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Hierarchical Dirichlet process and relative entropy*
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Abstract

The Hierarchical Dirichlet process is a discrete random measure serving as an im-
portant prior in Bayesian non-parametrics. It is motivated with the study of groups
of clustered data. Each group is modelled through a level two Dirichlet process and
all groups share the same base distribution which itself is a drawn from a level one
Dirichlet process. It has two concentration parameters with one at each level. The
main results of the paper are the law of large numbers and large deviations for the
hierarchical Dirichlet process and its mass when both concentration parameters con-
verge to infinity. The large deviation rate functions are identified explicitly. The rate
function for the hierarchical Dirichlet process consists of two terms corresponding to
the relative entropies at each level. It is less than the rate function for the Dirichlet
process, which reflects the fact that the number of clusters under the hierarchical
Dirichlet process has a slower growth rate than under the Dirichlet process.
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1 Introduction

The Dirichlet process introduced in [12] is a random discrete probability that serves
as a fundamental prior in Bayesian nonparametrics. It has two parameters, a concentra-
tion parameter a and a base probability distribution vy. The base distribution is the prior
mean, and the concentration parameter is inversely proportional to the prior variance.
Due to its discrete nature the Dirichlet process is an effective prior in inferences for
clustering data. The Dirichlet process with infinite concentration parameter is simply vy,
which corresponds to the classical parametric setting.

In [16], the authors introduced the Hierarchical Dirichlet process (henceforth HDP).
It is motivated for the study of groups of clustered data where each group is modelled
through a Dirichlet process and all groups share the same base distribution which itself
is a drawn from another Dirichlet process. The special sharing mechanism makes the
model an ideal prior for data with more concentrated clusters ([1], [9]). The HDP has
three parameters, the level one and level two concentration parameters, and the base
distribution.

In addition to Bayesian statistics, hierarchical models are also natural and fundamen-
tal in many other areas. One notable situation is in statistical mechanics where it is used
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Hierarchical Dirichlet process

to describe interactions at different scales in a physical system ([2], [5], [3]). Various
studies on asymptotic behaviours have led to deep understandings of the scale specific
interactions and interactions between different scales ([5], [6]). In the same spirit, we
investigate the asymptotic behaviours of the HBP. The limiting procedures involve large
concentration parameters at both levels.

The asymptotic behaviour of the Dirichlet process has been studied extensively in the
last thirty years ([11], [13] and references therein). The hierarchical structure in HBP
presents new challenges. The mathematical framework is similar to random systems
in a random environment. Our results will reveal explicitly the level-specific and cross
level impact of the corresponding randomness.

The basic setting will be presented in Section 2. This will include necessary notation,
the relative entropy, the Dirichlet process, the HDP, and the related asymptotic results.
The main results will be discussed in Section 3 including the law of large numbers and
large deviations.

2 Preliminaries

Let (2, F, P) be a probability space, E = [0,1], and £ be the o-algebra of Borel
subsets of E. Let C(E) and B(F) denote the spaces of continuous functions and bounded
measurable functions on E, respectively. Let M;(FE) denote the space of probability
measures equipped with the weak topology and the metric

() =y M dol

=1

where {f; : i > 1} is a dense subset of C'(E).
For any v in M;(F) and a > 0, let &1, &a, ... be i.i.d. with common distribution v, and
independently Uy, Us, ... be i.i.d. with Beta(1, «) distribution. Set

V1:U1, Vn:(l—Ul)-“(].—Un,l)Un, ’1122 (21)

and
Vo= V1, Vo,...).

The Dirichlet process with concentration parameter o and base distribution vy is
given by

Bawo = Vide,. (2.2)
i=1

The Hierarchical Dirichlet process introduced in [16] is a non-parametric model for
the study of groups of data. The prior for each group is a (level two) Dirichlet process and
all groups share the same base measure which itself is a draw from another (level one)
Dirichlet process (hence the hierarchical structure). Given the common base measure,
the Dirichlet processes for different groups are independent and identically distributed.
Since all Dirichlet processes for different groups share the same types as the level one
Dirichlet process, a stick breaking representation is also obtained in [16].

