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Abstract

We study the weak convergence of 3- and 3’-Delaunay tessellations in R?~! that were
introduced in part I of this paper, as § — oo. The limiting stationary simplicial random
tessellation, which is called the Gaussian-Delaunay tessellation, is characterized
in terms of a space-time paraboloid hull process in R?~! x R. The latter object
has previously appeared in the analysis of the number of shocks in the solution of
the inviscid Burgers’ equation and the description of the local asymptotic geometry
of Gaussian random polytopes. In this paper it is used to define a new stationary
random simplicial tessellation in R~!. As for the 8- and 3’-Delaunay tessellation,
the distribution of volume-power weighted typical cells in the Gaussian-Delaunay
tessellation is explicitly identified, establishing thereby a new bridge to Gaussian
random simplices. Also major geometric characteristics of these cells such as volume
moments, expected angle sums and also the cell intensities of the Gaussian-Delaunay
tessellation are investigated.
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1 Introduction

In part I of this paper [9] we introduced two new classes of stationary random
simplicial tessellations in R?~!, the 3-Delaunay tessellation (with 3 > —1) and the j3'-
Delaunay tessellation (with 8 > (d + 1)/2). Their construction, which we recall in detail
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in Section 3.2 below, is based on a paraboloid growth and hull processes, which were
originally introduced in [3, 28] in order to describe the asymptotic geometry of random
convex hulls in the unit ball. The definition of the paraboloid growth and hull processes
in turn is based on a space-time Poisson point process on the product space R4~ x R,
(for the $-Delaunay tessellation) or R4~ x R* := R9~! x (—o0,0) (for the ’-Delaunay
tessellation) whose intensity measure is translation invariant in the spatial (i.e. R?~!)
component and has a power-law density function in the time or height (i.e. Ry or R*)
coordinate. We used these processes to generalize the well-known construction of the
Poisson-Delaunay tessellation, which is one of the most classical tessellation models
considered in stochastic geometry and related fields. Moreover, in [9] we gave an explicit
description of weighted typical cells of both the 8- and the §’-Delaunay tessellations
from which we computed several key characteristic quantities such as volume moments,
expected angle sums and also cell intensities. In particular, this demonstrates that
both the 8- and 3’-Delaunay tessellations are analytically tractable, which makes them
attractive alternatives to the classical Poisson-Delaunay tessellation. Let us point out
that the latter are widely used in wireless network modelling [1, 6, 11] or material
sciences [24].

In the present paper we study the limiting behaviour of the sequence of 8- and
(’-Delaunay tessellations in R?~!, as 3 — oco. Under a suitable rescaling, one can verify
(see Lemma 4.1 below) that the Poisson point processes underlying the constructions of
the paraboloid growth and hull processes (and hence the - and 3’-Delaunay tessellation)
converge in distribution to a Poisson point process on R4~! x R whose intensity measure
is again translation invariant in the spatial component and has density e/2 in the time
or height coordinate. Such Poisson point processes together with their parabolic hulls
have previously appeared in the literature, namely in the expectation and variance
asymptotics for the number of shocks in the solution of the inviscid Burgers equation
[2], as well as in the description of geometric properties of convex hulls of Gaussian
random points [4]. A closely related construction appeared as an example of a max-
stable process in [5, 30]. We use this point process to construct the related paraboloid
growth and hull process and to define another stationary random simplicial tessellation
in R¢~!, which we call the Gaussian-Delaunay tessellation. Given these constructions, it
seems natural to expect a similar (functional) convergence on the level of the random
tessellations themselves, i.e., that, as 5 — oo, both the - and 8’-Delaunay tessellation
weakly converge to the Gaussian-Delaunay tessellation. Of course, in order to make this
rigorous, one needs to make precise what weak convergence of random tessellations
formally means. However, this is by far not straightforward, since there is no natural
topological structure on the space of tessellations and it is not clear whether the space
of tessellations of R?~! is even Polish. This turns problems related to the convergence
of random tessellations into a highly non-trivial task, which has only very rarely been
tackled in the existing literature (see [20, 21] for the only example we are aware of).
One way to work around this problem is by identifying a tessellation with its skeleton,
by which we mean the union of the boundaries of all of its cells. From here on one
can work with the well-established notion of weak convergence of random closed sets
with respect to the usual Fell topology, which is conveniently handled by means of the
so-called capacity functional, see [15, Chapter 16] or [27, Chapter 2]. Eventually, we
deal with the capacity functional of the 8- and 3’-Delaunay tessellation by resorting to
the parabolic growth and hull processes underlying their constructions and by proving
a kind of localization property for these processes, which is very much in the spirit of
the well established geometric limit theory of stabilization for which we refer to the
survey articles [29, 33]. This constitutes the most technical part of this paper, in which
we show that, after suitable rescaling, the capacity functional of the 8- and 5’-Delaunay
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tessellation converges to that of the Gaussian-Delaunay tessellation, proving thereby the
weak convergence of the random tessellations mentioned earlier. In addition, our proof
shows convergence in a topology which is much stronger than the usual Fell topology
on the space of closed subsets of R%~!. This is of interest, because quantities like the
number of cells or the total surface content in a bounded window become continuous
functionals in this stronger topology, but are not continuous with respect to the Fell
topology. This new perspective on the weak convergence of random tessellations (or
more general random closed sets) is of independent interest and might be fruitful also in
the study of functional limit theorems of other stochastic geometry models beyond the
ones we investigate in this paper.

It is another goal of this paper to discuss and to determine principal geometric
properties and characteristics of Gaussian-Delaunay tessellations. For that reason we
follow the lines of part I [9], introduce the class of volume-power weighted typical cells
and compute explicitly their volume moments, expected angle sums and cell intensities.
In particular, this class of cells includes the typical cell (in the usual sense of Palm
calculus) and, up to translation, the zero-cell (the almost surely uniquely determined cell
containing the origin) of the Gaussian-Delaunay tessellation. The results we obtain in this
context will be a consequence of a probabilistic description of volume-power weighted
typical cells in terms of Gaussian random simplices. As for the 3- and the 3’-Delaunay
tessellation this demonstrates that also the new Gaussian-Delaunay tessellation is an
analytically tractable model of a simplicial random tessellation. In particular, the fact
that the typical cell has the same distribution is a volume-weighted Gaussian random
simplex is the reason why we call the limiting object the Gaussian-Delaunay tessellation.

The remaining parts of this paper are organized as follows. In Section 2 we gather
some necessary background material, especially about point processes and tessellations
(Section 2.2) and the construction of Laguerre diagrams and tessellations (Section
2.3). In Section 3 we explain the paraboloid growth and hull processes that lead to
the definition of -, §’- and Gaussian-Delaunay tessellations. Our main result about
the convergence of 3- and ’-Delaunay tessellations towards the Gaussian-Delaunay
tessellation is presented and proved in Section 4. In the final Section 5 a probabilistic
representation of volume-power weighted typical cells is found and some key geometric
characteristics of such cells are computed.

2 Preliminaries

2.1 Notation

A centred unit Euclidean ball in R? is denoted by B¢ and its volume is given by

/2

Rd ‘= ———_-
N1+ 49)

By B,(w) we denote the closed (d — 1)-dimensional ball of radius r > 0 centred at

w € R41. We will also use a simplified notation for the ball B, := B.(0) centred at

w = 0.

In what follows we will often use two equivalent systems of coordinates, namely, we
represent points z € R? as  := (v,h) € R? with v € R?"! (usually called the spatial
coordinate) and h € R (referred to as the height or time coordinate). Finally, the
Euclidean norm is indicated by || - ||.

Given a set C in a Euclidean space we denote by conv(C') its convex hull, by int(C)
its interior and by 0C its boundary. We denote by R, the set of all non-negative real
numbers and by R* := (—o0,0) the set of all negative real numbers.
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For two functions f,g : R¥ — R, k € IN, we will frequently use the notation
f(x1,. . xk) ey en,... §(x1, ..., zx), which means that there exists a positive constant c,
which depends on parameters cy, co, ... but is independent of (z1,...,2x) € R*, such that
flwy,...,2p) <cglay,...,zp) forall (z1,...,2) € RF.

2.2 General point processes and tessellations

Let (X, X) be a measurable space supplied with a o-finite measure . By N(X) we
denote the space of o-finite counting measures on X. The o-field A(X) is defined as the
smallest o-field on N(X) such that the evaluation mappings £ — &(B), B € X, £ € N(X),
are measurable. A point process on X is a measurable mapping with values in N(X)
defined over some fixed probability space (2, F,P). By a Poisson point process 7
on X with intensity measure p we understand a point process with the following two
properties:

(i) for any B € X the random variable 7(B) is Poisson distributed with mean u(B);

(ii) for any n € IN and pairwise disjoint sets By,...,B,, € X the random variables
n(B1),...,n(B,) are independent.

We refer to [27, Chapter 3] for further background material on Poisson point processes.

Next, we introduce the notion of a general random tessellation in R?~! and give a
brief overview of some basic properties, which are used throughout the paper. For a
more detailed discussion we refer to [27, Chapter 10]. A tessellation M in Ré-lisa
locally finite countable system of compact, convex subsets of R~! having interior points,
covering the space and having disjoint interiors. The elements of a tessellation M are
called cells and every cell is a convex polytope. Given a polytope P ¢ R?~! denote by
Fi(P) the set of its k-dimensional faces and let F(P) := i;é Fir(P) be the set of all
faces of P. A tessellation M is called face-to-face if for all P;, P, € M we have

PNk e (I(Pl)ﬂ]:(Pg))U{Q}

A face-to-face tessellation in R%! is called normal if each k-dimensional face of the
tessellation is contained in precisely d — k cells, k € {0, 1,...,d — 2}. Further, we denote
by M the set of all face-to-face tessellations in R?*~!. By a random tessellation in R¢~!
we understand a particle process X in R?~! (in the usual sense of stochastic geometry,
see [27]) satisfying X € M almost surely.

