24)
Agﬂ[D,OO)
RY = / p(y + ) PY{S,, € Ji}dy. (7.25)
AsN(—o0,D)
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One can view these integrals as expectations with respect to the random walk measures
PO,m 0,m
s and Py,
Due to (7.23) —(7.25), the estimate (7.20) will follow from

S(B)! = 06~ smo b 4 ghoembte), (7.26)
kez
SR =06 m i 4 5o, (7.27)
keZ

Let us prove (7.26). Note that if y € A5 N[D,c0), then by (7.21) and the definition
of Ag,

rop(y — 8) > ‘S?pép(y —z) > rip(y).
x| <

Hence, A5 N [D,00) C {z € R : p(z — §) > rop(x)}. This and (7.24) imply
R =Py {1 € 4,1 [D, ), S € Ji |
< ngm{p(sl —0) > 71op(S1), Sm € Jk}7 (7.28)

where (51, ...,S,,) is the realization of a random walk with distribution Pg’m.

The following two lemmas will allow us to give upper bounds on R,  and RZT. We give
the proofs of both lemmas in Section 8. We define E; = {y € R : p(y) > rop(y +t)} for
t € R and recall that A(dz) = p(x)dz denotes the distribution of one step of the random
walk.

Lemma 7.7. We have
AME) = O([t]), t—0. (7.29)
The above lemma would not be true without the factor of 2 (or any other factor
exceeding 1) in the definition of ry in (7.16).
Lemma 7.8. There is a constant C such that forallz € R, § € (0,1), andn € N

Co

P™{S NN< —. 7.30
{Snelzz+4d)} < V(1 + 22n-1) ( )
Note that for t € R,
P {p(Sy — ) > rop(S1))} = ple — t)dz
{w€R: p(a—t) >rop(a)}
= / p(y)dy

{yeR:p(y)>rop(y+t)}

= A(EY). (7.31)

Equality (7.31) and Lemma 7.7 imply that there is C' > 0 such that for all 4 > 0 sufficiently
small,
Pg””{p(Sl —8) > rop(S1)} < C6. (7.32)

We next derive two bounds on the right-hand side of (7.28) useful for small and
large k, respectively. Inequality (7.28), inequality (7.32) and the Markov property of
random walks imply

Ry =Py™{p(S1 —8) > rop(S1)} - Py {Sm € Ji | p(S1 — 8) > rop(Sh) }
< PY™p(S1 — 8) > rop(S1)} - sggpi’m{sm € Ji}.

< CésupPL"™{ S, € Ji}. (7.33)
z€R
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Lemma 7.8 implies that for m > 2

sup Py {S,, € Ji} = sup PP {S,1 € Ji}
z€R z€ER

o)
<
= SR Vm 11+ (k6 — 2)2(m — 1)-1)
< C'sm~V2,
Combining this with (7.33) we obtain
R, < C&*m~1/? (7.34)

for some constant C. This upper bound is mostly useful for small %, since it does not take
into account the tail decay of S,,,. Let us now derive an upper bound useful for large k.
Holder’s inequality and (7.32) give us the bound

Ry <Py {p($1 - 0) = rop(S1)} /7 - PO {8 € i}

< C5V5PY™S,, € S}, (7.35)

Let @ > 0 be a number to be specified later. Applying (7.34) and (7.35) to |k| < 6~ * and
|k| > §—“, respectively, we obtain

S®E) = D ®) '+ D (R’

kez |k|<6—« |k|>6—<
< Y om0y Y 08Py S, € i)
|k|<§—< |k|>§—o
<08 em 02 o8 N PYs, € g}, (7.36)
|k|>6—
Lemma 7.8 implies that forall k € Z \ {0} and § > 0,
0549/5 —260/5 01540/5 —20/5
Pg7m{S"l c Jk}49/5 S m S m
(1+ (k6 — 6)2m~—1)40/5 = (1 + k252m—1)40/5
for some constant C’ independent of §, m, and k. This implies
0,m 46/5 1540/5, —20/5 1
> Py S e Ji} T < O8Im0 N T Ry
|k|>6— |k|>6—
o 1
1546/5, —20/5
<2C'6*°m /(sw_1 1+y2§2m_1)49/5dy
_ ot gitls—tp/z=20ss [ 4 737

m-1/25(5-a—1) (1+22)40/5

In the above we use the symmetry and monotonicity of (1 + y?)~!, and the change of
variables z = ydm /2. We can then use Markov’s inequality for 7 > 0 and 1/2 > § > 0 to
obtain

