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Spin distributions for generic spherical spin glasses

Arka Adhikari*

Abstract

This paper investigates spin distributions for a generic spherical p-spin model; we
give a representation of spin distributions in terms of a stochastic process. In order
to do this, we find a series of invariance principles analogous to the cavity equations
used for the hypercube. The construction of these equations is a multistep process;
we first change coordinates to write the sphere as a product space Sy_g2 x [-C, C]
for some cutoff parameters R and C. We then construct an auxiliary Hamiltonian
that writes the effect of the final spin as an independent Gaussian process, e.g.,
Hy ~ Hy-1 + YN + Zny with Yy and Zn decoupled from Hy_i1. The error rate
in this approximation decays as O(%). The final step is to justify the double limit
lime o0 limp— oo to derive exact results; this double limit can be interpreted as a
novel renormalization procedure.
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1 Introduction

Spin glasses are used as models for understanding the properties of disordered
magnets, where, unlike ferromagnetic and paramagnetic models, the directions of the
magnetic fields are oriented arbitrarily. In 1975, Sherrington and Kirkpatrick proposed a
mean field model in order to gain a foothold on some of the more computational aspects
of the problem. The SK Hamiltonian [15] is

N
1
Hy(o) = — Jijoi05, (1.1)
) \/nggj:gN Y

where o = (01,...,0n) € {—1,1}¥, and J;; are i.i.d. N(0,1).
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Spin distributions for spherical spin glasses

Through this Hamiltonian, we can define a probability measure on the hypercube; for
a given configuration of the random couplings J;;, one can define the Gibbs measure,
Gn, which is given via the following formula.

eBHN (‘7)

gN(U):Ta (1.2)

where the partition function Zy is a normalization factor

ZN = Z eBHN(T) (1.3)
oce{—1,1}N

The study of the Sherrington-Kirkpatrick model revealed multiple physically novel
aspects of spin glasses that are not present in other magnetic models. Even the limiting
free energy, defined as f := limy_, 0 % log Zx is a highly non-trivial computation at
low temperatures. The limiting formula for the free energy is given by the Parisi
formula [13,14], which can be represented as a minimization question over the set of
all probability measures on [0, 1]. To each probability measure y in the set M of all
probability measures supported on [0, 1], we can associate the following PDE:

00, (t,2) = =~ (00 W (2) + ([0, 1) (020, (1,2))7),

(1.4)
U, (1,z) = logcoshz.
The limiting free energy is then given by the expression:
1 1
f= inf <10g2 +v,(0,0) — 7/ 52su([0,s])ds) . (1.5)
pneEM 2 0

The variational parameter introduced in the Parisi formula is supposed to represent
the limiting overlap distribution, ¢, which is given by the following formula.

¢(- € [a,b]) := lim E[Gn((c!,o?) € [a,b])]. (1.6)

N—oc0

Here, (-,-) is the standard inner product in R normalized by 3. and o', 0? are spin

configurations chosen independently with respect to the Gibbs measure Gy. Observe
that in the above expression, we take the expectation over the randomness of the Gibbs
measures. In general, the overlap is highly non-trivial for spin glasses. This is in
contrast to either a ferromagnetic or paramagnetic model, where all the spins are either
oriented in the same direction or oriented randomly. In these models with a more regular
magnetization structure, one would expect the overlap distribution to concentrate either
at 1 or at 0.

An interpretation of the Parisi formula by Mezard, et al. [7-9], led to a complex
picture for the geometry of the Gibbs measure. Under this interpretation, the Gibbs
measure is organized in a hierarchical way like a tree. The tree starts to branch when
the overlap structure changes; one can determine the overlap of two ‘leaves’ of the tree
by the value associated with their most recent common ancestor. The Gibbs measure
satisfies ultrametricity, which means that the following relation holds:

Nlim E[Gn((c*,0%) > min((ct, 0?), (02, 0%)))] = 1. (1.7)
— 00

The Parisi formula was proved by Talagrand in [20]; ultrametricity is not yet established
for the SK model itself, though Panchenko showed that generic models, those whose
Hamiltonian includes all higher order spins, satisfy ultrametricity.
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Though the study of the free energy gave many insights into the physical nature of
the Gibbs measure, the free energy to highest order by itself is not able to give very fine
details about the Gibbs distribution. In this paper, we would like to consider the question
of spin distributions; this means we will look at the behavior of individual coordinates aé
of our spin glass on the sphere.

Such information may be gleaned if one has access to higher order corrections to the
free energy formula. In general, this is a difficult problem and requires a very precise
analysis of explicit formulas as in [17, 18]. For the question of spin distributions on the
hypercube, Panchenko found a series of invariance principles called the cavity equations
[10] that allows one to compute individual spin distributions under the assumption of
finite replica symmetry breaking. Auffinger and Jagannath [4] used the cavity equations
for the hypercube to derive the invariance principle. They then took a limit procedure
to study the spin distributions of models that satisfy full replica symmetry breaking.
They found a representation of the p-spin distributions on the hypercube in terms of a
stochastic process defined on the support of the limiting Gibbs measure.

1.1 Setting and related notation

In this paper, we investigate the asymptotic spin distributions of a generic Hamilto-
nian on the sphere Sy := {(z1,...,zn) : Zi]il z? = N}. We will use the more general
notation Sk (r) to denote the k-dimensional sphere of radius +/r. Writing the Hamiltonian
in terms of its p-spin components, we have

= 1
HN(O') = ZﬁpiN(p—l)/Q Z gil)“_@ailaiz . Uip~ (18)
p=2 i1y
We can alternatively define the Hamiltonian in terms of its covariance structure. For
two points o = (01, 09,...,0n) and p = (p1, p2, . . ., pn) We have the following Hamiltonian
Hy
Cov(Hn(o), Hn(p)) = NE(Ri2), (1.9)

where the overlap R,2 between ¢ and p is given by

| X
Rio = NZUiPz‘-

i=1
and ¢ is given by
(@) =) Brab. (1.10)
p=2
We remark here that the right hand side is the normalized inner product of (o1,...,0n)
and (p1,...,pn) as vectors in RY. We may interchangeably use the notation (o, p) to

represent this normalized inner product.
We have the following assumptions on the Hamiltonian Hy.

Assumption 1.1. ¢ We assume the Hamiltonian H is a generic model. This means
that the span of the polynomials xP corresponding to those terms in the Hamil-
tonian (1.9) whose coefficients 3, # 0 would be dense in C([-1,1],]| - ||«), the
space of all continuous functions on [—1, 1] under the L*™° norm. We usually take
Bp > 0. The importance of this assumption is that it allows us to apply Panchenko’s
Ultrametricity Theorem [12][Col 3.2,Thm 2.14]and establish the uniqueness of the
overlap distribution.

« We have sufficient decay on the coefficients [3,; namely, we will assume that there
exists some € > 0 and some constant K such that 3, < p%%. This is not necessarily
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the most general constraint, but this will allow one to perform perturbation theory
more carefully.

