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Abstract

We study a model of selection acting on a diploid population (one in which each
individual carries two copies of each gene) living in one spatial dimension. We
suppose a particular gene appears in two forms (alleles) A and a, and that individuals
carrying AA have a higher fitness than aa individuals, while Aa individuals have a
lower fitness than both AA and aa individuals. The proportion of advantageous A
alleles expands through the population approximately according to a travelling wave.
We prove that on a suitable timescale, the genealogy of a sample of A alleles taken
from near the wavefront converges to a Kingman coalescent as the population density
goes to infinity. This contrasts with the case of directional selection in which the
corresponding limit is thought to be the Bolthausen-Sznitman coalescent. The proof
uses ‘tracer dynamics’.
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1 Introduction and main results

Our interest in this work is in modelling the pattern of genetic variation left behind
when a gene that is favoured by natural selection ‘sweeps’ through a spatially structured
population in a travelling wave. The interaction between natural selection and spatial
structure is a classical problem; the novelty of what we propose here is that we replace
the simple directional selection considered in the majority of the mathematical work
in this area by a model of selection acting on diploid individuals (carrying two copies
of the gene in question) that provides a toy model for the dynamics of so-called hybrid
zones. Hybrid zones are widespread in naturally occurring populations, [4], and there
is a wealth of recent empirical work on their dynamics; see [1] for an example and a
brief discussion. In our simple model, we shall suppose that the population is living in
one spatial dimension, and that the gene has exactly two forms (alleles), A and a, and
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that type AA individuals are at a selective advantage over aa individuals, but that Aa
individuals are at a selective disadvantage relative to both.

Our goal is to understand the genealogical trees that describe the relationships
between individual genes sampled from the present day population. In the case of
directional selection, there is a large body of work, of varying degrees of rigour, that
suggests that if we take a sample of favoured individuals from close to the wavefront
then, on suitable timescales, their genealogy is described by the so-called Bolthausen-
Sznitman coalescent. In our models, where expansion of the favoured type is driven
from the bulk of the wave, we shall see that the corresponding object is the classical
Kingman coalescent.

Before giving a precise mathematical definition of our model in Section 1.1 and
stating our main results in Section 1.2, we place our work in context.

Directional selection: the (stochastic) Fisher-KPP equation

The mathematical modelling of the way in which a genetic type favoured by natural
selection spreads through a population that is distributed across space can be traced
back at least to Fisher ([17]) and Kolmogorov, Petrovsky & Piscounov ([23]). They
introduced the now classical Fisher-KPP equation,

@(t,x) = %Ap(t, z) + sop(t,z) (1 — p(t, z)) forz e R, ¢t >0, (1.1)

ot
0<p(0,z) <1 Vr € R,

as a model for the way in which the proportion p(¢, ) of genes that are of the favoured
type changes with time. A shortcoming of this equation is that it does not take account of
random genetic drift, that is, the randomness due to reproduction in a finite population.
The classical way to introduce such randomness is through a Wright-Fisher noise term,
so that the equation becomes

dp(t,z) = %Ap(t, z)dt + sop(t,z) (1 — p(t,z))dt + \/plp(t7 z)(1 = p(t, )W (dt,dz), (1.2)
e

where W is a space-time white noise and p, is an effective population density. This is a
continuous space analogue of Kimura’s stepping stone model [22], with the additional
non-linear term capturing selection. This equation has the limitation that it only makes
sense in one space dimension, but like (1.1) it exhibits travelling wave solutions ([27])
which can be thought of as modelling a selectively favoured type ‘sweeping’ through the
population and, consequently, it has been the object of intensive study.

From a biological perspective, the power of mathematical models is that they can
throw some light on the patterns of genetic variation that one might expect to see in
the present day population if it has been subject to natural selection. Neither of the
models above is adequate for this task. If it survives at all, one can expect a selectively
favoured type to eventually be carried by all individuals in a population and from simply
observing that type, we have no way of knowing whether it is fixed in the population as a
result of natural selection, or purely by chance. However, in reality, it is not just a single
letter in the DNA sequence that is modelled by the equation, but a whole stretch of
genome that is passed down intact from parent to offspring, and on which we can expect
some neutral mutations to arise. The pattern of neutral variation can be understood if
we know how individuals sampled from the population are related to one another; that
is, if we have a model for the genealogical trees relating individuals in a sample from
the population. Equation (1.1) assumes an infinite population density everywhere so
that a finite sample of individuals will be unrelated; in order to understand genealogies
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we have to consider (1.2). The first step is to understand the effect of the stochastic
fluctuations on the forwards in time dynamics of the waves.

Any solution to (1.1) with a front-like initial condition p(0, z) which decays sufficiently
fast as x — oo converges to the travelling wave solution with minimal wavespeed /2msg
([34, 8]). Since the speed of this travelling wave is determined by the behaviour in the
‘tip’ of the wave, where the frequency of the favoured type is very low, it is very sensitive
to stochastic fluctuations. A great deal of work has gone into understanding the effect of
those fluctuations on the progress of the ‘bulk’ of the wave ([9, 10, 35, 11, 20, 26, 5]).
The first striking fact is that the wave is significantly slowed by the noise ([11, 26]). The
second ramification of the noise is that there really is a well-defined ‘wavefront’; that is,
assuming that the favoured type is spreading from left to right in our one-dimensional
spatial domain, there will be a rightmost point of the support of the stochastic travelling
wave ([27]). Moreover, the shape of the wavefront is well-approximated by a truncated
Fisher wave ([9, 26]).

If we were to take a sample of favoured individuals from a population evolving
according to the analogue of (1.2) without space, then, from [3], their genealogy would
be given by a ‘coalescent in a random background’; that is, it would follow a Kingman
coalescent but with the instantaneous rate of coalescence of each pair of lineages at time
t before the present given by 1/ (NO?(t)), where ?(t) is the proportion of the population
that is of the favoured type at time ¢ before the present, and N is the total population
size. This suggests that in the spatial context, as we trace back ancestral lineages, their
instantaneous rate of coalescence on meeting at the point x should be proportional to
1/ ?(t, x). In particular, this means that if several lineages are in the tip at the same time,
then they can coalesce very quickly. In fact, principally because p(t, z) is very rough, it
is difficult to study the genealogy directly by tracking ancestral lineages and analysing
when and where they meet. However, several plausible approximations (at least for
the population close to the wavefront) have been proposed for which the frequencies
of different types in the population are approximated by (1.2) and a consensus has
emerged that for biologically reasonable models, over suitable timescales, the genealogy
will be determined by a Bolthausen-Sznitman coalescent ([11, 5]). We emphasize that
this arises as a further scaling of the Kingman coalescent in a random background. It
reflects a separation of timescales. The ‘multiple merger’ events correspond to bursts of
coalescence when several lineages are close to the tip of the wave. This then is the third
ramification of adding genetic drift to (1.1); the genealogy of a sample of favoured alleles
from the wavefront will be dominated by ‘founder effects’, resulting from the fluctuations
in the wavefront. The idea is that from time to time a fortunate individual gets ahead of
the wavefront, where its descendants can reproduce uninhibited by competition, at least
until the rest of the population catches up, by which time they form a significant portion
of the wavefront.

Other forms of selection: pushed and pulled waves of expansion

The Fisher-KPP equation, and its stochastic analogue (1.2), model a situation in which
each individual in the population carries one copy of a gene that can occur in one of
two types, usually denoted a and A and referred to as alleles. If the type A has a small
selective advantage (in a sense to be made more precise when we describe our individual
based model below), then in a suitable scaling limit, p(¢, x) represents the proportion of
the population at location z at time ¢ that carries the A allele. This can also be used as a
model for the frequency of A alleles in a diploid population, provided that the advantage
of carrying two copies of the A allele is twice that of carrying one. However, natural
selection is rarely that simple; here our goal is to model a situation in which there is
selection against heterozygotes, that is, individuals carrying one A allele and one « allele,
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and in which AA-homozygotes are fitter than aa. As we shall explain below, the analogue
of the Fisher-KPP equation in this situation takes the form
19)
8—?(75,36) = %Ap(t,x) + sof(p(t,x)) forx e R, t >0,
0<p0,7) <1 VzeR, (1.3)

where  f(p) =p(1—p)(2p -1+ ),

with @ > 0 a parameter which depends on the relative fitnesses of AA, Aa and aa
individuals.

In the case a € (0,1), the non-linear term f is bistable (since f(0) = 0 = f(1),
1/(0) <0, f/(1)<0and f <0on (0,(1 —a)/2), f >00n ((1 —a)/2,1)) and the equation
has a unique travelling wave solution given up to translation by the exact form

p(t,z) = g(z — ay/™2t), where g(y) = (1+eV %y)il. (1.4)

For a € [1,2), the travelling wave solution with minimal wavespeed is also given by (1.4).
In both cases, solutions of (1.3) with suitable front-like initial conditions converge to
the travelling wave (1.4) [16, 31]. The case o = 0 corresponds to AA and aa being
equally fit, in which case, for suitable initial conditions, there is a stationary ‘hybrid
zone’ trapped between two regions composed almost entirely of AA and almost entirely
of aa individuals respectively. As observed, for example, by Barton ([2]), when a > 2
the symmetric wavefront of (1.4) is replaced by an asymmetric travelling wavefront
moving at speed /2msg(a — 1). This transition from symmetric to asymmetric wave
corresponds to the transition from a ‘pushed’ wave to a ‘pulled’ wave, notions introduced
by Stokes ([32]).

Considering the equation (1.3) for general monostable f (i.e. f satisfying f(0) =
0= f(1), f/(0) >0, f/(1) < 0and f > 0 on (0,1)), the travelling wave solution with
minimal wavespeed c is called a pushed wave if ¢ > /2ms( f/(0), and is a pulled wave if
¢ =+/2msof'(0). (Here, y/2msof’(0) is the spreading speed of solutions of the linearised
equation.) The travelling wave solutions in the bistable case can also be seen as pushed
waves (see [19]).

The natural stochastic version of (1.3), which was also discussed briefly by Bar-
ton ([2]), simply adds a Wright-Fisher noise as in (1.2). For a > 1, this is a reparametrisa-
tion of an equation considered by Birzu et al. ([6]). Their model is framed in the language
of ecology. Let n(t, x) denote the population density at point x at time ¢. They consider

dn(t,xz) = %An(t, z)dt + n(t,z)r(n(t, ))dt + /v (n(t, z))n(t, =)W (dt, dz), (1.5)

where W is a space-time white noise, v(n) quantifies the strength of the fluctuations,
and r(n) is the (density dependent) per capita growth rate. For example, for logistic
growth, one would take r(n) = ro(1 — n/N) for some ‘carrying capacity’ N. A pushed
wave arises when species grow best at intermediate population densities, known as an
Allee effect in ecology. This effect is typically incorporated by adding a cooperative term
to the logistic equation, for example by taking

rn) =m0 (1- 1) (1+ l;?)

for some B > 0. If we write p = n/N, then, writing
n 2n n 2 n
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we see that for a > 1 we can recover (1.5) from a stochastic version of (1.3) by setting
B =2/(a—1) and ry = so(a — 1). Birzu et al. ([6]) define the travelling wave solution
with minimal wavespeed to the deterministic equation with this form of  to be pulled if
B < 2, ‘semi-pushed’ if 2 < B < 4 and ‘fully pushed’ if B > 4 (see equation (7) in [6] for
a more general definition). In our parametrisation this says that the wave is pulled for
a > 2 (as observed by [2]), semi-pushed for 3/2 < a < 2 and fully pushed for o < 3/2.
For B < 2 the wavespeed is determined by the growth rate in the tip (in particular it is
independent of B), and just as for the Fisher wave, one can expect the behaviour to be
very sensitive to stochastic fluctuations. For B > 2, the velocity of the wave increases
with B, and also the region of highest growth rate shifts from the tip into the bulk of the
wave. These waves should be much less sensitive to fluctuations in the tip. Moreover if
we follow the ancestry of an allele of the favoured type A, that is we follow an ancestral
lineage, then in the pulled case, we expect the lineage to spend most of its time in the
tip of the wave, and in contrast, in the pushed case, it will spend more time in the bulk.
Indeed, if the shape of the advancing wave is close to that of g in (1.4) and the speed
is close to v := ay/msp/2, then we should expect the motion of the ancestral lineage
relative to the wavefront to be approximately governed by the stochastic differential
equation

dz, = vdt + "I

9(Zt)

where (B,);>¢ is a standard Brownian motion. (We shall explain this in more detail in the
context of our model in Section 1.3 below.) The stationary measure of this diffusion (if it
exists) will be the renormalised speed measure,

dt + /mdBy, (1.6)

m(r) = %9(9:)2 exp (2ua/m) = %e%w(l + e@f)—? (1.7)

Substituting for the wavespeed, v = a\/ms(/2, we find that 7 is integrable for 0 < o < 2.
In other words, the diffusion defined by (1.6) has a non-trivial stationary distribution
when the wave is pushed, but not when it is pulled. The expression (1.7) appears in
equation (S28) in [6], and earlier in [30] (where the authors study the deterministic
equation (1.3)) and in Theorem 2 of [19] (in relation to pushed wave solutions of general
reaction-diffusion equations). In [6], through a mixture of simulations and calculations,
the authors also conjecture that the behaviour of the genealogical trees of a sample
of A alleles from near the wavefront will change at B = 4 (corresponding to o = 3/2)
from being, on appropriate timescales, a Kingman coalescent for « € (0,3/2) to being a
multiple merger coalescent for o > 3/2.

Our calculation of the stationary distribution only tells us about a single ancestral
lineage; to understand why there should be a further transition at « = 3/2, we need
to understand the behaviour of multiple lineages. We seek a ‘separation of timescales’
in which ancestral lineages reach stationarity on a faster timescale than coalescence;
c.f. [29]. Recalling that we are sampling type A alleles from near the wavefront, then
just as for the Fisher-KPP case, the instantaneous rate of coalescence of two lineages
that meet at the position x € R relative to the wavefront should be proportional to the
inverse of the density of A alleles at x, which we approximate as 1/(2Nyg(z)) for a large
constant Ny (corresponding to the population density). If Ny is sufficiently large, then
the lineages will not coalesce before their spatial positions reach equilibrium, and so the
probability that the two lineages are both at position z relative to the wavefront should
be proportional to 7(x)?. This suggests that in this scenario the time to coalescence
should be approximately exponential, with parameter proportional to ffooo 7(x)?/g(z)dz
(this calculation appears in [6] in their equation (S119)). This quantity is finite precisely
when « € (0,3/2). If we sample k lineages, one can conjecture that, because of the
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separation of timescales, once a first pair of lineages coalesces, the additional time until
the next merger is the same as if the remaining k& — 1 lineages were started from points
sampled independently according to the stationary distribution =. This then strongly
suggests that in the regime « € (0, 3/2), after suitable scaling, the genealogy of a sample
will converge to a Kingman coalescent.

Although we believe that the suitably timescaled genealogy of lineages sampled from
near the wavefront of the advance of the favoured type really will converge to Kingman'’s
coalescent for all « € (0,3/2), our main results in this article will be restricted to the
case « € (0,1). The difficulty is that for o > 1, as z — oo, the stationary measure 7(z)
does not decay as quickly as the wave profile g(z). Consequently, a diffusion driven
by (1.6) will spend a non-negligible proportion of its time in the region where g is very
small, which is precisely where the fluctuations of p about g (or rather fluctuations of
1/p about 1/g) become significant and our approximations break down. For this reason,
in what follows, we shall restrict ourselves to the case a < 1. Unlike the parameter
range corresponding to (1.5), in this setting, the growth rate in the tip of the wave is
actually negative, and the non-linear term f in (1.3) is bistable. In ecology this would
correspond to a strong Allee effect; for us, it means that we can control the time that the
ancestral lineage of an A allele spends in the tip of the wave (from which it is repelled).
In Section 1.3 below, we will briefly discuss the case « € [1,3/2) in the context of our
model.

Before discussing the definition of our model, we mention recent rigorous results
of Tourniaire [33] on a related model. She studies a model that mimics a population
expanding according to a travelling wave, and her model also exhibits fully pushed,
semi-pushed and pulled regimes. The model is a branching Brownian motion with space-
dependent branching rate and negative drift in which particles are killed if they hit
the origin; she shows that in the semi-pushed regime, the number of particles evolves
approximately according to an a-stable continuous-state branching process, suggesting
that the genealogy is governed by a beta coalescent (a multiple merger coalescent).

Some biological considerations

Our goal is to write down a mathematically tractable, but biologically plausible,
individual based model for a spatially structured population subject to selection acting
on diploids, and to show that when suitably scaled the genealogy of a sample from near
the wavefront of expansion of A alleles converges to a Kingman coalescent. As we will
see below, for this model the proportion of A alleles will be governed by a discrete space
stochastic analogue of (1.3) with 0 < o < 1.

The model that we define and analyse below will be a modification of a classical
Moran model for a spatially structured population with selection in which we treat each
allele as an individual. In order to justify this choice, we first follow a more classical
approach by considering a variant of a model that is usually attributed to Fisher and
Wright, for a large (diploid) population, evolving in discrete generations.

First we explain the form of the nonlinearity in (1.3). For simplicity, let us temporarily
consider a population without spatial structure. We are following the fate of a gene
with two alleles, ¢ and A. Individuals in the population each carry two copies of the
gene. During reproduction, each individual produces a very large number of germ cells
(containing a copy of all the genetic material of the parent) which then split into gametes
(each carrying just one copy of the gene). All the gametes produced in this way are
pooled and, if the population is of size Ny, then 2Ny gametes are sampled (without
replacement) from the pool. The sampled gametes fuse at random to form the next
generation of diploid individuals. To model selection, we suppose that the numbers of
germ cells produced by individuals are in the proportion 1 + 2as : 14 (o — 1)s : 1 for
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genetic types AA, Aa, aa respectively. Here a € (0, 1) is a positive constant and s > 0
is small, with (« + 1)s < 1. Notice in particular that type AA homozygotes are ‘fitter’
than type aa homozygotes, in that they contribute more gametes to the pool (fecundity
selection). Both are fitter than the heterozygotes (Aa individuals).

Suppose that the proportion of type A alleles in the population is w. If the population
is in Hardy-Weinberg proportions, then the proportions of AA, Aa and aa individuals are
w?, 2w(1 —w) and (1 —w)? respectively. Hence the proportion of type A in the (effectively
infinite) pool of gametes produced during reproduction is

(14 2as)w? + (1 + (o — 1)s)2w(l — w)
1+ 2asw? + (a—1)s - 2w(l — w)
= (1+as—s)w+ (3 —a)sw? — 25w + O(s?)
=(1—(a+1)s)w + as(2w — w?) + s(3w? — 2w?) + O(s?) (1.8)
=w+ asw(l —w) + sw(l —w)(2w — 1) + O(s?). (1.9)

We will assume that s is sufficiently small that terms of O(s?) are negligible. If the
population were infinite, then the frequency of A alleles would evolve deterministically,
and if s = s9/K for some large K, then measuring time in units of K generations, we
see that w will evolve approximately according to the differential equation

dw
o
and we recognise the nonlinearity in (1.3).

The easiest way to incorporate spatial structure into the Wright-Fisher model de-
scribed above is to suppose that the population is subdivided into demes (islands of
population) which we can, for example, take to be the vertices of a lattice, and in
each generation a proportion of the gametes produced in a deme is distributed to its
neighbours (plausible, for example, for a population of plants). If we assume that this
dispersal is symmetric, the population size in each deme is the same, and the proportion
of gametes that migrate scales as 1/K, then this will result in the addition of a term
involving the discrete Laplacian to the equation (1.10).

Since we are interested in understanding the interplay of selection, spatial structure,
and random genetic drift, we must consider a population with finite population size in
each deme. We shall nonetheless assume that the population in each deme is large,
so that our assumption that the population is in Hardy-Weinberg equilibrium remains
valid. When this assumption is satisfied, to specify the evolution of the proportions of
the types AA, Aa, aa, it suffices to track the proportion of A gametes in each deme.
Moreover, because we assume that the chosen gametes fuse at random to form the next
generation, the genealogical trees relating a sample of alleles from the population can
also be recovered from tracing just single types. The only role that pairing of genes in
individuals plays is in determining what proportion of the gamete pool will be contributed
by a given allele in the parental population.

Returning to our non-spatial model, suppose that the proportion of A alleles in some
generation ¢ is w and recall that the population consists of 2N, alleles. The probability
that two type A alleles sampled from generation ¢ + 1 are both descendants of the same
parental allele is approximately 1/(2Now) since s is small, while the probability that three
or more are all descended from the same parent is O(1/N¢). Recalling that s = so/K for
some large K, if now we measure time in units of K generations, the forwards in time
model for allele frequencies will be approximated by a stochastic differential equation,

K
dw = sow(l —w)(2w — 1 4+ a)dt + 4/ ———w(1 — w)d By,
\ 2N,
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where (B;);>0 is a Brownian motion, and the genealogy of a sample of type A alleles
from our population will be well-approximated by a time-changed Kingman coalescent in
which the instantaneous rate of coalescence, when the proportion of type A alleles in
the population is w, is K/(2Now).

The Wright-Fisher model is inconvenient mathematically, but we now see that for
the purpose of understanding the genealogy, we can replace it by any other model in
which, over large timescales, the allele frequencies evolve in (approximately) the same
way and in which, as we trace backwards in time, the genealogy of a sample of favoured
alleles is (approximately) the same (time-changed) Kingman coalescent. This will allow
us to replace the discrete generation (diploid) ‘Wright-Fisher’ model by a much more
mathematically convenient ‘Moran model’, in which changes in allele frequencies in
each deme will be driven by Poisson processes of reproduction events in which exactly
one allele is born and exactly one dies.

Because our Moran model deals directly with alleles, from now on we shall refer to
alleles as individuals. To understand the form that our Moran model should take, let us
first consider the non-spatial setting. Once again we trace 2N, individuals (alleles), but
now we label them 1,2,...,2N,. Reproduction events will take place at the times of a
rate 2Ny K Poisson process. Inspired by (1.9), we divide events into three types: neutral
events, which will take place at rate 2Ny K (1 — (a + 1)s), events capturing directional
selection at rate 2NgKas, and events capturing selection against heterozygosity, at
rate 2Ny K's. In a neutral event, an ordered pair of individuals is chosen uniformly at
random from the population; the first dies and is replaced by an offspring of the second
(and this offspring inherits the label of the first individual). At an event corresponding
to directional selection, an ordered pair of individuals is chosen uniformly at random
from the population; if the type of the second is A, then it produces an offspring which
replaces the first. At an event corresponding to selection against heterozygosity, an
ordered triplet of individuals is picked from the population; if the second and third are
of the same type, then the second produces an offspring that replaces the first. (Note
that in such an event, the first individual is either replaced by or remains a type A if and
only if at least two of the triplet of individuals picked were type A.)

Note that if X;, X5 and X3 are i.i.d. Bernoulli(w) random variables then

P(X;+Xo>1)=2w—w? and P(X;+ Xs+ X3 >2) =3w? — 2w,

and recall that s = so/K. Then using (1.8), we see that for large K, the proportion of
A alleles under this model will be close to that under our time-changed Wright-Fisher
model. Moreover, since there is at most one birth event at a time, coalescence of
ancestral lineages is necessarily pairwise. If in a reproduction event the parent is type
A, then the probability that a pair of type A ancestral lineages corresponds to the parent
and its offspring (and therefore merges in the event) is 2/(2Now(2Now — 1)), where w is
the proportion of A alleles in the population. Since s is very small, the instantaneous rate
at which events with a type A parent fall is approximately 2/ Nyg Kw. Thus, the probability
that a particular pair of two type A individuals sampled from the population at time
t + 6t are descended from the same type A individual at time ¢ is (up to a lower order
error) Kdt/(Now). Therefore (after rescaling time by a factor 1/2, and replacing sy by
2s0) the genealogy and changes in allele frequencies under this model will be (up to a
small error) the same as under the Wright-Fisher model.

In what follows, to avoid too many factors of two, we are going to write N = 2N, for
the number of individuals in our Moran model.

EJP 27 (2022), paper 121. https://www.imstat.org/ejp
Page 8/99


https://doi.org/10.1214/22-EJP845
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Genealogies in bistable waves

1.1 Definition of the model

We now give a precise definition of our model. Take « € (0,1), sg > 0 and m > 0. Let
n, N € IN. We are going to define our (structured) Moran model on %Z in such a way that
there are N individuals in each site (or deme) and they are indexed by [N] := {1,...,N}.
We shall denote the type of the ith individual at site x at time ¢ by £}'(z,4) € {0, 1}, with
&P (x,i) = 1 meaning that the individual is type A, and &'(x,¢) = 0 meaning that the
individual is type a. For z € 2Z and ¢ > 0, let

1 N
P@) = Y&, )
=1

be the proportion of type A at x at time ¢. We shall reserve the symbol z for space and
i, 7, k for the label of an individual.
Let

250 n?

Z0 and 1y = o
an T ON

Sn =3
(Here, s, is a selection parameter which determines the space scaling needed to see a
non-trivial limit, and r,, is a time scaling parameter.)

To specify the dynamics of the process, we define four independent families of
i.i.d. Poisson processes. These will govern neutral reproduction, directional selection,
selection against heterozygotes and migration respectively. Let ((P;" )t>0)2e L 7,ij€[N]

(1.11)

be i.i.d. Poisson processes with rate r,(1 — (o + 1)s,). Let ((Sf’i’j)tzo)meiZ’#J—e[N] be

i.i.d. Poisson processes with rate r,as,. Let ((Q¢""")i>0)ze 17,5 ) ke[N] distinct D€ 1.1.d. Pois-

son processes with rate +r,s,. Let ((Rf’i’y’j)@o)x_’ye%ZJm,mznqN-G[N] be i.i.d. Poisson
processes with rate mr,.

For a given initial condition pjj : 1Z — +7Z N [0,1], we assign labels to the type A
individuals in each site uniformly at random. That is, we define (£5(2,7)),c 17 en) @S
follows. For each = € +7 independently, take I, C [N], where I, is chosen uniformly at
random from {A C [N]: |A| = Npg(z)}. Fori € [N], let 5 (x,i) = Lgier,y-

The process (§' (7, %)) e 17,ic[n)4>0 €VOLVes as follows.

1. If t is a point in P*%J, then at time ¢, the individual at (z, ) is replaced by offspring
of the individual at (z, j), i.e. we let £ (z, 1) = & (z, 7).

2. If t is a point in 8%, then at time t, if the individual at (z, j) is type A then the
individual at (z, ) is replaced by offspring of the individual at (z, j), i.e. we let

& (x,i) otherwise.

Zl,(a,;’i) _ {ggl_(x’]) ifftn_(l‘,j) =1,

3. If t is a point in Q**7*, then at time ¢, if the individuals at (z, j) and (z, k) have the
same type then the individual at (z,%) is replaced by offspring of the individual at
(x,7), i.e. we let

@moﬁWM)ﬁ$Wﬁ=¢m@

™ (x,i) otherwise.

4. Ift is a point in R®%¥J, then at time ¢, the individual at (z, i) is replaced by offspring
of the individual at (y, j), i.e. we let £ (z,4) = & (y, 7).
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Ancestral lineages will be represented in the form of a pair with the first coordinate
recording the spatial position and the second the label of the ancestor. More precisely,
for T > 0, ¢ € [0,T], o € 17 and iy € [N], if the individual at site y with label j is
the ancestor at time T — ¢ of the individual at site xzy with label iy at time 7', then we
let (¢;"" (z0,i0), 07" (w0,70)) = (y,). The pair (/" (wo,i0), 07" (20, 0))sejo,7) is a jump
process with

(C3" (w0,0), 8" (w0, i) = (0, o),

which evolves as follows. For some ¢ € (0, 7], suppose that (¢"" (z0, i), 01" (20, 10)) =

(2,7). Then if T — ¢ is a point in P**J for some j # i, we let (¢"" (x0,i0), 0" (z0,i0)) =
(x,7). If instead T — t is a point in S**J for some j # i, we let

(l‘,]) inglet)f(mvj) = 17
(z,i) otherwise.

(" (w0, 40), 0" (w0, 40)) = {

If instead T — ¢ is a point in Q%3 for some j # k € [N]\ {i}, we let

(LU,j) if g/(ant)f(xvj) = g/(ant)f(mvk)a
(z,i) otherwise.

(& (z0,d0), 07" (20, 40)) = {

Finally, if T — ¢ is a point in R**%J for some y € {x —n~,x + n~1}, j € [N], we let
(¢ (20, 10), 0" (20,10)) = (y, 7). These are the only times at which the ancestral lineage
process (¢2T (xo, o), 02" (0, i0) ) se(o,7] jJUMPS.

1.2 Main results
Recall from (1.4) that g : R — R is given by

g(x) = (1 +e@“’)—1. (1.12)

In our main results, we will make the following assumptions on the initial condition pj,
for b1, b2 > 0 to be specified later:

po(x) =0Vx > N, p{(z)=1Vz < -—N,
sup |pg(w) —g(x)] <b1  and sup PG (21) = pf (22)] <n7% (&)

z€+Z 21,22€ 27|21 —22|<n—1/3
These assumptions ensure that pj is a front-like initial condition which is fairly close to
the travelling wave profile g and is not too rough. We will assume throughout that there
exists ag > 0 such that (log N)% < logn for n sufficiently large. The idea is that we need
N > n > 1, in order that p} is close to the deterministic limit, but we do not want N to
tend to infinity so quickly that we don’t see the effect of the stochastic perturbation at

all.
For t > 0, define the position of the random travelling front at time ¢ by letting

py =sup{z € 7 : p}(x) > 1/2}. (1.13)
Fort>0and R > 0, let
Gre={(z,1) € LZ x [N]: |z — p}| < R, ' (z,1) =1}, (1.14)

the set of type A individuals which are near the front at time ¢.

Our first main result says that if at a large time 7;, we sample a type A individual from
near the front, then the position of its ancestor relative to the front at a much earlier
time T,, — T} has distribution approximately given by 7 (as defined in (1.15) below).
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Theorem 1.1. Suppose a € (0,1) and, for some a; > 1, N > n% for n sufficiently
large. There exists by > 0 such that for bo > 0 and Ky < oo the following holds.
Suppose condition (A) holds, T,, < N? and T, — oo as n — oo with T, — T/, > (log N)2.
Let (Xo,Jo) € 17 x [N] be measurable with respect to o((&7, (#,9))pc 17,5e(n)) With
(Xo, o) € Gk, 1, Then

T d
¢ " (Xo, Jo) — pg, —py — Z asm — oo,
where Z is a random variable with density

2 «a 2;0x
r(z) = — @€ (1.15)

I gy)2eV vy

Our second main result says that the genealogy of a sample of type A individuals

from near the front at a large time 7T, is approximately given by a Kingman coalescent
(under a suitable time rescaling).
Theorem 1.2. Suppose o« € (0,1) and, for some as > 3, N > n® for n sufficiently
large. There exists by > 0 such that for b, > 0, kg € N and Ky < oo, the following
holds. Suppose condition (A) holds, and take T, € [N, N?|. Let (X1,J1), ..., (Xky, Jk,) b€
measurable with respect to o (&%, (2,1)),c17,env)) and distinct, with (X;, J;) € Gx,,r,
Vi € [kﬁo]

Fori,j € [ko], let 7;'; denote the time at which the i™ and j™ ancestral lineages
coalesce, i.e. let

Ty = int{t > 0 (¢ (X0, J0), 07T (X, i) = (G (X, T5), 00T (X, ) )

Then

o 3 20,/20
@m+n [ g(x)3e* "y "
N 250 274
YR

d
— (Tij)ijeko] @ST —> 00,

i,j€[ko]

where 7; ; is the time at which the i™ and j* ancestral lineages coalesce in the Kingman
ko-coalescent.

We now state two further results that follow easily from the proofs of Theorems 1.1
and 1.2. The first result says that at large times, the proportion of type A in the
population expands approximately according to the travelling wave solution (1.4) of the
partial differential equation (1.3).

Theorem 1.3. Suppose « € (0,1) and, for some a; > 1, N > n® for n sufficiently
large. For { € N, there exist b1, c > 0 such that for bs > 0 the following holds. Suppose
condition (A) holds; then for n sufficiently large,

—(lo ¢ n ¢
P ( sup [P (2) = g(@ — )| > e (o8N ) = (N> and
z€ 17, te[log N,N2]

. ¢
P (Elt € [log N,N?],s € [0,1 A (N? = )] : |ufyy — piff — vy / 05| > e~ (og N) ) < (%) .

The second additional result is closely related to Theorem 1.1. It says that for any
fixed ¢ty > 0, if at a large time 7,, we sample a type A individual from some location
near the front, then the position of its ancestor relative to the front at time 7,, — ¢ has
distribution approximately given by Z,,, where (Z;),>¢ is the diffusion given in (1.6) with
Zy given by the position relative to the front of the sampled individual at time 7,.
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Theorem 1.4. Suppose « € (0,1) and, for some a; > 1, N > n** for n sufficiently large.
There exists by > 0 such that for b, > 0, to > 0, § > 0 and Ky < oo the following holds
for n sufficiently large. Suppose condition (A) holds and take (log N)2 +ty<T, < N?
and X, € 17 with |Xy — pr, | < Ko. Let Jo € [N] be measurable with respect to
a((&r, (=, i))xe%z,ie[m) with £ (Xo,Jo) = 1. Then foryo € R,

[P (™ (X0, Jo) = i, 1y < W0) = Pxomuy, (Zeo <10)| <5,
where under P, (Z;):>o solves the SDE

Vy(Z
dZ, = ay /™2 dt +m g’E(Zt;)

dt + mdBt, ZO = 20-

A stronger result would be to show convergence of the process (¢ (X, Jo) —
Wt _¢)e>o to the diffusion (Z;);>o, but our results do not give us sufficient control of the

increments of ¢/ (Xy, Jo) over short time intervals.

