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Abstract

The Fleming-Viot particle system consists of IV identical particles diffusing in an open
domain D C RY. Whenever a particle hits the boundary 9D, that particle jumps
onto another particle in the interior. It is known that this system provides a particle
representation for both the Quasi-Stationary Distribution (QSD) and the distribution
conditioned on survival for a given diffusion killed at the boundary of its domain. We
extend these results to the case of McKean-Vlasov dynamics. We prove that the law
conditioned on survival of a given McKean-Vlasov process killed on the boundary of its
domain may be obtained from the hydrodynamic limit of the corresponding Fleming-
Viot particle system. We then show that if the target killed McKean-Vlasov process
converges to a QSD as t — oo, such a QSD may be obtained from the stationary
distributions of the corresponding N-particle Fleming-Viot system as N — oo.
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1 Introduction

The long-term behaviour of Markovian processes with an absorbing boundary has
been studied since the work of Yaglom on sub-critical Galton-Watson processes [32], a
review of which can be found in [27]. The long-time limits we obtain are quasi-stationary
distributions (QSDs). In this paper we study the behavior of a system of interacting
diffusion processes, known as a Fleming-Viot particle system, which is known to provide
a particle representation for these long time limits [9], [27, Section 6].

Given an open set D C R?, we consider N > 2 particles diffusing in the domain D.
The particle positions are denoted by X},..., XN € D, so that X = (X},..., XN) is
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The McKean-Vlasov Fleming-Viot process

a D"-valued stochastic process. A drift acting on the particles will depend on their
empirical measure. Let P(D) be the set of Borel probability measures on D, and let
9V : DN — P(D) be the map which takes the points z1,...,rx € D to their empirical
measure,

ﬁN(xh.”,xN)::E—E:émﬁ (1.1)

which is invariant under permutation of the indices. Given X/, 9"V(X) is the empirical
measure of the N particles (at time ¢), a random probability measure supported on D.
We further define a measurable drift

b:P(D)x D — R (1.2)

We now define the particle system which is the subject of this paper.

Definition 1.1 (Fleming-Viot Particle System with McKean-Vlasov Dynamics). Let vV be
a probability measure on DV, and let {W}}_, be a collection of independent Brownian
motions on RY. Then the particle system {X'}Y | C D with initial distribution v is
defined up to a time Twp by

(i) XY ~oN.
(i) Fort € [0, Twp) and between jump times (while {X!}Y., c D), the particles
evolve according to the system
dX} =b(WN(XN), X))dt +dW}, i=1,...,N.
(iii) Whenever a particle X' hits the boundary 0D, X" instantly jumps to the location

of another particle chosen independently and uniformly at random.

(1.3)
The time mwp up to which the system is well-defined could be finite if multiple particles
hit the boundary simultaneously at some finite time, or if infinitely many jumps occur in
finite time, or if (in the case of unbounded domain) some particles “escape to infinity”
in finite time. For k = 1,2, ..., we write 75 for the k' time at which any particle jumps
(upon hitting 9D), and moreover 7., = limy_, o 7%, after which the particle system is
not well-defined. We also define 7gop = inf{t > 0: 3 j # k such that X Z,, X f, € 0D}
after which the particle system is not well-defined. We also define 7,, = inf {t > 0:
sup yop | Xj| = oo}. Thus, the particle system is well-defined only up to the time
1<i<N

TWD = Too N\ Tstop /\ Tmax-

Although the Brownian motions {W;}}, are independent, the drift b in the motion
of the i'" particle X/ may depend on X’ and on the empirical measure ¥ (X») of all
N particles. The particles also depend on each other through the rule for relocating
a particle when it hits the boundary dD. Because we do not make strong regularity
assumptions on the drift b, we will interpret the SDE in (1.3) in the weak sense, which
we make precise in Definition 2.1.

This system is a generalisation of the Fleming-Viot system introduced in the foun-
dational papers of Burdzy, Holyst, Ingerman, and March [8, 9]. Their work involved
the particular case of purely Brownian dynamics (i.e. b = 0) on a bounded domain D.
Even if b = 0, it is not clear that the system (1.3) should be well-defined for all ¢ > 0. In
particular, the following problem remains open.

Problem 1.2 ([7]). Consider the b = 0 case. Is it true that 7, = oo, almost surely, for
any bounded open connected set D ¢ R??
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In [9, 20, 5], conditions for the global well-posedness (P(twp = +00) = 1) of this
system were established for the case b = 0 when D is bounded (and the boundary satisfies
various additional conditions). As discussed in [5], the proof given in [9, Theorem 1.1] has
an irreparable error; however, implicit in [9, Theorem 1.4] is another proof that works
when the domain satisfies an interior ball condition. These are complemented by [21,
29, 30], providing well-posedness for general diffusions on possibly unbounded domains
(satisfying various additional conditions). We provide a similar result (Theorem 2.6) for
bounded b of the form (1.2) and D being a possibly unbounded domain satisfying the
uniform interior ball condition, which is not covered by previous results.

In [9, 19], Burdzy, et al. also consider the limits N — oo and ¢ — oo. They established
that the empirical measure of the particle system converges to the solution of the heat
equation renormalised to have constant mass 1, corresponding to the distribution of
Brownian motion killed at the boundary of its domain, conditioned on survival. The notion
of convergence was later strengthened by Grigorescu and Kang in [19]. In particular if
+ PRI x; — v weakly in probability then

N
1
i E Oxi — % = L,(Bi|tg > t) weakly in probability,
t Ul
i=1

where |u|. is the mass of u, which is a solution of the heat equation with Dirichlet
boundary condition

op =0, ug=v=0,

1
Oyu = iAu, u

and where (By)o<t<r, is @ Brownian motion with initial condition By ~ v stopped at the
time 75 = inf{t > 0: B, € dD}. Note that, by abuse of notation, we are using functions
interchangeably with the measures having their density.

Moreover for fixed N, Burdzy, et al. [9, Theorem 1.4] prove that XtN has a stationary
distribution MY on DV to which the distribution of X converges exponentially fast
as t — oo. Furthermore the corresponding stationary random empirical measure Xf\V/[ ~
ﬁzMN converges weakly in probability as N — oo to a function ¢(x) which is the
principal Dirichlet eigenfunction of the Laplacian on D,

1
306 +A6=0, ¢>0 on D, =0 on D, (1.4)

normalised to have integral 1. This normalized eigenfunction corresponds to the quasi-
stationary distribution (QSD) for Brownian motion killed on the boundary of its domain

£¢(Bt|7'8 >t)=¢, 0<t<oo.

This QSD is the unique quasi-limiting distribution (QLD) for Brownian motion killed at
the boundary of its domain. That is, for any initial condition v,

L,(Bite >t) = ¢ as t— oo.

Similar results have been established for a variety of other Fleming-Viot particle
systems with Markovian dynamics: for instance by Ferrari and Maric [15] in the case
of countable state spaces and by Villemonais [30] in the case of general strong Markov
processes. These are complemented by generic long-time convergence criteria for the
conditional distribution of killed Markov processes [27, Theorem 7], [12, 13]. Campi
and Fischer [11] have also considered a similar mean field game with particles killed at
the boundary of their domain (corresponding to bankruptcy) and interacting with the
renormalised empirical measure (their setup did not feature branching, so the mass
decreases over time).
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Summary of results

In the present paper, we extend the results in the Markovian case to the more general
system (1.3) which includes dynamics of McKean-Vlasov type whereby the particles
interact through the dependence of the drift b on the empirical measure. Throughout
the paper, we assume that the open set D C R satisfies the interior ball condition with
radius r > 0: for every = € D there exists a point y € D such that z € B(y,r) C D. We
also assume that the drift

b:P(D)x D —RY

is measurable with respect to the Borel sigma algebra on P(D) x D and uniformly
bounded by B < oo, where P(D) is endowed with the topology of weak convergence of
measures.

We begin by establishing in Theorem 2.6 global well-posedness of the system (1.3),
meaning that P(rwp = oo) = 1. At the same time, we establish some estimates on the
N-particle system which shall be used throughout this paper.

We then seek to characterise the behaviour as ¢ — oo for fixed N < co. Here we must
impose an additional assumption: that the domain D is bounded and path-connected.
Under these conditions, we establish in Theorem 2.7 that the system (1.3) is ergodic,
having a unique stationary distribution ¥ on D". The reason that boundedness is
assumed is that on unbounded domains we have the possibility of mass escaping to
infinity over infinite time horizons. We conjecture that a Lyapunov criterion should exist
allowing our large time results to be extended to the setting of unbounded domains. In
the Markovian case, such Lyapunov criteria have been established in [14, 13].

We then consider the behaviour of the system (1.3) as N — co. We no longer need
to impose the assumption that D is bounded and path-connected. We will establish a
hydrodynamic limit theorem — Theorem 2.9 - which will be the main result of this paper.
As we will show, the limit behavior of XN as N — oo can be described in terms of the
following conditional McKean-Vlasov system

(1) (X::0<t<7y)is a continuous process defined up to the
stopping time 79 = inf{t > 0: X; € 9D},
(5) XyeDfort <my, X,y = lim X; € 0D,
t77s (1.5)
(#4¢) Initial condition: Xy ~ v € P(D),
(iv) X, satisfies dX; = b(L(X¢|19 > t), Xe)dt + dWe, 0 <1t < Ty,

where W is a Brownian motion,

which gives rise to the flow of conditional laws
(L(X¢|tog > 1) : 0 <t < 00). (1.6)

In the SDE, the drift is a function of £(X¢|7s > t) € P(D), the law of X; conditioned on
{79 > t}, where 75 is the first time X; hits the boundary dD. For convenience, we also
define

my = L(X¢|t9 >t) € P(D), t>0 (1.7)

and
Ji=—InP(ry >1t), t>0. (1.8)

These are only well-defined for as long as P(r9 > t) > 0. We therefore define the
following.

Definition 1.3 (Global Weak Solution to (1.5)). If a weak solution to (1.5) satisfies
P(rp >t) > 0 forallt € [0,00) we say it is a global weak solution.
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Remark 1.4. Strictly speaking we should define X; as occupying some cemetary state
for all t > 7. This state could be some point seperate from R¢ or it could be the point on
the boundary that X; hits at time 79. Nevertheless it shall be more convenient for our
purposes for killed processes to be defined only up the Kkilling time 75. Thus, the notation
L(X:|ts > t) is equivalent to L(Xiar,|Ts > t), which is an element of P(D). Abusing
notation, we write £(X;) for the sub-probability measure £(X;|rs > t)P(79 > t) - so in
particular £(X;) assigns mass only to D and not to any “cemetary state”.

Similar processes have been studied over finite time horizons for instance by Caines,
Ho and Song [10]; Hambly, Ledger and Sgjmark [22]; and in the context of Mean Field
Games by Campi and Fischer [11].

We establish in Proposition 2.8 that all weak solutions are global weak solutions along
with the existence, uniqueness in law and time continuity of such solutions. This allows
us to uniquely define the following semigroup,

Gi(v) := L,(X¢|T9 > t) where (X, 79, W) is a

(1.9)
global weak solution to (1.5) with initial condition X, ~ v,

which we later show in Proposition 2.11 is jointly continuous in [0,00) x P(D). The
density u = mye~’t = L(X;) corresponds to a weak solution of the following nonlinear
transport equation

U 1
Oou+V - (b <u|*,x> u) :iAu’ u|aD:O,

where |u|, is the mass of u on D.
Returning to our Fleming-Viot system of N particles, we define the empirical measure
of the N-particle system
ml¥ =9V (X]N), (1.10)

which has initial distribution
méva{N = ﬁng. (1.11)

Thus mY) is a random probability measure on D; ¢V is the law of this random measure
and is the pushforward of v under the map ¥"V. We further define

1
JN = Nsup{kE]N\Tkgt}, (1.12)

which is the number of jumps of the N-particle process up to time ¢, normalized by
1/N. In Theorem 2.9 we establish (m{", J)¥)o<i<o converges uniformly on compacts in
probability to (my, Ji)o<t<oco-

Having established ergodicity for fixed N and hydrodynamic convergence to the flow
of conditional laws (1.6) for the system (1.5), it is natural to ask whether we might obtain
convergence in large time for (1.6). We recall the semigroup (1.9) and ask when the limit

lim Gi(v) = tlggo L, (Xi|To > 1)

t—o00

exists. We now extend the definitions given in the Markovian case in [27, Section 2].

Definition 1.5 (McKean-Vlasov QLDs and QSDs). For a domain D C R? and drift b
satisfying the assumptions of Proposition 2.8, let G; : P(D) — P(D) be the unique
associated semigroup as in (1.9). Let m be a Borel probability measure on D. We say
that 7 is a quasi-limiting distribution (QLD) for (b, D) if there is a probability measure v
on D such that

G¢(v) = m in P(D) as t— oo, (1.13)
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in which case we say that 7 is the Yaglom limit for initial condition v. By defining a
McKean-Vlasov QLD in terms of weak convergence of probability measures, we are using
a weaker notion of convergence here as compared to the Markovian case [27, Definition
1] using setwise convergence, as this definition is more natural for our purposes.

We define 7 to be a quasi-stationary distribution (QSD) for (b, D) if

Gy(m)=m, 0<t<oo. (1.14)
We then define the set of QSDs to be
II={rm € P(D):xisaQSD for (b,D)}. (1.15)
We will ask in Problem 2.12 when we have that

the Yaglom limit tlim G+(v) exists for every v € P(D) (1.16)
—00

(but we do not require the same limit for different v € P(D)). This is the most significant
issue left unresolved in this paper; in our later theorems we assume we are working with
a case where (1.16) does hold. We would not have (1.16) if, for example, G;(v) converges
to a limit cycle as ¢t — oo for some v € P(D).

Whereas we are not able to resolve Problem 2.12, we are able to extend [27, Propo-
sition 1] from the Markovian case to the McKean-Vlasov case: establishing in Proposi-
tion 2.13 that 7 is a QSD if and only it is a QLD, that QSDs can be characterised as the
solutions of a nonlinear eigenproblem, that II is a non-empty compact set (in particular,
at least one QSD exists) and that the killing time 7y at quasi-equilibrium is exponentially
distributed with rate given by the corresponding eigenvalue. This and all of our later
results require the domain D be bounded. Whilst Proposition 2.13 implies that 11, the
set of QSDs, is a non-empty compact set, we shall demonstrate in Example 2.15 that it
need not be a singleton; there may be more than one QSD.

In Theorem 2.7 we establish that XtN is ergodic with stationary distribution we
call /. We may therefore associate to this an empirical measure-valued stationary
distribution

o =9y, (1.17)

which is the stationary distribution for the empirical measure-valued process miv . We
associate to each U¥ a random variable distributed like ¥%,

7V o~ ol (1.18)

In Theorem 2.16 we establish that if we do have (1.16) then the 7N converge in
probability to II. In other words, if we sample a random empirical measure from ¥" for
large N, then with large probability our random empirical measure is close to some QSD
7 € II. This is an extension of [9, Theorem 1.4 (ii)] which dealt with the b = 0 case.

Whilst we show 7% is close to the set II with large probability, we do not show that
it is close to all of II with large probability. When the QSDs are non-unique — when
IT contains more than one element — one may ask which QSDs are “selected” by the
Fleming-Viot particle system? We conjecture that this should correspond to the stability
of the semigroup G, so that in particular the stability of the QSDs could be determined
by sampling 7V sufficiently many times and observing which QSDs are “selected”.

If we drop the assumption (1.16), we shall see that the distribution of 7V converges
to the set of invariant measures for the semigroup G;. Thus at least one of the invariant
measures can be obtained from the Fleming-Viot particle system. More broadly, due to
the McKean-Vlasov interaction, the semigroup G; could have more interesting dynamical
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systems properties than in the Markovian case. In the case without killing, this is a well-
studied problem, a thorough treatment of which can be found in [16]. We therefore ask
what about the dynamical system G; can be deduced from the corresponding Fleming-
Viot particle system?

The following diagram summarises the relationship between our results:

N-particle Fleming-Viot Theorem 2.9 (N —o0) Flow of Conditional Laws for the
Particle System Killed McKean-Vlasov SDE

Theorem 2.17
(t—00)

Problem 2.12

Theorem 2.17 (t=o0

(NAt—o0)

Theorem 2.16 (N —o00)

Stationary Distribution for

the N-Particle System Quasi-Stationary Distribution

2 Statement of results

We begin with a more precise description of the particle system (1.3) which is the
subject of this paper.

Definition 2.1 (Weak Solution to (1.3)). Let W; = (W},...,WX) be a collection of
independent Brownian motions on R¢ with respect to a right-continuous filtration { F; };>¢.
Let vV be a probability measure on D". We say that (Xt, Wt,]-'t) is a weak solution
to (1.3) with initial condition v" if Xo ~ v", and there is an increasing sequence of
F:-stopping times {7}, }7°, with 79 = 0 such that the following hold.

1. X, is a cadlag process. For each k, X, is continuous on |7, 7;+1) and satisfies

t

X! zxjk+/ b(ON (X)), XD ds+ W] —W! i=1,...,N; t€ [ Try1) (2.1)

Tk
Tk

For all k > 1, and with probability one, there is a unique particle index ¢(k) €
{1,...,N} such that

7= min_inf{t > 71| lim X! e D} =inf{t>7_,| lim X‘® e D°}.
i N s—t— s—t—

=1,

(2.2)
2. Forallk >1, _
lim X{ =X/ €D, V je{l,...,N}\{k)} (2.3)
t—T,
and )
PO =X, | Foo) = g Vel NI\ (k) (2.4)

hold with probability one.
This is no longer well-defined once two particles hit the boundary at the same time,
Tstop = inf{t > 0: 3j # k such that X}, X} € dD}.

Moreover if there are an infinite number of stopping times 7, in finite time, this is no
longer well-defined after the time

Too = leH;oTk' (2.5)

EJP 27 (2022), paper 101. https://www.imstat.org/ejp
Page 7/72


https://doi.org/10.1214/22-EJP820
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The McKean-Vlasov Fleming-Viot process

Furthermore if the domain D is unbounded, the particles may escape to infinity in
finite time, after which time the particle system is not well-defined. We write

Tmax = inf {t > 0: sup |X/|=oco}. (2.6)
<
1;‘_gtN

Therefore ()_('t, Wt)0§t<‘rwp is defined only up to the time
TWD = Tstop \ Too /\ Tmax- (2.7)

The index ¢(k) in (2.2) is the index of the unique particle that hits the boundary 9D at
time 7; the statement (2.3) means that the paths of the other particles are continuous
at time 7; the statement (2.2) means that at time 7, the particle with index ¢(k) jumps
to the location of another particle chosen uniformly at random from the other N — 1
particles.

It will be convenient to define a the family of random variables

Uie{l,....,N}\ {i} (2.8)

to be the index of the particle that X? jumps onto at its k" jump time. We will refer to
U} as the target index or target particle of particle for X* at its E™ jump time. Thus,
{U}}s2 3N, are a family of independent random variables such that for each i €
{1,..., N} the variables {U}}?, are all uniformly distributed on the set {1,..., N} \ {i}.

Before stating our results, we define the spaces of measures we employ throughout

this paper.
Definition 2.2 (Spaces of Measures). Given a metric space (x,d), we equip (x,d) with
the Borel sigma algebra B(x) and define P(x) to be the space of probability measures on
X equipped with the topology of convergence of probability measures. We write M(x) for
the space of Borel measures on (x, d) equipped with the topology of weak convergence
of measures. We further define M (x) = M(x) \ {0} to be those measures with positive
total mass (equipped with the same topology).

For separable metric spaces (x, d) we equip P(x) with the Wasserstein-1 metric on P
using the bounded metric d*(z,y) = 1 Ad(x,y) on the underlying space x, which metrises
the topology of weak convergence of measures [17]. We denote this metric W (unless
there is a possible confusion as to the underlying metric space x, in which case we write
dpy, () and write Py (x) = (P(x), W).

We shall establish hydrodynamic convergence in the sense of uniform convergence in
Pw (D) x R>¢ on compact subsets of time in probability. We metrize this as follows. We
firstly define the uniform metric over finite time horizons,

dig ) D([0,T]; Pw (D) x R0) x D([0, T]; Pw (D) x R>0) — Rxo

(00", (2,70) = swp (Wt i) + 1ot = o). (29)
We then define the metric
d> : D([0,00); Pw (D) x Rxg) x D([0,00); Pw (D) x R>g) = R0
d>(f.9) = i 271(dE 1y (F)ozeer, (9)o<e<r) A ). 10
T=1

This metrises uniform convergence on compacts, which means that

A% (g, y)o<t<oos (1, Y)o<ti<oo) = 0 @S n— o0
EJP 27 (2022), paper 101. https://www.imstat.org/ejp
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if and only if

supWi(uy,ue) =0 and suplyy —y:] >0 as n— oo foreveryT < occ.
t<T t<T

Thus the random Py (D) x R>-valued cadlag processes (1~ ,y™) converge to (u,y)
uniformly in Py (D) x R>( on compacts in probability if and only if d>°((u™,y™), (1, y)) —
0 in probability.

We shall also make use of the total variation norm, which we label ||.||Tv.

Finally, we note that since the metric d' on x is bounded by 1, the induced Wasserstein
distance W is then bounded by the total variation distance,

1
W(:U/7V)§§HIU’_VHTV for all MaVGP(X>-

We will always assume D is an open subdomain of R whose boundary 0D satisfies
the following interior ball condition.

Condition 2.3. The boundary 0D satisfies the uniform interior ball condition: there
is a fixed radius r > 0 such that for every x € D there exists a point y € D such that
x € B(y,r) C D.

Regarding the drift b, we will always assume that (y, ) — b(u, z) is measurable with
respect to the Borel sigma algebra on P(D) x D and uniformly bounded with |b| < B < cc.
For some results, we will also assume the following condition.

Condition 2.4. The boundary 0D is C*°. Moreover, in addition to being measurable and
uniformly bounded, the drift b : Py, (D) x D — R? is jointly continuous, and is Lipschitz
in the first variable: there is C' > 0 such that

|b(M17$)_b(H27$)| SCW(MIHUQ)’ VQTED, M1y 2 EPW(D) (211)

Remark 2.5. The Lipschitz assumption (2.11) may be replaced with the strictly weaker
assumption that b is uniformly Lipschitz with respect to the total variation metric. This
does not require changes to the proof, however for simplicity we assume b is uniformly
Lipschitz with respect to the W metric.

Moreover the Lipschitz condition (2.11) is used only to establish uniqueness in law of
global weak solutions to (1.5) for given initial conditions; for all our results this Lipschitz
condition may be replaced with any other condition providing for uniqueness in law of
global weak solutions to (1.5).

Furthermore in Proposition 2.8 and theorems 2.9 and 2.10 we could without changes
to the proofs assume b to be time-inhomogeneous; so that b : [0,00) x Py (D) x D — R?
is measurable, and for Lebesgue-almost every ¢ and uniform C' < oo, (m,x) — b(t, m, x)
is jointly continuous and satisfies (2.11).

We firstly establish the particle system is defined over an infinite time horizon.
Theorem 2.6 (Global Well-Posedness of the N-Particle System (1.3)). Under Condi-
tion 2.3, there exists a weak solution of (1.3) for which P(rwp = o0) = 1; any weak
solution of (1.3) satisfies P(twp = o0) = 1 and weak solutions of (1.3) are unique in law.

We now address the large time properties of the system for fixed finite N. We must
impose the additional assumption that the domain D is bounded and path-connected.
The boundedness assumption is needed as we do not currently have a good way of
preventing the mass “escaping to infinity” over an infinite time horizon when the domain
is unbounded. We establish ergodicity of the system for fixed V.

