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Abstract: A representative model in integrative analysis of two high-
dimensional correlated datasets is to decompose each data matrix into a
low-rank common matrix generated by latent factors shared across datasets,
a low-rank distinctive matrix corresponding to each dataset, and an addi-
tive noise matrix. Existing decomposition methods claim that their common
matrices capture the common pattern of the two datasets. However, their
so-called common pattern only denotes the common latent factors but ig-
nores the common pattern between the two coefficient matrices of these
common latent factors. We propose a new unsupervised learning method,
called the common and distinctive pattern analysis (CDPA), which appro-
priately defines the two types of data patterns by further incorporating the
common and distinctive patterns of the coefficient matrices. A consistent
estimation approach is developed for high-dimensional settings, and shows
reasonably good finite-sample performance in simulations. Our simulation
studies and real data analysis corroborate that the proposed CDPA can
provide better characterization of common and distinctive patterns and
thereby benefit data mining.
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1. Introduction

Modern biomedical studies often collect multiple types of large-scale datasets
on a common set of objects [8, 23]. For example, The Cancer Genome Atlas
(TCGA) [18] collected for tumor samples the multi-platform genomic data such
as mRNA expression and DNA methylation; the Human Connectome Project
(HCP) [52] acquired multi-modal brain imaging data, including structural MRI
and functional MRI, from healthy adults. The use of multiple data types can
allow us to enhance understanding the mechanisms underlying complex diseases
like cancers [26, 5] and neurodegenerative diseases [55, 43], or to improve the
performance in various learning tasks such as clustering and classification [51,
46].

The most straightforward approach to the integrative analysis of multi-type
datasets is to concatenate all their data matrices into one matrix and then im-
plement standard data analysis tools. One such example is the simultaneous
component analysis (SCA) [47], which applies the principal component analysis
(PCA) to the concatenated data matrix and thus is also known as SUM-PCA.
These methods are simple to implement, but they are unable to explore or inter-
pret the relationships among datasets. As pioneers to overcome this drawback,
the canonical correlation analysis (CCA) [20, 33] and its various generalizations
[6, 24, 49] measure the correlations and extract the most correlated components
among datasets. The CCA methods only account for correlated features and fail
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to reveal a more detailed relationship on the common and distinctive patterns
across datasets.

A family of data integration methods has emerged recently to identify and
separate the common and distinctive variations across datasets, including or-
thogonal n-block partial least squares (OnPLS) [31], distinctive and common
components with SCA (DISCO-SCA) [44], common orthogonal basis extraction
(COBE) [58], joint and individual variation explained (JIVE) [30], angle-based
JIVE (AJIVE) [13], and decomposition-based CCA (D-CCA) [45]. Consider the
case with two datasets. All these methods decompose each data matrix into a
low-rank common matrix generated by latent factors shared across datasets,1

a low-rank distinctive matrix corresponding to each dataset, and an additive
noise matrix. Despite different constraints in the decomposition, these methods
refer the common pattern of the two datasets to the common latent factors,
but ignore the common pattern between the two coefficient matrices of these
common latent factors. It may be more appropriate to name their “common”
and “distinctive” matrices as common-source and distinctive-source matrices.

We propose a new unsupervised learning method, called the common and
distinctive pattern analysis (CDPA), to improve the delineation of the common
and distinctive patterns between two correlated datasets. The CDPA method
defines the common pattern by incorporating both the common latent factors
and the common pattern of their coefficient matrices, and determines each dis-
tinctive pattern as the residual part of the corresponding signal dataset. In
factor analysis [17], a coefficient matrix of latent factors is called a factor pat-
tern matrix , containing the factor loadings (i.e., coefficients) that represent the
contributions of latent factors to the signal data. A coefficient matrix is also
known as a mixing channel in signal processing [39, 41] which introduces cor-
relations into the uncorrelated source variables to generate the output data.
Hence, the two coefficient matrices of the common latent factors for two corre-
lated datasets may contain common and distinctive patterns of the ways in which
these common latent factors form their corresponding common-source matrices.
Such common and distinctive patterns in the two coefficient matrices are also
important and should be separated into the common and distinctive patterns
of the two datasets. Our defined common-pattern and distinctive-pattern ma-
trices together with the aforementioned common-source and distinctive-source
matrices constitute a more comprehensive picture that depicts the relationship
of two datasets.

Three challenging issues arise in the construction and estimation of common-
pattern and distinctive-pattern matrices: (i) There exists the row matching prob-
lem of the two coefficient matrices, or equivalently the variable pairing problem
of the two datasets, if the rows of either observed data matrix can be arbitrar-
ily ordered independent of the other matrix; (ii) The common pattern of the
two coefficient matrices must be identified; (iii) Recovering the high-dimensional

1 The common matrices of OnPLS may have different sets of latent factors. As a post-
processing step [51], the same set of latent factors can be obtained as an orthonormal basis
of the vector space spanned by all these sets of latent factors. The common matrices remain
unchanged after this post-processing step.
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common-pattern and distinctive-pattern matrices confronts the curse of dimen-
sionality where the unknown large covariance matrices may not be consistently
estimated by the traditional sample covariance matrices [56]. We successfully
convert the row matching problem (i) into the classic graph matching prob-
lem [32]. We extract the common pattern in (ii) by our extended analogy of the
state-of-the-art D-CCA. To address the challenge (iii), we develop consistent
estimators of proposed common-pattern and distinctive-pattern matrices under
the high-dimensional spiked covariance model [12, 53, 45], which has been widely
used in various fields, such as signal processing [36], machine learning [21], and
economics [7].

The rest of this article is organized as follows. Section 2 introduces the CCA
and D-CCA methods as preliminaries. Our CDPA method and its consistent
estimation are established in Section 3. Section 4 examines the finite-sample
performance of proposed estimators via simulations. We also compare CDPA
with six D-CCA-type methods through simulated data in Section 4 and through
two real-data examples from HCP and TCGA in Section 5. Section 6 concludes
with discussion. All theoretical proofs and additional simulation and real-data
results are provided in Appendices. A Python package for the proposed CDPA
method is available at https://github.com/shu-hai/CDPA.

2. Preliminaries

Let Yk ∈ R
pk×n for k ∈ {1, 2} be the k-th dataset obtained on a common set

of n objects, where pk is the number of variables. The decomposition model
considered in aforementioned existing methods (e.g., D-CCA) is

Yk = Xk +Ek = Ck +Dk +Ek ∈ R
pk×n (1)

for which the n columns of each matrix are assumed to be independent and
identically distributed (i.i.d.) copies of the corresponding mean-zero random
vector in

yk = xk + ek = ck + dk + ek ∈ R
pk (2)

where {Xk,xk}2k=1 and {Ek, ek}2k=1 are signals and noises, respectively, {Ck}2k=1

and {ck}2k=1 are common-source matrices and random vectors that are gener-
ated from the common latent factors of the two datasets, and Dk and dk are
the distinctive-source matrix and random vector from distinctive latent fac-
tors of the k-th dataset. Write each k-th common-source random vector by
ck = Bk(c1, . . . , cL12)

�, where c1, . . . , cL12 are the common latent factors and
Bk is their coefficient matrix. The common pattern of B1 and B2 is not consid-
ered by the existing methods, which motivates our current research.

We start with signal vectors {xk}2k=1 for simplicity, and introduce the CCA
and D-CCA methods in the two following subsections. The signal estimation is
deferred to Section 3.3.

Notation. For any matrix M = (Mij)1≤i≤p,1≤j≤n ∈ R
p×n, denote the �-

th largest singular value and the �-th largest eigenvalue (if p = n) by σ�(M)

https://github.com/shu-hai/CDPA


Common and distinctive pattern analysis 2479

and λ�(M) respectively, the spectral norm ‖M‖2 = σ1(M), the Frobenius norm

‖M‖F =
√∑p

i=1

∑n
j=1 M

2
ij , the matrix L∞ norm ‖M‖∞ = max1≤i≤p

∑n
j=1 |Mij |,

and the max norm ‖M‖max = maxi,j |Mij |. Let M[s:t,u:v], M[s:t,:] and M[:,u:v]

denote the submatrices (Mij)s≤i≤t,u≤j≤v, (Mij)s≤i≤t,1≤j≤n and (Mij)1≤i≤p,u≤j≤v

of M, respectively. Write the Moore-Penrose pseudoinverse and the column
space ofM byM† and colsp(M), respectively. Let [M1; ...;ML] = [M�

1 , . . . ,M
�
L ]

�

for matrices M1, . . . ,ML with the same number of columns. Denote the j-
th entry of a vector v ∈ R

p by v[j]. Write span(v�) = span({v[j]}pj=1) =

{
∑p

j=1 ajv
[j] : ∀aj ∈ R}. For vectors v1, . . . ,vL of same length, let [v�]

L
�=1 =

(v1, . . . ,vL). Denote the angle between two elements v1 and v2 in an inner prod-
uct space by θ(v1, v2). Let (L2

0, cov) be the inner product space composed of all
real-valued random variables with zero mean and finite variance, and endowed
with the covariance operator as the inner product. Let both x := y and y =: x
mean that x is defined by y. Write a ∝ b if a = κb for some constant κ ∈ R. De-
note a∧ b = min(a, b) and a∨ b = max(a, b). For signal vectors {xk}2k=1, denote
Σk = cov(xk), Σ12 = cov(x1,x2), rk = rank(Σk), rmin = r1∧r2, rmax = r1∨r2,
and r12 = rank(Σ12). Throughout the paper, our asymptotic arguments are by
default under n → ∞.

2.1. Canonical correlation analysis

The CCA method [20] sequentially finds the most correlated variables, called
canonical variables, between the two subspaces {span(x�

k )}2k=1 in (L2
0, cov). For

1 ≤ � ≤ r12, the �-th pair of canonical variables are defined as

{z1�, z2�} ∈ argmax
{zk}2

k=1

corr(z1, z2) subject to

var(zk) = 1 and zk ∈ span(x�
k ) \ span({zkm}�−1

m=1),

(3)

where span(x�
k ) \ span({zkm}0m=1) := span(x�

k ), and for � > 1, span(x�
k ) \

span({zkm}�−1
m=1) denotes the orthogonal complement of span({zkm}�−1

m=1) in
span(x�

k ). The correlation ρ� := corr(z1�, z2�) is called the �-th canonical corre-
lation of x1 and x2. Augment {zk�}r12�=1 with any (rk−r12) standardized variables
to be zk = (zk1, . . . , zkrk)

� such that z�
k is an orthonormal basis of span(x�

k ).
We have the bi-orthogonality [45] that

cov(z1, z2) = diag(ρ1, . . . , ρr12 ,0(r1−r12)×(r2−r12)). (4)

The augmented canonical variables {zk}2k=1 can be obtained by zk = U�
θkz

∗
k,

where z∗
k = Λ

−1/2
k V�

k xk, Σk = VkΛkV
�
k is a compact singular value decom-

position (SVD) with Λk = diag(σ1(Σk), . . . , σrk(Σk)), and Θ := cov(z∗
1, z

∗
2) =

Uθ1ΛθU
�
θ2 is a full SVD with Λθ = diag(ρ1, . . . , ρr12 ,

0(r1−r12)×(r2−r12)). Note that in the inner product space (L2
0, cov), cos θ(·, ·) =

corr(·, ·) and ‖ · ‖ =
√

var(·).
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A similar method to CCA is the principal angle analysis (PAA) [3], which
investigates the closeness of any two subspaces, denoted by F and G, in the
Euclidean dot product space (Rp, ·). For 1 ≤ � ≤ q := min{dim(F ), dim(G)},
the �-th principal angle θ� ∈ [0, π/2] between F and G is defined by

cos θ� = max
u∈F

max
v∈G

u�v = u�
� v� subject to

‖u‖F = ‖v‖F = 1, and u�uj = v�vj = 0 for j = 1, . . . , �− 1.
(5)

The vectors {u�,v�} are called the �-th pair of principal vectors of F and G. Let
QF and QG be the matrices whose columns form the orthonormal bases of F
and G, respectively. The principal angles and principal vectors can be obtained
by

cos θ� = σ�(Q
�
FQG), (u1, . . . ,uq) = QFUQ, (v1, . . . ,vq) = QGVQ, (6)

where Q�
FQG = UQ diag{σ1(Q

�
FQG), . . . , σq(Q

�
FQG)}V�

Q is a SVD of Q�
FQG.