1.3 Strategy of the proof

We will show that if N > n, then if n is large and T} is not too large, (p}):c(o,7,] 18
approximately given by a solution of the PDE

ou
o
(Recall from our discussion of a non-spatial Moran model before Section 1.1 that the
non-linear term in (1.16) comes from the events corresponding to the Poisson processes
(§%49), ;. ; and (Q%%3F), . .. The Laplacian term comes from the Poisson processes
(R®%¥:9), ;. ; which cause migration between neighbouring sites and whose rate was
chosen to coincide with the diffusive rescaling.)
As noted in (1.4), u(t,r) := g(x — a\/™5°t) is a travelling wave solution of (1.16).
In the case a € (0, 1), work of Fife and McLeod [16] shows that for a front-like initial
condition ug satisfying limsup,_,, uo(z) < 3(1 — a) and liminf,,_ uo(z) > 3(1 — @),
the solution of (1.16) converges to a moving front with shape g and wavespeed o/ ~5°.
We can use this to show that if N > n, then for large n, with high probability,

= smAu+ sou(l —u)(2u — 1+ ). (1.16)

n n
pi(x) = gla—p}) Vo € %Z,t € [log N, N2] and % ~ /750 Vs < te(log N, N2]7
(1.17)
where u} is the front location defined in (1.13) (recall Theorem 1.3; this result will be
proved in Proposition 3.1).
Suppose the event in (1.17) occurs, and sample a type A individual at a large time 77,
by taking (Xo, Jo) with {7, (Xo, Jo) = 1. We will show that the recentred ancestral lineage

process ( t"T (Xo,Jo) — W}, _)telo,1,,) mOves approximately according to the diffusion

, mVg(Z)
dZ; = o) 0dt + ————=
2 9(Zt)
where (Bt)tzo is a Brownian motion (recall Theorem 1.4; the connection to the diffusion
(Z4)¢>0 will be established in Lemma 4.3). This can be explained heuristically as follows.
Observe first that (uf} _, — pf _,_,)/s ~ a\/T5% for s > 0. Then if (""" (Xo, Jo) jumps
at some time ¢, and ¢/""" (Xo, Jy) = o, the conditional probability that ¢ (X, Jo) =
zo+n~lis

dt + /mdB;,

p}n’_t(mo + nil)

1 1Vg(wo—pg, ) -
p%ﬂ/—t(zO —n~1)+ p%ﬂ/—t(zO +n7t) 2 .

1
2 g(xo — U%ﬂ,_t)
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Finally, the total rate at which (™7~ (X, .Jy) jumps is given by 2mr, N = mn?, and the
jumps have increments +n ="',

As we observed before in (1.7), (Z;);>0 has a unique stationary distribution given by ,
as defined in (1.15). In Theorem 1.1, we show rigorously that for large ¢, Cf’T" (Xo,Jo) —
wr, —, has distribution approximately given by 7. Theorem 1.1 is not strong enough
to give the precise estimates that we need for Theorem 1.2, and so in fact we prove
Theorem 1.2 first and then Theorem 1.1 will follow from results that we have obtained
along the way.

A pair of ancestral lineages can only coalesce if they are distance at most n—!
apart. Take a pair of type A individuals at time 7,, by sampling (X, J1) # (X2, J2) with
& (X1, J1) =1 = ¢ (Xo, J2). Suppose that at some time 7), — ¢, their ancestral lineages
are at the same site but have not coalesced, i.e. (/""" (X}, .J;) = z = (""" (Xy, J,) for
some z € %Z. For ¢,, > 0 sufficiently small, on the time interval [T,, — t — d,, T, — ],
each type A individual at x produces offspring at x at rate approximately r, /N, and not
many individuals produce more than one offspring. Hence the number of pairs of type
A individuals at z at time 7T,, — ¢t which have common ancestors at time 7T,, — t — d,, is
approximately r,, N 26np%ﬂ s, (z) (see Lemma 5.2). Therefore, the probability that our
pair of lineages coalesce within time 0, (backwards in time), which is the same as the
probability that it is one such pair, is approximately

rnN20npY, s, (%) n?s,

(Np;n2,t(w)) T ONph _(2)

(1.18)

Similarly, if (/""" (X1, J;) = # and (""" (X, J5) = = + n~! then, since an individual at z
produces offspring at = + n~! at rate mr, N and vice-versa, the probability that the pair
of lineages coalesce within time §,, is approximately

mr,N26,(pt _y s () + 0 5 (x+n"1)) . mn?5, (1.19)
Np%nft(x) -Np%nit(x—&—n*l) Np%nft(f). '

These heuristics suggest that for =y € +7, since 7 (zo)m(zo+n ')t ~ 1 and 7 (zo)m(zo —
n~1)~1 ~ 1, the rate at which the pair of ancestral lineages of (X;,J;) and (Xa, Jo)
coalesce and the ancestral lineage of (X1, J) is at location z, relative to the front should
be approximately

2 2

-2 2 M =2 (za)2 - mn — (Om 7"(350)
) Ny T2 T Ny T B U NGy

Note that for some constants Cq,Cs > 0,

2

2 2s 2 2s
(o) ~ O3V T 0 as 29 — 0o and m(&o) ~ Cpe?®V 0 5 0 as 29 — —oc.
g(o) g(o)

(1.20)
This suggests that coalescence only occurs (fairly) close to the front. If a pair of lineages
coalesce close to the front, then the rate at which they subsequently coalesce with
another given lineage is O(n?N~!), which suggests that if N > n?, their location relative
to the front will have distribution approximately given by « before any more coalescence
occurs. Hence the genealogy of a sample of type A individuals from near the front should
be approximately given by a Kingman coalescent with rate

2 0o 2
Z (2m+1) (o) ~ (2m + 1)2/ () dy
iz Ng(o) NJw 9y)
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This result is proved in Theorem 1.2 (with the additional technical assumption that
N > n?).

For « € [1,2), work of Rothe [31] shows that for the PDE (1.16), if the initial condition
uo(z) decays sufficiently quickly as z — oo then the solution converges to a moving
front with shape g and wavespeed a/™5°. Moreover, (1.20) holds for any a € (0,3/2),
which suggests that Theorem 1.2 should hold for any « € (0,3/2). The main difficulty
in proving the theorem for this range of « is that p!*(z)~! is hard to control when z — u?
is very large, i.e. far ahead of the front. This in turn makes it hard to control the motion
of ancestral lineages if they are far ahead of the front. For o € (0,1), the non-linear
term f(u) = u(1 —u)(2u — 1+ «) in the PDE (1.16) satisfies f(u) < 0 for u € (0, (1 — a)),
which means that far ahead of the front, the proportion of type A decays. This allows
us to show that with high probability, no lineages of type A individuals stay far ahead of
the front for a long time (see Proposition 6.1), which then gives us upper bounds on the
probabilities of lineages being far ahead of the front at a fixed time (see Proposition 2.5).
A proof of Theorem 1.2 for « € [1,3/2) would require a different method to bound
these tail probabilities, along with more delicate estimates on p}(z) for large z in
order to apply [31] and ensure that p}(-) ~ g(- — p}*) with high probability at large
times ¢.

One of the main tools in the proofs of Theorems 1.1 and 1.2 is the notion of tracers.
In population genetics, this corresponds to labelling a subset of individuals by a neutral
genetic marker, which is passed down from parent to offspring, and which has no
effect on the fitness of an individual by whom it is carried. Such markers allow us to
deduce which individuals in the population are descended from a particular subset of
ancestors (c.f. [12]). The idea of using these markers, or ‘tracers’, in the context of
expanding biological populations goes back at least to Hallatschek and Nelson [20], and
has subsequently been used, for example, by Durrett and Fan [14], Birzu et al. [6] and
Biswas et al. [7]. The idea is that at some time t(, a subset of the type A individuals are
labelled as ‘tracers’. At a later time ¢, we can look at the subset of type A individuals
which are descended from the original set of tracers. In particular, for 0 < ¢t < ¢
and z1,29 € %Z, we can record the proportion of individuals at x5 at time ¢ which
are descended from type A individuals at x; at time ¢y. This tells us the conditional
probability that the time-ty ancestor of a randomly chosen type A individual at x, at
time t was at z;. For z1,z5 € %Z and ¢t > 0, and taking §,, > 0 very small, we can also
record the number of pairs of type A individuals at z; and z» at time ¢ + §,, which have
the same ancestor at time ¢. This tells us the conditional probability that a randomly
chosen pair of type A lineages at x; and z at time ¢ 4+ §,, coalesce in the time interval
[t, 1+ dp].

In Section 2, we will define a ‘good’ event E in terms of these ‘tracer’ random
variables, and in Sections 3-6, we will show that the event F occurs with high probability.
The proof of Theorem 1.3 will appear in Section 3. In Section 2, we will show that
conditional on the tracer random variables, if the event F occurs, the locations of
ancestral lineages relative to the front approximately have distribution 7 (see Lemma 2.7),
pairs of nearby lineages coalesce at approximately the rates given in (1.18) and (1.19)
(see Proposition 2.8), and we are unlikely to see two pairs of lineages coalesce in a short
time (see Proposition 2.9). We can also prove bounds on the tail probabilities of lineages
being far ahead of or far behind the front (see Propositions 2.5 and 2.6). These results
combine to give a proof of Theorem 1.2. In Section 7, we use results from the earlier
sections to complete the proofs of Theorems 1.1 and 1.4. Finally, in Section 8, we give a
glossary of frequently used notation.
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2 Proof of Theorem 1.2

Throughout Sections 2-7, we suppose « € (0,1). We let

2
K=1"2  and  v=oy /=X 2.1)
m 2

Fork e IN, let [k] = {1,...,k}. For 0 < t¢; <ty and x1,x2 € %Z, let

1 . n ; n,t2 ;
(]Z,tg(xl7x2) = N‘{Z € [N]: £t2($272) =1, Ctz’itl(xml) =z}l (2.2)

the proportion of individuals at x5 at time ¢5 which are type A and are descended from
an individual at x; at time ¢;. Similarly, for 0 <t; <ty and x; € R, 25 € %Z, let

n Iy . n .
a T, (w1, @2) = e V] = & (22,4) = 1, Gt (w2,40) > @1}
. 1. ) n .
and qt1,;t2(xl7x2> = N'{Z € [N] : EZ(:CQ’Z) = 17 Ct;ﬁztl (.’L’Q,Z) < .TL']_}‘ (23)
Fix a large constant C' > 2'3a~2, and let

6n = |NV2n2|7 €, = [(log N) 2671 6,, vn = |(loglog N)*| and d,, = x~*C'loglog N.
(2.4)
Fort >0,/ Nandxq,...,z4 € %Z, let

C;L(S(}l,l'g,...,l‘g)
= {(ilv“-?if) € [N]Z : (mjalj) 7& ((Ef,lf)Vj 7&]/ € [f], glzrén(mjalj) = 1VJ € [K]a

(G0 (o), 050 (g,1)) = (G0 (), 050" (20, 1)) Vi € 1,
(2.5)
the set of /-tuples of distinct type A individuals at z1, ..., z, at time t + d,, which all have
a common ancestor at time ¢. Recall the definition of x} in (1.13). Fory,¢ >0,0<s <t
and z € 17, let

rs”ty’l(m) = NHZ € [N]: & (z,i) =1, ' (2,4) > pfy +y W € NoN[0,8]}],  (2.6)

the proportion of individuals at = at time ¢ which are type A and whose ancestor at time
t — ¢’ was to the right of x}" ,, +y for each ¢’ € /INy N [0, s].
Fix T, € [(log N)?, N?] and define the o-algebra

F = o (08 @acrzizr, (6, (@ )serzicin;
(q;‘n—tl,Tn—tQ (71, :L'Q)):El,sz%Z,tl,tQG(;nlNo,tQStl <T,>

(C%ﬁt(xla xQ))zhsz%Z,teén]N, t<T,> (C%ﬁt(xlv L2, xS))zl,mz,wse%Z,te&Lm, th,,L) .
2.7)

We now define some ‘good’ events, which occur with high probability, as we will show
later. Take c¢1, co > 0 small constants, and t*, K € IN large constants, to be specified later.
The first event will allow us to show that the probability a lineage at x, at time t 4 v,
has an ancestor at x; at time ¢ is approximately n‘lw(xl — uP). For zy,29 € %Z and
0 <t <T,, define the event

Uty ry, (T1,22)

A(l)((ﬂl,(tg) _ {
' P4y, (22)

— e = )| < 07 log ).
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The next two events will allow us to control the probability that a lineage is far ahead of,
or far behind, the front. For x1, 29 € %Z and 0 <t < 7T, define the events

n,+
AEZ)(%?IQ) _ qt,t+t*(x17m2) Sclef(lJr%(lfa))/{(a:l7(:1:271/15*)\/(/1:’4»[()4»2)
p?+t*(372)

and AIE?)) (:Cth) = w < 0167%0‘“(($2*Vt*)*$1+1) .
P (22)

The next two events will give us a useful bound on the probability that a lineage is at the
site x at time ¢, conditional on its location at time ¢ + ¢,,, and will allow us to show that
lineages do not move more than distance 1 in time ¢,,. For « € %Z and 0 <t < T, define
the events

A§4) (x) {qf"tﬂ" (x,2") < n_leglpﬁen (2')Vx' € %Z}
and AIES)(J?) = {qZH_en (x’,x) S ]1|a:7w’|§1 V$/ S %Z} .

The next event will allow us to show that lineages do not move more than distance
(log N)?/3 in time ¢*. For z € 1Z and 0 < ¢ < T,,, define the event

6 n * c—
A1(£ )(x) = {Qt,t+k6n (x/ax) < ]llx—x’\g(logN)WS Vk € [t 5n 1],:5/ € %Z}

The next four events will give us estimates on the probability that a pair of lineages at
the same site or neighbouring sites coalesce in time ¢,,, and bounds on the probabilities
that a pair of lineages further apart coalesce, or a set of three lineages coalesce. For
x € 1Z and 0 <t < T,,, define the events

(1) | |Ct"(3;‘, CC)l - nZNénp?(x)‘ —1/5
B = <2
0 (@) { n2 N6, p}(z) = an ’

B (2) = |Cy (2 +1n_12)| — 3mn? N6, (p} (x) + pi(z +n1))| <o 15\
T2 Now (7 () + 9 (2 + 1)
CTL /
Bt(?’)(:c) = {W < n71/5]1|m,x/‘<Kn71 va' € 17 with |2/ — 2| > nl} ,
n /
BW () = {w

d
an t n2N &, p(z

IA

n_1/5]1|y—m\\/\y’—m\<Kn*1 Vyay/ € }IZ} :

Fix ¢ > 0 sufficiently small that (1 + (1 — a))(1 — 2¢p) > 1. Let
D} =(1/2 — )k 'log(N/n) and D, =-26k"'a 'log N (2.8)
and for ¢t > 0 and € € (0, 1), recalling (2.4), let

I =320 [uf = N gy + D), I = 20 i + Dy it + (1 — €) D]
and i} = 2ZN [} — dy, i + d). (2.9)
We will show that with high probability, a pair of lineages are never both more than
D; ahead of the front before they coalesce, and neither lineage is ever more than | D |
behind the front.

We now define an event which says that (p}');c(o,n2] is close to a moving front with
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shape g and wavespeed approximately v. Let
E1 = El (62)

={ s @) - gle— ) < e s
wE%Z,te[logN,Nz]

N{p} () € [g9(x — pp),bg(z — ui)] Vt € [(log N)*, N?|,z < uf' + D} +2}
N {p(z) < 5g(D}) vt € [$(log N)*, N*],z > ' + D, }

A {lufs — i — vs] < e 18N i ¢ flog N, N2, 5 € [0,1A (N2 — )]}

N {|uibe n| < 2v10g N}

Let T,; = T;, — (log N)? and define the event

E2 = EQ(Cl,t*,K)

—gn N ( N AD @e)n () Ag:fzte”(x)),

t€86, NoN[0,T)7] ~T1€UF, _y s T2EUR zelp, ¢ .,
(2.10)
where
. 2
Ejy = Ey(cr,t", K) = N M A(Tn)—t—t*(xl’@)
t€8, NoN[0, T ] T €Ly, pws@e€ly _mai—py 2K
3
nooN f AR, (w1, 32)
t€5,NoN[0, T, ] Ile[;n—t—t* ’ $2€I¥n_t, wl_"g‘n—t—t* <-K
5 6
N N @R, @AY, (@)
t€6,NoN[0, T,y +t*] 2E€E L ZN[— N5 ,N5]
(2.11)
Define the event
4 .
Bs=Es(K)= ) N NBY s (). (2.12)

t€6,Non|[0,T,; ] 2€17, _ 5=1

Finally, we define an event which says that with high probability, no lineages stay distance
K ahead of the front for time K log V. Recalling (2.6), let

* n,K,t* n\2
Ei=E@ K= ) {IP (rietoivg, @) = 0va e 1z F) = 1- (1) } :
t€35,NoN[0, Ty ]

(2.13)
and let £ = N?_, E;. Note that £ € F (and thus E € F, for all t) because the events Aj’
and Bt(j ) only involve p, ¢, and C.

The following result will be proved in Sections 3-6.
Proposition 2.1. Suppose for some as > 3, N > n*? for n sufficiently large. Take c¢; > 0.
There exist t*, K € IN (with K > 104x~'a~'t*) and by, co > 0 such that for by > 0, if
condition (A) holds, for n sufficiently large,

n

P(E) <
(B) < =
From now on in this section, we will take ¢; € (0,1) sufficiently small that letting
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A=10-a),

(M — 1)7LeM 4 e HNR(] =R =132 | =204 1
cr(eM —1)TteM p e
(14 630"‘“/4(60‘“/4 - H+ e/t <1,

and e/t 4 c1(1— 670‘“/4)71 < e /5,

(2.14)

and then take t*, K, by, by and cs as in Proposition 2.1.

Take Ko < o0, ko € N and (X1, J1), (X2, J2),...,(Xk., Jk,) € 17 x [N] measurable
with respect to o((&7, (a:,i))xe%z’iem) and distinct, with (X;, J;) € Gk, 1, Vi € [ko]. For
t €10,T,] and ¢ € [ko], let

G =X ) and =TT — i s (2.15)

the location of the i*" ancestral lineage at time T, — ¢, and its location relative to the
front. Fori,j € [ko], let

= inf{t > 0: ("7 (X, Ji), 6777 (X, i) = (G (X5, J3), 6077 (X5, I))),

the time at which the i'" and ;™ lineages coalesce. Recall (2.7), and for ¢ € [0,7,,], define
the o-algebra

Fi = U(‘F U((Cs )é<t ,J€E[ko]» (]l e <9)b<t z,Je[ko])) (2.16)

Then ((Cigéi)je[ko] (Lrp <ké, )i jelkol) peny h<T,s-1 1S @ strong Markov process with respect

zJ—

to the filtration (Fis, ) pen, per, -+
For k € INg, let t, = k| (log N)¢|. For i, j € [ko], let

" T AT ¢ (tk tr + 2K log N]Vk € INg and |§f;{i‘5 s, |A|gL " | < &ad,,
! T, otherwise,
(2.17)

i.e. 7;'; only counts coalescence which happens fairly near the front and not too soon
after tk (backwards in time from time T;,) for any k. Let

oo 3p2aky
fu= (14 2m) 1o J oo 90) Y= (1+2m) 7151/ y“ldy.  (2.18)
(f,oo g(y)Qea“ydy)

Along with Proposition 2.1, the following three propositions are the main intermediate
results in the proof of Theorem 1.2, and will be proved in Section 2.1. The first proposition
says that if a pair of lineages ¢ and j have not coalesced by time t;, and one of them is
not too far from the front, then the probability that 7;"; < ¢, is approximately f,.

Proposition 2.2. Suppose for some as > 3, N > n“? forn sufficiently large. Fore € (0,1),
on the event E, fori,j € [ko] and k € Wy with )y < T, if ¢;" NG € Iy, and
7;'; > tj then

P (7 € (o tial| Fiy ) = Bal1 + O((log N)2)).

The second proposition says that two pairs of lineages are unlikely to coalesce in the
same time interval (g, tgy1]-

Proposition 2.3. Suppose for some as > 3, N > n® forn sufficiently large. Fore € (0, 1),
there exists ¢ > 0 such that on the event FE, for k € Wy with t;1 < T, the following
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holds. Fori,ji,j2 € [ko] distinct, jfgt’:é A C{:é/ € Iy, and 7}y >t VO£ € {i,j1, 2}
then

P (7, s € (tns gl P ) = O =N, (2.19)
For iy, iz, ju, j2 € [ko] distinet, if (' A CP" € IS, and 0% >ty VE# € € {ir,iz, j1, jo}
then

P (75070 € (bt ) = O N 1), (2.20)

The last proposition says that for a pair of lineages ¢ and j, with high probability
7;'; = 7;.;, and at least one of the lineages is fairly near the front until they have coalesced.
Proposition 2.4. Suppose T,, > N and, for some as > 3, N > n*? for n sufficiently large.
For ¢ € (0, 1) sufficiently small, for n sufficiently large, on the event E, fori # j € [ko],

n ~n
P (Ti,j 7 T

]:0) < (log N)~2
and
P (at € 6,No N[0, Nn~"log N] : ¢ A G ¢ T, 70, > t‘}‘o) < (log N)~2.

Before proving Propositions 2.2-2.4, we show how they can be combined with Propo-
sition 2.1 to prove Theorem 1.2.

Proof of Theorem 1.2. Let (B j1)i<je[ko],keN, e i.i.d. Bernoulli random variables with
P (Bijk =1) = Bn,
and let B;; = B, fori < j € [ko]. For k € Ny, let
P ={i€ ko] \ {1} : 7 > tx Vj € [i = 1]} U {1},

the set of lineages at time 7,, — ¢, which have not coalesced with a lineage of lower
index. Take ¢ > 0 sufficiently small that Proposition 2.4 holds, and take ¢ > 0 as in
Proposition 2.3. Define the event

A = {g;:i NG eI, Vitje Pk} .

Take k € Ny with ¢41 < T, and suppose the event £ N Ay occurs. Then by Proposi-
tion 2.2, for each pair of lineages i # j € Py,

P (%;jj e (tk,tkH]’}'tk) = Bo(1 + O((log N)~2)),
and by Proposition 2.3,
P (1{(5.) i< j € Poand 7, € (bt} = 2|, ) = O(n' = N"1) = o(B (log N) )

by the definition of 3, in (2.18). Therefore, conditional on F3,, we can couple (7}";): jep,
and (B; j x)i<jelk,) in such a way that if £ N Ay occurs then

P (Hi 7J € Pr: Bijk # Lap et tin]

ftk) = O(B,(log N)7?). (2.21)

Note that for n sufficiently large, if the event E occurs, then by Proposition 2.4,

[Nn~tt; ' log N|

P U (Ag)*

k=0

Fol < (2‘)) (log N)~2. (2.22)
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Now define (07'; 1 )i.je[ko] ke, inductively as follows. Let 07'; = 0Vi € [ko], and 07’/ o = 11
Vi # i’ € [ko]. For k € No, we define (07, ;1)ije[ko) using (07 1)i je[k,) as follows. For
i € [kol, let (i) = min{i" € [ko| : o} ; ;. <t }. Then for each pair i, j € [ko], set

O EoTe <tk
O’Zj)kJrl = tk+1 if UZj,k >t and Bﬂ.k(i)mk(j))k = 17
tit2 if U?j,k > {3, and Bm"(i)’ﬂ,k(j)’k =0.

Note that aj-ijk is non-decreasing in k, and set o= limy o0 a}fj_’k for each pair 4, j € [ko],
so o;; = o;';, for all k such that t; > o7’;.
Suppose 7}*; = 7"; Vi, j € [ko]. For some k € No, suppose {(i,7) : 7/; > tx} = {(4,]) :
op; > te} and Bijk = Lin ety 1,0 Vi # J € Pr. Then for i, j € [ko] with 77 >t we have
that Tfjk(w < ¢, and T:k(j)J < t, and so
]l‘r{t'je(tk,tk+1] = ﬂ%g}je(tk7tk+1] = ]l%:k(i)mk(j)e(tk,tk+1] = Bﬂ'k(i)ﬂl'k(j),k) = 1aﬁj=tk+1v

since 7y (i), 7x(j) € Pr. In particular, {(i,j) : 7/%; > tit1} = {(4,5) : 0'; > tr41}. By
induction, it follows that for k* € IN, if for each k € {0}U[k*] we have B ;= Lzp e,
Vi # j € Py then

tit1)

{(@,5) : 775 € (testia]} = {(4,5) 1 07 = tsa } Vh € {0} U [K7].
Therefore, if the event E occurs, then by a union bound,
P (30,5 € [hol : 177 = o2y] = (log N)| 7o)

gIP(EIi,j € ko] 7l # 71 fo)

|_Nn71t171 log N|

+ Z P ({32 #j€ P Bi,j,k # ]l%xje(tkvtk+1]} n Ak’fo)
k=0

[Nn~'t;  log NJ

+P U (Ap)°

k=0

Fo | +P (305 € o] 035 > timriy1og v | Fo)

k LNniltfllogNJ k

0 —2 -2 0 . [Nn~ 7 log N|
<o )omte Y oo+ ()
= O((log N)™),

where the second inequality follows for n sufficiently large by Proposition 2.4, (2.21)
and (2.22), and the last inequality follows by the definition of 3, in (2.18). The result
follows easily by Proposition 2.1 and then by a coupling between (Bntfla{fj)i_je[ko] and

(Tij)ijelkol- O

2.1 Proof of Propositions 2.2, 2.3 and 2.4

The next five results will be used in the proofs of Propositions 2.2, 2.3 and 2.4. The
first three results will also be used in Section 7 in the proof of Theorem 1.1. The first
result says that a pair of lineages are unlikely to be far ahead of the front, and will be
proved in Section 2.2.

Proposition 2.5. Suppose for some a1 > 1, N > n® for n sufficiently large. For n
sufficiently large, on the event E1 N E5 N Ey, fori,j € ko], s <t € §,NgN[0,T,] and
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01,0 € NN [K, D], the following holds. Ift — s > K log N then
g (C}"’i > 00,0 > o, 1] > t‘fs) < (log N)Te~(1+3(-a)n(tr+t2) (2.23)
and P (g}"’i > 61‘]-"3> < (log N)3e~(1+i(-a)str (2.24)
Ifinstead t — s € t*INy N [0, K log N) then
P (@"’i > 04,0 > b, 1] > t‘]—‘s> < (log N)Ae(+3(=e)r(CHVO-04C2IV0-t2) (5 o)
and P (g}"”‘ > 61‘]-'8> < (log N)2e(+3(1=a)n(lvo—t1), (2.26)

The next result says that lineages are unlikely to be far behind the front, and will be
proved in Section 2.3.

Proposition 2.6. Suppose for some a; > 1, N > n™ for n sufficiently large. For n
sufficiently large, on the event E1 N E, the following holds. Fori € [ko],

P (Elt €6, No N[0, 7] : ¢ < D

f0> < N1 (2.27)
Fori € [ko) and s < t € 6,INg N [0,T7] witht — s > K log N, if (™" > D then

P (& < —d,

]-'5) < (log N)*>~5°¢  and P (@””’ < —Fady, +2‘]—'5> < (log N)2—2"e%C,
(2.28)
Fori € [ko] and t € t*INy N [0, T,,],

P (G < —da

}'0) < (log N)~#aC. (2.29)

The next lemma gives estimates on the probability that a pair of lineages are at a
particular pair of sites, and gives bounds on the increments of (™.

Lemma 2.7. Suppose for some a; > 1, N > n® for n sufficiently large. For n sufficiently

large, the following holds. Suppose the event I occurs. Taket € 6,INoN[0,T,7], i,j € [ko]
and x;,x; € 7. If vy, x5 € i, ., ¢, ¢ € iy, _, and 7]; >t then

P (G, =G, = @il F) = n7 2 (o= o,y )7 — 1, s, )1+ O((log N) =),
(2.30)

Ifwi,z;€ly _, . andT]; > 1 then

P (CZT;” =2, = xj‘}—t) < 2n7 22, (2.31)

Suppose instead the event E; N E), occurs. Fort € 6,NgN 0,7, ], i € [ko] and t' €
6nNo N [t t + 7],

= ¢ < Qog N3, |G VG < N? and | -G < L (2.32)

Proof. Suppose the event E occurs and 7;"; > t. Then for s € 0,No N[0, T, — ],

n,g __ ) n,j __ .
g (Ct+s = T4, Gpy's = T ]:t)
n n,iy N gy -1 ) )
et (@ ) O s 1 (T, GT) = N T i

P, () P (G7) = N oo

t

(2.33)

b and Ct"’i, (t"’j € i’%n_t then by the definition of the event F5 in (2.10),

the events A(Tln)ftf% (z:, ") and A(Tln)ftf% (z;,¢7) occur. Moreover, p%nft(gt”’j) >

. . ;1
If wi, @ € i,
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t9(dn) > 15(log N)~C by the definition of the event F; in (2.10) and the definition
of d,, in (2.4), and so

P (G, = e G, = | F)
= (07w = i, —s,) + O(n ™ (log N) 7)) - (1 4+ O(N " (log N)))
(Tt (y — iy, ) + O(nH (log N)739) + O(N ™ (log N)©)).
Since m(z; — ,u}n_t_%)’l Vor(z; — ,u%n_t_%)’l < w(dy) "tV (=d,) "t = O((log N)2),

the first statement (2.30) follows.
If ,z; € I% then by the definition of the event FE, in (2.10), the events

—t—é€n
AP (e)and A, () occur. I = ¢ then pf ()~ N1 > Lpp (),
and so (2.31) follows from (2.33).

Suppose now that the event E; N EY, occurs, and suppose for some s € 6,INg N [0, 7]
that |[¢™¢| < N3. Then the events Agj_s_en(g?’i) and ﬂke[t*égl]A(T?_S_k(;n (¢™") occur, and
so [¢4., — ¢ < land [ — ¢'| < (log N)?/3 Vs’ € 6,Ng N [s, s +t*]. Since ("] < Ko
and |{; < Ko+ i, | < 2vN? for n sufficiently large, it follows by an inductive argument

that |¢]"'| V |/"'] < N3Vt € §,INo N [0, T;], which completes the proof. O
From now on in Section 2.1, we will assume for some as; > 3, N > n®? for n sufficiently

large. We will also need an estimate for the probability that a pair of lineages coalesce
in a very short time interval of length §,,.

Proposition 2.8. Suppose the event E occurs. Taket € §,INo N [0,T,7], i,j € [ko] and
z,y € +Z with [z —y| >n~' and x € I _,. If¢/"" =z = (") and 7]'; > t then
n?N=16,g(x — ,u}nft)_l (1 + O((log N)_C)) ifx €ip 4,

P (7] € (t,t+ o0n]|Ft) =
(T,a ( H t) {0(n2N_15ng($—M%nt)_1) otherwise.

Ifinstead ("' = x, (]’ =z +n~! and 7', >t then

mn?N~=16,g(x — Mf«n_t)*l(l + O((log N)=9)) ifw €y, 4

P (7] € (t,t+ 0,]|Ft) =
(Tw ( H t) {O(n2N15ng($—H%ﬂ,_t)l) otherwise.

If instead ("' = , (") =y and 7], > t then

P (TZ}J» € (t,t+ 571”‘7:t) = O(n9/5N_15ng(x — M%'L7t>_1]1|x_y‘<Kn—l).

Proof. Fort € 5,NoN[0,7;;] and z,2’ € 17, if (/' =z, (;/ = 2’ and 7], > ¢, then by the
definition of C3: _, 5 (x,2') in (2.5),

ICT, —i—s (z,2")] : /
n - .n n ’ lf.’E#x’
P(r € (6t +6,]|F) = § Phgg PR

CRy s, (7.0)]
N7, () (NpE, (@) =1)

ifx =2

If 2 € I , and E occurs, then by the definition of the event F3 in (2.12),
ﬂ;—’:lB;(p{L)_t_én (z) occurs. Hence

CF i, (@, 2)| = n®Nouplt 5 (x)(1+O(n'/?)),
ICF, i, (@, + 07| = §mn® Now(ph, _o_5, () + P, 45, (@ +07")) (1 + O(n™/%),
and |[C7 ;s (2,9)| = O(n9/5N5n)p%n7t75n (@)L y|<in—1 Vy € LZ with |y — | >nt.
The result follows by the definition of the event E; in (2.10), and since n-l/5 =
o((log N)=%), Np} _,(z) > tNg(D}) > 5n'/2N'/2 for x € I} _, and g(d, +n~1)"" =
O((log N)©). O

EJP 27 (2022), paper 121. https://www.imstat.org/ejp
Page 22/99


https://doi.org/10.1214/22-EJP845
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Genealogies in bistable waves

Finally, we need a bound on the probability that two pairs of lineages coalesce in the
same time interval of length J,,.
Proposition 2.9. Suppose the event E occurs. Fort € 6,No N[0, 1], w1 € i} _,,

’ n
To,x3 € 27, and iy, ia, i3 € [ko), if (""" = wy, fork € {1,2,3} andtj} ;, >tVk# L€ {1,2,3}
then

P (77 1Tty € (L 1+ 8]

1,827 '41,13

]-'t> — O(nY>N=26,(10g N)21 1y, _poviws —zs|< K1) (2.34)

For x1,x3 € i?’nft' XTo,Tyq € %Z and i1,19,13,14 € [k()], Ifgtn’”c =z fork € {1,273,4} and
Th . >tVk#£LCe{1,2,3,4} then

ke

1,827 '43,%4

IP(TZ»" i i, € (Lt 4 0]

]-'t) — O(*N"262(1og N)*“ U g, _povies—as|<kin-1)-  (2.35)

Proof. For the first statement, since B(Ti Ltf 5 (1) occurs by the definition of the event
FEsin (2.12),

P (7] 1o Tir i € (6, + 0,]| F2)
_ ICT. 5, (v1, 72, 73)]

NP (@) (NP, (02) = Loy (NP, (3) = Loy — Lpmay)
60PN =26,p%. _, 5 (1)

p%ﬂit(fﬁ)p%lit(ﬁg)p%nit(.’tg) .

< 1\11712|\/\11713\<an1

By the definition of the event E; in (2.10) and since z; — /,L%L_t < d, and g¢(d, +

Kn=1)~! = O((log N)®), (2.34) follows. For the second statement, since Béfff,t,an (1)

and ngi)ftﬂ;n (z3) occur, letting p(x) := p}. _,(v),
P (TﬁyiQ,T{;’u € (t,t+ (5n”}_t)
< ICF, —1—s, (@1, 22)|[CF,, 4, (3, 24)]|
> 2 3
Np(ml)(Np(x2) - ]1301:I2)(Np($3) - Zj:l ]1$j:$3)(Np($4) - Zj:l ]lﬂij:fm)

-1 24|Cp s (x1,22)]|CF __s (23, 24))|
= —x o — Kn—1 .
fa eVl mal <Kn ™ Ndpn e (@20 (3)ph _(24)

Since ﬂ?leg3_t_5n (r1) and m?:13%)_t_5n (z3) occur, and (z1 — pf _,) V (3 — pff _,) <
dn, (2.35) follows by the definition of the event F; in (2.10). O

We are now ready to prove Propositions 2.2-2.4.