/C>C L dz < L /OO 2" dz
m-1/25(5-e—1) (1+22)310/577 = (m=1/25(0=2 — 1)) J_oo (1 + 22)46/5

c °° |2]"
— m—r/25r—7‘o¢ /—oo (1 +22>49/5dz' (738)
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Aslong as r < % — 1, the right-hand side of (7.38) is finite. Inequalities (7.37) and (7.38)
imply that for such r, there is a positive constant C' such that

Z Pg’m{Sm c Jk}49/5 < O§¥0/5-1=r+ra 1/2-20/5+r/2, (7.39)
|k|>6—

Displays (7.36) and (7.39) imply that for any (0, r, ) satisfying 0 < § < 1,0 < r < % -1,
and « > 0, there is a finite constant C such that

Z(R;)Q < C529_"m_9/2 + C(Se—l—r+7‘am1/2—29/5+r/2' (7.40)
kez
Set 5 1
Since r =1 <2 =2 -1, we can find 6, € (0,1) such thatif § € (6;,1), then
1 89
A}
"T95

Using (7.41) in (7.40), we obtain

SR < 8P EMTOR 08I
kEZ

26
5

(7.42)

Therefore, for any € > 0, we can find > € [f;,1) such that if § € (62, 1) then (7.26) holds.
The proof of (7.27) is similar, and the lemma follows. O

Proof of Lemma 7.4. Let us fix 6 € (0,1) and ¢ > 2. Observing that W™ > W"; for all
J € J°, we obtain

Sy =0 W)+ D (W)
JeJs [k|<q [k|>q

< 3qW™)? + 3= (W)’ (7.43)
|k[>q

Assuming ¢ > 2, using Jensen’s inequality,

S EWE) < Y (EwEn,])

|k|>q [k|>q
Lemn;a7.6 Z (Pm{Sm c Jk})e
[k|>q
L 7.8 150 76/2
"2 iy
[k|>q
Y4 0/2 > 1
<2C°60°"m~ ——d
= m /q_l (1+y262m-1)? Y
> 1
= 20’59—1m1/2—9/2/ 2. (7.44)
m—1/2§(qg—1) (1 + 22)6

In the last line of (7.44), we use the substitution z = ydm /2. Next, letting » > 0 to be
chosen later, we can use Markov’s inequality to get the bound

/00 L dz < 1 /00 2" dz
m=1/25(q—1) (]. + 22)9 - m—"/gé"(q — 1)r o (1 + 22)0
<Cm'?§7q". (7.45)
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In order for the integral ffooo %Z)de in (7.45) to be finite we need r < 26 — 1. Combin-

ing (7.43), (7.44), and (7.45) we obtain

ST OE(WE,)0) < 3qE[(W™)] + 060 rmETE S g (7.46)

Jr€TS
e A N
=\ TR '

We have E[(IW™)] < 1 by Jensen’s inequality, and § < 1 by assumption, and so ¢ > 2 for
large enough m. This choice of R and (7.46) imply

Set

3 E(Wgy)) < C (59—1—rm%+%—% (E[(Wm)f’])’") o (7.47)
JLeJ?

Lete € (0,1). Setr =1—cand 6y =1 — 1. Now if § € (6o, 1), then
l—e=r<20-1

and so the integral in (7.45) is finite. Finally, with this choice of r and 6, (7.47) implies
that for all € (6, 1), (7.10) holds, which completes the proof. O

7.3 Decay of fractional moments

The main purpose of this section is to prove Lemma 7.5. Our study of the overlap
metric on probability distributions in Section 7.3.1 is of independent interest.
Our proof of Lemma 7.5 is based on the following lemma, proved in Section 7.3.2.

Lemma 7.9. For any § € (0, 1), there are positive constants Cy,Cs such that

Gy

Bl < (1- C ) Blory )+ S

n 0
T(P {ISul >t})", t>1, nelN
Proof of Lemma 7.5. Let « = v/2 — e. If a < 0 then the lemma is easily verified because
E[(W™) < (EW™) =1, mecN.