Theorem 2.7 (Ergodicity of the N-Particle System (1.3)). In addition to Condition 2.3,
assume that D is path-connected and bounded. Then we have that for every N fixed,
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there exists a unique stationary distribution N € P(DY) of the N-particle system
(Definition 1.1). Moreover there exist constants C'y, Ay > 0 such that for every initial
distribution Xy ~ v™ we have ||L(XN) — N ||py < Cye vt

We now turn to the question of extracting a hydrodynamic limit. We no longer
need to impose the assumption that the domain D is bounded or path-connected. Our
hydrodynamic limit will be given by the flow of conditional laws (1.6) corresponding to
solutions of (1.5), and so before stating our hydrodynamic limit theorem we firstly give
the properties of (1.5). We recall that where a weak solution (X, 75, W) to (1.5) satisfies
P(rp >t) > 0 forallt € [0,00), we say it is a global weak solution.

Proposition 2.8 (Properties of the McKean-Vlasov Process (1.5)). Assume Condition 2.4.
For every v € P(D) there exists a unique in law weak solution (X, 15, W) to (1.5) with
initial condition Xy ~ v. Moreover this weak solution to (1.5) is a global weak solution
and satisfies:

(i) (75 > t) is continuous and positive on [0, 00);
(i) L(X¢|to >t) € C([0,00); Pw (D)) NC((0,00); L1(D)).

We let (XN : 0 <t < o0) = (X, X)) : 0 <t < ) be a sequence of
weak solutions to (1.3) with initial conditions X2 ~ v~. We define m?, ¢V and J» as
in (1.10), (1.11) and (1.12). We have the following hydrodynamic limit theorem.
Theorem 2.9 (Hydrodynamic Limit Theorem). Assume Condition 2.4. Let v € P(D) and
assume that W (m}Y,v) — 0 in probability as N — oc. Let (X, 75, W) be a (unique in
law) global weak solution to (1.5) with initial distribution Xq ~ v, and define as in (1.7)
and (1.8)

me = L(Xi|tg >t) and J,=—InP(19 > t).

Then, as N — oo, we have uniform convergence on compacts in probability,
(miv, JtN)ogt<oo — (m¢, Jt)o<t<oco in d°° in probability.

The existence part of Proposition 2.8 and theorems 2.9, 2.16 and 2.17 are essentially
all corollaries of the following generalised hydrodynamic limit theorem - Theorem 2.10.
Relying on the machinery of sections 4, 6 and 7, this theorem will be proven in Section 8.

This hydrodynamic limit theorem is valid when the initial conditions are only known
to constitute a tight family of random measures (as opposed to convergent weakly in
probability to a deterministic initial profile as in Theorem 2.9). We define

E={(L(Xt|to >t),—InP(19 > t))o<t<oo € C([0,00); Pw (D) x R>p) :
(X, 79, W) is a global weak solution of (1.5) 2.12)
for some initial condition Xy, £(X) € Pw(D)}.

For T < oo we define d[’f) 7] to be the Skorokhod metric on D([0,T]; Pw (D) x Rxo).
We then define the metric

dP : D([0,00); Pw (D) x Rxo) x D(]0,00); P (D) x Rxg) — Rxo

> 2.13
dP(f,9) = Z 277 (dly 1y ((fr)o<e<rs (ge)o<i<r) A1), @19
=1

Note that convergence with respect to d” to a continuous function implies conver-
gence with respect to d* to the same continuous function.
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Theorem 2.10. Assume Condition 2.4 and that {¢V} is a tight family of measures
in P(Pw(D)). Then the laws of the processes {(mY, JN)o<i<r} are a tight family
of measures on (D(]0,); Pw (D) x R>q),dP). Moreover if along some subsequence

(m, JtN)ogt<oo LN (my, Ji)o<i<oo, then
(my, J)o<t<oo € ENC((0,00); L' (D) x Rxo) C C([0,00); Pw (D) x Rx)

holds almost surely.

Proposition 2.8 guarantees for us that the semigroup G; on Py (D) given in (1.9) is
well-defined. We will establish in Section 9 the following properties of the semigroup G;.

Proposition 2.11 (Properties of the Semigroup G;). Assume Condition 2.4. Then the
semigroup G is jointly continuous in [0, 00) x Pw (D),

[0,00) X Pw (D) > (t,v) — Gi(v) € Pw (D) is continuous. (2.14)

Furthermore if the domain D is bounded, then for all t, > 0, G, has pre-compact image
Image(Gy,) CC Pw (D).

Having established ergodicity for fixed N and hydrodynamic convergence to the

flow of conditional laws (1.6) for the system (1.5), we ask when the limit lim;_, o, G¢(v)

exists. We henceforth assume the domain is bounded. The following represents the most
significant issue left to resolve from this paper.

Problem 2.12 (Convergence to Quasi-Equilibrium). Under what conditions does

the Yaglom limit tlim G+(v) exist with respect to W for every v € Py (D) (2.15)
—00

(with the limit possibly depending on v € Py, (D))? Can we find conditions under which
there exists m € Py (D) such that

G¢(v) — 7 uniformly in W as t — oo? (2.16)

Although we are unable to resolve Problem 2.12, we shall establish the following.

Proposition 2.13 (Existence and Properties of QSDs). In addition to conditions 2.3
and 2.4, we assume that D is bounded. Then we have the following.

1. The following are equivalent:
(a) 7™ is a QSD for (1.5);

(b) 7 is a QLD for (1.5);
(c) m € L*(D) is a probability density such that

1 _
(m(-), Ap() +b(m, ) - Vo) + 5A0() =0, Ve C5(D) (2.17)
for some )\ > 0, whereby we define the test functions
C(D) ={p € Cx(D):p=0o0ndD}. (2.18)

2. For any weak solution (X, 19, W) to (1.5) with quasi-stationary initial condition
we have 79 ~ Exp()\) where X is the constant such that (m, \) is a solution to (2.17).
3. II is a non-empty compact subset of Py (D).

Remark 2.14. The equation (2.17) is the weak formulation of the following nonlinear
PDE,

)\W*V~(b(71’,')7r)+%A7T:0 on D, #m=0 on 0D. (2.19)
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Whereas IT must be a non-empty compact set (in Py (D)), we demonstrate in the
following example that it need not be a singleton.

Example 2.15. We assume D = (—1,1) and the drift is given by the first moment
dXt = ’)/]E[thTa > t]dt + th

This satisfies the conditions of Proposition 2.13, so we may check using Part 1c of
Proposition 2.13 that the QSDs are given by

8vb

m, = Ae? cos (g:z:) where b is a solution of b = tanh(yb) — T

For all values of v, my = Acos(§x) is a QSD, which for small v is the only QSD.

Moreover by calculating the derivative of

8vb

at 0 we see that b — F(b) exhibits a pitchfork bifurcation at v = Tr;r—ig, so that for
v > ﬂg—is there are multiple QSDs g and 7.

0

Figure 1: QSDs for Example 2.15

We now show that, if we don’t have (2.15), then the stationary distributions for our
N-particle system (given by Theorem 2.7) converge to the set of QSDs II.
Theorem 2.16 (Convergence of the N-Particle Stationary Distributions to QSDs). In
addition to conditions 2.3 and 2.4, we assume that D is bounded. Moreover we assume
that

the Yaglom limit tlim G+(v) exists with respect to W for every v € Py (D).  (2.15)
— 00

We take the stationary empirical measures V" = ﬁgd)N and take a sequence of Py (D)-
valued random variables ™ with distribution 7™ ~ ¥¥ as in (1.18). Then we have

W(x™N,II) — 0 in probability as N — oo. (2.20)

Since we do not necessarily have (2.15), it is worthwhile asking what happens when
we don’t have (2.15). In general we shall see that we obtain the invariant measures for
Gy,

Mg ={P € P(Pw(D)): (Gy)xP =P forall ¢>0}. (2.21)
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Then by propositions 2.11 and 2.13, M is a non-empty compact subset of P(Py (D)).
Furthermore it is clear from the proof of Theorem 2.16 that under the same assumptions
as Theorem 2.16, except for (1.16), we have

W(L(mN),Mg) -0 as N — oo. (2.22)

Therefore the Fleming-Viot particle system allows us to obtain at least one of the invariant
measures of G;.

Finally, under an additional assumption on the semigroup G;, we establish conver-
gence as the number of particles and the time horizon converge to infinity together. We
prove the following theorem.

Theorem 2.17. In addition to conditions 2.3 and 2.4, we assume that D is bounded.
Moreover we assume that there exists a QSD = such that

W(G¢(v),7) =0 as t— oo uniformlyin v € Py (D). (2.16)

Then by Proposition 2.13 there exists A > 0 such that (7, \) is a solution of (2.17). We
take a sequence of weak solutions (XN : 0 <t < co) = (XV',..., XNy : 0 <t < o0)
to (1.3) with arbitrary initial conditions X ~ vY. We define m" and J} as in (1.10)
and (1.12),
. 1
my =9N(XY), I =  suptk € N| 7, < t}.

)

Then we have

(m,{XH, Jt%—t - Jt];])OSt<oo — (7, AMt)o<t<oo in d°° in probability as to AN — co.  (2.23)

3 Proof strategy for sections 4 and 6-8

The results of sections 4, 6 and 7 shall be used in Section 8 to establish our hydrody-
namic limit theorem, as we shall explain here.

The proof of our hydrodynamic limit theorem shall require defining the following
Fleming-Viot particle systems with generalised dynamics - therefore we establish the
results of Section 4 and 6 for such generalised systems. Whenever we consider Fleming-
Viot particle systems with generalised dynamics, we shall assume the domain D is
an open subdomain of R? satisfying Condition 2.3 and the drifts satisfy the following
condition.

Condition 3.1. The drifts b} are (F;):>o-adapted and uniformly bounded |bi| < B (i =
1,....N).

Otherwise, the Fleming-Viot particle system with generalised dynamics has the same
definition as the particle system with McKean-Vlasov dynamics.

We establish in Section 4 estimates on the N-particle system which shall be used
throughout this paper along with global well-posedness of the N-particle system with
generalised dynamics (and hence for the system with McKean-Vlasov dynamics — The-
orem 2.6). These estimates, in particular, will allow us control the mass close to the
boundary, uniformly in N. This will be an essential ingredient in our proof of hydrody-
namic convergence in Section 8.

The estimates of Section 4 hinge on constructing - in a completely different manner -
a family of Bessel processes similar to those constructed by Burdzy, Holyst and March
[9, Proof of Theorem 1.4] to deal with the b = 0 case. These are N i.i.d. Bessel processes
coupled to the N-particle system in such a way so as to provide controls on the mass
close to the boundary. While the Bessel processes we obtain are very similar to the
Bessel processes constructed in [9], the method of construction is more similar to the
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construction used to establish well-posedness in [29] by constructing a different family
of processes. In [9] their construction begins by taking the Bessel processes and then
using a classical skew-product decomposition [23] to construct the particle system with
b = 0. This has no hope of working however in the b # 0 case as such a skew-product
decomposition is not available. Similarly to [29], we instead start with the particle system
and from there construct the Bessel processes. We use a Doob-Meyer decomposition
piecewise between a family of stopping times to construct an associated Brownian motion
for each particle, and then use these Brownian motions to drive our Bessel processes.

In [9, 20, 5], conditions for the global well-posedness (P(rwp = +00) = 1) of this
system were established for the case b = 0 when D is bounded (and satisfies various
additional conditions). These are complemented by [21, 30, 29], providing well-posedness
for general diffusions on possibly unbounded domains (satisfying various additional
conditions). The closest of these to our setup is [29]. For such domains, one could obtain
the global well-posedness for the system with generalised dynamics from the b = 0 case
using Girsanov’s theorem - they can be related via a Girsanov transform, which preserves
{Twp < oo} as a null event. None of these, however, apply to general unbounded domains
satisfying the uniform interior ball condition. Nevertheless, the Bessel processes we
construct allow us to establish well-posedness for the system with generalised dynamics
and possibly unbounded domains satisfying only the uniform interior ball condition.

We shall prove Lemmas 6.1 and 6.2 in Section 6. Lemma 6.1 will be crucial in
our proof of hydrodynamic convergence as it will make available to us a uniqueness
theorem for the linear Fokker-Planck equation [28, Theorem 1.1]. It guarantees that
subsequential limits of the empirical measure valued process almost surely has a density.
The proof of Lemma 6.1 hinges on an analysis of the dynamical historical processes
introduced by Bieniek and Burdzy [4]. The machinery we construct to prove Lemma 6.1
then enables us to prove Lemma 6.2, which constrains the number of particles far away
from the boundary over fixed time horizons.

We then prove Proposition 7.2 in Section 7, establishing that we may couple the
N-particle system on an infinite domain with an appropriately constructed Fleming-Viot
N-particle system with generalised dynamics on a large but finite subdomain. Moreover
we obtain uniform controls on the difference between the two N-particle systems. This
coupled particle system having generalised dynamics is the reason we established the
previous estimates of sections 4 and 6 for such generalised systems. As we will explain
in the proof of Theorem 2.10, this will allow us to circumvent the problem that the
uniqueness theorem we use [28, Theorem 1.1] for the linear Fokker-Planck equation
only applies on bounded domains.

Having established these estimates, we are in a position to prove Proposition 2.8 and
Theorem 2.9 by way of Theorem 2.10. Theorem 2.10 characterises subsequential limits
of the N-particle system as corresponding to solutions of the McKean-Vlasov SDE (1.5)
— but this doesn’t assume the existence of such solutions. Therefore by choosing a
sequence of N-particle systems with the appropriate initial conditions we are able to
construct a weak solution to (1.5) in the N — oo limit. We establish uniqueness of weak
solutions to (1.5) by a contraction argument using Girsanov’s theorem similar to the
proof of [11, Proposition C.1], completing the proof of Proposition 2.8. Theorem 2.9 then
follows by a compactness-uniqueness argument.

The estimates of Section 4 and Lemma 6.2 are used to establish tightness in the proof
of Theorem 2.10; the former preventing mass from accumulating on the boundary and
the latter preventing mass “escaping to infinity” over a finite time horizon.

We then employ martingale methods to characterise subsequential limits (m, J;)o<t<oo
as being supported on the solution set of a nonlinear Fokker-Planck equation. We note
that martingale methods have also been used to establish hydrodynamic convergence in
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the Markovian case ([19] and [30]). We then show that these nonlinear Fokker-Planck
solutions correspond to global weak solutions of our McKean-Vlasov SDE (1.5) by verify-
ing they satisfy the same linear Fokker-Planck equation and using a uniqueness theorem
[28, Theorem 1.1]. Availing ourselves of this uniqueness theorem requires Lemma 6.1
and - in the case of unbounded domains — combining Proposition 7.2 with a change to
our notion of solution to the nonlinear Fokker-Planck equation.

We note this is where the assumption that D has C*° boundary becomes necessary,
as [28, Theorem 1.1] assumes the domain has C>° boundary. Were a more general
uniqueness theorem available, this would enable a corresponding generalisation of our
results: to more general boundaries, the particles having non-constant diffusivities or
the incorporation of “soft killing” (killing according to a Poisson clock).

4 Well-posedness of and estimates for the N-particle system

The goal of this section is to establish Theorem 2.6 along with some estimates for
the N-Particle System. We shall prove estimates on the jump times {7;}7°, and on
the empirical measure m}¥ of the N-particle process. The estimates in particular will
prevent mass accumulating on the boundary when we take various limits in later sections.
Theorem 2.6 will be seen to be a consequence of these estimates.

As discussed in Section 3, we establish well-posedness and our estimates for Fleming-
Viot particle systems with generalised dynamics, which is defined as follows.

Definition 4.1 (Weak Solution to the Fleming-Viot Particle System with Generalised
Dynamics). Let W, = (Wt ..., W}) be a collection of independent Brownian motions on
R? with respect to a right-continuous filtration {F; };>o. Let vN be a probability measure
on DV. We say that ()?t, Wt,]:t) is a Fleming-Viot particle system with generalised
dynamics with initial condition v having drift processes by = (b},...,bN) if Xo ~ vV,
if l_ft satisfies Condition 3.1: the drifts bi are (F;)i>o0-adapted and uniformly bounded
|b{| < B (i = 1,...,N), and if there is an increasing sequence of JF;-stopping times
{m}?2, with 79 = 0 such that the following hold:

1. X, is a cadlag process. For each k, X; is continuous on [y, Tx+1) and satisfies

i=1,...,N; t €[, Tht1)- (4.1)

Tk

t
X} =Xt +/ bids + W} — W

Tk

For all k > 1, and with probability one, there is a unique particle index ¢(k) €
{1,...,N} such that

7, = min_inf{t > 71| lim X! € D} =inf{t > 7| lim X® ¢ D).
i=1,...,N s—t— s—t—
(4.2)
2. Forallk > 1,
lim X/ =XJ €D, V je{l,....N}\{tk)} (4.3)
t—>'r;
and
: 1
k) — xi — ;

hold with probability one.

This is no longer well-defined once two particles hit the boundary at the same time:

Tstop = inf{t > 0: 3 j # k such that X], X} € dD}.
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Moreover if there are an infinite number of stopping times 7, in finite time, this is no
longer well-defined after the time

Too = leH;oTk' (4.5)

Furthermore if the domain D is unbounded, the particles may “escape to infinity” in
finite time, after which time the particle system is not well-defined. We write

Tmax = inf {t > 0: sup |X/|=oco}. (4.6)
'<
éfgtN

Therefore ()?t, Wt)0§t<TWD is defined only up to the time
TWD = Tstop /\ Too N Tmax- 4.7)
Throughout this section,
(Xt Wi, b)ostanw = (X1 X, (W W), (00 ) o<t

will refer to a weak solution to the Fleming-Viot particle system (/N > 2) with generalised
dynamics having drift processes bounded by |bi| < B. We further define m) and ¢V as
in (1.10) and (1.11),
my =9N(XY), mg ~ €N
We will couple the particles X', ..., X" to appropriately constructed independent
strong solutions (n*, W), ..., (n™, W) of the following SDE,

, Mo =T, 4.8)

J AW + Bdt + $tdt —dLy™", d > 1
Ne = - t
" T\ aW, + Bdt +dL! — L, d=1

where r > 0 is the constant from the global interior ball condition, Condition 2.3. Here
L™ and L"~" are the local times

1/t 1/t
. lim—/ 1(|ns| < )]s, LI~ = lim—/ 1(r— sl < il (4.9)
el0 2€ J, 2e Jo

We will then use this coupling to obtain estimates on the N-particle system.

Proposition 4.2. We assume the Brownian motions W' are jointly independent and de-
fined up to time co. There exists on the same probability space a family (0}, Wt1)0§t<om ceey
(nN, WtN)0§t<oo of strong solutions to (4.8) which are jointly independent, but coupled
to X',..., X" up to time Twp = Too A Tstop A\ Tmax SO that

d(X{,0D) > r —n; €[0,7], 0<t< Typ. (4.10)
Remark 4.3. The coupling (4.10) only holds up to time 7wp, although (7?, W/) are defined
forall ¢t > 0.

We then establish the following lemma.
Lemma 4.4. If (', W), (n?, W?) are two independent solutions to (4.8) on the same

probability space, then
P(3t > 0 such thatn; =n; =7r) = 0. (4.11)

For the case of Brownian dynamics (b = 0) with bounded domain D, the authors of
[9] established controls analogous to Proposition 4.2 with b = 0 and D bounded. The
method of construction they used, however, was quite different. As outlined in Section 3,
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their approach does not work in our case. On the other hand, a different family of
processes was constructed in [29] to establish the well-posedness of the Fleming-Viot
particle system they considered there. Their construction cannot be used to establish the
estimates of this section, however, without having to invoke a rather unwieldy condition.
As we explained in Section 3, here we construct a family of Bessel processes similar to
those constructed in [9] using a strategy similar to that implemented in [29].

Proposition 4.5. For any weak solution to the Fleming-Viot particle system with gener-
alised dynamics, Twp = Too = Tstop = Tmax = 00 almost surely. In particular, the coupling
defined in Proposition 4.2 holds for all t > 0.

Having established mwp = oo almost surely in the case of generalised dynamics, we
have mwp = oo in the case of McKean-Vlasov dynamics, giving the proof of Theorem 2.6.

Proof of Theorem 2.6. 1t is clearly possible to construct a weak solution of the driftless
system up to time 7ywp, so that between jump times and for ¢ < mwp particle X satsifies
dX} = dW}. Therefore by Girsanov’s theorem we obtain the existence of a weak solution
(Xt, Wt)0§t<er to the N-particle system with McKean-Vlasov dynamics (1.3) up to time
Twp. This and every other weak solution to (1.3) defined up to time 7wp is defined for all
time with mwp = oo almost surely by Proposition 4.5.

Uniqueness of the law of (Xt)ogt<oo follows from uniqueness for the driftless system,
by change of measure (by the same argument that weak solutions to SDEs with bounded
measurable coefficients are unique in law; see [25, Proposition 3.10 of Section 5.3]). O

We shall then establish tightness for the laws of the empirical measure valued process
at times bounded away from 0, when the domain D is bounded.

Proposition 4.6. We assume D is bounded. For any T,y > 0 there exists a compact set
Kr, € P(Pw(D)) dependent only upon the upper bound on the drift B and the domain D
such that the empirical measure mY := 9™ (X}N) must satisfy L(m}) € K, for allt > Ty.

We henceforth fix a finite time horizon T' < oo, but no longer assume D is bounded.
We establish the following proposition.

Proposition 4.7. Define for ¢ > 0 the closed setV, = {x € D : d(x,0D) > ¢}. Then we
have:

1. For every € > 0, Ty > 0 there exists a constant ¢, dependent only upon ¢, T, the
time horizon T, the upper bound B for the drift, and the constant r > 0 of the
interior ball condition, such that K. 1, = V. C D must satisfy

lim P < sup myp (K<p,) > e) =0. (4.12)

N—o0 te[To,T) ’

2. We now assume £V := 9 v" is tight in P(Pw (D)) (i.e. as a tight family of random
measures on the open set D) - so that mass does not concentrate on the boundary.
Fix e, > 0. Then there exists a constant ¢ > 0 depending on ¢, §, B, r, and T such
that IA(W; = Vz C D satisfies

limsupP | sup m(KS) >e| <. (4.13)
N—o0 te[0,T) ’

Remark 4.8. In Part 1 of Proposition 4.7, we do not assume that the initial random
measures £V := ¢}/ v" are tight as random measures on D. In particular we may have ¢
converging weakly in probability to an atom on dD or the mass could escape to infinity.
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Remark 4.9. There are two conventions as to the definition of a geometric random
variable. Throughout we use the definition in which the distribution is supported on
{1,2,...}, with distribution given by

P(G > k) = (1—p)".

Our final estimate controls the number of jumps by any particle over a finite time
horizon:

Proposition 4.10. Assume that {£(m{ )} is tight in P(Py (D)). Let J;** be the number
of jumps of the i*" particle in the N-particle system up to time t. Then for every ¢ > 0,
there exists a stopping time 7V and constants M, < oo, p. > 0 (all dependent upon T)
such that for all N large enough:

1. The number of jumps Jﬁ’,iAT by particle ¢ up to time T/\TGN is stochastically bounded

by the sum of M, i.i.d. Geom(p.) distributions.
2. The stopping times 7V satisfy

limsup]P(TEN <T)<e
N—oo

4.1 Proof of Proposition 4.2

The proof proceeds in the follow steps:

1. We fix for the time being XZ (with driving Brownian motion W) and seek to
construct a family (9i, W%)o<i<oo, i € {1,..., N}, of independent solutions of (4.8)
and some cadlag processes D¢, i € {1,..., N}, such that

ni > Di>r—d(X},0D), 0<t< Twp. (4.14)

For clarity, we will usually drop the superscript ¢ in what follows: 7, Wy, Dy, 7,
will fefer to quantities that depend on the particle index i. Our construction of
(nt, Wi)o<t<oo Proceeds as follows:

(a) We define stopping times 7(; ;. ») for every triple (j, k,£) € IN3, thereby obtaining
a collection of random subintervals [7(; k), T(jk,e+1)) Of [0, Too A Tstop). We
write wy for the order-type of the natural numbers, associate to the ordinal
w = jwi + kwo + £ < wj the triple (j, k,¢) and write 7, for the stopping time
T(j,k,¢)- The use of ordinals will enable us to use ordinal induction. Moreover
we write 7,3 := Twp and write I, for the interval [Tws Twt1) = [T(Gk,0)> TGk t41))
(whereby [t,t) := 0). The ordering

Ty < Tuoy fOT W1 < wo < w3 (4.15)

shall be immediate from the construction. Moreover we shall establish the
following lemma.