For the spherical model, we no longer have the cavity equation. In this paper, we
invent a new series of invariance principles and an appropriate limiting procedure
using a renormalization argument to get a representation of the spin distributions. The
representation produced here is parallel to the method of Lagrange multipliers used
in papers like [19] and, notably, captures information about the joint distribution of
the spins, such as tail probabilities, that are not clearly determined by the Lagrange
multiplier representation.

1.2 Notions from the theory of spin distributions

Our main result will involve associating the limiting spin distributions ¢! to an
associated PDE process. To begin to describe this process, we need to start by describing
some basic notation from the theory of spin distributions, as in [12][Chapter4].

For a fixed choice of the random couplings g;, ,....s,, let Gy be the Gibbs measure
on Sy corresponding to the spherical Hamiltonian Hy. We let (¢!),] € ZT be a series of
replicas i.i.d. distributed according to Gy. From this, we can construct both the spin
matrix (s"V) from the individual coordinates of the spins ¢! as well as the overlap matrix
RN,

The first few coordinates of the matrix are given by the entries (sV);; = ol,l €
Z*,1 <i < N. It can be extended to an co by co matrix by setting (s");; = 0 for i > N.
The overlap matrix is given by the L? inner products of the replicas as vectors in R”;
(RN)1r = (o!,0"). We let uy be the law of s’ and 7, be the law of RY when distributed
according to E[gf@‘”}. We will say that u (respectively ) is a limiting spin (respectively
overlap) distribution if it is a subsequential limit of some uy (respectively ny) in the
sense of the convergence of finite dimensional distributions.

Notice that n is a weakly exchangeable distribution of positive semidefinite matrices.
We can use the Dobvysh-Sudakov theorem [6] in order to say there is a random measure
v on L?[0,1] x R satisfying the following property. The distribution of the overlap matrix
(Ry,+) from 7 is the same as the distribution of (a;d;; + (h;, h})) where (h;, a;) are sampled
i.i.d from v conditionally on the realization of the random measure v. The measure v
restricted to the space L?[0, 1] is called an asymptotic Gibbs measure.

For generic p-spin models, we can say more about the distribution 7. Because of the
Ghirlanda-Guerra Identities, it is known that the law of the distribution of the entire
overlap matrix is a function of the law of the overlap distribution 1?1 » [12][Thm 2.13]. In
addition, for generic p-spin models, the limiting distribution of R; 7 is unique.

1.3 The SDE representation

It turns out that the asymptotic measures p and v can be expressed via a process
associated with the solution of a corresponding Parisi partial differential equation. The
limiting ‘local magnetic field’ of a spin glass is given by a stochastic process driven
by a Brownian motion whose drift and diffusion coefficients depend on the Parisi PDE.
Knowing the ‘local field” will allow one to determine the spin distribution via a cavity-type
computation. To determine the joint distribution of many spins, one computes the ‘local
field’ for multiple particles driven by a Brownian field with an appropriate covariance
structure. Proving the existence of this process is not difficult; it was shown for the
hypercube in [4] and we can adapt the construction for the sphere.

Consider g, > 0 and let U be a positive ultrametric subset of the sphere of radius
/4 in the space L?[0,1]. An ultrametric set {uy,...,un, ...}, is a subset that satisfies the
inner product relations (u;,u;) > min((u;, ug), (ug, u;)) for all triples i, j, k. We define a
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Brownian motion on U; consider the Gaussian process B;(o) indexed by (¢,0) € [0, ¢.] x U
which is centered, a.s. continuous in time and in space with covariance

COV(B,g1 (O'1),Bt2(0'2)) = (tl N t2) N (0’1,0’2), (111)

where (01, 03) is the inner product between two states in L2[0, 1].
Using this Brownian motion, we can define the cavity field Z;(c) on U as the solution

of the following SDE
d2y(0) = V&' (t)dBy(0),

1.12
Zo(O')ZO. ( )

Let ¢ be the Parisi measure for the generic spherical p-spin model. Consider the
following Parisi initial value problem on (0,1) x R

uf + 5”2(t) (ug, + <([0,4])(u$)?) =0,
e e (1.13)
’ 2(1+b¢)’

where b¢ is defined in terms of  and ¢ as

.1
b = / C(0,1)(1€" (1) + € (1))dL. (1.14)

We can now define the local field X;(o) on [0, ¢.] x U by an SDE

dXy (o) = &"(£)¢([0, hus(t, Xy (0))dt + dZ(o),

1.15
Xo(O'):O. ( )

Many basic properties of these stochastic processes are covered in section A.1 of [4].
The Parisi formula for the sphere was proved in Theorem 1.1 of [19]. We have also
constructed solutions to this Parisi initial value problem in section A.2 of the Appendix in
this paper. We will explain how these concepts are used on an intuitive level, without
trying to be too rigorous.

If we describe the organization of a spin glass as a tree according to the RPC structure,
then u¢(t,z) represents the free energy of the subtree containing a node at height ¢
and all of its children under an external magnetic field of value . For example, on
the hypercube, u(1,z) = logcosh z, which is exactly the energy of a single particle at
external field value x. If we knew the distribution of the magnetic field once it reached
the final level u(1,.), then we could relate the free energy «(0, x) to the expected value
Ex[u(1l, X)] for some proposed magnetic field distribution X at time 1. The proposed
distribution for X is exactly the solution &) to the equation (1.15); this is why we call
X the ‘local field’. For more details on this representation, one can refer to Theorem 3
of [3].

On the sphere, we can describe the spin as being distributed according to a Gaussian
with variance given by some constant %er and exponentially tilted given by the magnetic
field. Informally speaking, if we let P(s) denote the probability distribution of a single
spin, then we expect

P(s) e~ E e,
Apart from justifying the above representation for a single spin distribution, the problem
of determining a spin distribution additionally involves determining the correlation
structure of the ‘local field’” X} between different replicas as well as the constant b used
in rescaling the variance of a single spin. The ultrametric subset U represents the
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different replicas that we may consider; our spatial Brownian motion defined in (1.12)
captures the correlation in X; between these different replicas. The constant b is usually
phrased in terms of an optimization problem; the fact that we can derive the value
directly from properties of the Hamiltonian and the overlap distribution is a significant
novelty of the argument and illustrates the power of the renormalization approach taken.

We now return to the discussion of the main result. Using these stochastic processes
that we have defined previously, we are now able to explicitly write out the spin distribu-
tions that we are considering. We define the measure p , Where o is a state in U, our
ultrametric subset, and f is a fixed measurable functlon on L?[0,1], as follows. Let g be
a bounded function on R with compact support. Then pm7 is given by

2

[45¢) (=)
f foo foo 5 e_ 1+2b< 5267 [E%l) &7 (qx)] eSydde
Peol9) = _liog] v f(o)? : (1.16)

___(—f

f f 2T 2 (M —¢ (an)] esydyds

This differs slightly from the notation in [4] to denote the point where we are evaluating f.
When we consider spin glasses whose overlap distributions ( have support restricted to
the interval [0, ¢.] with ¢. < 1, we see that we will consider magnetlzatlons Xy« evaluated
at time ¢, instead of 1. On a heuristic level, the purpose of pc ., is to determine the spin
distribution at time 1 based on information of the magnetization at time ¢.. Informally
speaking, X; — X, is a Gaussian of variance £'(1) — £'(gx).