More specifically, for § > 0 and any n > 1, let W,, be a Beta(8V,, 5(1 — >, _; Vi)

random variable. The random variables W7, W5, ... are conditionally independent given
V.. Define

Z1:I/V17 Zn:(l—Wl)-'-(l—anl)Wn, 7’L22 (23)
and

Zopg=(Z1,%Z2,...).
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The HDP with level two concentration parameter 3, level one concentration parameter
«, and base distribution v is the random measure

Za,B,v0

Enga,uU g Z Z’L(SE77 (2.4)

where £ denotes equality in distribution. The first equality is by definition (Dirichlet
with Dirichlet base) and the second equality is the stick breaking representation.

Let Q. and @, 3 denote the respective distributions of V,, and Z, g. The distributions
of =,.,., and =, g, will be denoted by 11, ,, and II, g, respectively. When the concen-
tration parameters tend to infinity, the prior will concentrate on the base distribution 1
and the nonparametric model becomes parametric model. To understand the microscopic
transition between these two types of models, it is natural to investigate the asymptotic
behaviour associated with these limiting procedures. This includes the law of large
numbers and the large deviations.

The family of probability measures {Py : A > 0} on a Polish space S satisfies a large
deviation principle with speed a()\) and good rate function I(-) as A tends to infinity if

{s € S:1(s) < c} is compact for all finite ¢ >0

and
- siento I(s) < 1i/\1r_1>i£f ﬁ log P\(G) < li){r;solip %}\) log P\(G) < — élgg I(s)

where a()\) converges to infinity, G° and G denote the interior and closure of the
measurable set G C S respectively.

The large deviations obtained in this paper will be for the families {Qq,:a > 0,8 >
0} and {II, p: a > 0,8 > 0}. It turns out that the large deviation results depend on the
relative growth magnitude of the concentration parameters. To capture and to compare
the impact of both levels of randomness on large deviations we will focus on the limiting
procedure:

a—)oo,ﬁ—)oo,%—)cé(&oo). (2.5)

A main quantity for our large deviation results is the relative entropy or the Kullback-

Leibler divergence. More specifically, for any two probabilities y and v in M;(FE) the
relative entropy of i with respect to v is defined and denoted by

log £ 11(d <
H(ulv) :{ gg 0g 7, 1) /élse” (2.6)

where ;1 < v denotes that p is absolutely continuous with respect to v. For any f in
B(E), let {u, f) denote the integration of f with respect to u. It is known ([8]) that

H(ulv) = sup {{u, f) —log(v,e/)} = sup {(u, f) —log(v,ef)}. (2.7)
fEB(E) feC(E)

For any m > 1, set
E"=FEx.---xFE

————
m
and
m
Am = {pm = (pla cee 7pm) S E™: Zpi S 1}
=1
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Define

EX=Ex---xE
| —

AOO = {p = (plaPQa"') € E>: ZZ% S 1}
i=1

Both A,, and A, are equipped with the respective subspace topologies of E™ and
E°°. We will use the following metrics that generate these topologies.

dm(u’rmvm) = maX{‘ui - 'Ui‘ =1, 7m}7 U, Vi, € E™
2 Jus — v AL
d(u,v) = 212771, u,veE®
i=1

3 Asymptotic results
In this section, we establish the law of large numbers and the large deviation princi-

ples.

3.1 Law of large numbers

Theorem 3.1. Let 0 = (0,0, ...) denote the origin in A,,. As a and  tend to infinity,
Zp and =, g, converge in probability to 0 and v, respectively.

Proof. For any p,q in A, we have

- |pz‘ - Q¢|
d(p,a) =) 5
=1

By direct calculation,

E[Z] = E[E[Z|V,... Vi

= IEK}]:[lE[(l - Wk)|V1,...,%])E[Wiqu-wVé]}

_ E{(1_V1).1_V1_V2...1_ Ve Vi }
1-V 1= 2V 1=
« =t
vi] (l+a) 1+a
1
= o)

For any ¢ > 0, let ns be an integer such that 27" < 4. Then we have that for any
>0,

P{d(Zup,0) >} < et

which converges to zero by taking the limit of a going to infinity followed by § going to
Zero.
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Next we turn to the limit of =, 3 ,,. For each f in C(E), we have