2.3 Laguerre tessellations

One of the most well studied type of tessellations is the classical Voronoi tessellation,
see, for example, [22, 31, 27]. A Laguerre tessellation can be considered as a generalized
(or weighted) version of a Voronoi tessellation and was intensively studied in [17, 16, 26].
In this subsection we only briefly recall some facts about Laguerre tessellations. For
more details we refer the reader to part I of this paper [9, Section 3.2 - 3.5].

The construction of a Laguerre diagram is based on the notion of a power function.
For v,w € R and W € R we define the power of w with respect to the pair (v, W) as

pow(w, (v, W)) := ||lw — v||2 + W,

where W is referred to as the weight of the point v. Let X € R4~! x R be a countable set
of weighted points in R~! such that min, we x pow(w, (v, W)) exists for each w € R%~.
Then the Laguerre cell of (v, W) € X is defined as

C((v, W), X) := {w € R¥: pow(w, (v, W)) < pow(w, (v', W')) for all (v/,W’) € X}.
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We emphasize that it is not necessarily the case that a Laguerre cell is non-empty or that
it contains interior points. The collection of all Laguerre cells of X with non-vanishing
topological interior is called the Laguerre diagram of X and we write

L(X):={C((v,W),X): (v, W) € X, int(C((v, W), X)) # o}.

It should be mentioned that a Laguerre diagram is not necessarily a tessellation,
since the latter property strongly depends on the geometric properties of the point set X.
In part I of this paper we proved the following lemma, which gives a sufficient condition
for a point process ¢ in R“~! x E, E C R a Borel set, which ensures that £(¢) is in fact
almost surely a random tessellation.

Lemma 2.1 (Lemma 1 and Lemma 2 in [9]). Let £ be a point process in R x E,
satisfying the following conditions.

(P1) Almost surely we have
conv(v: (v,h) € £) = R4,

(P2) For every w € R?! and every t € E there are almost surely only finitely many
(v, h) € ¢ satisfying
pow(w, (v, h)) < t.

(P3) With probability 1 no d + 1 points (vg, hg), . . ., (v, hq) from & lie on the same down-
ward paraboloid of the form

{(v,h) ER"IX E:|v—w|®?+h=t}
with (w,t) € R4! x E.

Then L(¢) is a random tessellation in R?~! and, moreover, L(¢) is normal with
probability 1.

Let ¢ be a point process satisfying properties (P1) — (P3) and let £*(¢) denote the
dual tessellation of £(£). This tessellation arises from £({) by including for distinct
points 1 = (v1,h1),...,2q4 = (va, hq) the simplex conv(vy,...,vq) in L*(€) if and only if
the Laguerre cells corresponding to v, ...,vs all have non-empty interior and share a
common point. It follows from Lemma 2.1 and [26, Proposition 2] that £*() is a random
simplicial tessellation and, moreover, £*(£) is a Laguerre tessellation of the random set

¢ ={(2,—K.) e R x R: z € Fo(L())}, (2.1)

where Fo(L(§)) is a set of vertices of the Laguerre tessellation £(¢) and for each z €
Fo(L(€)) the constant K, is such that z € Fo(C'((v, k), §)) if and only if pow(z, (v, h)) = K,
and there is no (v, h) € £ with pow(z, (v, h)) < K.

3 Construction of -, /- and Gaussian Delaunay tessellations

3.1 Paraboloid growth and paraboloid hull processes

In this Section 3.1 we introduce a paraboloid growth process with overlaps (or, simply,
paraboloid growth process) and a paraboloid hull process. They represent a powerful
tool which we will use for constructing 3-, 5’- and Gaussian-Delaunay tessellations and
investigating their properties. The paraboloid growth and hull processes were first
introduced in [28, 3] in order to study the asymptotic geometry of the Voronoi flower
and the convex hull of Poisson point processes in the unit ball, respectively.

Let II; and IT_ be the upward and downward standard paraboloids

It = {(v,h) e R x R: h = £|v|*}.
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Let I+ , be the translate of II., shifted by a vector = = (v, h), that is,
Oy, :={(, 1) e R x R: b = £|]v’ —v||®> + h).

We denote the apex of the paraboloid Il , by apexIly , := x. Further, given aset A C R4
we put

Ab = {(v,)) e R x R: (v,h) € A for some h > h'},
AT ={(v,h

(v,h') € R x R: (v,h) € A for some h < h'}.

Following the definition from [3] for a given locally finite point set X C R? we
introduce the paraboloid growth model ¥(X):

v(x)= .
rzeX

In particular, given a Poisson point process £, ¥(&) is called the generalized paraboloid
growth process with overlaps or simply the paraboloid growth process. In other
words, ¥(¢) is a Boolean model (germ-grain model) in R? with paraboloid grains I1, see
[27, Chapter 9]. The name generalized paraboloid growth process with overlaps comes
from the original interpretation of this construction [28] as the graph of the growth of
crystals, when each crystal is born at the spatial coordinate v at corresponding time
h, where x := (v, h) € £, and growths with the same speed in all directions. Unlike the
traditional growth scheme, where crystals stop growing in the direction if they touch
each other, we allow them to overlap in our model. It means that a new crystal can be
born at coordinate v at time h and starts growing, even if at that moment the point v
has already been occupied by another crystal. This leads to the definition of an extreme
crystal as a crystal which at some time is not fully covered by other crystals or, more
formally, a point z € ¢ is called extreme in the paraboloid growth process ¥(¢) if and
only if its associated paraboloid is not fully covered by the paraboloids associated with
other points of ¢, i.e., if
n,¢ (J o,

ye& yF#T

We denote by ext(¥(£)) the set of all extreme points of the paraboloid growth process
(©).

Further, we introduce the paraboloid hull process, which can be regarded as a dual to
the paraboloid growth process and was considered in [3], see Figure 1 for an illustration.
The paraboloid hull process is designed in order to exhibit properties analogous to
those of convex polytopes, where paraboloids are playing a role of hyperplanes, spatial
coordinates v are playing a role of spherical coordinates and hight coordinates h are
playing a role of radial coordinates.

For any collection z; := (vy,h1),..., 2 := (v, h) of 1 < k < d points in R~ x R
with affinely independent spatial coordinates vy, ..., v, € R¥"!, we define II(x1, ..., zy)
to be the intersection of aff (v, ..., v;) X R with any translate of II_ containing all the
points x1,...,x. It should be mentioned here that although such translates of II_ are
not unique for k < d, their intersections with aff(vy,...,v;) x R all coincide so that
II(x1,...,2k) is uniquely determined. Further we define the parabolic face [z, ..., z]
as

Mz, ..,z == (21, ..., z5) N (conv(vy,...,vg) X R).

Following [3] we say that a set A C R is upwards paraboloid convex if for each
T = (Ul,hQ),l‘g = (’Ug,hg) € A with vy 75 V9 we have H[J?l,xg] C A and if for each
z = (v,h) € Awe have z := {2} C A.
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Figure 1: Paraboloid growth process (black) with corresponding paraboloid hull process
(red).

Finally, given a locally finite point set X C R we define its paraboloid hull ®(X) to
be the smallest upwards paraboloid convex set containing X. Given a Poisson point
process &, we define the paraboloid hull process as ®(£). Following the arguments
analogous to [3, Lemma 3.1] one has that, with probability one,

o) = |J @,z (3.1)

(x1,..,wa) EES

where fi is the collection of all d-tuples of distinct points of £, see Figure 2 for an
illustration. We shall point out that with probability one any d distinct points (z1,...,2q4) €
§i have affinely independent spatial coordinates and the right-hand side in (3.1) is almost
surely well defined.

For (z1,...,xq) € fi with affinely independent spatial coordinates v1,...,vq the
set II[xy,...,24] is called a paraboloid sub-facet of ®(&) if II[z1,...,24] € 0P(E). Two
different paraboloid sub-facets II[zy,...,z4] and II[yy, ..., yq] are called co-paraboloid
provided that II(xy,...,24) = II(y1,...,yq). Note, that although all points in {z1,...,z4}
and {y1, ..., yq} must be distinct according to the definition of a paraboloid sub-facet, the
sets {x1,...,24} and {y1,...,yq4} themselves do not need to be disjoint. The definition
of co-paraboloid sub-facets is equivalent to saying that all points y1,...,y4,21...,24 are
lying on the same shift of standard downward paraboloid II_. By a paraboloid facet
(or (d — 1)-dimensional paraboloid face) of ®(¢) we understand the union of each
maximal collection of co-paraboloid sub-facets. If ¢ is a Poisson point process satisfying
(P3) each paraboloid facet of ®(£) with probability one consists of exactly one sub-facet.
We can thus say that with probability one II[z,...,x4] is a paraboloid facet of ®(¢) if
and only if E NII(z1,...,24)* = {x1,...,24}. The points 1, ..., x4 are the vertices of the
paraboloid facet II[zy, ..., z4]. More formally, the vertex is a zero dimensional face of
(&), which arises as an intersection of suitable d-tuple of adjacent (d — 1)-dimensional
faces of (). The collection of all vertices of ®(¢) is denoted by vert(®(£)) and it is easy
to see that vert(®(£)) C &.

The following equality builds a link between the paraboloid growth and paraboloid
hull processes, see [3, Equation (3.17)] and Figure 1:

vert(®(¢)) = ext(¥()).

Using the paraboloid growth and paraboloid hull processes we can construct random
diagrams in R?~! which under suitable conditions on the underlying point process ¢ give
rise to random tessellations. Consider first the paraboloid growth process ¥(¢). Given a
point z = (v, h) € ext(¥(¢)) define the U-cell of z as

Cy(z,€) :={w e R wnov(€) e, ,}.
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Figure 2: Construction of the Gaussian-Delaunay tessellation for d = 2. The figure shows
the Poisson point process ( introduced in Section 3.3 and the corresponding paraboloid
hull &(¢).

In other words w belongs to Cy(z,¢) if and only if ||w — v[|?2 + h < ||w — v'|| + I/ for any
(v',h') € . Thus, the ¥-cell of an extreme point z of the paraboloid growth processes
¥(£) has non-empty interior and coincides with the Laguerre cell C(z,¢), which we
defined in Section 2.3. Next, we construct the diagram My (£) as the collection of all
U-cells:

My (&) :={Cy(z,8): z € ext(¥(£))}. (3.2)

We directly have that Mg (£) C £(£). On the other hand, if the Laguerre cell C(z, £) has
non-empty interior then = € ext(¥(¢)) and thus My (§) = L(E).