From this point on, we will use (), (with only a single element) to denote Gibbs’
expectations with respect to some Hamiltonian and some set(in the example above, the
Hamiltonian is Hy and, when there is no further specification, the set is Sy). This is in
contrast to the two element inner product (-,-). From this point on Gibbs expectations
will appear far more frequently. We will establish the following theorem.

Theorem 1.2. Consider a spherical Hamiltonian Hy satisfying the assumptions of
Assumption 1.1. Let (*(-) = limn_, 0o E{I(R1 2 € -))u, be the limiting overlap distribution
and let q. = supsupp(¢*). Let u be an asymptotic spin distribution and v be an asymptotic
Gibbs measure corresponding to Hy. Since Hy is generic, v is unique.

We define the following measure on co X oo matrices: choose {c'} i.i.d from v®>,
Independently construct X (o) distributed according to (1.15) on U = supp(v). Distribute

l . Xq*
s; according to the measure Pegt

Let (8L) be spins distributed according to ;.. Then (s!) and (5}) are equal in distribution.
As a consequence, this shows p is also unique.

Remark 1.3. Here, we discuss the relationship between the constants b given here with
some other relevant constants in the literature, namely the constant b that Talagrand
uses in [19] as a parameter to describe the free energy as in his equation (3.35). It was
observed that this parameter b determines the effective variance of the spins if they were
to be treated as Gaussian variables. There are a number of relations used in Section 4 of
the same paper that relate this constant b to our constant b.

In equation (4.12) of Lemma 4.1, he derives the following relationship between the
quantities A(q,b) and B(q). These quantities become equal at the Parisi minimizer. He
derives, for a model with finite replica symmetry breaking, the following relation at the
Parisi minimizer

0=A(qb) —Blg)=b—1- Y mg€(a) — af (@) + 2 (q1) -

Al
1<i<k

Later in the work, he derives for a model with no magnetization, which we are dealing
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with here, the relation (4.14), which we reproduce here as

dB
0= 1 (4) =—mi&(q1) —mih® +
q1

Simplifying this at magnetization & = 0 gives the relation A;£(¢q1) — £~ = 0. Substituting
this into the earlier expression gives

b=1+ Z mi(q1& (1) — @€' (@))-

1<i<k

This is a discrete version of our constant b; + 1 for models satisfying finite replica
symmetry breaking.

1.4 Overview of the strategy

A set of invariance principles called the cavity equations [10] gives a way to un-
derstand the behavior of some individual spins. In the paper [4], the cavity equations
resulting from the product structure of the hypercube was used to derive these invari-
ance principles. To understand the sphere, a critical step is to establish an analog of
these cavity equations.

The key point here is that, in order to understand the distribution of a single spin oy,
one can separate the Hamiltonian Hy into two parts

Hy(ov,...,on) =Hn_1(01,...,0n=1) + hn(01,...,0N—1,0N),

where both Hy_1 and hy are Gaussian processes. hy consists of all terms in the
Hamiltonian that involve the extra spin ony. We remark that on the hypercube, the
process hy(o1,...,0n) can be represented as hy(o1,...,0n) = zn(01,...,0N-1)0N.
Here, zy(01,...,0n—1) acts like a magnetic field on the final spin.

The success of the cavity method depends on two properties.

Definition 1.4. [Properties for the Cavity Equation]
1. The covariance structure of the Hamiltonian Hpy _1
COV(HNfl(le s 7O-N71)7 HNfl(plv s 7PN71))7

does not depend on the value of oy or py.
2. As Gaussian processes, Hy_1 and hy are independent.

Computations in the cavity method depend on modified Bolthausen-Sznitman invari-
ance principles, [12][Section 4.4, Pg 131]. The specific definition of spin glasses on the
hypercube allows a decomposition where both of these properties hold simultaneously.

On the sphere, one can immediately see that the value of o will, in turn, affect the
value of a% + ...+ 012\,_1. A naive decomposition, like what is done for the hypercube,
would not satisfy item one of Definition 1.4. To deal with item one of Definition 1.4, we
will first define a change of coordinates so that it would ‘look’ like a product space. We
illustrate the process when one particle is removed.

We first choose a renormalization scale R and a new reference sphere for the first
N — 1 coordinates. We also introduce a cutoff C for the last spin, ony. Namely, we
consider

. R o N — R?
624...+6% , =N —R% with 6; = | ——0;, and |on| < C.
N —oy
EJP 27 (2022), paper 27. https://www.imstat.org/ejp
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We can now consider the original Hamiltonian on the N dimensional sphere as a Hamil-
tonian of the product of an N — 1 dimensional sphere and the interval [-C, C] for the
last coordinate o, . Before we proceed, it is important to remark that the scale R is a
free parameter. The introduction of the cutoff C' is important to regularize estimates; it
has to be taken to oo in some limit to get the exact spin distribution.

These coordinates allows us to decompose the Hamiltonian up to leading order as

Hy(o1,...,0n) = Hy_1(61,...,6N-1) + hn(G1,...,6N-1,0N),
- B
A~ N ~ _ vy . - .

HNfl(Ulv"'vo—Nfl) - g N(p*l)/Q E GityoyipTiq « - Oy
=2 1<y, ip<N—1
- B

~ N . D ) ~ ~

hn(61,...,0N-1,0N) = E No-D/2 E (S? = 1)giy,....i,04, - .- i,
=2 1<y, ip<N—1
ZOO B Z

D ~ ~
+ 7]\](77_1)/2 gil,A..,ipfl,NO'il e O'i,,,lo'N~

p=2 1<iy, . yip—1<N—1

Here, S is the factor 4/ %jﬁg. (Note that we dropped some factors of S from the the
second line of h as these will be of lower order.)

At this point, the decomposition above dealt with item one of Definition 1.4. However,
one observes from the first line in the definition of h that hy is strongly coupled to the
Hamiltonian H ~N_1. We remark here that this coupled term in Ay cannot be ignored; as
one will see from Lemma 3.4, the coupled term is essential for changing the ‘variance’
associated with the ‘Gaussian’ distributions for a single spin. To deal with item two of
Definition 1.4, we introduce a Gaussian process as follows.

First, define

HN(&l,...,(AJ'N_l,O'N) : :HN_l(é'l,...,(}N_1)+YN((§'1,...,6'N_1,O'N)
Zoo p Z
D ~ ~
+ 7]\7@_1)/2 g,;h“__,;p_l,Ncr,;l ...cr,;p_laN.
p=2 1<iy,...;ip—1<N-—-1

Y~ should satisfy the following properties:

* We desire that the following relation holds

COV(HN(U)vHN(p)) ~ COV(FIN(&lﬂ .. 'a&N—laaN)7HN(Ié17 e aﬁN—lapN))'

« We want H ~N_1 to be independent of Yy.