Lemma 4.11. For limit ordinals w < wf’)’ we have
T 17w as w tw foreveryw < wg’ a limit ordinal. (4.16)

By ordinal induction the random subintervals I, form a disjoint cover of
[0,7.3) = [0, 7wp). Moreover on each interval I,,, X; will be contained in the
ball B(v,,r) (where r > 0 is the constant we assume to exist in the interior
ball condition and v, = X,,).

EJP 27 (2022), paper 101. https://www.imstat.org/ejp
Page 18/72


https://doi.org/10.1214/22-EJP820
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The McKean-Vlasov Fleming-Viot process

(b) We use our construction in part 1a to define

Et :ZlIw(t)d(Xtva)a OSt<TWD7
w (4.17)

D;u = (d(X(t/\‘rw_H)* , Uw) — d(Xt/\Twva))]l(Tw < Tw+1)]l(t > Tw)

We observe that D“ is a continuous semimartingale, with dDy’ = dF, fort € 1.
We employ a Doob-Meyer decomposition of D¢ on each interval I, to construct
a Brownian motion (Wt)ogt<oo such that (E;)o<t<ry,p iS @ [0, r]-valued process
which satisfies

dW, + Bdt + ¢Ldt — dH,, d>1
dEt:{ ¢+ 50+ 5, i , (4.18)

dW, 4+ Bdt + dLFds — dH,, d=1

where H; is a non-decreasing, adapted process. Moreover there exists a
cadlag adapted process n; such that

t
Wt:/ ng-dWs, 0<1t < 0. (4.19)
0

(c) We establish that (4.8) has strong solutions for this driving motion Wt, and

that 7, = 7} satisfies (4.14).
(d) We then compare (4.18) and (4.8) establish

E; < ¢, 0<t< TWD, (4.20)

and therefore we have (4.14).

2. We repeat the above construction for each X?, writing (ni,Wi) for the strong
solutions we construct. By examining the quadratic covariation of the Brownian
motions W* (using (4.19)) we establish the (n?, W) are jointly independent.

Step 1a

We now define functions p and v as in [9]. With » > 0 being the constant assumed to
exist by the interior ball condition (Condition 2.3), define

px)=  sup  d(z,0B(y,r)).

B(y,r) such that
DDB(y,r)>x

We claim there exists v : D — D measurable such that:

1. B(v(z),r) C D for every x € D;
2. d(z,0B(v(x),r)) > 22,

The construction of v is fairly elementary. We firstly take an ascending sequence of
compact sets Ky, K5, ... with union D. We fix K; and seek to define on K; a suitable
function v satisfying 1 and 2. It is easy to see that for every 2 € K; we can choose
y(x) such that d(z,0B(y,r)) > @. Then on an open neighbourhood V, > z we have
d(z',0B(y,r)) > %I/) as both 2/ — d(2/,0B(y(x),r)) and ' — p(z’) are continuous
functions. We may cover K; with open sets V., z € K;, and take a finite subcover
Vers oo, Va,, (for some n). We now define

,L( /) X, x’EKiﬁVxl
v\ =
zj, '€ Kin (Ve \ (Vo U...UV,, 1))
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Then +° is piecewise constant (and hence measurable) and satisfies 1 and 2 on K°.
Therefore defining v by

( ’) o vl(z/)v a’ € Ky
V)= v'(a’), o' € K;\ (KiU...UK; 1))

we are done. We now turn to the construction of the stopping times 7(; ;. o), for triples
(4, k,0) € ING.

1. 70,0,0) := 0.

2. T(j+1,0,0) ‘= inf{t > T(4,0,0) * X € 6D} A Twp, for all j € IN.

3. With j € Ny fixed, we now define 7(;0.¢) € [7(;,0,0) » T(j+1,0,0)] for every £ € IN. We
proceed inductively, having already defined 7(; ) for £ = 0 in the previous step.
We suppose that 7(; ¢ € [7(j,0,0)s T(j+1,0,0)] has been defined for some ¢ € INy. If
T(j,0,6) = T(j+1,0,0), We Set T(; 0 ¢11) = T(j,0,¢)- Otherwise, 7(;0.¢) < 7(;+1,0,0) holds and
Xri00 € D. Therefore, we may define X ;o) := X+, and vg .0 = v(X(j0,0))
which satisfies

B(v(j,O,Z)vr) - D. (4.21)

We then define

inf{t > T(4,0,6) d(th,’U(jp’g)) >r}, if p(XT(j,o,z))) > 920

T(4,0,6+41) = Twp A " 7
! {T(jww if p(Xr00) <270 OT T(0.0) = T(j11.00)

which satisfies 7(; 0 ¢+1) < 7(j4+1,0,0) by (4.21). By induction on /, this defines 7(; o »
for all / € INy and we have T(4,0,0) < T(4,0,0) < T(5,0,6+1) <...< T(j+1,0,0)-

4. We then establish (Lemma 4.12) that either 7,1 0,0) = o0 and 7;,0,¢) T 7(j+1,0,0) @S
¢ 1 oo, or else 7(;11,0,0) < oo and there exists some random /(; )y < oo such that
either p(X(j0.6.,0)) < 270 0r 7(,0,6(j,0)) = T(j+1,0,0)- In the former case (7(;41,,0) =
o0) we define

7(5,1,0) *= T(j+1,0,0)-

Otherwise we have 7(;0,0) 1= 7(j,0,¢,.,,) for all £ > £(; o) so that we may define
T(G.1,0) 3= T(G.0G,0) S T(7+1.0,0):

5. We repeat the above inductively. We fix k and assume we have defined 7(; o) <
T(j,k,0) < T(j+1,0,0)- We seek to define

T(3,0,0) S T(ik,0) S TGik1) S -+ S T(Gk41,0) S T(j41,0,0)-
Proceeding as in Step 3, if 7(; 1. oy = 7(j41,0,0) We define

T(j.k,e41) = T(j+1,0,0)-

Otherwise 7(;1.¢) < 7T(j+1,0,0) SO we may define as before v(; ;) = v(X and

X(j ko) = Xr .- We may then define

T(j,k,l))

inf{t > T(j,k,0) * d(Xt,’U(j’k’g)) >r}, if p(X ) > 2-k

TGty 1 p(Xr ) S27F 00 Tk = T(j41,00)

_ (k)
T(j,k,e+1) = TwD A\ { J

Having defined 7; 1) for £ = 0,1, ... we now turn to defining 7(; . +1,0). We establish
the following lemma.
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Lemma 4.12. Either 7(j,1,,0) = 00 and 7 ¢ T 00 as £ 1 oo, or else 7(;11,9,0) < 0
and there exists some random {(; ;) < oo such that either p(X(j ke, ,,)) < 27k or

T(4,k,£(5,k)) = T(j+1,0,0)-

In the former case (T(j+1,0,0) = 00) wWe define

T(4,k+1,0) *= T(j+1,0,0)

Otherwise we have 7(; . ¢) := T(j k¢, ,,) for all £ > £; ;) so that we may define
TG k+1.0) 7= TGk lia) S T(7+1.0,0):

Repeating inductively in k£ we have defined 7(; ;¢ for (j,k,¢) € IN?, subject to
proving Lemma 4.12.

Proof of Lemma 4.12. We fix j and k. We consider sub-intervals [mh, (m + 1)h] (m =
0,1,...) oflength A > 0 to be determined, over each of which the diffusion term dominates
the drift term. We write N, := [{¢' : 7(j ) € [mh,(m + 1)h] N[0, 7wp) and 7(; ¢y <
T(j+1,0,0) | (for our j and k fixed). Then it is sufficient to show that » > 0 may be chosen
so that

P(N,, =00) =0 forall 0<m < 0.

We recall that we have fixed i, and moreover X; = X; has driving Brownian motion
W, = W} which satisfies

|(Xt2 - th) - (Wtz - th)l < B<t2 - tl) (4.22)

if X; does not hit the boundary during the time interval [¢;, t3].

We observe therefore that if our distance to the boundary is bounded from below
then in order for our particle to die within a sufficiently small time interval, the driving
Brownian motion W; must travel a distance bounded from below in this small time
interval. In particular we suppose that we have 7(; ; o) € [mh, (m + 1)h] N [0, 7wp) with
TGkt) < T(+1,0,0) @nd p(v(ge) > 27" Then in order to also have TGke41) < (mA41)hit
must be the case that X; hits 0B(v(X ),7)) before time (m + 1)h. We now recall

Tk 0)

X,
,,,)) P( (JJCJ)) Z 27k;71.

A(Xr 00 OB(0(Xr o )o7)) >

T(5,k,0)
Therefore if 7(; 1, o) € [mh, (m 4 1)h] N[0, 7wp) With 7(; 1 ») < T(j4+1,0,0) @nd p(V(jk,0)) > 27k,
then in order to also have 7(; 1 ¢+1) < T(j11,0,0) and p(v(j k,e4+1)) > 2% we must have
| X (ko1 — X(Gkoyl > 2~*=1 which requires the driving Brownian motion satisfy

W Wi ool =275 = Bh.

Goke41)

o—(k+2)

We note that this latter event happening is independent of 7, , , and for i < has
probability at most some p < 1. Therefore at time 7(; ;. o € [mh, (m + 1)h] N[0, Too A Tstop),
the probability this is the final such stopping time in the interval [rh, (r + 1)h] is at
least 1 — p > 0. Recalling Remark 4.9, we see that NV, is stochastically dominated by a

. . . o—(k+2)
Geom(1 — p) distribution for h < =—5—. O

We have left to prove Lemma 4.11.

Proof of Lemma 4.11. We begin with the w = w] case. This is true by definition.

Next, consider the case that w = (j + 1)w§. If 7(;41,0,0) = o0 then 7(; 0y = oo for all
k > 1 and we are done. We may therefore assume 7; x41,0) < 7(j+1,0,0) < oo for all k € INg
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otherwise we are done. Then Lemma 4.12 gives that p(X,,.,,) = p(XT(j,k,Z(j'k))) <

,0D) — 0 as k — oo. Therefore by the almost-sure
€ 0D.

27% — 0as k — oo and so Ad(Xr oy
continuity of the path X; and th(:a fact that T(j+1)w2 < 00 We have limy_,,o X
Therefore we have 7,2, 1, = T(j+1)w2 @S k — oo.

Finally, in the case that w = jw? + (k + 1)wp, this is an immediate consequence of
Lemma 4.12. O

T(4,k,0)

Step 1b

We begin by constructing W, and showing that it can be written in the form (4.19) for a
cadlag adapted process n; which we also construct. We recall (4.17) where we define for
w < wi

:Zﬂ-]w(t)d(Xtva)7 0 §t< TWD,
v (4.23)

Dy = (d(X(t/\mH)wa) — d(Xt/\Tw,vw))Jl(Tw < Tr1)L1(t > 7).

After adding a positive drift B1;_(t), Dy becomes a submartingale, so we may take the
Doob-Meyer decomposition, obtaining a mean zero Martingale term Wt“’ with quadratic
variation fg 1;7,(s)ds (i.e. a Brownian motion started at time 7, and stopped at time 7,,41).
Indeed we can write

Dy = (\/(X(t/\rwﬂ)* —vy) - (X(t/\mg)* —Uy) — \/(XtAm - ”w) : (XtAm - Ucu))

X (7w < Twt1)1(t > 7))

so that we have

X, —
dDy =1y, (t )tiv dW, + finite variation terms
| Xt — v
and therefore X
~ -
dWY = LY AW,
t ( ) |Xt . 'Uw‘

We fix 7 € R such that || = 1 so that 7 - W, is a Brownian motion. We now write

B tATwD ~ t
W, = / Sy, (s)dWE + A-dW,, 0<t<oo (4.24)
0

w tATwD

which is clearly a Brownian motion, since the [, form a countable partition of [0, 7wp)-
We recall that we want to define W; beyond time 7wp if 7wp < co. In particular we can
write

w= [ (1) =3 ()

=ng

and hence we have (4.19).
We now claim

t T d—1
dWs + Bds + $=ds, d>1
H; 1=E0—Et+/ ~s+ 2 , 0<t<Twp, (4.25)
o |dWs+ Bds+dLE, d=1
is non-decreasing.
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Proof (4.25) is non-decreasing. It will be convenient here to extend the definition of F}
by defining E,, = r if 7wp < oo.
We proceed by ordinal induction. We inductively claim

H, is non-decreasing on [0, 7,,] N [0, 7wp) for w < wg, (4.26)

which immediately implies (4.25) by Lemma 4.11.

The w = 0 case is immediate.

If w = w + 1 is a successor ordinal, then it is sufficient to show that H; is non-
decreasing on [, 7,,]. We may assume 7, < 7, otherwise we are done.

AWE + b8 dt + Zkdt, d>1

AD¥ =1(tel,)q -t Tt
AW +b¢'dt +dLE, d=1

for some process Bf/ < B. Therefore for 7, <t <1,

t
H -H,, =B —E'+ /

T

dVE/S—i—Bds—kg;Eslds, d>1 :/t .
dW, + Bds+dL¥, d=1 -y o

w!

which is non-decreasing.

Moreover we note by construction that limsup,,, FE; = r so that limsup,, (H., —
H,;) > 0if 7, < 7wp. Thus we have dealt with the case where w is a successor ordinal.

We finally consider the case whereby w < wg is a limit ordinal. If 7, = 7, for some
w’ < w we are done by our induction hypothesis. Moreover (H;)o<¢<, is non-decreasing
by our induction hypothesis. Therefore if 7, = mwp we are done.

We now assume otherwise, so that for w’ < w we have 7., < 7, < Twp. It is sufficient
to show that limsup,,, H: < H;,. We take a sequence of successor ordinals w;,, T w with
wp, < w. For each n we have some w,, < w/, < w such that Tw < Tor +1. However we know
by construction that E; ,  _ =r so by the same calculation as in the case of successor
ordinals, limsupy,, (Hx, — H;) > 0 hence we are done. O

Thus we have established (4.19) whereby H; defined in (4.18) is a non-decreasing
adapted process.

Step 1c

Theorem 1.3 of [3] gives the existence and uniqueness of strong solutions to reflected
SDEs in convex domains where the drift is C' and Lipschitz. That theorem applies
directly to (4.8) in the d = 1 case. In the d > 1 case, the only issue is that the drift is
locally Lipschitz but not globally Lipschitz. Here we must stop the process 7; when it hits
€ > 0, then take ¢ to zero and note that on any fixed finite time horizon the probability of
hitting this barrier goes to zero as ¢ — 0.

Step 1d
We have constructed a solution (7, W) to (4.8) and claim that
e > E, ZT—d(Xt,aD), 0<t< Twp. (4.14)

The second inequality is obvious, we now establish the first.

We recall that (n, W) satisfies

dW, + <2dt + Bdt —dL]™", d>1
dnt:{ t 1 g, 00+ t , 0<t<oo, my=rm, (4.8)

dW; + Bdt +dL" —dL}™", d=1
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whereas F; is a [0, r]-valued process which satisfies

dW, + &2dt + Bdt + dH,, d>1
dEt—{ tF gp, 0f + Dat 4+ et . 0<t<Twp (4.18)

~ \dW, + Bdt + dLEds + dH,, d=1

for some non-decreasing adapted process H;. Therefore we have

d—1 d-—1
d(n; — E) = dHy + 1o (—— — dt
(e t) t d>1( 2, 2F, ) (4.27)

+1g=1(dL) —dLy) —dL]™", 0<t< Twp.

We fix § > 0 and assume for contradiction there exists t; < mwp such that n,, — E;, <
—24. We define ¢y = sup{t’ < t; : n;— Ey > —4}. Then since H; is non-decreasing we have
(Mg — Ft,) = limsupy4y, (; — Ey) > —6. Therefore o < t; and we must have n; < E; — ¢
for ¢ € (to,t1]. Thus as H, is non-decreasing (n;, — Ei,) < liminfy ,, (n; — Ev) < —6 and
therefore (1, — Fi,) = —0. Therefore we must have

d-—1 d-1

- -n _ E E _
LZ"—L;"—O, Ltl_Lto—O» ]ld>1(Tm— 2Et

Jdt >0 for t € [to,t].

Therefore we have

b d—1 d-1
-6 > (7lt1 - Etl) - (nto - Eto) = / ]]'d>1( - )ds
to

215 2F;
>0
+Hy, — Hyy +1g=1 (LY, — LY)— (LY — L{))— (Ly7 " — Ly, ") > 0.
N————
>0 >0 =0 =0

This is a contradiction, hence we must have n; > FE; for t < myp.
We have now completed Step 1d.

Step 2

From (4.19) we can write

AW = ni - dW}
for some processes ni. We write n’(k) and W/ (k) for the component of n’ and W* in the
k™ dimension respectively. Therefore we have for i # j that

AV = D7 n ()] (W (k), W (1), = 0.
k,l

Thus the Brownian motions W* and W7 have zero covariance, so W2,...,W¥ are
jointly independent. Since each (', W’) is a measurable function of W?, they must also
be independent.

Thus we have constructed independent identically distributed strong solutions
(n', Wh),...,

(n™N, W) of (4.8) satisfying (4.10) so have established Proposition 4.2.

4.2 Proof of Lemma 4.4

We consider on the same probability space (2, 7, P) two independent strong solutions
(n*, WF) (k = 1,2) to (4.8), which we recall is given by

n , mo=r, (4.8)

o AWy + $2dt + Bdt —dL]™", d>1
"\ aW, + Bdt + dL? —dLi 7, d =1
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such that (', W) and (n?,W?) are independent of each other. Given t; € Q> we define
iy = inf{t > to : min(n}, n2) < g}.
We define for k =1, 2,

0, t<t

—k ~ I _

W, =W+ Blt—to) + [, $tds, to<t<m,
B(7, — to) + ftzt” %ds, t> 1,

By Girsanov’s theorem there is an equivalent probability measure P under which
—1 =2 . . . . -
W™ and W are Brownian motions, which by examining the covariation we see must be
independent. Now we observe that (nf)togtg% must satisfy

_ k
dgf = dWy —dLj™, to<t<m, uf=r.

We have the existence of a strong solution 7} = nf + Wy — SUD;, <1< W, which by
computing d(7* —n*)? < 0 we see must be equal to 1" (i.e. we have pathwise uniqueness).
Therefore 7" is a measurable function of Wk, hence r —n' and r —n? are independent and
distributed under P like the absolute value of a 1-dimensional Brownian motion. There-
fore by Pythagoras \/(r — n})2 + (r — 17)2 must be distributed under P like the absolute
value of a 2-dimensional Brownian motion. Therefore P(3t, < t < 73, such that n} = n? =
r) = 0 hence P(3ty < t < 73, such that 5} = n? = r) = 0. Taking the union over t; € Q>
we are done.

O

4.3 Proof of Proposition 4.5

We now use Proposition 4.2 and Lemma 4.4 to establish that 7wp = co. The main idea
is that by Proposition 4.2 the event 7wp < co corresponds to the event that two of the 7’
hit r at the same time, which almost surely doesn’t happen by Lemma 4.4.

In [9] they justified that 7sp > Too OnD the basis of the hitting time of a Brownian mo-
tion in an arbitrary domain having a continuous density. However, (4.10) and Lemma 4.4
give us that 7s0p > Too A Tmax for free. Indeed, if 7g10p < Too A Tmax then two particles (say
X* and X7) hit the boundary at time 7op, so that by (4.10) 7, = 7, = 7. Therefore
by Lemma 4.4, P(7stop < Too A Tmax) = 0.

We now have Tgop > Too A Tmax @lmost surely. Since between killing times 7, the
particles can’t travel an infinite distance over a finite time horizon 7' < co, we may
inductively in k see that 7,.x > 7 AT. Since T < oo is arbitrary, Tmax > Teo-

Thus 7o < Tmax /A Tstop, SO0 We now seek to show 7, = oo almost surely. We assume
for the sake of contradiction 7., < oo with positive probability. We write TZ. for the k™
jump time of particle i. Then there exists 1 < ¢ < N such that T]i T Too < 00as k — 0o
with positive probability. If this is the case, then ¢ must jump an infinite number of times
up to time 7. Therefore by the pigeonhole principle, for some j # i, i jumps infinitely
many times onto j before time 7., < co with positive probability

We therefore assume i jumps onto j infinitely many times up to time 7., < co. Since
the drift is bounded and 7., = T7wp < co we almost surely have

>o(xk —X1)? < oo (4.28)

i
Tht1
k such that
ijumps onto j
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We write T,i’j for the k™ time particle 7 hits the boundary and jumps to particle j. Then
by (4.28) we have

d(X ,J,8D) d(X':;,0D) =0 as k— oo,
k

Thus lim sup,,, nt = lim suptTT nt = r by (4.10). Thus if 7o, = Twp < oo with positive

probability then 77 = nd_ = r with positive probability, which is not the case by
Lemma 4.4.
Therefore mwp = oo almost surely. O

4.4 Proof of Proposition 4.6

It is sufficient by [24, Theorem 4.10] to show that the expected mean measures,
{x¢ : x¢(A) := E[mY (4)] whereby m} := 9~ (X}) for some weak solution X} to (1.3)
for any initial condition X2’ ~ v™¥ € P(DV), any N and any ¢ > T},

are tight. We define V; = {x € D : d(z,0D) > ¢}. Then we have x;(Vy) = P(d(XxN,
D) < §) < P(r—nt < 8) = P(pM' > r — §) by Tonelli’s theorem and Proposition 4.2.
This bound is uniform over all weak solutions for all N, all initial conditions, and all
T > T, hence we are done.

O

4.5 Proof of part 1 of Proposition 4.7

We henceforth fix Ty > 0 and € > 0. We shall take K. 1, = V. = {z : d(z,0D) > ¢}
for c> 0 to be detgrmined. We may by Proposition 4.2 construct i.i.d. solutions of (4.8)
(nt, Wh), ..., (n™,W¥) such that

N
1 .
{mN(K¢) > e for some Ty < t < T} C { sup — > 1(d(X7,0D) < ¢) > e}
To<t<T N =

N
1 ,
Q{ sup —g m>r—c 26}.
To<t<T N = 10 )

Therefore it is sufficient to show that we may take ¢ > 0 small enough such that

limsup P( sup > r—c)>e) =0. (4.29)
Nooo  To<t<T N Z )

Our strategy will be to implement Kingman’s Subadditive Ergodic Theorem. We
will establish (4.29) with n',...,n" constructed on a different probability space (which
is sufficient). We consider a strong solution (n, W) of (4.8) on the probability space
(92, F,P). We thereby, by taking an infinite product, construct i.i.d. solutions 1’ of (4.8)
on the probability space (Q, F,P)®, It is classical that the map

T:(Q,F,P)¥® 3 (w,wa,...) — (wo,ws,...) € (,F,P)®>

is ergodic. For ¢ > 0 to be determined and every n € INwe let g, (w) = Supr, i< D1 <<, 1(7f
> r —c¢). Then it is easy to see g, satisfies

Intm (W) < gn(w) + g (T"(W)). (4.30)

Therefore by Kingman’s Subadditive Ergodic Theorem we have

1 ) 1
lim —g,(w) = inf E[—g,] P®>-almost surely.
n—o0 1 m>1 m
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Thus it is sufficient to establish that there exists ¢ > 0 and n < co such that ]E[% gn] < €.
We fix n > 2 and note that

1

E[ 9] € P92 < 1) + P90 22) < 5 +P(gn 2 2).