We now consider € small enough so that a > 0.
Using Markov’s inequality and the Marcinkiewicz-Zygmund inequality (see [32] or
Chapter 5 of [33]), we obtain

P{[S,| >t} < P"[|S, |Vt < Cun/?t7.
Thus Lemma 7.9 implies that there are constants C, C' such that
E[(W")] < (1 - Cit ) E[(W™)] + Ctn0/2, (7.48)

Let us fix 6y € (0,1) and 8 € (0,1) such that
1
ag =B+ v0p — 51/0 >1+a (7.49)

holds for all § € (fy,1). Consider the sequence given by t = ¢, = n”. We have by (7.48),
for 6 € (6o, 1),

E[(W"H)9] < (1 — Cin PYE[(W™)?] + Cn™2. (7.50)
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We now prove that there is N € IN such that forall K > 1andn > N,

K1-Cin P +C0n " <K(n+1)"“ (7.51)
Since f < 1 and o — as < —1, there is N € IN such that the inequality

Cn 2 < KCln*B —aKn™! (7.52)
holds for all n > N and all K > 1. Using the Taylor expansion identity
A+n ™ =1—an"t4+o(n "

and rearranging (7.52), we conclude that we can adjust N so that

Cn** < -K(1-Cin ?)+ K(1+n 1)

for all n > N and all K > 1. Multiplying both sides of this inequality by n~™* and
rearranging we obtain that (7.51) holds for alln > N.

Let us fix this NV and define K = max(1, N“E[(W)?]). Note that E[(W/)?] < KN—*.
Then, (7.50) and (7.51) imply

E[(WNTH] < (1 - N-E[(WN)’] + CN 22
<K(1-C/ N PN~ CN-
<K(N+1)"“

Using this computation as an induction step, one can then show that
E[(W™)?] < Kn~®

for all n > N, which proves the lemma because a = v/2 —e. O

7.3.1 Analysis of I(r, u)

First we define the following measurement of concentration of a probability measure u.

Definition 7.10. For a probability measure ;. on R?, let
I(r,p) = p®?{(X,Y) € R)?: |X - Y| < r}, r > 0.

Here and below, (X,Y) is the canonical pair of i.i.d. r.v.’s with distribution fx.

Lemma 7.11 gives a bound on how I(u,r) changes with » and compares it to the
concentration function of u. This comparison is a continuous version of display (2.8) in
[18] valid for the lattice setting. We will need notation for Euclidean balls:

B(z,r)={yeR®: |y—z|<r}, zecR% r>0.

Lemma 7.11. Let d € IN. There are constants c = ¢4, C = Cy4, and C!; = C’ such that for
all R,r € R satisfying R > r > 0 and for all probability measures . on R¢,

Rd
r
and
¢ sup p(B(z,r))? < I(r,p) < C' sup p(B(z,7)). (7.54)
z€R4 z€R4
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Proof. Let us prove (7.53) first. The first inequality follows from the inclusion
{(z,y) e R)? : |z —y[ <r} C {(z,y) € R)? : [x—y| <R}, R>r
To prove the second inequality in (7.53), it suffices to prove
pPH|X Y| < Kr} <CKW®?{|X - Y| < r} (7.55)
for K = [%1 € IN and some constant C independent of ;1 and K, because K < 2%
Let J" denote the collection of disjoint cubes J;;“ of diagonal length r of the form
krd='? +[0,rd"/?)4, ke 74

Note that if X, Y € JZ then | X — Y| < . It follows that for all z € R,

p2|X -Y|<r}> ,u®2< U {X,Y € J£+xo}>
kezd

2
-y M(Jg + xo) . (7.56)
keza
Inequality (7.56) with z¢g = 0 and the Cauchy-Schwarz inequality implies

p2|X -Y|<r}> Z Z (J};kM)Q

kezd Ie[0,K)4¢nZd

OGN ST

kezd 7e[0,K)InZ

o ()" (7.57)

kezd

Also, if | X — Y| < rK, then there is some k € Z“ such that X € Ji¥ and Y € JIK for

some k' within distance v/d of k. For k € Z4, let N(k) = {K € Z° : |k — K| < Vd}. It
follows that

M®2{|X—Y\<K7"}SM®2( U {X7Y€ U JE’K})

Eezd F'eN(k)
2
< Zu( U J,SK)
kezd  k'eN(k)
2
<> (T )

kezd k' eN(k)

<INO) ST ST ()
kezd k'eN (k)

= [N > p(JE5)”. (7.58)
Eezd

Inequalities (7.57) and (7.58) imply
HE{|X — Y| < K7} < IN(O)PKUu®{|X — Y| <),

which proves (7.55) and establishes (7.53).
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Now we establish (7.54). Let z € R? and let y = 2 — (r,...,7). Inequality (7.56)
applied to v/dr instead of r and zy = y, and the inclusion

B(x,r) C Jg\/ar +y
imply
2
EHIX = Y] < 2Vdry 2 (T2 4 y) " 2 p(Bla, ).
This and (7.53) imply
u(B(x,m)* < p{|X = Y| < 2Vdr} < C2%dPp®{|X — Y| <r},

which establishes the lower bound in (7.54). For the upper bound, we apply (7.58) with
K=1:

pEIX =Y <7} < [N(O)]? sup u(J5) > u(Jp)
kez

kezd
= IN(0)[* sup p(J7)
kezd
< [N(0)]* sup p(B(z,7)), (7.59)
zeR4
and the proof is complete. O

Let % be the space of continuous functions from R? to R equipped with the topology
of uniform convergence on compact sets and let Q be a measure on the Borel o-algebra
of €. The symbol 7(x) will represent the random variable n — n(z) defined on €. We
next prove a lemma relating I(r, 1) to the random variable 7 — [, n(x)u(dz) defined on
% . This is a continuous setting extension of the lattice setting Lemma 3.1 of [18].