Proof of Proposition 2.2. Suppose n is sufficiently large that v, < Klog N —§,,. Suppose
the event E occurs. Take ¢t € 6,INN [ty + 2K log N — d,,,tr+1), and take = € %Z such that
|x — wr, | < éadn + 1. By conditioning on F;, and then by Proposition 2.8 and the
definition of %{fj,

P (7 € (146,00 = 2|7,

=F {IP (%{3 € (t,t + b,] -Ft) Depisglep >t

7

<E [nm—lfsng(x — 1, —0) (1 4+ O((log N)™9))

—1/5
(Lo g+ s + OOV sy o) L sy ot P
=n*N"'0ng(z — pf, )~ (14 O((log N)~))
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(P (e =o=¢my > 1| F ) +mP (G = |G — ol = n 77y > 1| 7, )
+O(n~%)P (g;“’ — 2, | — 2| < Kn7l 7l > t‘]—}k) ) (2.36)

By conditioning on F;_,, and then on F;_. ,

P (G =a =y > 1| Ry
= ]E|:]P (CZL’Z = xr = Cgl’j,’]—;}j > t‘Ft—’yn> ]]-T;Lj>t7’y"]1|§tﬂ:iwn‘\/‘E;nljwn‘gdn Ftk]
n,i __ _ g A .
+ IE[]P ( m = (> t‘]—'t_en) Lo st g viEnd [aa, ftk] (2.37)

For the second term on the right hand side, note that by a union bound, and then
by (2.28) in Proposition 2.6 and (2.24) in Proposition 2.5, and since ¢;* A (/*/ > D, by
the definition of I;f_tk in (2.9), and t — vy, — tx > KlogN,

P (16, 1V 1G> o] 7

<P (G, A, < —~da|F) 1P (G, v, > dil7)

< 2(log N)2~ 52 4 2(log N)3e~ (13 (1=a))nldn]

= O((log N)3*§QC) (2.38)

by the definition of d,, in (2.4). Therefore, by (2.37) and by (2.30) and (2.31) from
Lemma 2.7,

P <<tn,z =T = 457]77{:’] > t‘Ftk>
<n”Pm(a = g, ) (14 O((log N) ™)) + 20726, - O((log N)*~#2€)
=n"2n(x — uTTLn_t)Q(l + O((log N)™?%)),

since €,2 = O((log N)*), m(z — pf _,)~2 = O((log N)75°C) and we chose C' > 2302,
so in particular 1—16aC — 7 > 2. Hence using the same argument for the other terms
on the right hand side of (2.36), and since n(y — uf, _,) = n(x — pf _,)(1+ O(n™")) if
|z —y| < Kn™t,

P (7 € (bt + 6], G = x‘]—}k)

Z7J
< N1+ 2m)g(x — ply, ) (e — il )? (14 O((log N)™2)) .

Note that if 7, € (t,t + d,,] then |¢["'| A [(/| < &ad, by the definition of 77 in (2.17),
and |(* — {"7| < Kn~' by Proposition 2.8, and so for n sufficiently large, we must have
¢ < dgody, + 1. Letting i = 17N [u? — Lad, — 1, 42 + &ad, + 1] for s > 0, it follows
that

P (%;jj € (ty + 2K log 1, ts1] ]-‘tk>
< N7'5,(142m) (14 O((log N)~?))
> > 9@ ) M g, )
t€8, NNt +2K log N0y tur1) z€iy, _,
< Bn (1+0((logN)™?)), (2.39)
by the definition of 3, in (2.18).
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For a lower bound, note that for ¢ € §,IN N [tx, + 2K log N, tx41),

)

> ) P (7 € (6t + 8,16 — ol < (0g N) 9| 7,).

z€2(log N)=CZ,|z—p}, _,|<ggoad,—1

P (%;jj € (t,t+ 6,]

(2.40)

Now for z € 2(log N)~“Z with |z — uf, _,| < &;ad, — 1, by conditioning on F¢, and then
by Proposition 2.8,

P (7 € (1, + 8], G — 2] < (10g N)~°| 7, )

—IE[IP( € (Lt +0,]

ftk}

> E{nzN_l(sng(C?Z - N?“n—t)_l(l — O((log N)_ ))(]lgt"fi:q‘vj + mﬂ\gf’i_gt"fj\:nfl)

)]1 r>tLicri g < gog N)-©

1

]—'tk}

m>td g < og M€
=n’N""6.g9(x — pf, )" (1 — O((log N)~9))

(P (¢ = ¢, 16" = 2l < (0g N) =, 72 > | i, )
P (I = G = n 7 |G — al < (log N) =471 > 1|, ) ) (4D

For the first term on the right hand side, by conditioning on #;_,, ,

P (¢ =16 — o] < (log N) 7,7, )
> B[P (¢ = ¢, 1¢ — 2] < (1og N) =, 72, >t]ft )

Lo st bt s (ca| P (2.42)

—Tn

By a union bound, if 7", >t — 7, then

P () < t‘]—} W)Y P(Helss o e jor (el
SE8, INN[t—yn,t)
P (as € 5aIN [t =y, t) : C,C ¢ IR, 7> s‘ft,%) .
(2.43)

]-'t_%)

Suppose |¢;", [V|(Y, | < dn,. Take s € 6,NN[t—7,,t), and let T = 2ZN[uf. _ +(log N)?/3+
K+ vtr+3 NTH— + D;t]; then by conditioning on F, and using Proposition 2.8,

)

< E[O(H2N_15ng(<?i - M%,Lfs)_l)]lmgvi,ggd|<Kn71]lrfj'j>sﬂ<;»i61;n7 -, ]

<OMN10,) Y gla! +1 = iy, _ )T P(IC — o/ S L1¢ — o 2,7 > 8| Fo, )
z'el

+ O N"15,9((log N)¥? + K + vt* +4)71). (2.44)

IP( € (5,540, € TR,

Take s’ € [s —t*, s] such that s’ — (¢t —,,) € t*INy. Then by (2.32) in Lemma 2.7, for 2’ € I,

P(ji = /| S 1,I¢ —af| < 2,775 > 5| i, )
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< P(cfri >a' —1— (log N)*?, (07 > a2 —2— (log N)*/3, 70" > &

< (log N)462(1+i(lfa))n(dnf(z'ffif(log N)YB—pn )

by (2.25) in Proposition 2.5 (since s —(t— ) < v, < Klog N and we are assuming
Ct” 1% vV C" J < d,). Therefore, by (2.44),
P (77 € (s,5+ 0], (M € I,
< Om*N~16,)

(2 0’ 41— i, )~ (log N +4C eintos N2/ (=20 OG5, )
z'el

+ 9er((log N)*/ P+ K tvt* +4))

_ O(n2N_15n(10g N)4+4Ce4n(log N)2/3) (2.45)

since g(y)~! < 2e™ for y > 0, and by the definition of the event F; in (2.10). For the
second term on the right hand side of (2.43), first note that for n sufficiently large, by
the definition of the event Ey, for s,s’ > 0 with s’ < s <t <tr11 <7, and |s — s'| < t*
we have [p.  —p7 | < 2vt*. Hence, since we are assuming the event £, N Ej occurs,
by (2.32) in Lemma 2.7 we have

P (35 € 6N [t =y, t) s 0G0 ¢ T3, 71y > 8| Fis, )
< IP(E!S' E [t —yn,t): 8 — (t —n) € t* Ny,

V' ACT > DE — (log N)?/3 —2ut* 1. > &'

i 1 _7

Fi- vn)
< ()71 + Dy (log NYAe20+ 5 (=) (dn— (D7~ (log )17 —2vt" 1)

by (2.25) in Proposition 2.5 and since <tmv v f{fw < d,. Note that e~2(1+31(1—a)xD;

(7)(1+ 3 (1—a))(1—2co)
N
into (2.43),

< % by (2.8) and our choice of ¢y. Hence, by (2.45), substituting

Fia)
< 02Ny, (log N)4+4C€4R(log N)2/3) + Oy (log N)4+4Ce4)<,(10g N)2/3nN—1)
— O( —1—*(&2 3))

since N > n®2 for n sufﬁciently large, with as > 3. Therefore, returning to (2.42), if
|Ct" 2 vV |§”’] | <d,and 7]; >t — 7,

P (G = GG — al < (og N) O, 7y > | R, )
> P (G =G = al < (log N)™C|Fisy, ) = P (72 < 1] Fics, )
>z —ph )% 2(log N)"“n~! (1 - O((log N) ™)) — (’)(n_l_’(“2 3)) (2.46)

by (2.30) in Lemma 2.7 and since n(y — pf, _,) = m(z — pf _)(1 + O((log N)~)) if
|y — x| < (log N)~C. To bound the other terms in (2.42), note first that by a union bound,

P () <t =7,

< 3 P (T;}j € (s,5+06,),CM €T3 _ or (M eI

5€0,NoN[tk,t—vn)
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+P (Els’ € 6, No N [te,t —n) : C:/Z A C:,’j ¢Ir o

]-"tk> . (2.47)

By Proposition 2.8, for s € 6,INg N [tx,t — V),

‘Ftk-) =E {IP (T;jj € (8,5 +d,]
— 02N "16,9(D}) ™)
= On**N"125,) (2.48)

since kD, < 3log(N/n) by (2.8). For the second term on the right hand side of (2.47),
by (2.32) in Lemma 2.7 and by the definition of the event F; in (2.10),

]-"tk)

<P (33’ € [thyt — ) s 8 —tr € ' No, (" AT > D — (log N)?/3 — 2wt

P (rly € (s,5+ 8], 0 € I,

FS) ]lC;LJEIny ‘Ftk:|

Tp—s

P (Els’ € 6, No N [te,t —n) : C:,Z A C:,’j ¢Ir o

)
< ()" 1y + 1) (log N )3+ (1=a)n((1=) D (D ~(log N)*/* ~2vt" 1))

by (2.24) and (2.26) in Proposition 2.5 and since 5;:1 A EZ:J < (1 —¢)D;. Hence by (2.47)
and (2.48), and since x(1 + (1 — @))D;f > L log(N/n) by the definition of D;} in (2.8),

n — 2

]P(r[}jgt—%

ftk) < Otn32N"12) 4 O(t, (log N)3e2rlos N2 pe/2 Nr—e/2)
- O(n—(%(aa—S)Ae)). (2.49)
Therefore, substituting into (2.42) and using (2.38) and (2.46),
P (G =G 16 — al < (10g )=, 77y > 1|, )

J
> 27 (z — pf, _,)*(log N)~“n™" (1 — O((log N)=))
(1= O(n=(5(@27929) — O((log N)*~5°¢)).
Since we chose C' > 2'3a~2, we have aC — 3 > 2. Hence by the same argument for the
second term on the right hand side of (2.41), and then substituting into (2.40),

Ftk)
> > 2(log N)~“nN=15, (1 + 2m)

ze2(log N)—CZ,\a:—ugEn_tlgﬁadn—l

P (%;jj € (t,t+6,]

W _ o -2
g(x_:u%l—t) (1 O((log N) ))

= Bty '0n(1 — O((log N) ™)),
since 350C > 2 and g;aC > 2, which, together with (2.39), completes the proof. O
Proof of Proposition 2.3. Suppose n is sufficiently large that 2K log N —§,, > €,. Suppose

the event F occurs. We begin by proving the first statement (2.19). Take s,t € §,INN
[tk + 2K log N — 6p,t41) with s < ¢. Note that if for some £, 0" € [ko], 7%y € (¢, + 0y

then || A |G| < ad, by the definition of 7%, in (2.17), and (" — | < Kn~' by
Proposition 2.8, so in particular |g:t"’é| < d,. Hence by conditioning on F; and applying
Proposition 2.8,

P (7, € (5,54 Gal 7y, € (L4 0,]| )

<K [O(nQN_15n9<§tyL7i)_l)1\5}7@\Sdn]l%{fjle(s,s+6n] ftk:|

< O(n*N~15,(log N)°)P (f;}jl € (s, 5+ 6] }'tk) . (2.50)
EJP 27 (2022), paper 121. https://www.imstat.org/ejp
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By conditioning on F, and applying Proposition 2.8,

)

2,71

P (7:»”» € (8,8 + 4y,

= E[O(ﬁNﬂ‘sng(g’i)il)]lﬁ?jl>S]1|<"?”|§dn]l|c.:‘*i—<.?’“|<Kn—1 ]:t’v]
= O(AN"15,(log N)°)P (|§:vi| < dy, | = (Y < K77l > s‘]—"tk> :
Then since s — {;, > €,, by conditioning on F,_. ,
P (|C~"’il S, |G = G < KTl T, > s‘ftk)
< E{ (l(:n zl < dn, |Cn g Cn7j1| < Kn_l‘]:s en) Tl >S5~ ¢€n ]:tk:|
<E Z P ( =, Cn] = y‘fS—Cn> ]lrﬁj1>s—en -Ftk
wei;’;ﬂ_s,yE%ZJm—y\<K7f1
< (2nd, +1)2K - 2n"2¢, > (2.51)

by (2.31) in Lemma 2.7. Hence, by (2.50), and by the same argument for the case s > t,
if s,t € 0,INN [t + 2K log N — &y, tg41) With s # ¢,

P (71, € (5,5 -+ 8ul, 7y, € (14 0]

) = O(n3N~262 (log N)2C+5). (2.52)

By Proposition 2.9, for ¢ € §,INN [ty + 2K log N — 0y, tit1),

]P(TT’lea~zj2 (t t+6 } )
= OPN=25,(10g N)*) + P (77}, € (4t + 8,70, < F ). (2.53)

By a union bound, and then by conditioning on F; and using Proposition 2.8,

P (7, € (4t + 8,7, € (= en,t]| 7 )

4,71

_ IP(”1 (b4 )70 5 € (8,8 + 5] )
/€6, NN[t—en,t)

S Y BlON TG g gy, Loy | Fol
/€8, NO[t—en,t)

< Y. O@NT'6,(log N)Y)

t'€8, NN[t—ep,t)

P (70 gy € (0t + 6., 17| < do + (0g N)PP 4 1’Ft’°>

J1,J2
by (2.32) in Lemma 2.7 and the definition of the event F; in (2.10). Then by Proposi-
tion 2.8 again, for ¢’ € 6,INN [t — €,,t), by conditioning on Fy,
P (Th € (46,0, 19| < dyy + (log N)/ + 1‘&)
= Om N"16,9(d, + (log N)?/3 4 1)~1).

Hence
IP( Tt € (4t +0n], 7] S, € (t— €n, 1] ftk) = O(n4N—25nen(logN)Ce2n(logN)2/3)
= O(n'~3(@=3N15,). (2.54)
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Moreover, by Proposition 2.8, conditioning on F;, and then conditioning on F;_.,,,

)

]P(Ul (tt+0,), 770 <t—

’ J1J2—

=B [O(”QN_15ng(ff’i)_1)]%’?_71>t]1|<§:‘=i|§dn,]l|<:'*i—<?‘j1|<K7L—1]17.;‘;,.f2ﬁf*€n ft’“]
< On*N~16,(log N)C)
E[IP (Ktnﬂ - Ctn7jl| < anl’ |§tn71| < dn ‘Ft—€n,) 1T[fj1>t—en]l7'}"11j2§t—en ‘Ftk:| .

(2.55)

By the same argument as in (2.51), if Ti’}jl >t —¢, then

P (IG = G| < Kn G < dy

]-"t_en) < (2nd, +1)2K - 2n7%¢,2 = O(n"*(log N)?).

n

By the same argument as in (2.49) in the proof of Proposition 2.2,

P (7']-717]-2 <t

) _ O(n—(%(az—?))/\e)).
Hence by (2.55),

11>(”1 (tt+0,], 70 <t—

’ J1]2—

) = O(n1~Gle2=9NI N=15 (1og N)C+5).  (2.56)
Therefore, by (2.53), (2.54) and (2.56),
P (7,7, € (Lt + 8,]| 7,

:O( 9/5N726 (10gN)2c)—|—O( 1—3(az— AN 15 )_|_O(nlf(é(ang)/\e)Nflén(logN)C+5)
_O( 1(az— S)Ae)N 15 )

Hence, by (2.52) and a union bound, and since N > n3,
P (75710 € (b el | Fiy ) = O(N " (log N)2C263) 4 O(nt = Hheam9na N =14y,

which completes the proof of the first statement (2.19).
For the second statement (2.20), by Proposition 2.9, for t € §,INN [t;, + 2K log N —
Ony tht1),

P (7 5y T € (Lt 48]

< O(n4N_25721(1OgN)2C)+ Z P (iﬁ,]l’%w J2 (t t+6 ]’ Ti,j < t‘ftk> ’
1,j€4{11,12,51,J2 }i#]
The second statement (2.20) then follows by the same argument as for (2.19). O

Proof of Proposition 2.4. Suppose the event F occurs By the definition of ¢y before (2.8),
we can take e > 0 sufficiently small that 2(1 + (1 — a))(1 — 2¢)(3 — ¢o) > 1. For

t € 6,INoN[0,7, ] and = € I}y, by conditioning on ]-"t, and then by Proposition 2.8,

Py € (tt 40,6 = 2| )
) Lo sl i, | Fo]
=E [(’)(nQN—l(Sng(a: - M%L_t)—l)]l >t]1|<,u | <Kn- 1]lcm }

= O(MAN "6, g(z — p _,)"H)P (|g;w —a| < Kn~Y, " = a2, > t‘]—‘o) (2.57)

—E[]P( € (t,t+0,]

s 11,7
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Ift > ¢,, then fory € %Z with |y — 2| < Kn~!, by conditioning on F;__, and by (2.32) in
Lemma 2.7,

IP(C Ty =, >t’]—"0)
7]E|:]P( n,j — ,C;n"i: x, 7] >t’JT'.t eﬂ)ﬂ noSt—en ICt i |§1]llctn;lg —IIS]‘FO:|

< on~2e2P (ICZ’LZ —al <2 —al <17 . ]-‘0) : (2.58)

) 1]
for n sufficiently large, by (2.31) in Lemma 2.7. For s > 0, let

itT = +tZN[ul+ D, put — gjad,]  and it = LZ0 [l + grad,, pl — (1 —€) D]

S

Suppose z € ZT . Since z < pff, _, + (1 - e)D;, if t > Klog N + €, then by (2.23) in
Proposition 2.5, and the definition of the event Ej; in (2.10), for n sufficiently large,

]P(ZL_’Jenza:fQ,Cf_’Zenzzfl, T >t —€n

]—‘0) < (log N)7e 20+ (1—e)m@—3—p%, _iy.,).
Therefore, by (2.57) and (2.58), if t > Klog N + ¢, and z € iy’ ",
P (Ti’r}j € (tat + 6n]7€?71 = x’fO)

< OM’N'6,9(x — pf, )7 ") -4Kn %, ” - (log N)Te~20+§ (A-a)r@e=3=ui, _1ic,)
-0 ((1og N)”N’lcine’(”%(1*a))“(x’“¥wl—t)> (2.59)

by the definition of the event F; in (2.10), and since g(z)~! < 2¢"* for z > 0. By (2.57)
and (2.58), ift > ¢, and x € i) _,,

P (T;jj € (1t + 6], (M = x’]—"o) — O(2N~'5,) - 4Kn~2c.°P (\ggﬁin — 2 < 1‘%) .
Therefore, if t > Klog N + ¢,

P (€ (bt+6,]. G e i,

Fo) <ONT8e?) 3 P16, — ol <1/ R)

;cei;;;t
= O(nN'5,e;%(log N)2~2 "2°C)

by (2.28) in Proposition 2.6 and by the definition of the event F;. By (2.59), we now have
that for t € 6,INN [Klog N +€,,T, ],
IP(T;)LJ-E(t,t—‘r(S] |C >

= O(nN"18,(log N)O~2 ") L O(N"16,(log N)1) 3 e (I 30-entompf, )
zei;;ztt

= O(nN"16,(log N)!1=2 "e*C)y (2.60)

nl€I7L€

T

Fort € 6,INN[e,, T, ] and z € 2 Z with |z — puf. _,| < g;ad,, by (2.57) and (2.58),
P (Tﬁj € (t,t+d,], " = x’]—"o) < O(M’N'6,9(&ad,)™") - 4Ke,*n?
= O(N 16, (log N)*5:2C),
Therefore, by (2.60) and since we chose C > 213072, for t € §,INN [K log N + €,, T, ],

P (T;}j € (bt +8,), ¢ € In<

) = O(nN"16,d, (log N)iTd19C), (2.61)

EJP 27 (2022), paper 121. https://www.imstat.org/ejp
Page 30/99


https://doi.org/10.1214/22-EJP845
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Genealogies in bistable waves

Now note that for any ¢ € §,INo N [0, 7, ],

P (rly € (tt+0u. G € I | Fo) =B [P (77 € (bt + 6| F) Lguicppe | o]

=O0m*N~16,9(D;)™h (2.62)

by Proposition 2.8. Finally, by (2.32) in Lemma 2.7 and the definition of the event F;
in (2.10), and then by (2.23) and (2.25) in Proposition 2.5 and (2.27) in Proposition 2.6,
for n sufficiently large,

P (3t € 6,0 N[0, N~ log N|: 7 A G ¢ I, 77 > t‘]—"o)

<P (at € t'No N [0, Nn~log N] : &I A& > (1 — 26) D), 71 > t)fo)

+P (Elt € 6,No N [0, Nn~Llog N : & A &M < D ]-‘0>
< ((t*)’an’l log N + 1)(log N)762(1+%(17a))n(K07(172e)D;@1) +oN—!
<N~ (2.63)

for some € > 0, where the last inequality follows since we chose ¢ > 0 sufficiently small
that 2(1+ (1 — «))(1 — 2€)(3 — ¢o) > 1 and since kD, = (1/2 — ¢o) log(N/n). Hence by a
union bound, and then by (2.63), (2.62), (2.61) and (2.60),

P ({T;Lj #iyn{r]; < Nn~'log N} .FO)
<P (Elt € 6,No N [0, N log N] : (M A G ¢ T, 70, > t‘]—'o)
+ > > P (T{}j € (tt+68.], G € I;j_t‘fo)
{kENo:tx <Nn—1log N} t€6, NoN[tk,tx+2K log N),i" €{i,j}
+ 3 P (7 € (tt+ 6, 15| 2 drad, 7 € I | F)
t€5, NN[2K log N,Nn—" log N],i’€{i,j}
<N 4+ O0m*N~1g(D}) og N) + O(nN~'d, (log N)**5:%C . N~ (log N)?~©)
+ O(nN"*(log N)117279a2C -Nn~'log N)
< %(log N)~2 (2.64)
for n sufficiently large, where the last inequality follows since we chose C' > 2!3a~2 and

50 27%2C — 12 > 2 and LC — 6 > 2, and since g(D;)~' < 2¢5Pn = O ((&)1/2-%) and
N > n3. By a union bound and Proposition 2.2, for n sufficiently large,

P (T;fj > Nn~! logN’}'O)

<P (Elt € 5, N N[0, N~ log N] : ¢ A ¢ ¢ I, 70y > t‘]:())

J
+ (1 _ %Bn)[(tl)’an’l log N |
< 3(log N)72,

for n sufficiently large, by (2.63) and the definition of 5, in (2.18). By (2.63) and (2.64),
this completes the proof. O

2.2 Proof of Proposition 2.5

Throughout the rest of Section 2, we assume for some a; > 1, N > n®™ for n
sufficiently large. We need two preliminary lemmas for the proof of Proposition 2.5. The
first is an easy consequence of the definition of the event F).
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Lemma 2.10. For n sufficiently large, on the event Fy N Ej, fort € 6,No N [0,7,],
i,j € [ko] and (1,0, € 7.0 [K, D}, if ', ¢ e I,
P (G 2 0. 2 6o

and P (G > 6]F) < e IO A-GVI),

]:t) Ton oy < cre~ (F3—)R(G+H1=(C VE) 1= ({7 VE))
,7 -

Proof. Write t' = T,, — (t + t*). By the definition of ¢ in (2.3), and the definition of f’”
and (™7 in (2.15), for 1,0y € +Z, if 7], > t,

qz:z’:.t,_t* (01 + s Ctml) QZ’,;H* (b2 + B tnvj)
p?urt* (Ctnl) p$+t*( tnd) - Nﬁl]l(:"j:(t"v’:
(2.65)

P (G 2 0,05 2 | F) <

By the definition of the event Ej in (2.11), for £ € I}} and z € I}} . with { — uj; > K, the
event AE,Q)(E, z) occurs, and so

qg:;ﬁ‘/* (67 Z)

—(1+3Q—0))s(—(z=vt")V (g +K)+2)
p?’-&-t* (2)

< cie
Note that by the definition of the event E; in (2.10), if Ct”’j € I}y, then pj, . ( Z”) >
(%)% Therefore by (2.65), if 7, > t and ("', (/" € Ijr _,, for 1,6, € 2170 [K, D],

P (& 2 0,8 = 6| F)
< (1+O(N~Y2)
- 2= (LHE=a) m((abisl )= (G =t W KO+ 24 (b)) = (G =tV () +2)
<(1+ O(N71/2))C%67(1+%(lfa))m((él—5f*iv1<)7t*e‘(1°gN)C2 424 (L =PI VK ) —t* e~ (0a N)2 +2),
(2.66)

since, by the definition of the event Ey in (2.10), |(uf; +vt*) — u. _,| < t*e~ 16 N)™ Since
c1 < 1 (by our choice of ¢; in (2.14)), the first statement follows by taking n sufficiently
large. The second statement follows by the same argument. O

We now use Lemma 2.10 and an inductive argument to prove the following result.

Lemma 2.11. For n sufficiently large, the following holds. Fort € 6,INog N [0,7, ] and
ke [ko}, let
r;“k:inf{szt:s—tet*mo,@v’“ sz{}. (2.67)

Take i, j € |ko| and let 7," = ;7" A 7,77 A 7;';- On the event Iy N Ej, for s € [0,T,] with
s—t € t*Ny, forl,l, € NN [K,D;‘;],
P (0002 00,80 2 b7 2 8| ) < QD@ VR G Vi)
(2.68)

and fori' € {i,j}, P (&> 0,77 > s‘]-"t) < )R V=), (2.69)

Proof. Let A = +(1 — a), and recall from (2.14) that we chose ¢; > 0 sufficiently small

that
Cl<(€>\ﬁ’ _ 1)—16)\n + e—(1+>\))<,(1 _ e—(1+)\))<,)—1)2 + e—2(1+/\)m <1

(2.70)
and ¢ (M —1)7leM 4 em IR g
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The proof is by induction. Take ¢’ € [0, 7T, ] with ¢'—t € t*INy, and suppose (2.68) and (2.69)
hold for s = ¢'. Let A = 1+ VE+C'VK)  Note that by (2.32) in Lemma 2.7, if
7t >t/ then (", ()7 € I . For (1,0, € NN [K, D}, let Jy, 0, = {(k1, ko) : ki, ks €
NN (K, D], k1 <y or ky < l5}. Then by conditioning on F;» and applying Lemma 2.10

and a union bound,
P (G 2 0.Gd > ot 2 ¢ 40| R)
< Z ey e~ (IF2NR((L k1) VO+(l2—k2)V0)

(k1:k2)€Jeq ey

-P (52’1 S [k‘l,kl + 1)’@7,]’ S [k’27k‘2 + 1),7’75+ >t

%)

keNN(K,D;]

]—'t)
+ cle—(1+2>\)ﬁ((€2—k)\/0+51—K)IP (EZ}] c [k, k+ 1)7§g;i <K+ LTt-‘nj > ¢

7))
%)

< Z Ae*(1+)\)l<e(k1+k2)6167(1+2)\)n((€17k1)\/0+(327k2)\/0) + A€7(1+)\)n(fl+£2+2)

+ope- (HF2VR(L-K+6:-K) 4 p (@’” >0+ LG > b+ 1,7 >

k1,ko€NN[K,D;T]

by the induction hypothesis and since by the definition of A4, (VR VE) < Ae~ (KK
for i’ € {i,j} and Ae~(1TY2:K > | Therefore

%)

P (G = 0,00 2 yr =t 4t

4 LD} ]
< Ae, Z o~ (14X )Rk = (1H2N) R (G~ 1) Z o~ (V) ks

k1=K ki=01+1

L2 LD} ]
Z o~ (LH )Rk = (1420 )R(Ea—k) Z e (N Rk | 4 g (XA +042)
ko=K ko=l>+1

(2.71)
Note that
Z] el

Z 67(1*%)\)/{’{?1ef(lﬁ*?)\)li(lglfktl) < Z 67(141*2)\)/961 e/\ﬁkl < 67(1+2)\)H61 (e)\ﬁ _ 1)716>\H/(€1+1)
ki=K k1=0
— (ez\n _ 1)—16)\&6—(1—%)\)&@1_

e~ MRk o (1 — e~ (1HNr)~1e=(1+Nr(L+1) - gybstituting into
)

< Ae=(IHVA(l+E) (cl((e’\“ 1)l _|_ef(1+)\)n(1 - 67(1+)\)/{)71)2 +672(1+A)n>

S Ae—(l-‘r)\)ﬂ(él-‘rZz)

Hence, since ) ,LQD;J
(2.71),

1+1

P (G 20,00 2 ot 2t 4t

by (2.70). Similarly, letting 4; = e(1+Vx(&"VE) for ¢ € NN [K, D], by Lemma 2.10 and
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a union bound,

)

< Y e DR (G fh k4 1),
EENN(K, 4]

T epe~ H2VR(-K) 4 p (é:tT/LZ >0, >t

)

)
< Z e~ F2VRI=R) g o= (HNRE | g o= (14 )R(EHD)
kENN[K, (]

by the induction hypothesis and since A;e~(*V%K > 1. Hence

) < A, (cle_(1+2)‘)”é(e’\” . 1)—16)\n(l+1) i e—(1+x)n(e+1))

— A167(1+>\)KZ(61(€)\H _ 1)716)\11 + 67(1+)\)n)

P (c{‘H >t >t

< Ale—(l—&-)\)ﬁf

by (2.70). By the same argument, P (g:t"it >0 > 4t ]-',5) < eHNR(EIVE=L)

The result follows by induction. O
Proof of Proposition 2.5. Ift — s > Klog N, for i’ € {i,j}, let
oy =inf{s': s — (t —t*|(t*) ' Klog N|) € t*INo, (%" < K}

If instead t — s < Klog N with t — s € t*INg, then let o, = s for i’ € {i,j}. Note that in
both cases t — oy < Klog N. Let A = 1(1 — «).

Condition on F;,y,; and suppose o; < o; < {. Recall the definition of T;';_’i and Tjj’j
in (2.67). Then for n sufficiently large, for ¢1,¢, € N N [K, D,ﬂ by a union bound and
Lemma 2.11,

P (G 2 0,0 2 0,70 > | Fova,)

N VT
< 6(1+)\)K(<‘71 VK €1+Caj VE=t) +P (gll > by, 7] Tij = t, T+ Z 217, ’] < t’]:m\/rfj)

Fovo,)

+P (> i < 1 <t Fowve, ). (2.72)

+1P(Ct”>€2, T > T >t <t

We now bound the last three terms on the right hand side. Recall that we let 7-;;_ =
TV AT AT]. For s € [0y, t] with s — 0 € t*INo, by conditioning on Fy/,

(c:” S N e )

SE[ (an>€1, >t‘]—' ) 95 D k! fgiv(,j}
l1—1 )

< Z P (C:z [ él ) C:[J > D;i-’To—_i-j > S/ ]:oiVUj) .e(1+)\)f€(€1+1—€1)
0 =K

(< K, (W > Df Lt >

no O'

vgj) (VKK —01)

+P (& 2 0,87 2 DF 7 2 6 P, )

no 0'
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by (2.69) in Lemma 2.11. Therefore, by Lemma 2.11 again,

(Ctnl>€1, Zj>t7'+l>t7"]_5‘fai\/aj)
2 In,i ! Fn,g +
< Z LITMR(CG VR =6 +C5, VEK—|Dy]) (MR (E+1—£1)

0 =K

+e (1+2)x(C "JVK LD (LHA)R(K —L1)

< e(lﬂ)n(CZjVKJrfﬁ'va) (zle—(1+>\)n(€1+LDIJ—1) + e—(1+>\)n(€1+LDIJ))

< e(1+)\)n(§:f\/K+f;’;jvK+1)€—(1+>\)R(€1+LDIJ)(D;i‘ +1), (2.73)
since ¢; < D;}. Therefore, for n sufficiently large, since t — o; < K log N,

P (G = by > bkt > <t

fgiv,,j)

n,i _ n, _ +
< e(H—)\)K(C"J’ VK £1+Ca].9vK LD”'JJ’_I)K,‘{/_l(

log N)?, (2.74)
and by the same argument,

P (Cn’] > Ly, 7" > t, 7'+j > t, 7'+1 < t‘fo’ﬂ/tﬁ)

n,i _ + , —
< (PR VR DI GVt e

log N)?. (2.75)

For the last term on the right hand side of (2.72), note that for o; < s; < s <t with
s1 — 0j,82 — 05 € t*INp, by the same argument as for (2.73),

n +,0 —
P (Ti,j >, Ty = 51,7, ’J = SQ‘FO'I\/O'])

<P (77 > 57 :Z_sl, 750 > 50,C > | DY

O'rivo'j)

< e(1+A)N(<:}lVK7LDIJ+<SJJVK7LDIJ+1)<D2— + 1)7 (276)

and by the same argument (2.76) also holds for s; > s,. Hence by (2.72), (2.74)
and (2.75), for n sufficiently large, if o; < o; <t then for ¢1,¢, € NN [K, D}t],

P (5{” > 0, G > by, T > t’fciv@) < AFVREEVO-BHCEIV0—6) 00 YL (2.77)

By a simpler version of the same argument, for i/ € {i,j} and ¢ € NN [K, D}], if
o; < 0y <t then
P (C}”’i' > e‘faiw].)

Y R AL V) D DI ] (U o

O'iVO'j>
s'€loj,t),s' —o;€t*Ng

< (log N)2HVR(EETV0=0) (2.78)

for n sufficiently large, by (2.69) in Lemma 2.11. Since we let 0; = 0; = s in the case
t — s < Klog N, this completes the proof of (2.25) and (2.26).