(Ea,B0, ) = Z Zif (&),

and

E[<Ea,5,uovf>] = <V07f>
BlEwsin /] = EL>. 2200, £2) + LS 475100, £

i=1 i#j

E[ZZE][<VO’f2> - <V0’f>2] + <V07f>2-

Similarly, by exploring the conditional beta structure, we have that for each i > 1,

B[Z}]

[B[ZZ]V4,...,Vi]]

EKHE [(1—Wy) |V1,...,V;]>E[Wi2|V1,...,V;-]

]E[ 1—V1 +1s(1=Vi) [BA-Vi—=Va) +1]8(1 - V1 — Vo)

B+ B) BV + 18— W)
B0 = Ty Vi) + 1080 - X, Vi) (Vi DsV ]
[5(1 - 2:21 Vi) +1]8(1 — 2;21 Vi) [B(1— 2;11 Vi) +1]8(1 — 2-;11 Vi)
_ ! B g
= 3RVt 3 E[V?)

_1<a>1—11+5(a)‘—1 2 }
- 14+B8\1+a l+a 1+pB\a+2 (a+2)(a+1)]

It follows that

Varl(Ea s ) = | 135 + Ty |00 72 - b0

which converges to zero as « and 3 tend to infinity. Let ns be defined as above. Then

P{p(Ea,p,u:v0) > 26} < ZP{K‘_‘QBVU vo, fi)l > 7}

2
ns

< ons 152 ZV&I‘KEaﬁ,ym f1>} — 0, a — 00, — 00
=1

which leads to the law of large numbers for =, g ., .

3.2 Large deviations

The focus of this subsection will be on the large deviations for @), g and I, 3,,,. Due

to the different topological structures, we prove the results separately by exploring the
corresponding local structures.
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Theorem 3.2. Assume that (2.5) holds. Then the family {Q. s : o > 0,3 > 0} satisfies a
large deviation principle on space A, with speed v = max{«, 8} and good rate function

I(z) = sup In(21,"+ , 2m) 3.1
m>1
where
Ip(21,-++ , 2 1nf{z<alog +bH 1—uy h(ui,u)l)> (3.2)
uj,w; € Ejug <1 1, (w1, (1I—-wy) (1 —wpn_1)wm) = (21, ,zm)}
and
h(u,w) = wulo B—i—(l—u)lo L —u
) - gw g]_* )
i—1
[[a-u) = 1 fori=1.
j=1

The coefficients a and b are given by

(¢, 1) c<1
(a,b) =< (L,c7l) e>1
(1,1) c=1

Proof. Since the space A, can be identified as the projective limit of A,,,m > 1, by
the Dawson-Gartner theorem ([7]), it suffices to show that for each m > 1 the law of
(Zy,...,Zny) satisfies a large deviation principle with speed v and good rate function 7,,(-).
To do this we start with the large deviations for (U,,,, W,,,) = (U1, -+ ,Up,, W1, -+ , W)
and then apply the contraction principle. Since the state space of (U,,, W,,) is compact,
it follows from Theorem P in [15] that we only need to show the existence, and to obtain
the expression of the limit

lim lim 1nf —log P{(Um,W,,L) € B(um, Wm;0)} (3.3)

6—=0 y—o0 7y

= lim lim sup — v IOg P{ (U7m Wm) € B(uma Wm; 6)}

6—0 y—00

for any u,,, w,, in E™, where

B(um,wm;(S) = {Xmaym eE™: dm(xmvum) < 57 dm(}’wmwm) < 5}
B(umvwm;(s) = {XmaYm e E™: dm(xm7um) < 63 dm(Ym,Wm) < 5}

Since the function log z — log y is not continuous at the origin, we need to divide the
discussion into several cases.

Case 1: u; =1 forsomei=1,...,m.

By direct calculation, we have that

1 _
lim lim sup — log P{(U,,, W,,,) € B(upm, Wpn,;0)}
v

=0 ~v—oo

< lim limsup — logP{|U —u;| <6}

d—00 ~0

< lim limsup — logP{l —-6<U; <1}

d—00 y—00

= lim lim sup — log 0% = —00
6—0 y—o0
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which implies that (3.3) holds with limit —oo.
Case 2: u;, < 1foralll <k <m and u; = w; =0 for some j.
Foranyi=1,...,mand x,, in E™, setv; = (1 —21)--- (1 — 2;_1)z; with g = 0 and

F(ﬁ(l — ’]i;llivk)) yiﬁm—l(l _ yi)ﬁ(l_zizl vk)_l.
L(Bui) (B = X gy vk))

It follows from the definition that

Gi(@isyis .o mim1) = (1—a2)* !