Lemma 7.12. Suppose Q satisfies the following conditions:

(a) The stochastic process (n(z)),cre iS Stationary with respect to spatial shifts.

(b) Q[In(0)’] < oo and Q[n(0)] = 0.

(c) If R(x) = Q[n(0)n(z)] and W (x,y) = E[n(0)n(x)n(y)] for x,y € R4, then R is non-
negative, is bounded away from zero in a neighborhood around the origin, and is
compactly supported. W is compactly supported.

Then for every r > 0 there are constants ci, cq, c3 > 0 such that the following holds for
all probability measures p on R®. If U = [p, n(x)pu(dx), then

al(r,p) < QU < col(r, p) (7.60)
and
U2
Q [2+ U} > c3l(r, ). (7.61)

Proof. Due to Lemma 7.11, it suffices to prove (7.60), (7.61) for one value r = ry of our
choice. Using Requirements (b) and (c), we can find a number r, > 0 and numbers
C1,Cy,Cs, K, K’ > 0 such that for all 2,y € R¢

Ciljzj<r, < R(2), (7.62)
Coljg)<x = R(x), (7.63)
Cslgjcir =2 W(z,y). (7.64)
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Fubini’s theorem and stationarity of n imply
2
v?)=@|( [ woua)| = [ Re-putaouan. 069
]Rd (Rd)Z

Inequality (7.62) and equality (7.65) imply
Q [U?] = Cip®*{|X = Y| < ro} = C1I(ro, p). (7.66)
Inequality (7.63) and equality (7.65) imply
Q[U?] < Cop®*{|X - Y| < K} = CoI(K, p). (7.67)
Lemma 7.11 then implies
I(K, p) < CI(ro, p)

for some constant C' independent of u. Equation (7.60) is then proved for this ry, and
thus for any r with possibly different constants.
Similarly,

Q%] = oy W(z — 2,y — z)p(dx)u(dy)p(dz)

(7.64)
< CSI(K/7 /1/)

Lemma 7.11
C'I(rg, p). (7.68)
Now we can use exactly the same argument as in [18]:

(7.66) U
Cil(ro,p) < Q [\/mU\/Q + U}

- (Q {QZQU})l/z (Q 207 + U3])1/2

(7.67), (7.68) U2 1/2
= CHI("O»IJ)I/2 (Q {W}) .

Equation (7.61) then follows for any » > 0 with a possibly different constant. O

7.3.2 Proof of Lemma 7.9

Recall that p” is the polymer endpoint measure at step n. The lattice version of
Lemma 7.13 can be found in Lemma 4.2 of [18].

Lemma 7.13. For any 6§ € (0,1) and R,r > 0, satisfying R > r there are positive
constants C'y, Cy such that
Cor
R

Proof. Inequalities (7.53) and (7.54) of Lemma 7.11 imply that for some constants C' and
C’ depending on neither r, R nor p",

E[(W")'1(r,p")] = - E[(W")’] (P"{|S.| > R})”. (7.69)

I(r,p") > CLIQ2R, p") > C' 5" (R, B))*. (7.70)
Since p"([-R, R)¢) € [0,1],

PR = (1= (R R)))?
>1-2p"([-R, R)%)
>1-2p"([-R, R)%)’. 7.71)

EJP 28 (2023), paper 109. https://www.imstat.org/ejp
Page 38/43


https://doi.org/10.1214/23-EJP1000
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Joint localization of directed polymers

Using Jensen’s inequality and Lemma 7.6 we obtain

E[(W")’p"([=R, R)*)"] < (E[W"p"([—R, R))])’

= (E[W(?j[riR,R)c])e
— (P"{|S.| > R})". (7.72)
Putting (7.70), (7.71), and (7.72) together, we obtain (7.69). O

Proof of Lemma 7.9. We are going to apply Lemma 7.12, so we set

() = e @70 -1

and define the measure @ on % to be the marginal of P associated to the n-th time
coordinate. Equivalently, Q is a version of the conditional expectation given (Fy)jxy,. As-
sumption 2.1 implies that P-a.s., Q satisfies the conditions of Lemma 7.12.