The PAA and CCA methods are essentially the same except their respec-
tive inner product spaces (Rp, ·) and (L2

0, cov). The principal vectors and the
cosines of principal angles of PAA correspond to the canonical variables and the
canonical correlations of CCA. The cosines of principal angles are also called
canonical correlations in PAA [3]. Similar to (4), the bi-orthogonality between
different pairs of principal vectors also holds.

2.2. Decomposition-based canonical correlation analysis

For random vectors {xk}2k=1, the D-CCA method [45] aims to decompose each
xk into a common-source vector ck and a distinctive-source vector dk by

xk = ck + dk (7)

subject to three desirable constraints in (L2
0, cov):⎧⎪⎨⎪⎩

span(c�1 ) = span(c�2 ),

span(d�
1 ) ⊥ span(d�

2 ), (8)

span([x1;x2]
�) = span([c1; c2;d1;d2]

�).

To this end, guided by the bi-orthogonality (4) of augmented canonical vari-
ables z�

k = [zk�]
rk
�=1, k = 1, 2, D-CCA divides the decomposition problem (7) of

span([x1;x2]
�) into rmax subproblems, each within one of the mutually orthog-

onal subspaces
{
span({zk�}2k=1)

}rmax

�=1
as

zk� = c� + dk�, (9)

where zk� = 0 for � > rk, and c� = 0 for � > rmin. For � ≤ rmin, the common
variable c� is defined by

c� ∝ argmax
w∈(L2

0,cov)

{
cos2 θ(z1�, w) + cos2 θ(z2�, w)

}
(10)
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such that {
d1� ⊥ d2�, (11)

‖c�‖ increases as θz� := θ(z1�, z2�) decreases on [0, π/2]. (12)

Constraint (12) equivalently says that ‖c�‖ indicates the correlation strength of
z1� and z2�. The unique solution of (10) subject to (11) and (12) is

c� =

(
1−
√

1− cos θz�
1 + cos θz�

)
z1� + z2�

2
=

[
1− tan

(
θz�
2

)]
z1� + z2�

2
. (13)

Figure 1 (a) geometrically illustrates the solution (13) with � omitted in the
subscriptions.

Combining the solutions of subproblems yields the D-CCA decomposition:
for k = 1, 2,

xk =

rk∑
�=1

βk�zk� =

r12∑
�=1

βk�c� +

rk∑
�=1

βk�dk� =: ck + dk (14)

with βk� = cov(xk, zk�). Here, {c�}r12�=1 are the common latent factors of x1 and
x2, and {dk�}rk�=1 are the distinctive latent factors of xk. Figure 1 (b) shows the
decomposition structure of D-CCA.

3. Common and distinctive pattern analysis

The CDPA method aims to more comprehensively define the common and dis-
tinctive patterns of two datasets by incorporating the common and distinctive
patterns of the two coefficient matrices of common latent factors. We use a
graph matching approach to match the unpaired rows between the coefficient
matrices. Consistent estimators are established for the CDPA-defined common-
pattern and distinctive-pattern matrices.

3.1. Common and distinctive patterns

As shown in Figure 1 (b), D-CCA only focuses on the common latent factors
{c�}r12�=1 of {xk}2k=1, and ignores the common pattern of their coefficient matrices
Bk = (βk1, . . . ,βkr12) for k = 1, 2. So do its five previous methods mentioned
in Section 1. In factor analysis [17], the coefficient matrix Bk of latent factors
{c�}r12�=1 in ck = Bk([c�]

r12
�=1)

� is called their factor pattern matrix, and the entry

B
[ik,�]
k is the factor loading on c� for variable c

[ik]
k =

∑r12
�=1 B

[ik,�]
k c�, representing

the contribution of c� in the linear combination of {c�}r12�=1 to forming c
[ik]
k .

In signal processing, Bk is called a mixing channel [39, 41], which introduces
correlations into the uncorrelated input sources {c�}r12�=1 to generate the output
signal ck that has cov(ck) = Bk diag(var(c1), . . . , var(cr12))B

�
k . Thus, B1 and

B2 may possess common and distinctive patterns of the respective ways in
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Fig 1. The D-CCA decomposition structure. In subfigure (a), the distinctive variables d1 and
d2 are orthogonal (i.e., uncorrelated); the norm (i.e., standard deviation) of the common
variable c indicates the correlation strength of the two standardized variables z1 and z2. In
subfigure (b), D-CCA refers the common pattern of {x1,x2} to the common latent factors
{c�}r12�=1, but ignores the common pattern of their coefficient matrices Bk = (βk1, . . . ,βkr12

)
for k = 1, 2.

which the common latent factors {c�}r12�=1 constitute c1 and c2. In CDPA, we
define a common-pattern vector c for {xk}2k=1 which takes into account both
the common latent sources {c�}r12�=1 and the common pattern of their mixing
channels {Bk}2k=1. The distinctive-pattern vector of signal xk is then defined as
the residual part of the signal after removing c.

In the process ck = Bk([c�]
r12
�=1)

� =
∑r12

�=1 βk�c�, the �-th column βk� of the
mixing channel Bk is the sub-channel transmitting c�, and the linear mixture
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of sub-channel outputs {βk�c�}r12�=1 reflects the “mixing” performance of the
channel Bk. We disentangle the common and distinctive latent structures for
the two sub-channel spaces {colsp(Bk)}2k=1 in a similar way as D-CCA does for
the two signal spaces {span(x�

k )}2k=1.

Two issues need to be solved before the analysis. First, the sub-channel vec-
tors {βk�}k≤2,�≤r12 may have unequal lengths p1 and p2, Without loss of gen-
erality, we let p1 ≥ p2 throughout the paper. When p1 > p2, we zero-pad B2

to be a p1 × r12 matrix B2A = [B2;0(p1−p2)×r12 ]. This zero padding is equiva-
lent to adding (p1 − p2) zeros into x2. In other words, we are now equivalently
studying the patterns between x1 and x2A = [x2;0(p1−p2)×1]. Second, some-
times the rows between B1 and B2A or equivalently the entries between x1 and
x2A are not one-to-one matched due to their arbitrary ordering. For this sce-
nario, we match their rows by permuting the rows of B2A with a permutation
matrix P. The permutation can be defined so that colsp(B1) and colsp(PB2A)
are closest to each other by maximizing

∑r12
�=1 cos

2 θB�, where θB� is their �-
th principal angle. This row-matching procedure will be discussed in detail in
Section 3.2. For the generalization of our results to other row-matching crite-
ria, we assume that the permutation matrix P is prespecified in the following
text. For notational simplicity, we use the superscript “�” to indicate adding
zero padding and P to the given vector or matrix if necessary, for example,
(x�

1,x
�
2,B

�
1,B

�
2) = (x1,Px2A,B1,PB2A).

We now consider the latent structure of the two sub-channel spaces
{colsp(B�

k)}2k=1 by using an analogy of D-CCA on (Rp1 , ·), where constraints
(7)-(12) are translated for the columns of {B�

k}2k=1 and CCA is replaced by PAA.
Let θB� and {vB1�,vB2�} be the �-th principal angle and the �-th pair of principal

vectors of {colsp(B�
k)}2k=1. There are r12 such pairs since Bk = VkΛ

1/2
k U

[:,1:r12]
θk

is a rank-r12 matrix. We define the common and distinctive components of
{vB1�,vB2�} using a decomposition similar to that in (9) and (13):

cB� =

(
1−
√

1− cos θB�

1 + cos θB�

)
(vB1� + vB2�)

2
anddBk� = vBk� − cB� (15)

for k = 1, 2 and � = 1, . . . , r12. Because the principal vectors (vBk1, . . . ,vBkr12) =:
VBk

form an orthonormal basis of colsp(B�
k), the mixing-channel matrix can be

written as

B�
k = VBk

(V�
Bk

B�
k) =

(
[cB�]

r12
�=1 + [dBk�]

r12
�=1

)
(V�

Bk
B�

k). (16)

The part of x�
k that contains the common latent factors (source variables)

{c�}r12�=1 and the common mixing-channel basis {cB�}r12�=1 is

c∗k := [cB�]
r12
�=1V

�
Bk

B�
k([c�]

r12
�=1)

�. (17)

The difference between c∗1 and c∗2 is the matrices Sk := V�
B1

B�
k, k = 1, 2

in the middle of their formulas, which contain the weights dually owned by
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{cB�}r12�=1 and {c�}r12�=1. We define the common part of the two dual weight ma-
trices {Sk}2k=1 as

S = argmin
M∈Rr12×r12

2∑
k=1

∥∥∥M− [tr(Σk)]
−1/2Sk

∥∥∥2
F
=

1

2

2∑
k=1

[tr(Σk)]
−1/2Sk. (18)

To avoid overweighting a dataset when signals x1 and x2 have different scales, we
weight Sk by the scale factor [tr(Σk)]

−1/2 in (18). This is equivalent to rescaling
each xk by the factor [tr(Σk)]

−1/2 at the very beginning as in [30]. Our definition
of S in (18) is motivated by the consensus configuration in generalized procrustes
analysis [15, 16] which minimizes the sum of squared Euclidean distances to
transformed configurations of interest (i.e., the scaled {Sk}2k=1 in our case). This
minimization is equivalent to that of the sum of Kullback-Leibler divergences
[35, Lemma 17.4.3] and yields a closed-form solution.

We combine the three types of common parts {cB�}r12�=1, {c�}
r12
�=1 and S to

define the common-pattern vector of the scaled signals xS
k := [tr(Σk)]

−1/2x�
k,

k = 1, 2 as

c = Bc([c�]
r12
�=1)

� = [cB�]
r12
�=1S([c�]

r12
�=1)

� =
1

2

2∑
k=1

[tr(Σk)]
−1/2c∗k, (19)

where Bc = [cB�]
r12
�=1S is defined as the common pattern of B�

1 and B�
2.

For each individiual unscaled signal vector x�
k, we rescale c to be c(k) =

[tr(Σk)]
1/2c and express the CDPA decomposition as

x�
k = c�k + d�

k =: (c(k) + hk) + d�
k = c(k) + (hk + d�

k) =: c(k) + δk. (20)

For signal vector x�
k, the vector hk represents the distinctive pattern retained

within the common-source vector c�k, and the vector δk characterizes the total
distinctive pattern by incorporating both hk and the distinctive-source vector
d�
k. We denote {C,C(k),Hk,Δk} to be the corresponding sample matrices of

{c, c(k),hk, δk} associated with Xk.

Definition 1. We define the common-pattern vector of {x�
1,x

�
2} (more pre-

cisely, {xS
1 ,x

S
2 }) as the vector c given in (19), and the scaled common-pattern

vector for x�
k as c(k) = [tr(Σk)]

1/2c. The distinctive-pattern vector of x�
k is

δk = x�
k − c(k). As the sample matrices of c, {c(k)}2k=1 and {δk}2k=1, matrices

C, {C(k)}2k=1 and {Δk}2k=1 are called the common-pattern, the scaled common-
pattern, and distinctive-pattern matrices of {Xk}2k=1, respectively.

The population CDPA decomposition is summarized in Algorithm 1 and its
uniqueness is given in Theorem 1.

Theorem 1. Given any p1 × p1 permutation matrix P, the common-pattern
vector c defined in (19) for (x�

1,x
�
2) = (x1,Px2A) is unique, regardless of

the non-unique choices of canonical variables {z1�, z2�}r12�=1 and principal vec-
tors {vB1�,vB2�}r12�=1.



Common and distinctive pattern analysis 2485

Algorithm 1 Population CDPA
Input: Signal vectors xk ∈ R

pk , k = 1, 2
1: Obtain common latent factors [c�]

r12
�=1 and coefficient matrix Bk by the D-CCA in (14);

2: Add zero rows to B1 or B2 if dimensions p1 �= p2;
3: Match the rows of B1 and B2 by the graph-matching based approach (Section 3.2), if the

variables in x1 and x2 are not paired;
4: Compute the common mixing-channel basis {cB�}r12�=1 by (15) for {colsp(Bk)}2k=1;
5: Compute the common dual-weight matrix S by (18);
6: Obtain the common-pattern vector of x1 and x2 as c = [cB�]

r12
�=1S([c�]

r12
�=1)

�;

7: Rescale c to be the scaled common-pattern vector c(k) = [tr(Σk)]
1/2c;

8: Obtain the distinctive-pattern vector of xk as δk = xk − c(k);
Output: Common-pattern vector c, scaled common-pattern vectors {c(k)}2k=1, distinctive-

pattern vectors {δk}2k=1

Remark 1. Since c is the common-pattern vector of the scaled signal vectors xS
1

and xS
2 , tr{cov(c)} = tr{cov(c)}

1
2

∑2
k=1 tr{cov(xS

k )} represents the proportion of the average

variance of xS
1 and xS

2 explained by c, which reflects the similarity strength of
the two signal vectors.