From now on, assume ¢ — s > Klog N. Condition on F,, 4., and suppose o; A 0; =
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o; < t; then
E [6(1+/\)H(C§;v0)]170+,i>0j]lgjgt‘fgimj}

LD} )

< (IHNRE Z (LX) R(E+1) Z P (52” e+ 1),7;:_”' >
=K s'—o;€t*Nog, s'<t
LD} ] o

< (HHNRE | Z cAHVRED (1)1 K log N 4 1)e(HNREVE=D
=K

< IHNRAHE) frie=1(log N)? (2.79)

f(,mj)

for n sufficiently large, where the second inequality follows by (2.69) in Lemma 2.11 and
since t—o; < Klog N, and the last inequality since g};f < K. Therefore, if o, A0; = 0; < 1,
by conditioning on F;,vs,, and then by (2.77), (2.78) and (2.79), and since 5;;;3' < K if
o; <t,

P (G2 0,67 2 00,70 > 1| Fans,)
<E[P (G 20,0 > b1 >

+ P (05 > t|Foino,)
< e(1+)\)n(1+2K)KH71(10g N)2 . (1og N)4ef(1+’\)"(21“2)

]:Uivgj) ]lajgt(]lﬂjigaj + ]lT;?iéaj)‘]:"i/\"j}

+ I [(log N2V K1, 1 si [ Fono, | 4P (05> | Foins) . (280)

By (2.69) in Lemma 2.11, if 0; A 0; = 0; < ¢, then since Eg;i <K,

P (T; <t famj) < S op (Tot’i S 5 imis Dt f,,mj)
s'<t,s'—o;€t*Nyg
< ((t*) 'K log N 4 1)1+ Vs(E-LD) (2.81)

Hence, for n sufficiently large, by a union bound and then by (2.80) and (2.81) (using
the same argument for the case o; < 0;),

P (Q:tm > 00,0 > b, 1] > t‘]:s)

<P (ai Noj > t‘]—'s) +E [IP (5;“' > 00,8 > by, > t’f(,mj) Loono, <t

7]

<P(oino;> t’]—"s) +P(0ivo; > t‘]-"s) + L(log N)7e~ (1 Mnbrtt2) (2.82)

for n sufficiently large. Finally, lett' =¢ —t*[(t*) 'K log N| € §,Ng N [0,7,7] with ¢’ > s,

and recall the definition of T;L,ysf() in (2.6). Since (T?ﬁg;v,n—t/ ()2 17 only depends

on the Poisson processes (P47), ; i, (S§%47), ; 5, (Q©H3K) ;. and (R®*¥), ., ; in the
time interval [0, 7, — t'], and by (2.16),

* * 2
P (rielin, —o(@) = 0ve € 22| F) =P (vl g (@) =0va e %Z‘]—‘) >1- (%)

by the definition of the event F, in (2.13). By the definition of r?{’ﬁ’gt;v,nﬁt' (z) in (2.6), it

follows that P (o; V o; > t‘]—'s) < (%)2 By (2.82), and since (1 + \)x ({1 + £) < 4kD;f <
4(1/2 — ¢p) log(N/n) by (2.8), this completes the proof of (2.23). By a union bound and
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then by the same argument as in (2.78) and since (Nf;;i < Kifo; <t,

Pz a|r) <P (o> 7))+ B[P (G 2 0]F) 1o

() tpares,

7]

which completes the proof. O

2.3 Proof of Proposition 2.6
We first prove two preliminary lemmas, similar to the lemmas in Section 2.2. Write
d), = gody,.
Lemma 2. 12 Forn sufficiently large, on the event £y N Ey, fort € §,INoN[0,7,,], i € [ko]
andy,y’ < —2id., if (/"' > y then
P (@#t < Z/’]:t> < e 3Ry,

Proof. Supposeﬁrst that 3/ > -N 3. For n sufficiently large, by the definition of the event
E;in (2.10), if " > yand ;" € I,
P (G <v/|R) <P (G <, vt +1+y|R)
_ qg’;itft*,Tnft(Mr’ZL“n—t vt + 14y, @n’l + MTZL“,L—t)

P (G, )
< e tary-v)

since the event A( ) BN (e (7 R VA | + y')],¢"") occurs by the definition of
the event Fj in (2.11). If instead 3/ < —N3or Ct"’l ¢ I:?n_t then by (2.32) in Lemma 2.7,

P (fll’it* <y

}'t> = (0 almost surely. O

We now use Lemma 2.12 and an induction argument to prove the following result.

Lemma 2.13. On the event E;NE), fort € 6,INgN[0,T, ], i € [ko], k € Ng and ¢’ € [0,T,,]
with ¢ —t € t*INy,

P (CNZ?”' < —5dy, — ’f‘ft) < em 1B, HCTA0HE) (2.83)
Proof. Recall from (2.14) that we chose ¢; > 0 sufficiently small that
1 4 e A (eor /1)L pemen/t <, (2.84)

Let A = e~ 12%((34,+C")A0) | Suppose, for an induction argument, that for some ¢ > ¢
with ¢ € [0,7,7] and t' — ¢t € t*INy, (2.83) holds for all k¥ € INy. Then by Lemma 2.12, for
ke No,

P (G <-3d, — K[ R) < Xk: P (G € (~4d, — K —1,~1d;, ¥

k’=0

P (G < —d, — k= 1|F) + cetont

) cle—%an(k—k’—l)

k
< § Ae—%(xf@k’lcle—%am(k—k"—l) _,'_Ae—iom(k—‘rl) +01€_%Omk
k'=0

EJP 27 (2022), paper 121. https://www.imstat.org/ejp
Page 37/99


https://doi.org/10.1214/22-EJP845
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Genealogies in bistable waves

by our induction hypothesis. Therefore, since A > 1,

k
-~ . 1 1 ’ 1 1
P ( e < —5d;, — k‘]-"t) <A <C16_2°‘“(k_1) E errk’ | gmaan(ktl) 4 016_2’1""“)
k=0

Lar(k+1) _ 1
_ —Llar(k—1)¢*
=A <cle 2 —

exd —1

+ e—%om(k-&-l) + Cle—;ank>

1 3 1 1
< Aeaork (clezo‘”(eza’“ — 1)t emam 4 01)

S Aefia/{k

by (2.84). The result follows by induction. O

Proof of Proposition 2.6. We begin by proving (2.27). For n sufﬁciently large, by (2.32)
in Lemma 2.7 and then by a union bound and Lemma 2.13, and since (6” > —Ky,

P (at €6,NoN[0,7;,]: (" < Dy,

) <P (Elt et*NoN[0,T,]: ¢ < iD

3D

S((t*) 1T + )6 4o¢nL 2D — d;J
<N

for n sufficiently large, since, by (2.8), taxD,; = —12log N and since T,; < N?.
Note that the last statement (2.29) follows directly from Lemma 2.13 (since 55“’ >

—Kjp and |d,, — éd;j > %dn for n sufficiently large, and by (2.4)). We now prove (2.28).

Recall from (2.14) that we chose ¢; > 0 sufficiently small that
e/ fe (1 — e /AT < gman/5, (2.85)
Let A be a Bernoulli random variable with mean ¢; and let G be an independent geometric

random variable with parameter 1 — e~ /2 (with P (G > k) = e~ **¥/2 for k € INy). For
t' € 6,INg N [0,T,,], if ¢, < —1d/, then by Lemma 2.12, for k € INo,

P (égﬂ' i > k‘ft/> < e Bk — P (AG — (1— A) > k).
Since AG — (1 — A) > —1, it follows that for each k € Z, if 521 < —%d; then
P (gf — o> k‘}}/) <P(AG - (1—A)>k). (2.86)
Let (A4;)2 j 1 and (G;)52, be independent families of i.i.d. random variables with A; = 4 A
and G; £ G. Suppose (™" > D> andt—s > Klog N, and take s’ € [s, s + t*] such that

t — s’ € t*INy. For n sufficiently large, by (2.32) in Lemma 2.7, we have (if,’ > 2D, .
Hence

n,t 1y i B
{é-\s +4\_|D Ht* — d }7 {Cé +4HD Ht* —_ } {Cs/ _C.s +4|_‘D Ht* 2 2Dn}

41Dy 1
F1t n,i _
= { Z (Cs/+(j_1)t* - CS’-’rjt*) Z 2D1’L }
j=1
(2.87)
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Then using (2.87) in the first inequality and (2.86) in the second inequality,

P (e < ~3d, VE € {00 [l || )

4[1D, 1]
<P(pe < —3d, Ve (O} UMD, — 1, 3 (0 oaye — Gty 2 2D5 |7
j=1
4[1D; (]
<P Y (4G —(1-4;)>2D,
j=1
By Markov’s inequality,
g 1l 1 T 1 41D; ]
P Z (4,G; — (1—A))>2D;, | < ezox 2Dy IR {eZaK(AlGl_(l_Al))}
j=1
4|1D; (]

1 B ok 1 _e—aH/Q
§€2(XR|D71‘ ((1—01)6 1 +cll_eom/4>

< e%anef%an\D;|

by (2.85). Therefore, since ax|D,; | = 26log N by (2.8), and since K log N > (4|D, |+ 1)t*
for n sufficiently large, by our choice of K in Proposition 2.1,

4|1D; (]
F)sNTe 3 B[P (8 2 -4 G <
=0
4(1D; (]
< N77_|_ Z e*i@dﬂ‘%dn
=0
< (log N)?~s°¢

P (G < —dn

for n sufficiently large, where the second inequality follows by Lemma 2.13 and since
|d,, — %d’nJ > %dn, and the last inequality follows by (2.4). Since d!, = 27%ad,,, by the

same argument, for n sufficiently large, P (ft"’ < -d, + 2‘]—;) < (log N)2=2"0°C, O

3 Event £ occurs with high probability

In this section and the following three sections, we will prove Proposition 2.1. The
main result of this section (Proposition 3.1) will also imply Theorem 1.3. We begin with
some notation which will be used throughout the rest of the article. For & : %Z — R and
z €17, let

Voh(z) =n (h(z +n~") — h(z))

and let
Anh(z) =n? (h(z +n~") = 2h(z) + h(z —n7")) .

Define f : R — R by letting
fw) =u(l—u)(2u—1+a). (3.1)

Recall the definition of the event F; in (2.10). In this section, we will prove the following
result (along with some technical lemmas which will be used in later sections).
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Proposition 3.1. Fort > 0, let (u},, )s>0 denote the solution of

{8Su2t+s = %mAnu{fHS +sof(uyyys) fors >0, (3.2)
ui'y = pi-
For cy; > 0, define the event
El=En sup lui' sy o(7) — gz — py' —vs)| < e~ 108N vt ¢ [log N, N?| 3.
36[077n]7x6%2
(3.3)

Suppose for some a; > 1, N > n® for n sufficiently large. For ¢ € IN, for by,co > 0
sufficiently small and b, > 0, if condition (A) holds then for n sufficiently large,

P((2)) < (&)

Before proving Proposition 3.1, we note that Theorem 1.3 is a trivial consequence of
this result.

Proof of Theorem 1.3. By the definition of the events F; and E} in (2.10) and (3.3)
respectively, on the event E]| we have

sup Py (x) — gla — pp)| < e (o8 )™
z€L17, te[log N,N?2]

and |u, — pl —vs| < e 18N vt € log N, N?| s € [0,1 A (N? —1)].
Hence the result follows directly from Proposition 3.1. O

From now on in this section, we will assume for some a; > 1, N > n% forn
sufficiently large. We will need some more notation; we use notation similar to [14]. For
fi,fo 0 17 — R, write

(f1, fo)m =70 Y fr(w) fa(w).
wE%Z
Let (X[");>0 denote a continuous-time simple symmetric random walk on +7 with jump
rate n?. For z € 17, let P.(-) := P(-|X§ =z) and E.[| := E[|X§ = z]. Then for
z,w € 2Z and 0 < s < ¢, let

Y% (w) :==nP, (X:;z(t—s) = w) . (3.4)
Fora€R, z,w € 1Zand 0 < s <t let
o (w) = e I (w). (3.5)

Let (u}')¢>0 denote the solution of

(3.6)

dup = gmAul + sof(u)) fort >0,
ug =pg-

We will prove in Proposition 3.2 below that if ¢ is not too large, py and u}' are close with
high probability. By the comparison principle, u? € [0,1]. Since 9s;¢%* + %mAnd)‘;’z =0
for s € (0,t), we have thatfora € R, z € %Z and t > 0, by integration by parts,

(U, ¢
t

t t
= <ug,¢8’z’“>n+/ <uf§7as¢i’z’“>nds+/ <ug,%mAn¢i’z’“>nds+80/ (f(u}),ps* ") nds
0 0 0

t
= e "(pg, g In + / e (s f(u) + aul, 7 )nds.
0
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Therefore, since (u}, ¢y'*"), = u}(z), it follows that fora € R, z € 1Z and ¢ > 0,

t
up (2) = e~ "(p, ¢6 ) + / em U™ so f(ul) + auf, %) nds. (3.7)
0
Note that by (3.7) with a = —(1 + «)so, since f(u) < (14 a)u for u € [0, 1],
up' () < et g, 657 . (3.8)

In this section, alongside proving Proposition 3.1, we will prove some preliminary
tracer dynamics results which will be used in later sections, so we need some notation
for tracer dynamics with an arbitrary initial set of ‘tracer’ type A individuals. Take
To C{(z,3) : &y (x,i) = 1}. Then for ¢t > 0, let

e (2,9) = Lient iy ort (wiyyez, T @ € 32,1 € [N], (3.9)

i.e. n?(x,i) = 1 if and only if the i** individual at x at time ¢ is descended from an
individual in Z at time 0. For ¢ > 0 and x € 7, let

N
1
g (x) = 5 Y (), (3.10)
=1

i.e. the proportion of individuals at x at time ¢ which are descended from individuals in
T, at time 0. Let (v});>0 denote the solution of

(3.11)

o = smALUP 4 sovf (1 — uf)(2uf — 1+ ) fort >0,
vy =qp-

We will prove in Proposition 3.2 below that if ¢ is not too large, ¢ and v are close with
high probability. Note that by the comparison principle, 0 < vi* < u}'. Moreover, for
ac€R,t>0and z € %Z, by the same argument as for (3.7),

t
OP(2) = € gl 85 + / e "0 (0] (sp(1 — ul)(2ul — 14 ) +a), ¢ )uds.  (3.12)
0

Fort>0and z € 27, by (3.12) with a = —(1 + )sg and since (1 —u)(2u—14+a) < 1+a
foru € [0,1],

v (z) < ellTosol(gn 667y, (3.13)

The following result says that if ¢ is not too large, |p} — u}| and |¢}" — v}| are small with
high probability; the proof is postponed to Section 3.1.

Proposition 3.2. Suppose c3 > 0 and ¢ € IN. Then there exists ¢y = c4(c3,¢) € (0,1/2)
such that for n sufficiently large, for T' < 2(log N)%,

n 1/2703 n L
P s swp (@) - uie)] = (4 < (%)
(zE}LZ,|m<N5t€[O,T] ! ! N) N

and fort < 2(log N)“4,

n\1/2—cs3 .y
P n _n > <7) < 7) .
<z€i;}lf<wsqﬁ (@) = v (@) 2 ( ) - (N

For k € IN with k > 2, there exists a constant C; = C1(k) < oo such that fort > 0,

i nk/th/4 i C
sup E [|p}(z) — uf(2)|"] < C4 T N et (3.14)
IE%Z N
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We also need to control p?’(z) when z is not in the interval [~N°, N°] covered by
Proposition 3.2.

Lemma 3.3. For n sufficiently large, if p{(x) = 0Vx > N and p{j(x) = 1Vz < —N then
P (3t €[0,2N%, z € LZN N5, 00) : pf(z) > 0) < e
and P (3te€[0,2N%, z € 27N (=00, —N°|: p(z) < 1) <e ™.

Proof. For z € 17, let

T :=inf{t > 0 : pi’(x) > 0}.
Let (T})32, be a sequence of i.i.d. random variables with 71 ~ Exp(mr,,N?). Forz > N, 7,
occurs after time 7,_,,—: and at a jump time in ReHT=n""5 for some i,j € [N]. Therefore
we can couple the process (£'(2,1)),c 17 ie(n)1>0 With (T)2, in such a way that for
each/ e N,

TN4en—1 — TN4(t—1)n—1 = 1y

It follows that
n(N°®—N)

TNS > Z Tg.
£=1

Therefore, letting Y;, denote a Poisson random variable with mean 2mr, N*, we have that
n(N°—N)
P(rys <2N?) <P | ) T, <2N?
=1

=P (Y, >n(N°>-N)).

By Markov’s inequality, and then since 7, = $n* N1,

P (Yn > n(N° — N)) < e N =N [ey"] — (NP =N)gmn®N?(e—1) < ,—N°
for n sufficiently large, since N > n. Therefore for n sufficiently large,
P (rys < 2N?) <e N
Letting o, := inf{t > 0 : p}'(z) < 1} for « € 17, by the same argument we have that
P (0 s <2N?) <™
for n sufficiently large, which completes the proof. O

Recall from (1.12) and (2.1) that g(z) = (1 + ¢*)~!, and recall the definition of
f in (3.1). Note that u(t,z) := g(x — vt) is a travelling wave solution of the partial
differential equation
du = tmAu+ sof(u).
Since a € (0,1), we have that f(0) = f(1) =0, f(u) <0foru € (0,%(1 — a)), f(u) > 0 for
u € (3(1 —a),1), f(0) <0and f/(1) < 0. This allows us to apply results from [16] as
follows. For an initial condition uy : R — [0, 1], let u(¢, z) denote the solution of

{atu - %mAu + sof(u) fort >0, (3.15)

u(0,-) = wuog.
Lemma 3.4. There exist constants Cy < oo and ¢5 > 0 such that for e < c5, if ug is

piecewise continuous with 0 < uy < 1 and, for some zy € R, |ug(z) —g(z —20)| < eVz € R,
then

lu(t,xz) — glx — vt — zp)| < Cae Vz € R, t>0.
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Proof. The result follows directly from Lemma 4.2 in [16] and its proof. O

Proposition 3.5. There exist constants cg > 0 and C3 < oo such that if uy is piecewise
continuous with 0 < up < 1 and |ug(z) — g(2)| < ¢ Vz € R, then for some zy € R with
|z0] <1,

lu(t,z) — g(z — vt — 29)| < Cze™ " Vx € R, t > 0.

This is a slight modification of Theorem 3.1 in [16] (to ensure that C's and ¢ do not
depend on the initial condition g, as long as ||up — g||« is sufficiently small); we postpone
the proof to Appendix A. The next lemma says that if the initial condition p{ is not too
rough, then u} is close to a solution of (3.15).

Lemma 3.6. Let (u;):>o denote the solution of

{atut = gmAuy + sof(uy) fort >0, (3.16)

— AN
Uo _p07

for some py : R — [0,1] with pj(y) = p§(y) Yy € +Z. There exists a constant C; < oo
such that forT > 1,

sup  uy'(z) — u ()]
te[0,T], z€ 17

21,22€R, |21 —22|<n—1/3

< <C4n1/3 + sup |pg(zl) _ 133(22)|> T2(+)soT
Proof. Fort >0 and z € +Z, by (3.7) and since pjj(y) = pj (y) Vy € Z,

t
W(z) = (5 65%)n + 50 / (), 657 uds.

Let G¢(z) = ﬁe*ﬁ/ (2), then since G is the fundamental solution of the heat equation,
and using Duhamel’s principle (see for example (17) and (18) in Section 2.3 on page 51
of [15] and Theorem 4.8 on page 147 of [18]), for z € Rand t > 0,

t
up(2) = Ge x PG (2) + 80/ Gr(t—s) * f(us)(2)ds. (3.17)
0

Letting (Bi):>0 denote a Brownian motion, and by the definition of ¢%* in (3.4), it follows
that for z € 21 Z and ¢t > 0,

Jui' (2) — wi(2)]

< [B. [5 (X0h)] = B2 (6 (o)l + 50 / B [ (X)) = Be [Fus(Bug )] | ds.
(3.18)

By a Skorokhod embedding argument (see e.g. Theorem 3.3.3 in [24]), for n sufficiently
large, (X}");>0 and (By);>o can be coupled in such a way that X§ = By and for ¢ > 0,

P <|ant — By > n*1/3) < (t+1)n~ V2 (3.19)

Since py € [0,1], it follows that

|E. [55 (X )] = Bz [ (Bt)]| < (8 + Do~ sup PG (21) — pg (22)]-
z1,22€R, |21 —22|<n—1/3
(3.20)
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For the second term on the right hand side of (3.18), note that sup,¢(y 11 [f(v)| <1 and,
since f'(u) = 6u(l —u) — 1+ a(1 — 2u), we have sup,c(1)|f'(v)] = 1 + . Therefore,
using the triangle inequality and then by the same coupling argument as for (3.20), for
s € 10,1,

B (£ (X )] = B [F (B
B, (£ (0] = Bx [£ns (X)) |

+ [B. [£0 (6] = Be [F s (B

< (1 +a) sup [u(z) — us(z)| + 2(t + 1)n~ 2 + (1 4 )| Vs |l son ™13, (3.21)
IG%Z

<

We now bound ||Vus||. For ¢ > 0 and z € R, by differentiating both sides of (3.17),

t
Vui(z) = G, = py(x) + so/ G * flus)(x)ds. (3.22)
0
For the first term on the right hand side, since gy € [0, 1],

|Gt P ()] < / |Gt (2)]dz = 2G e (0) = 2(2mmit) =12,

— 00

For the second term on the right hand side of (3.22), since sup,¢(,1) |f(v)| < 1,

t t [eS)
‘/0 Gro(i—s) * flus)(2)ds §/0 /_Oo |G-y (2)|dzds = 4(2mm) "V 21/2,

Hence by (3.22), for ¢t > 0,

[Vielloo < (2mm)~Y2(2671/2 + 450t1/2).

Substituting into (3.21) and then into (3.18), and using (3.20), we now have that for¢ > 0
and z € 17,

|ug' (2) — ui(2)]

<(t4+1)n"YV2 4 sup PG (21) — Do (22)]

21,22€R, |21 —22|<n—1/3

¢
+ 30/ ((1 +a) sup |ul(z) —us(x)| +2(t+ 1)11_1/2
0 zelZ

+2(2rm)"1/2(2571/2 4 43081/2)n_1/3)ds.

Hence there exists a constant C; < oo such that for T > 1, for t € [0, 7],

sup [uf () — u ()|

z€LZ
< (047171/3 + sup Do (1) *]58(22)|)T2
21,22€R, |21 —22|<n—1/3
t
+(1+ a)so/ sup |ul(x) — us(z)|ds.
0 zclz
The result follows by Gronwall’s inequality. O

The following lemma will be used in the proof of Proposition 3.1 to show that with
high probability, sup,., _.,<,-1/s [P{'(21) — p{'(22)| is small at large times ¢, which will
allow us to use Lemma 3.6.
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Lemma 3.7. There exists a constant C5 < oo such that
n(1, g5t = @), < CstTV? V> 0,z € Lz, (3.23)
and sup;>; ;e iz, [Vui (z)] < Cs.

Proof. Fort >0, z € 2Z and t, € (0,t], by (3.7),

z4n ! z fo -1
Vo (2) = nluf g 0 = g sy [ (), 00 ) s, (3:20)
0
Since uj' ,;, € [0,1], we have that

1 -1
gy, 057" = 80 bl < (L 16T = 60 ). (3.25)

Let (S;)52, be a discrete-time simple symmetric random walk on Z with Sy = 0. By
Proposition 2.4.1 in [24] (which follows from the local central limit theorem), there exists
a constant K; < oo such that for j € N,

SRS, =y-1)-P(S; =y)| < Kij 2
YyEZ

Let (Rs)s>0 denote a Poisson process with rate 1. Then by the definition of qb';’z in (3.4),
and since (X");>0 jumps at rate n?,

n(l, |¢(t)0’z+n_l —¢5)n =mn Z [Po (X, =y —n7") = Po (X7, = )|
yelz

<n Z ZIP<Rmn2tg =7)|P(S; =ny—1)—P(S; =ny)|
yei1z j=0

<n Y P(Rupee, = 5) K172+ 20P (Rpn2g, = 0). (3.26)
j=1

By Markov’s inequality, and since R,,,2;, ~ Poisson(mn?t),
P (Rmn% < %mn%o) —p (e—Rm”zto log2 -, e~ mn’to 10g2> < pimn’tolog2 mn’to(e 952 1)
_ 67%mn2t0(1710g2).
Therefore, by substituting into (3.26),
n(l, |¢6°’Z+"71 — ¢ ) < ((K1 +2)P (Rpp2e, < %mn2t0) + Kl(%mnzto)flm)
< ta1/2 ((Kl n 2)(n2t0)1/26—%anto(l—log2) + \/im_l/QKl)
~1/2

< Koty 2, (3.27)

where K := (K + 2)sup,so(s'/2e~2m(1-1082)5) 4 \/2m~1/2 K| < co. This completes the
proof of (3.23). For the second term on the right hand side of (3.24), since | f(uj'_; ;)| <1
for s € [0, t], and then by (3.27),

to B
< s / n(L, g Tt gloma)y g
0

§ 280K2t(1)/2.

to .
nso / gy ) $05 " — 197, ds
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Therefore, by (3.24), (3.25) and (3.27), for t > 1 and ¢, € (0,¢] we have

sup |Vyui(z)] < Kg(tal/z + 250t(1)/2),
xE%Z

and the result follows by taking t, = 1. O

We will use the following easy lemma repeatedly in the rest of this section, and in
Section 4.

Lemma 3.8. Fora € R with |a| <n andt >0,

n 2 3, —1
EO |:eath:| — e%ma t+O(tan )

Proof. Let (R})s>0 and (R )s>o be independent Poisson processes with rate 1. For

S
a € R, since (X]')¢>o is a continuous-time simple symmetric random walk on 17 with

jump rate n2, and then since R;rmz t/2 and R ., /o are both Poisson distributed with mean
%mnzt,

n YRt —R
Eo [eath} - [ean (B 2es Brn2e)o)

= exp(%ant(e‘”f1 -1)) exp(%ant((f‘“f1 - 1))
= exp (%mnzt (a’rfl + %aQrf2 + O (a?’n*?’) —an"t+ %aQn*2 + O (a3n*3)))

_ e%maQt-l—O(ta?’n*l)
- )

which completes the proof. O

The following two lemmas will allow us to control p}(z) for large . The first lemma
gives us an upper bound that we will use inductively in the proof of Proposition 3.1.

Lemma 3.9. There exists a constant ¢; € (0,1) such that for n sufficiently large, the
following holds. Suppose that pj(x) = 0 Vx > N°. Take ¢ € (0,1/2). Suppose for some

R >0 with R (%)"*7° < ¢; that

o 1/2—c
pi(z) < 3e~r(1-(osN) e | p (%) Vo € 17, (3.28)

and that for some T € (1,log N], SUPye 17,1y <N, tefo.r] [ut (¥) — 9(y — vt)| < cr(log N)~2.
Then fort € (0,7,

_a 1/2—c
up(z) < 3 <3e“<1<10gN> o= + R (%) ) Vr € 17,

and fort € [1,T],

_ 1/2—c
u?(w) < (1 _ 07(10g N)—2)3e—r€(1—(logN) 2)(z—vt) + (1 — C7)R (%) Vo € %Z

Proof. Take d € (0,1/3) such that

d < min (%(2 — a)so, %e_(l_a)so(l - a)so) . (3.29)
Suppose that

n\/2-e 1 —1,_,—(1—a)so

R (N) < L+d) e (1-a), (3.30)
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and that T" € (1,log N| with

e [uf (y) = 9(y — vt)| < 75¢77(2 = a)(log N) 7. (3.31)
y€1Z,|y|<N, tel0,T)]

Let Oy = (1 — (log N)~2)x, and let

7 =T Ainf {t >0:3z€iZstoup(z) > (1+ d(log N)~2)3e 0n(@=vt)
n\ 1/2—c
+(1+d)R (ﬁ) }

By (3.8), and then since pj(z) = 0 Vo > N, fort > 0and z € 17,

< e(I+e)sot gy {629NX7L} o—20n 420N N°

< 6(230+3m9?\,)t6—291\72+29NN6 (3.32)

for n sufficiently large, by Markov’s inequality and Lemma 3.8. Therefore, since u}(z) €
[0, 1], there exists N’ < oo such that

T=TA min inf {t >0:ul(z) > (1 + d(log N)~2)3en(@=vt)

x€17ZN[0,N’]
+(1+d)R (%)”H 3

Hence (by continuity of «}(z) for each z € %Z and by our assumption on the initial
condition in (3.28)) we have that 7 > 0. Moreover, if 7 < T then there exists x €
17,10, N'] such that

2—c
u (@) > (1+ d(log N)~2)3e =@ | (14 d)R (%)1/ . (3.33)
Note that for u € [0, 1],
flw)+ (1 —a)u=—-2u®+ (3 - a)u® < (3—a)u’. (3.34)

Now by (3.7), for0 <t < 7and z € 17, for 0 <ty <t A1,
u(z) = e~ (Imedsolo (| T,
+ S0 /Ot“ 67(170‘)80@075)<f(u?—t0+s) + (1 = @)Uy 155 G0 ) nds
< e~ (1=a)soto <“?—toa¢f)°’$>n 4 350 /to e_(l—a)so(to—s)<(u;l7t0+8)27¢§0,1‘>nd8’ (3.35)
0

where the second line follows by (3.34). Since ¢t < 7, we have

n 1/2—c
(U 1y 0 ) < (1 d(log N)“)B, [3e™ Shno =D 4 (14 )R (1)

< (1 + d(log N)~2)3e~0n (e-vli=t)) g 3mbito+Oon™) 4 (1 4 )R (%) .
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by Lemma 3.8. For the second term on the right hand side of (3.35), we have that for
S € [O, to),

<(u?—to+s>2’ PL )

n 1-2c¢
<2 ((1 + d(log N)“2)2E, |9e > Koot | (14 0)?R? () )

<9 <(1 + d(log N)72)296720N(zfz/(tftojts))62m9?v(tofs)+(9(ton71) +(1+d)2R? (;)1_%)

—2(1 + d(log N)~2)2 - e~ 20N (x—1t) o (2mO% =20 1) (to—5)+O(ton™ ) 2(1 + d)*R? (%)1_207

where the second inequality follows by Lemma 3.8. Note that by (2.1), (1 — a)so + Onyv —
imb3 = (2—a—(log N)~%)so(log N) =2 and 2mb% —20yv—(1—a)so < 2mb% < 2mk? = 4s.
Hence for n sufficiently large, substituting into (3.35),
ui'(z)
< e—((l—a)30+9Nu—%m@?\,)tg—i-(?(ton*l)(1 + d(logN)—2)3€—9N(x—ut)
1/2—c
+ 6707&)80&)(1 4 d)R (%) + 650(1 + d(log N)72)296729N(rfut)65sot0t0

+ 650(1 + d)2R? (ﬁ) T

N
1/2—c
< (1+d(log N)™2)3¢=0x@=v) 4 (1 4 d)R (%)

+ to(1 + d(log N)~2)3e v (@=vt) (1850(1 + d(log N)~2)e0n (z=vt) ghsoto

1

— ¢~ 3(2—a)so(log N)72t0%80(2 — a)(log N)72)

1/2—c 1/2—c
+to(1+d)R (%) (630(1 +d)R (%) _ e~ (asato( _ a)s()) 7

where the second inequality holds since fory > 0,e ¥ =1—(1—e~¥) < 1—ye~ Y. Suppose
x is such that

18(1 + d(log N)—2)e—9N(a:—ut)6550to - %e—%@—a)so(log N)"?to (2 — o) (log N)_2 <0.

Then since ¢y € (0,1], and by (3.30) and the definition of d in (3.29), if n is sufficiently
large we have that

n )UH. (3.36)

Wl (z) < (14 (d — 2tod)(log N)"2)3e~¥ @) 1 (1 4+ d — 2t0d)R (N

If instead x > vt and
18(1 + d(log N)~2)e~0n @t ghsoto 5 1o=3(2=e)sollog N) o (9 _ )(log N) ™2, (3.37)

then since T < log N, for n sufficiently large we have |z| < N. Since d < 1/3 and ¢, < 1,
we have that for n sufficiently large,

(1 + (d . 2t0d)(10g N)72)3670N(zfut) > efn(zfut) + 6701\7(3071/15)

> g(x —vt) + sup lug (y) — g(y — vs)|
YEZZ,|y|<N,s€[0,T]
by (3.37) and our assumption in (3.31). Therefore for n sufficiently large, in this case we
also have that (3.36) holds. Finally, for n sufficiently large, if < vt then since d < 1/3,
to <1 and u}(x) < 1 we have that (3.36) holds. Hence (3.36) holds for every = € %Z.
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Suppose that 7 < T’; then (3.33) holds, and by setting t = 7 and to = 1 A 7, we have a
contradiction by (3.36). It follows that 7 = T, and so the first statement of the lemma
holds. The second statement follows by taking ¢ > 1 and setting o = 1 in (3.36). O

The next lemma will give us a corresponding lower bound on p}(z) for large «.
Lemma 3.10. There exists a constant cs € (0,1) such that the following holds for n
sufficiently large. Take c € (0,1/2). Suppose for some R > 0 that

_ 1/2—c
pi(z) > Lemr(Hos M) ey o R (%) Vo € 17, (3.38)

and that for some T € (1,log N|, sup,c 17 ,1<n.teo.1] [Ui () — 9(y — vt)| < cs(log N)~2.
Then fort € [0,T],

W (o) > Len(HIos M) sty g (%)”2_0 v € 17,

and fort € [1,T],Vz € 17,

_ 1/2—c
u?(x) > (1 + cs(log N)—2)%e—m(l+(log N) 2)($_Ut)]lz21/t7c8 _ (]_ _ CS)R (%) .