* We finally want Y to be independent of

— B
ZMTPI)/Q Z gilanwip—l’Né-il ...6ip710N.

p=2 1<iy,.ip-1<N-1

Broadly speaking, Yy is constructed via a perturbation expansion of the term con-
taining S? — 1 in hy. This is the content of Section 2 of this paper. One then tries to
compute spin distributions according to the Hamiltonian Hy rather than Hy.

It is crucial to note that spin distributions according to Hy and Hy will only match if
the approximation is exact

Jim |Cov(Hy (o), Hx(p)) — Cov(Hn (), Hx(p))| = 0.
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Unfortunately, there is no choice of Yy that does not give an error in the covariance
structure of order O(1). The content of Theorem 2.7 shows that the error rate of the spin
distributions is of size O(%—f), where the power D appearing depends on the polynomial
moment considered.

The way that this problem is circumvented is to use the fact that we can vary R and
C as free parameters. The key observation here is that if we take R far greater than any
power of C, then the error rate in Theorem 2.7 becomes exact as R goes to co. Specifi-
cally, the introduction of a finite cutoff C is necessary to ensure a vanishing error rate.
The crucial novelty here is the introduction of the limit process limg_ o0 limp_s oo My 00
in that order to make sure our approximation will give the exact spin distribution. In
particular, we will observe that the process Yy introduced in (2.14) contains a factor that
grows as v/ R2 + 1. Far from causing this term to explode, there is a crucial cancellation
demonstrated in Lemma 3.4.

The effect of the R — oo limit results in a rescaling for the variance of the spin
distribution. This rescaling step is what allows us to get the exact value of the constant
be directly from the spin glass parameters. Usually, the value of b; comes from solving
some implicit optimization question. The cavity equations here provide a new and natural
way to directly find the value of this variance. The justification of this limit for spin
glasses with finite replica symmetry breaking is the main content of Section 3, which is
the key novelty of this work. Together, Sections 2 and 3 form the majority of the work.

Another possible method used to study the spherical spin glass is the introduction
of a Lagrange multiplier, such as in [19], in order to treat the sphere as a product
space. These works applied large deviation estimates to relate probabilities on the
sphere to probabilities using a Lagrange multiplier; on the level of the free energy,
which would take the logarithm of such probabilities, these would anyway not be too
much of a problem. However, these are extremely inexact if one wants the precise spin
distribution. In particular, the limit procedure was proposed to exactly characterize
the tail behavior of spin oy. Though the method proposed here is involved, it seems
superior to the introduction of a Lagrange multiplier. Any presumable method involving
a Lagrange multiplier would still require some cutoff and limit arguments to relate
the tail probabilities of large values of o on the sphere to that of the model with the
Lagrange multiplier.

The final section is dedicated to proving the stochastic process version of these
results as detailed in Theorem 1.2 for models with general replica symmetry breaking.
From the results of Section 3, we take limits of finite replica symmetry models to derive
results for full replica symmetry breaking models. The method innovated in this paper is
a pioneering way to understand the Hamiltonian of spherical spin glasses. For example,
it finds a direct meaning to the constant b from [19] in terms of a renormalization of the
Hamiltonian instead of as a maximization procedure. We expect it has a great potential
of leading to great new understanding in the future parallel to that of the Lagrange
multiplier.

2 The cavity equation for the sphere

As we have described in the introduction, the first step to proving Theorem 1.2 is to
first prove a version of the cavity equation. To this end, we need to create an auxiliary
space so that the auxiliary space is represented as a product space, and so we have a
natural notion of a cavity equation.
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2.1 The construction of cavity coordinate

Our first step in constructing the auxiliary space is to restrict the sphere so that the
final n coordinates lie in a compact interval. We define the restricted sphere

C,
SN:Cn {(017"'7O—N7O—N+17~~,0'N+n>Z
2

o1 +...+U]2V+U]2v+l +"'012V+n =N+n,|lonsil,---lontn] < C}
with Hamiltonian Hy .

We begin with the following lemma. We use the notation (-)z, (4) to denote the
expectation with respect to a Gibbs measure of the function Hy distributed on the set A.
When the context is obvious, we will drop mention of the Hamiltonian and simply use
() to denote the Gibbs measure on the set A.

Lemma 2.1. We can replace the expectation of polynomial expressions on the last n
coordinates as N — oo under the Gibbs measure on Sy, with the expectation of the
Gibbs measure over the restricted sets SN+n as we take the double limit N — oo followed
by C — oo,

lim E

N—o00

k

e l €l,n
H JN 1 bl (JN+n) : >HN+n(SN+n)‘|
=1

(2.1)

= lim lim E

C—o00 N—oo N+n

k
H O—N 1 ell .~~(0§V+n)el‘n>HN+n(SC n )‘| .

Here, the | is a superscript designating the replica index while ¢; ; is the exponent
computed. The exponents ¢; ; are restricted to take non-negative integer values.

Proof. The result is due to the fact that each of the spins o1, ..., 0N+, has subgaussian
tails. We will sketch a proof in the case when k = 1. We will let f(o) denote the polynomial
function (o}, 1) ... (0p,,)° ™. The difference between the quantities inside the limit
on the left and right hand sides can be written as

f(SC n e f( ) HN+1L(U)dU fSC n HNJrn(o')do— I(Sc " e eHN+n(O’)dO_ (2 2)
_ L E . . .
fSN+n eHnin(0)do fSN+ eHN+W (@)do fSSLL eHN+,,(a')d

The methods used to bound both quantities are similar. We will bound the latter by two
applications of the Cauchy-Schwarz inequality.

For convenience of notation, we let x be the indicator function for the set (Sf,]:n)c in
SN4n. First of all, we see that the second quantity in (2.2) can be written and bounded

as

IN

BIS ) gy, 50 VTN by (5D

N+n

(E[<f(0)2>HN+n(Sg’_:'n)]E[<X>HN+n(SN+n,)])1/2'

B0 iy 55y (X 5 10]

IN

(2.3)

The first application of the Cauchy-Schwarz inequality splits the outer expectation. The

second application of the Cauchy-Schwarz inequality applies to the Gibbs measures
inside the expectation. Observe that since Y is an indicator function, we have x? = .

To bound ]E[(f(a)2>HN+n(Svafn)], the only thing that has to be remarked is the following.

Since, in Sf,_fn all spins are bounded by C, this expectation can be bounded by a
polynomial function of C, say |C|?2i=1 €1 that is independent of N.
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We let x; be the indicator function of the set on which |on4;| > C. We also see that
there exists some k, not depending on C, such that, for IV sufficiently large, we have

i 2
E[<X>HN+7L(SN+7L)] < ZE[<Xi>HN+n(SN+n)] < ne ke . (24)
=1

This is due to the fact that the spins oy ; are subgaussian. (The distribution of a single
spin is uniform on the sphere due to the rotational invariance of the Hamiltonian.)
Together, we can bound the product appearing in the last line of (2.3) by

(ne—kc2 ‘C|2 > el,,-)1/27

for N sufficiently large. This will also be a bound on the difference as we take the interior
limit, N — oo, on both sides. Finally, taking the exterior limit, C' — oo, will bound this
difference by 0. This establishes the lemma. O

In order to construct the auxiliary Hamiltonian, we would like to consider S’ Ninasa

product set. We define the set Sf,fn” as

ngn" = {(617a&N) U% + +(}]2\/' :N_nR2} X {|&N+1‘7"'a|6N+7L| < C}

The map between S, and S5 ™" is as follows:

oiVN — nR?
Gy = L ,1<i<N,
\/N—&—n—a?\ul—...—of\un
\/ +n— UN+1 N+'n
and 64 := on4; for 1 < ¢ < n. We will denote the factor as S.