Remark 2. The common-pattern vector c differs only in its sign for {x1,Px2A}
and {−x1, −Px2A}, but is usually quite different for {x1,Px2A} and
{x1,−Px2A}. We assume the sign of each entry in yk or xk cannot be ar-
bitrarily changed, but the sign of yk or equivalently that of xk may change. The
assumption is generally true if each dataset represents a data type. For example,

let y2 be mRNA expression data and its entry y
[i]
2 measure the mRNA expres-

sion level on the i-th gene. The arbitrary entry-wise sign changes can result in
two different measurements applied to y2. Regarding the different c’s due to the
sign change (if allowed) of entirely y2 or x2, we suggest to choose the one with

larger variance tr{cov(c)} or, in practice, larger 1
n‖Ĉ‖2F = tr( 1nĈĈ�), where Ĉ

is the estimate of C that will be introduced in Section 3.3. It will be shown later

in Theorem 2 that 1
n‖Ĉ‖2F

P→ tr{cov(c)} under mild conditions. The confidence

interval (CI) of 1
n‖Ĉ‖2F can be constructed by bootstrapping samples [11] once

the ranks {r1, r2, r12} and the permutation matrix P are determined.

3.2. Row matching of coefficient matrices

When the rows of coefficient matrices B1 and B2A are not one-to-one matched,
we match them by permuting the rows of B2A with the following permutation
matrix

P∗ = argmax
P∈Πp1

r12∑
�=1

cos2 θB�, (21)

where θB� is the �-th principal angle of colsp(B1) and colsp(PB2A), and Πp1

is the set of all p1 × p1 permutation matrices. This optimization is equiv-
alent to minimizing the Frobenius distance (2

∑r12
�=1 sin

2 θB�)
1/2. Commonly-

used distances between vector spaces [9] also include the geodesic distance
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(
∑r12

�=1 θ
2
B�)

1/2, the Martin distance (log
∏r12

�=1 cos
−2 θB�)

1/2, the Asimov dis-
tance θB1, and the gap distance sin θB1. The four alternative distances appear
more difficult to be minimized, but our criterion based on the Frobenius distance
can be converted to the famous graph matching problem [32].

Specifically, by equations in (6), the optimization problem in (21) is equivalent
to

P∗ = argmax
P∈Πp1

tr
(
Q�

1 PQ2A(Q
�
1 PQ2A)

�)
= argmax

P∈Πp1

tr
(
Q1Q

�
1 PQ2AQ

�
2AP

�) , (22)

where Qk ∈ R
pk×r12 is a matrix whose columns are an orthonormal basis

of colsp(Bk), which can be the r12 left singular vectors of Bk, and Q2A =
[Q2;0(p1−p2)×r12 ] whose columns are still an orthonormal basis of B2A. Let

M1 = Q1Q
�
1 and M2 = Q2AQ

�
2A. For k = 1, 2, let M+

k be the matrix obtained
by all elements of Mk minus the smallest element of [M1,M2]. For any p1 × p1
matrix M, denote diag(M) to be the p1×p1 matrix having the same off-diagonal
part of M but with zero diagonal, and vdg(M) to be the vector consisting of
the diagonal elements of M. We have

max
P∈Πp1

tr
(
M1PM2P

�)
⇔ min

P∈Πp1

∥∥M1 −PM2P
�∥∥2

F

⇔ min
P∈Πp1

∥∥M+
1 −PM+

2 P
�∥∥2

F

⇔ min
P∈Πp1

{∥∥diag(M+
1 )−Pdiag(M+

2 )P
�∥∥2

F
+
∥∥vdg(M+

1 )−P vdg(M+
2 )
∥∥2
F

}
⇔ max

P∈Πp1

{
tr
(
P�diag(M+

1 )Pdiag(M+
2 )
)
+ tr
(
P� vdg(M+

1 )[vdg(M
+
2 )]

�)} ,
(23)

where the last objective function is the formula (4) of [32] for the graph matching
problem. Graph matching is known to be NP-hard for the optimal solution. We
use the doubly stochastic projected fixed-point (DSPFP) algorithm of [32] to
obtain an efficient approximation of P∗, which has time complexity only O(p31)
per iteration and space complexity O(p21). For ultra-large p1, one may further
apply the approximation procedure of [37] that employs a clustering method
before DSPFP.

3.3. Estimation

Often in practice, the data matrices {Yk}2k=1 are high-dimensional and are
the only observable data in decomposition (1). The literature of (1) regularly
assumes high-dimensional {Yk}2k=1 to be “low-rank plus noise”. Indeed, big data
matrices are often approximately low-rank in many real-world applications [50],
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so their low-rank approximations provide feasible or more efficient computation
and meanwhile preserve the major information [25]. Moreover, the low-rank plus
noise structure can circumvent the curse of dimensionality [56, 27] in recovering
the common-source and distinctive-source matrices {Ck,Dk}2k=1 from which our
defined common-pattern and distinctive-pattern matrices are derived. Following
the D-CCA paper [45], we consider the low-rank plus noise structure:

Yk = Xk +Ek = BfkFk +Ek, (24)

yk = xk + ek = Bfkfk + ek, (25)

where Bfk ∈ R
pk×rk is a real deterministic matrix, the columns of Fk and Ek

are respectively the n i.i.d. copies of mean-zero random vectors fk and ek, the
columns of F = [F1;F2] are also statistically independent, and the vector fk ∈
R

rk contains rk latent factors such that cov(fk) = Irk×rk , cov(fk, ek) = 0rk×pk
,

and span(f�
k ) is a fixed subspace in (L2

0, cov) that is independent of {n, p1, p2}.
Hence, r1, r2 and r12 are fixed numbers. We can choose f�

k to be the augmented
canonical variables z�

k . The covariance matrix cov(yk) = BfkB
�
fk

+ cov(ek) is
assumed to be a spiked covariance matrix for which the largest rk eigenvalues
are significantly larger than the rest, namely, signals are distinguishably stronger
than noises.

Before recovering our common-pattern and distinctive-pattern matrices, we
introduce the D-CCA’s estimators of Xk and Ck. For simplicity, we write all
estimators with true matrix ranks {r1, r2, r12}. In practice, as implemented in
D-CCA, ranks {rk}2k=1 and r12 can be well selected by the edge distribution
(ED) method of [38] and the minimum description length information-theoretic
criterion (MDL-IC) of [48], respectively; see Appendix A2. The estimator of Xk

is defined by using the soft-thresholding method of [53] as

X̂k = Uk1 diag(σ̂
S
1 (Yk), . . . , σ̂

S
rk
(Yk))U

�
k2, (26)

where Uk1 diag(σ1(Yk), . . . , σrk(Yk))U
�
k2 forms the top-rk SVD of Yk, and the

soft-thresholded singular value σ̂S
� (Yk) =

√
max{σ2

� (Yk)− τkpk, 0} with τk =∑pk

�=rk+1 σ
2
� (Yk)/(npk −nrk −pkrk). Then from X̂k, define the estimator of Σk

by Σ̂k = 1
nX̂kX̂

�
k , and denote its SVD by Σ̂k = V̂kΛ̂kV̂

�
k , where V̂k ∈ R

pk×rk

has orthonormal columns and Λ̂k = diag(σ1(Σ̂k), . . . , σrk(Σ̂k)). Following Sec-

tion 2.1, let Ẑ∗
k = (Λ̂†

k)
1/2V̂�

k X̂k and Θ̂ = 1
n Ẑ

∗
1(Ẑ

∗
2)

�, and write the latter’s full

SVD by Θ̂ = Ûθ1Λ̂θÛ
�
θ2 with Λ̂θ = diag(σ1(Θ̂), . . . , σr̂θ (Θ̂),0(r1−r̂θ)×(r2−r̂θ))

and r̂θ = rank(Θ̂). Define the estimated sample matrix of zk by Ẑk = Û�
θkẐ

∗
k.

Let ÂC = diag(â1, . . . , âr12), where â� = 1
2

[
1 − ( 1−σ�(Θ̂)

1+σ�(Θ̂)
)1/2
]
for � ≤ r̂θ, and

otherwise â� = 0. The estimators of Ck and Dk are defined by

Ĉk =
1

n
X̂k(Ẑ

[1:r12,:]
k )�ÂC

2∑
j=1

Ẑ
[1:r12,:]
j = B̂kĈ0 and D̂k = X̂k − Ĉk.

where B̂k = 1
nX̂k(Ẑ

[1:r12,:]
k )� = V̂kΛ̂

1/2
k Û

[:,1:r12]
θk similar toBk = VkΛ

1/2
k U

[:,1:r12]
θk ,

and Ĉ0 = ÂC

∑2
j=1 Ẑ

[1:r12,:]
j is the estimated sample matrix of (c1, . . . , cr12)

�.
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We now derive the estimators of our common-pattern and distinctive-pattern
matrices. Let B̂2A = [B̂2;0(p1−p2)×r12 ], Q̂k ∈ R

pk×r12 be the left singular matrix

of B̂k, Q̂2A = [Q̂2;0(p1−p2)×r12 ], and Θ̂B = Q̂�
1 PQ̂2A. Recall that we assume

the permutation matrix P is prespecified. If the row matching of B1 and B2A is
necessary, one may choose P to be the matrix P∗ in the NP-hard problem (22),
approximated by the DSPFP method with data samples. Note that P∗, as a
permutation matrix, is either obtained exactly or approximated with at least
two wrong entries. To ease theoretical analysis without such misspecification,
we assume that P is well determined. Write the full SVD of Θ̂B by Θ̂B =
ÛB1Λ̂BÛ

�
B2

, where Λ̂B has nonincreasing diagonal elements, and define V̂B1 =

Q̂1ÛB1 and V̂B2 = PQ̂2AÛB2 . It follows from (6) that the diagonal elements

of Λ̂B and the columns of {V̂Bk
}2k=1 are respectively the cosines of principal

angles and the principal vectors of colsp(B̂1) and colsp(PB̂2A). Substituting
them for their true counterparts in (15) yields our estimator ĉB� for cB�. Then
from (19), we define the estimator of C by

Ĉ =
1

2
[ĉB�]

r12
�=1

(
V̂�

B1
B̂1[tr(Σ̂1)]

−1/2 + V̂�
B2

PB̂2A[tr(Σ̂2)]
−1/2
)
Ĉ0, (27)

where [tr(Σ̂k)]
1/2 = [tr( 1nX̂kX̂

�
k )]

1/2 = 1√
n
‖X̂k‖F estimates [tr(Σk)]

1/2. The

estimator of the scaled version C(k) is defined by

Ĉ(k) = [tr(Σ̂k)]
1/2Ĉ.

Given {r1, r2, r12,P}, the computational complexity of obtaining Ĉ and Ĉ(k) is
O(np21 ∧ n2p1) majorly due to the SVD of {Yk}2k=1. We define the estimators

Ĥk = Ĉ�
k − Ĉ(k) and Δ̂k = Ĥk + D̂�

k for Hk and Δk, respectively.
The estimation approach for the CDPA decomposition is summarized in Al-

gorithm 2.

Algorithm 2 CDPA estimation

Input: Observed datasets Yk ∈ R
pk×n, k = 1, 2

1: Select ranks rk = rank(Σk) and r12 = rank(Σ12), respectively, by the ED method and
the MDL-IC method (Appendix A2).

2: Obtain the denoised data X̂k by the soft thresholding in (26).

3: Obtain coefficient matrix estimates {B̂k}2k=1 and the sample matrix Ĉ0 of common latent
factors by the sample D-CCA (Section 3.3).

4: If necessary, zero-pad and/or row-match {B̂k}2k=1 by the graph-matching based approach
(Section 3.2).

5: Compute the common-pattern matrix estimate Ĉ by (27).

6: Obtain the scaled common-pattern matrix estimate Ĉ(k) = [tr(Σ̂k)]
1/2Ĉ with Σ̂k =

X̂kX̂
�
k /n, and the distinctive-pattern matrix estimate Δ̂k = X̂− Ĉ(k).

Output: Common-pattern matrix estimate Ĉ, scaled common-pattern matrix estimates
{Ĉ(k)}2k=1, distinctive-pattern matrix estimates {Δ̂k}2k=1

The following assumption given in [53, 45], which guarantees the consistency

of {X̂k}2k=1, is also used to derive our asymptotic results. Readers are referred
to [53, 45] for detailed discussions on this assumption.
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Assumption 1. We assume the following conditions for model given in (24)
and (25).