Proof. Note that for u € [0, 1],
fu) + (1 —a)u=—2u>+ (3 —a)u? > 0. (3.39)
Take d € (0, min (g55e~*("+250)(1 — e=%)(2 — a)sp,log(10/9)x 1)), and suppose

1

wp () — oy — v0)] < dlogN) 2. (3.40)
yE%Z,lyISN,tE[O,T]

Let 0 = (1 + (log N)~2)k. For some t; € [0,7T], suppose

, 1/2—c
up (z) > deEviog o — R (%) Vo € 17Z. (3.41)

Take t € (t1,t1 + 1] and let to =t — ¢1. Then for z € %Z, by (3.7),

to
u?(x) _ e—(l—a)soto <u;117¢60,$>n + 80/ e—(l—a)so(to—s) <f'(u?1+s) + (1 _ O‘)u?ﬁrsv ¢§0’w>nd8
0

> e*(lfa)Soto <u?1 7 ¢60,I>n

by (3.39). Hence by (3.41),

ul(x) > e~ (1 )soto (Ez [ée*%mfmofvn)]lx%uzytl} - R (;)1/2_c> . (3.42)
Note that
E, [6703\’()(2”07Vt1)]lX}}lt02yt1]
_E, {e_e;wxz:%—m)} B, {e—wx;zto—uh)]lxgno@tl}
— o~ On(@—vt)  3m(O)*t0+O(n " t0) _ Oty [e_H&X:LtO]}-X;’:LtU<ut1} (3.43)
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by Lemma 3.8. For the second term on the right hand side, using Markov’s inequality
and Lemma 3.8 in the second inequality,

o0
_olXx™ _ _k—1
E, e "~ me]lXZ:,t0<Vt1} = g e On@—k=lp_ (X,’;tho Sx—k)
k=|z—vt1]

o0

< o e Z 60;\,(k+1)67293\,ke2m(9;\,)2to+0(ton’1)
k=|z—vt1]
< 670&z69&+2m(6’§\,)2t0+0(t0n_1)670;\, meutlj(l . efegv)q.

Suppose x > vt; with

e On(z—vtn) < =3O +m(0x)*) (] 6_95\’)%(2 — a)so(log N)~2. (3.44)

Then by (3.43) and since ¢y < 1, for n sufficiently large,

—(1— t 1 -0 (XD, —vt
e~ (I-—e)soto g le N (Xt 1)]1X£2t Zthj|
tto

2 ef(lfa)soto%679},@71%1)(e%m(eg\,)2to+0(ton_l) _ 63(9§V+m(0;\,)2)670;\,(w711t1)(1 . 679},)71)
> %6—9;\](I—Vt)e((—1+a)so—G;Vu-&-%m(e;\j)z—i-(?(n*l))to

(1 = BONAMO)?) O (2=vh) (1 _ o0 )1y

vV

Lo On(@—vt) o3 (2=a)sollog )" to (1 _ L(2 — )59 (log N)~2)

for n sufficiently large, where the second inequality holds since t; =t — ¢y and the last
inequality follows since by (2.1) we have (—1+a)sg—0yv+im(fy)* > (2—a)so(log N) =2
and by our assumption (3.44) on z.

By (3.42), it follows that for n sufficiently large, if z > vt; and (3.44) holds, then for
te (t1,t1 + 1],

’U,?(.Z‘) > %e—eﬁ\,(m—yt)e%(Q—oz)so(logN)*2(f,—tl)(1 _ %(2 _ a)so(log N)—Q)
1/2—c
_ e~ (1=a)so(t—t1) (”) , 3.45
e R N (3.45)

Ifinstead ¢ € (t1, (t1+1)AT] and & > vt with e v (#=781) > ¢=3@N+mO)*) (1 —e=0) L1 (2 -
a)so(log N)~2, then if n is sufficiently large, we have |z| < N and so by (3.40),

uy(x) > g(xz — vt) — d(log N)~2> %e_“(x_”t) — %6_‘9;\’(9”—”“) > %6_93\”(”_”), (3.46)

where the second inequality follows since g(y) > %e*“y Vy > 0 and by (2.1), the definition
of d and our assumption on z. For x € [vt — d, vt], by (3.40),

up(x) > % —d(log ]\/')_2 > %eeQVd > %6_95\’(”_’”) (3.47)

for n sufficiently large, since ¢*¢ < 10/9 by the definition of d. Since (3.41) holds for
t1 = 0 by our assumption in (3.38), for n sufficiently large that e (2~)so(log N)™* (7 _
1(2— a)so(log N)~2) > 1, (3.41) holds for each t; € Ny N[0, 7] by (3.45) and (3.46) and
by induction. Then for ¢ € [1,T], there exists ¢; € [0,T] such that (3.41) holds and with

t —t1 € [1/2,1], and the result follows by (3.45), (3.46) and (3.47). O

The following result will allow us to show that |u},,  (7) — g(z — p* — vs)| is small in
the proof of Proposition 3.1.
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Lemma 3.11. Suppose (u}"');>o and (u}"*);>0 solve (3.6) with initial conditions pj;"* and
py’® respectively. Then fort > 0,

sup |up! (z) — uf? (2)] < e sup [pi (y) — pi (v)]-
z€lz yeLZ

n

Proof. By (3.7), forz € 1Z and t > 0,

1 2
lug " () — uy" ()]

IN

t
I = B2, 457 + 0 / (F ) = Ful)], 647 nds

IN

t
sup [P0 () — P22 ()| + (1 + a)so / sup [umL(y) — u2 (y)|ds
yeELZ 0 yelz

since sup,¢(o,1] [f'(v)| = 1 + o The result follows by Gronwall’s inequality. O
We are now ready to prove Proposition 3.1.

Proof of Proposition 3.1. Without loss of generality, assume by € (0,1/3) is sufficiently
small that (%)1/3 < n~" for n sufficiently large. Take cs,cs > 0 as defined in Lemma 3.4
and Proposition 3.5. Let b; = %(05 A ¢¢), and suppose condition (A) holds. Define the
event

A={pl(x)=0Vte[0,2N*],xz > N°} n{p{'(z) =1Vt € [0,2N?],z < —N°}.

Recall from (2.8) that D, = (1/2—cg)k " log(N/n). Take c3 € (0,coA1/6), and take ¢/ € IN
sufficiently large that N2 (%)zl < (%)Hl for n sufficiently large. Take c4 = c4(c3, V') €
(0,1/2) as defined in Proposition 3.2, and let Tj = (log N)“*. By making c4 smaller if
necessary, we can assume c4 < ag (recall from Section 1.2 that (log N)* < logn forn
sufficiently large). For k € Z, let t;, = (k + 1)Ty, and for k € Ny, let (u}"");>( denote the
solution of

n,k

Opup™ = ImAuup® + sof (upt) fort >0,
U = p?k—l'

For k € Ny, define the event

& n\1/2—c3
Ay = { sup sup |piy,  (2) —uy (2)] < (N) .
z€L17,|x|<N5 t€[0,2T0]

Let jo = [N 2TO*1J. Note that by a union bound, and then by Proposition 3.2 and
Lemma 3.3, for n sufficiently large,

Jo+1

P AU ]LZJO As | <267 4 (jo +2) (%)Z < (%)Z (3.48)

by our choice of ¢/. From now on, suppose that the event A N ﬂg“;gl A; occurs.

For k € N, let (u¥);>¢ denote the solution of

k

ouf = ImAuf + sof(uf) fort >0,
Ug = ﬁ?k,la

where p_ : R — [0, 1] is the linear interpolation of p.  : 17 — [0,1].
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Now for an induction argument, for £ € INy with k£ < jy 4+ 1, suppose there exists
zx—1 € R with |z;_1| < k such that

Dy, = sup pf (@) — g(@ — vtp—1 — zp—1)] < 3(c5 Acg) = by (3.49)
T€ 7
and sup Ipr,_ (x1) —pp,_ (22)] < nb2, (3.50)

1 _
T1,82€ 5 Z,|x1—x2|<n—1/3

(Note that (3.49) and (3.50) hold for k = 0, by condition (A).) Then by the triangle
inequality,

17, _, = 9( = vte-1 = z6-1) oo < D+ 0" Vglloo + 77"

S Cs /\CG (351)

for n sufficiently large. Hence by Proposition 3.5, there exists z; € R with |z;| < k+1
such that
luf () — g(x — v(tp—1 +1) — z1)| < Cze™" Vo € R, t > 0. (3.52)

Therefore by Lemma 3.6, for ¢ € [0, 27}],

sup lup ¥ () — gz — vity—1 +1) — 2)| < (Can™Y3 4 2n702) 47221+ o | Ope=cot,
IG;Z

(3.53)

Then by the definition of the event Ay, for ¢t € [Tp, 27}),

sup Pt () —g(z — v(tk—1 +1) — 21)]
z€lZ |z|<NB
< (%)1/2—03 + (047171/3 + 2n7b2)4T0262(1+a)30To + CgefceTo

< e—%05T0

for n sufficiently large (since ¢4 < ag). Therefore, for n sufficiently large, since k£ < jo + 1
and |z;| < k + 1, and by the definition of the event A, we have that for ¢ € [Ty, 2To],

sup ‘p?k,1+t(x) —glx —v(th—1 +1t) — z1)]|
z€1Z

< max (eécGTO, sup  g(y), sup (1— g(:u))) = e~ z%T0, (3.54)
y>N5—-N3 y<—N°+N?

By the definitions of the events A, and A, and then by Lemma 3.7 and our choice of by
and c3, we have that

n )1/2—03

sup P (1) = pp, (@2)| < 071 0?2 sup |V (@)] +2 (5

21,82€ £ Zy|x1 —x2|<n—1/3 zelz

< n_b2

for n sufficiently large. By induction, we now have that for n sufficiently large, for k € IN
with k£ < jg + 1, there exists z;y_1 € R with |z;_1| < k such that (3.49) and (3.50) hold
with D, < ezl By Lemma 3.4 and (3.51), if n is sufficiently large then for ¢ > 0 and
x eR,

jug () = g(& = v(t—1 +1) = zk—1)| < Co(Dg +2n7")

and so by (3.52), |lg(- — zx) — 9(- — zx—1)|le0 < C2(Dy + 2n7%2). For n sufficiently large,
since Vg(0) = —k/4, it follows that

|Zk,1 - Zk| < 55_102(Dk + 2n_b2) < 6_%CGTO.
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Therefore, by (3.54), for n sufficiently large, for k£ € INy with k£ < jg,

,105TD

|2k41 — 21| < e73 and sup Ipi(z) — g(@ — vt — z3,)| < e~ 2T, (3.55)

tE€[ty,thq1], TELZ

Note that for k € INg with £ < jg, by (3.55),

sup \Uf’kﬂ(ﬂ?) —g(x —v(t+t) — 2zx)|
v€L1Z,|z—(2p+vtr)| <N, t€]0,To]
<eroTop  sup (@) - ply, (@)
|z|<N5,te[0,To]
1 n 1/2763
< e~3eTo (—) 3.56
<e + N ( )

by the definition of the event Ay ;.

We now use Lemma 3.9 to prove an upper bound on p}(z) for large x. Let ¢g =
cr Nceg € (0, 1) and Ry = 8_%CGTO (%)_(1/2_03)
Ry =(1—co)Rp—1+1fork >1. Let

. Define (Ry)2, inductively by letting

. log(2¢cg") —log Ry
~ log(1 —cy/2)

Then since Ry, < (1 — co/2)Ry_1 if Rp1 > 2¢c;' and Ry < 2¢5' — 1if Ry < 2¢57,
we have R < 2¢qy ! for k > k*. Suppose n is sufficiently large that e—3%To < c9 and
e—zcTo 4 (%)1/2_63 < co(log N)~2. Then by Lemma 3.9, (3.56) and the definition of the
event A, for k € INy with k& < j, if

_ 1/2—c¢
p?k (l‘) < 3e—n(1—(logN) N (z—vtp—z1) + Rk (%) s Vr € %Z, (357)

then for ¢ € [0, Tp),

u?’kﬂ(x) < % (3e—n(1—(10gN)2)(w—u(t+tk)—zk) + Ry (;)1/2—%) Vo %Z.

Therefore, by the definition of the events A, and A, for ¢ € [ty, tx41] and z € %Z,

pi(z) < ge—r(1—=(log N)™?)(z—vt—zx) | (1+3Ry) (%)1/2—03 . (3.58)
Moreover, by Lemma 3.9 and (3.56), for t € [1,Tp] and = € %Z,
ul"* (z) < (1 = er(log N)*Q)ge*”(lf(logN)_2)(w7V(t+tk)*Zk) +(1—¢7)Ry (%)1/2_03 ,
and so by the definition of the events A1 and A, for z € %Z,
p?k+1(x) < (1 - er(log N)72)36fn(17(10gN)_2)(xfz/tk+1fzk) +(1+(1—cr)Ry) (%)1/2—0-3

—k(1—(lo 2 (z—v —z n 1/2763
< 3e (I—(log N)™ %) (z—vtrt+1—2k+1) + Rpyq (N)
for n sufficiently large, by the definition of Ry and since |z — zg+1| < e~ 5c6To by (3.55).
Note that (3.57) holds for k¥ = 0 by (3.55) and the definition of Ry, and since g(y) < e "¥Al
Yy € R. Hence by induction, (3.57) holds for each 0 < k < j5. Therefore, by (3.58), for
k> k*, fort € [ty,tri1] and z € 17,
n >1/2—C3

p?(x) < 4€7I$(17(10gN)—Q)(ajfutfzk) + (1 + %Cg_l) (7

N (3.59)
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We now use Lemma 3.10 to establish a corresponding lower bound. By Lemma 3.10
and (3.56), if for some k € INy with k£ < jg

- 1/2—c:
p?k (z) > %e_ﬁ(l-i-(log N) 2)(9:_utk—z1c)]lmzytk+2k — R, (%) 3 Ve € %Z’ (3.60)
then for ¢ € [0, T),
n,k+1 1,—r(1+(log N)~2) (x—v(t+tr)—zk) n\1/2-cs L
Uy (x) > 1€ ’ ’ ]ICEZZ/(tk+t)+Zk - Rk (N) Vr € EZ

Hence by the definition of the event Ay and since p?* > 0, for ¢ € [tx, tx41] and = € %Z,

_ 1/2—c:
i) > %e—n(l-‘r(logl\/) 2)(x_l/t_2k)]1a721/t+zk — (14 Ry) (%) . (3.61)

Moreover, by Lemma 3.10 and (3.56), for ¢ € [1,7p] and = € %Z,
n — —K o 2\ (z—v )—2
ut,k+1(l_) > (1+ es(log N) 2)%@ (1+(log N) ™) (z—v(t+ty) k)]lwzy(tk+t)+2k_cg
n )1/2—63

— (1 —cg)Ryg (N

and so by the definition of the event A ; and since p} > 0, for z € %Z,

— —K (o} 2\ (z—v 1—2
p?k+1 (l‘) > (1 —|—Cg(10gN) 2)%6 (14+(log N)~2)( it k)]lxzutk+1+Zk—cs

— (1= ¢g)Rp +1) (%)I/HS

_ 1/2—c3
1, —r(14+(log N)"2)(z—vtps1—2k41) n
Z 36 k+1 k+1 ]1

T2Vt 1+ 241 Rk+1 (N

for n sufficiently large, by the definition of Ry, and since |z — zi41] < e~ 5coTo, By (3.55)
and the definition of Ry, and since g(z) > e~ for z > 0, (3.60) holds for k = 0. Hence
by induction, (3.60) holds for each 0 < k < jo. Then by (3.61), for k > k*, for t € [tk, tikt1]
andz € 17,
—K o D (z—vt—2 — n 1/2763
p?(x) > ie (1-+(log N)75)( ! k)]lwzut-i-Zk —(1+ 2¢qy 1) (N) .
We are now ready to complete the proof. Take ¢y € (0,c4). Recall from (1.13) that
for t > 0, uf = sup{z € 27 : p}'(z) > 1/2}. By (3.55) and since Vg(0) = —r/4, for n
sufficiently large, for k € Ny with k& < jo, for ¢ € [tx, txt1],

(3.62)

14 k nt S OR € . ( . )
1 + Z H < 9] e 2 ; “:;
I}leIefOIe, fOI n SufflCIeIltly laIge' by (3'55)1

sup  [p(z) — gz — pf)] < em T 4 5T lem 2 o ||y < em208 N (3.64)
zelZ te[Ty,N?]

since ¢ < ¢4. By (3.63) and since |z9| < 1 and |z — zp—1] < e—3%To i ¢ IN with k < Jo,
if n is sufficiently large we have |uj, | < 2vlog N and for ¢ € [log N, N?] and s € [0,1]
with ¢ + s < N2,

1., _ 1. — <
s — pi — vs| < 10k tem 20070 4 e 7500 0 < o (loa M),

Now for t € [1(log N)?, N?], take z € 17 such that g(z — p}') < 2e~(°¢ M) Then for n
sufficiently large that k* < 1(log N)*/2, by (3.59) and (3.63),
n

_ n 41 1. 1/2—c3
pi () Sde (= (os M) ey =an e (g s gt (1) <hg((a— ) A(DF +2))
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for n sufficiently large, since xD;f (log N)™! < 1/2, ¢3 < ¢ and g(y) ~ e "¥ as y — oo.
Similarly, for n sufficiently large, by (3.62) and (3.63), if z — u}’ < Df{ + 2 then

_ no g —1,—ke 1/2—c:
p?(x)zie—n(l-‘r(logl\f) ) (w—pl+5r"Le 2670) (1 +2C§1) (%) 3 Zég(x — ).

If instead g(z — pft) > 2e~ (16 M) then p(z) € [Lg(z — puP), Sg9(z — uf)] by (3.64).
Finally, for t € [log N, N?], let (@4 5)s>0 solve (3.2) with @3, (z) = g(z—py') forz € 1z.
Recall the definition of «,, in (2.4). Then for s € [0, ,], by Lemma 3.11 and (3.64),

sup [ufe () — g( —puit —vs)|
zelz

< o218 ™ 4 gup iy, (z) — g(@ — pf — vs)|
EG%Z i

< eltremn 2008 )" 4 (G, 4 [Tglloo)n~ /o2l

< o (log )

for n sufficiently large, where the second inequality follows by Lemma 3.6 and since
(g(- — p — vs))s>0 solves (3.16). The result follows by (3.48) and by the definitions of E4
in (2.10) and E7 in (3.3). O

3.1 Proof of Proposition 3.2

The proof of Proposition 3.2 uses similar arguments to those in [14]. The following
lemma is the main step in the proof.

Lemma 3.12. Suppose ¢ : [0,00) % %Z — R is continuously differentiable in t, and write
oi(x) := ¢(t,x). Suppose that for any t > 0,

sup (|¢s|, 1), < 0o and sup (|0s¢sl, 1)y, < o0.
s€[0,t] s€[0,t]

Then fort > 0,
t
<CI?7 ¢t>n - <Q(7)ly ¢O>n - / <q;l, 8s¢s>nd5
0
t t
= 80/ <q7sl(1 - p?)(ng -1+ 04)7 ¢s>nd5 + %m/ <QE7 An¢s>nd5 + Mtn((gﬁ), (3.65)
0 0

where (M]*(¢)):>0 is a martingale with M (¢) = 0 and

(@) < F [+ m)a()+ bml = n) )6 s

Before proving Lemma 3.12, we prove the following useful consequence.
Corollary 3.13. Fora € R, t >0 and z € 17,

' (z) = e (a6 )n
t
M / e = (q" (s(1 — p)(2p2 — L+ @) + a), ¢L*)pds + M (¢"*").  (3.66)
0

Proof. Recall the definitions of ¢* and ¢"*“ in (3.4) and (3.5). Note that 9;¢%"* +
imA,¢L* = 0 for s € (0,t). Hence

De6l™® + LmA, ¢t = agl™e.
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Therefore, by substituting ¢, (z) := ¢4*%(z) into (3.65) in Lemma 3.12 we have

t
(a7 60 n = (a0, 65" ) + / (g (s0(1 = p2)(2pY — 1+ @) + a), ¢L5 ) nds + M (¢"5).
0

t,z,a

Since ¢;**(w) = nly—., the result follows. O

Proof of Lemma 3.12. Fort >0, xz € %Z and i € [N], by the definition of ™ in (3.9) we
have that

t
i) =@+ Y / (2 () — i (z, 1)) AP
je[N\{i} 7O

- /e (2, ) (0 (2 ) — Wi, §))dSZ 7
JEINI\{i}

t
. /ngg,(m,ﬂ:gg,(x,kxns_<m>fns_@:,z'))in“’k
j#ke[N\{i} 7O

t
- Z / (e (y,J) —ne_(z,4))dRY7.

JEIN],ye{z—n—1, z4+n—1} 0

Recall from (3.10) that ¢7'(y) = N~ de nt(y,j) for y € 1Z and s > 0. By integration
by parts applied to n;*(z,7)¢:(x), and then summlng over i and x, using our assumptions
on ¢,

<qzlv¢t>n - <Q(T)L,¢0>n */ <qg7as¢s>nds
Nn Z Z > / ne_(x,§) =0l (x,1))¢s(x)dPTH

xe 7 1=1 je[N]\{i}

Z D3 /5” 2 ) (0 (2. 5) = i (2,3)) s () dST

27 =1 je[N]\{i}

o S0 5 [ e w00 5) e 01055

ace L7 i=1 j#ke[N]\{i}

Z Z > /(ng—(yvj)7ng_($7i))¢s(x)d7€f’ivy’j'

ace L7 i=1 je[N],yc{z—n—1,z+n"1}
(3.67)

We shall consider each line on the right hand side of (3.67) separately. For the first line,

A= Nn ZZ > /775 z,§) — 0l (x,4)) s (x)dPTH

ze Lz =1 je[N]\{i}

Nn Z Z > / ny— (@, §) = i (,8)) 8 (2) (AP = rn(1 = (@ + 1)sp)ds)

zetz i=1 je[N]\{i}

ZZ 3 / 0 (25) — 1 (@, 8)) s (@)rn(1 — (@ + 1)3,)ds.

=z 1=1je[N]\{i}
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Now for z € 1Z and s € [0,],

N
> - — - (2,1)) = 0.

i=1 je N]\{z}

Hence

Al — Mn’l((b)

ZZ > / 0 (@, §) = (,8) b (2) (dPEH — 1y (1 = (+ 1)s,)ds),

me rz =1 je[N\{i}
(3.68)

which is a martingale (since we assumed sup,¢(g 4/1(|¢s|, 1) < oo for any ¢ > 0). For the
second line on the right hand side of (3.67),

A== ZZ S [ e i ) - s

zelz i=1 je[N]\{i}

NTL Z Z Z / §5 T ] "75 (.73 j) ?—(xvi))qss(x)(dSZ’Lj_Tnasnds)

zelz i=1 je[N]\{i}

¥ 2 S Y [ e s

:ce L7 i=1 je[N]\{i}

For the expression on the last line, for z € 1Z and s € [0,t], since &' (z,j) = 1 if
s (2,j) = 1,

N
SO @ @) (@) — (@)

i=1je[N]\{i}

—Z St (z,)) Zn () | Y& (z,5) — 1
=1

=1 je[N]\{i}
= (N = 1)Ngi_(x) = Ng{_(z)(Np{_(z) — 1)
= N?q¢_(2)(1 - pi_(2).

Therefore we can write

Mo 2 DS [ € )~ )6 raasnis

zelz i=1 je[N]\{i}

¢
= aNrnsn/ (q5_ (1 =pl_), ds)nds
0

Hence, since Nr,s, = sg by (1.11),

t
A? = aso/ (g7 (1 —pg),gbs)nds—kMZl"Q(d)), (3.69)

0

where
i) = 5 2 ST [ ) D) )
ze L7 =1 jE[N\{i}

(3.70)
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is a martingale. For the third line on the right hand side of (3.67),

A=y ZZ S [ e woee wal(.0) - o) @0

zelz i=1 j#ke[N]\{i}

SR 0 D DY § FTERR RS R e

zelz i=1 j#ke[N]\{i}
-(d Q“’J’k — %rnsnds)
Z DS / Ten (ot (ot (:5) — 1 (2, 1)) 00 (2) & 75l
zelz i=1 j#ke[N]\{i}

For z € 1Z and s € [0,t], since n_(z,j) = 0if £ (z,j) =0,

Z Z ﬂ{?ﬁ(w,j):{;’;(z,k)(n?— (Im]) - 777:— (I77’))

i=1 j#ke[N]\{i}

= > (ﬂns_(w,ﬁ:s:_(x,k):l e @wg=er @m=nr (=1
1,7,k€[N] distinct

- 15:,@4):&:,(“):0,n;:(:c,z'):l)
= (N =2)Nq{ (2)(Npg_(x) —1) = N¢{'_(z)(Npg_(x) — D)(Npg_(x) — 2)
— Ngi_(2)(N = Npi_(2))(N = Np_(z) - 1)
= NP7 (2)(1 = pl_(2))(2p5_(2) - 1).

Therefore, since Nr,s,, = sg,

t
A3 = s / (@ (1= Y207 — 1), f)uds + M (8), (3.71)
0
where

M ()

1 al ¢
= Z z Z / Len (wgy=er (ab) (5= (2, 5) = me_(@,4)) s (@)

zetz i=1 jAke[N]\{i}
(dQB Ik — +Tnsnds)  (3.72)
is a martingale. Finally, for the fourth line on the right hand side of (3.67),

1 N t o
DYDY 3 ) =)o (i

zelz i=1 je[N],ye{z—n=t, z+n=1}

=5 2 D 3 / (0 (y,5) — 0™ (2,))ba () (ART9T — my, ds)

zelz i=1 jE[N],yE{x—n*l,w—&-n*l}
t
¥ 2 5 > | ) = iy
ace L7 i=1j€[N]ye{z—n—1,z+n"1}
Forz € 1Z and s € [0, 1],

> (5= (y4) = ni—(x, 1))

i, €[N]ye{z—n—1, z+n-1}
=N (z—n"")+ ¢l (x+n") = 2N ().
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Therefore we can write

1 N t
Nn Z Z Z /(T];L_(y,j)—nf_(x,i))qﬁs(a:)mrnds

€32 =1 je[N],ye{z—n~t, z4n "1}

mrn

= Z / (N2(q" (=) + g (x + 1)) — 2N%q"(2))u (e)ds

Nmr” Z / q$ ¢s r+n )+¢5(l’—n_1)—2¢8(;[;))d5

Nmr,, [*
= 2 ‘/0 < 57 n¢s>n

n

where the second equality follows by summation by parts. Hence, since Nr,n™* = %

t
At = dm [ (a2 Do ads + M), (3.73)
0

where

M) = 3 3 S > | ) =)o (o)

relz i=1 je[N]yc{z—n=1,z+n"1}
(dRZ%Y —mr,ds)  (3.74)

is a martingale. Combining (3.68), (3.69), (3.71) and (3.73) with (3.67), we have that
t
(@ &) — (a8 o) — / (47, Do
0
t t
— 5 / (@01 = p2) 207 — 1+ ), ahnds + 2m [ (g7, Anda)nds + MP(6),
0 0

where M} (¢) := Zle M]"*(¢) is a martingale with M(¢) = 0.
It remains to bound (M"(¢));. Since (P*?7), (§¥7), (Q*#7k) and (R**¥7) are
independent families of Poisson processes,

4

(M™@))e =D (M"™(¢))s. (3.75)

i=1

By the definition of M™!(¢) in (3.68), we have that for ¢t > 0,

(M1 (6))e = w371~ o+ 1)s,) ZZ S [ ) o

ze 1z i=1 je[N]\{i}

—2(1—<a+1sn/ S 27 (@)(1 - g (2)) s (x)2ds

wEZ

(1— (o +1)sn) / (247, 7 nds. (3.76)

3\5

By the same argument, by the definition of M™?(¢) in (3.70),

t
(M0 < 2as, [ (242, 62nds

0
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Then by the definition of M™3(¢) in (3.72),
(M™2(¢))s

B DY DS [ 16t teirmes a0 o.) ~ 0%

z€ 17 1=1 j#ke[N]\{i}

1 n<n
< o N / 27 (2)(1 - g2 (@) (x)?ds

TE Z
r t
n
<, / (2, 62) s
n 0

Finally, by the definition of M™*(¢) in (3.74),

(@) < gamre 3 NP / a0 (=0 207 (2) + @ + nY))a(x)?ds

TEZ Lz,

t
mry n — n n -
- /<qs (=n"H)+2¢8 () + i (- +n7h), 62 nds.
0

n
By (3.75), and since r,n~' = 1nN~! by (1.11), the result follows. O

The following result, which is a version of the local central limit theorem in [24],
will be used several times in the rest of the article. Recall that we let (X}");>o denote a
simple symmetric random walk on %Z with jump rate n2.

Lemma 3.14 (Theorem 2.5.6 in [24]). Forz € 17 and t > 0 with |z| < {nt,

1 1 —1,— -
Po (X' =x) = ———=e" B O T BT o)

The next lemma gives us useful bounds on (M"(¢%#)),.

Lemma 3.15. There exists a constant Cs < oo such that fort >0, s € [0,t] and z € 17,
t

(1,(¢5%)*)n = nPy (sz(t o= 0) : / (1, (¢%%)?) nds < Cgtt/? (3.77)
0

and (M™ (")) < 06t1/2%~ (3.78)

Proof. For s € [0,t], by the definition of ¢%* in (3.4) and by translational invariance,

Z ¢ (z)? =n? Z Po (X::L(tfﬁ - x)Q

m€%Z mE%Z
—n> Y P, (X;;(tfs) - _g;) P, (X;’L(tfs) - x)
xe%Z
= n?P, (X;?m(t_s) - 0) : (3.79)

where the second line follows by symmetry. (This argument is used in (54) of [14].) By
Lemma 3.14, for ¢ty > 0,
to to
/ nPy (X = 0) ds < min(ntg,n" ") +/ (2ms)~1/2e9Wys < th(l)/z,
0 toAn—2
for some constant K3. By (3.79), the first statement (3.77) follows, and the second
statement (3.78) follows by Lemma 3.12 and since ¢% € [0, 1]. O

EJP 27 (2022), paper 121. https://www.imstat.org/ejp
Page 60/99


https://doi.org/10.1214/22-EJP845
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Genealogies in bistable waves

We will use the following lemma in the proof of Proposition 3.2, and also later on in
Section 4.

Lemma 3.16. Fork €N, t > 0 and z € +Z,
a7 (2) = v (2)]*
t
< gt ( / (I — o7 1, 947 ndls + / sup o] ()" (|l —ul|", “>nds>
0

xG%Z
+ 3 M (o).

Proof. By Corollary 3.13 and (3.12) witha =0, fort > 0 and z € %Z,

) — v (2)]

A
<o [ (gt =00 - a1+ )6 i

+ s |< S =p)2pY — 1+ 0) = (1= uf)(2uf — 1+ a)), ¢g%)nlds + [ M (6"7)].

Therefore, since |(1 — u)(2u — 1+ «)] < 1+ « for u € [0,1], and since |(1 — z)(2z — 1 +
@) —(1—y)(2y—1+a)| <3z —y|forz,yc[0,1], for k € I,

t k
() — o ()] < 31k ( [1a+an: - v:,aszmds)

k

t
+ 38 b ( / <v2-3|pz—u:|,¢32>nds) + 3 M), (3.80)
0

Note that by the definition of ¢"* in (3.4), for s € [0,¢], (1,¢%%), = 1. Hence by two
applications of Jensen’s inequality,

k t

t
( / <<1+a>|q:v:,¢z@>nds) <814 )t [l o o) s
0 0
t
<)t [ (g - oot ds
0

Similarly,

k

t t
( / <3vz|pz—u’;|,¢z’Z>nds) <3 [ sup Mt — s,
0 0

zelz
The result follows by (3.80). O

We will use the following form of the Burkholder-Davis-Gundy inequality (see the
proof of Lemma 4 in [28]) in the proof of Proposition 3.2 and also later in Section 4.

Lemma 3.17 (Burkholder-Davis-Gundy inequality). For k € IN with k > 2 there exists
C(k) < oo such that for (M,),>¢ a cadlag martingale with My = 0, fort > 0,

<M>1]‘,€/2 + sup |M, — Msf‘k
s€[0,t]

E | sup |M,["

s€[0,t]

< C(k)E

We are now ready to finish this section by proving Proposition 3.2.
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Proof of Proposition 3.2. Fort > 0 and z € %Z, by Lemma 3.12 we have that almost
surely

sup |[M7'(6"%) — ML (6"%)] = sup (g, d3%)n — (a7—, 6% )n < N7V
s€[0,t] s€[0,t]

It follows by Lemma 3.15 and Lemma 3.17 that for k£ > 2,

< Ck) <(C’6t1/2;:[>k/2 n N’“) .

By Lemma 3.16, and since (1, ¢%?),, = 1 and v” € [0, 1] for s € [0, ],
E [lg'(2) — v} (2)|"]

t t
< 3P lshd ! </ sup E [|¢(z) — vl (2)|*] ds +/ sup E [|pZ(z) — ul(z)|*] dS)
0 0

T€LZ r€LZ

E | sup [M](¢")[*

s€0,t]

E—1 121 k/2 —k
+3 C’(k)((C’Gt N) +NR). (3.81)

Temporarily setting 7y = &7 and so ¢ = pj, we have p! = ¢7' and v} = u] Vs > 0, and by
Gronwall’s inequality, for ¢t > 0,

k/2 _ ]
sup B [|pp(z) — uf («)*] < 3% C(k) ((cﬁtl/”) + N—k)
ZL’E%Z N

It follows that there exists a constant Cy = C}(k) < co such that for ¢ > 0,

(nk/th/4
1

sup E [|pf(x) — uf()|*] < C “NFZ

IG%Z

4 N—k> eCrt" (3.82)

which establishes (3.14). Then substituting into (3.81),

E[lgf (2) = v} (2)"] < 32k18’8tk1/0t sup B [|qf (z) — v7(2)|"] ds

$€%Z

t k/2  k/4 '
+32k—1slgtk—1/ Cy (nNkS/2 +N—k> eC1skds
0

k—1 1/22 k/2 —k
+3 C’(k:)((CGt N) +NF).