Now, consider the paraboloid hull processes ®(£) and construct a diagram M4 (&)
in the following way: for any paraboloid facet f of ®(¢) with vertices z1,...,2z,, € £ a
polytope conv (v, ..., v, ) belongs to Mg (€). As already mentioned, if the point process £
satisfies condition (P3), then with probability one any paraboloid facet of ®(¢) has exactly
d vertices and the construction above can be alternatively described as follows: for any

collection 1 = (vy,h1),...,xq = (vg, hq) of pairwise distinct points from ¢ we say that
the simplex conv(vy,...,v,) belongs to Mg (§) if and only if IT[z,, ..., z4] is a paraboloid
facet of ®(¢).

If the point process ¢ satisfies conditions (P1) — (P3) of Lemma 2.1 then M4 (§) and
My (&) are a random tessellations in R4~ and Mg (&) = £*(€) almost surely.

3.2 [-Delaunay and 3’-Delaunay tessellations

The 8- and 3’-Delaunay tessellations have been introduced in part I [9] of this paper,
where two alternative definitions using the concept of Laguerre tessellations and the
notion of paraboloid hull processes were given. The first approach is more suitable for
verifying properties of the tessellation and defining the typical cell, while the second
approach is used for investigating the probabilistic behaviour of the typical cell. For
convenience of the reader and to make the paper more self-contained will briefly recall
both definitions here.

As an underlying point process for the S-Delaunay tessellation we consider a Poisson
point process ng = 7g,, in R4~! x R, with # > —1 and intensity measure having density

L(¢+8+1)
v, h) = yeq, h?, Cd,B = —2_ = 7 4>0, (3.3)
(v ) g g W%F(,B +1)
with respect to the Lebesgue measure on R~ x R,. Analogously for the ’-Delaunay
tessellation we consider a Poisson point process 7j; = 17 . in R~ xR* with 8 > (d+1)/2
and intensity measure having density

(U> h) = ’yc&,ﬁ (_h)_67 Célﬁ = “dnn dy) v > 07 (34)
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Figure 3: Poisson point processes in
R¢ with d = 3 used to construct the
Gaussian-Delaunay tessellations in the
plane. The plane h = 0 in which the Figure 4: Realization of a Gaussian-
tessellation is constructed is shown in Delaunay tessellation in R? illustrated
yellow. in the window [—13, 13]%.

with respect to the Lebesgue measure on R?~! x R* .

It is straightforward to see (compare with [9, Lemma 3.3]) that the point processes
ng and 77;3 satisfy conditions (P1) — (P3) of Lemma 2.1 and, thus, £(ng) and E(n’ﬂ) are
random tessellations in R?~!, which are almost surely normal. The dual tessellations
L*(ng) and L* (1) are with probability one random simplicial tessellations in R?~!. The
random tessellation Dy := L*(1;) is called the 3-Delaunay tessellation in R*~! and
the random tessellation D} := L*(n;) is called the ’-Delaunay tessellation in R4-1L,

Alternatively, consider first the paraboloid hull processes ®(73) and ®(7;), and con-
struct the diagrams Mg (75) and Ma(n}) as described in Section 3.1. Since the Poisson
point processes 73 and n’ﬁ satisfy conditions (P1) — (P3) of Lemma 2.1, the tessella-
tions Mg (1) and Ma (1) coincide almost surely with - and $'-Delaunay tessellations,
respectively, as defined above.

3.3 The Gaussian-Delaunay tessellation

Following the construction of 3- and 3’-Delaunay tessellations let us now define what
we mean by the Gaussian-Delaunay tessellation. It is based on a Poisson point process (
in R%! x R whose intensity measure has density

1 h/2
(U,h) — 7(271’)d/26 / ,

with respect to the Lebesgue measure on R%~! x R.

As in the previous subsection we will consider two alternative definitions of the
resulting tessellation. First of all, we need to ensure that properties (P1) — (P3) from
Lemma 2.1 hold for the point process (. Property (P1) holds because the projection
of the Poisson point process ( to the space component R%~! is with probability one a
dense subset of R4~!. Property (P3) also holds for any Poisson point process in R¢ whose
intensity measure is absolutely continues with respect to the Lebesgue measure, see the
proof of [9, Lemma 3.3]. In order to check (P2) it is enough to show that

E Z 1(|lv —w|*+h <t) < co.
(v,h)EC

Indeed, applying Mecke’s formula for Poisson point processes [27, Theorem 3.2.5]
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Figure 5: Realizations of Delaunay tessellations in R? in the window [—4,4]2. Left: The
Gaussian-Delaunay tessellation. Middle: The 5-Delaunay tessellation with g = 10. Right:
The f’-Delaunay tessellation with 8 = 2.5.

we obtain

1
E Y k-wlP-h<t)= =5 /RH/RNIIv—wHHh§t>e”/2dhdv

(v,h)eC
1 e=llell®
= 2dhd
(2m) 72 /R/oo ‘ !

Hence, the Laguerre diagram £({) based on ( is an almost surely normal random
tessellation in R?~!. The dual tessellations D := £*(¢) is with probability one a simplicial
random tessellation and is called the Gaussian-Delaunay tessellation in R?~!. This
terminology is motivated by the fact that the typical cell of the Gaussian-Delaunay
tessellation is a (volume-weighted) Gaussian random simplex, see Remark 5.2 below.

Alternatively, based on the paraboloid hull processes ®({) one can construct the
diagram M4 (() as described in Section 3.1 and, as before, conclude that with probability
one Mg (¢) coincides with Gaussian-Delaunay tessellation £*(¢) = D.

We emphasize at this point that the 8-, 5’- and the Gaussian-Delaunay tessellation in
R¢~! are in fact stationary random tessellations, meaning that their laws are invariant
under shits in R?~!. The reason for this is simply that the Poisson point processes 7, n’ﬁ
and ¢ underlying the construction of these tessellations are stationary under shifts of
their spatial components.

4 Convergence to the Gaussian limiting tessellation

4.1 Convergence of the point processes
Let us recall that the 3-Delaunay and 3’-Delaunay tessellations were build on the
Poisson point processes 73, in R*"! x Ry and 5. in R x R*, whose intensity
measures have densities
yea s hP, (v,h) € R xRy, v >0,
vy (=h)7%,  (v,;h) e R xR, v >0,
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with respect to the Lebesgue measure, respectively. For 5 > 0 consider the transforma-
tions

Qp R xRy = R X R, (v, h) = ((28)Y20,28(h — 1)),
Qs R xRE = R xR, (v,h) = ((28)Y2v,28(h +1)).
We are interested in the rescaled point processes
¢ = Qﬁ(nﬂ,\/ﬁ) and Cfa = Q}a(n;a7m>»

where we choose the intensity v as v/25. For any fixed C > 0 and sufficiently large §,
these can be considered as point processes on R4~! x [-C, C]. Unfortunately, it is not
possible to consider them as point processes on R~ x R because the corresponding
point configurations are not locally finite.

We will start by proving the following lemma, which shows that both (g and C;;
converge in distribution (with respect to the topology of vague convergence on the space
of locally finite counting measures on R?~! x [~C, C]) to the Gaussian limiting point
process (, as § — oo, which we defined in Section 3.3. Formally, this means that for any
finite collection of relatively compact Borel sets By, ..., B, C R%! x R with ((0B;) =0
for i € {1,...,n} one has that the n-dimensional random vector ((g(B1),...,{3(Bn))
converges in distribution to the n-dimensional random vector (((Bi),...,((B,)), as
8 — oo (and similarly with (g replaced by C’B when the (3’-Delaunay tessellation is

considered). We indicate this by writing (g 4, ¢, as B — oo. We refer to [15, Chapter
16] for background material on the convergence of point processes.

Lemma 4.1. For every C > 0 one has that (3 > ( and Ch 45 ¢, as B — oo, where all
point processes are viewed as random elements with values in the space of locally finite
counting measures on R4~1 x [-C, C].

Proof. We will only prove the result for (g, the convergence for ¢ 23 can be shown in the
same way. By the mapping property of Poisson point processes, (g is a Poisson point
process on R4~1 x [~C, C], if 3 is sufficiently large, with intensity measure satisfying

E¢s(A x B) = /2B cap /D;d,l /}R1((25)1/% € A,28(h — 1) € B,h > 0) h” dhdv

for all bounded Borel sets A ¢ R?~! and B C [~C,C]. Substituting w = /23v and
s = 2B(h — 1) this transforms as follows:

Cd,p 2> iﬁ
ECs(A x B) = 2Bd/2/w1/ weAseBl—k%)iO)(ler) dsdw.  (4.1)

Since, by Stirling’s formula, ¢4 5 is asymptotically equivalent to (3/ )2
conclude from the dominated convergence theorem that

. 1 s/2
ﬁl;n;oEgg(AxB)W/Rdl/l(wEA,séB)e/ dsdw.

,as § — oo, we

This is equivalent to say that

Jim BIGs(A x B)] = E((A x B)

for all relatively compact Borel sets A ¢ R¢"! and B C [-C,C]. However, since
(s(AxB) and ((Ax B) are Poisson random variables, this readily implies the convergence
in distribution (g(A x B) 4, (A x B), as 8 — oo (for example by considering the
characteristic functions). By [15, Theorem 16.16 (iv)] this in turn yields the distributional
convergence of the point process (3 to ¢, as f — oo. O
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4.2 Convergence of the tessellations

Motivated by Lemma 4.1, it is natural to expect that a similar distributional conver-
gence holds on the level of tessellations as well. However, it is not straightforward to
introduce a suitable notion of weak convergence of random tessellations. One reason
behind is that there is no natural topological structure on the space of tessellations and
it is not clear whether the space of tessellations in R¢! is even Polish or not (see the
discussion in [10, Section 2.3]). A possible way out is to view a random tessellation as a
random closed set in the common sense of stochastic geometry and to work with the
weak convergence of random closed sets with respect to the so-called Fell topology on
the space C, the space of all compact subsets of R%1, see [27, Chapter 2] for a general
introduction to the theory of random closed sets. In our case this turns out to be possible
since for any 8 > —1 (or 8 > (d + 1)/2) the - (or #’-)Delaunay tessellation and also their
common limit, the Gaussian-Delaunay tessellation, are in fact tessellations of R4-1,

To formalize this idea we need to introduce some notation. Given a stationary random
tessellation M in R?~! we denote by

M = skel(M) := U dc,
ceM
the skeleton of M, see [27, Definition 10.1.4]. By the discussion in [27, p. 464] it follows
that ./ is a stationary random closed set in R¢~!. We recall that the capacity functional
Tz(C) of a general random closed set Z C R%~! is defined as

T,(C)=P(ZNC # 2), CecC.