(I) Let λk,1 > · · · > λk,rk > λk,rk+1 ≥ · · · ≥ λk,pk
> 0 be the eigenvalues

of cov(yk). There exist positive constants κ1, κ2 and δ0 such that κ1 ≤
λk,� ≤ κ2 for � > rk and min�≤rk(λk,� − λk,�+1)/λk,� ≥ δ0.

(II) Assume that pk > κ0n with a constant κ0 > 0. When n → ∞, assume
λk,rk → ∞, pk/(nλk,�) is upper bounded for � ≤ rk, λk,1/λk,rk is bounded
from above and below, and

√
pk(logn)

1/γk2 = o(λk,rk) with γk2 given
in (V).

(III) The columns of Z
(y)
k := (Λ

(y)
k )−1/2(V

(y)
k )�Yk are i.i.d. copies of z

(y)
k :=

(Λ
(y)
k )−1/2(V

(y)
k )�yk, where V

(y)
k Λ

(y)
k (V

(y)
k )� is the full SVD of cov(yk)

with Λ
(y)
k = diag(λk,1, . . . , λk,pk

). Vector z
(y)
k ’s entries {z(y)ki }

pk

i=1 are in-

dependent with E(z
(y)
ki ) = 0, var(z

(y)
ki ) = 1, and the sub-Gaussian norm

supq≥1 q
−1/2(E|z(y)ki |q)1/q ≤ κs with a constant κs > 0 for all i ≤ pk.

(IV) The matrix B�
fk
Bfk is a diagonal matrix. For all i ≤ pk and � ≤ rk,

|B[i,�]
fk

| ≤ κB

√
λk,�/pk with a constant κB > 1.

(V) Denote ek = (ek1, . . . , ekpk
)� and fk = (fk1, . . . , fkrk)

�. Assume that
‖ cov(ek)‖∞ < s0 with a constant s0 > 0. For all i ≤ pk and � ≤ rk,
there exist positive constants γk1, γk2, bk1 and bk2 such that for t > 0,
P (|eki| > t) ≤ exp(−(t/bk1)

γk1) and P (|fk�| > t) ≤ exp(−(t/bk2)
γk2).

Theorem 2. Suppose that Assumption 1 and r12 ≥ 1 hold. Assume that any
distinct values in {cos θB�}r12�=1 ∪ {0,−∞} are separated by at least a positive
constant. Define

δθ =

(
1√
n
+

2∑
k=1

√
log pk
nSNRk

)
∧ 1,

where SNRk = tr{cov(xk)}
tr{cov(ek)} is the signal-to-noise ratio of yk. For k = 1, 2, we

have that
‖Ĉ−C‖2�

1
2 (‖XS

1 ‖2� + ‖XS
2 ‖2�)

∨ ‖Ĉ(k) −C(k)‖2�
‖Xk‖2�

= OP (δθ),

and ∣∣∣∣tr( 1nĈĈ�)− tr{cov(c)}
∣∣∣∣ = OP (δ

1/2
θ ),

where ‖ · ‖� denotes either the Frobenius norm or the spectral norm, and XS
k =

[tr(Σk)]
−1/2Xk.

Remark 3. From Theorem 3 and Corollary 1 of [45], we have
‖M̂k−Mk‖2

�

‖Xk‖2
�

=

OP (δθ) for Mk ∈ {Xk,Ck,Dk}. Additionally by our Theorem 2 and the triangle
inequality of norms, we also have this error bound for Mk ∈ {Hk,Δk}. Note
that the scaled squared error in the Frobenius norm indicates the scaled loss in
matrix variation (sum of squares).
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Theorem 3. Let P̂∗ = argmaxP∈Πp1
tr(Q̂�

1 PQ̂2A(Q̂
�
1 PQ̂2A)

�). Suppose that
Assumption 1 and r12 ≥ 1 hold. Then, we have∣∣∣tr (Q�

1 P̂∗Q2A(Q
�
1 P̂∗Q2A)

�)− tr
(
Q�

1 P∗Q2A(Q
�
1 P∗Q2A)

�)∣∣∣ = OP (δθ).

For the row matching problem of B1 and B2A, Theorem 3 provides an asymp-
totically vanishing bound on the change in the objective function value of (22)

when the optimal solution P∗ is replaced by P̂∗.

4. Simulation studies

In this section, we evaluate the finite-sample performance of the proposed CDPA
estimation via simulations, comparing with the six D-CCA-type methods men-
tioned in Section 1.

4.1. Simulation setups

We consider the following two simulation setups for signals {xk}2k=1.
Setup 1 : Let variable dimensions p1 = p2, ranks r1 = r2 = 5, and eigenval-

ues λ�(Σk) = 500 − 100(� − 1) for � ≤ 5. The signals are xk = VkΛ
1/2
k zk

for k = 1, 2, where canonical variables [z1; z2] follow a multivariate Gaus-
sian distribution with zk ∼ N (0rk×1, Irk×rk) and cov(z1, z2) = diag

{
cos(θ ∧

30◦), cos(θ ∧ 60◦), cos θ, cos(θ + 15◦), cos((θ + 30◦) ∧ 90◦)
}
. Let Qk = V

[:,1:r12]
k ,

P = I(p1∨p2)×(p1∨p2), and (Q0
1)

�Q0
2 = cov(z1, z2)

[1:r12,1:r12] of which the diago-
nal contains the cosines of principal angles of colsp(B0

1) and colsp(B0
2), where

M0
k = [Mk;0(pk−p1∧p2)×r12 ] with M ∈ {Q,B}. Matrices {Vk}2k=1 are randomly

generated under the above constraints and are fixed for all simulation replica-
tions.
Setup 2 : We vary p1 but fix p2 = 900. The other settings are the same as in
Setup 1. This setup aims to evaluate the performance of considered methods
when p1 �= p2.

We generate noises {eki}k≤2,i≤pk

i.i.d.∼ N (0, σ2
e) independent of signals {xk}2k=1.

Simulations are conducted with sample size n = 300, variable dimension p1 rang-
ing from 100 to 1500, angle θ from 0◦ to 75◦, noise variance σ2

e from 0.25 to 9,
and 1000 replications under each setting. The proportion of average variance of
xS
1 and xS

2 explained by c, that is, tr{cov(c)}, has values 0.890, 0.479, 0.213,
0.126, 0.092 and 0.088 corresponding to θ from 0◦ to 75◦ by a step 15◦. This
pattern of the explained proportion of variance persists across all chosen values
of p1.

4.2. Finite-sample performance of CDPA estimators

We numerically evaluate the finite-sample performance of proposed CDPA es-
timators by comparing to the asymptotic results given in Section 3.3. Since the
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signal-to-noise ratio SNRk = 1500/(pkσ
2
e) in the above simulation setups, for

simplicity we examine the trend of estimation errors with respect to (pk, σ
2
e)

instead of (pk, SNRk) in the theorems. We use the true {rk}2k=1, r12, and P in
our matrix estimation here to exclude the error induced by their misspecifica-
tion. The ranks {rk}2k=1 and r12 can be well selected by the ED and MDL-IC
methods, respectively, as shown in [45]. The selection of P by the DSPFP-based
row-matching method in Section 3.2 is evaluated later in this subsection.

We first investigate the performance of our common-pattern matrix estimator
Ĉ defined in (27). The first two rows of Figures 2 and 3 summarize the scaled

squared errors of Ĉ as studied in Theorem 2 and also its relative squared errors
under Setup 1 with θ ∈ {15◦, 75◦}. The squared errors in the Frobenius norm
represent the scaled or relative losses in matrix variation (sum of squares). The
average estimation errors increase as the dimension p1 or the noise variance
σ2
e grows, and are even well controlled under 0.1 for many cases with large

p1 ≥ 900 and large σ2
e ≥ 4 (or SNRk ≤ 0.42). These results are consistent

with the influence of p1 and σ2
e (= 1500/(pk SNRk), here) on the convergence

rates given in Theorem 2. Similar numerical results are observed for the scaled
version Ĉ(k) = [tr(Σ̂k)]

1/2Ĉ and the distinctive-pattern matrix estimator Δ̂k =

X̂k − Ĉ(k) for k ∈ {1, 2}, and hence are omitted for brevity.

As a similarity indicator of signals x1 and x2, the common-pattern explained
proportion of signal variance, tr{cov(c)}, is estimated by tr( 1nĈĈ�) = 1

n‖Ĉ‖2F .
The third rows of Figures 2 and 3 plot the average absolute error and the
average relative error of this estimator for Setup 1 with θ ∈ {15◦, 75◦}. Same
with Theorem 2, the row shows that the average estimation errors grow with
increasing p1 or σ2

e and have a larger magnitude than those squared errors of Ĉ
as shown in the first two rows of the figure. The errors are controlled below 0.1
even for some cases with large p1 ≥ 900 or σ2

e ≥ 4.

For the row-matching approach of coefficient matrices {Bk}2k=1 described
in Section 3.2, its theoretical performance stated in Theorem 3 is numerically
investigated with the intractable P∗ and P̂∗ being replaced by their DSPFP ap-
proximations denoted as Pa and P̂a. The fourth rows of Figures 2 and 3 display
the average absolute and relative errors of tr{(Q0

1)
�P̂aQ

0
2[(Q

0
1)

�P̂aQ
0
2]

�} for
Setup 1 with θ ∈ {15◦, 75◦}. Although its absolute error seems to have larger

values than that of its oracle version (with P̂∗) expected in Theorem 3, its
relative error is controlled under or around 0.1 even for some cases with large
p1 ≥ 900 or σ2

e ≥ 4, and moreover, the two types of errors both follow the
influence of p1 and σ2

e (= 1500/(pk SNRk), here) on the convergence rate shown
in the theorem.

The above result patterns also generally hold for settings with more different
values of θ (or equivalently tr{cov(c)}) and for those under Setup 2 where
p1 �= p2, which are provided in Appendix A3.
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Fig 2. Average errors of CDPA estimates over 1000 replications and the signal-to-noise ratios
for Setup 1 with θ = 15◦.
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Fig 3. Average errors of CDPA estimates over 1000 replications and the signal-to-noise ratios
for Setup 1 with θ = 75◦.
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Table 1

Averages (and standard deviations) of the estimates for the first principal angle θB1 and its
cosine cos θB1 of colsp(B0

1) and colsp(B0
2) obtained from existing methods over 1000

simulation replications with (θ, p1, σ2
e) = (75◦, 300, 1).

Method Setup 1 Setup 2
D-CCA 30.6◦(0.374◦)/0.860(0.003) 30.8◦(0.339◦)/0.859(0.003)
OnPLS 31.8◦(0.931◦)/0.850(0.009) 32.0◦(0.881◦)/0.848(0.008)
COBE NA NA
JIVE 32.0◦(0.998◦)/0.848(0.009) 32.9◦(1.210◦)/0.840(0.012)
AJIVE NA NA

DISCO-SCA 31.1◦(0.573◦)/0.856(0.005) 31.3◦(0.545◦)/0.855(0.005)
Note: NA means the result is not available due to zero common-source matrix estimates.

4.3. Performance of related methods

We now investigate the numerical performance of the six competing methods,
including D-CCA, OnPLS, COBE, JIVE, AJIVE, and DISCO-SCA. Unlike our
CDPA, all the six D-CCA-type methods are developed without taking into ac-
count the common and distinctive patterns between the two coefficient matrices
{Bk}2k=1 of their common latent factors.2

The simulation here aims to corroborate the existence of both common and
distinctive patterns in their coefficient matrices {Bk}2k=1. The existence can be
shown if colsp(B0

1) and colsp(B0
2) are neither overlapping nor orthogonal, that

is, their first principal angle θB1 /∈ {0◦, 90◦} or equivalently their first canonical
correlation cos θB1 /∈ {1, 0}. Since the six D-CCA-type methods have different
definitions of {ck}2k=1 for decomposition (2) due to their different constraints,
they may have different {B0

k}2k=1 and thus different values of θB1 under our
simulation setups. The ground-truth θB1 is θ∧30◦ for D-CCA in our simulation,
but may not be easy to theoretically determine for the other five methods and
is thus estimated by simulated data.