(This will allow us to write the fundamental expressmn o; = So; for 1 < ) < N.) Notice
that the first part of the decomposition of S$ N +n is the sphere Sy (N — nR?).

When defined in terms of the new variables &;, we will be able to write the Hamiltonian
Hpyyy on the set ngn as the following Hamiltonian on the set SC R "

~ ~ k A ~
Hyyn(G1,...,0N4n) Zﬂp N+n =172 ZZQH zz,...,ip SP76,, <O (2.5)
k=0 Zj
where Z, := {(i1,...,7p) : [{t1,-. -, ipy N{N +1,...,N +n}| =k}
Remark 2.2. We remark here that the cardinality is counted with multiplicity. For
example, the choice (i1, i2,43,...,9p) = (N+1,N+1,1,1,...,1) with the last p — 2 entries
being 1 would be in the set Z,. Additionally, Zy would only involve the coordinates
61,...,0n and none of the cavity coordinates.
The change of variables makes us consider slightly different test functions.

Lemma 2.3. The following equality holds for fixed C' and {e;,} a collection of non-
negative integers. R can be freely chosen,

k n
Ji B H<}1 >

HN+n(Sgrn)

. (2.6)
nooal el o—t Hnyn(6)d4
. b Jogmn Hjo (i) ie™ 2 et @ds
:th E Il T
—00 ’ “N+j .
=1 C.R.n " e 2 —eHNnin(6)d6
fSan HJ:l
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Proof. The proof will follow when we investigate the change in coordinates. We will
illustrate the details when k£ = 1. The general proof is similar.

Applying the change of coordinates o, — 6 for k between 1 and N + n to the right
hand side of (2.6), we see that

n €1, HN+,—L(G‘)
Jsen Tli—ioni e do

lim E Nn
N—oo fSc>" eHn+n(o)do
N+n
(2.7)
nae1;  Hynin(6) N s
' fsfrfn [[j=, oy el ~n?IsNda
= lim E - -
N—oo f o rn eHN+n(6)SNdG
SN'n

The main difference is that we have introduced the Jacobian factor S% on the numerator
and the denominator.
We notice that

N
2 ~2 ~2 2 nR24n_S1 52
_ NR2 4 n— 63, —...— 6% RS s
lim SN = + tn =e 2 ,

and this approach is uniform when we restrict |6y 4| < C.
We can now apply the Exchange Lemma 2.4 in order to justify

n ~€1,j5 HN+7L(5') N A
i E Sf,’f,;n Hj:l O'NJrje SVdée
11m

PSS f o.rm eHNn () SN 45
SNGn
Ry (2.8)
nR2+n n ~€1,5 _IN+j HN+n(5') N
. fsf,fgbe Hj:1UN+j6 2 € do
= lim E -
N—oo 2 n IN+j PONN
c.rn €A o=~z eHnin(6)d5
fsNﬂ HJ 1

We can cancel the factor of e"# +n appearing in both the numerator and denominator. O

Lemma 2.4 (Exchange Lemma). Consider a random Hamiltonian Hy on some domain
D. Assume there exists some constant K such that all of |fx|, |gn|, |f~| and |gn| are
bounded by K on the domain D and that gn and gy are positive and bounded from below
by K~1. Assume in addition that limy_, |fN — fnl, 198 — gn| = 0 uniformly on D.
Then, the following equality holds provided at least one of the sides is known to exist.

Jp fNeHNdcr] Jp fNeHNda]

s

lim E

N—oc0

= lim E

N —o0

2.9
[p gneflndo Ip gneflndo (2.9)

Proof. We can write the difference of the expressions at finite N as,

E Jp(fn = fx)e™do [, gne™do | E Jplgn — gn)e™do [}, fne~do
Jpgnetfivdo [, gnefindo Jpgnetindo [, gneflvdo
<E Ip lfn = fnle™do [, |gn et~ do i E Iplgn = gnlef™do [, |fnlef™do
- Jpgnetivdo [, gnefindo Jpgnetivdo [, gnetindo
[l = fxlef™~do [, Keflvdo [plgn — gnlefvdo [, Kef'Ndo
sE [, K- teflndo [, K~ teflndo +E Jp K-tellndo [, K—teflndo
D D D D
_f Hn Qg _ 5 Hng
< g | oI P{N'e 7| 4 xop | Iplon flw 71,
Jpefindo Jpefindo
(2.10)
EJP 27 (2022), paper 27. https://www.imstat.org/ejp
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Noting our limiting condition on the differences , we can show that
as we take N to oo, the difference on the last line of (2.10) will go to 0. This establishes
the existence of the limit on both sides as long as one of them exists as well as their
equality. O

2.2 Construction of the cavity Hamiltonian

Recall the Hamiltonian (2.5) on Sf,’f;f.

Ideally, we would like to write the Hamiltonian as a Hamiltonian on the sphere
Sx(N — nR?) plus a perturbation term. Namely, we have

. . 1 . .
Hyin(G1, oo ONtn) = Zﬂpm Zgil,iz,...,z‘poil .0,
p=2 Zo

+Zﬂp N+n (p—1)/2 Zg“”% Sip O "'&ip(sp -1
(2.11)

+25P N+n —1)/2 Zgu ianeniy O -+ 01, (S77T)

+Zﬁp N+n CEYE ZZgle, Gy 60 (SPTR).

k=2 Iy

We make some remarks about the above decomposition. The term on the first line is
a function only of the spins 61, ...,0ny. We may be able to interpret this as a Hamiltonian
defined on the sphere Sy (N — nR?). We remark also that it is of the highest order N
in variance. The term on the second line will be a term of order 1 in variance, but it is
coupled to the term on the first line.

The terms on the third line are additionally of order 1 in variance and independent of
the terms on the first two; notice that each of these terms will only involve exactly 1 of
the cavity coordinates 6n41,...,0N+n-

The terms on the fourth line are independent of those that have come before and
have variance of order 1/N. We will be able to treat these terms as errors.