S

Therefore it is sufficient to show P (g, > 2) < § for some ¢ > 0 small enough. We may

consider the ranked particles nt( ) > 7),52) > ... 2> nt("), in particular we consider the
second ranked particle

0> = sup{n; : 3j # i such that 15} > }},
which we note has continuous sample paths. Then we have

{gn>2} ={ sup n® >r—c}.
To<t<T

Our goal is to show the probability of this event is less than § for ¢ > 0 small enough.
Recall that ° < r. Since 1(?) has continuous sample paths and [To, T] is compact we have

{ni =n! =rforsomei+jand Ty <t <T}

= {77752) =rforsome Tp <t <T} = ﬂc>0{nt(2) > r —cforsome Ty <t <T}.
The probability of this event is zero by Lemma 4.4 hence we have

limP( sup 7 >r—¢)=0.
c—0 To<t<T

Therefore P(g, > 2) = P(supp, <;<r n® >r —¢) < £ for ¢ > 0 small enough. Therefore
we have

/> r—c) <e P®-almost surely.

Mz

lim sup
N—o0 T0<t<T

Thus we have (4.29) on our original probability space. We finally note that the choice
of ¢ > 0 is dependent only upon the parameters of the Bessel processes, hence dependent
only upon 7Ty, T, ¢, B and r.

O

4.6 Proof of part 2 of Proposition 4.7

We recall ¢V = 9 v". Since {¢"} are tight as a family of random measures, for every
€, 6 > 0 there exists ¢/ > 0 such that

PEN(VE) > =) <.

€
10

So, by bounding the distance travelled by a particle in time 7; for small enough
Tp > 0, we have that for some smaller ¢’ > 0 and all N large enough that

P(mY (V5) > e for some t < Tp) < 6.

C

We now take é(e, §) = c(e, Tp) A ¢ so that IA(675 = V. satisfies (4.13).
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4.7 Proof of Proposition 4.10

Here we adopt a strategy similar to Part 1 of the proof of [9, Theorem 1.3] (where
they considered the Brownian case). There they argued that a positive proportion of
specially selected particles stay within a given set with probability converging to 1. Then
they argued that each time some particle dies there is a probability bounded away from 0
of this particle jumping onto one of these specially selected particles. If that is the case,
then the probability of not dying off is bounded away from 0 as the distance between the
given set and the boundary is bounded away from 0. Thus each time a particle hits the
boundary, there is a probability bounded away from 0 of this being the last death time of
the particle so long as the specially selected particles are within the given set.

Their proof that a positive proportion of specially selected particles stay within a
given set with probability converging to 1 relies on the independence of the particles in
the Brownian case. This does not apply in our case, so instead we must use the closed
set we constructed in Part 2 of Proposition 4.7. Moreover we break [0, 7] into a large
number of sub-intervals, over each of which the diffusive term dominates the drift term
(this is not necessary in the b = 0 case as there is no drift).

We recall that Geom(p) refers to the geometric distribution on {1,2,...} with distri-
bution given by P(G > k) = (1 — p)*~! (Remark 4.9). We now set

M =inf{t > 0:mY(KS ) > %}, (4.31)
so that we have limsupy_,. P(7)¥ < T) < e. We break [0, 7] into M to be determined
sub-intervals [rh, (r + 1)h] (r = 0,..., M — 1) of length i = £ and define

Jy = |{k:7 € [rh,(r +1)h] and 7} < 7NV}|.
We recall that X/ has driving Brownian motion W} and satisfies
|(Xi, = Xi,) — (W, = Wil < Btz — 1) (4.22)

if Xf does not hit the boundary during the time interval [¢, t2]. We recall the observation
that if our distance to the boundary is bounded from below then in order for our particle
to die within a sufficiently small time interval, the driving Brownian motion W; must
travel a distance bounded from below in this small time interval. Using Part 2 of
Proposition 4.7 take 6 = “(‘T‘S) > 0 so that d(IA(%,G,aD) = 34, and further take M > LE.
Thus if rh < 7 < 7{,y < (r+1hand X, € K

1. we must have

|W(T+1)h/\‘r,i+1— - WTi| > 36 — Bh > 26.

Moreover ]P(\W(TH)MT;H, - Wy

> 26|F;) < p for some p < 1. Therefore at each
death time 7{ € [rh, (r + 1)h] with 7} < 72 there is a probability at least § of jumping to
a particle in K e and if this is the case there is then a probability of at least 1 — p > 0 of
this being the final time particle ¢ jumps during the interval [rh, (r 4+ 1)h]. Therefore J.
can be coupled to a Geometric random variable of success probability (1 — p) x % which
is independent of 7}, and dominates J,.

O

5 Ergodicity of the N-particle System (1.3) - Theorem 2.7

The goal of this section is to establish Theorem 2.7, giving ergodicity of the particle
system for fixed N. We recall that in Theorem 2.7 we assume D is bounded and path-
connected, which we therefore assume in this section. Since N is fixed, we neglect to
write it for convenience. We write G = D" and P, for the transition semigroup for X.
We recall the Doeblin condition in continuous time
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Definition 5.1 (Doeblin Condition, [26]). There exists t, > 0, « > 0 and a probability
measure v such that for any © € G, P, (z,dy) > av(dy).

We now recall [26, Corollary 2.7].

Theorem 5.2 ([26]). Assume that the Doeblin condition in continuous time holds. Then
there exists a unique invariant distribution i), and moreover we have

1Pz, ) —v()||lv < (1 — )], vz ea.

Thus it is sufficient to establish the Doeblin condition holds.

Step 1

We define V. = {z € D : d(z,0D) > ¢} and G = V». We fix 0 < ¢; < %. We shall
construct a relatively compact, open and path connected domain K with smooth (C*)
boundary 0K such that

G, CK ccG.

In particular if # = (x1,...,2x) € DV then d(z;,0D) > € for all i implies 7 € K.
We fix ©* € G and define the function

p(¥) == sup d(v,0G).
v =T
apathin G
Then since p is continuous and positive, there exists ¢ > 0 such thatp > ¢ > 0 on G, .
We then define the relatively compact, open, path-connected set K’,

G, CK ={Fe€G:p@) >¢e}cCa.

We now expand K’ a bit to obtain an open, path-connected, relatively compact domain
K with smooth boundary. There exists ¢’ > 0 such that d(K’,0G) > ¢'. We take
¢ € O(RN) a mollifier supported on the ball B(0, %) so that by Sard’s theorem there
exists 0 < ¢ < 1 such that

K" ={x: 90*]11(’+B(0,%) >c} 2 K' DG

is a relatively compact, open domain with smooth boundary. Thus taking K to be the
path-connected component of K’ containing K’, we obtain our desired domain.

Step 2
We recall that D satisfies the interior ball condition with radius r. We may by
Proposition 4.2 define N i.i.d. Bessel processes, with positive drift B, n',...,n", such

that r — * < d(X*,dD) for each i. Then with probability at least p; for some p; > 0,
ni, ... ,n{V < r — 2¢;. This gives us that there exists p; > 0 such that P (#, G, ) > p; for
all # € G = DV.

Step 3

For @ = (u1,...,unq) € G and € > 0 we define

F(i,e) = {(ul, ... ulng) : Ju) —u] <€}

We take @ € G and ez > 0 such that F(4,5e2) C Ga, and fix C = F(i, e2). We claim that
there exists 62 > 0 and py > 0 such that Ps,(Z,C) > py for all & € G, .

We let Q:(z,-) be the transition kernel for Brownian motion started at # € K and
killed when it hits 0 K. We can write the SDE for Xt between jump times as
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Since the drift is bounded, and both d(C*, F(@, %)) and d(kK, 9G) are bounded away from

0, there exists J> > 0 small enough such that for all x € K

T+ W52 € F(d, %2) and ¥ + Wt/ does not leave K for t’ < d,
= X52 € C and X, does not hit dG for ¢’ < &5.

Therefore we have
Py, (%,C) > Qs, (%, F (4, %2)) forall z € Ga,.

Taking a smooth function 1y 2) < ® < Ly 2y we see (t,Z) — Qi(Z, ®) is a smooth
solution of the heat equation on K with Dirichlet boundary conditions, so by the Maximum
principle ¥ — Q1(%, Lp(z,2)) is bounded away from 0 on Ga, . Thus Py, (#, C) is bounded
away from 0 on Gy, .

Step 4
Lemma C.1 then implies there exists p3 > 0 such that P, (Z,-) > psLeb.(-) for all
Z e C. Setting t, = 1+d2+1, a = p1pepsLeb(C) and v = ﬁ(c)Lebb we have established

Doeblin’s condition.
This completes our proof of Theorem 2.7.

6 Density estimate for the Proof of Theorem 2.9

Unlike the previous section, we no longer assume D is path-connected or bounded;
here we assume only that D is an open subdomain of R¢ satisfying the uniform interior
ball condition - Condition 2.3. We take a sequence of weak solutions to the Fleming-Viot
particle system with generalised dynamics

(nga Wth Z_)Z\[)()St<oo = ((XtNJv v vXtN7N)7 (WtN’lv ey WtN7N)v (bi{vyla ey bév’N))USt<OO

and with initial conditions Xév ~ vN. Moreover the drifts b, are uniformly bounded
with [b)"!| < B < co. We define m® and J} as in (1.10) and (1.12)

> 1
mi = 0N (X, TN = stk e W[ 7Y <),

The goal of this section is to establish the following lemma, which provides for
controls on possible subsequential limits.

Lemma 6.1. For fixed T < oo we assume that laws of {(mY, JN)o<i<7)}n>2 are a tight
family of measures on D([0,T]; Pw (D) x R>¢) with limit distributions supported on
C([0,T); Pw (D) x R>¢). Then for every subsequential limit in distribution (m, Ji)o<t<T €
C([0,T); Pw (D) x R>o) we have:

1. The random measure m defined by dm = dm,dt is almost surely absolutely continu-
ous with respect to Lebp 0,17

2. Forevery 0 <t <T we almost surely have m, is absolutely continuous with respect
to Lebp.

Note that we are not claiming here that almost surely m; is absolutely continuous
with respect to Lebp forall0 <t < T.

We focus on the proof of Part 1 of Lemma 6.1 - the proof of Part 2 is the same. We
then use the machinery we construct to prove Lemma 6.1 to prove the following lemma.
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Lemma 6.2. We assume that {L£(m}")} is tight in P(Pw (D)). Then for any T € [0, ) we
have

sup miV(B(O, R)9)
t€[0,T)

limsup E —+0 as R — . (6.1)

N —o0

The proofs of this section shall rely on an analysis of the “Dynamical Historical
Processes” defined in [4].

6.1 Dynamical historical processes

The Dynamical Historical Process (H2)%*)o<s<; is the unique continuous path from
time 0 to time ¢ which is equal to one of the particles at all times and equal to X; at time
t. We provide a definition of “Dynamical Historical Process” (DHP) which is equivalent
to that found in [4], but which will be more useful for our purposes.

We shall define the set of “Chains” C and associate to each o € CV a solution
(X*, W) of

AX{ = b(XE,mN)dt +dWe, 0<t<7=inf{t: X* €D}, X§ =X ),

whereby ig(a) € {1,...,N}. Each o € C¥ provides a recipe for a continuous path made
from the trajectories of the particle system, killed at the first time it hits dD. The index
io(a) € {1,..., N} is the index of the particle whose trajectory X “follows” at time 0.
We shall then define for each 1 < i < N a cadlag CN-valued process aiv “ which
provides a recipe for the unique continuous path made from the trajectories of the
particles finishing with XtN * at time ¢.
Definition 6.3 (Set of Chains CV). We define CV to be the collection of all “Chains”,
which we define as

CN = {((]1670>7 (jf*lakéfl)w cey (j17k1)7 <j07k0)> :jg' S {17 o 7N} forﬁl S f)
ke € N, jp # Jer+1 for ¢’ < ¢ and 0 <l< OO}

Given o = ((j¢,0), (je—1,ke-1), -, (Jo, ko)) € CN we write |a| = ¢ for the “length” of the
chain. Thus a = ((i,0)) is defined to have length |a| = 0.

We now construct (X, W) for a € CN as follows. Recall from (2.8) that U,i is the
target index of particle i at its k' jump time. We firstly define the cadlag processes
(Z9, AY )o<t<oo fOr a = ((4e, 0), (Je—1,Kke=1); - - -, (Jo, ko)) according to

Initial Condition: (Z§,A§) = (je, ¥),
(T2, A8) « (Gryr) = U1, — 1) it =737

(Ze, AY)  is constant otherwise.

1 . rrir—1
cand j, =U. ",

We then define
Xt =X, 0<t<7™=inf{t>0:X>" €D},
AW = dW, 0<t<oo, W&=0.
We see that X* must satisfy the SDE

AXP = b(m), XO)dt +dWe, 0<t<r*=inf{t>0: X" €D}, X§:=XL,

(6.2)
whereby ip(a) := I§.
We now define the Dynamical Historical Process.
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Figure 2: The continuous thick path denotes the path of the DHP corresponding to
particle XV at time ¢.

Definition 6.4 (Dynamical Historical Processes). Given « = ((j¢,0), (je—1, ke—1), - - -, (41,

k1))

€ CN and (jo, ko) with jo # j1 we set

a® (jo, ko) = ((je, 0), (Je—1,ke—1), - - -, (41, k1), (Jo, ko).
We then define the CVN -valued processes a;N’i G=1,...,N):

1. At time 0 we define
N,i .
oyt = (1,0).

2. Between death times of X°, aiv’i is constant:

Ny _ Ny i i
ap = ot T St < Tpyq

3. At time 7} if U} = j then we set

ot =al @ (i, k). (6.3)
k

3
Tk

Then we note that by construction o >t We may now define the Dynamical Historical
Processes of XN:1, ... XNV py

. N,i
HN = X 0<s<t (6.4)

i aN’i . . .
We say that the DHP HV'%* follows particle j at time s if Zg* = j. Thus in Figure 2
the DHP # "% follows particle j at time 0 and particle i at time t. We let R > 0 be the
index of the most recent jump time of particle i:

R =max{k > 0|1} <t},
with the convention that 7§ = 0 so that #-*"* follows particle i at time s for s € [, t].
t

6.2 Proof of part 1 of Lemma 6.1

Without loss of generality, suppose that (m{, J Jo<i<T converges in distribution on
D([0,T); Pw (D) x R>o) to (my, Ji)o<t<r € C([0,T); Pw (D) x R>p), as N — oo (or along a
subsequence). We will write

m=m; @dt, dm=dmdt, m" =m) @dt, dm" =dm>dt. (6.5)
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Our goal is to show that, IP-almost surely, the random measure m = m; ® dt is absolutely
continuous with respect to Lebp (o, 7

For h = (hy,...,hq) € R%, and & = (z1,...,24) € R? we define the rectangle
Rﬁ(f) = (:ZZl — hl,l‘l + hl) X ... X (Id — hd,l’d + hd) (66)

Define A = {R;(Z) x [to, t1] : to,t1 € Q, 0 < tg < ty, T € QY h e Qy} and take R to be
the set of finite unions of sets in A (note that R is a countable collection of sets). For
E € B(D x (0,T))\ {0}, define Ty,in(F) = inf{t : (z,t) € E}. For p € R we define

pt = {x: (z,t) € p}.

Our proof of the almost-sure absolute continuity of the random measure m begins
with the following two lemmas.

Lemma 6.5. Fix T' < oo and suppose that we have a random measure m € P(D x [0,T])
defined on a probability space (2, F,P) such that m(D x {0}) = 0 holds PP-almost
surely. We further assume that for every ¢ > 0 there exists a non-increasing function
C. : (0,T] = R>¢ such that

E [0V sgg (m(p) — Ce(Tmin(p))Leb(p)) | < e. (6.7)

Then m << Lebpyo,r] holds P-almost surely.

The proof of Lemma 6.5 is given later in Appendix A. We note that (6.7) is a property
of the law of the random measure m. Therefore, by Skorokhod’s representation theorem,
we could assume the convergence of (m{, JN )o<i<r to (m¢, J;)o<i<7 holds almost surely
on a possibly different probability space (Q%5-, F-5 P*s-),

Lemma 6.6. Suppose that, on the probability space (Q%°:, F** P**), some random
variables {(mY )o<i<r} converge in D([0,T]; Pw (D)) as N — oo, P%* -almost surely, to
(my)o<i<r € C([0,T]; Pw(D)). Then, for all p € R, we P** -almost surely have

T
/ my(pe)dt < hmlnf/ m (p;) dt

Proof. Since (m;)o<i<r € C([0,T]; Pw (D)), by assumption, we know that (m)o<;<r
converges to (my)o<i<r with respect to the uniform (in W) metric. So, P%*-almost
surely we have
my(p;) < liminf m® (p;)
N—o00

for every t > 0 by the Portmenteau Theorem and the fact p; is an open set. From this
fact and Fatou’s lemma, we infer that, IP**-almost surely,

T
/ mt(pt)dtg/ hmmfmt (ps)dt <hm1nf/ m™N (py)d (6.8)
0 0

N—o0

O

So, to verify the condition (6.7) for the limit measure m, we turn our attention to
estimating m®™ (p). Whereas Lemma 6.6 requires almost-sure convergence, the construc-
tion we will use to obtain controls on m”~(p) doesn’t necessarily make sense on such
a new probability space obtained with Skorokhod’s representation theorem. We will
therefore obtain controls on m” (p) working on our original filtered probability space
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(Q, F, (Fi)t>0,P). We will then transfer these controls to controls on the limit by way of
Skorokhod’s representation theorem and Lemma 6.6.
Working for the time being on (2, F, (F;):>0, P), we now turn our attention to esti-

mating:
TN 1 [T Nyi
= my (py)dt = — / 1(X,"" € py)dt.
| mi DI AEEY

Estimating this quantity involves bounding the number of particles in a given set p;
at time ¢. It is straightforward to do this with pure diffusions. In our system, however,
the jumps make this estimate more difficult. ‘

Recalling the definition of the Dynamical Historical Process ’Hﬁv i= X i\m, for s € [0,¢],
we let G;"™" be the event that

Nil <y (6.9)

and
NI <l Y oselo, . (6.10)
The first condition says that the DHP makes no more than ¢ “transfers”, and the second

says that if the DHP # Y% is following particle j at time s, then particle j has made no
more than n jumps up to time s. We recall that

XNi=yNit 0<t<T, 1<i<N. (6.11)

) — — f— f—

Now we bound m”~ (p) by

N T N
1 : N ,
m o) = 5 3 [0 e poner a5 Y- / € pOLGE™ )t
i=170 i=1
(6.12)
1 N T T N
< — 1HN € p)L(GE™ ) dt + sup — (Gt (6.13)
N ;/0 ! ' ! te[0,T] N zzj
. NJ{n NJtn .
We write S;"""(p) and S, for the two terms in (6.13):
SV Z/ M € )L (GE
and
N,tn __ / n, z
Sy = sup Z (6.14)

te[0,T]

In particular, notice that Sév 4" does not depend on the set p.
For ¢,n € IN fixed, we will prove later (Section 6.2.1) that there exists C;,, : (0,7] —
R>( a non-increasing function such that for all p € R

Crn(Tmin(p ))Leb(P)\/S{V’e’n( )_>C€n( Tmin(p))Leb(p) (6.15)

as N — oo. In addition to this, we will prove later (Section 6.2.2) that for any ¢ > 0, we
may choose ¢ = ¢(¢) and n = n(e) such that

lim sup B[S)"] < e. (6.16)

N—oc0

NJdn N{n

Clearly, the random variables 5,
for fixed ¢ and n, the laws of {

are uniformly bounded: |S, | <T. In particular,
SNZ }n>2 are a tight family. Therefore, there is a
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random variable G¢ so that along a subsequence, Sév 4" _y G€ in distribution as N — oc.
By (6.16), E[G] < e must hold.
By the Skorokhod representation theorem, we may for fixed € > 0 assume that both

(mNYo<i<r = (my)o<i<r and 835" — G (6.17)

hold almost surely (perhaps on a new probability space (Q%*-, F** P%*), which does
not depend on p). From (6.13) and (6.15) we have for any p € R and ¢ > 0 that

P (m™ (p) — SN > €y Leb(p) +6) =0 as N — oc. (6.18)

(The quantities in (6.18) are all defined on the probability space (2%, F*5: P%*)). Using
Lemma 6.6 and (6.17) we have

liminf (m™ (p) — S3°°") > m(p) — G¢, P**-almost surely.

N—oc0

Therefore for every p € R and § > 0, using (6.18) and Fatou’s lemma we have

P> (m(p) — G* > CynLeb(p) +6) < liminf P> (mN (p) — SY4" > €y, Leb(p) +6) = 0.
(6.19)

Therefore, since § > 0 is arbitrary and R is countable, this implies

sup (m(p) — Cy,nLeb(p)) < G P**-almost surely.
pPER

We finally note that

EP" [sup (m(p) = Con(Toin (p))Leb(p))] < ¢

is a statement about the distribution of m, so must also hold true under IP. Except for the
proof of (6.15) and (6.16), this establishes condition (6.7) in Lemma 6.5 and completes
the proof of of Part 1 of Lemma 6.1. The rest of this section is devoted to the proofs
of (6.15) and (6.16).

6.2.1 Proof of (6.15)

The following lemma will be a key tool for controlling the density of diffusions with
bounded drift. We write 7i(Z) (¥ € 9RZ,) for the inward normal of the positive orthant
RZ, and consider strong solutions of the SDE

dY, = (=B,...,—B)dt +dW, + @(Y;)dLY, Y, =0, (6.20)

where L} is the local time of Y; with the boundary 8IR§O. This is a normally reflected
diffusion in ]Ri0 with constant drift. Recall R;(0) defined at (6.6).

Lemma 6.7. Consider on some filtered probability space (', F', (F})i>0,P’) the family
of R?-valued weak solutions (X7, W) (y € T) of the SDE

dX,] =bldt+dW,], 0<t< oo, (6.21)

whereby |b7| < B is (F}):>0-adapted. Then there exists on (', F', (F})i>o, P’) a family of
identically distributed strong solutions (Y, W7) to (6.20) which satisfy the following:

1. X7 dominates Y" so that
X} € R;(0) = Y € R;(0), t>0, heRY, (6.22)

whereby 0 = (0,...,0).
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2. We have explicit controls on the density of Y7 so that there exists C : (0,00) — Rs¢
non-increasing such that

P(Y, € R;(0)) < C;Leb(R;(0)). (6.23)

3. For any event A € F| and 1,7 € I': if conditional upon the event A, W™ and W2
are conditionally independent, then so too are Y and Y 2.

We will use Lemma 6.7 in Appendix C to prove Lemma C.1, providing controls on
the density of a diffusion for generic bounded drift, which shall be used throughout this
paper. N

We consider the possibilities for aiv’i given Gf’”’i. The condition that JV.Z** S <n
for all 0 < s < t then allows us to see that for each transfer of the DHP from particle
j to particle k, j is within the first n particles k£ jumps onto. Therefore to obtain all
possibilities for aiv - given Gf"z it is sufficient to consider the first n particles ¢ jumps
onto, the first n particles each of these children jumps onto, and repeating this ¢ times
to obtain all possibilities for ai\’ ", these possibilities form a tree structure. We take II¢"
to be a perfect n-ary tree of length ¢ and construct a random injective function

antn i — e

with image C;"*" C CV. This random function shall be such that
GimC {alt = &Nt (v) for some v e TI4"} (6.24)
and such that
div’z’”(v) is o(Ui:1<i<N, k>0)-measurable. (6.25)
We then define 7;N 4" to be the following {1,..., N }Hz’n-valued random variable
TNE™(0) = j, whereby & """ (v) = ((j,, 0),...). (6.26)

TN assigns the root of I1" to i, assigns the k™ child of the root to the k™ particle i
jumps onto, and so forth. We then define

gN,Z,n

N.¢,
; ")

= Image(7;
to be the collection of all particles given by ’EN 4" at some branch of IT#". Thus giN T
the collection of all particles which may be followed by X """ (%) for some v € 114",
We define a new filtered probability space (Q,F, (F;)i>0,P) given by the initial
enlargement
Fi=FiNo(Ui:1<i< N, k>0). (6.27)

We note the following:

1. This new filtered probability space has the same sigma-algebra as our previous
probability space (2, F,P). Thus any random variable we define on this new sigma-
algebra is defined on our previous probability space and vice-versa — only the
adaptedness properties with respect to the filtration may change.