P{B(tm, win;d)}

/ /ng Ly Yis Ty vy T l)dxzdyz (3.4)

B(Upm , W6

/ /eXP{ VZ log g; '(wi, yis @1, -, wi) oy dapdys - dy,.

B(um ,Wim ;)

It is clear from the definition that

/ / gj(l‘j,yj;l‘l,...,$j_1)d1‘jdyj S 1 (35)
0 0

uniformly for all zy,...,2;_1.
By Stirling’s formula we have that for § > 2

5 o

T 2// 172’“ lvk)) YU dady;
ﬁvj

k 1Uk))

(3.6)

:(1_6)a+5—2/6 ( (1_Zk lvk)) 58% d x
L(Bv; + 1)T(B(1 — 35, vk)) !

> o1 — §)P~19P0+1 /55 +51 Brs

uniformly for all z,...,z;_1, where cy denotes a generic positive constant and

1nf{vlog :0<v<d§}—>0asd—0.

1 +1/2°
Putting together (3.5) and (3.6) we conclude that for v; = w; = 0 the integration of
the density g,(x;,y;; 1,...,x;_1) makes zero contribution to the limits

lim hmmfllogP{B(um,wm, §)} and hm lim sup — logP{B(um,wm;é)}. (3.7)
0—0 y—o0 7y =0 vsoo Y
Case 3: Foralll <k <m, ux <1, and u; and w;, are not equal to zero at the same
time.
We choose ¢ small enough so that ux +§ < 1 for all k£, and w,, —d > 0,u; — d > 0 for
u; > 0,w, > 0. For any 1 <+¢ < m, we have that

% log(1+ 1/pv;) + o(1/7).

1
5 log gi(i, yis 1, - Tim1) = Lia,8(Xm, Ym) +

ECP 28 (2023), paper 5. https://www.imstat.org/ecp
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where

a—1

1
Lio,8(Xm:ym) = log =—— + —log[yi (1 — ys)]
Y i Y
i—1
+—(1-— vi) |x;log — + (1 — ;) log
7( kz::l : Yi ( Jloe = Yi

The term % log(1 4+ 1/Bv;) is clearly non-negative and finite for x,, satisfying
(X, W) < 0. On the other hand, on the set {X,, : dpn(Xm, Um) < d,u; +6/2 < z; <
u; + 0} we have

i1
m;log(l +1/8v;) <

which converges to zero as « tends to infinity. Set

)< @bg(l 1 2/55),

C(umvwm;é) = {(Xm7Ym) € B(uvmwm;(;) P U+ 5/2 <z <wu;+ 5}

Controlling P{B(u,,,w,,;d)} from below by P{C(u,,,w,,;d)}, it follows that the
limit (3.7) receives zero contribution from the term % log(1 + 1/Bv;). The function
L; o p(Xm,ym) converges to infinity if u; > w; = 0 or u; < w; = 1. Otherwise it is
continuous at (u,,, w,,) with a finite value. Thus the equality (3.3) holds with limit

m i—1

1
E {alog +bH(1 — uj)h(u;, w;)
i=1 j=1

17’[1,1;

and the theorem follows. O

Remark 3.3. Under the assumption (2.5), « and § converge to infinity at the same
magnitude. The representation in (3.2) seems to indicate that the impact of level one
becomes stronger when c increases. In particular, one would expect that if we let ¢
going to infinity, then the rate function I(z) will converge to —log(1 —>":", z;), the large
deviation rate function for the mass V,, of the Dirichlet process (Theorem 2.2 in [10]).
But this is not true. In fact, by choosing u; = 0 for all 7, we obtain

I(z) < —blog(1l — ZZZ)

Choosing u; = w; for all 4 in (3.2), we obtain

I(z) < —alog(1 =" =z).

i

I
-

K2

If we choose u; = wy = z1,u; = 0,7 > 1, then it follows that

I(z) < —[alog(1 — wy) +b(1 —wy) > log(1 — wy)].
k=2

Putting all these together, we obtain that for >~ z; < 1

o0
I(z) < —log(1 =Y 2).
i=1
Thus I(z) is in general strictly less than the large deviation rate function for V,. The
gap is large for ¢ near zero or infinity. This gap represents the impact of the hierarchical
structure. It is easier for HDP to make large deviations than the Dirichlet process from
the limit.
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Next we turn to the large deviations for I, g ., .