The issues that arise in computing distributional equivalences come from the second
term in the above expression; it is coupled with the main Hamiltonian on the sphere
Sn(N —nR?). In order to perform computations in the future, what we would like to do
is instead replace this term with one that is independent of the main Hamiltonian on the
first line. Namely, we would like to consider

. X X 1 X X
Hynin(G1,. o ONtn) = Zﬂpm Zgil,iz,...,ipoil .0,
p=2 Zo

~2
2 _ _ 9N+
+Z\f6 ZZQN-H \/}ﬁ R o (2.12)
P N+n(p 1)/2 11,02,...,0 \/m i1 - Oy,

Ty t=1

1
+Zﬂpm Zng’ i+ Oy

p=2
where the gf\f J”Zp are N(0,1) Gaussian random variables independent of all other ran-
domness. Notice also that in the local field(magnetization) term on the last line, we have
dropped the rescaling term SP~'. We will eventually be able to show, provided sufficient
decay of the j3,, that SP~! — 1 will lead to a term that is of smaller order. Along the
same line, we have removed the fourth line of error terms, anticipating that they will
eventually be shown to be insignificant.
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For simplicity of notation, we will denote

. > 1
Hy(3) =) Boro——573 D, JiviseinGis -+ Oiys (2.13)
p=2 (N+n)(P b/ 1<iy...ip <N
) > 1 ]
Y6) =Y VB D Oh i i Gy, (2.14)
p=2 (N + n)p/ 1<i1,enyip <N o
. > 1
Z16) =Y B3 D i || Gir- (2.15)
(r—1)/2 Lelp s
p=2 (N +n) Ti kiip#N+i

where we define Z} := 77 N {i1,...,ip : {i1,...,ip, ) N{N +1,...,N +n} = {N +i}}. We
remark here that exactly one of the {i,...,i,} belongs to the set {N +1,...,N +n},
and this entry must be N + 4. This is a shorthand for the three lines in the decomposition
of (2.12).

In order to justify the replacement of the Gaussian process Hpy ., with H Nn, W€
compare the variances for the two processes.

2.3 A perturbative expression for the correlation structure of Hy .,

Our goal in this subsection is to find a perturbative expression for the covariance
structure of Hpy ., in terms of the newly introduced coordinates & and j.

Remark 2.5. We remark that, for our later computation, it is only necessary to know
the covariance structure up to the leading order in V.

In addition, our limiting procedure will first take the N — oo limit before any
operations are taken on C' or R. In the computations that follow, any term of subleading
order in N may have coefficients that depend on C or R. These can be safely ignored as
we take N — oo first. Such prefactors for subleading terms will not be explicitly written.
Only leading order terms involving R or C will have to be written out.

The covariance structure of Hy ., is given as follows,

[N“| o
Cov(Hnin(0), Hyin(p)) = (N +n) Y BIRE +(N+n) > BRE,  (2.16)
p=2 p=|N*]+1
. 1 N+n
where, as a reminder, R, , = N Zi:l Oips-

We have split the summation in such a way because we will apply a first order
perturbation argument to the sum over the smaller p while we apply a trivial bound to
the larger p. In the calculations that follow, K will be a constant that may differ from
line to line.

For the sum over the larger p, we apply our Assumption 1.1 to bound each g, <
Kp—3/2—¢. We see that we obtain,

= = K K
2 1—(242¢)
(N +mn) E ByRE , < (N +n) E PR < (N+n)7(2+26)a < KN1-(@+20a
p=|N*|+1 p=|N*|+1

(2.17)

For the smaller powers of p, we have to perform a perturbation expansion. By an

exercise in calculus, we see that if x is an order % positive quantity and p < N® < N,
then we have the inequality

(1+:1c)p§1+pm+2p2x2§1+px+O(N2“_2).
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Using this identity, we can first separate the terms involving the spins on;pn+; for @
between 1 and n. Notice that we have, forp < N* < N,

1 N+n p 1 N P
<N+n ; mpi) - <N+n ;Uim)
R AR
- 04 i ; O N2a72 .
+p<N+n;mp> <N+n;mv+mv+,>+ ( )
(2.18)
Now we replace the spins o;, p; with the rescaled coordinates 4;, p;. As mentioned

previously, this would require a perturbation analysis of SP.
Applying this expansion to the pth power of the overlaps for p < N < N, we have

1 & :
2 . .
By <N+n E Uzpz>

i=1

=B : ia ! 1+nR2+n_&]2V+1_"'6]2V+n o
P\ N LT N — nR2

. . 2
1+nR2+n—p?v+1—...p?v+n »/
N — nR?
_ 2R 4 pﬂf,Rp nR?+n—6%,, —...6% .,
prroup N+n
pﬂz nR2+n—ﬁ2 — P o
pRP NN_:»; N+ +O(BZ2)N2 2)7

where we define the terms

N
Rop = N—l—nz P

We also have the similar inequality (1 + z)? < 1+ 2pz < 1+ O(N°7 1) forz = O(N~1)
and p < N® < N. Thus, we observe that, for p < N < N, we have

1 N p—1 1 n
Pﬁf; <N+n ; UiPi) <N Tn ; UN+ipN+i>
1 B N p—1 1 B n
=By ( N a2 m) ( N2 aNHﬁNH) +OpaN).

Combining the previous perturbation estimates, we derive the following expression
for the covariance.

(2.19)

Cov(HNn4n(0), HN4n(p)) =

LN*] LN
p - R
(N +n) Z BoRE ,+ Z 555(”]%2 +n =Ry~ — R RY
p=2 p=2
LN®] [N] (2.20)
p R R _ .
+ Z 552(““32 +n = PR~ D) RS, Z Pﬁsz (Z UN+1PN+2>
p=2
LN“]
+ Z B2N2a 1) + O(pﬁZNa 1)] + O(N17(2+26)a).
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We see that if we choose any value of a between W and = and apply the summability
of the series ﬁg and pj32, we will be able to show that the error is o(1), which will be good
enough for later purposes.

Now, we have to replace the restricted summation up to the value of p = | N*| with
the sum to oo. We will apply trivial bounds to these terms using Rs ; < 1. Observe that
we have

(oo} oo
(N+n) 3 BRL,+ Y SAMR 4+n—5Y, — ..~ 6k R,
p=|N*] p=[N«]
+ Z 52 nR? +n — p?\f—&-l e ﬁ?\fﬁ-n)Rg}’p
p=[N<]
. (2.21)
+ Z pBLRL ! (Z &NJriﬁNJri)
=|N«| i=1
< (N - K - K <0 Nl (242¢) 0 —(142¢)cx
< (N+mn) Z W"F Z n2+2e — ( )+ ON )
p=|[N2] p=|[N2]

For a choice of a < 1 and > 5i5e +2 , as before, this will be an error term.

Finally, we derlve the expression,

Cov(HN4n(0), Hnin(p)) =

oo oo p .
(N+”)25§R§,ﬁ+2552(”1%2+n_012v+1 : UJ2V+n)R§p
p=2 p=2
P ) ) (2.22)
+Z§/B TLR2 —|—TL—,0§\/+1 T _p?\/'—i-n)Rg,ﬁ
p=2

Z BQRP? <ZUN+2pN+z> 0(1)

p=2

2.4 The Covariance structure of H N

Recall that in the expression (2.12), we have separated the Hamiltonian H N into
three independent parts. Namely, we have the decomposition,

_ . 62 ..
Hy(61,...,0N4n) = Hn(61,...,0N +ZY1 )(\/R2 \/JJ%V%H)
+ZZL(6—1’7OA—N)&N+Z

The three parts Hy, Y, and Z' are independent of each other. We compute the
covariance of each part separately.