2. Since (F;)i>o is a subfiltration of (F;);>o any (F;);>o-adapted process is (F;)i>o-
adapted.

3. The Brownian motion W’ is independent of U(U,i :1<i <N, k>0), hence an

= . . . ~N . =
(Ft)1>0-Brownian motion. Moreover since &; £ (y) is Fy-measurable we have

aNen t aNAm () aNen
Wi ()::/dWSL‘ L 0<t<oo, Wi =0
0

is an (}'t)tZO-Brownian motion.
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4. If the set of particles éva’z’"(v) follows is disjoint from those followed by djy’e’"(v’) -
. N,¢n Nyn aNtmn (v) d]}l,(.n(vl) o
hence if G, ng J = () —then W% and WY have zero covariation.
Therefore conditional on the event

ANIZ’H _ {giN.l,n n gN,l,n _ @} c ‘/—:-O’

1,7 J
W " @) and W ") must be independent.
For every p € R we fix a finite index set ¢, such that p is given by the union
p=Use, [tg,17] % Ry (&p) (6.28)

whereby
> Leb([tg, t]] x Ry (#5)) < 2Leb(p). (6.29)
BEL,
Foreach1 <i < N, v € ‘", g e t, we apply Lemma 6.7 to {X&f”g‘"(v) — 75} to
construct Y;"""? and define

A
m{\w,mp — Z / ﬂ(ytz,v,ﬂ c Rﬁg (0))dt, peER. (6.30)
Bebp tg
vell®™

We therefore have

N T . N t? v
N,l,n 1 gt 1 ! it >
S1 (p) = N Z ; 1(X; € pt)]lem,,idt < N Z Z ; 1(X, € REB (.Tﬂ))jlaf,n‘idt
i=1 t

=1 5€L,, 0

~— ¢ .
by (6.22) =1 BE€,, 70 =

We conclude our proof of (6.15) by establishing the following lemma and verifying
{nNb™P .1 < i < N} satisfies the conditions of this lemma with M = C,,(Timin(p))Leb(p).
Lemma 6.8. Let {7} : 1 < k < N € N} be a triangular array of random vari-
ables, and let Sy = >, -y 'y,iv. We suppose that the 7,2\’ are uniformly bounded, that
sup;, Cov(y N, ) =0 as N — oo, and that limsup_, sup; ;< E[y] < M. Then we
have SWN V M — M in probability.

6.2.2 Proof of Lemma 6.7

We firstly construct Y7, W for v € T'. We write X;*¢ for the d’'*" coordinate of X;"? for
1 < d' < d. We take the Doob-Meyer decomposition of |X? ! , obtaining it as the sum of
a Brownian motion ngd/, a drift (< B) term and a local time term up to the time 77. We
then write

Wi = (W W)
and continue W, after the time 77 by setting diW, = dW;. It is then immediate that

there exists an (F;);>o-adapted d x d signature matrix-valued process K, such that w

satisfies ~
dw; = K} dW,'. (6.31)
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Having constructed (F});>o-Brownian motions W, we have (F});0- adapted strong
solutions (Y74 W74") of the SDE

dY, = dW, — Bdt +dLY, Yy =0 (6.32)

(which exists by [3, Theorem 1.3]). Thus (Y7, W?) = ((Y"7',...,Y"4) W) is a strong
solution to (6.20). Now we observe that for some \bZ’d | < B we have

d( X7 =Yy = (B = b)Y )at +dLX T —arY ™t <.

Hence by the same proof that 7, > E, in the proof of Step 1d of Proposition 4.2 we
have |X;*%| > V"% for all t < 77. This immediately implies (6.22).

We now control the expectation, showing that there exists C' : (0,7] — R>( non-
increasing such that for all h e Rio and v € I" we have (6.23). We have [1, Equation
(1.1)] an explicit expression for the cumulative density function of reflected Brownian
motion with constant negative drift reflected at 0. Differentiating [1, Equation (1.1)] in y
we have that for some ¢ < oo the transition density satisfies

pe(z,y) < 7

Therefore P(Y,"" € [0,]) < Shfort>0,h>0and1<d <d.

We use (6.31) to see that W% and W% are pairwise independent Brownian
motions for d; # d» and hence jointly independent. Therefore {Y"¢ : 1 < d' < d} are
independent as they are measurable functions of independent Brownian motions. Thus
we have

[s%

c -,

P € B(0) = [ PO €[0,ha]) < o Leb(Ry(D)).
1<d’'<d

~~

Finally we observe that for any event A € F) and 71,72 € I'; if conditional upon
the event A, W7 and W? are conditionally independent; then they must have zero
covariation. Using (6.31) we see that W™ and W2 must also have zero covariation,
hence be conditionally independent. Therefore upon the event A, Y7 and Y are
independent as they are measurable functions of independent Brownian motions.

O
Construction of &, """
We define the random function &ZN b by firstly defining its image:
Definition 6.9. We define C,”"“" C CN by
Ci]V,e’n = {((j['7 0)7 (je’fla k[’fl)v ) (jlv kl)v (j07 k())) € CN .
(6.33)

Uli = jr41 whereby k. < n forallr </, {' <{, jo = z} )

N,ln

We now parametrise the elements of C; as follows. We define 11" to be a perfect

n-ary tree of length /.

Definition 6.10 (IT°"). We define I1®" to be a perfect n-ary tree of length /¢ (so that each
leaf is of depth ¢ with the root defined to be of depth 0). We adopt standard Ulam-Harris
notation, writing () for the root of 1*", (ko) for the k{! child of (ko < n) and recursively
defining (ko, ..., kr, kr+1) to be the kfﬂl child of (ko, ..., k) (forr < ¢ —2 and k, < n).
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Note that the leaves of this tree terminate with an ¢ — 1 subscript: (ko, k1, ..., ke—1).
Then we see that the random map

LlN,@,n : CiNl,n . H(,n’ ( 7 ) — 0
((7r50), (Gr—1,kr1)s -+ o5 (1, K1), (3, ko)) = (Ko, b1y kr), 1<r </
is bijective. To see that LN bn s surjective, fix some (ko, ..., kr_1) € II*™ and recursively

define j,.1 = U” (r < 6) jo = i. Then we see LNE (((Ger,0), (Gor—1,ker—1)5 - - -, (41, k1),
(i, ko)) = (Ko, k1, ... ke —1) whereby ((jer, 0), (jor—1,ker—1)s -, (j1, k1), (,0)) € C}O". To
see that .)"*" is injective, suppose that :™"“"(((je,0), (jo 17]%/ 1), (J1, k1), (i, ko)) =
(ko,k1,...,ke—1) (¢ < {). Then we must have j; = U,C and j,41 = UJT for r < #'. This
uniquely defines

((j£’50)7 (jé/—la kf’—l)v RS (jla kl)v (7’7 ko))

Thus we can take the inverse of LlN ’é’”, parametrising the elements of CiN A1 with Itn,

Hé,n N C;V,é,n7 RN @NZ n(v)’ dN,E,?L(@) _ (i, O)

ANen((kO’ kl? .- '7]{4’*1)) = ((jf/vo)a (]2/,1,]{4/,1), ) (jlvkl)’ (ia kO))

~N,tn

This shows that &; N,tn

: 11" — CV is a random injection with image C;

Proving and verifying the conditions of Lemma 6.8

Proof of Lemma 6.8. Clearly 5 — Z i1 E[% | has zero expectation, so we now show
it has variance converging to zero. Slnce the fyk are uniformly bounded, so are Var(fyk ).
We therefore have

N
Sy 1
Var(w -5 ZE[%N]) e ZVar () + > Cov(yY )
j=1 = Jj#k
N N 2 _
S m Sl]ip Var(')/k ) + N2 sup COV(’VJ y Yk ) — 0.
J#k
—0 —0
Therefore 5% — & Z] , E[v¥] — 0 in probability. Since limsupy _, ., sup; <<y E[y)] < M
we have %{,V V M — M in probability as N — oo. O
N,¢n

Clearly the #n; '# are uniformly bounded in N, so it is sufficient to control the
expectation and covariance as in Lemma 6.8. We do this using Lemma 6.7.

We start by controlling the expectation, using Tonelli’s theorem and (6.23) to see that
we have C} non-increasing such that

N ln ~
IR Cys (8] — ! — tg)Leb(R;; (0))
BeEt,
vellbn
S OTmm(p)lne’nl Z Leb([tg7t[13] X Rﬁﬁ (fﬁ)) S ZOTmin(p)|H€,n|]"eb(p)'
BEL,

We therefore define Cy,, (t) = 2[I1*"|C; so that B[y "“™*] < 2|T1% " Crin(p)- We now seek

to show that

( Nenp N n,p

sup Cov .1 )—0 as N — cc.

i#]
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AN L

We recall that conditional on the event the Brownian motions Wé‘fw’"(“) and

~N, L, 1
(03

W ) gre independent. Thus using Lemma 6.7, conditional on the event Aiv ,bn

’

Y01 and Y7'%2 are independent for 3y, B2 € ¢,. Therefore it is sufficient to show that

ianP(AfVJ?Z’”) —1 as N — oco.
i b

We calculate
|H€,n | 2

NJtn NJn
PG NG #0) < oy

—0 as N — .

To see this, we see that the elements of G""*" and Q]N " are chosen independently
and uniformly at random, so that each element of QJN A" has a probability at most

N Z,n
% <5 jm ‘ of being in QN n_Therefore by a union bound we are done.
We have concluded our proof of (6.15). O

Proof of (6.16)

We recall 7 is the stopping time defined in Proposition 4.10, and J; N+ is the number
of jumps by particle X* in time t. We shall now bound the probability of (Ge i ’) by
decomposing it into events A", BN and {7' < T}, whereby

AN = Uyenteon {0 O s g1, (6.34)
BT = {Jagyin] = £+ 1}, (6.35)

Step 1
We begin by decomposing (Gf“)c into the events
(Gyhe c AV u BN U PN < T, (6.36)

none of which are dependent upon any choice of p € R, only BtN he being dependent
upon ¢ < T, and whereby B;"" <% is not dependent upon n.
We may decompose (G £ )¢ into

{(GE™)e} C {|a |>€+1}U{JNI ,>nforsomese[0t]and|a |<€}

Since Proposition 4.10 gives controls on the number of jumps only up to time 7., it is
necessary to localise up to time 7.V so that

{(G“”) }C {|aWN\ >0+1}u{rN <T}

{J;“V/\f—N > n for some s € [0,#] and |o"!| < £}.

Focusing on the third term on the right hand side, since |ozt ‘| <1 we can write
ap = ((jer,0), o1, k1), - -, (i, o))

for some ¢ < /, so that we may take r minimal such that .J. /’\JTN > n. Therefore,
ko,...,kr—1 <mandr < /¢ so that we have

((5r+0)s Gr—12 1), -+ (i o)) € CFT
Thus j, = 7;N’Z’"(v) for v = (ko, k1,...,kr_1) € I[I*". Therefore we have (6.36) so that

{(GE™H)er {\awN| > 041} UUyemren{ TM; s pruEN <)
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Step 2

We now show that we may choose ¢ = {(¢) large enough so that

N
1
hmsupE Z]l BNEH dt < e. (6.37)
l:l

N—o00

There exists (by Proposition 4.10) J < co such that

lim sup IP(JT/\TN >J) <

N—o0

(6.38)

Oo\m

We define Sy = inf{t : JN > J} and L) := £ (1 + 3 ;|a;""|). We fix for the time being
1 <¢ < N. We see from (6.3) that if 7 jumps at time ¢, the expected value of |a | is at

most
7E |a |+1—7E |—|—1 N Ny,
N—-1"
J#i J#i

Moreover the length \a | 1mmed1ately prior to the jump must be non-negative, hence
the expected increase in |o | at time ¢ is at most LY . Therefore the expected value
of LY immediatly after the jump at time ¢ is at most LN . Further, the length of

|aV7| does not change for j # i and the |o" | are bounded by N(J +1) + 1 up to time
Sn. Thus we see that

1 N
(1+ ﬁ) e Linsy = (N - 1) Niron 1y Li\sy (6.39)

is a supermartingale, which takes the value 1 at time 0. We now observe that

N

N

¢ £,m,€,1 ¢

N§ ]l(BtN”"):N§ 1(Jex MTN\>€+1)<LMTN
= i=1

Thus, since (6.39) is a supermartingale, we have for all N and ¢t < T that

N

1 N ¢,n,en Le
P(, e 7 SUBY) 2 5) SPEWLns, 2 3)
N (N@J-JN ) le
<Pl () o Linennsy = 3)
N (-NJN le, N (—-NJ
=Pl (y—g) " sy 2 5 (=) )
- 2J
< é( N )NJ < e .
el "N — el

Therefore for some ¢ = ¢(¢) large enough we have for all N that

N
IP BNZnez >E
(o 2o )=3) <

i=1

Combining this with (6.38) and observing that sup,<y ..~ % Ly (BN < 1 we
have (6.37).
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Step 3
Having fixed ¢ = £(¢) we may choose n = n(¢) large enough such that we have
L
limsup EF [—) "1(45"9)] <e (6.40)

Recalling 72N 47 defined at (6.26), we define the initial enlargement

v 7—7‘,N1Ln(v/) / ,n,v
FY=F,Vo(U, k>0, 0 e™Y), >0 (6.41)

whereby we write IT1¢™" for I1¢" with all descendents of v removed (we remove v itself).
We then observe that:

1. 74" (v) is F¢ measurable.
iti Notn (o N.tn I e b : T (v)
2. Conditional upon 7; (W) # T,7""(v) for v' € II"™?, the jumps U, are
N,l,n
chosen independently and uniformly at random at the times 7, * (U).
3. WT""®) is an (F?)t>0-Brownian motion as with the argument that et @) s
an (F;);>o-Brownian motion in the proof of (6.15).
We fix for the time being 1 < ¢ < N and now work on (Q, F, (F})i>0,P). We see

that with probability at most | e U' < ("Hl) LTV ) £ TN () for all of € TI6™,

N, l,n )
Otherwise W7."""(¥) is an F’-Brownian motion and U, ™) (k > 1) are chosen inde-

N,L,n
pendently and uniformly at random at time le—i )

of the proof of Proposition 4.10 in order to obtain

, so that we can repeat the argument

N,t,n No&n iy, n n,v
P(Jf. 20+ 1) <PUL, Y 204 Ti(v) # TV () for o € TI)
N, 1 / £,n,v I-’ILJlJ |Hl’n|
+P(T;(v) = T,""(v") for some v’ € II"™") < Mpe ™'* TN

for some 0 < p. < 1 and M, < co. Whereas we may have established this using a new
filtration, our probability space (2, F,P) has been kept fixed. Therefore we have

n41 Hé,n 2
P(AN™) < IrIf’”IMepeL Wl | |N |1.

n+1

lim sup E[— Zjl (ANE™] < I Mepe ™ ° =0 as n — oo.

N—o0 i—1

Having fixed ¢ = ¢(¢) we may therefore choose n = n(e€) such that

N
. 1 N,ln,e
limsup E[— LA )] <e
Bl 3 1)
so that we have (6.40).

From (6.37), (6.40) and Proposition 4.10 we may conclude that for all ¢ > 0 there
exists ¢ = {(e),n = n(e) such that

N
lim sup E¥ [ sup % Z ]l((Gf’"’i)C)] <e (6.42)

N—o0 t<T IV =
This completes the proof of (6.16) and therefore of Part 1 of Lemma 6.1.
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6.3 Proof of part 2 of Lemma 6.1

We may observe that the proof of Part 1 may be repeated with A replaced by
{(a*,b') x ... x (a®,b) : a*,b' € Q}, and R adjusted accordingly to obtain a proof of Part
2.

We have now concluded our proof of Lemma 6.1. O

6.4 Proof of Lemma 6.2

The T = 0 case is an immediate consequence of the assumption that {£(m}")} is tight
in P(Pw (D)), so we may henceforth assume that 7' > 0. We now prove Lemma 6.2 using
the machinery we constructed to prove Lemma 6.1. We take R < oo to be determined
and write Fr = B(0, R)¢. As with (6.13) we have

N N
FR <7Z HiV7tEFR l/ﬂl Z Génl

We then use (6.24) to see that

Nln

N
supmlY (Fr) < — Z Z (sup|X," )\ > R) + %Sév’é’"
i=1 vellt

t<T t<T

where 52" was defined at (6.14). We now fix ¢ = {(¢) and n = n(e) as in (6.16) so that
. N,tn
lim sup y_, o, E[S5 "] <.
These are then random variables on the filtered probability space (Q, F, (F;)¢>0, ]P) de-
fined in (6.27) with respect to which Wdz]'v’ () is an (]-'t)t>0 -Brownian motion, X%: )
is adapted and is a solution of the SDE (6.2):

&t )

dN,Z,n(U) ~N,¢,n
dx;" =b(m, X" )dt +dWe, 0<t <780, (6.43)

Nln(

&Z.V’[""('U)
) = inf{t > 0: X, € dD}.

Using the fact that (6.1) holds for 7' = 0, and the fact the drift is bounded, we have

. . 1 &N%fﬂr v
hmsuphmsupE[ﬁz Z 1(sup|X;* ( )l > R)} —o.

R—oo N—oo i=1 yellbn t<T

Therefore we have

lim sup lim sup E[sup m? (Fg)] <
R—oo N—oo t<T

Sl

Since ¢ > 0 is arbitrary, we are done.
O

7 Coupling to a particle system on a large but bounded subdo-
main
We construct here a coupling which will allow us in Section 8 to establish our
hydrodynamic limit theorem on unbounded domains. We prove the following lemma in
Appendix B:
Lemma 7.1. Let D C RY be a non-empty open domain with C> boundary 0D. Then for
every R > Ruyy := inf{R' > 0: B(0, R") N D # 0} there exists a non-empty open bounded
domain Dg with C* boundary such that D N B(0,R) C Dr C D.
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For all R > R.in we let D be such a subdomain of D. Since Dg is a smooth bounded
domain there exists rg > 0 such that Dp satisfies the interior ball condition with radius
r > rg > 0: for every x € D, there exists y € Dg such that = € B(y,rg) C Dg.

Given the Fleming-Viot particle system XN with McKean-Vlasov dynamics constructed
on the filtered probability space (Y, FV, (FN);>0, PY) and associated empirical mea-

sure processes
1
N __ 2 : .
mt = — 5X:\7,z,
%

we now define a coupling, on an enlarged filtered probability space (QV-# FN.E,
(FN)i>0,PN'R), between XV and another Fleming-Viot particle system with general
dynamics X~ on the subdomain Dy having drift processes by " = b(md, x V-7
(defined in Definition 4.1). In particular, we prove the following proposition.
Proposition 7.2. For R > Ry, + 1, the Fleming-Viot particle system XN can be
coupled with another particle system XN.E on an enlarged filtered probability space
(VR FNE(FNRY S PNR) such that the following properties hold:

1. The particle system XNR js g Fleming-Viot N-particle system with generalised
dynamics (defined in Definition 4.1) on the domain Dpr having drift processes
bt — p(md¥, X1, which is well-defined up to time co.

2. Assuming {£(m}")} is tight in P(Py (D)), then the empirical measure processes

Nr_ 1 5 »
mt = N Z X:V,R,l’
1

and the jump processes
1 - 1 >
JN = N#{jumps up to time t by XN}, JNF= N#{jumps up to time t by XV'1},

satisfy

(a) {L(my ") : N e N} is tight in P(Pyw (Dg));
(b) for any T < oo,

limsup]E[supHm,{V—méV’R||TV+1/\sup|JtNthN’R| —0 as R—o0. (7.1)
Nooo  Li<T t<T

Note that by Theorem 2.6, (XtN )o<t<oo has the same distribution under PV as under
PYN:®_ We shall firstly construct the coupling before establishing that this coupling
satisfies (7.1).

7.1 Construction of the coupling

Since N is fixed in this construction, we neglect the N superscript for the sake of
notation. We fix a point z* € D N B(0, R — 1). We then take a filtered probability space
(Q, F, (Fi)¢>0, P) on which are defined the jointly independent Brownian motions (W} );>¢
(i = 1,...,N) and whereby (ﬁt)tzo is the natural filtration of the Brownian motions
W'. We then define a probability space (22", F",P") on which the jointly independent
uniform {1,..., N} \ {i}-valued random variables V} (i = 1,...,N; k > 1) are defined.
We shall firstly define our construction on the measurable space (which we shall later
equip with the appropriate filtration and probability measure)

QE FRY =(xQx QY FoFed").
We shall partition {1,..., N} into “blue” indices B; and “yellow” indices ); at each

time ¢ - we shall say the ith particles, both Xf and XtR’i, are blue (or yellow) at time ¢ if
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1 € By (or i € V). We shall refer to particles in the particle system X£R as “R-particles”.
At time 0 we assign indices i € {1,..., N} to be blue if | X{| < R — 1 and otherwise yellow:

By:={i:|X}|<R—-1}, Vo:={i:|X}|>R~-1}. (7.2)

The initial condition for the R-particles is given by

, Xt i€B
X[z 0 tERe (7.3)
J)*, (S yO

Having defined these initial conditions, we now summarize the properties of the coupling
construction; we give a more precise construction below:

» All R-particles, whether blue or yellow, will satisfy XtR "€ Dg forall ¢t > 0.

* Once an index turns yellow, it will remain yellow: if i € ), then ¢ € ); forall t > s.
Between jump times, the yellow R-particles are driven by the Brownian motion W*
(independent of W;), according to

dXN =dw}, ie .

Upon hitting 0Dg, a yellow R-particle jumps onto another R-particle chosen uni-
formly at random.

« Aslong as an index i is blue, the particle X? follows X?, meaning X;*" = X} if
i € B;. In particular, between jump times a blue R-particle satisfies

dX® = b(m, XY dt +dW}, i€ B,

Upon hitting 0Dpg, a blue R-particle jumps onto another R-particle chosen uniformly
at random. However, the blue particle may turn to yellow upon hitting 9D.

+ An index ¢ can change from blue to yellow only when X* hits the boundary 0Dx.
There are two ways this can happen. First, a blue index ¢ turns yellow whenever
the associated particle X% = X hits dDg \ 0D; at this point, X® jumps onto
another R-particle (in Dg), but X * does not jump at this time (because it has not
hit D). A blue index turns yellow also in the case that X% = X? hits D \ 0Dg
if X' happens to jump onto a particle with yellow index j € ),. In this case,
the index i is turned yellow, and the associate R-particle jumps onto the yellow
R-particle X7 € Dy (which may be at a location different from X7). When a blue
R-particle hits 9D \ dDg and jumps onto another blue particle, then it remains
blue. In particular, X ®¢ = X jump to the same location and the relation X;** = X}
continues as long as 7 € B;.

A precise construction of the coupling can be carried out inductively. We will define
the times (7{%)$2, corresponding to the k'™ death time of any of the R-particles (k' time
at which an R particle hits dD). Our coupling is constructed up to time T,f‘, inductively
in k. We proceed as follows.

Step 1

Assuming that for some k£ > 0 we have defined the random times 0 = Té% <. < T,f
and X/, B; and ), for t < 7/ we define 7%, and X/, B, and Y, for t < 7%, according to

T;i_l =inf{t > 7t : Xﬁ’i € 0D for some i},

,i .

x0T By te o)

t - XR’Z WZ‘ Wl . ) Tk s Tht1)-
&t We = Wi, i€V
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This means that the R-particles X which are blue at time T,f‘ track the corresponding
X, whilst the yellow R-particles track the path of the corresponding (Ft)tzo-Brownian
motion W; up to the next time T,ﬁrl one of the R-particles the boundary 0Dg. Further-
more, we define

By :=B.r, YVi:=Yr, tE€ e,

so that between hitting times the colors of the R-particles do not change.

Step 2

We now define the construction at time 7% ;. It may be the case that two or more of
the R-particles hit the boundary dDp at the same time (when we equip our construction
with a probability measure this will turn out to be a null event), if this is the case we halt
our construction at the time we call Tstop = T,ﬁil.