Hence by Gronwall’s inequality, there exists a constant Ky = K4(k) < oo such that for
t>0,

ks m\k/2 k—1_k,k
sup B [|gf (2) — vp ()] < Ka(t™/4 4+ 1)e? ()" (3.83)
€7

Note that for z € 17, the rate at which (p}(z));>0 jumps is bounded above by
N?rp (1= (a+1)s,) + N?rpas, + N® - s, +2N%mr, = N7, (1+2m) = Nn?(1+2m)

by (1.11). Therefore, for t > 0 and z € 17, letting Z ~ Poisson(3(1 + 2m)) and then
using Markov’s inequality,

P ( sup  |pu(@) = pf(w)] > N-1/2> <P (22 NV2) <N R[] < N
s€[0,n=2N~1]
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for n sufficiently large. Suppose 7' < N. Then by a union bound,

P <E|t en*N 'NoN[0,T),z € LZN[-N° N°]: sup Ipiys(x) — pf ()| > N1/2>
s€l0,n—2N-1]

< > > P ( sup |pf (@) — p(2)] > N1/2>
ten—2N-1NoN[0,T] z€ 1 ZN[— N5 N3] s€[0,n72N "1

< (MNT +1)(2N°n + 1)e V"’

< e N2 (3.84)

for n sufficiently large. For t1,t, > 0 and z € 17, since SUpyefoq |f(w)] <1,

up, (x) —ug, (z)] < gm sup  [Apug(y)||ts — tof + solt1 — t2]
s>0,yelz

IN

(mn® + s0)[t; — taf.
Therefore for n sufficiently large, for ¢t > 0 and = € %Z,

sup lup o (2) — uf(z)| < 2mN L. (3.85)
s€[0,n=2N~1]

Then by (3.84), (3.85) and a union bound, for ¢3 € (0,1/2), for n sufficiently large that
2Nl N7V < L (£)2,

n n n 1/27(;3
P s sup ) —ui(@)] > (3)
x€17, |x|<N5 t€[0,T]

n n 1 n 1/2=cs —N'2/2
< 3 3 IP<|pt(x)—ut(x)|>2(N) )+e /2.
ten=2N-1INoN[0,T] z€ L Z, || < N5
Hence for £ € IN with k£ > 2, by Markov’s inequality, and then by (3.82),

n 1/2763
Pl swp  swp pf(e) —up(@)] > (1)
2€1Z, || <N t€[0,T] N

—k(1/2—c3) 1
< ¥ > ER@-uw@l] 2 (%) T
ten=2N~1NoN[0,T] z€ 17, |¢| <N
nk/2¢k/4 5\ Citkap (T —k(1/2—c3) _N/2/9
< > D (Nm +N )e 1y (N) +e N

ten=2N-1INoN[0,T] 2€ 1 Z, |2| <N

nk/2k/4 N N’“) LT ok (2)—1@(1/2—@,) LNV

2 5
< (n*NT +1)(2nN° 4+ 1)C4 < NE2 N

Take ¢ € N sufficiently large that n N7¢2" (C1+3%" 7 s)(log N)'/2 (%)[/ < 1 for n suffi-
ciently large. For ¢ € I, take ¢4 € (0, 3c3(¢ + ¢ 4+ 1)7'). Since 1/(2c4) > ({+ ¢ +1)/c3
and c3 < 1/2, we can take k € INN ((¢ + ¢')/cs3,1/(2¢4)) with k > 2. Therefore for
T < 2(log N)%, for n sufficiently large,

P( sup - sup |P?($)—u?(x)><;)l/2_ca>

z€LZ,|z|<N5 t€[0,T]

n\k/2 k cak /0 —k(1/2—cs) 1/2
< nANT (7) £C12" (log N) (7) L e~ N2/ 2
- N N
n\?
< (%)
N
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for n sufficiently large, since kcz > ¢+ ¢’ and ¢4k < 1/2. Similarly, by a union bound and
Markov’s inequality, and then by (3.83), for ¢ < 2(log N)%,

n\1/2—cs
P sw  lgi@) - @)= (1)
we Lz, |z|<N>

Z E [|qf(x) _ vtn(x)lk] (%)4&1/27@)

z€LZ,|x|<NB

IN

2k—1 : ke
< (2nN5 + 1)K4(t5k/4 + 1)6C1tk63 k=lghik (E) 3

(%)

for n sufficiently large, which completes the proof. O

IN

4 Event F, occurs with high probability
Recall the definitions of the events F5 and F) in (2.10) and (2.11). In this section, we
will prove the following result.

Proposition 4.1. Forc;,cy > 0, fort* € IN sufficiently large and K € IN sufficiently large
(depending on t*), the following holds. If a; > 1 and N > n® for n sufficiently large,
then for n sufficiently large,

/\¢ / n\?
P((E3) N EY) < (N) :
Moreover, ifas > 3 and N > n*? for n sufficiently large, then for n sufficiently large,
/ n 2
P((E) NE) < (5) -

Suppose from now on in this section that for some a; > 1, N > n® for n sufficiently
large, and fix ¢y, co > 0. We begin by proving that for ¢, z; and x5 such that x; and x5 are
not too far from the front, the event Agl)(ml, x2) occurs with high probability. Recall the
definition of (v});>0 in (3.11). We begin by showing that the solution of a PDE closely
related to (3.11) can be written in terms of a diffusion (Z;);>o.

Lemma 4.2. Suppose h : R — [0, 1] is measurable, and take ty > 0. For x € R and t > t,
let

ve(x) = g(x — vt)Ey_py {M} )

g(Zt*ttJ)

where under P, (Z;);>0 solves the SDE

Z
dZt—zxdt+mv(gZ()t)dt+\/mdBt7 Zo = w0, 4.1)
g\ 4t

and (B,);>¢ is a Brownian motion. Then v;, = h and
v () = TmAvy(z) + sove(2)(1 — g(@ — vt))(2g(x — vt) — 1+ ) fort>ty, z € R.
Proof. Fort >ty and x € R, let

h(thto —+ I/to)

v (@) = Baose [ o Zir)

] = vy(2)g(a — vt)~ L.
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Recall (4.1). Since Af(z) := smAf(z) + (z/ + %ﬁgz)) Vf(z) is the generator of the
diffusion (Z;);>¢, fort > tp and z € R,

— vt
6tv§1)(x) = %mAvﬁl)(m) + <V + mgv(i(x I/t; )> Vv,gl)(x) — VVU?)(JC)

(see for example Theorem 7.1.5 in [13]). Therefore

Oy (x) = —vVg(x — Vt)vt(l)(x) + img(z — Vt)Av,El)(as) +mVg(z — l/t)Vvt(l)(x)

Ag(z — vt) Vg(x — vt)

-1 _l=s 7 B A A

= smAv(x) — 3m o —vD) v(z) — v o =t ve ().

Since Ag = —k%g(1 — g)(2g — 1) and Vg = —kg(1 — g), the result follows by (2.1). O

We now show that for (u}');>0 and (v}")¢>o defined as in (3.6) and (3.11), if we have
that sup,ejo g, se 1z [ug(¥) — g(x — vs)| is small then v} is approximately given by an
expectation of a function of Z;. The proof is similar to the proof of Lemma 3.6.

Lemma 4.3. Take §,¢ € (0,1). Fort > 0 and x € R, let
Ut(x) = 9(33 - Vt)Emfut [cjg(Zt)g(Zt)_l] )

where @) : R — [0,1] is the linear interpolation of ¢} : 17 — [0,1], and (Z;);>0 is
defined in (4.1). Suppose that T > 1, sup,ciz ejo,r)|us(z) — g(@ —vs)| < 6 and
SUDy, 4y 17,0y —ao|<n—1/3 |60 (1) — g5 (2)| < €. There exists a constant C7 < oo such
that for n sufficiently large, fort € [0,T],

sup [vf'(z) — vi(2)] < <C7(n_1/3 +9) sup qp(z)+ 25) ePsoT T2,

xe%Z mE%Z

Proof. Fort > 0 and z € R, let Gi(x) = \/21?6712/(275). For s > 0 and =z € R, let

fs(x) =vs(2)(1 — g(z — vs))(2¢9(x — vs) — 1 + a). By Lemma 4.2, for any fixed a € R, v,(z)
solves the equation
Ove(x) = (%mAvt(aj) —avy) + soft +avy fort >0,z €R.

Since e~ G, () is the fundamental solution of the equation d,v = %mAv—av, Duhamel’s
principle (see for example (17) and (18) in Section 2.3 on page 51 of [15] and Theorem 4.8
on page 147 of [18]) implies that fora € R, z € R and ¢ > 0,

t
vi(2) = € Gy ¥ vo(2) + / e_a(t_S)Gm(t_s) * (s0fs + avs)(2)ds. (4.2)

0
Therefore, by (4.2) with a = —(1+a)so, and since (1 —u)(2u—1+a) < 1+aforu € [0, 1],

ve(z) < eIFtG s g (2). (4.3)

Letting (B;);>0 denote a Brownian motion, it follows from (3.12) and (4.2) witha = 0
that for z € 21 Z and ¢t > 0,

vf' (2) = ve(2)] < [Ez (g5 (X)) = Bz [v0(Brma)]|

t
+ So/0 E. [U?(l —ug)(2uy — 1+ a)(errLL(t—s)):| - E; [fs(Bm(t*S))} ’ds.
(4.4)
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Recall from (3.19) in the proof of Lemma 3.6 that for n sufficiently large, (th)tzo and
(By)t>0 can be coupled in such a way that X = By and for ¢ > 0,

P (|X;gt — By| > n_1/3> < (t+ 1) Y2, 4.5)

Since vy = ¢, which is the linear interpolation of ¢g, it follows that for z € %Z and ¢t > 0,

|E. (90 (Xm4)] — Bz [vo(Bimd)]|

< (t+1)n~"? sup gf(z) + sup a5 (1) — g5 (22)]
zelz z1,22€ER,|x1 —22|<Nn—1/3

< (t+1)n"Y? sup i (x) + 2€ (4.6)
zE%Z

for n sufficiently large. For the second term on the right hand side of (4.4), note that if
t<Tthenforse [0,tjandy € 17,

[(1—ug () (2ug (y) =1+ a) = (1 — gy —vs))(29(y —vs) — 1 + )| < 30.

Hence by the triangle inequality and then by (4.5), for s € [0, ¢],

[ [0 (1 - ud)(2ul =14+ @) (X, )| = Bz [£u(Buy)]|
< E. (107 —v) (1 —ul)(2ul = 1+ )| +360,) (X))

+ B £ )] — B LB

<3 ( sup |vl(z) — vs(x)|+6 sup vs(x)> +2(t+ 1)n_1/2 sup |fs(z)| + n~1/3 sup |V fs(x)]
xG%Z zeR z€R zeR

= 3( sup [0 (z) = v()] + (8 +2(t + Dn~/2)e 00 g | o
zG%Z

17 3T oo + €0 ] Vgl oc) (4.7)

by (4.3). It remains to bound | Vvs||«. For ¢ > 0 and z € R, by differentiating both sides
of (4.2),

t
Vo (z) = Gl * vo(x) + 30/ Gr(i—s) * fs(x)ds. (4.8)
0

For the first term on the right hand side,

|Gt * vo(2)] < Hvo||<>o/ |Gt (2)]dz = 2/[v0 o0 Gt (0) = 2[vo oo (2mmit) /2.

—oo
For the second term on the right hand side of (4.8), since |f,()| < (1 4+ a)e(1+®)%05||yg | o
by (4.3),

t t
‘/ Gragu—s) * fo(@)ds| < (1+a)eH*00 g o / 2Gm(1-s)(0)ds,
0 0

and so by (4.8), for t > 0,

VU] oo < (2t_1/2 +4s0(1 + a)e(1+“)‘9°tt1/2)(27Tm)_1/2HUOHOO.
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Substituting into (4.7) and then into (4.4), using (4.6), we now have that for ¢ € [0, T
and z € 27,

|vi' (2) — ve(2))]
< (t4+1)n"Y2 sup ¢ (z) + 2¢
wE%Z

t
#3s0 [ sup [02(0) = o)l eI (5 4 20t + D2 407 )
0

xG%Z

+ (572 4+ 250(1 + a)e(Ha)S“tsl/z)m1/2|vo||oon1/3) ds.

The result follows by Gronwall’s inequality and since ||vg||oc = sup,c17 ¢4 (). O

By the theory of speed and scale (see for example [21]), (Zt)tZO as defined in (4.1)
has scale function S and speed measure density M given by

S(x):/ 1e7“Yg(y) *dy and M(z)z%eo‘mg(x)z. (4.9)
0

Therefore (Z;);>0 has a stationary distribution with density 7 as defined in (1.15). We
now establish some useful upper bounds on the total variation distance between 7 and
the law of Z; at a large time ¢. Recall the definitions of v, and d,, in (2.4).

Lemma 4.4. Take z; € R and suppose (Zt(l))tzo and (Zt(2))t20 solve the SDEs

mVg(ZM)
9(z))
mVg(Z))

z%)

Az = vt + dt +vmdB", 7" = z

and dzZ® = vdt + dt +mdB?, 7P =z,

where (Bt(l))tzo and (Bt(Q))tzo are independent Brownian motions and Z is an indepen-
dent random variable with density . Let
T? —inf{t >0: z" = 21,
Then for n sufficiently large, if |zo| < d,, + 1,
P (T% > 1v,) < (log N)~'2¢. (4.10)
For A < oo, fort > 0 sufficiently large (depending on A), if |zg| < A,
P (T7% > t) <2m~ /214, (4.11)

Remark 4.5. The first bound (4.10) will be used in the proof of Proposition 4.1, and the
weaker bound in (4.11) will be used in Section 7 in the proof of Theorem 1.1.

Proof. Suppose first that |z| < d,, + 1. Since g(z) < min(e™"* 1) Vz € R, for o > 0 we
have

/ g(y)?e™Vdy < (2 — )Ll 2o

fzo (4.12)
and / g(y)?e™Vdy < a~trte Yo,
— 00
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It follows that since d,, = k~'C'loglog N,

(2) -1 -1,.-1 >
P(|Zy,”]| > 13a""d, ) <2a™ "k

—00

-1
g(y)zea“ydy) (log N)~13¢, (4.13)

Take (Z;);>0 as defined in (4.1), and for a € R, let
=inf{t >0:Z; =a}.
By (4.9) and the theory of speed and scale (see for example [21]), and then since
g(y) € [fe=™, e Yy > 0, for z > 0,
S(0) = S(x/2) _ 12 femamyg2my y I !
S’(O) S( ) — fO e omyGZHydy - 6(2—04)/-@1 ~1
< 88—(2—(1)5?5/2

for > k~1log 2. Similarly, since g(y) € [1/2,1] Vy <0,

0
de="Y( arkz/2 _
S( ) ( 33/2 <f—$/2 y_4e 1 <86—omw/2

—x 0\ __
Ime/Q (T <T ) - S(O) S( I) = fi) e*‘mydy - eakr _ 1 —

for > o'k 'log 2. Hence for n sufficiently large,
max (]Pma_ldn (T%a‘ld" < 70) P01, (T*%'a‘ldn < 70)) < 8(log N)~13¢. (4.14)

Let (B;):>0 denote a Brownian motion. Note that v%fﬁ) € [-k,0] Yy € R, and so

v+ 59| < \/250m by (2.1). Hence for € R with [z| > 130 1d,,

P, (r"<1) <P ( sup /mB; > 13a” 'd,, — \/2m50> < 27z (107 divImN) (4.15)
t€(0,1]

by the reflection principle and a Gaussian tail bound. Therefore by a union bound,

P (Hj e{1,25,t€[0,7] : |29] > 26a’1dn)
<P (127 = 13074y
+ 2], ] max (]Plsa—ldn (7260‘7%[" < 7‘0) P _i30-14, (7__260;1% < TO))
+ 2[yp ] max (Prza-14, (7° < 1),P_13,-14, (7° < 1))
< $(log N)~12¢ (4.16)

for n sufficiently large, by (4.13), (4.14) and (4.15).
For t > 0, define the o-algebra F7 = a((Zgl))sgt, (Z§2))S§t). Note that if Zt(l) < Zt(Q)
then for s € [t,TZ V 1],

Z£2) _ Zél)

s (v Z’L(I,Q) v Z’l(l.l)
— (2P~ 7D 4 m 97 ) _ Yo ) ) gy (B2 - BP) - (BY — BY))
' <Z< oo gz

< (29 - z") + vm((BP? - BY) — (BY — BY)), (4.17)
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since y — Vo) g decreasing. Therefore, for n sufficiently large, for ¢t > 0, if zM| v
9(y) t

|Z¥)| < 26a~1d,, then

P (T7 > t 492 FF) < Pragora, (V2mB, 2 0Vs € [0,7)/2)

< Prpntp1c41 (\/2mBS >0 Vs € [0, 1]) =p>0  (4.18)

by Brownian scaling and since d,, = k= *C'loglog N and ~, = |(loglog N)*|. Therefore
by (4.16) and a union bound, for n sufficiently large,

P (T% > §7v.)

< L(log N)~12¢ 4P (TZ > 37,1200 V1Z25] < 2607 dy VE € No N[O, %7}/2])

N[

< $(log N)~12€ 4 pln’*/2)

N[

by (4.18), which completes the proof of (4.10).
Now take A < co and suppose |zy| < A. Then for ¢t > A%, by a union bound and (4.17),

P(T% > 1) <P (|Z((]2)\ > t1/4) Py (\/QmBs >0Vs e [O,t])

0o -1
<207t ([ oreray) ey (B < 201)

by (4.12) and the reflection principle. Since P (|Bap:| < 2t1/4) < %, the result
follows by taking ¢ sufficiently large. O

Fix 2o € 17, and take (v}');>¢ as in (3.11) with v§(z) = p§(20)1s—q,, and where
(up)¢>o is defined in (3.6). The following result will be combined with a bound on
lg, —v7 | to show that the event Agl) (z1,x2) occurs with high probability for suitable ¢,
z1 and 5. Recall that we fixed ¢y > 0 at the start of Section 4.

log N)“2

Lemma 4.6. Suppose sup,c 1z .o, [Us (¥) — g(z —vs)| < e . For n sufficiently

large, if |xo| < d,, and |x — vvy,| < d, +1,

UZYLn (:C) 71—(1'0) n -1 —4C
= po (zo)n™ (1 4+ O((log N .

d@— )~ 9(ao) o (zo)n™ (( )7"))

Proof. Letto = (log N)~'?“. For z € +7Z, let P’ .
R — [0, 1] denote the linear interpolation of P/’ , .
ofv?o. Fort >ty and x € R, let

(z) =P, (X2, = 7o), and let P}’

to,xo
Let v;; denote the linear interpolation

’D? (tht() + Vt(]):|
vi(x) =gz —vt)Ey_pp | 22—, (4.19)
L
where (Z;);>¢ is defined in (4.1). By (3.13), fort > 0 and y € %Z,
v (y) < Tt (o) Py (X1, = x0) (4.20)

and so fort > tp and x € R,
ve(x)
< g(z - Vt)pg(xo)e(Ha)soto (Ew—ut [Q(Zt—to)_lptrg,xo(zt—to + 1/7?0)]1|Zt,t0+ytofzo\<n1/4}
+E,_ {g(zt,to)—lpgg,mo(zt,to + Vto)]l‘Zt_t0+ut0_r0|2n1/4} ) (4.21)
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For the first term on the right hand side, we have that if n is sufficiently large that
n'/* 4+ n=1 < Imnto, then by Lemma 3.14,

Exfut I:g(thto)_lptT&zo (thto + VtO)]l\Zt_tO+utofxo|<n1/4
< 07 @mmte) 200 B,y [g(Z1-gy)hem Brmtotriom e @mto)]

For the second term on the right hand side of (4.21), by the definition of Pt’é)z . and then
by Markov’s inequality, for n sufficiently large,

E._.: [g(Zt,tO)_lptno’ro(thto + l/to)]].|Zt_t0+yt0—ato\2n1/4:|

<E, |:(1 + e”Zt*tO)PO (er;mto > |Zt—t0 + vty — :L'0| — nil) ]1|Zt7t0+Vto—$o\Z7ll/4:|

n

— — -1 X
S Byt |:(1 + eKZt_to)e Bl B to tuto fO‘eg"" Eo [63#C mto:| ]l‘thththn*IdZ"lM}

o174 o 1/4
< 61050150 (6 3Kkn + e/{|x0\6 2Kkn )

by Lemma 3.8 and since e"Zt—toe=3%l%i—tgtrto—zol < o(—vtotzo)ne=26|Zt—1y+rto—zo| gnd
imk? = so. Substituting into (4.21), it follows that
ve(x) < glo — Vt)pg(xo)e(1+°‘)sot°n_1(27rmt0)_1/2
(O(nté/2en|xo|e—2nnl/4) + eO(n’l/E’)Ew_w [g(Zt_tO)—16—(Z1,—z0+vto—m0)2/(2mto):| )
(4.22)
Note that for y € R,
g(y)—16—(y+ut0—x0)2/(2mt0) < 1+ eh”,(xo—l/to)e(l‘i—(2mt0)71(y+Vt0—:Co))(y+VtU—3?0)

< 1 + eﬂ‘wo‘-"-Soto
since 1mxk? = so and so sup,cg(kz — (2mtg) ~122) = soto. Hence by Lemma 4.4, for n

sufficiently large, if t — tg > ~,, /2 and |x — vt| < d,, + 1, then

EZE*Vt |:g<Zt7to)_16_(Z1’7t0+Vt0_x0)2/(2mt0)

< / 7T(y)g(y)71ef(eruto7930)2/(2mto)dy + 365|z0|(10g N)712C. (4.23)

— 00

Note that g(y)e®¥ < min(e**¥,e~(1-®)%¥) < 1 Vy € R. Therefore, since y — g(y) is
decreasing, and letting (B;)s>0 denote a Brownian motion,

/ g(y)eamye—(y-‘ruto—10)2/(2mt0)dy

—0o0

o0
< g(xo — vty — té/g)/ eaﬁye—(y-‘wto—$0)2/(2mto)dy
— 00

> —(y+vtog—=x 2 /(2mt
+Lme (y+vto—z0)?/( 0)]1|y+yt0_$0‘>t[1)/3dy
< (2mmito)'/? (g(xo — vty — bt Ey iy [earBm] 4+ P (|Bmt0| N t(l)/3>)
< (27Tmt0)1/2 (g(l‘o — vty — t(l)/?’)ean(zo7uto)e%ma2n2t0 + 267t071/3/(2m)>
by a Gaussian tail bound. Therefore if |x¢| < d,, by (4.23) and since |ng(1(;§)| <kVyeR
and g(y)le " < 2e" vl vy € R,
Ez_yt [g(Zt_tO)*lef(thto+Vt0*xo)2/(2mto)i|
< (2mmito)/*7(x0)g(wo) 1L+ O(ty?) + O(tg /e (log N) ~129)).
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Substituting into (4.22), we have that if ¢t — ¢y > 7,,/2,

ve(x)

g(x — vt)

x —vt] <d,+1and |zg] < d,,
< n”'pg (zo)m(w0)g (o) "M (1 + O((log N)~*9)). (4.24)

For a lower bound, note that by (3.12) with a = (1—a)s and since (1—u)(2u—1+a) > a—1
Vu € [0,1], fory € 17,

o (y) = e Il p ()P L ().

Suppose n is sufficiently large that t(l)/ Pinl< imnto, and then by (4.19),

v(w) > g(x — vt)Ey—py [Q(thto)_le_(l_a)sotopg(xO)Ptn(],mo (Zt*to+Vt0)]l|Zt_,,0+ut0—zo|<t},/3]

2 9(1' - Vt)pg(l'o)e_(l_a)sﬂt()g(xo _ Vt[) _ té/3)—1

-1 —1/2 ,—~(Zi— 1y +vto—z0)?/(2mto) ,O(n " t5?)
B, {n (2mmty) e e ]llzt—t0+yt0*10|<t(l)/3

(4.25)
by Lemma 3.14. By Lemma 4.4, for n sufficiently large, if t—ty > v,/2 and [z —vi| < d,+1,

2
E._ —(Zi—1g+vto—m0)®/(2mto)
w—vt |€ |Ze— 1o +vto—mo| <ty!®

o0
- 1% —Xx 2 m —
Z ‘/_ W(y)e (y+vto 0) /(2 to)]l‘y+l/t0_m0|<t(l)/3dy _ (log N) 120' (4.26)

Since y — g¢(y) is decreasing,

o0
_ _ 2
[m g(y)2eai€ye (vto=ro) /(th())]l|y+l/tofwo\<t(1)/3dy

> g(xg — vt + té/s)zea”(m(’*”t“*té/g)(27rmt0)1/2 (1 - Py <|Bmt0| > té/3)>

-1/3

> g(xo)?e™™ (2mmto) /2 (1 = O(e ™' /™) — O(1"*)

by a Gaussian tail bound and since |vg“él(f)’)| < k Vy € R. Therefore if t — tg > v,/2,

|z — vt| < dn + 1 and |zo| < dy, by (4.26) and (4.25), and since (log N)~12Ct; " *x(z0) "1 =
O((log N)~*¢),

g(:f(_% > py(wo)n ' m(x0)g(zo) (1 — O((log N)~*)). (4.27)

It remains to bound |v? (2) — v,, ()|. By (4.20) and Lemma 3.14, for z € 1 Z and ¢ > 0,
vy (z) < eQSOtpg(aso)nfl(27rmt)71/260("71t71/2). (4.28)
Therefore, by Lemma 4.3, for n sufficiently large,

sup [v} () = vy, (7)]

IG%Z
< (07(71_1/3 + ¢ (log N)*2 )eQSotopg(xo)(mto)_1/2n_1 +2n~ 3 sup |Vnog, (z)|)e5s""’"7,21.
ZG%Z
(4.29)
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Let t; = to/2; then for z € %Z, by (3.12), and then using (4.28) and Lemma 3.7 in the
last inequality,

[V (2)]
= |n(v}, 617Z+n’1 _ ¢617Z>n

t1
-1
dmsn [ (0 2~ T @) 08— 6|
0

t1 _
Y + nso/ (14 a,|ptr=tn . ¢§1’Z|>nds)
0

—1
< s (@) (n<1,¢31’“" e
z€L17Z,5€(0,t1]

ty
< ezsotopg(a:o)n*l(mtl)*/2 <C5t11/2 —|—/ 250C5(t; — 8)1/2d8>
0

for n sufficiently large. Hence

sup [Vavg (2)] < e2otopn (g0 yn " tm V205 (2t5 " + 4so).
2€-7Z

By (4.29) it follows that for n sufficiently large,

sup |of (2) — vy, ()] < pf(wo)n ™! (e 21BN v n7H0),
rxE€E=17

n

By (4.24) and (4.27), this completes the proof. O

We now show that |¢}} — v | is small with high probability, which, combined with

the previous lemma, will imply that Agl) (z1,x2) occurs with high probability for suitable
x1, xo and t. This result is stronger than Proposition 3.2 (but only applies when ¢ (z) =

g (20) 4=, for some z(), and will also be used to show that A§4) () occurs with high
probability for suitable z and t.

Lemma 4.7. For¢,c’ € (0,1/2) and ¢ € N, the following holds for n sufficiently large.
Suppose N > n®, and for some xo € 17, qf}(x) = p§ (20)1s=0, and p§(zo) > (%)176. For
t <, andze%Z,

P () o= (5) a2 7) < (5)'
where (¢})i>0 and (v');>o are defined in (3.10) and (3.11) respectively.
Proof. By Lemma 3.14, there exists a constant K5 > 1 such that
Po (X", =0) < Ksn 't™Y2 ¥YnelN, t>0. (4.30)
By Corollary 3.13 with a = —(1 + a)sg, for t > 0 and z € 17,

g7 () < T gl g5 ) + MT (915 (%)
< e(1+a)50tp8(xo) rnin(KMfltfl/Z7 1)+ Mtn(gbt,z,f(lJra)sO) (4.31)

by (4.30). Let

7 = inf {t >0: sup ¢;'(z) > K5625°7"p8($0)n_1t_1/2} )
zG%Z
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We will show that 7 > ~,, with high probability. By Lemma 3.12, for ¢t > 0,

sup M (¢~ (o) — My (ph5m ARy = sup [{gl — gl ¢h (T, |
s€[0,t] s€[0,¢]

< e(1+a)30tN71 )

Therefore, by the Burkholder-Davis-Gundy inequality as stated in Lemma 3.17, for ¢t > 0,
z€1Zand k € Nwithk > 2,

E sup |M:L/\T
s€[0,t]

(¢t,z,7(1+a)50)|k < C(k)E {<Mn(¢t,z,f(1+a)so)>f/<i + 6(1+a)sotkN7k} )

(4.32)

For t < ~,, by the definition of 7 and by Lemma 3.12, and then by Lemma 3.15,

t
<Mn(¢t,z,—(1+a)so)>t/\‘r < %/ <(1+Qm)KE)ero'ynpg(xo)n—ls—l/Q’(¢z,z)262(1+a)so(t—s)>nds
0

n t
< N(l + Qm)K56680,an61(1‘0)/0 571/2P0 ( gm(t—s) = O) ds.
(4.33)
Then by (4.30),
t t
/ s71/2P, (X;Lm(tfs) = 0) ds < / sTV2Ksn 1 (2(t — 5)) " ?ds
0 0
t/2
= Ksn~1271/2. 2/ sTV2(t — 5)712ds
0
< 282K n 1
Hence, by (4.33), for t < 7,
1
(M (=~ (Fadsoyy, < S+ 2m)23/2 K 20507 pi (). (4.34)

For b € (0,1/2) and ¢; € N, take k € IN with & > ¢;/b. Then for n sufficiently large,
for t <, and z € 27, by Markov’s inequality and (4.32), and since pjj(zo)'/2N~1/2 >
(%)1/2]\;—1/2 —npN-1,

B s n\ 1/2-b n B
(1 tote o) > (1) apan)202)

n \ —k(1/2-b) ~ 1 k/2
< () a0 ) 2 (14 2w R o)

< (%)el (4.35)

for n sufficiently large, since bk > ¢, and 7,, = |(loglog N)*|. Now let b = ¢/4. Then for n

sufficiently large, since N > n® and then since p§(xq) > (%2)1*0,

n\1/2-b n2 (1—c)/2
(%) ”_1/2<<N> Rl < LRGeR0 (g, + N2 (20) 20 (4.36)

Since p(z0) > n?N~!, we can take n sufficiently large that

Nl< %K{)GQSO%l (Yn + N_1)_1/2}7'(’}(:100)71_1 (4.37)
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and also, since a < 1 and N > n?,

elltesoty=1/2 < Le2som(p 4 N~H)71 2wt e [N71 4] and  In '(2N"H)7V2> 1
(4.38)

1/2_bp8(x0)1/2n_1/2 and ¢ € [0,7 A ~,] then by (4.31), and

IF M), (05 (hd0)| < (8)
since K5 > 1,

n(,) < Keellta)sot,n in(n—1t1/2 1 n /2= 1/2, —1/2
G (2) < KselF 0t (g min(n 2 1)+ (1) phlw) V20

< Kse?omm (t + N~H) "V 2pn(zg)n™t — N1, (4.39)

by (4.36), (4.37) and (4.38) (using the second equation in (4.38) for the case t < N~1).
Take /5 € N and let Y, ~ Poisson((2m + 1)N?~*r,). Then for t > 0 and z € 17Z, since
(q™(2))s>0 jumps at rate at most (2m + 1)r, N2,

P < sup  |qpys(2) — @i (2)] > N1> <PY,>2)< (%(2m + 1)N17€2n2)2 (4.40)
s€[0,N—*2]

since r,, = 3n*N~'. Therefore, for ¢1,(; € I, letting A = N~“2INg N [0,7,,], by a union
bound and (4.39),

P (1 <)

1 5 n t,2,—(14a)so n\l/2=t 1/2, —1/2
<P(3tecAzelZ:|z—az| < N5, |MP (615 ”'Z(N) P (z0)?n

+P|3teAzelZ|z—a| <N° sup g (2) —qi(2)] > N~*
s€[0,N—¢2]
+P(3z€1Z,t€(0,7]): |2 — x| >N q}(2) >0)

14 5
<3 (@nN° +1) (3) T3 @aN 4 1) (2m o+ N eR?)? 420N
te A N te A

for n sufficiently large, by (4.35) and (4.40), and by the same argument as Lemma 3.3
for the last term. For ¢ € NN, take /, sufficiently large that v, N2*5n(N'=%n?)2 =

WNTtn® < (%)

< for n sufficiently large, and then take ¢; sufficiently large that
A N2 F5p (%)51 < (%)Z ! forn sufficiently large. It follows that for n sufficiently large,

na\?
P(r<a)<(5) - (4.41)
Note that by (3.13) and then by (4.30), fort > 0 and z € %Z,
ol (z) < elIHedsotgn b=y < e(radsotyn 0y min(Ksn~t—1/21). (4.42)

Take k € IN with k£ > 2. By Lemma 3.16 and since ¢}, vj* € [0, 1], we have that for ¢t > 0
and z € %Z,

7 (2) — o ()
t t

<3t ([ gz =2l o hds + [ sup o2 @) (2 - 2l 67 ds
0 0

xE%Z
+ Lrcr + 38 MY (659)]F.
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Therefore, by (3.14) in Proposition 3.2 and by (4.42) and (4.41), for ¢/ € N, for n
sufficiently large, for t <, and z € 17,
E [lgf'(2) — v} (2)|"]

t
< 3%713515’“71/ sup [|q?(x) - v?(x)m ds
0 zclz

t nk/2gk/4 .
+ 32k_1S§tk_1€(l+a)sotkpg($o)k/ (K5n_1s_1/2 A 1)k01 ( R +N—k> ecls ds
0
n\?¢
+ (N) + 35 [| MR (687)]F] (4.43)

Take ¢ sufficiently large that for n sufficiently large,

2

n\¢ k2 (T b2 k/2 k/2
(ﬁ) < NM (N) SNﬁ/pg(»To)/~

Note that for the second term on the right hand side of (4.43),

t k/2 ok /4
/ (Ksn~'s™ 2 A 1)kCy (nksm + N_k) 1" ds
0 N

t
< Cl/ (Kg/ZN_k/2 + N_k)eclskds
0
< Cl(Kéf/Qka/Z +N7k)t6C1tk’.

By the same argument as in (4.32) and (4.34), since t < 7,
1 k/2
E [|M], (6%)*] < C(k) <(N<1 + 2m>23/2f<§e250%p3<xo>) + N’“) .