Theorem 3.4. The family {Il, 3, : « > 0,3 > 0} satisfies a large deviation principle on
space M, (F) with speed v and good rate function

J(p) = infueMl(E),SUpp(u)Csupp(l/o){aly(VO‘V)} +b0H (v|p)}  supp(u) C supp(vo)
+o00 else

where a,b are the same as in Theorem 3.2, and supp(-) denotes the topological support
of element in M, (E).

Proof. We prove the theorem in the case supp(vy) = E. The proof for general cases
requires only minor adjustment.

Since E, 5, is the image of (Z,,,,,Z4,5,4,) under the continuous projection, the
theorem follows from the contraction principle and the large deviation result for
(Ea,vos Za,B,00)- Applying Theorem P in [15] again the latter holds if we can show that for
any u, v in M;(E)

T o '
Jimn Tim inf — log P{(Za.v0>Ea.po) € B(v, 1;0)} (3.8)

1 _
— lim lim sup = 10g P{(Zaves Za su0) € B(v, 1136
Jim Tim sup ~ log {(Bavs Za,pw) € By, p;6)}

where

2
=
5
=
&
=
I
A
Sl
=
o
=
A
(=9
—

B(v,u;0) = {(7
B(v,u;0) = {(r

Fix u,v in M;(F) and Set

B
E
E
X
=
&S|
i
i
Ry
N
gl
)
2
=
IN
[«%Y
hnad

Pop={m=(t1,...,tm-1) : m>2,0<t; <...<tpm_1 <1,u({t;}) =v({t;}) = 0for all i}.

Each 7 in P, , corresponds to the partition [0,¢1),. .., [tm—1, 1] of E and the total number
of intervals in the partition will be denoted by |7|. For a given partition 7 with |7| = m,
we write

m(p) = (u((0,81)), s pl[tm—1,1])) € L.

It follows from the variational formula (2.7) that
al (vo|v) +bH (v|p) = sup{aH (z (o) |m(¥)) + bH (w(v)|m (1)) : 7 € Py}
Since the support of vy is F, it follows that

) = inf(aH(o) + bH ()

it sup {aH (r(w)ln(v) + bH (1))}
vEM1(E) reP

For each 7 in P, , with |7| = m and 6 > 0, define
BW(V7M§5) = {(7'7 ) € Mi(E) x My(E): dm(ﬂ(7>77r(l/>) <9, dm(ﬂ-(g)’ﬂ-(ﬂ)) < 6}’
Br(v,p:0) = {(7,5) € Mi(E) x My(E) : d((7), 7(v)) < 8, dpn (7 (<), 7(p) < 0}

Since the function (7 (7),7(s)) is continuous at (v, 1), it follows that for any ¢6; > 0
there exists § > such that
B(V,,LL; 6) C BW(V7M;§1)-
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On the other hand, for the given ¢ there exists M > 1 such that

{(r,¢) € My(E) x My(E) = sup {[(T —w, fi) |V (< = fill} < 537

1<i<M

is a subset of B(v, u;0). Since f; is continuous for all i, it follows that there exists a
partition 7 and J, > 0 such that

Bz (v, 13 62) C B(v, 5 6).