Otherwise there is only one R-particle which hits the boundary at time T,fj_l, with
unique index {(k + 1) € {1,..., N} such that X/;"*+V
k+1
possibilities:

€ 0Dg. There are three distinct

1. It could be that index ¢(k + 1) is yellow immediately prior to the hitting time. In

0(k+1) . . £(k+1)
this case the index VkJ(r;r ) is chosen and X 4*+1) jumps onto X ®Vi+1 .
£(k+1)
R.6(k+1 RV,
xR (k+ ) =X k+1
Tk+1 Tht+1—

In this case ¢(k + 1) remains yellow: ¢(k + 1) € yﬂl, and none of the other indices
change colour: '

Ve =V;r , Brr

Tk+1 Th+1 +1 = TI§+17
2. It could be the case that ¢(k + 1) is blue immediately prior to the hitting time T,fil,
and X H*+1) hits 9D \ OD at this time. Thus X ¢ +1) was tracking X ‘*+1) up to
the hitting time, but of course X*(*+1) cannot jump at this time as it did not hit the
boundary of D. In this case only the R-particle jumps, choosing the index V,i(f”l)
to jump onto, and the index ¢(k 4 1) switches to yellow:
 Rlk+1) XR Vit
A R

R
Tht1 Tht1 ™

) y R

o yTé?_H_ U {f(k‘ + 1)}, B. Roi= B. Ro- \{Z(k +1) }
3. The final possibility is that ¢(k + 1) is blue immediately prior to time 7,7, |, at which
time X f¢(k+1) hits aDR NOD. If this is the case X“*+1) and X (*+1) hit 9DNIDR
together, so that Tk % | corresponds to Tk,( 1) for some k' < k+1 (i.e. the k'™ hitting
time of particle X*(**1) with the boundary D). Recall that the particle X‘(*+1)
then jumps onto the particle X Ut at this time T,ﬁ,(kﬂ) = T,f. We then define the
R-particle XR4(:+1) a5 jumping onto the R-particle with the same index U **Y,
Thus, if that index is blue (if Uy """ € B, _), then both X“(*+1) and X ®:/(k+1)

jump onto the same location (which, by induction, is in Dg) and remain blue:
XRI%Z(k—&-l) — Xz(k+1)7 Vor =Yon Bﬂfﬂ _

R
Thor1 Tk+1 Tk+1 Th41 Th41

Otherwise, the target index UZ,(kH) is yellow, UZ,(HI) € yr,§+1—, and we set

RA(k+1) RUSHY o .
X5 =X 5 ., Y.r =YV.r U{E(k—f—l)} B. R =B, R _\{g(k‘Fl)}
Tk+1 Tht1™ k+1 Tk +1

In all three cases none of the other R-particles jump at the time 7,7, ;.
Step 3
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This is well-defined on (QF, F) up to the time 7, := 7% A 78, where

stop”

B = Jim 8, 18, =inf{t >0:3j # k such that X;7, X** € dDg}.
—00 b

oo t—

We now equip our measurable space with a filtration and probability measure. We define
the filtration

FR=FeoheooVi® 7f<t), 0<t<oo
and the probability measure
P=PaPaP'.

We see that on the filtered probability space (QF, F2, (F),>0, P) our original N-particle
system (XV W?¥) has the same distribution, and moreover X™'f is a generalised
Fleming-Viot particle system with drift

bt = 1(i € BREYb(mN, X 7).

In particular, in between the jump times {7} (which are F/* stopping times), XtR ot
satisfies

AX{ = 1(i € B) (b(miY, X, )dt + dW}) +1(i € Y)dW. 74)

Therefore by Proposition 4.5, P(rwp = oc) = 1. Since the Brownian motions {W} are
independent of the Brownian motions {W*}, we may use Girsanov’s theorem to tilt the
probability measure IP, obtaining a probability measure P* under which both

t t
Wi ::/ 1(i € By)dW! +/ 1(i € Y )(dWE —b(m", X ds), 1<i<N
0 0

and W*? (1 < i < N) are P®-Brownian motions. We see that between jumps XtR’i is a
solution of the SDE

dx Bt = bm, XY dt + dw (7.5)

Since P and P¥ are equivalent, {rwp < oo} remains a null event. By considering the
covariation, we see {W'} and {W %"} both remain families of independent Brownian
motions (though not independent of each other). We have therefore finished our con-
struction of X/

{L(m{"7) : N € N} is tight in P(Py (Dg)).

We note that a family of random measures being tight in P(Pw (Dg)) is equivalent to
their mean measures being tight in P(Dpg) [24, Theorem 4.10]. Using (7.2) and (7.3)
we can write m{" (A) = md (AN B(0, R — 1)) +m{ (B(0, R — 1))¢)8,~ (A). Therefore the
expected mean measures £, (4) = E[m{""(A)] and EY (4) = E[m{ (A)] satisfy

Eg"™(A) < EY(ANB(0,R — 1)) + 05+ (A).
Since {£(m{')} is tight in P(Py (D)), {E}'} is tight in P(D), so that {(A — EYN (AN

B(0,R—1)))} is tight in DN B(0, R—1) C Dg. Therefore { £} is tight in P(Dg) hence
{£(m{")} is tight in P(Pw (Dg)).
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7.2 Proof the coupling satisfies (7.1)
Step 1: We first show that

lim sup lim sup E[sup||m™f — m"||w] = 0. (7.6)
R—oco N—oo t<T
Since sup, < p||m™NE—m"||ry < 127l almost surely, it suffices to estimate |Vr|, the number

of yellow indices at time T'.

For the sake of notation, we write X* for X™V:* and W* for W%, Recall that a blue
index i turns yellow if the particle X% = X’ hits 9D \ 9Dy and jumps to a yellow
particle, or if it hits the boundary 0Dg \ 0D. By Lemma 6.2 we know that

) ) N R c /
lim sup limsup P(supm;' (B(0, =)°) > €) =0
R—oo N—ooo  t<T 3
holds for any ¢’ > 0, which implies that any blue particle hitting 9D will jump, with high
probability, to a particle within B(0, R/3). This, the fact that the drift is bounded (we
may assume BT < R/3) and the fact that

lim P( sup |Wy —Ww|>R/3)=0 (7.7)
R—oo g pr<r
for a Brownian motion W, will give control on the possibility that a blue particle hits
ODgr\ OD.

We write T,i for the k' death time of particle X* - at which time it jumps onto the
particle with index Uj - and 7, for the k' death time of any of the particles X/ (for any j).
These stopping times are also dependent upon N, but again we suppress the superscript
for the sake of notation. We define the initial enlargement

.FtVV = -/_'.tR/\U((Wsi)OSSST T i= ].,...,N).
Under this filtration, the target indices U}, are still chosen independently and uniformly
at the corresponding hitting times. We then define the (F}V)o<;<~-adapted processes

N , , R ; R ;
By:={ieB,: sup |W} — Z,,|<§and|X:£ <§fora117,z§t}§8t,

t/ " <T

Vi = (Bt)c 2 V.

The time at which a blue particle hits 9D N dDg must coincide with one of the death
times of the original particles X?. We claim that if i € Btf \Bt, then X* must hit 0DNODg
at time ¢. It is sufficient to show that it does not hit dDp \ 0D. We take the largest k
such that 7} < ¢, so that we have

X[ | < W) — W <R
k

+ Bt — 7| + X1

since i € B,-. Thus X;_ ¢ dDg \ 9D. Thus 1(i € B;) is constant on [r}, ;) forall k > 0
and non-increasing on [0, cc0). Although |);| may increase at times when an R particle
hits dDp \ dD (which is not one of the hitting times 7}), we have 1(i € };) < 1(i € )),
and the latter can increase only at a hitting time ;. So, our goal now is to control the
growth of |V|.

IfieY, N B, and 7} < 7j,, < T, then it must be the case that U}, € Voi\—
meaning that the blue particle X* jumps onto a yellow particle at time 7 ,. Therefore if

eV \V. =7V, 3 . i - ‘ i v
i€V \yﬂéﬂ_ =Y., NB and 7, <T then it must be that either Uy ., € Y C
S . . s . i E . 3 ) ep - .
Vi, or the particle i jumps to a location |Xﬂi+1| > 2 sothati ¢ BT:Z+1’ even ifi € BT;1+1‘
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We also note that P(i € Yr \ Yp-) = 0, a consequence of Corollary C.2 in Appendix C.
Conditioned on AT the target index U}, is chosen uniformly from the remaining

N — 1 indices. Therefore we have

R Vri 7|

N i
7:W N c 1/
(Z S y.,.k AT \ y k+1 | ‘ré_‘_l/\T—) S 7]\/' — 1m7_1i+1/\T_(B(0, 3 ) ) + N _1 —. (78)

For ¢ > 0 and J < oo to be determined, we define

B[[rnel]

F=inf{t>0:JN >J or ml(B(0, ?))zel}AT, Ey, = N

Since at most one particle is killed at time 73 (almost surely) we have

1
Epp1—Ey=—E

i [ Vriiint \ Vrpini— [ L(Ths1 < 7)]

1 N
:N [ [|y‘rk+1/\‘r\y‘m+1/\7’ H Tht1 AT— ] ]l(TkJrlST) ]
—_————
]-'TW A+_ “measurable
k1
|y7'k:+1_|

< IE[(LmN (B0, )7 +

N—1 e~ 3 R/ f)] by (7.8)

=N

¢ 1
< 4+ _ - E.
SN 1T N1k

N -1

Thus Eyi1 < (14 xi7)Ej + 3o holds for all k > 0, so that

1
Ek+1 + 6/ § (1 + r)(Ek + 6/),

and then ) )

We note that if 7 =T, then 757 A 7 = T so that we have

|yT\

E[@] SE[@ 7|37TNJM|]1(%:T)} + B[~ N

N N N
1 J ~
<SEy;+P(F<T)<(1+ ﬁ)N](Eo +€)+P(7 <T).

| <E] 17 < T)]

Recalling (7.2), observe that

1 _
Eo = —]ED)O] < P ( sup |Wt/ - Wt//| > R/B) + E[méV(B(O,R/Zi)C)]
N t ' <T

Therefore, by (7.7), we see that lim SUPR_>OO limsupy_,.. Fo = 0. By Lemma 6.2, we see
that limsupp_, . limsupy_, o, P(sup,<m{" (B(0, £)¢) > €’) = 0. From this we conclude

1 _
limsuplimsupﬁ [1Vr]] < ele +limsup P(JY > J).

R—o0 N—oo N—00
We now fix ¢ > 0 and use Proposition 4.10 to take J < oo such that limsup y_, o P(J& >
J) < e. Then taking 0 < ¢ < -5 we have limsupp_, limsupy_,. +E[Yr|] < 2¢ for arbi-
trary € > 0. Hence, we have now proved that

lim sup lim sup E[sup||m™"f — mY||w] < hmsuphmsupE['yTl} 0, (7.9)
R—ooo N—ooo  t<T R—ooo N—oo N
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which is (7.6).
Step 2: Next, we will prove that
lim sup E[1 A sup|JNR JN] =0 as R— cc. (7.10)
N—o00
The main idea is that as long as an index i is blue, the jumps of X* and X% coincide.
Therefore, in estimating |JV:# — J¥| we only need to count the jumps once i turns yellow.
We return to our original filtered probability space (QVF, FN-E (FNF),5,, PV-R). For
i € {1,..., N} we define the stopping times at which a given index becomes yellow,

=inf{t >0:¢ € Y},

so that we have

N
1
suplJNB _ N <« JN.Ri _ gN.Ri
tgg‘t t|—NZ<‘T

VAT
i=1

=T

We fix € > 0 and define
Vo.={x € D:d(z,0D) >c}, VIE={xe Dg:d(x,0Dg)>c}
for ¢ > 0 to be determined as in Proposition 4.7. We define the stopping times

1
:inf{t>0:mN(Vc)§§}, NE —inf{t > 0. mMH(KE) < } To=1N NTNE,

By Proposition 4.7 there is ¢ = &(15, €) > 0 such that

limsupP( sup ml (V¥) > —) €,
N—oo €[0T 10
so that applying (7.6) we have
2
lim sup limsup P( sup m>F((Vz)) > =) < 2e.
R—oo N—oo  t€[0,T] 10

Therefore limsupp_, . limsupy_, . P(7z < T) < 3e. We therefore have

E[1A sup\JtN’R ~JN] <P(T < T)

N,R, NR N,i N,i
+= Z]E IR ngT |+ 1rr = ISl < TATRE < TAT).

(7.11)

We note that (X 7{\@ N )t>0 and (X i\;f ,)t>0 are Fleming-Viot particle systems with gener-

alised dynamics. We recall from (4.31) that the stopping time 7V given in Proposition 4.10
is given by inf{t > 0 :m;Y (V1 o) < 3}. Moreover the constants M, and p, obtained in
that proof were dependent only upon the upper bound on the drift B < oo, and the value
of E( €). We therefore see that we may apply (the proof of) Proposition 4.10 to see that
there exists C. < co dependent only upon &( = 15, €) such that

E[|J5 — g |7 < T AT < Ce.

N,i
Jrini = Y NTAT: |+ |JT/\7'5 o JTiy/\T/\Tg
We therefore have
C

E[1 AsuplJF — JN|] < =SE[Vr] + P(Tz < 7).
t<T N

Taking lim supp_, . limsupy_, ., of both sides, using (7.6) and noting ¢ > 0 was arbitrary,

we conclude that (7.10) holds.
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8 Hydrodynamic limit theorem

In this section we shall establish Theorem 2.10. We shall then prove the uniqueness
in law of weak solutions to the McKean-Vlasov SDE (1.5), before combining this with
Theorem 2.10 to prove Theorem 2.9 along with the existence part of Proposition 2.8 -
completing its proof.

However the proof of Theorem 2.10 relies on Lemma 8.1, which provides a partial
result for Proposition 2.8 along with compactness for families of global weak solutions
to the McKean-Vlasov SDE (1.5) whose initial conditions belong to a compact set. This
lemma will also be used in Section 9. Therefore we firstly prove Lemma 8.1.

Throughout this section we assume Condition 2.4. For k C Py, (D) we define

E(r) = {(L(Xilro > 1), =InP(19 > t))o<i<oo € C([0,00); Pw (D) x Ro) :

8.1
(X, 79, W) is a global weak solution of (1.5) with initial condition £(Xj) € x}, (8.1)

which we equip with the metric dP. Therefore (2.12) is given by = = Z(Py (D)).
Lemma 8.1. Every weak solution (X, 19, W) to (1.5) is a global weak solution such that

(L(X¢|Ta > t))o<i<oo € C([0,00); Pw (D)) and (P(7s > t))o<i<oo € C([0,00); Rxp).

Moreover =(r) is a compact subset of (C([0,0); Pw (D) x Rx¢),d>) for x C Pw (D)
compact.

Note that Lemma 8.1 allows for the possibility that =(x) is the compact set 0.

8.1 Proof of Lemma 8.1

We begin by showing that every weak solution (X, 75, W) to (1.5) is a global weak
solution with W-continuous in time laws. We suppose (X, W;)o<i<~, is a weak solution
to (1.5). Lemma C.1, which we establish in Appendix C, automatically implies that
(X, 79, W) is a global weak solution.

We now turn to proving that global weak solutions to (1.5) have W-continuous in
time conditional laws. We fix some weak solution (X, 79, W) of (1.5) (which is a global
weak solution) and ¢ € Cy(D). Corollary C.2 (established in Appendix C) gives that
P(rp =t) = 0 for t > 0. Therefore we have

ltlerI% d(Xp)l(rg > t') = glﬁ &(Xe)1(re > t') = ¢(X1)1(19 > t) almost surely.

Thus L(Xy) — L(X,) in M(D) as t' — ¢. Moreover since P(1p =t) =0, P(rp > t') —
P(rp > t) as t’ — t. Therefore we have

L(X¢|to >t) € C([0,00); P(D)), P15 >1t) € C(]0,00); R>0),

where P(D) is equipped with the topology of weak convergence of probability measures.
Since W generates this same topology, we have (L(X|7s > t))o<i<oo € C([0,00); Pw (D)).

Compactness of =(x)

We now turn to establishing that Z(k) is a compact subset of (C([0, 00); Pw (D) x R>q,d™)
for k C Pw (D) compact. Since the empty set is compact, we may assume without loss
of generality that Z(x) # (. We take (X*, 745, W*) a sequence of global weak solutions
to (1.5) with initial conditions £(X}¥) € &.

Step 1. We define

t
FF ::/ bL(XEITE > 5), XF)ds
0
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and the metric of uniform convergence on compact intervals of time:

doo((m%a ft17wt1)0§t<ooa (mt2a f1527wt2)0§t<00)
[eS)
= ZT”(igp(\ztI — |+ |f = fE]+ lwp —wi]) A D).
n=1 sn

We claim that {L((X}, ., FF ., WE | )oci<oo)} is tight in P((C([0, 00); D x R x R?), d)).
p <

k k
ATy tATY

Aldous’ condition [2, Theorem 1] gives that {L((X[, ., F\ ., W} . )o<i<r)} is tight
B B ) ) 2’ — =
in P(D([0,T); D x R¢ x R%)) hence in P(C([0, T]; D x R¢ x R?)) (equipped with the uniform
metric) for any 7' < co. We now fix € > 0. Then there exists for each T" € IN some K C
C([0,T]; D x R* x R?) compact such that P((XF, ., FF ., WE Jo<i<r & Kr) <e27T. We
a a o - -
therefore define

K ={fec(C(0,00); D x R x R%),d>) : (fi)o<t<r € Kr forall T c N}.

We see that K is clearly compact in (C([0, c0); D x R* x R%), d>), and moreover P((X}, ,,
Ta
FE  WE  Vocicoo € K) <> 7, €277 < ¢. This establishes the claim.

k k
tATS? AT

Step 2. We equip [0, oc] with the topology given by the one-point compactification of

[0,00), metrised with the metric dj «)(2,y) = |57 — ;7]- Then {£(7})} must be tight
after compactification, hence the joint laws are tight, so that

(LO(XE e FE e W ozrene 74)))

is tight in
P((C([0,00); D x R x RY), doo) x ([0, 0], dpo,cc1)).

We consider any convergent in distribution subsequential limit

((XtA7-37 Ft/\'raa Wt/\ra)ogt<oo, 7—3)7

so that on some new probability space (', 7/, P’) we have P’-almost sure convergence
in d* by Skorokhod’s representation theorem. Having almost sure convergence (rather
than convergence in distribution) shall become useful in Step 4. We equip (', 7', P’)
with the filtration F] := Nps00(Xsarys Fsary, Ws)o<s<t+h,To A (t + h)). We see that
(Wi)i>0 must be an (F});>o-Brownian motion and 75 an (F;);>o-stopping time. It is now
sufficient to show that:

1. (ﬂ(th|T§ > t), —1DIP(T§ > t))0§t<oo — (E(Xt‘Ta > t), —IHIP(Ta > t))0§t<oo in d*;
2. (X, W, 1y) is a global weak solution of (1.5).

Step 3. Next, we establish that there exists an I’-adapted and uniformly bounded
process b; such that

dXt:btdt+th, O§t<Ta:inf{t>03Xt_ GaD}

Corollary C.2 then gives that P(75 = t) = 0 whilst Lemma C.1 gives that P(7p > t) > 0
forall ¢t > 0.
We note that (X, W, 75, F) P’-almost surely satisfies

dX, = dF, +dW,, t<Tp, (8.2)

whereby W; is a Brownian motion up to time 75 and moreover F' has B-Lipschitz paths.
We now define b; = limy,_,g W € [- B, B] when the limit exists and b; = 0 otherwise.
Since F; is Lipschitz, Rademacher’s theorem allows us to see that

dXt = btdt + th, t S TH-
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We now seek to show that P'(79 = inf{t > 0: X;_ € 0D}) = 1. We let 7}, = inf{¢ :
X;_ € 0D}. Clearly we must have X, € 0D if 75 < oo hence it is sufficient to show
P'(15 < 79) = 0. We must have X, € D for every t < 75. Since 0D is smooth and IP’-
almost surely X; satisfies (8.2), if 7/, < 75 then IP’-almost surely there exists 7 € (7}, 75)
such that X,~ ¢ D. This is impossible, thus P'(7} < 75) = 0.

Step 4. We establish that £L(X[|75 > t) — L(Xi|79 > t) in W and P(7} > t) — P(15 >
t) pointwise in ¢.

Since P(ty =t) =0, P(14 > t) — P(75 > t). We now take ¢ € C,(D) and extend ¢ to
a D by setting ¢(z) = 0 for x € 9D. We have Xf/wg — Xinr, P’-almost surely. Unless

7X > t for arbitrarily large k and 75 < ¢ we must have qS(thAT,C) — ¢(Xtnr,). However
o
since 75 — 7, P'(limsup,,_,,, 75 >t > 79) < P'(79 = t) = 0 hence ¢(X}, ) = ¢(Xinry)
e}

IP’-almost surely. Therefore we have £(X}) — £(X;) in M(D) hence L(X[|rk > t) —
E(Xt|7'a > t) in W.

Step 5. We now establish that (L(X[|7r > ¢),—InP(7} > #))o<icoo = (L(Xi|T0 >
t) —InP(1p > t))o<t<oo in d*.

We begin by establishing that for all 7' < co we have

sup|—InP(75 > t) + InP(r5 > t)| -0 as k — ooc. (8.3)
t<T

We will then establish that for all 7' < oo we have

sup W(L(XF|Th > t), L(X¢|79 > 1)) = 0 as k — oo. (8.4)
t<T
These would then imply (£(XF|75 > t), = InP(75 > t))o<icoo = (L(Xi|To > ) —InP (75 >
t))0§t<oo in d°°.
P(r% > t) and P(r5 > t) are continuous, non-negative, non-increasing in ¢, and
uniformly (in k£ € IN, ¢ < T') bounded away from 0. This and Step 4 imply (8.3) and that

sup Pt<7th<t4+h)—0 as h—0 (8.5)
0<t<t+h<T
kelN

by elementary analysis. We now turn to establishing (8.4). We calculate

W(L(XF |75 > t+h), L(XF|rh > 1))
<W(L(XF | h > t+ h), L(XF|Th > t + b)) + W(L(XE|Th >t + h), L(XF|Th > 1)).

(8.6)
We begin by bounding W (£(X[ |75 >t + h), L(XF|r} > t)). We observe that
LX) =L(XF|rh>t+nh) POk >t+h)
———
=P(rh>t)-P(t<rh<t+h)
+L(XFt <Th <t+h)P(t <7k <t+h)=L(XF|Th > t+h)P(1h > 1)
+(L(XFt <7h <t+h) = LIXF|Th > t+h)P(t <74 <t+h).
Therefore we have
LXF|mh > t) = L(XF|mh >t +h)
Pt <7k <t+h)
k k ki k 9=
+(L(Xf|t <75 <t+h)— LIXF|Th > t+h)) PEsr)
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so that using (8.5) we have

W(L(XF|75 > 1), L(XE|h > t+h)) < |[LXF|TE > t) = LXF|5 > t+h)llwv
- P(t <7h <t+h)
- P(tk > 1) )

Fankl

We have W(L(XF|7E > t + h), L(XE  |7F > t + b)) < B Gmnryeng that
e have W(L(X{|r5 > t + h), L(X[y 75 > t+ h)) < P(rh>t+h) S0 tha

using (8.6) we have

sup  W(L(X, |75 > t+ h), L(XF|75 > 1))

keN
0<t<i+h<T
k k
Pt <7k <t+h) BIX = Xl
<  sup ( ( T‘?C_ +h) (Hh,z/\f’ T )—>0 as h— 0.
keN P(r5 >t) P(r5 >t+h)
0<t<t+h<T

Therefore using Step 4 we have (8.4).

Step 6. By considering the martingale problem, we see that b; = b(L(X¢|to >
t),X;) for t < 19, hence (X, 79, W) must be a global weak solution of (1.5). Since
Kk > LXK L L(Xo) and  is compact in Py (D), L(Xy) € k. Thus (L(Xi|lrg >
t),—InP(79 > t))o<i<o € E(k). Using Step 5 we have established that for any sequence
(L(XF|TE > 1), —InP(75 > t))o<t<co in E(k) there is a further subsequence converging in
d> to an element (L(X;|T9 > t), —InP (75 > t))o<t<o Of E(k). This concludes our proof
of Lemma 8.1.