Note that N~1/2p?(x)'/? > nN~'. Hence substituting into (4.43) and then by Gronwall’s
inequality, there exists a constant Kg = Kg(k) such that for n sufficiently large, for
t € 10,7l

sup B [|gf'(z) — o (z)|"]
zelz

k k—lt

< Kg(yFete)sormkeCimnt | g 4 gsovnky N—k/2pn (g /23" 55y (4.44)

The result now follows by Markov’s inequality, taking k € IN sufficiently large that k¢’ > ¢,
and then taking n sufficiently large that (4.44) holds with this choice of k. O

We are now ready to prove that Agl) (1, x2) occurs with high probability for suitable
t, 1 and 5. Fort > 0 and x4 € 27, let (v}, (71,))s>0 denote the solution of

{85v2t+5(x17 D = smAvly (w1,) + sovp (1, ) (L — ufy ) (2uf o — 1+ a) for s > 0,

’Utn,t(xlv l‘) = p?(xl)ﬂm::vl )
(4.45)
where (uf'y, ;)s>0 is defined in (3.2). Recall the definition of ¢;, ;, (71, 22) in (2.2).

Proposition 4.8. Suppose N > n? for n sufficiently large. For ¢ € IN, the following holds
for n sufficiently large. Fort € [(log N)? — ~,,, N? — v,] and z1, 23 € 17Z,

¢
P (A,El)(xl,xz)c N{lor — uP| Vlze — pi, | < dn} 0 Ei) < (ﬁ) '
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Proof. Fix ¢/ € (0,1/4). By Lemma 4.7, for n sufficiently large,

na1/2—¢ - n2 3/4
P <{|q2fmn<x1,xz> o) 2 (1) 2 {pml) > (%)

< (%)é (4.46)

Suppose n is sufficiently large that (log N)? =, > 3(log N)?Vlog N. Recall the definition
of E{ in (3.3). By Lemma 4.6, if E] occurs and |z1 — u}| < dp, |v2 — vy — pf| < dn +1
then

Ut gy, (@1, 22) (v — py) o,

T — =) glor =y O (L4 Ollog M) TE)

Suppose |z1 — pP| V |z2 — u?+7ny| < d, and Ej occurs. Then if n is sufficiently large, by
the definition of E; in (2.10) we have pj' (1) Apf,, (22) > 15(log N)~C, |zg — vy, — pf| <
dn + 1, [P} (x1) = glar — pp)| < e 0o8NZ pry | (2) — g(x2 — pfyy, )| < 708N and
s, — (1 + vyn)| < [yn]e” 98 N)™  Hence for n sufficiently large, if |¢f, . (z1,22) —
Vi (21, 22)] < (%)1/2_0/ n=1/2 < p=3/2+2¢ then A§1>(x1,m2) occurs. By (4.46), this
completes the proof. O

The next two lemmas will be used to show that A,@(ml, x9) and Agg)(:vl, x9) occur

with high probability for suitable ¢, 1 and z5. Recall that we fixed ¢; > 0 at the start of
Section 4, and recall the definition of D, in (2.8).
Lemma 4.9. For ¢ > 0 sufficiently small, t* € IN sufficiently large and K € IN suffi-
ciently large (depending on t*), the following holds for n sufficiently large. Suppose
SUDc[0,t+],ve 1 |u(z) — g(x — vs)| < e, and also p}(x) € [%g(x —vt),6g(z —vt)] Vt € [0,t*],
z <vt+ D} +1and p}(z) < 6g(D;) Vt € [0,t*],z > vt + D;. Suppose q}(z) = p§(z)L.>¢
for some { € 27N [K, D}]. Then for z < vt* + D} + 1,

vit(2)

ef(lJr%(lfa))n(ff(zfut*)VKjLQ)’
p-(2)

1
< sa

where (v]'):>0 is defined in (3.11).

Proof. Let A = 1(1 — a). Note that since (a — 2)? > 1, we have (1 — a?) < 1 — a. Take

a€ (3(1—0a?),1—a)so that

NM+da—a=3i1-a)i(1l-a)+a)—a=3i1-0a*) —a<0.
Take ¢* € N sufficiently large that 144e(\* +Ae=@)sot” < Lo o=2r(143) Take ¢ € (0, 1 (1 —a))
sufficiently small that (1 — €)(2¢ — 1 + @) < —a. Then take K € N sufficiently large that
vt* < K /6, 2spt*etsot e ARK/6 <1 79000t o= (ImMRK/2 < Lo e=20(4N)  9g(K/3) + 26 <

1—c«aand
(I-g(x)—e)2gx)+e)—1+a)<—-a forxz>K/3.

Then for s > 0and z € 17, if v — vs > K/3 and |u?(z) — g(x — vs)| < ¢ we have
(1 —ul(x)2ui(z) —1+a)+a<0. (4.47)
If instead = — vs < K/3, then by (3.13),

v (x) < MR, [p (X)L, >e] < e suppi (y)Po (Xphy > £ — K —vs) .

y=>L

n
ms
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Moreover, for v € [0, 1], we have (1 —u)(2u — 1+ a) +a < 2.
Suppose ¢ € [K, D;] and sup (g 1) ze17 [ul(x) — g(x — vs)| < e. For z € -7 and
t € [0,t*] we have by (3.12) and (4.47) that

t
v (z) < e gl dr %), —l—/ 25067 20U=8)  sup v (z)ds
0 r—vs<K/3

t
< suppg(x) (e—asotPZ (X:wlzt > 6) + 2306(1+a)sot/ Py (X::LS > — %K — VS) dS) .
x>l 0

(4.48)

By Markov’s inequality and Lemma 3.8, and since %mmz = S0,
P, (Xp, 2 0) = Po (Xpyy 2 £ 2) < e (- IEg [ M0 ]

— e—)u—c([—z)e()\z-ﬂ—(?(n*l))sot.

Therefore, applying the same argument to the second term on the right hand side

of (4.48),

U?(Z) < Suppg(x)(e—Aﬁ(Z—z)e()\z—a—&-O(n’l))sot + 280te(1+a)sote—)\n(£—%K—ut)e(AQ—o—O(n’l))sot)
x>l

< suppg(z)eiAH(l*Z)e(AQ*ajLO("ﬂ))Sot(l + 280t€(1+a+a+)\a)sot€7)\n(27%K))
>4

)

since kv = asg. Hence for z € [JK + vt*, D} + 1+ vt*], using our choice of K in the
second inequality, using that kv = asg in the third line, and using our choice of t* in the
last inequality,

Ug* (2) < - 6g(¢) e—M(@—z)e(AQ—a+0(n*1))sot* (1+ 280t*e4sot*e—/\nK/6)
pi(2) = g9(z —vt*)
366_’/”[ . 2em(z—ut*)e—z\fc([—z)e()\z—a—&-(?('rfl))sot* )

IN

1446—(1+)\)H(£—(z—vt*))e()\2+a)\—a+(9(n71))sot*

< Leye (AU (vt +2) (4.49)

for n sufficiently large. Also, for any z € %Z and t > 0, by (3.13) and then by Markov’s

inequality and Lemma 3.8, and since %ml-@Q = Sq,

’U;L(Z) < e(lJrOt)Sot Slilng(x)Pz (X;th > 8) < e(1+oz)sot Sglng(x)e*fﬁ(lfz)EO [eﬁX::n:|

< 6(1+o¢)sot Suppg (x)6250tefn(éfz)
x>0

for n sufficiently large. Therefore, for = < 3K + vt* < 2K, using that g({) < e ",
g(K/2)~! < 2¢"%/2 and kv = as in the second inequality, using that / — 1K > 1K in the
third inequality, and using our choice of K in the last inequality,

’U?* (Z) < e(l-&-a)sot* GQ(Z) 2sot*e—n(f—%K—ut*) < 72658075*6—2&(5—%1()
pi(2) ~ 59(K/2) B

< 7265501‘/*67(1+)\)m(€7%K)ef(lf)\)n-%K

< lcle—(l-&-)\)n(e—%K-i-z)

—_— 2 .
By (4.49), this completes the proof. O
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Lemma 4.10. For ¢ > 0 sufficiently small and t* € IN sufficiently large, for K € IN
sufficiently large (depending on t*), the following holds for n sufficiently large. Suppose
SUD¢(0,¢+], we 1z UG (%) — g(@ — vs)| <, and p(z) = i9(z —vt) Vt € [0,t*], x < vt + D}
Suppose qi(z) = pjj(2)1.<, for some ¢ € 17 with { < —K. Then for z < vt* + D;f,

Cleféan((zfl/t*)fe+1)7 (4.50)

where (v]'):>0 is defined in (3.11).

Proof. Take ¢ € (0,a2/4). Take ¢* € IN sufficiently large that e(c=*"/Vsot" < L¢je=r,
Suppose sup,c(o 1+] ze 17 [us (¥) — g(x — vs)| < ¢/4. Take K € N sufficiently large that
g(—K/2) > 1 —c/4, 2spt*et3sot e=7K/2 < Lcje=* and ™0t e K < Lcie™*. Then for
s€[0,t*] and z € 1Z with z < —1K + vs, we have

(I —ul(2)uy(z) —1+a) < (%c+ 1—glx—vs)(1+a)<ec

Take ¢ € 27 with ¢ < —K. By (3.12) with a = —cso, and since (1 —u)(2u —1+a) —c <2
for u € [0,1], for t € [0,¢*] and z € 17Z,

t
() < G 8 Dt s [ IR g 64 ads
0

2

t
< eS0tp, (X <O+ QSoecsot/ sup vy (x)ds. (4.51)
0

S
z>—LiK+vs

For s € [0,t] and 2 > —1K + vs, by (3.13),

v (z) < eIFs0sp (X1 < () < eIF)sospy (X = —— 3K +vs)
< e(1+a)sos€3n(é+%K—vs)610505’

for n sufficiently large, by Markov’s inequality and Lemma 3.8, and since imk? = s.

2
Hence by (4.51) and then by Lemma 3.8 and since %mﬁ;Q = s, kv = asg and ¢ < — K, for
z < vt*,

1 n

* 1 * 1
,UZI; (Z) < eCsot e*éom(zfl)EO [efomet*} + QSOt*el?)sot e3n(€+§K)
< 67%am((zfut*)fé)e(cfiaerO(n_l))sot* + 280t*61350t* enfean/2

1 -1 —vt*)—f+1
Sﬂcle zan((z vt*)—L0+ )’

where the last line follows by our choice of t* and K and since z < vt*. Hence for z < vt*,

since p} (2) > 5, we have that (4.50) holds. For z € [vt*,vt* + D;}], by (3.13) and then

by Markov’s inequality and Lemma 3.8, and since ¢ < —K, for n sufficiently large,

U?* (Z) < e(1+a)sot*Pz (Xn

n.. < é) < e(1+a)sot 672/@(275)655025 < e7sot eanefnzefn(zfl)

< i01€7KZ€7%an((Z7Vt*)7Z+1)

by our choice of K and since z — ¢ > 0. The result follows since p} (z) > Le—w(z—vi") >

B 12
—RKZz
ﬁe . O
Fort>0andz; € 17, let (vf’;tis(ml, -))s>0 denote the solution of
Oevlh(1,-) = EmAnvlt (21, ) + sovit (o, ) (A —ul, ) (2ul, s — 1+ ) for s > 0
sVt t+s\ 1y 2 nYt t4s\ 1 0V t4-s\L1s t,t+s t,t+s )
+
v?,t ($1,$) :p?(m)ﬂmev
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where (u},, ,)s>0 is defined in (3.2). Similarly, let (v;';; ((#1,-))s>0 denote the solution of

{asvll,;t;s(xh ) = %mAnvZ%:Ls(‘/El’ ) + SOUZ%:*S(‘T;:L’ ')(1_u?,t+s)(2u?,t+s -1+ O{) for s >0,

U;i%_ (xlvx) ZP?(iU)]lxgxl-
We now use Lemmas 4.9 and 4.10 to prove the following result.

Lemma 4.11. For t* € N sufficiently large, and K € IN sufficiently large (depending on
t*), for ¢ € IN, the following holds for n sufficiently large. Fort € [(log N)? — t*, N? — t*]
and z1,22 € L7 with 1 — 25 < (log N)?/3,

¢
P (AEQ)(xl,xQ)C N {zy — pl € [K,D}], 20 — plype < DF}O E{) < (%) . (452)
Fort € [(logN)? —t*,N? — "] and 21,z € 2Z with z5 — 21 < (log N)?/3,

¢
P (A§3>(a:1,x2)c N{e - < —K}n E{) < (%) . (4.53)
Proof. Take t*, K € IN sufficiently large that Lemmas 4.9 and 4.10 hold. Recall the
definition of E} in (3.3). Suppose n is sufficiently large that (log N)? — t* > 1(log N)? v
log N, and Ef occurs. Take t € [(log N)? — t*,N? — t*] and @1, 22 € ~Z with 27 — 25 <
(log N)2/3. Recall from (2.8) that D = (1/2 — co)x~'log(N/n). Take c3 € (0,cp) and

suppose |q2;fit*(x1,:1:2) — ”Z%it* (r1,72)| < (%)1/2763. Then for n sufficiently large, by

Lemma 4.9 and (3.3), and by the definition of the event F in (2.10), if z; — u}* € [K, D;']
and z3 — ppt . < D,

it (21, 22)

<
. (x2)

Loy (3 (-ar@i—(e2—vt")V(uf +K)+2 4yo1 (M2
5616 ( 2( N r(z1—(z2 WA ) )+5g(Dn) (N)
< Cle_(1+%(1_0‘))5(371—(xz—ut*)\/(u;‘_i_K)_;'_Q)

for n sufficiently large, since x; — x5 < (log N)?/3 and g(D;)~! < 2 (%)1/2_60 with ¢y > c3.
By Proposition 3.2, the first statement (4.52) follows.

Now take t € [(log N)2—t*, N> —¢*] and 21, 25 € 2Z with z5—z; < (log N)?/3. Suppose

Ef occurs and suppose g, - (71, 22) — vy (21, 22)| < (%)1/4. If 1y — p? < —K, then

x(log N)2/3

for n sufficiently large, 22 — p, .- < (log N)*? and so p}, .. (z2) ! < 10e . Hence

by Lemma 4.10,

Qe (21, 22)

<
j (x2) —

. n 1/4
; )

Cleféa/{((ngut*)leJrl) + 1oen(logN)2/3 (N

< cle—%an((acg—yt*)—xl-&-l)
for n sufficiently large. By Proposition 3.2, the second statement (4.53) follows, which
completes the proof. O

We now show that A§4) (z) and A,ES)(a:) occur with high probability for suitable x and ¢.

Lemma 4.12. For ¢/ € N, the following holds for n sufficiently large. For x € %Z and

t>0,
n

P (A§5> (m)c> < (N)z : (4.54)

If there exists ay > 3 such that N > n® for n sufficiently large, then fort € [(log N)? —
€n, N> —¢,] and x € %Z,

P (Ag‘*)(x)c N{z—pur <DF}In E;) < (%)e (4.55)
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Proof. Fort > 0 and xy,22 € }LZ, by Corollary 3.13 with a = —(1 + «)s,

) < e(lJra)soenef(log N)3/2|:r17w2|em(log N)3e,

E [q{"HEH (xl,xg)] < e(lJr"‘)SOE”PI2 (anén =

for n sufficiently large, by Markov’s inequality and Lemma 3.8. Recall from (2.4) that

€n < (log N)~2. Therefore, for n sufficiently large, for = € %Z, by a union bound and
then by Markov’s inequality,

P (Af)) (x)c> < ) P (¢ 1se, (2',2) 2 N7
€17, |lv—a'|>1
< Ne(l-i—a)soen N™ Z e_(log N)3/2\a;—gc/|7

€17, |x—x'|>1

which completes the proof of (4.54).

From now on, assume there exists as > 3 such that N > n? for n sufficiently
large. Suppose n is sufficiently large that (log N)? — ¢, > %(log N)? Vlog N, and take
t € [(logN)? — €,, N? —¢,] and x1, 72 € %Z with |21 — 22| < 1. Recall the definition of
(04 45(1,-))s>0 in (4.45). By (3.13), and then by Lemma 3.14, there exists a constant
K7 < oo such that for n sufficiently large,

Vi'tte, (x1,22) < e(1+a)s°€"p?(x1)PI2 (X" = acl) < K7n_1e;1/2p?(a¢1).

MEn
Suppose E; occurs and z; < pf + D;F. Then for n sufficiently large, by the definition of
the event F; in (2.10) and since |z; — 22| < 1, there exists a constant Kg < oo such that

_pi(@) Ks, and so
Plie, (T2) —

UZHE" (w1, 22)
p?+en (-732)
Recall from (2.8) that D, = (1/2 — co)k ' log(N/n). Take ¢’ € (0,c/2) and suppose

< K:Kgn~'e /2, (4.56)

n

n 1/2—0/ _
67 e, (21,2) =0, (ar) < (1) p(@n) 2

By (4.56) and then since xo < up + D,f + 1 and by the definition of K,

n ’ n 1/2
Urte, (@1, 22) ~1_-1/2 n —1/2 (M 1/2=c Py (1) —1/2
T T < Ky KgnT e + i (z2) (—) —— n
p?Jren (x2> " then N ptﬁren (xQ)
< KrKgn~te; /% 4 101/237(Pn+2) (2)1/270
> n N

< (K7Kg+1)n"te 12 (4.57)

K§/2n71/2

. . 3 1.pD+ 1/2—c" 1/44co/2—c _1/9
for n sufficiently large, since N > n® and so e2"Pn (%) = (%) <n /2,

For ¢ € (0,4 (az — 2)~*(az — 3)), we have 3/2 — 2c < ay(1/2 — ¢) and so since N > n“

1—c
we have pl'(z1) > %e"‘DI > 1—10 (%)1/2 > (”—;) for n sufficiently large. Hence by

Lemma 4.7, for n sufficiently large,

P({lan _on > (™ V2=c o 1je —1/2
{‘qt,t+en(x17x2) Ut,t+en(x17x2)|— N py(z1)/ n }
l+1
o< +D530E) < (%)

and by (4.57), it follows that for n sufficiently large,

n -1 -1, n n + / n o\l
P ({qt,t+en (r1,22) >N "€, Pite, (952)} N {951 —pp < Dn} N El) < (N) .

By the same argument as for the proof of (4.54), the second statement (4.55) now

follows. O
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Finally we show that Agﬁ) (z) occurs with high probability; the proof is similar to the
first half of the proof of Lemma 4.12.

Lemma 4.13. For / € N and t* € NN, the following holds for n sufficiently large. For
t>0andz € 17,
¢
P (A(ﬁ) 0) < (ﬁ) .
t (CE) — N
Proof. By Corollary 3.13 with a = —(1 + «)sg, for k € [t*5,/!] and 2’ € 17,

n / (14a)sot™ n o
E [Qt,t+k5" (z 733)} <e o Py (ka5n =z )
< (IFa)sot” o= (log N)*o—a'| gy [eX:Lk5n(logN)l/2]
< e(1+a)sot™ ,—(log N)1/2\x—x'\emt* log N

for n sufficiently large, where the second inequality follows by Markov’s inequality, and
the third by Lemma 3.8. Therefore, by a union bound and Markov’s inequality,

P (az’ €17, ke t*5;"]: v —a'| > (log N)/, ' sps, (2!, ) > N*l)

< *61. Ne(l+a)sor” ymt” Z e~ (log N)'/2|z—a|

@' €LZ,|Jx—a'|>(log N)2/3
n\*
<(¥)
N

for n sufficiently large. O
We can now end this section by proving Proposition 4.1.

Proof of Proposition 4.1. Note that if 21 — 2o > (log N)?/3 and A" (z) occurs, then
AP (21, x5) occurs. Similarly, if 7, — 21 > (log N)?/3 and A'® () occurs, then A (21, z,)
occurs. The result now follows directly from Proposition 4.8 and Lemmas 4.11, 4.12
and 4.13. =

5 Event F; occurs with high probability

In this section, we will prove the following result.

Proposition 5.1. For K € N sufficiently large, for c; > 0, if N > n® for n sufficiently
large, then for n sufficiently large, if pjj(z) = 0V > N,

P ((E5)°NE;) < (%)2

By the definition of the events F; and E3 in (2.10) and (2.12), Proposition 5.1 follows
directly from the following result.
Lemma 5.2. For ¢ € N, for K € N sufficiently large, for c; > 0, if N > n3 forn

sufficiently large then the following holds for n sufficiently large. If pj(y) =0Vy > N
then fort € [(log N)?> — 6,,N?], € 2Z withz > —N® and j € {1,2,3,4},

i ¢

P (Bt(”(x)c NE N{z<ul+DF+ 1}) < (%) . (5.1)

Proof. We begin by proving (5.1) with j = 1. For z € %Z, 1t € [NJand 0 < t; <
ty, let A™'[t;,t;) denote the total number of points in the time interval [t1,t;) in

the Poisson processes (P”i’i/)i/em\{i}, (8$7i=i/)i,€[N]\{i}, (Qz7i’i/7i//)i/,i”e[N]\{i},i’;éi” and
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R4 VeIN z+n-11. (These points correspond to the times at which the individual
€[N],ye{ztn—1}
(z, 1) may be replaced by offspring of another individual.) For ¢ > 0 and z € 7, let

M x) ={(i,j) : i # j € [N],PT"[t,t +8,) =1 = At t + 6,), A% [t,t +6,) =0
&' (x, j) = 1}.

Recall the definition of C/*(z, z) in (2.5). If (i, j) € C/*'(z), then
(G170 (1), 65,707 (2,4)) = (,4) = (G170 (2,4, 05,7 (2, ),
and so (i,7), (j,i) € C?(x,z). Note that if (i,5) € C;""(z) then (j,4) ¢ C;" (x); therefore
' (2, )| > 2/C ()] (5.2)
Fort >0,z € ~Z and i € [N], let

Dp(x,i) = {(y.4) € 3Z x [N]: (¢ (y,4), 057 (y, 7)) = (x,4) for some s € [0, d,]},
(5.3)
the set of labels of individuals whose time-¢ ancestor at some time in [¢,¢ + d,] is (z,1%).
Define
M} = max |Dy (, 3)]. (5.4)
z€1ZN[-2N5,N5],i€[N]

Fort>0and x € %Z, let
i ()

={Gg)rigj e, (P4 8™+ 3T QU E+8,) > 0, & (@) = 1.
ke[NI\ {5}
(5.5)

Suppose (i,5) € Ct"(z,:z), and (4, ), (j,i) ¢ C;"*(x). Then there exist s € [0,0,,], (y,k) ¢
{(x,1), (v,7)} and ¢’ € {i,j} such that ((™**o(z,4’), 07t % (2,i")) = (y,k). Then letting
(zo,i0) = (CF0 (x,4), 05 H‘S"(:c i)), we have (z,%), (z,j), (y, k) € D} (xo,i0). Since
Ctton (g, 4) onlyJurnps in increments of +n !, and (¢! (z, ), 0710 (2,4)) € DP(z0, o)
Vs € [0,6,], we have |z — zo| < |D} (o, i0)|n~'. Hence if z € [— 2N5,N5} then |z — x| <
M;in~!. Therefore, by the definition of ¢™~ in (2.3), if ¢}, 5 (—=2N°,z) = 0 and p}(y) = 0
Vy > N°®, then
M? - 1 n, —1 n -
9 >|{(x0,zo) € Zx[N]: |v—xo| < Min™",|D{ (20,10)| > 3}|.
(5.6)
We now use the inequalities (5.2) and (5.6) to give lower and upper bounds on |C}*(x, )|
We begin with a lower bound. For z € 27, i € [N] and 0 < t; < 5, let AV [ty,t5)
denote the total number of points in the time interval [t;,¢2) in the Poisson processes
(P™™) je(N\{i}.gp, (w5)=1- Let A>T[t1, t2) denote the total number of points in the time

O )| < 2|c;1’2<a:>|+2(

interval [t1,t,) in the Poisson processes (P*"7) ;¢ CINI\{i}, A= [t1,t2)>0- Now fix £ > 0 and
T € nZ and let

AW = |{i € [N): & (,4) = 1, A% [t, 8+ 6,) = 1 = AV7[t, 1+ 6,) ),
AP = |{7’ € [N] : f?(l‘,l) = Ov-Amyi[tvt_Fén) =1= Al’zﬂ[t’t_'_(sn)}‘?
and B=|{i € [N]: A% [t,t +6,) =1 = A>®[t,t +6,)}].

Then by (5.2) and the definition of C;"" (x),

CP (2, )| > 2C (2)] > 2(AD) + A®) — B). (5.7)
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Let (X7')52, be iid., let (Y]")32; beiid., and let (Z})32, be i.i.d., with

X7 ~ Poisson (r,0,(1 — (a4 1)s,))
Y" ~ Poisson (7,6, (s, + N7 's, (N —2)))
and Z7 ~ Poisson (mr,dy,).

Recall from (1.11) that r, = {n®N~! and s, = 2son~2. Then conditional on p}(z),
AW ~ Bin(Np(x),p1) and A® ~ Bin(N(1 — p}(x)), p2) are independent, with

Npy(z)—1 N-1 N-1 2N
m=P| > Xi=1 > XP+) ¥P+) Z7=0
Jj=1 j:Np?(z) Jj=1 j=1

= 1 ro0 (5%, (7 () — N1+ O(n=2) + (025, (07 (2) - N
(11— (’)(n26n))
(a0 2020, (07 () — N1 (14 O(n % +n23,))

and
Npi (=) N—1 N-1 2N
p=P| > XP=1 > XP4D YP4) Z7=0
j=1 J=Npi(z)+1 j=1 j=1
— %n25”p?(aj)(1 + O™ 4+ n26,)).
Hence

E [A(” +A®

p?(:c)} = %Nn25np?(z)(l + O™ 4+ n?6, + Nﬁlpf(as)*l)).

Recall from (2.4) that §,, = | N'/2n?|~!. Suppose n is sufficiently large that (log N)2—4,, >
1 (log N)?. Then on the event E;, for ¢ € [(log N)? —6,, N?] and z < pf + D} +1, by (2.10)
and (2.8) we have N~1p?(z)~! < 10N~ 1e~(Pi+D) < 10" N—1/2,~1/2 and

Nn26,pp () > LNV2g(x — i) > £ NV2emr(Du+D) > 9p1/2 (5.8)

for n sufficiently large. Hence for n sufficiently large, for ¢ € [(log N)? — §,,, N?] and
T € %Z, by conditioning on p}(z) and then applying Theorem 2.3(c) in [25],
1,-2/5,1/2

P A(1)+A(2)§1Nn25np”x 1—-n"%in xﬁu"—l—DJr—&—l NE ) <e 3
2 t t n

1,.1/10

=e 3" .
(5.9)
For an upper bound on B, first let
A = |{i € [N]: A%[t,t +5,) > 0}].

Then A’ ~ Bin(N, p) where

N-1 2N

p=P (> (XP+Y")+> 27 >0 = in6,(1 +2m)(1+ O(n*d, +n"2)).
j=1 j=1

Conditional on A’, we have B < Bin(A4’, mg‘;nﬁ) By Theorem 2.3(b) in [25], for n
sufficiently large, 2
P (A" > Nn?5,(1+2m)) < e sNVn on(l+2m), (5.10)

EJP 27 (2022), paper 121. https://www.imstat.org/ejp
Page 83/99


https://doi.org/10.1214/22-EJP845
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Genealogies in bistable waves

Moreover, since 6, = |NY?n?|~!, letting B’ ~ Bin(|2N/?(1 + 2m)|,2N~1/?), for n
sufficiently large,

P (B zn'/% A < Nn26,(1+2m)) <P (B = n'/")
< e—n1/4(1 +(e— 1)2N—1/2)\_2N1/2(1+27n”
< e ntlt (5.11)

where the second inequality follows by Markov’s inequality. Therefore, by (5.7), (5.8),
(5.9), (5.10) and (5.11), for n sufficiently large, for t € [(log N)? — §,, N*] and z € 17,

P ({|C”(x,x)| < Nn26,p}(z)(1 — 2n*1/5)} N{z<ul+Df+1}n E1>

1/10 1/4

< e s L emwNYE 4 - intt (5.12)

For an upper bound on |[C/'(x,z)|, note that by the definition of C["*(z) in (5.5),

conditional on p}(z),

;" ()] ~ Bin(Np} () (N = 1),p),

where

P = P((Pm,l,Q LSml2 gy Z Qr,1,2,k> [0,0,) > 0)

ke[N]\{1,2}
=105 (1 + O(ry,o, + n_QN_l)).

Then Np}(z)(N — 1)p’ = $Nn26,p}(x)(1 + O(n®N 16, + N~1)). Hence for n sufficiently
large, for t € [(log N)?> —6,,N?]and z € * -7, by Theorem 2.3(b) in [25] and (5.8),

)
€
( C 2 (x)] > INn26,p} (x )(1+n—1/5)}m{x§u2+Dj{+1}mE1)

_1,.-2/5_1/2 _1.1/10
< e 371 n = 3N

(5.13)

We now bound the second term on the right hand side of (5.6). For z € %Z, i € [N] and
0 < t; < ta, let B*'[t;,t;) denote the total number of points in the time interval [t1,ts)
in the Poisson processes (Pz’l ’Z)i’e[N]\{i}' (Sz’l ’Z)i’e[N]\{i}f (QI’Z ik )i’,i”e[N]\{i},i’;éi” and
(Ryvi'*f”’i)i/e[NLye{minq}. (These points correspond to the times at which offspring of the
individual (z,4) may replace another individual.) Let BYL%:i[t; t5) denote the total number
ofpomts in the interval [t1,?>) in (Pw ") '€[NI\{i}, B i’ [t1,t2)>07 (S50, 'EININ\{i}, B [t1,t2) >0
(QU" )i e IN oy, B 11 )0 A0 (R0 ) e i1y ot s, 1)0- Then fix
T e }LZ and ¢ > 0, and let
CY = |{i € [N]: B®[t,t +6,) > 2}
and C® =|{i € [N]: B*'[t,t +8,) =1 =B “®i[t,t +6,)}|.

By the definition of D}*(x, ) in (5.3), we have that
{i € [N] : |D}(x,4)| > 3} < CW) + P, (5.14)
Then C(V) ~ Bin(N,p"), where
P/ =P (B[t t +0,) > 2) < (radu N(1+2m))? = in?62 (1 + 2m)>.
Therefore, by Markov’s inequality and since n*62 < 2N ~! for n sufficiently large,

1,1/4

P (C(l) > n1/4) <e ™M1+ (e 1)inta2(1+2m)3)N <e72
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for n sufficiently large. For y € 17, let D, = |{i € [N] : BY[t,t + 6,) > 0}|. Then
conditional on D, D,_,-1 and D, ,,—1 we have
(Dz—1)(1—2N"1s,)+m(D,_

_ s 4Dy 1)
C® < Bin(D,, e e s v e

By the same argument as in (5.10) and (5.11), it follows that for n sufficiently large,

1,1/4

P (0(2) > n1/4) < 3=t Nn28, (1+2m) 4 et

Therefore, by (5.14), for n sufficiently large, for x € %Z andt >0,

P (l{i € [N]: D} (w,4)| = 3} > 2n”4) < BemsNPon(142m) | ge=gn't, (5.15)

For K € NN, let SX ~ Poisson((2m + 1)Nr, (K — 1),,). Then since a set of k individuals
produces offspring individuals at total rate at most (2m + 1)Nr,k, for i € [N],
P (D} (z,i)] > K) <P (SF > K —1) < ((2m + 1)Nr, (K — 1)6,)* !
< ((2m+1)(K — 1)K IN-(K-D/2

for n sufficiently large. Therefore, by the definition of M} in (5.4), for / € N, for K € N
sufficiently large that 7 — (K — 1) < —¢, for t > 0,

J4
P (M} > K) < > P(D} (i) 2K) <3 () (516
x€LZN[—2N5,N5],ie[N]

for n sufficiently large. For x > —N°® and t > 0, by Corollary 3.13 with a = —(1 + «)so,
and then by Markov’s inequality,

= 1 n Oy 1 n xn —N°®
E th+5W,(_2N57m)} < eI (1 _oys, g™ )n < elHT0E, [e msn} €

5

<el N (5.17)

for n sufficiently large, by Lemma 3.8. By Lemma 3.3, fort < N2, P (p'(y) = 0Vy > N°) >

1—e N, By (5.6), (5.8), (5.13), (5.15) and (5.16), it now follows that for ¢ € IN, for n
sufficiently large, for x € 27 with z > —N% and ¢ € [(log N)? — §,, N?],
nAf
(%) -

(5.18)

P ({ici (@ 2) = Nn2oupp (@) (1 + 207 0) } 0 {w < + D + 1N By ) <

N

By (5.12), we now have that (5.1) holds with j = 1.
Fort>0and z,y € +Z with |z —y| =n"", let

Clt () = {(i,7) € [N]? : R®WI[t,t 4 6,) = 1 = AW [t, t +6,),
AVITEt+6,) = 0,60 (y, 5) = 1},
C2 (x,y) = {(i,5) € [N]* : R™™I[t,t +6,) > 0,&(y,5) = 1}.

Then |C(z,z +n~Y)| > [C (@, 2 +n~ )| + |C (& + 0t 2)]. If 4115, (—2N°,2) = 0 and
p?(y) = 0 Yy > N°®, then by the same argument as for (5.6),

€ (@, + 07 )] < [C2 (@, w + 07 + 167 (@ + 07 o)
M7P ) n — n ,
(15 HCoosio) € 32 x [N fo = ol < Az DG 2 31
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By the same argument as for (5.12) and (5.18), it follows that for n sufficiently large, for
x € LZ with x > —N® and ¢ € [(log N)? — 6,,, N?], (5.1) holds with j = 2.

Suppose for some k > 1 that 2,y € 17 with 2 > —N® and |z — y| = kn~'. Suppose
C(z,y) # 0. Take (i,j) € CP(z,y), and let (wg,4) = (¢3>'""" (x,4), 05" (2,i)). Since
(Ch45n (), 8290 (1,1)) € D (o, io) and (CIH02 (y, ). 6040 (y, 1)) '€ D (o, io) Vs €
[0, 6], we have (z,7),(y,j) € Dy (xo,i0) and |D}(xo,i0)| > max(k,n|reg —z|) +1 > 3. If
pP(y) = 0Vy > N® and ¢;'; ;5 (—2N°,z) = 0, then by (5.4) it follows that k < M} and
|zg — 2| < MZn~1. Therefore

n

M . n, — n ;
|C?($7y)|<]1w—y|<myn—l< ;)H(CUOJO) € SZx[N]: [zo—z| <Min~", |D} (2o, i0)| > 3}

By Lemma 3.3, (5.17), (5.8), (5.15) and (5.16), it follows that for K € IN sufficiently large,
for n sufficiently large, for x > —N° and t € [(log N)? — 6,,, N?], (5.1) holds with j = 3.