Let us point out that the Poisson point processes (g, Cl’g and ( satisfy properties (P1)
— (P3) stated in Lemma 2.1. This allows us to consider the random closed sets

9 = skel(Dg) = skel(L*((s)), T = skel(D) := skel(L*(C5)), Z = skel(D) := skel(£*(C)),

where we use the notation introduced in Sections 2.3 and 3.1. We also consider the
capacity functionals

T5(C) == T5,(C), TH(C) =T (C) and T(C):=Ty(C), CeC.

Our principal goal in this section is to prove the following theorem, which is the
counterpart to Lemma 4.1 on the level of tessellations. More precisely, we shall prove
that, as § — oo, the random closed sets _@5 and @ﬁ converge weakly (with respect to the
Fell topology on the space C) to the random closed set . Formally, this means that the
capacity functionals T and T[, both converge, as § — oo, to the capacity functional T’
of the Gaussian-Delaunay tessellation. For background material on the convergence of
random sets we refer to [15, Chapter 16] or [27, Chapter 2] as well as to the explanations
we give after the statement of our result.

Theorem 4.2. The random closed sets .@5 and .@é converge weakly to the random closed
set 9, as 3 — oo.

Remark 4.3. The theorem above can be reformulated for the - and 3’-Delaunay tessel-
lations as follows. For some positive ¢ define, analogously for /3’-Delaunay tessellation,
the rescaled version of the 5-Delaunay tessellation

t’DB = {tCZ cE DB}'

Then the random closed sets /23%3 := skel(y/28 Dg) and /282 := skel(v/23 Dj;) con-
verge weakly to the random closed set &, as 8 — oo. This follows from the fact that
95 = \/28%3 and 96 = V/2BZ}, and is due to the property of the transformation Qg,
which preserves the parabolic structure of the set. Namely the image of paraboloid
I, p),+ With apex (v, h) is the paraboloid IL(,s ;) + with apex (v, h') := (v/28v,26(h —1)).
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_ The proof of Theorem 4.2 is based on a careful analysis of the capacity functionals of
95, 75 and 7 as well as on the fact that weak convergence of random closed sets can be
characterized in terms of capacity functionals. Namely, according to [19, Theorem 1.7.7]
a family of random closed sets (2 )0 in R¢~! converges weakly to a random closed set
Z in R4~ if and only if
A—00

for all C € C such that Tz(int C') = Tz (C'). The proof of Theorem 4.2 consists, roughly
speaking, of three steps that can be summarized as follows:

Step 1 (Lemma 4.4 in Section 4.3): We recall that the constructions of éﬁ, _@é

and 7 on R%! are based on the paraboloid hull processes associated with the
Poisson point processes (g3, Cé and ¢ on R?! x R, respectively. Our first step
consists in bounding from above and below the heights of the paraboloids which
with high probability determine the tessellation in a ball By C R?~! of some fixed
radius R > 0.

Step 2 (Lemma 4.5 in Section 4.3): In the second step we consider a kind of
localization property in the spatial coordinate. More precisely, for any given R > 0
we construct some r > 0 such that the restricted random sets 23N B, @[’3 NBgr and

2NB r are determined with high probability once the paraboloid hull processes
underlying their construction are known in the cylinder B, x R.

Step 3 (Section 4.4): The last step consists of a coupling argument and is
essentially based on the estimates we derived in Step 1 and Step 2. Using these
results we obtain that with high probability the random sets 23 N B, @é N Br and

2NB r are determined by the restrictions of corresponding Poisson point processes
to some particular region in R¢~! x R. Thus, for any given ¢ > 0 and R > 0 we find
a sufficiently large parameter 8 and construct a probability space such that with
probability 1 —e the random tessellations %5 and ¥ restricted to Br coincide with

the Gaussian limiting tessellation % within the same ball. In particular, this yields
the convergence of the capacity functionals T and T’ of @5 and @5, respectively,
to the capacity functional 7" of the Gaussian- Delaunay tessellation.

Although the Fell topology on the space of closed subsets of R?~! and the related
weak convergence are widely used in the theory of random sets (see, for example, the
monograph [19]), convergence in Fell topology does not imply convergence of many
interesting quantities, such as the number of cells or faces within a given ball, the total
surface area within a ball, and so on. However, the proof of Theorem 4.2 we give and,
which we summarized above, actually shows weak convergence of _@g and @’ to
with respect to a much stronger topology on the space of closed subsets of IRd 1. To
introduce this non-separable topology, let C' € C be a closed subset of R?~!. The ﬁlter
of neighbourhoods of this set is defined as follows. Take a radius R > 0 and consider
the set Or(C) consisting of all closed subsets B C R?~! such that the restrictions of B
and C to the ball of radius R around the origin are equal, that is, BN Br = C' N Bg. One
easily checks that the system Or(C) in fact defines a filter of neighbourhoods of C. A
subset of C is called open if, together with each element C € C it contains a set of the
form Or(C) for some R > 0. This defines a (very strong) topology on C for which the
geometric functionals mentioned above are continuous. However, we decided to present
Theorem 4.2 for the Fell topology for simplicity and also since this is the much more
classical notion used in the theory of random sets.
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4.3 Technical preparations

B The mNain iNdea of the proof of Theorem 4.2 is to use (4.2) and the connection between
Y3 (and @[’9, 2) and the boundaries of the paraboloid growth and hull processes described
in Section 3.1. In this section we present a number of technical preparations for the
proof of Theorem 4.2, which is deferred to the next section.

Lemma 4.4. Fix A > 0 and let Tt € R. The following assertions hold.

1. (a) Forany 8 > By > 1 we have

_ Bo
A1 T—4A2 . 2
exp(— 24/2\/%1‘(%1)(14_ T ) ) T > 4A

IP( sup h>T) <
1 T < 442

(v,h)€0F((p),
vEB4
(b) For any 8 > (d+ 1)/2 we have

Ad—leT/2—2A2

I u P\~ : 2 .

( sup h > T) < ¢ ( (2(d+1))d/2ﬁl‘(%)> T < 4A° + Qﬁ,

(v,h)Gﬁ\l/(Cfg)» 0 . > 4 A2 + B;
vEBA T 9

(c) We have

At T/2—2A2).

]P( sup h>T)<exp(—2d/2_1\/ﬂ_‘<%)e

(v,h)€0¥(C),
vEBA

2. (a) For any > 1 we have

2(d/2 4+ 1)%/?

NG (A+1)dflet/2).

IP( inf h<t)<1fexp(f
(v,h)€0¥((p),
vEBA

(b) Forany 8> 5y > (d+1)/2 we have

2(260)%0 (A+1)"* .
]P( inf  h< t) <l ( ~ Vr@fe—d D@ (250 -t <0
(u,meec;wg» 1 :t>0.

v A

)—50+(d+1)/2>

(c) We have

P((v,h)g}afqz(g), h < t) <1—exp ( - %(A + 1)d_1et/2).

vEBA

Proof. In what follows, let us write £ for one of the point processes ¢, (g or (;3. We start
by proving the first claim and we observe that by the definition

V(&) ={(v,h) R xR: h= inf -ty
(&) = {(v,h) x xeg,(l}ftl)em.w}

This allows us to write

]P( sup h>T)§IP(inf sup h>T)
(v,h) €V (), vEBA TEE (v h)elly ,,vEBA
< IP( inf sup h > T),
z=(v',h/)€§,v €B4 (v,h)€ll; »,vEBA
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Figure 6: Illustration of the first argument in the proof of Lemma 4.4.

where we recall that for a particle z := (v/, 1)) € ¢ we put I} , = {(v,h): |[v —V'||> + K =
h}. Next, we note that the condition

sup h>T
(v,h)Elly 5,vEB,

for x = (v, h') € £ with v' € B4 can be rephrased by saying that

BA ﬁBm(’UI) 75 BA,

see Figure 6. This cannot hold for points (v, ') with / < T — 4A4% and v’ € By, hence,
we conclude that

IP( inf sup h>T) SIP(fﬁ(BAX(—OO,T—ZlAZD:@)
z=(v'",h")E€EV'EBA (v,h)€ell, 4, vEBA (4.3)

= exp(—E[f N (BA X (—o0,T — 4A2])])7

since ¢ is a Poisson point process.
Next, we evaluate the last term for { = (, { = (g and { = Cé. For ¢ = ( we have

2
E[¢ N (Ba x (—o00, T — 4A?))] o e*/? dsdw = ﬁem—%z
(2m) d/2 Qd/QﬁF(%) )

which together with (4.3) finishes the proof in this case. Analogously, from the definition
of the intensity measure of the Poisson point processes (s for T > 4A4% — 23 we get

T—4A?
Cd,B
E[Cs N (Ba x (—o0,T — 4A2))] = G /BA/ 1(s > 25)(1+—ﬁ) dsdw

da—1 T—4A?
Cd.B T 2 d—1 S
= . A 1+—) d
(28)772 T(&1) /_25 (1+ 25) ’
s 28 w7 T—4A2)5+1
©(28)%2 B+ 1T (4L 23

Applying inequality in [23, Paragraph 5.6.8] for quotients of gamma functions we con-
clude that

At (1 +

Cd,B F(%+ﬂ+1)

B2 1
512~ BT (B + 1) ~ (wp)IE  7i2 (4.4)
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Moreover since the function x — (1 +x)1/z is decreasing forx > —1wegetfor3 > gy > 1
and T > 4A? that

T — 442\ B+1 T — 442 Tga?
()

7 T2 — 442 — 442\ Bo
28 28 )“A (”%)Z(H%)B

Finally, by definition of the intensity measure of the Poisson point processes (; and the
fact that 1 — = < e~® for « < 1 we obtain for T < 442 + 243,

T—4A% -8
E[¢5 N (Ba x (—00, T — 4A%))] = 2ﬁd/2/3 / 1——) dsdw
A

cdﬁ T—4A2 o2
@8) d/2 /BA/ dsdw

cd,B 2

~ (28) F(i)

As before, applying the inequality in [23, Paragraph 5.6.8] for quotients of gamma
functions we get

2
d—1,T/2-2A

Ad-1 2
E[¢,N (Ba x (—o0, T — 4A?))] > /2247,
For T > 4A”+23 we have E[(;N(Ba x (—oo, T —4A%])] = co. Substituting these estimates
into (4.3) we finish the proof of the first claim
In order to prove the second claim we argue similarly and start by writing
P( inf h<t)=P(inf inf _ h<t)
(v,h)€0¥(§),vEBA €€ (v,h)€Ell; 4,vEBA
=1-p(inf inf  h>t)
i%g (v,h)éﬁ?,z,veBA (4.5)

:1—1?( inf h>tfora11:ce§).