O

8.2 Proof of Theorem 2.10

Our goal is to establish tightness of {£((m}, J")o<i<)} and characterise the limit
distributions as being supported on = - the set of flows of laws of a stochastic process.

To characterise subsequential limits the strategy we would like to employ is to use
martingale methods to chararacterise subsequential limits as being supported on the
solution set of a nonlinear Fokker-Planck PDE, then to show that these PDE solutions
correspond to global weak solutions of (1.5).

Formally speaking, subsequential limits should correspond to weak solutions of the
nonlinear Fokker-Planck equation:

u 1
0 N —_A -0
kv ( (IDU(y)dy’x)u> 2= “lon

renormalised to have mass 1. We may rigorously show that subsequential limits of
{(m¥, JN)o<t<oo} correspond to weak solutions of this PDE. However on unbounded
domains we cannot directly show these PDE solutions correspond to solutions of the
McKean-Vlasov SDE (1.5) as we need to make use of a uniqueness theorem [28, Theorem
1.1] for solutions of the linear Fokker-Planck equation which requires boundedness of
the domain.

We will instead consider a notion of solution which satisfies a certain approximation
condition upon truncation of the domain to a large but bounded subdomain Dy of D.
Proposition 7.2 allows us to couple our N-particle system XN toan N -particle system
XNEon D r and obtain uniform controls on the difference between the two N-particle
systems. Thus we show subsequential limits satisfy this approximation condition, and by
martingale methods are solutions of our PDE.

We then show that such approximable PDE solutions correspond to solutions of the
McKean-Vlasov SDE (1.5).
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Overview

For R > R + 1, we take XV to be the particle system on the subdomain Dy C D
whose existence is guaranteed by Proposition 7.2 with associated empirical measure
valued process and jump process respectively given by

N
1 1 . . =
mivﬁ =5 E (SXtN,R,i, JtN’R = N#{Jumps up to time ¢ by XN’R}.
i=1

We define for 1 + Rin < R < oo the test functions
C5°(DR % [0,00)) = {p € CZ(DR % [0,00)) : Pl 1000y = 0} (8.7)

and define C5°(D x [0,00)) in the same manner, with Dg replaced with D.
We define

MENE = (1= S R ) o) — (00, 0)

t N,R
_/ (1 - i)NJS <méV7R(')aas(p('aS) +b(miva) ' VQD(,S) (88)
0
+%A<p(-, s)ds, 0<t<T, ¢eC(DrxI[0,00)),

and define M in the same manner, with Dy replaced with D and m™-® replaced with
N

m*.
By showing these are martingales and using the Martingale Central Limit Theorem

[31, Theorem 2.1] we establish the following proposition.
Proposition 8.2. For R > 1 + Ry, T < oo and for fixed test function ¢ € C§°(Dg x
[0,0)), (Mf’N’R)OStST (and similarly Mf’N)OStST for ¢ € C§°(D x [0,00)) converges to
zero uniformly in probability,
sup| M™% — 0 in probability as N — . (8.9)
t<T
We then establish tightness of {£((m;"", J)"™)o<;<r)} by combing Proposition 8.2
with the estimates of Section 4 (which prevent mass accumulating on the boundary).

Proposition 8.3. We show for R > 1+ Ry, and T < oo that {L((m"F, JN)oci<r)}
(similarly {L((mY, JN)o<i<T)}) is tight in P(D([0,T); Pw(Dgr) x R>o)) (respectively
P(D([0,T]; Pw (D) x Rx¢))) with almost surely continuous limit distributions.

It is then simple to use Proposition 8.3 to establish the following proposition.
Proposition 8.4. {L((mY, J)o<i<w)} is tight in P((D([0, 50); Pyy (D) x Rso), dP)) with
almost surely continuous limit distributions.

Along subsequential limits we have (1 — 4)N/" — ¢~/ and m) — m, so that

Proposition 8.2 gives us that y; := e~”/*m, almost surely corresponds to a weak solution
of

t
1
(o) = (o) = [ (0, 0u,3) + bimer ) Til-15) + 3 Al 9)ds =0,
0
0<t<T, ¢eCFDx|0,00)).
We would then like to show that such a PDE solution corresponds to a solution of the
McKean-Vlasov SDE (1.5) by constructing a diffusion killed at the boundary 9D with drift
b(y:, X¢) and showing that £(X;) = y;. This final step requires a uniqueness result of
Porretta [28, Theorem 1.1] for weak solutions of the linear Fokker-Planck PDE (both y;,

and the £(X;) satisfy the same linear Fokker-Planck PDE with fixed drift b(y;, -)). Availing
ourselves of this uniqueness theorem, however, requires the following:
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1. We require y = y; ® dt to have a density with respect to Lebp[g,o)- Lemma 6.1
allows us to see that this is the case.

2. We require y to have a density with respect to Lebp. Lemma 6.1 allows us to
see that this is the case after arbitrarily small time intervals. This issue may be
overcome by arguing after a small time interval ¢, > 0, showing that (y:,+:):>0
corresponds to a McKean-Vlasov solution, then taking a limit as ¢, — 0 using
Lemma 8.1.

3. We require D to be bounded, whereas we wish to include the case where D is
unbounded. To address this issue, we employ the coupling of Section 7. Since Dg
is bounded, we may apply the above strategy to the coupled particle system XNR,
By then employing the uniform controls of Proposition 7.2 and changing our notion
of PDE solution, we are able to circumvent this problem.

We now introduce our notion of PDE solution. Given y € C([0,0); Pw (D)) and
R > 1+ Ry, we define

Hrr(y) = {2 €C([0,T); M(Dgr)) N L*(Dg x [0,T]) : z: € L*(Dgr) forall ¢t Qs¢ and

(2:(), (1)) = (20(-), (- 0)) = /0 (25(:): 950, 8) + b(ys, ) - V(- 5) + %AsO(w s))ds = 0,

0<t<T, ¢eCF(Dgx[0,00))}.
(8.10)

This is the solution set of the linear Fokker-Planck equation on the truncated domain and
truncated time interval with drift given by b(ys, -). We now define the following notion of
approximable PDE solution for the nonlinear Fokker-Planck equation as

S =A{(y, f) € C([0,00); Pw (D) x R>g) : for every e > 0and T < oo we have for R < oo

arbitrarily large that there exists z € Hpg r(y) with sup|ly;e™/* — z||rv < €}.
t<T
(8.11)

Note that at this point, we have not established existence of either PDE solutions
or McKean-Vlasov solutions for given initial data. We will combine Proposition 8.2 with
Lemma 6.1 to show that any subsequential limit of our Fleming-Viot particle system must
meet the criteria pathwise to being a PDE solution.

Proposition 8.5. We suppose that some subsequence of {(mY, J) )o<i<~} converges
in (D([0,00); Pw (D) x R>0),dP) in distribution to (my, J;)o<t<oo- Then (my, Jy)o<i<oo € S
almost surely.

We then show that any such PDE solution must correspond to a solution of our
McKean-Vlasov SDE (1.5).

Proposition 8.6. Approximable PDE solutions correspond to McKean-Vlasov solutions:
S C=NC((0,00); L*(D)). (8.12)

Taken together, these give Theorem 2.10.

Proof of Proposition 8.2

We provide here the proof for MQ‘”N’R. The proof for Mf’N is identical with D, m™N'%,
C§°(Dg x [0,00)) and 7" replaced with D, m~, C§°(D x [0,00)) and 7V respectively.

We fix ¢ € C§°(Drx[0,00)), 14+ Ruin < R < co and establish (Mf’N’R)OStST converges
to zero in distribution.
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It is trivial that M, R T integrable for all t. We recall that N 7 is the k' death time
of any particle in the coupled system with Tév R.—o. Inductlng in k, we shall establish

that M NRE Mtf\i\i Risa martingale. This is tr1v1ally true for k = 0.

We note that J, NRE ig Constant on g, Tk+1), and moreover the infinitesimal generator
of (m (), (-, 1)) is (m (), Byp(-, ) +-b(mY, -)-Vip(-, )+ L A(-,1)). Therefore we have

M;Nwﬁakﬂ = 1(t < Ty )MV L2 > Tﬁ?)MW&{\;R’kH is a martingale.
Trf1 ' Thtl

At time T,i\il , the particle which dies (let’s say particle ¢) jumps to a uniformly chosen
different part1cle (let’s say partlcle J). Since ¢ vanishes on the boundary 0Dg, the value
of (X' ) jumps from 0 to (X7 7, —), the expected value of which must be

Th41—
1 y N N R
N_1 Z‘P(that) = ﬁ(mmﬂfﬂp( Tht1—))-
J#i
Thus we have

BlmE O o e P -] = 7 [ i o0 7 )

ENGNE o maa 0] = (1= %) iR e mian )

Thus ]E[M"}Jvr |F. Mk]ﬂ? . Therefore we have My **! is a martingale.

Th+1

Tk+1— }

Thus M™% is a martingale.
We shall now employ the Martingale Central Limit Theorem [31, Theorem 2.1] to
obtain convergence to 0 in probability as N — oo, by obtaining controls on the quadratic
variation. We note that the control we obtain on the quadratic variation is similar to that
obtained in [30]. There the author established convergence of the Fleming-Viot process
driven by a killed strong Markov process. They used a martingale given in terms of the
semigroup, whereas here the martingales M;? MR and My N are given in terms of the
infinitesimal generator. The use of the semigroup allowed them to obtain in [30, Theorem
1] a quantitative rate of convergence given in terms of arbitrary bounded measurable
test functions - the use of martingales given in terms of the infinitesimal generator could
only provide a rate of convergence given in terms of test functions belonging to the
domain of the infinitesimal generator. Such an approach based on the linear semigroup
becomes problematic here, however, due to the presence of the mean-field term.
Between times T,iv H and T,ﬁ’lf, we have
)N VAR

N
M= (1= ) DD Vel 1) i+ drift terms.
2

N

Hence we have [MN7%] 7, = — MV 7, < LI|Vg||2 (ry ] — V™). Moreover, at
each jump time, the jumps of M*™ % are bounded by

1.k
‘Mz,pNR _Mgo,NR |<(1_N)k"<mNRNR()_mNRNR () ( T/\T]f;\i}l%)ﬂ

TAT, Tht1 T/\Tk+1 T/\'r,chl
= LI Lm0 o] 300 IS
N N AR TArdEUH P e N/ N
Therefore the jumps of [M#"-%]; are bounded by
[MLP,N,R] _ [Mcp,N,R] <(1-= ngH‘pHgo 1— — kg”@”i;
TATE TATY - = N Nz = N N2
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Therefore summing the geometric series we have
[MN-R#], < ||v 12T + ”3"” 50 as N — oo

Thus we have [M":f¥|; converges to zero in probability as N — oo. Moreover it is
trivial that E[sup,<,|M,; ™% — M°"%|] — 0 in probability as N — co. Thus using
the Martingale Central Limit Theorem [31, Theorem 2.1] we have (Mf’N’R)OStST —0
uniformly in probability.

O

Proof of Proposition 8.3

We provide here the proof for {£((m;®, J"™)o<i<1)}. The proof for {L((mY, JN)o<i<7)}
is identical, but with Dp, m™®, C5°(Dg x [0,00)) and 7,""** replaced with D, m",
Cs°(D x [0,00)) and 7, respectively, aside from two places where Lemma 6.2 must be
invoked.

The proof can be broken down into the following steps:

1. We begin by establishing that {£((J;""")o<;<7)} is tight in P(D([0, T]; R>0)), and
moreover any limit distribution is supported on the space of continuous functions.

2. We then show {£((m}"™)o<i<r)} is tight in P(D([0, T]; Pw (Dg)))-

3. Having shown that {ﬂ((( my ’R)OStST, (JtN’R)OStST))} is tight in 'P(D([O,T},
Pw(Dr)) x D([0,T];R>0)) with limit distributions supported on P(D([0,T];
Pw(Dg)) x C([0,T]; Rso)), we establish that {£((m)", JN)o<i<r)} is tight in
P(D([0,T); Pw(Dgr) x R>)) with almost surely contlnuous limit distributions.

Step 1
Markov’s inequality and Proposition 4.10 give that {£(J; JNE N € IN)} is tight. Thus

N,R
it is enough to show the set of laws of ¢/ := (1 — %)N‘]t is tight in P(D([0,T]; R))
with limit distributions supported on C([0, T] R). We will employ Aldous’ condition [2,

Theorem 1]. Since we have 0 < (1 — —)NJ < 1 then {£(¢}/¥)} must be tight for each
fixed t. We therefore need to establish [2, Condition A].
We fix €, > 0. As in Part 2 of Proposition 4.7 we take Ke)s = V(E)a) C Dg such

that we have limsupy_, o, P(sup,<r m (KiAg) > §) < 5. Since Dg is bounded, KS’E

is compact. Here the proof for {£((m{" ,JN)o<t<T)} diverges from the present proof

as D is not necessarily bounded. In this case we use Lemma 6.2 to obtain R; ; < oo

such that limsupy_, ., P(sup,;<7 m, *(B(0, R, §)) = 35) < ¢. In either case we obtain

K.;=K.sNB(,R. 5) € Dr compact such that

e $
272

lim sup P (sup m; ~§’5) >e€) <0.
N—o00 t<T

We now take ¢, 5 € C°(Dpg) such that 1z . < ¢es < 1. Thus we have

limsupIP( sup |1 — (m) " o 5())] > e) <. (8.13)
N—o00 0<t<T
N,R

We then take M“”‘ o as in (8.8) and observe

N,R
n = = (S = snmen 0es (D)) = (6 = ¥ (me, ()

t+h
1
O = M7y g [ Q)b ) - Vipes + 5 Apes)ds,
t
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We bound the first two terms on the right hand side using (8.13), the third term converges
to zero in probability using Proposition 8.2 whilst the integrand in the fourth term is
bounded (by C¢ s < co say). Therefore we have

lminfP( sup |5, — | < 3e+ Cesh) >1—24.
N—o0 0§t§t+h’
ZtFh<T

This establishes [2, Condition A]. Moreover for any subsequential limit in distribution

¢> and €, > 0 there exists some h¢ s = & - > 0 such that

P( sup |9 — o] > 5e) < 20.
h'<hes
0<t<T—h’

Thus as 0 > 0 is arbitrary there exists some random h(e) > 0 such that

sup |77, —s°| < e almost surely.
b <h(e)
0<t<T—h'

Since € > 0 is arbitrary, (*° € C([0,7]; R) almost surely.

Step 2

We show {ﬁ((miV’R)ogtST)} is tight in P(D([0, T]; Pw(Dgr))), then extend this to
showing {£((m;"®)o<i<7)} is tight in P(D([0, T]; Pw (Dg))).

Since Dy is bounded, [18, Theorem 2.1] gives us the following lemma.

Lemma 8.7 ([18]). We suppose that for every ¢ € C2°(R%) the laws of o := (p(-), m ()

are tight in P(D([0,T}; R)). Then {L((m;®)o<;<r)} must be tight in P(D([0, T]; Pw (D))).

Here the proof for {£((mY, JN)o<i<T)} diverges from the present proof as D is not
necessarily bounded. In this case we obtain Lemma 8.7 by combining [18, Theorem 2.1]
with Lemma 6.2.

We now verify the assumptions of Lemma 8.7. We fix ¢ € C2°(R?) and establish that
{L(oN)} is tight in P(D([0, T]; R)) by way of Aldous’ criterion [2, Theorem 1].

Since ¢ is bounded {£(o}¥)} is tight on the line for fixed ¢, so it is sufficient to check [2,
Condition A]. We let 7V be a sequence of stopping times and dy a sequence of constants
as defined in [2, Condition 1]. We write oV = o™V + o'/ whereby o™V'“ is continuous
and o, =3, ., 0 — oY . Then o"V:C is a diffusion process with uniformly bounded
drift and diffusivity hence we have

N,C N,C P
Oryton ~ Oy 7 0.

We note that the jumps of ¢ are of magnitude bounded by % for some C' < co. Therefore
to verify

N,J N,J P
Qryton ~ Oy 7 0
it is enough to check
N,R _ {N,R P
Jvisy —Jan T 0.

We have this since {£((J;")o<i<r)} is tight in P(D([0,T]; R)) with limit distributions
supported on C([0, T]; R) (Step 1). Thus we have verified [2, Condition A]
Oty — Oy 0,
and hence have verified the assumption of Lemma 8.7.
Having established {L((miV’R)OStST)} is tight in P(D([0, T); Pw (Dr))), we now show
it is tight in P(D([0,T]; Pw (Dg))). Using Skorokhod’s representation theorem, we
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consider along any subsequence a further subsequence converging on a possibly different
probability (Q', 7', P’) space in D([0, T]; Pw (Dg)) P’-almost surely to (mf)o<;<7. It is
sufficient to show (mf)o<i<r € D([0,T); Pw (Dg)) P’-almost surely.

For each ¢, Ty > 0, Part 1 of Proposition 4.7 implies that m{* (K¢ ) < e for every
Ty < t < T P’-almost surely. Therefore m{*(0D) = 0 for every Ty < t < T P’-almost
surely. Since T, can be made arbitrarily small and {£(m."")} is tight in P(Py (Dg)) we
have m!*(0D) = 0 for all 0 < t < T P’-almost surely.

Step 3

It is sufficient to consider some subsequence on which ((m; "®)o<i<r, (J7 " )o<i<T)
converges in D([0,T]; Pw (Dr)) x D([0,T];R>o) in distribution, then establish along
this subsequence convergence in D([0,T]; Pw (Dr) x R>¢) in distribution with limit
distributions supported on C([0, T']; Pw (Dr) X R>o).

Indeed by the Skorokhod Representation Theorem on a possibly different probabil-
ity space (', F',P’) we have along this subsequence P’-almost sure convergence of
((miV7R)0StST, (JtN’R>Q§tST) to a limit we call ((mﬁ)oStST, (JtR)OStST)- By Step 1 we have
JE is continuous, and hence P’-almost surely JtN ! converges uniformly to JE.

From the definition of the Skorokhod metric [6, Equation (12.13), Page 124] it is
trivial that this implies (m}", J)"™)o< <1 converges to (mF, JF)o<,<r P’-almost surely
in D([0, T]; Pw (Dr) x R>¢). We have

MR — MR (1 N mNR ), 0() — (1= N ), ()|

N
< Cuh, peCE(D),

where C,, is a constant dependent only upon ¢. Note that we are viewing ¢ both as a
function in C°(Dpg) and a function in C§°(Dg x [0, 0)) which is constant in time up to
time T by abuse of notation. Proposition 8.2 then implies that almost surely (mf)ogtST
satisfiesforall 0 < ¢t <t+h < T:

(el (), 0()) = (7 mf(), ()] < Coh, @ € C2(Di x [0,T)).

We know m e~ fe D([0,T]; M(Dg)), so that we have

R

e mf (), o) = e~ mft (), @) =0, ¢ eCX(Dp), 0<t<T.

J, R

This implies e~/ m = e~/ mf for all t < T hence e~* m¥ € C([0, T]; M(Dg)). Thus
almost surely m* € C([0,T]; P(Dg)). Since W metrises the topology of weak convergence

of probability measures [17], we are done. O

Proof of Proposition 8.4

We fix ¢ > 0. Then by Proposition 8.3 there exists for each 7' € IN some K C
D([0,T); Pw (D) x Rxo) compact such that P((m?, JN)o<i<r ¢ K1) < €2~7. We therefore
define

K = {f € D([0,00); Pw (D) x R>0),d") : (fi)o<t<r € Ky forall T € N}.

We see that K is clearly compact in (D([0, 00); Pw (D) x R>¢), d?), and moreover P((m}",
TN )o<tcoo E 6) < Ype2” T <.

O
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Proof of Proposition 8.5

We write (€', F',P’) for the probability space on which our subsequential limit (m.,
Ji)o<t<oo is defined. We define

Se.rr = {(y, f) € C([0,00); Pw (D) x Rxo) : there exists

2 € Hpr(y) with sup||yse ™" — z||rv < €}. (8.14)
t<T

We claim that
P'((my, Jt)o<t<oo € SSR,T) —+0 as R— o0 (8.15)

forall e > 0 and T' < oo fixed.

We fix R < oo for the time being. We take, on the probability space (QV-#, FN.E PN.R),
the particle system XN-R on Dpg coupled to XN whose existence is guaranteed by
Proposition 7.2. We have by propositions 8.3 and 8.4 that {£(((mY, JN )o<i<eo, (m}7,
TN oci<r))} is tight in P((D(]0, 00); Py (D) x Rsg), dP) x D([0, T]; Pw (D) x Rx¢)) with
limit distributions supported on C([0, c0); Pw (D) X R>¢) x C([0, T]; Pw (D) x R>o). We may
therefore take a further subsequence along which {((m?", J¥)o<i<oo, (mMf, JtN’R)OStST)}
is convergent in distribution. Using Skorokhod’s representation theorem, these may be
supported on a probability space (Q”,F”’,P”) along which {((m},
IN)o<t<oo, (m) ", JtN’R)OStST)} is P’-almost surely convergent, to a limit we call
(e, J)o<t<oo, (M, Jf)o<i<r).

Note that we are abusing notation here, writing (m, J;)o<t<oo both for a random
variable on (Q', F',P’) and for a random variable on (", F”’,P”). Nevertheless, by

construction they have the same law, hence

P'((my, Jt)o<t<oo € SSR,T) =P"((m¢, Jt)o<i<oo € SeC,R,T)~

For t € Q- we have by Lemma 6.1 that mf € L'(Dg) P”-almost surely. Therefore

mit € LY(Dg) for all t € Q-o, P"-almost surely. Moreover Lemma 6.1 gives that

m¥ = mf @ dt satisfies m® € L'(Dg x [0, T]), P"-almost surely. Therefore, by Proposition
8.2 we have

(mPe " Yoccr € Hpr(m) P"-almost surely.

Since convergence in Skorokhod space to a continuous function implies uniform
N TN N,R +N,R
convergence, (m; ,J;" Jo<i<r — (M4, Jt)o<i<r and (m; ", J,

in d‘fg’T] P”-almost surely. Therefore we have

Jo<t<r = (mft, Jf)o<i<r

sup||m¥f — my||wv < lim inf sup||m; " — m¥||rv P”-almost surely.
t<T —00 LT

Therefore we have

EY [supllmfe " — mue™"|irv] < B[ supllmf® —mullre + 1 Asuplf — ]
t<T t<T t<T

|}—>0 as R— o0

<EY [liminf (supHmiV’R —m v + 1A SUP|JtN’R - JtND
N—o00 t<T =T

Fatou’s Lemma "
.. N,R N,R
lim inf EP [supHmiV—mt v + 1 AsuplJN — J,;
N—o0 t<T t<T

= 1}\JgnimfIE)IPN’R [sup||miv —m By + 1 Asup|JN — JVE
—>00 t<T t<T

by Proposition 7.2. Therefore using Markov’s inequality we have

P’ ((my, Ji)o<t<oo € SSR,T) =P"((me, Jt)o<t<oo € SSR,T)

1
< g™ [sup||mfe*‘]tR - mte*‘]*||Tv] —0 as R — o0
€ t<T
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Therefore we have (8.15) so that for all Ry < oo,
(me, Ji)o<t<oo € Ur>RoSe.r,r IP’-almost surely.
Therefore we have

(M, Jt)o<t<oo € Nes0 Nren Nryen Ur>R, Se,r,r =S P'-almost surely. O

Proof of Proposition 8.6

Step 1
We fix deterministic (my, Ji)o<i<oo € S and use Girsanov’s theorem to construct
(X, 79, W) a global weak solution of the SDE

dX, = b(my, X)dt +dW,, 0<t<r7y=inf{t>0:X, € dD}. (8.16)

Step 2
For the time being we fix R, T < co and assume that there exists z € Hg r(m) such
that zo € L'(Dgr) and (2;)o<t<r is a solution of

<Zt(')a W(‘vt» - <ZO(')790('30)> 7/0 <ZS(')78850('75) + b(m87 ) : v@('vs) (8.17)

1 _
—|—§Agp(-,s)>ds =0, 0<t<T, ¢eC;Drx][0,00)).