Observe,
o0
Cov(Hy (61,...,6n5), Hy(p1,. .., pn)) = (N +n) > BIRE .. (2.23)
9 9 9 ’ I p-To,p
p=2
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Also,
' ORi - Prss
Cov | Y'(g R2+1—N+z>,YW R 41— Nt
(v (V1 - ) vt (e -
5 ~2 )
g i pN+, 9
=0; . R2 + _NJF) R2 41— —N+i o .
’ (ﬁ i) \VE T s gpﬁp 5 (2.24)

1 1A UN+1pN+

Finally,

Cov(Z'(61s ... ON)IN+is Z2 (1, -y PN)PN+j) = 0i jON+iPN+) ZPBZRP ! (2.25)
p=2

We can combine all of these terms to compute the covariance of H Netn-

Cov(Hy 11(6), Hn1n(p)) = (N"‘”)Z BoRE +ZP523 (Z&N+i[§N+i)

+Zp52Rp nR2+n70—N—0—1 . 7012\/'—&-71)
(2.26)
Z ﬂQRp nR2 +n— pN-H . - p?\/-{-n)

o0

p p 0’ P
+pz:2 4(R2 ¥+ 1 ZUN+1pN+2
We now compute the differences in the respective covariances. We see that

|Cov(HN11(6), HN4n(p)) — Cov(Hn10(6), Hnin(p))| =
o i nC* 4 )
Z B2 Z Ng;pf;; o(1) < ;::2 ’27524(Rf+ [ e =0 (;) Fo(r), %27

holds on the domain Sf, fn" The following remark gives some motivation on the choice

of Y.

Remark 2.6. In order to proceed with any future cavity computation, it was necessary
to treat the Gaussian components of the Hamiltonian Hy ., that involve any of the extra
spins 64, as independent from the Hamiltonian Hy. Y was created to approximate
the second line of (2.11).

However, the Gaussian components of the second line of (2.11) are coupled to those
of the first line (H ~). Any choice of independent Y’ to approximate the second line in
the covariance structure will necessarily create some error as |6 4| is allowed to vary
between 0 and C. The choice of Y here assures the approximation is exact at |6;| = 0.

As we shall see in the next subsection, the difference in the covariance structure
quantifies the difference in the spin distributions according to the Hamiltonians H and
H. The spin distributions will match only if the covariance is 0. To justify comparing the
spin distributions of H and H, we see that we will have to take a double limit procedure
lime oo limp_ oo limy_, oo in that order.
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2.5 Comparison of the modified Cavity Hamiltonian

What we will show now is that the expectation of quantities computed with respect to
the Hamiltonian Hy ,, over the restricted sphere Sf,’f;l” will have a small difference from
the same quantity computed with respect to the Hamiltonian Hy,, via an interpolation
procedure. We can then proceed to compute spin distributions with respect to the
Hamiltonian H ~N+n that specifically uses the independence of the parts that we have
constructed. Recall we have to study quantities like those inside the limit on the right

hand side of equation (2.6).

Theorem 2.7. Let f be a function of the form [, (6 n+;)* from R™ — R where each of
the e; is a non-negative integer. We have the following comparison estimate

~2
- - no TN+ g 61 5000r -
Jsen F(ons1s- o onn) [Ty 777 eflan(@nonin)ds
lim |E L —
N—00 N N IN+i .
Jscrn efInin(@rtnin) TT? e 2 do
N4n -
52
2 °N+i - A
- - no IR (616 Nn) A4
E fsﬁ’f”" FOon+1,- o ongn) [Ty e 72 efven(Gnonin)ds 0<C4+Ez=1el>
. n <
~ 52, . — R2 )
Anin(o1sonen) TP L e~ 2 d6
fSC,R,n eHN4n (o1 N+ )Hi,:l e z do

N+n

(2.28)
where the constant in the error bound does not depend on C or R. In the integrals that
have appeared beforehand, dé is the product measure Hf\fln da;.

Proof. For some simplicity of notation, we will denote

n .2
Za . . R _ N+
fOON+1,- s ONtn) = f(ON41, - ONn) H€ 2,
i=1
n 6%
G(ONf1, .- ONyn) = Hef z
i=1
In order to compare the two quantities, we will perform a Gaussian interpolation.
We may drop the subscript N + n in some following computations. Let Hyn, Hn4n
be independent Gaussian processes with the appropriate covariance structure defined

earlier, and let
Hy(61,...,0Nn) = VtHnyin + V1 —tHynin.

We now consider the quantity

Jsorn FONG1, -, ONpn)elltO1mdnin) G
F(t) =1 | X

fsgf G(ONG1, - ONgn) e (O oN ) dG
n

and remark that the quantity (2.28) is |F'(1) — F(0)|. As is standard, we will derive

a bound on the above quantity by bounding the derivative. To simplify notation, we

will denote the quantity Z; := [gc.rn §(GN41,- .- LGN )t (100N )5, Since we will
N+n

always integrate over the set ng&" we avoid here any specific mention of this set. We

see that F’(t) is equal to
B,z (20 [ fom@en@as - 22 [ Fayapppen @ Oasa)
- = (Z,rl [i@a@en -z f(&)g(ﬁ)ﬁf(ﬁ)e”f(&>+Hf<ﬁ>d&dﬁ> }
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. - - H(5)

_ E[ [ i@)icov(tt(6), 1(6)) - Cou(ii(a). f1(6)) 5~

Hi(&)+Hi(5)
)]Td&dﬁ
th(&)+Ht(/3)
|65
N 5 eH(6)+H(p)+He(7)
+ [ f(6)3(p)a(n)[Cov(H (p), H(7))) — Cov(H (p), H(1))] dodpdn|.

z
(2.29)

The first equality merely computed the derivative of the quantities. In order to derive
the last expression, we performed an integration by parts.

We bound the quantity on the right hand side of the quality by taking absolute values
everywhere. Every appearance of the differences of |Cov(H, H) — Cov(H, H)| can be
bounded by % + o(1). Applying this bound will decouple the integration variables.

We can thus bound the right hand side of the previous equation in absolute value by

(g; + (1)) E
+ <IC; + 0(1)) E

Notice that we may bound |f(5)| < C2i=1¢|j(5)| and that §(¢) is a positive quantity.
eHt(P) X th((r) &
Additionally, u = 1. This suggests that we have L1716 I do < CXimie,

Combining the prev1ous inequalities give us the desired result O

2 7 *3 Zt 7

}f'f(A Ht(ff dé 3f‘f ) dé fg Hf(p)dp‘|

Z Z Z

[1F(3)e"@as [ g(p)eHPdp [ é(ﬁ)th(ﬁ)dﬁ]

The main consequence of this Theorem is the following Corollary, which allows us to
express the spin distributions from the Hamiltonian Hy in terms of expectations with
respect to Hy.