Finally, suppose z,y,y’ € 17 with 2 > —N°® and suppose C}'(z,y,y’) # 0. Take
(i,5,5") € C=,y,y'), and let (zo, io) = (¢ **" (x,7), 05" (x,4)). Suppose that p}(y) = 0
Yy > N® and ¢;'; /5 (—2N° z) = 0. Then (z,i), (y,7), (v, J') € Di(xo,%0), and moreover
|z — x| < MZn~!and |z —y| V |z — y/| < MZn~!. Therefore

ICF (2, y,")]
< Loy ivjamy | <mrn-1 (MP) [{(z0,d0) € LZ x [N] : |zo — x| < MPn~", D} (2o, i0)| > 3}

By Lemma 3.3, (5.17), (5.8), (5.15) and (5.16), it follows that for K € IN sufficiently large,
for n sufficiently large, for + > —N°® and ¢ € [(log N)? — 6,,, N?], (5.1) holds with j = 4.
This completes the proof. O

6 Event £, occurs with high probability

In this section, we complete the proof of Proposition 2.1 by proving the following
result.

Proposition 6.1. Suppose for some a; > 1, N > n® forn sufficiently large. For b; > 0
sufficiently small, by > 0 and t* € N, for K € N sufficiently large, then for n sufficiently
large, if condition (A) holds,

P((E)) < (&)

Proposition 2.1 now follows directly from Propositions 3.1, 4.1, 5.1 and 6.1. From
now on in this section, we assume that there exists a; > 1 such that N > n“ for n
sufficiently large. We begin by proving the following lemma, which we will then use
iteratively to show that with high probability no lineages consistently stay far ahead of
the front. Recall the definition of ¢i* from (3.10). Fix ¢t* € IN.

Lemma 6.2. There existc € (0,1) and e € (0, 1) such that for K € N sufficiently large, the
following holds. Suppose qf and ((P*9)y.; 7. (S™)gi 1, (QHHF) s e, (REVT) 0y )
are independent, and define the event

A:{ sup p?(x)—g(x—uf‘ﬂge}ﬂ{ sup /z?gQwﬁ*}.

te[0,t*], €17 te[0,t*]
Then
sup E[gj% (2)] < ¢ sup E[qf ()] + 4sot™ P (A). (6.1)
2> K z€LZ
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Proof. Let § = P (A°). Fora € R, t > 0 and z € 17, by Lemma 3.12, (M2 (¢"*%%0)) > is
a martingale with M (¢"*%0) = 0. Hence by Corollary 3.13,

IE (g (2)]
t
= e "B [q5], ¢ )n + 80/ em U= R g7 (1 — pl)(2pF — 14 a) +a)] , ¢47)nds.
0
(6.2)

Take a € (0,1 — ) and then take € € (0,3(1 — a)) sufficiently small that (1 — €)(2¢ —
1+ a) < —a. Take K € N sufficiently large that 1 — g(K/2 — 2t*v) — e > 0, e~ 0t
2s0t*e(Zsotm)t"—K/2 -1 gnd

(1—glz —2vt") —e)2(g(x — 2wt*) +€) —1+a) < —a  foraz > K/2.
Then on the event 4,
(1-p (@) (2p"(z)—1+a)+a<0 VYa>K/2 sel0,t].
It follows that for x > K/2 and s € [0, ¢*], since p”(x), ¢%(z) € [0,1],
E ¢ (2)((1 — pi () (2p% (x) — 1+ a) +a)] < E[q¢ (x)(1 + o + a)Lae] < 20,
and for » < K/2 and s € [0,t*],
E g (2)((1 = pg(2))(2p8 (2) = 1+ @) +a)] S Bgf(x)(1 + a +a)] < 2E[g{(z)].

Hence for ¢ € [0,¢*] and z € 17, substituting into (6.2),

t
E (g7 (2)] < e (Elqy], ¢ In + So/ em 00726 + 2 sup E g} ()] 1.<re/2, $57)ndls
0 ye1z

t
< et swp Bl ()] + 25000+ 250 [ sup BIZW)IP: (Xhoy < K/2) ds
0

zeLZ yELZ
(6.3)
In particular, for ¢ € [0,t*], since a > 0,
t
sup E[qf()] < sup Blg}(a)] +250t'3 + 250 [ sup Eg?()]ds,
z€17 z€1z 0 yelz
By Gronwall’s inequality, it follows that for ¢ € [0, ¢*],
sup E[q7(2)] < | sup E[gf(z)] + 2s0t*6 | et (6.4)
2€L7 z€ L7

Therefore, substituting the bound in (6.4) into (6.3), for ¢ € [0,¢*] and z € %Z with 2 > K,

E (g (2)] < e " sup E[qf ()] + 2s0t™6
IG%Z

t
n 280/ 2508 < sup E[qf(x)] + 25013*5) Py ( (t—s) < K/Q) ds.
0

mE%Z
For 0 < s <t < t*, by Markov’s inequality and Lemma 3.8,

m(t—s

Px (X" < K/2> - P, (X;;Z(H) > K/z) < K2R [exs;ufﬂ < Mt —K/2
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for n sufficiently large. Hence for z € %Z with z > K,

E[q(2)] < (e_“s"t*+230t*e(28"+7'L)t*_K/2) sup IE[qg(x)]+2sot*6(1+250t*e(230+m)t*_K/2),
I€%Z

which completes the proof, since at the start of the proof we chose K sufficiently large
that e~ @50t 4 25t*e(2s0tmIt"—K/2 < O

Take ¢ € (0,1) and ¢ € (0,1) as in Lemma 6.2. For ¢ > 0, define the o-algebra
Fi = 0((P5 (%)) sepo,4,0e 1z)- The following result will easily imply Proposition 6.1.
Proposition 6.3. For ¢ € IN, there exists ¢ € IN such that for K € N sufficiently large
and ¢y > 0, the following holds for n sufficiently large. Take t € 6,INg N [0,7,,] and let
' =T, —t—t*[(t")"'Klog N|. Suppose pl\(x) = 0 Yz > N° and P ((E))°|F},) < ()"

Then ,
! >1—(3)‘.
V)z- (5

Proof. Take /' sufficiently large that nN¢ (%)[ < (%)@rl for n sufficiently large. Then

take ¢’ € (c,1) and take K > t*(¢' + 1)(—log ¢’)~! sufficiently large that Lemma 6.2 holds.
Suppose

P (T}?ﬁ’gﬁ}v,n_t(x) =0Vee lz

n

P ((Ey)°|Fy) < (N)el : (6.5)

Forke€ Nandz € 17, let rj(z) = r,?,;ff;ikt* (x). Take k € IN with kt* < Klog N. Then by
the definition of rZ’ty’e in (2.6),

sup E [r,?(z)
ZG%Z

.7:{,} = sup E [TZ(Z)LZM?,

vx (1e, +1(g,)e) ‘]:t/'}
ZG%Z

+kt*

< sup E [r,?(z)‘]:’,] + P ((E1)°|F)
zETILZ, zZp,;L, +vkt*+K—vt*

for n sufficiently large, by the definition of the event E; in (2.10). Therefore, by (6.5)
and then by Lemma 6.2 with ¢ = r_, (- + u + [v(k — 1)t*n]n™1),

n n n Z/
sup |E [Tk(Z)’]:L{/} < sup E [rk (z)|]:t’,] + (N)
2€17 ZG%Z,zZ,u;L,+[V(k71)t*njn*1+K
e/
<c sup E[ri_ ()| F] + (1 + 4st™) (2) (6.6)
IG%Z N

for n sufficiently large. Recall that we chose ¢’ € (¢, 1), and let

1+4sot* rn\?
Bppnim] < Lt (1) ]
Iseulpz [Tk (l‘)| t] — C/ —c N

k*min{kE]NO:
Then for k € IN with k& < min(k*, (t*) ' K log N), we have (¢'—c)sup,c 17 E [r}_, (z)|F},] >
(14 4sot*) (%)el by the definition of k£*, and so by (6.6),
sup E[rp(z)|F,] < sup E[rp_y(2)|F] < ... < ()F sup Erg(2)|F] < ().
zelz el T€LZ
Hence for n sufficiently large, since |(t*) 'K log N| —1 > (¢’ +1)(—logc’)~!log(N/n) by
our choice of K, we have k* < (t*) 'K log N. For k € NN [k* + 1, (t*) "1 K log N], if

sup |E [rﬁfl(xﬂ}'t’/}

- /
zG%Z ¢ —=c

- 1+ 4spt* (ﬁ)f’
N

EJP 27 (2022), paper 121. https://www.imstat.org/ejp
Page 88/99


https://doi.org/10.1214/22-EJP845
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Genealogies in bistable waves

then by (6.6),

o * o
n) <1+4sot (2) 6.7)

n / ¢ *
ISE?Z]E [ri(@)| 7] < (C,_C +1) (1+4s0) (7 d—c \N

since ¢’ < 1. Therefore, by induction, (6.7) holds for all k € IN N [k*, (t*) "1 K log N]. By a
union bound, and then by Lemma 3.3 and since p}(z) = 0 V2 > N5, and by (6.7),

n

]P < Suler’[L(t*)_lKIOgNj (l) > 0‘.7;)
<P (302N ph _(2) > o‘f;,) +P (ut, - < O‘]—'{/)

+ Z NE |:7Jf(t*)*1KlogNJ (1')’;2/}
xE%Zﬁ[K,2N5]

<e N +P((E)%)F),) +2nN° - N

< (%)

for n sufficiently large, by (6.5) and our choice of ¢'. O

1+ 4spt* (ﬁ)f’

cd—c N

Proof of Proposition 6.1. Take ¢ € IN sufficiently large that (%)6_2 N2§1 < (%)3 for n
sufficiently large. Take ¢’ € IN and K € IN sufficiently large that Proposition 6.3 holds.

By Proposition 3.1, by taking b;,c; > 0 sufficiently small, P ((E;)°¢) < (%)ZMI for n
sufficiently large. For ¢ € §,INo N [0, 7, ], let

b) n
Kt _ 1
D, = {r?(logN,Tnft(x) =0Vz € EZ}-

Then by Proposition 6.3, letting t' = T, —t — t*|(¢t*) 'K log N |,

C n Z
P (D7) < () + Lipqcenring s () T Lo @20

Hence by Markov’s inequality and Lemma 3.3,

P (Df) < (%)Z ¥ (ZZ)EI]P((EI)C) LN <3 (%)2

for n sufficiently large. Therefore, by (2.13) and a union bound, and then by Markov’s
inequality,

2
e B e(eennz(F))s w o (3) rens(F)
t€,NoN[0, T ] t€6,NoN[0,T,7 ]

for n sufficiently large, by our choice of ¢, which completes the proof. O

7 Proofs of Theorems 1.1 and 1.4

The proofs of Theorems 1.1 and 1.4 use results from Sections 2, 3, 4 and 6. We
first prove Theorem 1.1, and then Theorem 1.4 will follow easily from the proof of
Theorem 1.1.
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Proof of Theorem 1.1. Take T,, € [(logN)?, N?] and T/, > 0 with T,, — T, > (log N)2.
Recall from (2.4) that 6, = |[N'/?n2?|~1, and let S,, = T, — 8, |6, 'T".]. Take by,co > 0
sufficiently small and ¢*, K € IN sufficiently large that Proposition 3.1 holds with £ =1
and Propositions 4.1 and 6.1 hold. Assume ¢; < ag (recall that (log N)% < logn forn
sufficiently large). Recall (2.7), and similarly to (2.16), for ¢t € [0, T},] let

Fi=o(F,a((¢8" (X0, Jo))s<t))-

Condition on Fj, and suppose the event E] N E5 N E,4 occurs, so in particular by (2.10)
and (3.3),

Ips, (x) —g(x —ps )| < e~ (108 N)2 vy %Z. (7.1)

Fix 7o € R and take € > 0. Define vy : +Z — [0,1] by letting

s, () fory < p% + o,
vo(y) = ¢ min(p% (y), N"'[Nh(y)])  fory e [ug +xo,pu +x0+ €, (7.2)
0 fory > pg +x0+e,

where h : [ +|zon]nt, pd +[(zo+e)n]n~!] — [0,1] is linear with h(u% +|zon|n™!) =
pe (s +[zon)n~') and h(ul +[(zo+€)n]n~') = 0. For each y € 17, take I, C {(y,9) :
€% (y,i) = 1} measurable with respect to o((£5, (7,7)),c 17, jeny) Such that |1,[ = Nvo(y).
Thenlet I =U,c1,1,. Fort > 5, and x € 17, let

@i (x) = N Ui € [N] = (G, (,0), 615, () € D)),

the proportion of individuals at x at time ¢ which are descended from the set [ at time
S,. Recall the definition of ¢">~ in (2.3) and note that for ¢ > S,, and x € %Z,

a8 (e, + w0, ) < @ (x) < g3 (1B, + w0+ €, ). (7.3)
Let (9});>s, solve
QP = mALE + 5B (1 —ul )(2uk , —1+a) fort>S,,
/ﬁgn = %o,

where (ugmt)tzsn is defined as in (3.2). Recall the definition of v, in (2.4). Note that by
Proposition 3.2, for n sufficiently large, for ¢t < S, + va,

n o n\1/4 n
P s @@ -5@l> () | < (7.9)
x€ LZN[—N5 N5
Fort > 0and x € R, let
Ue(2) = gl — p§, — v Eopy vt [00(Ze + 1§, )9(Ze) 7], (7.5)

where 7y : R — [0, 1] is the linear interpolation of vy, and (Z;);>¢ is defined in (4.1). By
Lemma 4.3 and the definition of the event Ej in (3.3), for n sufficiently large,

sup |05, () — Ui(2)]
z€L1Z,1€[0,7y]
< (C7(n_1/3 + e_(logN)C2) + 2 sup |vo(z1) — vo(x2)|)e5s"“’"wi.

zl,xQG%Z,|mlfa:2|§n*1/3
By the definition of vy in (7.2) and by (7.1),
sup [vo(21) = vo(2)| < 2(2¢” 1B M 40713 Vg|o0) + e In 72+ N7

1 _
x1,02€ - Zy|x1 —22|<n 1/3
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Therefore, for n sufficiently large, for ¢ € [0,~,] and = € %Z with [z —ps | < dp,

U, +¢(2)

It By i [00(Ze i )g(Ze) ‘< ~3(log )2 7.6
g(x — ps —vt) g ot (002t 145, )g(Z) ] | < e 7.0

From now on, we consider two different cases; suppose first that 7}, < +,.. Recalling (7.3)
and (7.4), suppose for all z € 2Z N [-N®, N°] that

n,— n ~n n /4 n,— n ST n 4
s, 1, (18, +x0,2) < 7 () + (N) and qg’ 7 (ug, +2o+e€x) > 0p (T)— (N) .

By the definition of the event F; in (2.10), for n sufficiently large, if = € %Z with
|l — U%J < K then since we are assuming 7, < ,, we have |z — s, — v(T, —Sy)| < 2K,,
and so by (7.6),
qg’:lefb (ILL/‘,SI;‘IL + xo, -CL‘)
gz — Ws‘n —v(T, — Sy))

_ n _ —_1l(lo c n 1/4 _
< By (T, [00(Z1, 5, + 15, )9(Zr,—5,) 7] + e 708N 4 (N) 9(2Ko)™!
(7.7)

and

a5, 1, (15, + 70+ € )
g(x — M?n —v(T, — Sp))
n

_ — 1(log N)© 1/4 _
> By —u(tu—s5,) [00(Z0, -5, + 18,)9(Z1, -5,) 7] — e7 208N (ﬁ) 9(2Ko) ™.
(7.8)

Applying (4.11) in Lemma 4.4, it follows that

95, 1, (15, + 0, )
g(x — ,L‘g,,, —v(T, — Sp))

= / m(y)vo(y + pe )g(y) 'y +2m~ VAT, — S,) M4 sup 00(z + 1 )g(2) 7"
— 00 zeE

c 1/4
+ e 2(os )2 4 (%) g(2K) !

xo+e
< / m(y)dy + € (7.9)
for n sufficiently large, since by (7.1) and by the definition of vg in (7.2), vo(y + ugn) <
(9(y) + e~ 1eM™) 1, 1. Vy € 17, and since we are assuming that 7}, — oo as n — cc.
Similarly, since vo(y + ps, ) > (9(y) — e~ N\, . Wy € 17, for n sufficiently large
we have

n,—

s, 1, (,ugn +x0+¢€,1) /zo
gz — Ngn —v(Th —Sn) ~ Jowo

m(y)dy — e. (7.10)

For n sufficiently large, since |7, — T}, — S,,| < 0,, we have that [u7, 7, —p§ | < e Recall
the definition of G, 1, in (1.14). Then for (Xy, Jy) € Gk, we have | X, — u?| < Ko,
and so for n sufficiently large, by the definition of the event E; in (2.10) and by (7.10),

n,— n x
45, 1, (15, + o + ¢ Xo) 0
P ( 7"17}5 (Xo,Jo) < pg, s 40 + 26‘.7:0) > Ik - > (y)dy — 2¢
" pr, (XO) —00
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and by (7.9),

P (C;f}sn (XO, JO) S /Lr’jl“n_TT/L +xg— €

n,— n
+ 20, X Tote
< Bana W5 220 20 [y 4 2

]:0) - P, (Xo) oo

Hence letting yo = xg + 2¢, by (7.3) and (7.4), for n sufficiently large,

P ( ;‘ansn (Xo,Jo) — M%ﬁT;L < yO)

> ([ wr-2¢) (1- £ B (B BN E)))

— 00

Yo —2€
> / m(y)dy — 3¢ (7.11)

for n sufficiently large, by Propositions 3.1, 4.1 and 6.1. Similarly, for n sufficiently large,

Yo+2€
P ( ;:@S (Xo,Jo) — M%ﬁTr’L < yo) < / m(y)dy + 3e. (7.12)

—00

By the same argument as in the proof of Lemma 4.12, by Corollary 3.13 with a =
—(1+4 a)so, and since |T;, — T, — Sy, | < 4, we have that for z1,z; € 17,

E [qg’nfT"/,,Sn (z1,22)] < 6(1+O‘)506"Px2 (XZ(Sﬂ,—(Tn,—TJ,,)) = :cl)

< e(1+o¢)50§ne—n1/2|ac1—w2\emn6n

for n sufficiently large, by Lemma 3.8. Therefore, by a union bound and since, on the
event Fy N EY, ;Tj’s (Xo,Jo)| < N3 by Lemma 2.7, and then by Markov’s inequality

and Propositions 3.1 and 4.1,

P (1G5 (Xo, Jo) = Gl (Xo, Jo)| = n™ /%)

-1
< 3 P (%, 1.5, (z1,02) = N71) + P (By 0 Ep)°)
1€ L7, 22€ LZN[- N3 N3], |z1 —x2|>n—1/3

1/2 n
< N€(1+a)806” emntsn e |z1—22| +2—
< > N

1€ 17, 20€ LZN[— N3, N3], |z1 —z2|>n—1/3
n

<3— 7.13
<3y ( )

for n sufficiently large. Since € > 0 can be taken arbitrarily small, this, together
with (7.11) and (7.12), completes the proof in the case T/, < v,.

Now suppose instead that 7, > ~,,, and take s € t*INg such that T,, — s € [S,, + 7n —
t*, S, + vn). Recall from (2.4) that d,, = x~'Cloglog N. By Propositions 2.5 and 2.6, if
(Xo,Jo) € Gry.1, s

P <|C?’T" (Xo,Jo) — pr,—s| > dy,

fo) = O((log N)*~%°C) = O((log N)™1)  (7.14)

since we chose C > 2'3a~? at the start of Section 2. Suppose for all y € 1Z N [-N° N°]
that

. . . n\1/4
qS;?Tnfs(:uSn + zo,y) < UTn—s(y) + (N

_ 5 n\1/4
and g8, (18, +zo+ey) 20, ) - (5
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Take z € %Z with [z — p7. | < d,. Then for n sufficiently large, by the definition of the
event F in (2.10), and by (7.6) and by (4.10) in Lemma 4.4,

45, 1, (1 +wo,2)
g(r — Mgn —v(Ty — 5= Sp))

< / w(w)Toly + 143, )a(y) ™ dy + (g N)~12C sup oo+ 3, )g ()|
zEe

— 00

1/4
e sloe M) (ﬁ) g+ 1)
N
xro+e
< / m(y)dy + ¢

—00
for n sufficiently large, as in (7.9). Hence for n sufficiently large that | W, i — /jsln| <e,
if |¢ T (X0, Jo) — pf, | < dy, then
051, —s (15, + 0, (T (Xo, Jo))

P, (G (X0, Jo))

xo+e€
< / m(y)dy + 2

— 00

P(Tn s, (Xo,Jo) < up, v +x0_€‘]_—>

for n sufficiently large, and similarly

Zo

P (G5, (Xo, Jo) < ph, oy + 0 + 2€|F, ) / m(y)dy — 2e.

— 00

Asin (7.11) and (7.12), it follows by (7.14), (7.3), (7.4) and Propositions 3.1, 4.1 and 6.1
that for n sufficiently large,

Yo —2€ T yo+2e
| mtdy - se <P (Gl (Ko do) i,y <w) < [ wdy+ 3e
By (7.13) and since ¢ > 0 can be taken arbitrarily small, this completes the proof. O
Proof of Theorem 1.4. We begin by proving the following claim. Let (Z;);>¢ be defined

as in (4.1). For t, > 0, there exists C, = C.(t.) > 0 such that for =1, 22, y1,y2 € R and
tl,tg 2 t* with |t1 — tg‘ § ].,

Poy (Zi, < 1) = Puy (Z, <o) | < Cullzr — 22 + |y — yo|V2 + [t1 — t2]/5). (7.15)

To prove the claim, first let (Zt(l))tzo and (Zt(Z))tZO solve (4.1), with Zél) = x; and
282) = x5. We can couple ZM) and Z® with a Brownian motion (Bt)t>0 in such a way
that

Z(l)—x1+yt+m/ Ve(Z ))d s+ /mB,

(

and Z(2)—x2+l/t+m/ Vg ;)))ds—l—\FBt

for ¢ € [0,7], where 7 = inf{t > 0 : Zt(l) Z(z)} and Z(l) Z(2) for t > 7. Then for
t € [0, 7] we have

t (1) (2)
vg(zl")) Vg2l
Zt(1)_Zt(2):xl_x2+m/ ( 92)  valZ >>d8
o\ 9(Zs")  9(Z7)
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Since y — V;E—?(j’)) is decreasing, it follows that \Zt(l) - Zt(2)| < |zy — 22| Vt > 0. Therefore

P, (Zi <) =P (2 <) <P (2 <yn+ a1 — wal) = Pu, (Ziy S+ a1 — 2l).
(7.16)
Now for any C > 0 we can use a union bound to write

Po, (Zi, <y1+ |z — 22])

< Puy (Zia <o+ Jor = ol + Clts —1a]'/?) 4 P, (120 = Zua] 2 Cltr = 1] 7).
(7.17)

To bound the second term on the right hand side, note that we can write

‘Ztl - Zt2| < (I/+mSl€1E|vg%Z(j)/) ’)|t1 _t2| + m|B|t1—t2\|7
Yy

where (B;);>¢ is a Brownian motion. Therefore, since |t; —t2| < 1, for C' > 0 a sufficiently
large constant, we can write

- 1 _ -1/
P,, (|Zt1 — Zy,| > Clty ftg\l/‘f) <P (\B|tl_t2|| > |ty 7t2|1/3> < 2emzlti—t2l V7 (7 18)

where the last inequality follows by a Gaussian tail estimate. For the first term on the
right hand side of (7.17), note that for z € R and § € (0,t2], by conditioning on Z,_s,
and then letting (B;);>¢ denote a Brownian motion,

IPZEz (th € [Z,Z + 6])

<supP, (Zs € [z,2+4])
zeR

oy

), (7.19)

< zlelgl% (\/77135 €[z— (V+ng§’v-‘;zg) ‘)5,24— (1-v +m21€1]pR|vq%(j§)

g/ Va()
< Vo (1 2msup S8

where the last inequality follows since the density of Bs is bounded by (276) /2.
Therefore, by a union bound and applying (7.19) with z = y; — |y1 — y2| and § =
ly1 — ya| + w1 — 22| + Clt1 — t2|'/3, if ty > |y1 — ya| + |1 — 2| + COlt1 — t2|'/3 then

]PZEZ (th <y + |$1 - $2| + C‘tl - t2|1/3)

< Po, (Zia < o)+ (2em) 2 (g1 — gl + a1 — ol + Clty — 2] /)2 (1 4+ 2m sup | L2 ).
yeR

(7.20)

Hence by combining (7.16), (7.17), (7.18) and (7.20), we have that for ¢, > 0, there exists
C. = Ci(t+) > 0 such that for t1,ts > t, with [¢; — t2| < 1and z1,z2,y1,92 € R,

Po, (Ze, < 1) < Puy (Zo, < y2) + Cullmr — 2o + Jyr — o] /2 + [t — 12]1/6).

By bounding P, (Z;, < y2) in the same way, the claim (7.15) follows.
We now use the claim to prove the result. First take K > 0 sufficiently large that for
any = € [— Koy, Ko] we have
P, (|Z:,| > K) < 46.

Then note that it suffices to prove that for yy € [- K, K],

P (CZS’T" (Xo,Jo) = pr, —¢y < yo) = Pxo—pp (Zt, < 10) | < 36.
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For t € [0,T,], let F; = o(F,o((¢™""(Xo, Jo))s<t)). Let S, = T, — 6,|6,, o). Condition
on Fy, and suppose the event E; N E} N E, occurs, so in particular (7.1) holds. Fix
xg € [-K—1,K+1] and € > 0, define vy as in (7.2) in the proof of Theorem 1.1, and let 7
denote the linear interpolation of vy. Define @;(x) as in (7.5) in the proof of Theorem 1.1.
Then by the same argument as for (7.7) and (7.8) in the proof of Theorem 1.1, for n
sufficiently large, if for all z € 2Z N [-N®, N°] we have

n

n,— n ~m 1/4 n,— n Sn n /4
08, (05, +a0,2) S0, @)+ () and g, (uh, +eoten) 2, () - ()

then (7.7) and (7.8) hold for all z € %Z with \x—/ﬂTLn\ < K. By the definition of vg in (7.2)
and since (7.1) holds, we have vo(y + p% ) < (g(y) + e~ 1eM™)1, ., 4 Vy € 17, and so
for n sufficiently large, using (7.7) we have

qs. 7, (1§, + 0, Xo)
9(Xo — ws, — V(T — Sn))

< Exgopz, —v(ra-sa) |1+ 001 +e7 N (20 + €)1z o <oote
c 1/4
4 em2log )2 (%) g(2Ky)~!

< Pxo—pp, (Zy < wo) + C.(to/2)€"? + e,

where the second inequality follows for n sufficiently large by (7.15) and since we have
|zo] < K+1, |T,, — S, —to] < d,, and since (by the definition of the event F; in (2.10)) we
have |p% + v(Tn — Sp) — pf | < (to 4+ 1)e~(°8M)™ By the same argument, using (7.8),
we have that for n sufficiently large,

qs. 1, (W8, +xo0 + € Xo)
9(Xo — ws, — v(Tn — Sn))

The result now follows by exactly the same argument as in the proof of Theorem 1.1
from (7.9) and (7.10). O

= IPXO—IL% (Zto < Io) — C*(t0/2)61/2 — €.

8 Glossary

Here we list frequently used notation. In the second column of the table we give a
brief heuristic description, and in the third column we refer to the section or equation
where the notation is defined.

Notation Meaning Defn./Sect.
&P (x, 1) type of ith individual at site z at time ¢ Section 1.1
Pt (x) proportion of type A at site z at time ¢ Section 1.1
Sn, selection parameter (1.11)
Tn time scaling parameter (1.11)
(P; i )0 Poisson process corresponding to neutral repro- Section 1.1
duction events
(S i )i>0 Poisson process corresponding to selective re- Section 1.1
production events giving an advantage to type
A
(Qf’i’j’k)tzo Poisson process corresponding to selective re- Section 1.1

production events giving an advantage to the
majority type
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K,V

. 1, (71, 72)

qtnl’_; (x1,22)
(q1, 4, (21, 72))

C
67L7 €n7’yna dn

Cf(ml,xg, e ,a?g)

D}, D,

n Jn.e n
[t 7It )y U
E;

n

FEs, Eé
Es

E,
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Poisson process corresponding to migration
events

site and label of time-(7T" — t) ancestor of ith
individual at site x at time T’

travelling wave profile

position of random travelling front at time ¢
set of (sites and labels of) type A individuals
within distance R of the front at time ¢

density of stationary distribution for diffu-
sion (1.6)

constants

proportion of individuals at x5 at time ¢, which
are type A and whose time-t; ancestor was at
Z1

proportion of individuals at x- at time ¢, which
are type A and whose time-t; ancestor was >
(L) my

large constant

deterministic quantities depending on n

set of /-tuples of distinct type A individuals at
r1,...,Tp at time t + §,, with common ancestor
at time ¢

proportion of individuals at = at time ¢ which
are type A and whose ancestors stayed distance
y ahead of the front for time s

time at which sample of type A individuals is
taken

o-algebra generated by tracer random variables

‘good’ events that control the motion of a single
ancestral lineage

‘good’ events that control the probability that
a pair (or triple) of lineages coalesce in a time
interval of length 4,,

w.h.p., a pair of lineages in the sample are never
both more than D, ahead of the front (before
they coalesce), and no lineage is |D,, | behind
the front

intervals around the front location at time ¢
‘good’ event that says p}(-) = g(- — u}) and
Piys — Wi R Vs

T, =T, — (logN)?

‘good’ events defined as an intersection of
Agj)(xl,xg) and Agj/)(:c) events

‘good’ event defined as an intersection of
BY)(z) events

‘good’ event that says (conditional on F) w.h.p.,
no lineages stay far ahead of the front for a long
time

E =nNj_,E;

Section 1.1

Section 1.1
(1.12)
(1.13)
(1.14)
(1.15)

2.1)
(2.2)

(2.3)

Section 2
(2.4)
(2.5)

(2.6)

Section 2

(2.7)
Section 2

Section 2

(2.8)

(2.9)
(2.10)

Section 2
(2.10), (2.11)

(2.12)

(2.13)

Section 2
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(t"’i (CNt”’i) site (location relative to the front) of ith ances- (2.15)
tral lineage in the sample at time 7}, — ¢
T{fj time (backwards in time from 7},) when ith and Section 2
jth ancestral lineages coalesce
Fi c-algebra generated by F and ancestral lin- (2.16)
eages in sample up to time ¢ (backwards in
time)
ty tr = k[ (log N)€ | Section 2
i—{jj coalescence time T[jj if coalescence happens (2.17)
fairly near the front and not too soon after a
time ¢,
Bn approximate probability that a given pair of (2.18)
lineages coalesce in a time interval of length t;
Va Voh(z) = n(h(x +n~1) — h(zx)) Section 3
A, Anh(z) =n?(h(x +nt) — 2h(x) + h(z —n~1)) Section 3
f flw)=u(l—u)(2u—1+a) (3.1)
< , >n <f1, f2>n =n! Z’U)E%Z fl(w)fg(w) Section 3
(X0 continuous-time SSRW on 17, jump rate n? Section 3
P., E, P.():=P(|Xy=2),E.[] =E[|X} =z] Section 3
pLE, pl=a rescaled transition probabilities for X" (3.4), (3.5)
(ug)e=o0 solution of system of ODEs, discrete approxima- (3.6)
tion of (1.16)
0y (1) indicator function of the event that the ith in- (3.9)

dividual at = at time ¢ is descended from an
individual in Z, at time 0

qr(x) proportion of individuals at z at time ¢ de- (3.10)
scended from 7, at time 0
(v7)e>0 solution of system of ODEs; ¢! ~ v}* w.h.p. (3.11)

A Proof of Proposition 3.5

Proof of Proposition 3.5. By rescaling time and space, we can assume m = 2 and sg = 1.
In this proof, we use the notation and refer to results from [16]. The only change required
in the proof is in Section 5, where we need to control sup, |h(z,t)| at large times ¢.

Take § > 0 and suppose |¢(z) — U(z)| < § Vz € R. Then by Lemma 4.2, for some
constant Cy, if § is sufficiently small then |u(z + ct,t) — U(z)| < Cod Vo € R,t > 0.
Therefore, by Lemma 4.5, there exists zp € R such that lim;_, o sup,cp |u(z + ct, t) —
U(x — 2z0)| = 0 and so sup,¢g |U(z) — U(x — 20)| < Coé. It follows that

lu(z + ct,t) — U(x — 29)] <206 VreR, t>0.

Hence by the definition of w(z,t) in the proof of Lemma 4.5, and by the estimates in
Lemma 4.3, for ¢ sufficiently large (depending on §),

lw(z,t) —U(z — 20)| <3Cpd Vz e R. (A1)

By the definition of «(¢) in (5.1), for ¢ sufficiently large (depending on 4), it follows that

0= /OO e“h(z,t)U"(z — 20 — a(t))dz

— 00

> /_Oo U (2 — 20 — () (U — 2) — 3Cod — Uz — 20 — a(t))dz.
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There exists a constant a > 0 such that if a(t) > §'/2 and if ¢ is sufficiently small then

zo+a(t)
/ U’ (2 — 20 — a(t))(U(z — 29) — 3Co6 — U(z — 20 — (t))dz
zo+a(t)—51/2

> adetzota®)

For R < oo, if 4 is sufficiently small and a(t) > §'/2 then for z € R with |z — (2o +a(t))| < R
we have U(z — z0) — U(z — z0 — a(t)) > 3Cyd. Therefore

0> a566(20+06(t))

(oo}

- 3005(/ U’ (2 — 20 — a(t))dz + /
ota(t)+R

Zi —00

zo+a(t)—R
U (2 — 29 — a(t))dz),

which, by the tail behaviour of U’, is a contradiction for R sufficiently large. By the same
argument for the case «(t) < —4'/2, it follows that if § is sufficiently small, |a(t)| < §'/2
for t sufficiently large (depending on 9).

Hence by (A.1), for b > 0, if § is sufficiently small then for ¢ sufficiently large
(depending on ¢ and b), sup, |h(z,t)| < b. Therefore, if § is sufficiently small then the
inequality

1d 2 M, o —Kt
- <
S Slyll? < Sl + 0K
(which appears before (5.3)) holds for ¢t > T, where T'=T'(¢) and K = K (9).
This is the only modification required in the proof. O
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