(v,h)€Ily 4, vEBA

As before, given a particle z := (v', 1) € £ the condition that inf(, pyerr, z,veBA h >t for
z = (v',h) € £is equivalent to b’ > tifv' € B4 and to A’ + H HZ’H
Consider the region

‘ > tif v ¢ Ba.

KAL) = (Bax (~oothu( |J 1)
wedB 4

which in R? and R? is illustrated in Figure 7. Then

P((u,h)e&?i,veBA h>tforallx € f) =P((NK(At) = 2) = exp(—E[ENK(A,1)]) (4.6)

and it remains to determine E[{ N R(A4,t)] for £ = ¢, { = (g and £’ = (3. We start by
analysing the second case, where Fubini’s theorem implies that

K(A, Cd5 ) 2 dwd
ElG N K(4.1)] " (20 d/2/ /{wemd Llwl|<viTs+A} e = B)<1+ 25) e
Cq,pM 2 d—1 s\P
_(%Wf(ﬂ/—m (s> —28)(VE— s+ A) <1+%) ds.
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Figure 7: The region K(A,t) in R? (left) and R? (right).

This time, we use Gautschi’s inequality [23, Paragraph 5.6.4] and the recurrence formula
for the gamma function from [23, Paragraph 5.5.1] to conclude that for 5 > 1,

cap _ (B+df2)--(B+1+{d/2)D(B+1+{d/2}) _ (d/2+1)"?

ﬁd/2 o 7rd/2ﬂd/21"(6+ 1) /2 ’ (4.7)

where {z} stands for the fractional part of a real number z € R. And since 1 + = < e” for
x > —1 we see that

d/2 4 1)4/2 ot
[CﬁﬁK(A t)] >~ %/ (\/E_FA)d*les/Q ds
d/2
:%”2/ (V2y + Ay le v dy
(d/2+1 )d/2 t/2(§<d > —d)/2 gd—1- z/ v g
VAT(EL) eV dy
20d/2+ 1), fd—1 l
<Tet/22< . >Ad 1— ( )

=0
2(d/2 1d/2
< 2d/2+1)

A 1 d—1 t/2'
N (A+1)" e

Applying the same arguments to the Poisson point process ( /5 we obtain for ¢ < 20
that

E[C’BHK(A,Z%)]:@;;;72—7;(ZLI)/ (\/t—3+A)d—1<1_%>_ﬁds

d—
Cdﬁﬂ- = -1 i i s \7F
= Gpier(n Z( )Ad /oo(t—s) /2(1—%) ds.
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Next, fori € {0,1,...,d — 1} we compute the integral appearing in the last expression:

/t (t_8)¢/2<1_286>ﬂd3:2i/2+1/oooyi/2(1_2tﬁ+é>de

. —B+1+i/2 [0
= 2i/218% (5 - ) / 21— 2) P ds
0

) £\ —B+14i/2 1 ) .
_ 21/2+1ﬁ6 (ﬁ o 7) / (1 _ x)z/2$6—1/2 dz
0

2
BPT(B —1—1i/2) £\ —B+1+i/2
o ) -

Again, by inequality [23, Paragraph 5.6.8] for 8 > 8y > (d + 1)/2 we obtain

= 2/2F1ID(3/2 +1)

BY2HID(B —1—1i/2) d+ 1\ —(d+1)/2
L'(B) = <1 © 26, )

3

and, thus,

/t (t—s)/? (1 - %>_B ds < 2i/2+1 (1 B C;—;;)_(dﬂ)ﬂr(iﬂ 1) (1 B ;ﬂ>_ﬁ+l+;‘

— 00

Moreover since (1 + x)!/* is decreasing for z > —1 and i < d — 1 we have for t < 0 and
B> o> (d+1)/2 that

(1_%>*ﬂ+1+i/2: (1_%)*

Combining this with ¢ 4 B2 < 7=/2 and (4.8) we obtain

28
t

L t o\ 1+i/2 t \ —Bo+(d+1)/2
(-3 <(-35) ~
2 20

/ 2 0 dA 1NN\ ot (d)/2
B[, N K(A,1)] < (1 2 ) (1 —2%)
I(L+1)

NG
d—1
d1> . .
% ' 2(zfd+1)/2Ad7171
> (") VAT
2 d+ 1\ —(d+1)/2 t \ —Pot(d+1)/2
(1— +) (A+1)d*1(1 ) ’

< —= -
VT 2o 260
_ 2(289)P0 g1 —Bo+(d+1)/2
= =@ d A+ (260 1) .
With a similar computation one also shows that
E[CNK(A0) = s [ VT A ds < (A 1y
) - 2d/2ﬁr‘(%) o S € S ﬁ e’ .
This completes the proof of the lemma. O

In the next lemma we prove a kind of localization property for -, 3’- and Gaussian-
Delaunay tessellations. It is very much in the spirit of the geometric limit theory of
stabilization for which we refer to the survey articles [29, 33]. For R > 1 and r > 0 we
say that 3 N B is determined by particles (v, h) € 0¥ ((g) with v € Bry,, provided that
the -Delaunay tessellation within By is unaffected by changes of the point configuration
(g outside of Br4, x R. The same terminology is also applied if (3 is replaced by one of
the point processes Cfa or (.
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Lemma 4.5. 1. Foranye € (0,1), R > 1 and 8 > 1 there exists ro := r9(¢, R) > 0 such
that for any r > ro we have

]P(é/g N B is determined by particles (v, h) € 0¥((g) withv € Br4,) > 1 —¢;

2. foranye € (0,1), R >1 and 8 > 3(d + 1)/2 there exists r(, := r{(e, R) > 0 such that
for any r > r(, we have

]P(éé N Bg is determined by particles (v, h) € 09 ({3) withv € Bry,) > 1 —¢;

3. foranye € (0,1) and R > 1 there exists 7y := 7o(e, R) > 0 such that for any r > 7
we have

P(2 N By, is determined by particles (v, h) € 0¥ (¢) withv € Bgr1,) > 1 —¢.

Proof. In what follows, let us write £ for one of the Poisson point processes ¢, (g or ¢ ’ﬁ
and let 2(¢) := 9, @({5) = .@B, é(%) = .@é For R > 1 and r > 0 consider the event

E(€) := {2(£) N By is not determined by particles (v, h) € O¥(£) with v € By, }.

By Lemma 4.4 and the law of total probability we have that

P(EE)=P(F inf >t)P inf h>t
( (6)) ( (£)| (Uah)ea‘l’l(%)wEBRw ) ((th)ea‘l’l(%),’UEBRJr»« )
+P(EQ)| inf h < t)P( inf h<t) (4.9)
(v,h)€0W(€) wEBrsr (v,h) €OV (€) vEB R,

< Pi(€) + Pa(8),

where

Py(&) == P(E inf h>t
1(5) ( (£)| (v’h)ea\lll(r‘lé),’UEBR#»T ~ )’

P. =P inf h <t).
2(5) (v,h)ea\l}(r%),veBR+r )

According to the construction, @(f) coincides almost surely with the skeleton of
the random tessellation Mg (), recall (3.2). Then 2(§) N By is determined as soon
as we know the location of all vertices of paraboloid facets of ®(¢) hitting the set
Bgr x R and the event E(£) occurs if and only if there is a paraboloid facet of ®(¢)
hitting the set By x R and having a vertex (v,h) with v € Bgry,. Let II_(v/,h’) be a
paraboloid such that F(v/,h') :=TI_ (v, ') N ®(€) is a paraboloid facet of ®(§). Assume
that (Br x R) N F(v',h') # @ and there is a vertex (v,h) € F(v',h') with v ¢ Br,.
Further we note that the set F'(v', ') is connected, paraboloid convex, F'(v',h') C 0P(§)
and

inf h > inf h.
(v,h)€OP(E),vEBR+1 (v,h)EO¥ (), vEBR4r
This implies that conditioned on
inf h>t

(v,h)€OY(E),vEBRy,

we have
F' h)YN(Bgryr x R) = F(v', 1) N (Bryr X (t,00)) # 2,

and, hence, there are two points v; € R?™! \ Br,, and v, € Bg such that for any
vs = sv1+(1—5)vg, s € [0,1] we have ({vs} x [t,00))NF(v',h') # &. Then for any s € [0, 1]
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Figure 8: Illustration of the paraboloid facet F(v/, h’) hitting the set B x R and having
a vertex (v, h) with v € Bry,.

we have v, € II_(v/,n’) N (R4 x {t}), which in turn means that B —(v') N Bg # @
and B /= (v') N (R4 \ Bry.,) # @, see Figure 8.
In this case we obtain the following estimate:

P;(§) < P(3 a paraboloid facet F(v',h')of®(&):
Byr=i(v) N Br # @, B r=(v') N (R \ Bryr) # 2).