Putting all these together it follows that (3.8) will hold if for each 7 in P, ,

hm hmlnf —log P{(m(Ea,up), T(Ea.p.10)) € Br(v, 11;9)}
y—oo

— lim limsup = log P{(7(Zau0 ). 7(Eapun) € Balvo i)} (3.9)

=0 ~y5o0 Y
= —[aH (x(vo)|w(v)) + bH (7 (v)|m(1))]-
For a given partition 7 = (¢1,...,t,-1) in P, ,, denote 7(x) and 7(v) by u,, and v,,

respectively, and let vy, = (r1,...,7rm) = 7(vp). Since supp(vp) = E, it follows that r; > 0
for all i. The joint density function of (7(Zq,.,), 7(Ea,8,1,)) 1S

F(a) F(ﬁ)
F(Oé?”l) (Oé’l“m) (/B(h) (ﬂQTn)

Xan” ' A P € L

If m = 2 and u; = 0 (the case u; = 1 is similar), then by Stirling’s formula we have

P{((Za.u): ™(Za.p.)) € Br(v, 1150)}

/ / (a2, p2)d q1d py

B (v,136)

F(a) /(U1+6)/\1 ar;—1 -1
== q (1—q)* dq
T(ar)T(ara) Ji —spvo

o
T _
. /o F(ﬁQ1§£25Q2)pfql 1(1 B p1)5q2_1dp1
I(a) /““”)“ Bo%a (1 — §)%=T(B)
L(ar)T(arz) J,—syvo (1 —0)P2HT(Bg + 1)T'(Bgz + 1)

@ (- ) d gy

(v1+6)/\1

< /( |y Pl Heslas) + 8/ (0}62) + o1/
v1—0)VO0

where 05 = (6,1 —9). If 0 < v; < 1, then H(q2|d2) converges to infinity as § tends to zero.

If v; =0 or 1, then H(r3|q2) converges to infinity as ¢ tends to zero. Thus

lim limsup log P{(7(Za.10)s T(Zapwe)) € Bx(v, 11;8)} = —00 (3.10)
Y

=0 oo

and (3.9) holds.

If m > 2 and there exists 1 < ¢ < m such that u; = 0, then by the partition property
of the Dirichlet process we can separately amalgamate all zero terms, and all non-zero
terms to get a partition with m = 2 and use the above argument to show that (3.9) holds.
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It remains to prove the result for the case m > 2,u; > 0 for all 7. By Stirling’s formula,
we have

F(a) ar;
log Tlar) - T{ary) logHT +o0 (3.11)
and
r'(8) A iz a:L'(B)
1 = 1 .
BTG T T B0 ) TG D) (5:12)
= loqu Pai Z Bgq; + 1) log bai + o(B).

Baqi +1

=1

Putting these together we obtain
log F(qm,Pm) = - [a/’vH(rmlqm) + »3/7H(Qm|Pm)

—B/quzlog +1/5+7 1210gpz+0(1/7)]

Since u; > 0 for all 4, both the term 3/ > | ¢; log 7 71175 and the term LY logp
converge to zero as - goes to infinity followed by § going to zero. The result then follows
from the fact that the term o/vH (r,,|qm) + 8/7H (qm|Pm) converges to aH (7 (vp)|m(v)) +
bH (x(v) 7 (12). 0

Remark 3.5. It is known ([14], [4]) that the large deviation rate function for the Dirichlet
process =, ,, is given by H (vy|u). Choosing v = i or vy we obtain that

H(volv) + bH (v|n) = aH (vo|u) or bH (o)

which implies that
J(p) < min{aH (vo|p), bH (vo|p)}-

Thus the rate function for the HDP is less than the rate function for the Dirichlet
process, which is consistent with the fact that the number of clusters under HDP has a
slower growth rate than under the Dirichlet process. It is not clear how to get a more
explicit and simpler form for J(u) even for concrete vy.

Remark 3.6. Generalization to HDP with more than two levels will lead to a similar rate
function involving the relative entropies of all levels.

References

[1] Beraha, M., Guglielmi, A., and Quintana, F. A.: The semi-hierarchical Dirichlet process and
its application to clustering homogeneous distributions. Bayesian Anal. 16, (2021), no. 4,
1187-1219. MR4381132

[2] Collet, P. and Eckmann, J.-P.: A renormalization group analysis of the hierarchical model in
statistical mechanics. Lecture Notes in Physics, Vol. 74. Springer-Verlag, Berlin-New York,
1978. MR0503070

[3] Dai Pra, P, Formentin, M. and Pelino, G.: A hierarchical mean field model of interacting spins.
Stoch. Proc. Appl. 140, (2021), 287-338. MR4287820

[4] Dawson, D.A. and Feng, S.: Large deviations for the Fleming-Viot process with neutral
mutation and selection, II. Stoch. Proc. Appl. 92, (2001), 131-162. MR1815182