Table 1 summarizes the first principal angle θB1 and its cosine cos θB1 of
colsp(B0

1) and colsp(B0
2) estimated by the six methods under the two simulation

setups with (θ, p1, σ
2
e) = (75◦, 300, 1). We see that the COBE and AJIVE give

zero common-source matrix estimates and thus fail to discover any common
pattern of the two correlated signal datasets. The average estimates of θB1 and
cos θB1 from the other four methods are all close to 30◦ and 0.866, respectively,
with very small standard deviations. Therefore, there is significant statistical
evidence that their θB1 /∈ {0◦, 90◦} and cos θB1 /∈ {1, 0}. This indicates the non-
negligible existence of both the common and the distinctive patterns between
their coefficient matrices, but these patterns are unfortunately not considered
by these D-CCA-type methods.

2 We implement the OnPLS with the post-processing step in footnote 1 to obtain the
coefficient matrices {Bk}2k=1 of its common latent factors.
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5. Real data analysis

We apply our CDPA to two real-world data examples, respectively, from the
HCP and TCGA, comparing with the six D-CCA-type methods mentioned in
Section 1. We focus on the comparison with the state-of-the-art D-CCA in this
section, and present the results of the other five methods in Appendix A4.

5.1. Application to HCP motor-task functional MRI data

We consider the HCP motor-task functional MRI data obtained from 1080
healthy young adults [2]. All participants were asked by visual cues to per-
form five motor tasks during the image scanning, including tapping left and
right fingers, squeezing left and right toes, and moving tongue. From the ac-
quired brain images, for every participant and each task, the HCP computed
a z-statistic map of the task’s contrast against the fixation baseline at 91,282
grayordinates including 59,412 cortical surface vertices and 31,870 subcortical
gray matter voxels. The z-statistic maps of all participants for each individual
task constitute a 91,282×1080 data matrix. We focus on the left-hand and right-
hand tasks, and apply the proposed CDPA to discover their common pattern
on the brain, with comparison to the D-CCA method.

Each of the two observed data matrices is row-centered by subtracting the
average within each row. Since all z-statistic maps of the two motor tasks
are obtained from the same measurement and at the same set of grayordi-
nates, there is no need to choose the signs or match the rows of the two
data matrices. We consider the variance maps of {xL,xR, cL, cR, c} on the
brain, which are estimated by the sample variances computed from the sam-
ple matrix estimates {X̂L, X̂R, ĈL, ĈR, Ĉ} obtained by D-CCA and CDPA.
Here, the subscripts L and R denote the left-hand and right-hand tasks. The
ranks {rL, rR} and r12 are all selected as two by the ED and MDL-IC meth-
ods, respectively. The proportions of corresponding signal variances explained

by common-source vectors cL and cR are tr{cov(cL)}
tr{cov(xL)} ≈ ‖ĈL‖2

F

‖X̂L‖2
F

= 0.113 and

tr{cov(cR)}
tr{cov(xR)} ≈ ‖ĈR‖2

F

‖X̂R‖2
F

= 0.111. The common-pattern explained proportion of

signal variance is tr{cov(c)} ≈ 1
n‖Ĉ‖2F = 0.077.

Figure 4 presents the estimated variance maps of D-CCA and CDPA. For
all the five maps, the estimated variances of cortical surface vertices overall
dominate those of subcortical voxels. We hence focus on the part of each variance
map for the cortical surface. From the estimated signal variance maps v̂ar(xL)
and v̂ar(xR) shown in Figure 4 (a) and (b), we see that the right half brain
is more active, with larger variances, on the cortical surface for the left-hand
task, while the pattern is almost opposite for the right-hand task. In particular,
the contralateral pattern is clearly seen on the somatomotor cortex annotated
by green circles, a brain region known to be linked with hand tasks [4]. A
similar contralateral pattern is also observed for D-CCA’s v̂ar(cL) and v̂ar(cR)
in Figure 4 (c) and (d). This indicates that the ck vector of D-CCA retains
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Fig 4. The variance maps estimated by the D-CCA and CDPA methods for HCP motor-
task functional MRI data. The notations v̂ar and ĉov denote the sample variance vector and
sample covariance matrix obtained from the corresponding recovered sample matrix. In each
subfigure, the left part displays the cortical surface with the outer side shown in the first row
and the inner side in the second row; the right part shows the subcortical area on 20 xy slides
at the z axis. The somatomotor cortex is annotated by green circles.

some distinctive pattern of xk for k ∈ {L,R}. It is not surprising because cL
and cR have different coefficient matrices of the common latent factors, which
are r12 columns in the coefficient matrices of canonical variables for xL and
xR, respectively, as shown in equation (14). In contrast, our CDPA’s common-
pattern vector c in Figure 4 (e) has an estimated variance map that is nearly
symmetric on the two hemispheres, and thus is more reasonable than D-CCA’s
common-source vectors cL and cR to represent the common pattern of the left-
hand and right-hand tasks on the brain.
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5.2. Application to TCGA breast cancer genomic datasets

With the aim to discover new breast cancer subtypes, we apply the proposed
CDPA to two TCGA breast cancer genomic datasets [26], and compare the
results with the D-CCA. We consider the DNA methylation data and mRNA
expression data obtained from a common set of 703 tumor samples. Following
the preprocessing procedure of [29], we select the top 1100 variable probes for
the DNA methylation dataset and the top 896 variably expressed genes for the
mRNA expression dataset. The tumor samples are categorized by the classic
PAM50 model [40] into four intrinsic subtypes, including 124 Basal-like, 58
HER2-enriched, 348 Luminal A, and 173 Luminal B tumors.

The two data matrices of interest have sizes 1100×703 and 896×703, and
are row-centered before analysis. The ranks (rDNA, rmRNA, r12) are selected by
the ED and MDL-IC methods as (3, 2, 2). From the D-CCA, the proportions
of signal variances explained by common-source vectors cDNA and cmRNA are
tr{cov(cDNA)}
tr{cov(xDNA)} ≈ ‖ĈDNA‖2

F

‖X̂DNA‖2
F

= 0.210 and tr{cov(cmRNA)}
tr{cov(xmRNA)} ≈ ‖ĈmRNA‖2

F

‖X̂mRNA‖2
F

= 0.422,

indicating different influences of the common latent factors on the two signal
datasets. Thus, by ignoring these different common-source influences, their cDNA

and cmRNA are not appropriate to be viewed as the common pattern of xDNA

and xmRNA.
Since only 126 (11.5%) DNA methylation probes can be mapped to the genes

of the considered mRNA expression data, for simplicity we match the rows of
the two data matrices by using the graph-matching based approach described
in Section 3.2 before implementing CDPA. The CDPA method shows that the
common-pattern explained proportion of signal variance tr{cov(c)} ≈ 1

n‖Ĉ‖2F
is 0.161 (95% CI = [0.154, 0.185]) for xDNA and xmRNA, but is only 0.049 (95%
CI = [0.046, 0.057]) for xDNA and −xmRNA, where each 95% CI is computed
by 5000 bootstrapping samples. We hence focus on the common and distinctive
patterns extracted from {xDNA,xmRNA} rather than {xDNA,−xmRNA}.

We explore new cancer subtypes by conducting clustering analysis on each
observed or recovered matrix from the CDPA and D-CCA methods. We use
the Ward’s hierarchical clustering method [54] with the Euclidean distance, and
simply specify the number of clusters to be four, which is the same number of
the PAM50 intrinsic subtypes.

Table 2 compares the differences in survival curves of identified clusters or
given subtypes using two most popular methods, the log-rank test [34] and the
Peto-Peto’s Wilcoxon test [42], where the latter test is more sensitive to early

survival differences. Our CDPA’s Δ̂mRNA-identified clusters and the PAM50
intrinsic subtypes both have very significantly distinct survival behaviors with
the two smallest p-values≤ 0.009 in both tests, while the other matrices generate
much less pronounced clusters, in particular, the matrices {Ĉk, D̂k}k∈{DNA,mRNA}
of D-CCA all have large p-values ≥ 0.290. By comparing the p-values of Ĉ, X̂k

and Δ̂k for each k, the improved discriminative power of distinctive-pattern
matrix estimate Δ̂k can be attributed to removing the less sensitive common-
pattern matrix estimate Ĉ from the denoised data matrix X̂k. The adjusted
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Table 2

Log-rank test and Peto-Peto’s Wilcoxon test for survival curve differences among the
clusters identified from each observed or recovered matrix from the CDPA and D-CCA

methods for TCGA breast cancer datasets.

Log-rank/Peto’s Log-rank/Peto’s Log-rank/Peto’s
Data p-values Data p-values Data p-values
YDNA 0.175/0.230 YmRNA 0.251/0.299 [YN

DNA;YN
mRNA] 0.245/0.129

X̂DNA 0.077/0.112 X̂mRNA 0.063/0.061 [X̂N
DNA; X̂N

mRNA] 0.565/0.619

ĈDNA 0.820/0.979 ĈmRNA 0.619/0.704 [ĈN
DNA; ĈN

mRNA] 0.752/0.751

D̂DNA 0.515/0.417 D̂mRNA 0.290/0.354 [D̂N
DNA; D̂N

mRNA] 0.149/0.223

ĤDNA 0.430/0.502 ĤmRNA 0.330/0.409 [ĤN
DNA; ĤN

mRNA] 0.337/0.369

Δ̂DNA 0.058/0.075 Δ̂mRNA 0.004/0.009 [Δ̂N
DNA; Δ̂N

mRNA] 0.218/0.208

Ĉ 0.106/0.163 PAM50 0.003/0.001

Note: Denote MN = M/‖M‖F for any matrix M.

Rand index [22] between our Δ̂mRNA-identified clusters and PAM50 subtypes
is 0.343 (95% CI = [0.335, 0.352]), indicating a poor agreement. It is evident
that, built on top of D-CCA, our CDPA can benefit data mining with additional
pattern matrices

{
Ĉ, {Δ̂k, Ĥk}k∈{DNA,mRNA}

}
.

Let Δ̂mRNA-i denote the i-th cluster identified from Δ̂mRNA. Figure 5 dis-
plays the Kaplan-Meier survival curves of Δ̂mRNA-identified clusters and PAM50
subtypes. With the worst survival curve among the four identified clusters,
Δ̂mRNA-3 behaves similar to the HER2-enriched subtype, but is notably dif-
ferent with all other identified clusters and intrinsic subtypes. This is further
confirmed in Table 3 by the minimum p-value of corresponding log-rank test
and Peto-Peto’s Wilcoxon test. Also seen in the table, the other three Δ̂mRNA-
identified clusters have no significant survival differences with large p-values
≥ 0.320. Moreover, the matching matrix in Table 4 shows that most of Δ̂mRNA-
1 and Δ̂mRNA-2 samples belong to the Basal-like and Luminal A subtypes, re-
spectively. Hence, the other three Δ̂mRNA-identified clusters are less of interest

Fig 5. Kaplan-Meier survival curves of TCGA breast cancer clusters and subtypes.
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Table 3

Log-rank test and Peto-Peto’s Wilcoxon test for survival curve differences among CDPA’s
Δ̂mRNA-identified clusters and PAM50 subtypes for TCGA breast cancer data.

Log-rank/Peto’s Log-rank/Peto’s
Comparison p-values Comparison p-values

Δ̂mRNA-1 vs. Δ̂mRNA-2 0.895/0.550 Δ̂mRNA-1 vs. Δ̂mRNA-3 0.022/0.070

Δ̂mRNA-1 vs. Δ̂mRNA-4 0.491/0.816 Δ̂mRNA-2 vs. Δ̂mRNA-3 3.34e-4/5.35e-4

Δ̂mRNA-2 vs. Δ̂mRNA-4 0.375/0.320 Δ̂mRNA-3 vs. Δ̂mRNA-4 0.006/0.013

Δ̂mRNA-3 vs. Basal-like 0.041/0.121 Δ̂mRNA-3 vs. Luminal A 5.89e-5/1.26e-4

Δ̂mRNA-3 vs. Luminal B 0.069/0.070 Δ̂mRNA-3 vs. HER2-enriched 0.585/0.361

Table 4

Matching matrix and clinical features of CDPA’s Δ̂mRNA-identified clusters and PAM50
subtypes for TCGA breast cancer data analysis.