Next, we observe that the condition B /;—(v') N Br # @ is equivalent to
(W', 1) € {(v,h) € R* x [t,00): v € By, =} = Ki(R,1),
and the condition B /r—(v') N (R*™! \ Bry,) # @ is equivalent to
(v, h) € {(v,h) € R¥™ x [t,00): v € (R By, =)} = Ka(R + 1),
see Figure 9. Then
Py (¢€) < P(3 a paraboloid facet F(v',h') of ®(&): (v/, 1) € K1 (R, t)NKy(R+7,t)), (4.10)

For some a > 0 consider a partition of R%~! into the boxes Quy T € aZ=', y € 7 of
the form

Quy = (x@[0,a]" ) x t+r2/d+y,t +72/4+y+1],

where © denotes Minkowski addition. For fixedy € Z, y > 0, denote by Qu, 4, .-, Qz,,(,) .y
the m(y) boxes having non-empty intersection with the set

K(t,R,r,y) == {(v,h) € K1(R,t)NKy(R+7,t): h€ [t +r°/d+y t+7r2/4+y+1]}
C{(v,h): helt+r*/A+yt+r*/d+y+1],v e By, n=} (4.11)
Note that for y < 0 the set K (¢, R,r,y) is empty, that is why we can restrict ourself to
y = 0.
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R4-!

Figure 9: Illustration of the set K;(R,t) (left), the complement of the set K3(R + 7,t)
(centre) and the set K;(R,t) N Ka(R + r,t) (right).

Fory € Z, y > 0 and any =z € R?~! we have

P sup h>t+7’2/4+y>:IP( sup h>t+r2/4+y)
(v,h) €T (€),vE(z®[0,a]?1) (v,h)€OT(€),v€[0,a]%7 1
§IP( sup h>t—|—7‘2/4+y>
(v,h) €Y (£),vEB Jg=1,
= pa(§7 y)

Further, applying the Boole’s inequality to (4.10) and using the fact that apexes of the
parabolic facets of paraboloid hull process ®(£) belong to the boundary of paraboloid
growth process ¥ () (see also Figure 1) we see that

o0

m(y)
P(¢) < Z Z IP(3 a paraboloid facet F(v', h') of ®(£): (v', ') € Qu, )
=0

m(

y)
> p( sup h>t+r?/a+y) (4.12)
0 (v,h) €0V (£),vE(x;[0,a]" ")

m(y)pa(&,y).

oo
<2
y=0 j=
oo
<2
y=0
It remains to estimate m(y). Since all boxes intersecting K (¢, R,r,y) for fixed y are

included in the extended set

U QuyCKEGRry) =[t+r*/d+yt+r’/d+y+1]x By,
1<i<m(y)

r2 /4d+y+1+v/d—1a’

we can conclude, that,

m(y) < a"FVOl(K (t, R, 7 y)) = kg_1a” 4! (R+Vr2/d+y+1+Vd— la)d_l.

Substituting this estimate into (4.12) we obtain

P& <Y D pEy) < kara i (R+ /P /At y+1+Vd—1a)" 'pa(&,y).

First consider the case £ = (3. Using estimate 1(a) of Lemma 4.4 for r* > —4t +
16(d — 1)a, By = 1 and (v/d — La)¢~! = 2¢/2,/xT(%£L) we obtain

p(Cﬂa y) <4 e_t/2_7”2/8—y/2
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and for R > 1 we have

P1((p) <4 Z(R + V2 a4+ y+1+Vd— 1a)d—1e—t/2—r2/8—y/2

y*O
<y Z ( )Rd 1—4 Z(r2/4 Tyt 1)%e—t/2—7~2/8—y/2.
y=0

For 0 < i < d — 1 consider the functions
Si(y) i= (r2/A+y+ 1)2e t/277"/8~u/2,

Let us point out that for » > v/2d > 2 all functions y — S;(y), 0 < i < d — 1 are strictly
decreasing in y > 0 and the sum can be estimated as

d—1 4
Cﬂ <4 ( >Rd—1—z
i=0

K2

x (/ (r?/4 4y + 1)%e*t/2fr2/8*y/2dy+(r2/4+1)%'e*t/2”2/8)
0
d—1

d—1 . ® Lo
<4 e t/? Z ( ; )Rd_1_1</ y2e Ydy +rle”" /8). (4.13)
r2/8

=0

The last integral is the incomplete gamma function I'(i/2 + 1,72/8) and its asymptotics,
as r — oo, is well-known. Using the recurrence relation

_ I'(a+n) K
1—‘ F a z
(a+n,z) = (a)I'(a,z) + 2% Fa+k:—|—1

from [23, Equation (8.8.9)] and the estimate z!7%*T'(a,2) < 1forz >0and 0 <a < 1
from [23, Inequality (8.10.1)] we conclude that for » > v/2d > 2 and fori € {0,1,...,d—1},

o0
/ yi/2efy dy <4 riefﬂ/s'
r2/8

Combining this with (4.13) we obtain, that
Py(Cs) <a (R+ )4 tet/2r"/8, (4.14)

In a next step, we observe that by estimate 2(a) of Lemma 4.4 for

t=2Inln —2d—1)In(R4+7r)—dn(2d+4) +1Inm
11( ) (d—1)In(R +r) — dIn(2d + 4) + 1

1—¢/2

and for R > 1 we have that

Py(Cs) <1 —exp (—24d/2+ 1) 27~ V2(R+r)d71et/?) < %
It is also easy to ensure, that for sufficiently big » (depending on R, ¢ and d) we have
that 72 > —4t + 16(d — 1)a®. Thus, substituting expression above into (4.14) we obtain
for some constant ¢;(d) > 0, that

Cl(d)

2
7(R—|— T)S(d—l)e—r /8.
In (1—15/2)

Py(¢p) <

EJP 27 (2022), paper 62. https://www.imstat.org/ejp
Page 22/33


https://doi.org/10.1214/22-EJP782
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The §-Delaunay tessellation II

Since lim, o0 (R + 7)3@~De="/8 = (0 and function on the right hand side of the last

inequality is strictly decreasing for sufficiently large r, we may now choose r¢(R,c) > 0,
depending on R, € and d only in such a way that P;((g) < &/2 for any r > ro(R, ).

By analogy, consider the case £ = Cé- Using the estimate 1(b) of Lemma 4.4 and
choosing a > 0 such that (vd — 1a)?~! = (2(d 4 1))¥/2,/7'(4}2) and taking into account
that R > 1 we obtain

oo

d—1

d—1 —1—1 i r —2(d—1)a

P1(C/’3) <<dz< i )Rd 1 Z(r2/4+y+1)2exp(—et/2+ ?/84y/2—2(d—1) 2).
=0 y=0

Moreover, assuming that r? > —4 — 4t + 16(d — 1)a® and using the fact that 1 + 2 < e” for
z > —1 we have

d—1 oo
d—1 A
Pl(ga) <d Z ( ; )Rdlz E (r2/4 +y+ 1)564/242/8*?1/2.
=0 y=0

This expression was estimated above (see (4.14)) and for r? > max(—4 — 4t + 16(d —
1)a?,v/2d) we get
Pi(Ch) <a (R4 r)d-te /278, (4.15)

In the next step we will apply the estimate 2(b) of Lemma 4.4 with

d
(3d — 1)277 1 ~1/(d-1)
t=B8d—1)——(R+7r)({In|—— .
3 -1) s (R (i (=75))

It should be noted at this point, that t < 0 and 72 > —4 — 4t + 16(d — 1)a? for sufficiently
large r (depending on R, ¢ and d). Thus, for 8y = 3/2d — 1/2, R > 1 and d > 2 we have

2¢ 3d -1 _ t —d+1 €
P(Ch) < lfexp<f ﬁ(gd_g)(d+l)/2(R+r)d 1(17 30— 1) ) < 3

Combining this with (4.15) we get

cg(d,e)r | c3(d,e)R
%_‘.%

Pi(Cs) < ea(d)(R+ ) tem 5+ (4.16)

for some constants cz(d) > 0 and c3(d,e) > 0. Since for any c3(d, ) > 0 we have

2 | cy(d,e)r | eg(d,e)R
lim (R + r)dile*%Jr%Jr%
r—00

=0,

the right hand side in (4.16) is decreasing for sufficiently large r, so that there exists
ro(R,€) > 0 such that P ((3) < /2 for any r > (R, €).

Finally, in case £ = ( we apply the estimate 1(c) of Lemma 4.4 with a > 0 such that
(Vd —1a)?=1 = 2¢4/271 /7 (4EL). Together with the estimates R > 1 and 1+ z < e? for
x > —1, and proceeding as above (see (4.14)) with assumption that r2 > max(—4 — 4t +
16(d — 1)a?,v/2d) we obtain

d—1 00
d—1 . i .
Pl(C) <y § : < i >Rd11 E (7ﬂ2/4+ Y+ 1)56715/2773/8711/2 <4 (R + 7n)dfleft/Zfrz/B.
=0 y=0

Then by estimate 2(c) of Lemma 4.4 for

t:2lnln( )—21n(R+r)d_1—2dln2+ln7r

1
1—¢/2
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we get
2d
Py(()<1—exp(— T(R+r)d—1et/2) <
T

For sufficiently large r it holds that 72 > —4 — 4t + 16(d — 1)a?, implying that

3
5

P ({) <a (R+r)2d= D=5,

In (=273)

The last expression s decreasing for sufficiently large r and vanishing, as r — oco. Thus,
there exists (¢, R) > 0, such that for » > 7(¢, R) we have P;({) < 5. In combination
with (4.9) this completes the argument. O

4.4 Proof of the Theorem 4.2
We will give the proof only for éﬂ. The proof for éé works in the same way. To this
end, let C' € C. From the construction of the Gaussian-Delaunay tessellation D it is
clear that the capacity functional of Z satisfies T(C') = T'(int C'). Since C is bounded
there exists R > 1 such that C' C Bg. To simplify our notation, we denote the capacity
functional of 93 by T;( - ) and that of the limiting random closed set 2 by T'(-). By the
law of total probability we have
Ts(C) :IP(QZBOC¢ @|§gﬂBR:@ﬁBR)IP(9?5r\BR = 9N Bg)
+P(Z5NC #@|PsNBr# 2N Br)P(Z5 N Br # 2N Bg)
=T(C)~P(2NC # | 25N Br# 2N Br)P(Zs N Br # 2N Bg)
+P(25NC#@| 510 Br# 20 Br)P(Z5 N Br # 20 Bg).