[5] Dawson, D.A., Gorostiza, L.G. and Wakolbinger, A.: Hierarchical equilibria of branching
populations. Electron. J. Probab. 9, (2004), 316-381. MR2080603

ECP 28 (2023), paper 5. https://www.imstat.org/ecp
Page 11/12


https://mathscinet.ams.org/mathscinet-getitem?mr=4381132
https://mathscinet.ams.org/mathscinet-getitem?mr=0503070
https://mathscinet.ams.org/mathscinet-getitem?mr=4287820
https://mathscinet.ams.org/mathscinet-getitem?mr=1815182
https://mathscinet.ams.org/mathscinet-getitem?mr=2080603
https://doi.org/10.1214/23-ECP511
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Hierarchical Dirichlet process

[6] Dawson, D.A., Greven, A. and Vaillancourt, J.: Equilibria and quasi-equilibria for infinite
collection of interacting Fleming-Viot process. Trans. Ameri. Math. Soc. 347, (1995), 2277-
2360. MR1297523

[7] Dembo, A. and Zeitouni, O.: Large deviations techniques and applications, 2nd Edition.
Springer-Verlag, New York, 1998. MR1619036

[8] Donsker, M.D. and Varadhan, S.R.S.: Asymptotic evaluation of certain Markov process
expectations for large time, I. Comm. Pure Appl. Math. 28, (1975), 1-47. MR0386024

[9] Elliott, L. T., De Iorio, M., Favaro, S., Adhikari, K., Teh, Y.W.: Modeling population struc-
ture under hierarchical Dirichlet processes. Bayesian Anal. 14, (2019), no. 2, 313-339.
MR3934088

[10] Feng, S.: Large deviations associated with Poisson-Dirichlet distribution and Ewens sampling
formula Ann. Appl. Probab. 17, Nos 5/6, (2007), 1570-1595. MR2358634

[11] Feng, S.: The Poisson-Dirichlet distribution and related topics. Springer, Heidelberg, 2010.
MR2663265

[12] Ferguson, T.S.: A Baysian analysis of some nonparametric problems. Ann. Statist. 1, (1973),
209-230. MR0350949

[13] Ghosal, S. and van der Vaart, A:. Fundamentals of nonparametric Bayesian inference. Cam-
bridge Series in Statistical and Probabilistic Mathematics, 44. Cambridge University Press,
Cambridge, 2017. MR3587782

[14] Lynch, J. and Sethuraman, J.: Large deviations for processes with independent increments.
Ann. Probab. 15, (1987), 610-627. MR0885133

[15] Puhalskii, A.A.: On functional principle of large deviations. In New Trends in Probability and
Statistics, ed. V. Sazonov and T. Shervashidze, pages 198-218, VSP Moks’las, Moskva, 1991.
MR1200917

[16] Teh, Y.W.,, Jordan, M.L., Beal, M.]. and Blei, D.M.: Hierarchical Dirichlet processes. J. Amer.
Statist. Assoc., 101, (2006), 1566-1581. MR2279480

Acknowledgments. The author wishes to thank the referee for the careful review of
the paper and many insightful suggestions.

ECP 28 (2023), paper 5. https://www.imstat.org/ecp
Page 12/12


https://mathscinet.ams.org/mathscinet-getitem?mr=1297523
https://mathscinet.ams.org/mathscinet-getitem?mr=1619036
https://mathscinet.ams.org/mathscinet-getitem?mr=0386024
https://mathscinet.ams.org/mathscinet-getitem?mr=3934088
https://mathscinet.ams.org/mathscinet-getitem?mr=2358634
https://mathscinet.ams.org/mathscinet-getitem?mr=2663265
https://mathscinet.ams.org/mathscinet-getitem?mr=0350949
https://mathscinet.ams.org/mathscinet-getitem?mr=3587782
https://mathscinet.ams.org/mathscinet-getitem?mr=0885133
https://mathscinet.ams.org/mathscinet-getitem?mr=1200917
https://mathscinet.ams.org/mathscinet-getitem?mr=2279480
https://doi.org/10.1214/23-ECP511
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

	Introduction
	Preliminaries
	Asymptotic results
	Law of large numbers
	Large deviations

	References