Since
Wn+1 1 . 2)—
T :W/R/RWIG Fn@=p(y — w)dady
1
= W"/RW;’e*F"(I)*ﬂdm
Z/e_Fn(’J)_ﬂp”(dx),
R
we obtain

U= [ nohlds)
R
forpy=ptand U = WW7+1 — 1, and we can apply Lemma 7.12.

Equation (7.61) of Lemma 7.12 implies that there is a deterministic constant C' such
that P-a.s.,

U2
Q {2 — U} > CI(1,p"). (7.73)
Since 6 € (0,1), there is ¢ > 0 such that
(u+1)? —0u—1< —c u w1, (7.74)
2+4+u

(see equation (4.5) in [18]). Since Q[U] =0, for all t > 1, we have
E[(W"? — (W)’ = E [(W™)’QUU + 1) —1]]
=E[(W")’QIU +1)° - 0U —1]]

774 n\0 U?
2fwraf

TR (W, o)

TR Sy + 22 ({5 > 1))
Then,
BV = B[(W")’] + B[V — ("))
< (1= ) Eovyr+ S i = o)
as claimed. O
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8 Random walk estimates

In this section, we prove Lemmas 7.7 and 7.8.

Proof of Lemma 7.7. We consider only ¢ > 0 (the proof for ¢ < 0 is similar). Suppose that
0<t<R-L.Ifzx,z+t€[L,R] then p(z) < rop(x + t) by the definition of r( in (7.16)
and so = ¢ F;. It follows that
AME;N[L,R]) < M[R —t,R]) < tsupp(z). (8.1)
zeR
Now we consider E; N (—oo,L]. If x € (—oo,L — t] and p(z) > 0, then = ¢ E,
because p is nondecreasing on (—oo, L]. Also, if z € (L — t, L], then x + ¢ € [L, R] and so
p(z +1t) > inf. [z, g p(2). This implies p(z) < rop(x + t). It follows that

AE; N (o0, L]) = 0. (8.2)

Now we consider the set E; N [R, c0), where p is nonincreasing. Define x,, = R + nt
for n € IN. If p(z) > rop(z + t) for some = € [z, Tpy1], then x + ¢ € [Tpy1, Tnie2] and so
p(zn) > 1op(Tny2). It follows that

AME;N[R,00)) = /[R : Lip(a)>rop(att)yP(@)da

n+1

Z / Lip(2)>rop(att)yP(@)da
n=0"Tn

<D Uip(aen)2rop(ens)}P(Tn)- (8.3)

n=0

Let

Cu=l{2<h<n: kevenand p(ri-a) 2 rop(@)}l = > Lipars)zropton):
kE2IN
2<k<n
Bn=H{3<k=n:koddand p(z;—s) = rop(zy)}| = Z Lip(ar_2)>rop(ai)}-
kE2N+1
3<k<n
Due to the monotonicity of p,
p(x,) < 1o p(w0) = 19 “"p(R), n € 2N,
p(x,) <rgBrp(zy) <rgPrp(R), ne2N+1.

Thus, using (8.3) we obtain

A(E: N [R,00) <tp(R) | D Lipwn)zropnia}™o "+ Y Lo >rop(ansa)To "

n even n odd
<2tp(R) > g™
m=0
2
< % 1p(R). (8.4)

T‘()—l

Finally, (8.1), (8.2), and (8.4) imply that

2
MEy) < tsupp(a) +0+ —
z€ER To —

Ltp(R) = (1)

and the proof is completed. O
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Proof of Lemma 7.8. Let p,, be the density of the centered random variable S,, = Z,’f:l X;
where X; ~ X are i.i.d.. We use the non-uniform local limit theorems from [36]. Corollary
2 and Corollary 5 of [36] imply that

n—oo

lim sup p™n (¥ =21/2 sug(l + |23 |[Vnpn (zyv/n) — g(zo™)| < ¢ < oo, (8.5)
e

where g is the standard normal and 02 = Ik 2?\(dz), for some constant ¢ depending on v,
[ 2*A(dz), and [ |z|“A(dz). Display (8.5) implies in particular that there is a constant C
such that for sufficiently large n,

c

Pn(y) < W (8.6)

for all y € R. Therefore,

z+0
P{S, € [, 2+ 0)} :/ )y

</z+5 C dy
“J. Vn(l+ynTh)
<4 sup ¢
T yelzats) V(L +yPnTh)
< 2C0

T V/n(l+ 227t

and the lemma is proved. O
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