Thus
T(C)—P(Z3NBr # 2N Bg) <Ts(C) <T(C)+P(ZsNBr # 2N Bg).  (4.17)

Further, according to Lemma 4.5 for any € € (0,1) and r > max(ro(e, R),7o(g, R)) we
have

P(Z5 N Br # 20 Br) < P(OW((p) # OW(C) in Bryr x R) + 22,
and from Lemma 4.4 1(a) and 1(c) for any 7' > Ty(e, R + r) we obtain
P(Z3 N Br # 9 N Bg) < P(O%((3) # 0U(C) in Bry, x (—o0,T]) + 4e.

It is clear now that the boundary of the paraboloid growth process ¥({3) restricted to
Bpir X (—00,T] depends only on the restriction of the Poisson point process (g to the set

K(R+7,T) = (Bry x (—oo, 70 (U 1, 0),

wWEIBRyr

since only paraboloids I , with z € K(R + r,T) can intersect Br1, X (—o0,T], see also
Figure 7. Coupling the Poisson point processes ¢ and (g on a common probability space
we obtain

P(Z3NBr# 2N Br) <P(NK(R+7T)#¢NK(R+rT))+4e.

However, the last probability is equal to total variation distance between the Poisson
point processes ¢ and (g (see [32, Equation (5.12)]), which according to [25, Theorem
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3.2.2] is bounded from above by a constant multiple of the L;-norm of the difference of
their densities. Thus,

P(@gﬂBR#.@ﬁBR)

3 /T / e%/? €a,B 5.8
<? — A (s> —28) (14 — ‘dsdw—&—zle
2 J oo J{wera-1ijw|<vT=s4+ R4r} | 2T)V2 (2B)4/2 ( 25)

3 _ T
_ 3k 1/ (VT s+ R+r)t1

2

s/2 s/2

65/2 Cd,p€ Cq,5€ €48 S\ B
X ’(271.)01/2 "~ (2B)4/2 + QA (25)!1/21(5 >—28) (1+ %) ’d5+45.

Due to (4.4) and the fact that 1 + x < e” for all x > —1 we obtain
P(Z3 N Br # 9N Bg)

3Kka—1( cagp 1 r d—1_s/2
< J _ VT —
> 9 ((26)d/2 (2W)d/2)[w( T S"‘R""r) e’/ “ds

3ka_1cap [T e s s
+2(26)d/2/00(\/m+R+r)d 1(6 /2_1(52—2ﬂ) (1—}—%) >d3_|_45

=:I1(08) + I(B) + 4e.
To deal with I;(3) we compute

=10 9 T '
_ . )(R+7“)1/ (T_S)(d—l—z)/Zes/Q ds
i=0 -
i1 - (4.18)
= T2y (d B 1) (R+ r)i/ Yl d=1mD/2emu/2 gy
i—o \ 0

d—1 :
= eT/ZZ: (d_ 1) (R—l—r)if(*) =: C} < 0.

Then, since limg_, o, cq 56~ %? = 7-%2 we conclude that there exists 31 := 1 (R, ¢) such
that for any 8 > 3; we have I; () < €. On the other hand, by (4.7) we obtain

3k -
2“(;51;;’5 (VT —s+R+7)""1(-28<s<T)(1+ %)ﬁ

_1(d/2 +1)4/?
_3Iid 1( / + ) ( /T7$+R+T)d711(S§T)GS/2 ::f(s).
2(2m)d/2

By (4.18) the function f is integrable and, hence, by dominated convergence theorem
there exists 35 := f(2(R, €) such that for any 8 > > we have I7(8) < e. This implies that

P(Z3 N Br# PN Bg) <e+e+4e=6¢
for f > max{f, B2} and hence
ma P(%3 N Br # 2N Bg) = 0.
—00
Together with (4.17) this shows that, as 8 — oo, for any C' € C the value of the capacity
functional T3(C') of 24 converges to T'(C), the value of the capacity functional of 2.

According to (4.2) this proves the theorem and, at the same time, the stronger version
described at the end of Section 4.2. O
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5 Geometry of weighted typical cells of the Gaussian-Delaunay
tessellation

5.1 Definition and probabilistic representation

In this section we investigate the distribution of typical cells in the Gaussian-Delaunay
tessellation D. Typical cells of 3- and 3’-Delaunay tessellations have been considered in
the first part of the article [9]. We have already introduced there the concept of weighted
typical cells in a more general context, which we briefly recall for convenience. In this
section we let ¢ be the Poisson point processes in R?~! x R with intensity

gl h/2
(v,h) — 7(2#)‘1/26 , v>0.
Let (* be defined as in (2.1) or, in other words, we can consider (* as the set of apexes
of paraboloid facets of the paraboloid hull process ®(¢):

¢ ={(v,h): (v,h) =apexIl(zy,...,zq), ; € (,1 <i <d, conv(vy,...,vq) € D)}
Consider the random marked point process

o= Y Swan, M= C((v,h),¢%) v
(v,h)€eC*

in R?~!, whose marks are the associated and suitably centred Laguerre cells. For a
given parameter v € R we now define a probability measure P, on C’, the space of
non-empty compact subsets of R4~!, by

1
Peo(-) = E > 1(Me )1 (v) Vol(M)”, (5.1)

where ¢, € [0, 0] is the normalizing constant given by

Aewi=B Y 11 (v) Vol(M)". (5.2)
(v, M)€Epc

Note that A\;, might be infinite for some values of v. The proof of Theorem 5.1 will
show that 0 < A\¢, < oo, provided that v > —1. For such v, a random simplex Z, with
distribution P, := P, is called the Vol”-weighted (or just v-weighted) typical cell of
the Gaussian-Delaunay tessellation D. The following two special cases are of particular
interest:

(i) Zy coincides with the classical typical cell of D;

(ii) Z; coincides with the volume-weighted typical cell of D, which has the same
distribution as the almost surely uniquely determined cell containing the origin, up
to translation.

The next theorem yields an explicit description of the distribution of the v-weighted
typical cell of the Gaussian-Delaunay tessellation.

Theorem 5.1. Fixd > 2, v > —1 and v > 0. Then for any Borel set A C C' we have that

d
~ v s 112
P,(A) = ad)l,/ dyl.../ dyq La(conv(yr, ..., ya))Da—1(Y1,- -, Yd) +1 He lly:ll*/2
Rd—1 Rd—1

i=1

where &, is given by

d—1 j
G e ! (d=D)"* T _TG)
Vo (d=1)(d+r+1)  d(d—1) PESY j+r+1y"
2 2 T 2 d-z j=1 F(%)
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Remark 5.2. The previous theorem yields the following convenient probabilistic de-
scription of the v-weighted typical cell Z, of the Gaussian-Delaunay tessellation D. Let
Y1,...,Y; be d random vectors in R?~! whose joint density is proportional to

d
Ad—l(yla e ayd)u+1 H 67”%”2/27 Y1 € Rdila <o Yd € Rdil-
i=1
Then the random simplex conv(Yi,...,Y,) has the same distribution as Z,. In other
words, the v-weighted typical cell Z, of D is a weighted Gaussian random simplex,
where the weight is given by the (v 4+ 1)st volume power. As already explained in the
introduction, this is the reason behind our terminology for the random tessellation D.

Remark 5.3. It should be mentioned that the distribution IP, of the v-weighted typical
cell Z, of Gaussian-Delaunay tessellation is independent of the intensity parameter ~ of
the underlying Poisson process (. Indeed, changing v amounts to shifting the Poisson
point process ( in the vertical direction, which does not change the tessellation.

Proof of Theorem 5.1. We start by observing that, up to a multiplicative constant, P, (A)
is the same as

1
U(A):= EE Z 1a(conv(vy,...,vq) — 2(21,...,24))
L (@1enma) €O

X 1pgqja-1(2(21, . .., 2q)) 1(int (21, ..., 2q) NC = D) Ag_1(v1,...,0q)",

where z(z1,...,2z4) is the same generalized centre function as for the §-Poisson-Delaunay
case for which we refer to [9, Section 4.1]. More concretely, z(z1,...,2z4) € R4 is the
space coordinate of the apex of II(x1, ..., x4) defined as almost surely unique translate
of the standard downward paraboloid II_ containing points z; = (v1, h;1) € RY, ..., xq =
(va, hq) € R? with affinely independent space coordinates vy,...,vq € R*'. We now
apply the multivariate Mecke’s formula for Poisson point processes [27, Corollary 3.2.3],
which yields

d
-
U(A) = TEISEE /]Rd_ldvl.../Rd_ldvd/Rdhl.../Rdhd

x La(conv(vy,...,vq) = 2(@1,. .., 24)) L 1ja-1(2(21, . .., 7a))
X P(int ITTH(z1, ..., 24) N ¢ = @) Ag_1(v1,. .., vq)" eM1/2FFha/2,

Let (w,r) € R?¥! x R denotes the apex of the paraboloid IT*(zy,...,74). Then w =
z(x1,...,24), and we can write v; = w + z; for ¢ = 1,...,d with uniquely determined
21,...,2q4 € R4"L. Moreover, we have the relation h; = r — ||z;||? for each i = 1,...,d.
This allows us to introduce the transformation 7 : R~! x R x (R4~ 14 — (R?~! x R)¢ by
putting

T(w,r 21, .., 24) == (w+ 21,7 — ||21||2,...,w+zd,r— ||zd||2) = (v1, h1, ..., 04, ha).