PAM50 Δ̂mRNA-1 Δ̂mRNA-2 Δ̂mRNA-3 Δ̂mRNA-4 Total ER+/− PR+/− HER2+/−
Basal-like 122 0 0 2 124 6%/81% 6%/79% 7%/54%
Luminal A 0 194 31 123 348 89%/1% 82%/8% 9%/53%
Luminal B 0 13 77 83 173 87%/2% 72%/17% 16%/46%

HER2-enriched 8 8 10 32 58 33%/52% 17%/71% 62%/16%
Total 130 215 118 240 703

ER+/− 6%/80% 91%/3% 80%/4% 79%/10%
PR+/− 5%/79% 84%/10% 64%/20% 68%/20%

HER2+/− 8%/52% 10%/57% 19%/42% 21%/41%

Notes: The columns of the matching matrix are well reordered such that its diagonal sum is
maximized. Receptor status for estrogen (ER), progesterone (PR) and human epidermal

growth factor 2 (HER2) includes positive (+), negative (−), and N/A or equivocal.

to be new subtypes, and we focus on Δ̂mRNA-3 which has the poorest survival,
and further compare it with the HER2-enriched subtype. From Table 4, we see
that the Δ̂mRNA-3 cluster (118 samples) and the HER2-enriched subtype (58
samples) share only 10 samples and have substantially distinct clinical features

in terms of the three important receptors’ status. In particular, the Δ̂mRNA-3
cluster primarily includes those samples that are ER+ and/or PR+, whereas
the HER2-enriched subtype contains those that are HER2+ and/or PR−. To

conclude, the Δ̂mRNA-3 cluster, with a low survival rate, is remarkably differ-
ent from the four PAM50 subtypes and appears to be an important new breast
cancer subtype worth further investigation.

6. Discussion

In this paper, we propose a new decomposition method, called CDPA, to extract
the common and distinctive patterns of two correlated datasets by incorporating
the conventionally ignored common and distinctive patterns between the two co-
efficient matrices of common latent factors. We also develop a graph-matching
based approach to match the unpaired rows between the coefficient matrices.
Consistent CDPA matrix estimation is established under high-dimensional set-
tings and is supported by simulations. Our simulation studies and two real-data
examples show that CDPA can better delineate the common and distinctive
patterns between datasets than D-CCA-type methods, thereby benefiting data
mining applications.

There are two possible extensions of the CDPA. The first is to extend it to
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three or more datasets. One may construct a multi-set CDPA method by first
developing a multi-set D-CCA from the generalized CCA [24]. The next chal-
lenge is how to appropriately match the rows of the multiple coefficient matrices
of the resulting common latent factors. The second extension is to incorporate
the nonlinear patterns between the two datasets. The CDPA only considers the
linear patterns extracted from the inner product spaces (L2

0, cov) and (Rp1∨p2 , ·).
A nonlinear version of our row-matching approach and a nonlinear D-CCA may
be expected in this extension, where the latter is possibly developed from the
kernel CCA [14] or the deep CCA [1].

Appendix A1: Theoretical proofs

A1.1. Proof of Theorem 1

For k = 1, 2, denote z
[1:r12]
k and z̃

[1:r12]
k to be the vectors containing two different

sets of the first r12 canonical variables associated with xk. By the first paragraph
of page 5 in the supplement of [45], there exists an orthogonal matrix Ozk such

that z̃
[1:r12]
k = Ozkz

[1:r12]
k . Let Bk = cov(xk, z

[1:r12]
k ) and B̃k = cov(xk, z̃

[1:r12]
k ).

We have B̃k = cov(xk, z
[1:r12]
k )O�

zk = BkO
�
zk. Thus, colsp(B̃k) = colsp(Bk).

Define B̃2A = [B̃2;0(p1−p2)×r12 ]. We still have colsp(PB̃2A) = colsp(PB2A).

For � = 1, . . . , r12, recall that V
[:,�]
B1

and V
[:,�]
B2

are the �-th pair of principal

vectors of colsp(B1) and colsp(PB2A). Let {ṼBk
}2k=1 be the matrices whose

columns {Ṽ[:,�]
B1

, Ṽ
[:,�]
B2

}r12�=1 are another set of principal vectors of colsp(B1) and

colsp(PB2A) with θ(Ṽ
[:,�]
B1

, Ṽ
[:,�]
B2

) = θB�. There exist orthogonal matrices

{OVk
}2k=1 such that ṼBk

= VBk
OVk

. Let ΛB = diag(cos θB1, . . . , cos θBr12).

Note that ΛB = Ṽ�
B1

ṼB2 = O�
V1
V�

B1
VB2OV2 = O�

V1
ΛBOV2 . Then, OVk

=
diag(Mk,1, . . . , Mk,m,Mk,m+1), where Mk,�, � ≤ m is an orthogonal matrix
with column dimension equal to the repetition number of the �-th largest dis-
tinct nonzero singular value of ΛB , and Mk,m+1 might be an empty matrix. By
OV1ΛB = ΛBOV2 , we obtain M1,� = M2,� for all � ≤ m. Define rλ = rank(ΛB),

c̃B� =
1

2

(
1−
√

1− cos θB�

1 + cos θB�

)(
Ṽ

[:,�]
B1

+ Ṽ
[:,�]
B2

)
,

and AB = diag(aB1, . . . , aBr12) with aB� = 1
2

[
1 −
(
1−cos θB�

1+cos θB�

)1/2]
for � ≤ r12.

Note that

[c̃B�]
r12
�=1Ṽ

�
Bk

= [c̃B�]
rλ
�=1(Ṽ

[:,1:rλ]
Bk

)�

= (Ṽ
[:,1:rλ]
B1

+ Ṽ
[:,1:rλ]
B2

)A
[1:rλ,1:rλ]
B (Ṽ

[:,1:rλ]
Bk

)�

= (V
[:,1:rλ]
B1

+V
[:,1:rλ]
B2

) diag(M1,1, . . . ,M1,m)A
[1:rλ,1:rλ]
B

· [diag(M1,1, . . . ,M1,m)]�(V
[:,1:rλ]
Bk

)�
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= (V
[:,1:rλ]
B1

+V
[:,1:rλ]
B2

)A
[1:rλ,1:rλ]
B (V

[:,1:rλ]
Bk

)�

= [cB�]
rλ
�=1(V

[:,1:rλ]
Bk

)�

= [cB�]
r12
�=1V

�
Bk

.

Hence, [cB�]
r12
�=1V

�
Bk

is unique for k = 1, 2. By Theorem 2 in [45], we have that ck
in (14) is unique for k = 1, 2. Then by B1([c�]

r12
�=1)

� = c1 and PB2A([c�]
r12
�=1)

� =
P(c�2 ,01×(p1−p2))

�, we have that both B1([c�]
r12
�=1)

� and PB2A([c�]
r12
�=1)

� are
unique. Then by the definition in (17), we obtain the uniqueness of c∗k for k =

1, 2. Hence, c = 1
2

∑2
k=1[tr(Σk)]

−1/2c∗k is unique.

A1.2. Proof of Theorem 2

Let r̃k = rank(X̂k). From (S.17) in [45], we have r̃k = rk with probability
tending to 1 as n → ∞. Due to Lemma S.1 in [45], we simply assume r̃k = rk
in the rest of the proof. Thus, Λ̂k is rank-rk, and then B̂k = V̂kΛ̂

1/2
k Û

[:,1:r12]
θk is

rank-r12.
From (S.7) of [45], we have λ1(Σk) � λrk(Σk). By Weyl’s inequality [19, The-

orem 3.3.16(a)] and Assumption 1 (I) and (V), κ1 ≤ λk,pk
= λk,(rk+1)+(pk−rk)−1−

λrk+1(cov(xk)) ≤ λpk−rk(cov(ek)) ≤ λ1(cov(ek)) = ‖ cov(ek)‖2 ≤ ‖ cov(ek)‖∞≤
s0. Thus,

λ1(cov(xk))

pk
� tr(cov(xk))

tr(cov(ek))
= SNRk .

Let Q̃k ∈ R
pk×r12 be the left singular matrix of Bk. Note that ‖Bk‖2 ≤

‖VkΛ
1/2
k ‖2‖U[:,1:r12]

θk ‖2 = λ
1/2
1 (Σk). By (S.31) in [45], we have

‖B̂k −Bk‖2 = OP (λ
1/2
1 (Σk)δθ). (A1)

Thus, ‖B̂k‖2 ≤ ‖B̂k −Bk‖2 + ‖Bk‖2 = OP (λ
1/2
1 (Σk)). By Lemma 1 of [28] and

then Theorem 3 of [57], there exists an orthogonal matrix Ok such that

‖Q̂k − Q̃kOk‖F ≤ ‖Q̂kO
�
k − Q̃k‖F ‖Ok‖2

�P λ
1/2
1 (Σk)‖B̂k −Bk‖2/λ1(Σk) �P δθ. (A2)

Here and in the following text, we write A �P B if and only if A = OP (B).
Note that for any real matrices M1 and M2, we have

‖M̂1M̂2 −M1M2‖2 ≤
{
‖M̂1‖2‖M̂2 −M2‖2 + ‖M2‖2‖M̂1 −M1‖2,
‖M1‖2‖M̂2 −M2‖2 + ‖M̂2‖2‖M̂1 −M1‖2,

(A3)

and

‖M̂1M̂2−M1M2‖F ≤
{
‖M̂1‖2‖M̂2 −M2‖F + ‖M2‖2‖M̂1 −M1‖F ,
‖M1‖2‖M̂2 −M2‖F + ‖M̂2‖2‖M̂1 −M1‖F .

(A4)
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Let Qk = Q̃kOk and Q2A = [Q2;0(p1−p2)×r12 ]. Note that the columns of Qk

form an orthonormal basis of colsp(Bk), and those of PQ2A also form an or-
thonormal basis of colsp(PB2A). Let ΘB = Q�

1 PQ2A. Then by (A4) and (A2),
we have

‖Θ̂B −ΘB‖F ≤ ‖Q̂�
1 ‖2‖PQ̂2A −PQ2A‖F + ‖PQ2A‖2‖Q̂�

1 −Q�
1 ‖F

≤ ‖Q̂�
1 ‖2‖P‖2‖Q̂2A −Q2A‖F + ‖P‖2‖Q2A‖2‖Q̂�

1 −Q�
1 ‖F

= ‖Q̂2 −Q2‖F + ‖Q̂1 −Q1‖F
�P δθ,

and

max{‖Θ̂BΘ̂
�
B −ΘBΘ

�
B‖F , ‖Θ̂�

BΘ̂B −Θ�
BΘB‖F }

≤ (‖Θ̂B‖2 + ‖ΘB‖2)‖Θ̂B −ΘB‖F ≤ 2‖Θ̂B −ΘB‖F �P δθ.

By Weyl’s inequality (see Theorem 3.3.16(c) in [19]),

max
1≤�≤r12

|σ�(Θ̂B)− σ�(ΘB)| ≤ ‖Θ̂B −ΘB‖2 ≤ ‖Θ̂B −ΘB‖F �P δθ. (A5)

Denote {ŨBk
}2k=1 to be one pair of orthogonal matrices such that ΘB =

ŨB1ΛBŨ
�
B2

. Let σB,1 > · · · > σB,rB be the distinct singular values of ΘB ,
and define σ2

B,r12+1 = −∞. By Lemma 1 of [28] and then Theorem 2 of [57],
there exists a matrix OBk

= diag(OBk,1, . . . ,OBk,rB ), where OBk,� is an or-
thogonal matrix with column dimension equal to the repetition number of σB,�,
such that

‖ÛBk
− ŨBk

OBk
‖F ≤ ‖ÛBk

O�
Bk

− ŨBk
‖F ‖OBk

‖2

�P min

{
δθ

/
min

1≤�≤rB
{σ2

B,� − σ2
B,�+1}, 1

}
�P δθ. (A6)

We define ÕB2 = diag(OB1,1, . . . ,OB1,rB−1,OB1,rB ) if σB,rB �= 0, and otherwise

let ÕB2 = diag(OB1,1, . . . ,OB1,rB−1,OB2,rB ). Let UB1 = ŨB1OB1 and UB2 =

ŨB2ÕB2 . We have UB1ΛBUB2 = ŨB1OB1ΛBÕ
�
B2

Ũ�
B2

= ŨB1ΛBŨ
�
B2

= ΘB .

Define U�
B2

= ŨB2OB2 and rθB = rank(ΘB). Then,

U
[:,(rθB+1):r12]

B2
= U

�[:,(rθB+1):r12]

B2
if rθB < r12, (A7)

‖ÛB1 −UB1‖F �P δθ, (A8)

and
‖ÛB2 −U�

B2
‖F �P δθ. (A9)

By (A3), (A5) and the above two inequalities,∥∥∥ÛB1Λ̂BÛ
�
B2

−UB1ΛBU
��
B2

∥∥∥
2

≤ ‖ÛB1Λ̂B −UB1ΛB‖2‖Û�
B2

‖2 + ‖UB1ΛB‖2‖Û�
B2

−U��
B2

‖2
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≤ ‖ÛB1 −UB1‖2‖ΛB‖2 + ‖ÛB1‖2‖Λ̂B −ΛB‖2 + ‖ΛB‖2‖Û�
B2

−U��
B2

‖2
�P δθ.