Then defining 75° = inf{t > 0: X; € 9D} < 75 and (X{)o<i<rr = (Xi)o<i<r, We
obtain (X, 7', W) a weak solution of the SDE

dXE =b(me, XF)dt +dW,, 0<t <8 =inf{t>0: X € 0Dgr} (8.18)

such that
s1<1¥||£(Xt) — LX)y S P(rf <m0 AT). (8.19)
t<

We now establish that
LXEY=2 for t<T, (2)o<i<r €C([0,T);L'(Dg)). (8.20)

Indeed we observe that

tATh

@(Xg\Tg,t/\Té%)—gO(Xé{,O)—/ ’ (aé'i_b(mbaXf)V+%A)¢(X578)d57 OStST
0

is a martingale for every p € C§°(D x [0, 0)).

Taking expectation, we see that £(X;) - must satisfy the PDE (8.17). Moreover we
have 29, £(Xo) € L*(Dg) and 2; ® dt, L(X;) ® dt € L*(Dg x [0,T)). We therefore have
E(XtR) = z; by the uniqueness results of [28, Theorem 1.1], and by [28, Theorem 3.6] we
also have (Zt)OStST S C([O, T), Ll(DR))

Step 3

We suppose that for all e > 0 and T' < oo there exists R < oo arbitrarily large such
that there exists z € H g r(m) with sup,<p||z: —mse™7t|[rv < € and zp € L*(Dg). Then we
claim

(M, Jt)o<t<so € ENC([0,00); L' (D) x Rso). (8.21)
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We have from Step 2 the sequence of solutions (X %=, Té%", W) to (8.18) on the domains
Dg, with R,, — co as n — oo such that

sup|[£(X;) — mee™ ||ty < sup||L(X[™) = L(X1)||1v + sup|[L(X[™) — mpe™ ||y
t<T t<T t<T

1
< — +P(ri <19 AT).
n

Since DN B(0, R,,) = Dg, N B(0, Ry,), ]P(Té?’” <719 ANT) — 0asn — oo hence

supHmte*‘h — L(X¢|To > t)elnIP(73>t)||Tv =0.
t<T
Thus (X, 79, W) is a global weak solution of (1.5) and therefore (m;, J;) € Z. Moreover
since (L(X/™))o<i<r € C([0,T); L*(D)) for all n, (L(X;))o<t<r € C([0,T); L' (D)). We
have established (8.21).

Step 4

We therefore have that if (my, Ji)o<i<oo € S then (my 4y, Jig+t)o<i<oo € E for all
to € Q~o. We have that

(Mgt Jtg4t)o<t<oo = (M Jt)o<t<oo in d> as ty— 0.

Since my, — mo in W, Lemma 8.1 allows us to extract a subsequence converging
to an element of =, hence (my, J;)o<i<oo € Z. Moreover since (my,+¢, Jio+t)o<t<oo €
C([O, OO); Ll(D) X ]Rzo) for all ¢ty € Q>0 we have (mu Jt)0§t<oo € C((O, OO); Ll(D) X IRZQ).

O

8.3 Uniqueness in law of weak solutions to (1.5)

We implement a strategy similar to the proof of [11, Proposition C.1]. We fix v € P(D)
and firstly seek to show
(LY(Xi|To > t))o<i<oo is unique amongst

(8.22)
all weak solutions to (1.5) with initial condition X ~ v.

We take weak solutions to (1.5) (X', W', 7}) and (X2, W?2,72) of (1.5) on the possibly
different probability spaces (2!, 7!, P!) and (Q?, 72, 1P?). We note by our earlier result
that these must be global weak solutions. We then define £(X}) = u} for k = 1,2 and
t < oo.

We recall that b is uniformly Lipschitz in the measure argument with respect to the W
metric. Since this metric is dominated by the total variation metric (up to a constant), b
is uniformly Lipschitz in the measure argument with respect to the total variation metric.

By abuse of notation we write

b: My(D)x D> (u,z) — b(ﬁ,x) eRY,  |u|s = u(D)

where |ul, is the mass of u on D.
Therefore since |u} |, |u?| > [u}| Aul] > 0 for 0 < t <1 there exists Cr;, < oo such that

[b(ut,x) = b(uf, )| < Cuplluy — ufllrv, z€D, t<1.

We now define
dy = sup||uZ — ull|lrv
s<t

and drifts
b (x,t) = b(u;, ) and b*(z,t) = b(u?, x).
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We consider weak solutions of the SDE
dX; = b (X, t)dt +dW,, 0<t<7p=inf{t: X; € 0D}, Xo~v. (8.23)

Weak solutions to (8.23) are unique in law by the same change of measure argument
giving that weak solutions to SDEs without killing with bounded measurable coefficients
are unique in law; see [25, Proposition 3.10].

Clearly (X', W', 7}) on (@', F!,P') is a weak solution of (8.23). We have by Gir-
sanov’s theorem (since b!,b? are bounded Novikov’s condition is satisfied) that

t
W/ = w2 —/0 (' (X2,5) — B2(X2,5)) ds

is a IP’-Brownian motion whereby

dP’

T

=¢e(Y)s, Y;:/O (b"(X2,s) —b*(X2Z,5)) dW2.

=2
Therefore we have
dX? = V(X2 t)dt + dW? = b (X?, t)dt + dW/,
so that (X7, W/, 73) on (92, F2,P’) is also a weak solution of (8.23). By uniqueness in
law of weak solutions to (8.23) we have
P (xh) =P (xd), t<1. (8.24)
We now fix some measurable set A C R and see that
up (A) — uf(A)] = [P1(X] € A) — P*(X7 € A)| = [P'(X? € A) — P*(X7 € A)]
= [E¥ [1x,e4(Z - 1)]] Z 1z~ 1|22y Vi (A) < || Z — 1] L2 w2

Holder’s
inequality

Taking the supremum over measurable sets A C R we have
2 2 2 2
luf —wfl|7v <EY [(Z - 1) =B [27] -2 EY[Z] +1=E"[Z]]-1.

=las Z;isa
P2-martingale

We calculate the first term on the right using Ito’s formula,

t t
EP (72 =1+ / EP*[(b — b2)2(X,, 5)22)ds < 1+ / (Cuipds)*EF" [22]ds.
0 0

By Gronwall’s inequality, using that d; < 1 and e™ <1+ rte” for 0 <t < 1 we have

2 t 2 2 2 2
EF [Z}] < elo(Cuwdd)” < cCipdit <14 C2 d2eCiot for 0<t< 1.
Gronwall

Therefore we have

[up — u?||%y, < CF dfecﬁpt for 0<t<1.

Lip
Therefore for some C' < oo we have

d; < CV/td,.

Thus for ¢ < 55z A1 we have u} = uj. By iteration we have u{ = u} for t < 1.

Repeating inductively we have u} = u? for all ¢+ < co. This implies (8.22).
This then implies uniqueness in law. Indeed (8.22) implies that both (X!, W', r}) and
(X2, W?, 72) are weak solutions to (8.23) and hence are equal in law.
O
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8.4 Proof of Proposition 2.8 and Theorem 2.9

Given v € Py (D), let {XN}n>2 be any sequence of weak solutions to (1.3) with
initial conditions X' such that the (random) empirical measures m{ = ¥} X§' converge
in Pw (D) to v, in probability as N — oco. This can be achieved, for example, by taking
N N,

Next, we define m}¥ and J} asin (1.10) and (1.12),
- 1
my =9V (X)), JtN:Nsup{keﬂ\ngt}.

Theorem 2.10 and the fact that m)’ — v in probability imply that the laws of (m",
JN)o<i<oo are tight in P((D([0,0); Pw (D) x R>p)),dP)) and every limit distribution
of this family is supported on Z({v}) N C((0,00); L}(D) x Rxp). In particular, Z({v}) N
C((0,00); L'(D) x R>¢) is non-empty. We have already proved uniqueness in law of weak
solutions to (1.5); therefore this limit distribution is uniquely determined. Taken together
with Lemma 8.1, this establishes Proposition 2.8
The fact that the limit distribution is unique implies convergence along the entire
sequence N — oo in probability to the same element of Z({v}) N C((0, 00); L' (D) x Rx).
Furthermore, since convergence in d” to a continuous function implies convergence in
d*°, we have convergence in d*° in probability. This proves Theorem 2.9.
O

9 Properties of the semigroup G, - Proposition 2.11

Our goal in this section is to establish Proposition 2.11. We begin with a proof
of (2.14). We take (¢,,v,) — (t,v) and T > sup,, t,,. Then Lemma 8.1 and Proposition 2.8
imply that (G¢(vn))o<i<r = (G(¥))o<i<r in dj5 ) as n — oo. Therefore

W (G, (), Ge(v)) < W(Gy, (Vn), Gy, (v)) + W(Gy, (v),Gi(v)) - 0 as n — oo.

We have thus established (2.14).

We now assume D is bounded, fix t; > 0 and combine the estimates on the N-particle
system we established in Part 1 of Proposition 4.7 with the hydrodynamic convergence
theorem (Theorem 2.9) to prove that Image(G:,) CC Pw (D).

Let (XN :0<t<oo)=(X"'...,X"):0 <t < ) be a sequence of weak
solutions to (1.3) with initial conditions X¥ ~ v®V. We define m = ¥~ (X)) as in 1.10.
Therefore Part 1 of Proposition 4.7 gives that for all ¢ > 0 there exists ¢ = c¢(e, )
dependent only upon tg, € > 0, the upper bound on the drift B < co and the constant of
the interior ball condition 7 > 0 such that the compact set K. ¢, = V() satisfies

lim P(m (K¢

N—o0 to &to

) >¢€) =0.
Therefore by our hydrodynamic convergence theorem (Theorem 2.9) we have

Gy (V) (K

€,lo

) <e.
Since K. ;, was not dependent upon v, Gy, (v)(K¢,, ) < e for all v € P(D). Therefore
G, (V) E{n € P(D) : p(K5-n ;) <277, ne N},
which is a tight family of measures on D.
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10 Existence and properties of QSDs - Proposition 2.13

Parts 1 and 2 of Proposition 2.13

We firstly establish 1a < 1b. It is trivial to see that a QSD is a QLD. In the opposite
direction we consider a QLD 7 which is the Yaglom limit for initial condition v: G¢(v) — 7
in W as t — oo. We define the continuous map

p: (C([0,00); Pw (D) x R>0),d>) > (f,g) — f € C([0,1]; Pw (D)).

We further define

G(r) = {Ge(wo<e<t s b € K} = p(E(K)).

We have by Lemma 8.1 that =(x) is compact in (C([0, 00); Pw (D) x Rx>g),d™) for
compact k, hence (;(x) is compact in C([0, 1]; Pw (D)) as it is the continuous image of a
compact set. We now take k = {G,,(v) : n € N} U {w} which is compact in Py (D). Thus
we have

C1(k) = {(Gnrt(v))o<i<1 1 n € N} U{Gi(m)o<i<1}

is compact in C(]0, 1]; Pw (D)). We note that
(Gnyt(¥))o<i<t = (mo<e<a in C([0,1];Pw (D)) as n — oo.

Thus we must have
(m)o<i<1 € C1(k)-

Therefore G¢(n) = w for 0 <t < 1. Thus 7 is a QSD.

We now establish la = 1c along with Part 2 of Proposition 2.13. We take 7 a QSD,
(X, 7o, W) a global weak solution to (1.5) with initial condition Xy ~ 7 and (m, Ji)o<i<1 =
(L(Xi|to > t), —InP(19 > t))o<i<oo € E({m}). By considering the martingale problem we
see that mye™7t = me™/t = L(X;) satisfies

e (n(), 0() — (m(), () = / e (m,b(m, ) - Vip
0 (10.1)

1 —
+§Ag0>ds, 0<t<oo, peCFD).

Clearly the right hand side is differentiable in time, so the left hand side must be also
and so we have

~{r() @ e M ST, = e m, bl ) Vo L A), g€ C(D)

Thus %Jt must be constant and so equal to some A > 0. Since we can’t have P(ry > t) =1
for all t > 0, we must have A > 0. Moreover we must have £,(X;) € L!(D) since £,(X;)
can be related to the distribution at time 1 of Brownian motion killed at the boundary by
a Girsanov transformation - thus we must have 7 € L'(D). Thus (m, \) satisfies (2.17)
and hence la = lc. Moreover e = e~7/t = |£(X,;)| = P(7p > t) so that 75 ~ exp()) and
hence we have Part 2 of Proposition 2.13.

We now establish 1c = la. We take (m,\) € L*(D) x (0,00) a solution of (2.17) and
take (X, 79, W) a weak solution of the SDE

dX; = b(m, X )dt +dW,, 0<t<r7y=inf{t: X,_ €D}, Xo~r
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(which exists by Girsanov’s theorem). We have both £,(X;) = L, (X¢|r9g > t)P(19 > t)
and e~ must be Li (D x [0,00)) solutions to the PDE (for every T < oc)

() 9 1) — (m(), (-, 0)) = / (0, Buipl- 5)
0
+b(m, ) - V(- s) + %Agp(-,s))ds, 0<t<oo, pE€ CSO(D x [0, 00)).

Therefore by [28, Theorem 1.1] we have e~ = £(X,), thus £(X;|7s > t) = 7 and hence
(X, 19, W) satisfies (1.5). Thus 7 is a QSD.

Part 3 of Proposition 2.13

We define II,, = {7 € P(D) : Go-«(mw) = 7}. We recall that Proposition 2.11 gives that
Go-n : P(D) — P(D) is continuous with tight image. Since the convex hull of a tight
family of measures is tight, the closed convex hull F,-. := Conv(Image(G,,)) is compact
in P(D). Therefore II,, corresponds to the fixed points of the map

GQ—n . F2—n — Fg—n,

which is a continuous map from a compact convex subset of a locally convex topological
vector space (M(D)) to itself. Thus Schauder’s fixed point theorem implies II, is a
non-empty compact subset of P(D). It is therefore sufficient to prove

I =n,II, (10.2)

as the intersection of a descending sequence of non-empty compact sets must be non-
empty and compact.

We clearly have that II C II,, for all n, so it is sufficient to establish N,II,, C II. We
suppose 7 € N,II,, and fix ¢ > 0. We take a sequence of dyadic rationals ¢,, — ¢t. We have
m = Gy, (m) — Gi(m) by Proposition 2.11 so that we have G;(7) = 7. Since ¢ is arbitrary,
m e Il

O

11 QSDs as limits of the Fleming-Viot particle system

The goal of this section is to establish that QSDs may be obtained as limits of the
N-particle system. In Theorem 2.16 we show that the stationary distributions of the
N-particle system converge to the set of QSDs. In Theorem 2.17 we then establish under
an additional assumption on the semigroup G; convergence as N and 7T go to infinity
together.

Proof of Theorem 2.16

We take the N-particle stationary distributions 1", associated to which are the
corresponding stationary empirical measures ¥V = ﬁg ¥ asin (1.17) and Py, (D)-valued

random variables 7% ~ W~ . We consider a sequence of stationary solutions XN to(1.3)
with initial distributions ¢". We write m}¥ := 9~ (X) and J¥ = L sup{k € N | 7, <t}
asin (1.10) and (1.12).

Since m{ ~ WY, Proposition 4.6 gives that {¥"} are a tight family of random mea-
sures. We may then use Theorem 2.10 to establish that {£((m}, J})o<i<s0)} is tight
in P((D([0,0); Pw (D) x R>p),d?)). We then consider an arbitrary convergent subse-
quence, along which UV — U in P(Py, (D)) and (md, JN Jo<i<oo = (M, J)0<t<oo in
distribution, which must satisfy (m$°, J°)o<i<co € E almost surely by Theorem 2.10. We
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take a random variable 7> ~ U so that we have
U ~m® = Gi(mg®), t>0,
so that in particular U is an invariant measure for the semigroup G;. We calculate
E[W (7>, 1) = E[W(G¢(x*>),I1)] - 0 as t— oo
by Lebesgue’s Dominated Convergence Theorem and our assumption (2.15).
Thus 7 € II almost surely, so U*° is supported on II. Thus along every subsequence,
there is a further subsequence along which W (7V,II) — 0 in probability, hence we have

convergence in probability along the original sequence.
O

Proof of Theorem 2.17

We take an arbitrary sequence ¢y — oo and fix ¢ > 0. We take (using the assump-
tion (2.16)) T < oo such that W(Gr(v),n) < e for all v € Py (D).

Then by Proposition 4.6, {£(m]', _;)} is tight in P(Pw (D)) and hence by Theo-
rem 2.10 and Skorokhod’s representation theorem we may take a subsequence and
possibly different probability space (€, ', ') on which (m ;. ,, JN ;. ,)o<t<co CON-
verges in d*° P’-almost surely to (m¢, Ji)o<i<co € E C C([0,0); Pw (D) X R>p). Then
mr = Gr(mg) so that on this subsequence

limsup W(m,), ,m) < e P’-almost surely.
N—o0
This subsequence was arbitrary as was ¢ > 0, so we have W(mi\g ,m) — 0 in probability
as N Aty — co. Using Theorem 2.9 and Proposition 2.13 we are done.
O

A Proof of Lemma 6.5

We define

Ge =0V sup (m(p) — Ce(Tmin(p))Leb(p)).

Since we have bounded m on sets in R in terms of Leb, we may bound the corresponding
outer measure m* in terms of the outer measure Leb*. Specifically

m*(E) < Ce(Tmin(E))Leb™(E) + G, forall E € B(D x [0,7])\ {0}
holds almost surely. Since m < m* and Leb = Leb*, this implies that
m(E) < Ce(Tmin(F))Leb(E) + G, forall E € B(D x [0,T])\ {0} (A1)
holds P¢-almost surely. We define
Nszy ={ue€P(Dx[0,T]) : w(N)<§ forall N € B(D x (1p,T))
such that Lebp o, 77(NV) = 0}

for §, Ty > 0. Then (A.1) implies that for §, T > 0 we have
€
5
Since € > 0 is arbitrary, we have P(m € Nsr,) = 1 for all §,7 > 0. We now note that
N070 = N1y>0 Ns>0 Né,To so that

P(m € Ns51,) > P(G. <6) > 1 — — by Markov’s inequality.

P(m < Le}3D><(O,T]) =P(me ./\/'070) =1.
Moreover we have P(m(D x {0}) = 0) = 1. Therefore P(m < Lebpx(o,r]) = 1.

EJP 27 (2022), paper 101. https://www.imstat.org/ejp
Page 68/72


https://doi.org/10.1214/22-EJP820
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The McKean-Vlasov Fleming-Viot process

B Proof of Lemma 7.1
We fix ¢ a positive mollifier supported on B(0, 1) and take p € C°°(R%) such that
D={p>0}, 9aD={p=0}, Vp#0 on ID.
We define g = (¢ * 1p(0,r+3))p € C2°(R?) which we note satisfies:

1. DNB(0,R+2)={g>0}NB(0,R+2);
2. 0DNB(0,R+2)={g=0}nB(0,R+2);
3. Vg#00ndDNB(0,R+2).

We then define h = ¢ * 1 (o, g4+1) € C°(R%) which we note satisfies:

1. h=0on B(0, R);
2. 0<h<1lonB(0,R+2)\ B(0,R);
3. h=1on B(0,R + 2)°.

We define f = g — e¢h € C®(R%) for € > 0 to be determined and claim that for some
e > 0 small enough, Dg := {f > 0} gives a domain with our desired values. We firstly
observe that for all € > 0,

DNB(0,R) C{f>0}CDNB0,R+4).
Therefore by the implicit function theorem it is sufficient to show that
f=0= Vf#0 (B.1)
for some € > 0 small enough. Sard’s theorem allows us to take ¢, | 0 such that
g=¢€, = Vg#D0.
Therefore f, = g — €, h satisfies
fa(x)=0 and |z|>R+2 = Vf,(z)#0.

We now assume for contradiction that for all n there exists |z,| < R + 2 such that
fn(z,) =0and Vf,(z,) = 0. We take a convergent subsequence r,, — = € B(0, R + 2),
so that 0 = f,, (z,,) = ¢g(z) and 0 = V f,,, (z,,,) — Vg(z). This is a contradiction, hence
we may choose ¢, such that

g—eh=0 = V(g—eh)#0. O

C Controls on the density and hitting time of generic diffusions
Lemma C.1. Let (X, 79, W) be a weak solution of the SDE
dX, = bydt +dW,, 0<t<7y=inf{t>0:X, €D} (C.1)

on the domain D C R? and filtered probability space (2, F,(F;)i>0,P), where b, is
(Ft)e>0-adapted and uniformly bounded |b| < B. For & = (z1,...,2q) € D C R? and
h > 0 we define the open cube

F(fah):{?j:(ylavyd) EDIyl_mZI <h}

Throughout we write L(X;) = L(X:|t9 > t)P(1s > t) for the law of the killed process
restricted to D. Then we have the following:
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1. There exists a non-increasing function C' : (0,00) — R such that
L(X:)(-) < CiLebp(-), 0 <t < oo. (C.2)

2. Ifh,t > 0 and F(Z,5h) C D there exists ¢ > 0 dependent only upon the upper bound
on the drift B < oo, t > 0 and h > 0 such that

L(X,) > cP(X,; € F(Z,h))Leby, ., (). (C.3)

\F(T#,h,)(')

We obtain from this the following corollary.
Corollary C.2. For everyt > 0 we have P(r9 =t) = 0.

Proof of Lemma C.1. We firstly establish (C.2). We may apply Lemma 6.7 to the family
of processes {X; — Z : Z € D} to see that

P(X; € F(Z,h)) < C,Leb(F (T, h))

where C; is the function given by Lemma 6.7. By considering the outer measure
generated by the open cubes, we see that

L(X)() < L(X)*(-) < CiLeb*(:) = CiLeb(+), 0<t < oc.

We now establish (C.3). We consider on the probability space (€2, F, (F;)t>0,P) a
family of weak solutions (X7, W?) (y € I') on the domains D? D F(0,4h) to the SDEs

dX] =bjdt +dw,, 0<t<7,"7 =inf{t >0: X, € 9D},

where {07} are bounded |b]| < B and (F;);>0-adapted processes. We take h=(h,...,h)
and write 7(Z) for the inward normal of the positive orthant ]R(io- If we repeat the proof
of Lemma 6.7 (on page 37) with strong solutions of the SDE (6.32) replaced with strong
solutions of the 1-dimensional SDE (which exists by [3, Theorem 1.3])

dZ, = dW, + Bdt + dL?, Z, = 2h,
we obtain for each v a strong solution (27, W?) of the d-dimensional SDE
dZ) = (B,...,B)dt +i(Z})dL?", 0 <t < 17" =inf{t > 0: Z] € OF(0,4h)}, Z] = 2h,
where L7 is the local time of Z; with the boundary ORY , and which satisfies
X] € F(0,2h) and Z; € F(0,¢) = X; € F(0,¢), 0<e<h. (C.4)

Moreover we may take ¢ > 0 such that for all h > ¢ > 0 and v € ' we have
P(Z) € F(0,¢)) > cLeb(F(0,¢)). We consider the processes {X, — 7 : i € F(&, h)} so that

P(X; € F(7,€)) > P(X,y € F(7,2h))cLeb(F(0,€)) > P(X, € F(&,h))cLeb(F (0, ¢)).
Therefore by considering the inner measure generated by the open cubes, we see that
L(X)(4) > L(X1)«(-) > cLeb.(-) = cLeb(:) O

Proof of Corollary C.2. The t = 0 case is trivial, so we assume ¢ > (. Indeed by the
continuity of the paths of X, we have for all R < oo and € > 0,

P(rp =1t) <limsupP(d(X;_p,0D) <e and |X;_p| < R+1)+P(|X: > R).

h—o0

Applying (C.2) we have
P(ro =t) < CiLeb({z : d(z,0D) < e and [|z| < R+1}) +P(| Xy = R).

Taking lim supp_, ., lim sup,_,, of both sides we are done. O
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