It is not hard to check that for the absolute value J(T) of the Jacobian of T' we have
J(T) = (d—1)129"*A4_1(21,...,24). In fact, using the convention that |M| denotes the
absolute value of the determinant of a matrix M, we have that

Eqg 1 0 Egq 0 . 0
0 1 -2z 0 .. 0
E; 4 O 0 Eyy ... 0
J(T) = 0 1 0 —2z5 U
Eq 1 0 0 Eq 1
0o 1 0 0 —2z7
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where E;_; is the (d — 1) x (d — 1) unit matrix and z1, ..., 24 are considered as column
vectors. We can compute J(T') by elementary column transformations as follows:

O_r 0 Ed_'lr 0 0

2?)1 é _2021 ES% 8 221T0 X Eqa-1) 1 1
J(T) = 2'2'2 1 0 72.22 0 1= 0 - 221 224!’

000 0 0 .. B, 1

2z) 1 0 0 ... -2z

and the last expression is equal to 2¢71(d — 1)!A4_1(21,...,2q4). Applying the change of
variables given by T' we obtain

d
- _r
U(A)—deQ/zidJrlﬁdQ/2 /]Rd 1 /]R'i led/IRd 1dw/drlA conv(z1,...,2d))

x 1 a1 (W)P({(v,h) € R x Reh < —[o —wl|* + 7} N¢ = 2)
X Adfl(zl, ey Zd)VJrl H er/27|‘zi”2/2.
i=1

Using the fact that ( is a Poisson point process and inserting the precise form of its
intensity measure, the probability in the last expression can be computed as follows:

P({(v,h) e R xR:h< —|lv—w|?>+r}N¢=0)
=P{(v,h) ER*"I'xR:h < —|v|> +7r}N¢ = 2)

v
exp(d/Q/Rd / 1(h<||v||2+r)eh/2dhdv)
ol +r
_ g /2
= exp ( 27r)d/2 / / dhdv)

_ 27 —|lvli?/2
= exp ( (27r)d/2e /}Rdil e dv |.

The remaining integral is determined by introducing spherical coordinates in R?~ 1,
which yields

o0
/ e IIP/2 gy = (d—1)kg—1 / e /2172 gy = (2m) = (5.3)
Ré-1 0

Putting everything together and simplifying the constant leads to

P({(v,;h) ER*™ ' xR:h < —||v—w||2+r}ﬂC:®)=eXp<—\/\/z;yerﬂ).

Thus, using the abbreviation mg : ‘(ﬂ we find that

d
v 1q
W\/]Rd_l le...Ad_l dZd ]_A(COHV(Zl,...,Zd))

d
1 —1z:|1%/2
X Ad,]_(zl,... ,Zd)y+ H€ Hz H / s

U(A) =

P
where I; := [ e?/2=Mae" qr,

EJP 27 (2022), paper 62. https://www.imstat.org/ejp
Page 28/33


https://doi.org/10.1214/22-EJP782
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The §-Delaunay tessellation II

Next, we compute the normalizing constant U(C’):

d d
N 7 1a u+1H —llz:112/2
U(C)—W/Rd_ld21.../]Rd_ldZdAdfl(Zl,...,Zd) i_le [zill7/ .

Now, we have to observe that the integral is the (v + 1)st moment of the volume of a
(d — 1)-dimensional Gaussian simplex, up to a normalizing constant. The value of the
moment can be found in [18, Equation (70)] where v is required to be integer (see
also [8, Theorem 2.3 (a)], an extension to non-integer v can be done as in the proof of
Proposition 2.8 in [13]) and is given by

d
1 2

—— v+l I | —lly:ll*/2

(2m)d(d—1)/2 /(Rdl)d Aa-1(y15 - Ya) e d(y1,---,ya)

=1

(5.4)

v+1 it
F<J+2+1)

dz win—y I ==
RRCENIEEN m o(3) |

Thus,

d-1)(v+1) v—1 d—1 j+rv+1
9 d T Jtv+
U(c/) — ’_ydId 2 |: ( 2 ):| )
1

ol=srs ((d-1)H+t 251 T(9)

As a consequence, simplification of the constants shows that

U(4)
P,(A) =
d 2
= &d’,,/ dzl.../ dzg1a(conv(zy, ..., 2q)) A 1(21,. .., 2q)" " He‘”z"” /2
]Rd—l Rdfl i=1
with a4, as in the statement of the theorem. O

Remark 5.4. In [8, Theorem 2.3 (a)], Equation (5.4) is stated for v > —1 only, but
in fact it remains true in the range v > —2 by analytic continuation. This implies
that Theorem 5.1 remains true in the range v > —2, but we shall not need this. This
observation can be applied to slightly extend the range of validity of the results of
Section 5.2.

5.2 Expected angle sums, volume moments and cell intensities

The probabilistic representation of weighted typical cells in Theorem 5.1 allows us
to determine various geometric quantities associated with such cells. We start with the

expected angle sums of Z,. For a simplex T' = conv(X, ..., X;) C R¥! we denote by
ok(T) = > BET)
1<ig <...<ip<d
Fi=conv(X;, ..., Xip)

the sum of internal angles of 7" at all its k-vertex faces F|, see [27, Chapter 6.5]. Further,
by ¥4_1 we denote a (d— 1)-dimensional regular simplex. We recall that in [9, Proposition
6.3] of part I of this paper we have seen that, as 8 — oo, the expected angle sums of the
v-weighted typical cell of a §-Delaunay tessellation approach those of a regular simplex.
Given Theorem 4.2 it can now be anticipated that the expected angle sums of v-weighted
typical cell of the limiting Gaussian-Delaunay tessellation coincide with that of a regular
simplex. Our next result, which is essentially a consequence of Theorem 5.1, confirms
that this is indeed the case.
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Corollary 5.5. Let 7, be the v-weighted typical cell of the Gaussian-Delaunay tessella-
tion with integer v > —1. Then, for allk € {1,...,d}, we have Eoy(Z,) = 01,(X4-1)-

Proof. Remark 5.2 yields that
Eow(Z,) = Eog(conv(Yr,...,Ys)),

where Y, ..., Yy are random vectors in R%~! with joint density proportional to

i ll? —
Ad*l(yla"'7yd)y+1He_Hy’lH /27 Yi,-- -5 Yd ERd 1'
i=1

Taking the limit, as 8 — oo, in [14, Remark 4.2] (the argument is based on [14,
Lemma 1.1] and explained in the proof of Proposition 6.3 in [9]), we have that

Eok(conv(Yy,...,Yy)) = Eog(conv(Ny, ..., Ng)),

where Ny, ..., Ny are d independent standard Gaussian random vectors in R4~!. Fur-
thermore, in [12, 7] it has been shown that the expected angle sum Eoy (N, ..., Ng)
coincides with o (X4-1). Taking everything together, we arrive at

Eok(Z,) = Eo(conv(Yr,...,Ys)) = Eok(conv(Ny, ..., Ng)) = 0x(Z4-1),
and the proof is complete. O

Remark 5.6. Note that [14, Remark 4.2], which has been used in the previous proof,
requires v to be integer but it is natural to conjecture that it remains true without this
assumption. This in turn would imply that Corollary 5.5 also holds under the same
circumstances.

Next, we compute the moments of the volume of Z,,.

Corollary 5.7. Let v > —1. Then, for all s > —v — 1 we have that

s s(d—1) ds/2 . j+5+1/+1)
EVol(Z,)* =2z H T

Proof. Using Theorem 5.1 together with [8, Theorem 2.3 (a)] (restated in (5.4)) we have
that

d
EVol(Z,)* = adyy/ dyl.../ dya Aacr (1, -, ya) 7+ e vl
Rd—1 Rd—1 i=1

st d—1 : 1
d(d=1) _(d=1)(sfv+1) d—2 F(7J+Sgu+ )
2 92 2

((d_ 1)!)s+1/+1 et F(%)

= Qg (2m)

Plugging in the value for a4, completes the proof. O

From the previous corollary we can derive a probabilistic representation of the
volume of Z,, which is similar to that in [8, Theorem 2.5(a)] for the volume of a Gaussian
random simplex. To this end we recall that a random variable X; is said to have a
x?-distribution with x > 0 degrees of freedom, provided it has density

1

t— —
261“(%)

tgfleft/z, t >0,
with respect to the Lebesgue measure on (0, c0).
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Corollary 5.8. Let v > —1 and let X, be independent x*-random variables with
j+ v+ 1 degrees of freedom, for j € {1,...,d — 1}. Then the following random variables
are identically distributed:

d—1

((d=1)1?Vol(Z,)*  and  d ][] Xjsvsr.
j=1

Proof. Let Y be the random variable on the right hand side in the statement of the
theorem. It is sufficient to show that, for s > 0, E[((d — 1)! Vol(Z,))?*] = E[Y*] holds.
From Corollary 5.7 we have that

I( M +5)
E[((d — 1)!Vol(Z,))*] = d° H 25~ _2 7+u+1) (5.5)
On the other hand, for every j € {1,...,d — 1} one has that
(L )
J F(j+2+1)
Thus, from the assumed independence of X, 1o, ..., X, ;4 it follows that
d—1 i+v+1
s SR s s F(7J+2+ + 3)
ElY"] =d°E |:HX]+V+1} =d HE Sl =d" ] 2 (i) (5.6)
j=1
Comparison of (5.5) and (5.6) proves the claim. O

Corollary 5.7 also allows us to compute the intensity v;(D) of j-dimensional faces
of D, that is, v, (D) is the mean number of j-dimensional faces of D per unit volume in
R%-1; see [27, p. 450 and § 4.1] for an exact definition.

Corollary 5.9. Forall j € {0,1,...,d — 1} we have that

7]-(27):”]];\}(()12(203) with Evol(zo):le(d\fgl)!r(d;l).

Proof. From [27, Theorem 10.1.3] we have that v;(D) = v4-1(D)Ec;+1(Zp). The result
thus follows from Corollary 5.5 together with the fact that v4_1 (D) = 1/E Vol(Z,) from
[27, Equation (10.4)]. The value for IE Vol(Z;) can be deduced from Corollary 5.7 by
taking v =0 and s = 1. O
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