By the above inequality, ‖Θ̂B −ΘB‖2 �P δθ, and the triangular inequality of
matrix norms, we have

‖UB1ΛB(UB2 −U�
B2

)�‖2 �P δθ.

It follows that

‖U[:,1:rθB ]

B2
−U

�[:,1:rθB ]

B2
‖F ≤ √

r12‖U
[:,1:rθB ]

B2
−U

�[:,1:rθB ]

B2
‖2

≤ √
r12

∥∥∥Λ†
B

∥∥∥
2

∥∥U�
B1

∥∥
2

∥∥UB1ΛB(UB2 −U�
B2

)�
∥∥
2

�P δθ. (A10)

Combining (A10), (A7) and (A9) yields

‖ÛB2 −UB2‖F �P δθ. (A11)

By (6), we have that the �-th columns of VB1 := Q1UB1 and VB2 := PQ2AUB2

are the �-th pair of principal vectors of colsp(B1) and colsp(PB2A). By (A4),
(A2) and (A8), we have

‖V̂B1 −VB1‖F = ‖Q1UB1 − Q̂1ÛB1‖2
≤ ‖ÛB1‖2‖Q̂1 −Q1‖F + ‖Q1‖2‖ÛB1 −UB1‖F
�P δθ. (A12)

Similarly, by (A11) we obtain

‖V̂B2 −VB2‖F �P δθ. (A13)

Then, together with (A4) and (A1), we have

‖V̂�
B1

B̂1 −V�
B1

B1‖F ≤ ‖B̂1‖2‖V̂�
B1

−V�
B1

‖F + ‖V�
B1

‖2‖B̂1 −B1‖F
�P λ

1/2
1 (Σ1)δθ, (A14)

and similarly,

‖V̂�
B2

PB̂2A −V�
B2

PB2A‖F �P λ
1/2
1 (Σ2)δθ. (A15)

By the results given in (S.16), (S.17) and (S.7) of [45], we have |λ�(Σ̂k) −
λ�(Σk)| �P λ1(Σk)/

√
n for all � ≤ rk, [tr(Σ̂k)]

1/2 = [
∑rk

�=1 λ�(Σ̂k)]
1/2 ≥ [rk(1−

oP (1))λrk(Σk)]
1/2, and λ1(Σk) � λrk(Σk). Then by the mean value theorem,

we obtain ∣∣[tr(Σ̂k)]
1/2 − [tr(Σk)]

1/2
∣∣

≤ 1

2

∣∣ tr(Σ̂k)− tr(Σk)
∣∣ ·max

{
[tr(Σ̂k)]

−1/2, [tr(Σk)]
−1/2
}
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�P λ
1/2
1 (Σk)/

√
n. (A16)

Hence, ∣∣[tr(Σ̂k)]
−1/2 − [tr(Σk)]

−1/2
∣∣

=
∣∣[tr(Σ̂k)]

1/2 − [tr(Σk)]
1/2
∣∣/([tr(Σ̂k)]

1/2[tr(Σk)]
1/2
)

�P λ
−1/2
1 (Σk)/

√
n. (A17)

By (A4), (A14) and (A17),∥∥∥V̂�
B1

B̂1[tr(Σ̂1)]
−1/2 −V�

B1
B1[tr(Σ1)]

−1/2
∥∥∥
F

�P λ
−1/2
1 (Σ1)(λ

1/2
1 (Σ1)δθ) + λ

1/2
1 (Σ1)λ

−1/2
1 (Σ1)/

√
n

�P δθ.

Similarly, by (A15),
∥∥V̂�

B2
PB̂2A[tr(Σ̂2)]

−1/2−V�
B2

PB2A[tr(Σ2)]
−1/2
∥∥
F
�P δθ.

Thus,∥∥∥(V̂�
B1

B̂1[tr(Σ̂1)]
−1/2 + V̂�

B2
PB̂2A[tr(Σ̂2)]

−1/2
)

−
(
V�

B1
B1[tr(Σ1)]

−1/2 +V�
B2

PB2A[tr(Σ2)]
−1/2
)∥∥∥

F
�P δθ. (A18)

Define CB = [cB�]
r12
�=1 and AB = diag(aB1, . . . , aBr12) with aB� = 1

2

[
1 −( 1−Λ

[�,�]
B

1+Λ
[�,�]
B

)1/2]
. We have CB = (VB1 +VB2)AB . By the same technique used to

derive (S.32) in [45], we have ‖ÂB − AB‖F �P δ
1/2
θ . From (A12) and (A13),

‖(V̂B1 + V̂B2)− (VB1 +VB2)‖F �P δθ. Then by (A4),

‖ĈB −CB‖F �P δ
1/2
θ + δθ �P δ

1/2
θ . (A19)

From (S.23) in [45], ‖Θ̂ −Θ‖F � δθ. Using the same proof technique for (A8)

and (A11), we have ‖Û[:,1:r12]
θk − U

[:,1:r12]
θk ‖F �P δθ. Then following the same

proof lines for (S.28) in [45], we can obtain∥∥∥(Û[:,1:r12]
θk )�Λ̂

−1/2
k V̂�

k − (U
[:,1:r12]
θk )�Λ

−1/2
k V�

k

∥∥∥
F
�P λ

−1/2
1 (Σk)δθ.

From the results given in (S.9), (S.13), (S.15) and (S.32) of [45], we have that

max{‖X̂k‖F , ‖Xk‖F } �P

√
nλ1(Σk), ‖X̂k − Xk‖F �P min{

√
λ1(Σk)/n +√

pk log pk,
√

nλ1(Σk)}, and ‖ÂC −AC‖F �P δ
1/2
θ , where AC = diag(a1, . . . ,

ar12) with a� = 1
2

[
1 − ( 1−σ�(Θ)

1+σ�(Θ) )
1/2
]
. Let Zk = U�

θkΛ
−1/2
k V�

k Xk and C0 =

AC

∑2
j=1 Z

[1:r12,:]
j , which are the sample matrices of zk and (c1, . . . , cr12)

�, re-
spectively. Then by (A4),∥∥∥Ẑ[1:r12,:]

k − Z
[1:r12,:]
k

∥∥∥
F



Common and distinctive pattern analysis 2505

=
∥∥∥(Û[:,1:r12]

θk )�Λ̂
−1/2
k V̂�

k X̂k − (U
[:,1:r12]
θk )�Λ

−1/2
k V�

k Xk

∥∥∥
F

�P λ
−1/2
1 (Σk)δθ

√
nλ1(Σk)

+ min{
√
λ1(Σk)/n+

√
pk log pk,

√
nλ1(Σk)}/

√
λ1(Σk)

�P δθ
√
n,

and thus,

‖Ĉ0 −C0‖F �P δ
1/2
θ

√
n. (A20)

From (A18), (A19), (A20) and (A4), we obtain

‖Ĉ−C‖2 ≤ ‖Ĉ−C‖F = OP (δ
1/2
θ

√
n). (A21)

Combining (A16) and (A21) yields

‖Ĉ(k) −C(k)‖2 ≤ ‖Ĉ(k) −C(k)‖F �P δ
1/2
θ

√
n · λ1/2

1 (Σk).

By (S.14) in [45], there exists a constant κ3 ∈ (0, 1] such that ‖Xk‖F ≥ ‖Xk‖2 ≥
[κ3 + oP (1)]

√
nλ1(Σk). Hence,

‖Ĉ−C‖2�
1
2 (‖XS

1 ‖2� + ‖XS
2 ‖2�)

= OP (δθ),

and
‖Ĉ(k) −C(k)‖2�

‖Xk‖2�
= OP (δθ).

Let c0 = (c1, . . . , cr12)
� and zc = [z

[1:r12]
1 ; z

[1:r12]
2 ]. Define Zc = [Z

[1:r12,:]
1 ;

Z
[1:r12,:]
2 ], which is the sample matrix of zc. We have c0 = AC [Ir12×r12 , Ir12×r12 ]zc

and C0 = AC [Ir12×r12 , Ir12×r12 ]Zc. From the central limit theorem,∥∥∥∥ 1nZcZ
�
c − cov(zc)

∥∥∥∥
F

≤ 2r12

∥∥∥∥ 1nZcZ
�
c − cov(zc)

∥∥∥∥
max

�P n−1/2.

Hence,∥∥∥∥ 1nC0C
�
0 − cov(c0)

∥∥∥∥
F

≤
∥∥∥∥ 1nZcZ

�
c − cov(zc)

∥∥∥∥
F

∥∥∥AC [Ir12×r12 , Ir12×r12 ]
∥∥∥2
F

�P n−1/2.

Then, ∥∥∥∥ 1nCC� − cov(c)

∥∥∥∥
F

≤
∥∥∥∥ 1nC0C

�
0 − cov(c0)

∥∥∥∥
F

‖CBS‖2F �P n−1/2.

By (A21), we have∥∥∥∥ 1nĈĈ� − 1

n
CC�

∥∥∥∥
F

≤ 1

n
‖Ĉ−C‖F (‖Ĉ‖F + ‖C‖F ) �P δ

1/2
θ .
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Combining the above two inequalities yields∥∥∥∥ 1nĈĈ� − cov(c)

∥∥∥∥
F

�P δ
1/2
θ .

By Weyl’s inequality (see Theorem 3.3.16(c) in [19]),

max
�≤r12

∣∣∣∣λ�(
1

n
ĈĈ�)− λ�(cov(c))

∣∣∣∣
≤
∥∥∥∥ 1nĈĈ� − cov(c)

∥∥∥∥
2

≤
∥∥∥∥ 1nĈĈ� − cov(c)

∥∥∥∥
F

�P δ
1/2
θ .

Then,∣∣∣∣tr( 1nĈĈ�)− tr(cov(c))

∣∣∣∣ ≤ r12∑
�=1

∣∣∣∣λ�(
1

n
ĈĈ�)− λ�(cov(c))

∣∣∣∣ �P δ
1/2
θ .

The proof is complete.

A1.3. Proof of Theorem 3

By (A2), there exists a matrix Qk, whose columns form an orthonormal basis of

colsp(Bk), such that ‖Q̂k−Qk‖F = Op(δθ). Note that tr(Q�
1 PQ2A(Q

�
1 PQ2A)

�)
= ‖Q�

1 PQ2A‖2F . Then by (A4), for any P ∈ Πp1 , we have∣∣‖Q�
1 PQ2A‖2F − ‖Q̂�

1 PQ̂2A‖2F
∣∣

≤
∣∣‖Q�

1 PQ2A‖F − ‖Q̂�
1 PQ̂2A‖F

∣∣(‖Q�
1 PQ2A‖F + ‖Q̂�

1 PQ̂2A‖F )
≤ ‖Q�

1 PQ2A − Q̂�
1 PQ̂2A‖F (‖Q�

1 P‖F ‖Q2A‖F + ‖Q̂�
1 P‖F ‖Q̂2A‖F )

≤ (‖Q̂�
1 ‖2‖PQ2A −PQ̂2A‖F + ‖PQ2A‖2‖Q�

1 − Q̂�
1 ‖F )2rk

= OP (δθ).

Hence,
∣∣‖Q�

1 P∗Q2A‖2F − ‖Q̂�
1 P∗Q̂2A‖2F

∣∣ = OP (δθ) =
∣∣‖Q�

1 P̂∗Q2A‖2F −
‖Q̂�

1 P̂∗Q̂2A‖2F
∣∣. Note that ‖Q�

1 P̂∗Q2A‖2F ≤ ‖Q�
1 P∗Q2A‖2F and ‖Q̂�

1 P∗Q̂2A‖2F ≤
‖Q̂�

1 P̂∗Q̂2A‖2F . We have

0 ≤ ‖Q�
1 P∗Q2A‖2F − ‖Q�

1 P̂∗Q2A‖2F
= (‖Q�

1 P∗Q2A‖2F − ‖Q̂�
1 P∗Q̂2A‖2F ) + (‖Q̂�

1 P̂∗Q̂2A‖2F − ‖Q�
1 P̂∗Q2A‖2F )

+ (‖Q̂�
1 P∗Q̂2A‖2F − ‖Q̂�

1 P̂∗Q̂2A‖2F )
≤
∣∣‖Q�

1 P∗Q2A‖2F − ‖Q̂�
1 P∗Q̂2A‖2F

∣∣+ ∣∣‖Q̂�
1 P̂∗Q̂2A‖2F − ‖Q�

1 P̂∗Q2A‖2F
∣∣

= OP (δθ).

Hence,
∣∣∣tr (Q�

1 P̂∗Q2A(Q
�
1 P̂∗Q2A)

�)− tr
(
Q�

1 P∗Q2A(Q
�
1 P∗Q2A)

�)∣∣∣ = OP (δθ).
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Appendix A2: Selection of matrix ranks

Following [45], we select rk = rank(Σk) for k = 1, 2 and r12 = rank(Σ12) by the
ED method of [38] and the MDL-IC method of [48], respectively. Specifically,
the ED method estimates rk by

r̂k = max{� ≤ Tk : λ̂k,� − λ̂k,�+1 ≥ δ},

where λ̂k,� is the �-th eigenvalue of YkY
�
k /n, Tk =

∣∣{i : λ̂k,i ≥ 1
mk

∑mk

�=1 λ̂k,�}
∣∣∧

mk

10 withmk = n∧pk, and δ is calibrated as in Section IV of [38]. If there exit two
variables from different denoised datsets have a significant nonzero correlation
detected by the normal approximation test of [10], then we conclude r12 > 0.
Otherwise, the CDPA method is unnecessary due to no correlation between the
two signal datasets. The MDL-IC method estimates nonzero r12 by

r̂12 = argmin
r∈[1,r̂1∧r̂2]

{
n

r∑
�=1

log(1− s2�) + r(r̂1 + r̂2 − r) log n

}
,

where s� is the �-th largest singular value of (U
[:,1:r̂1]
12 )�U

[:,1:r̂2]
22 , and the i-th

column of Uk2 ∈ R
n×n is the right-singular vector of Yk corresponding to its

i-th largest singular value.

Appendix A3: Additional simulation results

Figures A1–A4 display the simulation results for the CDPA estimators under
Setups 1 and 2. The result analysis given in Section 4 generally holds here.

Appendix A4: Additional real-data results

A4.1. Additional results of HCP motor-task functional MRI data

We also apply the five D-CCA-type methods (OnPLS, DISCO-SCA, COBE,
JIVE, and AJIVE) to analyze the HCP motor-task functional MRI data. The
result of OnPLS is not available because this method exceeds the 62GB mem-
ory limit of our computing node due to the SVD computation of the large
91,282×91,282 matrix YLY

�
R in its algorithm. The COBE method fails to gen-

erate nonzero common-source matrix estimates. Figure A5 shows the maps of
v̂ar(cL) and v̂ar(cR) obtained from the DISCO-SCA, JIVE and AJIVE methods.
Similar to those shown in Figure 4 (c) and (d) for D-CCA, the common-source
vectors cL and cR of the three methods have estimated variance maps that
are asymmetric on the two hemispheres, and thus are less plausible than the
common-pattern vector c of CDPA to represent the common pattern of the
left-hand and right-hand tasks on the brain.
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Fig A1. Average errors of CDPA estimates over 1000 replications and the signal-to-noise ratios for Setup 1 with θ ∈ {0◦, 15◦, 30◦}.
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Fig A3. Average errors of CDPA estimates over 1000 replications and the signal-to-noise ratios for Setup 2 with θ ∈ {0◦, 15◦, 30◦}.
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Fig A5. The variance maps estimated by the DISCO-SCA, JIVE, and AJIVE methods for
HCP motor-task functional MRI data. The notation v̂ar denotes the sample variance vector
obtained from the corresponding recovered sample matrix. In each subfigure, the left part
displays the cortical surface with the outer side shown in the first row and the inner side in
the second row; the right part shows the subcortical area on 20 xy slides at the z axis. The
somatomotor cortex is annotated by green circles.

A4.2. Additional results of TCGA breast cancer genomic datasets

We also apply the same clustering method used in Section 5.2 to each recovered
matrix from the five D-CCA-type methods: OnPLS, COBE, JIVE, AJIVE, and
DISCO-SCA. Table A1 reports the p-values of the log-rank test and the Peto-
Peto’s Wilcoxon test for the survival differences among the clusters from each
of these matrices. All the five methods have the p-values above 0.05 and thus
fail to discover breast cancer subtypes with significant survival differences.
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Table A1

Log-rank test and Peto-Peto’s Wilcoxon test for survival curve differences among the
clusters identified from each matrix of the five D-CCA-type methods for TCGA breast

cancer datasets.

Log-rank/Peto’s p-values for competing methods
Data OnPLS COBE JIVE AJIVE DISCO-SCA

X̂DNA 0.340/0.568 0.093/0.137 0.585/0.389 0.125/0.139 0.774/0.866

X̂mRNA 0.060/0.078 0.189/0.107 0.577/0.589 0.266/0.192 0.175/0.116

[X̂N
DNA; X̂N

mRNA] 0.461/0.506 0.325/0.319 0.207/0.225 0.296/0.330 0.452/0.517

ĈDNA 0.846/0.957 NA 0.133/0.156 0.213/0.193 0.147/0.204

ĈmRNA 0.060/0.078 NA 0.133/0.156 0.083/0.116 0.205/0.097

[ĈN
DNA; ĈN

mRNA] 0.493/0.707 NA 0.133/0.156 0.321/0.240 0.217/0.104

D̂DNA 0.618/0.559 0.093/0.137 0.137/0.086 0.282/0.205 0.791/0.657

D̂mRNA NA 0.189/0.107 0.074/0.076 0.439/0.141 0.846/0.842

[D̂N
DNA; D̂N

mRNA] NA 0.325/0.319 0.089/0.062 0.155/0.187 0.614/0.594

Notes: Denote MN = M/‖M‖F for any matrix M. NA means that the result is not
available due to a zero matrix estimate.

References

[1] Andrew, G., Arora, R., Bilmes, J. and Livescu, K. (2013). Deep
canonical correlation analysis. In International Conference on Machine
Learning 1247–1255.

[2] Barch, D. M., Burgess, G. C., Harms, M. P., Petersen, S. E.,
Schlaggar, B. L., Corbetta, M., Glasser, M. F., Curtiss, S.,
Dixit, S., Feldt, C. et al. (2013). Function in the human connectome:
task-fMRI and individual differences in behavior. Neuroimage 80 169–189.

[3] Björck, A. and Golub, G. H. (1973). Numerical methods for computing
angles between linear subspaces. Mathematics of Computation 27 579–594.
MR0348991

[4] Buckner, R. L., Krienen, F. M., Castellanos, A., Diaz, J. C. and
Thomas Yeo, B. T. (2011). The organization of the human cerebellum
estimated by intrinsic functional connectivity. Journal of Neurophysiology
106 2322-2345.

[5] Campbell, J. D., Yau, C., Bowlby, R., Liu, Y., Brennan, K.,
Fan, H., Taylor, A. M., Wang, C., Walter, V., Akbani, R. et al.
(2018). Genomic, pathway network, and immunologic features distinguish-
ing squamous carcinomas. Cell reports 23 194–212.

[6] Carroll, J. D. (1968). Generalization of canonical correlation analysis to
three or more sets of variables. In Proc. Am. Psychol. Ass. 227–228.

[7] Chamberlain, G. and Rothschild, M. (1983). Arbitrage, factor struc-
ture, and mean-variance analysis on large asset markets. Econometrica 51
1281–1304. MR0736050

[8] Crawford, K. L., Neu, S. C. and Toga, A. W. (2016). The image and
data archive at the laboratory of neuro imaging. Neuroimage 124 1080–
1083.

[9] Deza, M. M. and Deza, E. (2014). Distances on Numbers, Polynomials,
and Matrices. In Encyclopedia of Distances 227–244. Springer. MR3243690

https://www.ams.org/mathscinet-getitem?mr=0348991
https://www.ams.org/mathscinet-getitem?mr=0736050
https://www.ams.org/mathscinet-getitem?mr=3243690


2514 H. Shu and Z. Qu

[10] DiCiccio, C. J. and Romano, J. P. (2017). Robust permutation tests for
correlation and regression coefficients. Journal of the American Statistical
Association 112 1211–1220. MR3735371

[11] Efron, B. and Tibshirani, R. J. (1993). An Introduction to the Boot-
strap. Chapman & Hall. MR1270903

[12] Fan, J., Liao, Y. and Mincheva, M. (2013). Large covariance estimation
by thresholding principal orthogonal complements. J. R. Stat. Soc. Ser. B.
75 603–680. MR3091653

[13] Feng, Q., Jiang, M., Hannig, J. and Marron, J. (2018). Angle-based
joint and individual variation explained. Journal of Multivariate Analysis
166 241–265. MR3799646

[14] Fukumizu, K., Bach, F. R. and Gretton, A. (2007). Statistical consis-
tency of kernel canonical correlation analysis. Journal of Machine Learning
Research 8 361–383. MR2320675

[15] Gower, J. C. (1975). Generalized procrustes analysis. Psychometrika 40
33–51. MR0405725

[16] Gower, J. C. and Dijksterhuis, G. B. (2004). Procrustes problems 30.
Oxford University Press. MR2051013

[17] Harman, H. H. (1976). Modern Factor Analysis, Third, revised ed. U of
Chicago Press. MR0400546

[18] Hoadley, K. A., Yau, C., Hinoue, T., Wolf, D. M., Lazar, A. J.,
Drill, E., Shen, R.,Taylor, A. M.,Cherniack, A. D.,Thorsson, V.

et al. (2018). Cell-of-origin patterns dominate the molecular classification
of 10,000 tumors from 33 types of cancer. Cell 173 291–304.

[19] Horn, R. A. and Johnson, C. R. (1994). Topics in Matrix Analysis.
Cambridge University Press, Cambridge. MR1288752

[20] Hotelling, H. (1936). Relations between two sets of variates. Biometrika
28 321–377.

[21] Huang, H. (2017). Asymptotic behavior of support vector machine for
spiked population model. Journal of Machine Learning Research 18 1–21.
MR3655310

[22] Hubert, L. and Arabie, P. (1985). Comparing partitions. Journal of
classification 2 193–218.

[23] Jensen, M. A., Ferretti, V., Grossman, R. L. and Staudt, L. M.

(2017). The NCI Genomic Data Commons as an engine for precision
medicine. Blood 130 453–459.

[24] Kettenring, J. R. (1971). Canonical analysis of several sets of variables.
Biometrika 58 433–451. MR0341750

[25] Kishore Kumar, N. and Schneider, J. (2017). Literature survey on low
rank approximation of matrices. Linear and Multilinear Algebra 65 2212–
2244. MR3740692

[26] Koboldt, D., Fulton, R., McLellan, M., Schmidt, H., Kalicki-

Veizer, J., McMichael, J., Fulton, L., Dooling, D., Ding, L. et al.
(2012). Comprehensive molecular portraits of human breast tumours. Na-
ture 490 61–70.

https://www.ams.org/mathscinet-getitem?mr=3735371
https://www.ams.org/mathscinet-getitem?mr=1270903
https://www.ams.org/mathscinet-getitem?mr=3091653
https://www.ams.org/mathscinet-getitem?mr=3799646
https://www.ams.org/mathscinet-getitem?mr=2320675
https://www.ams.org/mathscinet-getitem?mr=0405725
https://www.ams.org/mathscinet-getitem?mr=2051013
https://www.ams.org/mathscinet-getitem?mr=0400546
https://www.ams.org/mathscinet-getitem?mr=1288752
https://www.ams.org/mathscinet-getitem?mr=3655310
https://www.ams.org/mathscinet-getitem?mr=0341750
https://www.ams.org/mathscinet-getitem?mr=3740692


Common and distinctive pattern analysis 2515

[27] Koltchinskii, V. and Lounici, K. (2017). Concentration inequalities and
moment bounds for sample covariance operators. Bernoulli 23 110–133.
MR3556768

[28] Lam, C. and Fan, J. (2009). Sparsistency and rates of convergence in
large covariance matrix estimation. The Annals of Statistics 37 4254–4278.
MR2572459

[29] Lock, E. and Dunson, D. (2013). Bayesian consensus clustering. Bioin-
formatics 29 2610–16.

[30] Lock, E. F., Hoadley, K. A.,Marron, J. S. and Nobel, A. B. (2013).
Joint and individual variation explained (JIVE) for integrated analysis of
multiple data types. Annals of Applied Statistics 7 523–542. MR3086429
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