Corollary 2.8. Let ¢;,, be non-negative integers. We have the following limiting rela-
tions.

k
hm E H<(U§V+1)€Ll e (O—§V+n)el’n>HN+n(SN+n)

N—o00
=1
(e )% - NI (2.30)
n ~1 el p— * HN4n (G150 N 1n) 51
. . . b fsﬁfn” [lici (O ) e 2 e proNenlde
:Chm lim lim E || Y
—00 R—00 N—o0 ~1 ON+i "
=1 fsc R.n eFN4n (81O n) H?:l e~ 2 —dot

N+4n

Proof. From Lemma 2.1 and Lemma 2.3, we introduce the C cutoff and introduce the
renormalization with respect to R. For fixed R, we see we have the limiting relation

k
hm E H((Uﬁ\ﬂkl)em e (U§V+n)el,n>HN+n(SN+n)
=1

N—o0
6h i )? . . 2.31
Jomn Ty (6ot e~ 2T et en Gt gt | 33D
’L
= lim lim B H Nin ——
—o00 N—o00 51 51 N+
. Hyan (84,6 ) TI? o 2 5
=1 fsjcvf;b"e pronen [[iy e 2 do
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We remark that R is a free parameter here and

(ehy)? 1 1
k fSCRn Hz 1(05\/4_1)6“6 = eHN+n (810N 1n) 51
l. N+n
im IE FINE ,
N —oc0 sl 51 N+ “
=1 fSc o €INER(T1 T ) [, e =2 —dé

N-+4+n

is a constant in R. We can freely take the limit of R — co. We have,

k
lim I 1_[<(U§V+1)€L1 s (U§V+n)el’ﬂ'>HN+n(SN+n)

N—o0 e
(i )? N N (2.32)
n ~l el i p— S HNyn (61,0 N81n) A0
T, b Jsgmn Tlica (O ) e el @i do
= lim lim lim E H - T
C—o00 R—o0 N—o© sl O N+i N
=1 fSC Ron eHN-Hv( "JN+7L) H?:l e~ 2 —dé&!

N+n

Finally, Theorem 2.7 allows us to replace the expectation over Hamiltonian Hy
with Hamiltonian H ., if we take limc_, o limp_, o in that order. We derive the equation,

k
lim E H O’N 1)t ---(U§v+n)el’ﬂ'>HN+71(SN+,,L)

N—o0
Ghyd? 5 TN 2.33
o TI (Bl )= 2 einen@hobviggt | 3%
= lim lim lim B H Sw'en G
C—o00 R—o0 N—o© " 5l O N+i
=1 Nn (Gl ) TT? | o 451
! fsgfnn e N [T e 2 do
This completes the proof. O

From this point on, we will now attempt to compute quantities with respect to
the distribution using the Hamiltonian H; namely, we study quantities such as those
appearing on the right hand side of equation (2.30). Applying our cavity decomposition
of the Hamiltonian fI, as detailed in equations (2.13), (2.14) and (2.15), we see that we
need to study quantities expressed in the following manner,

(Ghpd)? N N
k fSCRn H?:1(U§v+i)el’i€_ 73— eHN+n (61,50 N 1n) 4G
e |55

EY )2 ~ . .
S o [Ty e 2 E T e (@]t 4!
N+n
¥ 2 o [V yis (2.34)
H T ) g HHE poict [VREFT- ] s
=k 2 2
4 Zi(6) s+ | VREF I —oi | Yi(5!
(ITi= 1f c,0) € ’ i [ 2'R2+1} ( )d$i>ﬁN
3 Reduction to finite replica symmetry breaking
We will show that due to ultrametricity,
E n el 7§+Zi(&l)si+[\/327“72\/:2+1}Y1’(61)
. (Mliz S i i) 1 (5 o)
J\;lm E 5 [ 5 } , (3.1)
ros E .
1—1 n — 24 Z1(6Y) 54 | VRZH1— ——— | Yi(6!)
(= Jic.op€ ’ G i) i1y (5, _ga)

only depends on the Hamiltonian Hy through its limiting overlap distribution {* (Recall
that the notation (* first appeared in Theorem 1.2). The expression inside the limit
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of (3.1) can be understood as a continuous function F*%¥(() of ¢ in the space of

probability measures on [0, 1] with the weak™ topology, where E is the set of all values

e14, evaluated at (*. (As before, we restrict the values of ¢; ; to be non-negative integers.)
Using the results of Corollary 2.8, we are able to derive the fact that

k
: Iyer I\ern — 1 : R,C,E [ r*
Jim BT (o) sy = Jim_Jim PROE(C), (3.2)
What we would like to do is to reduce the computation to when (* satisfies finite
replica symmetry breaking. Let (; be a sequence of probability measures approaching (*
in the weak™ topology.
We have that

k
lim E|[((e)er...(6))%") = lim lim lim FREE(E). (3.3)

N —oco =1 n C—o00 R—00 i—00

We would like to exchange the limits so that we can write the limit as

lim lim lim FR9E(C). (3.4)

i—o0o0 C—o00o R—o0

This would involve showing the uniform approach of % ((;) to its limit in (. We
will proceed to justify this exchange of limits in the following sections.

3.1 Computation of F:C-F({) under finite replica symmetry breaking

Lemma 3.1. There is some function F:“-F({) continuous on the weak"* topology of
probability measures on [0, 1] with

(83\7+j)2 o 1
k no(gl elje— Hyin(6°) g5t
) fsj(\,‘],_&n szl(O'NJrj) 1e 2 e n do RC.E/
J\P—I&E / (ol ) = PR,
_ J 7 A1\ 7 A
=1 C\R, n e 2 edAnin(6Y)d45l
fSN_*_n” H]_l

and for measures ( satisfying finite replica symmetry breaking with support at points
0=qg0<q1 £<...<¢q =q. we have

k n C  eni —1 1+bin 24+ M; (ha .
FC’R’E(O:EH Zal Wa, [[i— f_csil el ] ( l)dsl

1=1 Zal we, [Ti24 ,Cc 6_%[1+gjn]sf+Mi(hal)dSi

; (3.5)

where the quantities on the right hand side of the above expression are computed with
respect to an RPC [12][Ch 2.3] whose overlap distribution is given by (. ); and 3; are
independent Gaussian processes with covariance given by

Cov(Yi(ha),Vi(hs)) = (ha: hp)€ ((ha, hs)),

) (3.6)
Cov(3i(ha), 3i(hp)) = & ((has hp)),

where [ is a replica index for oy, €;,; is an exponent, and (-,-) is the inner product.
In the expression (3.5), we use by, := &’'(¢.)(1 — ¢«) and

_ .y s (€'(1) — ¢:€'(a))s!
M; (ha) = 3; (hay) si + Di (ha,) \/R2+1—2\/R27+1 ey G

We will use this shorthand when useful and replace it with more explicit representations
when it is more germane to the proof.
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Proof. Part 1: The weak continuity of F-C-F as a function of ¢

For simplicity, we will write out the proof in the one replica case and a one particle
cavity e;; = 1. We will show the expression inside the limit of (3.1) can be shown to be a
bounded continuous function of the overlap distribution. The logic will broadly follow
that of [12][Thm 1.3], this time applying the approximation and cutoff procedures to the
function 2.

For some convenience of notation, we use the notation

_s2 (s _ s2 (s
Ey = </ o 2 +Z'( )s+[\/R‘2+1 2 T)H]Y ( )ds> 7
-eal fin(6)

_s2 Lig . s2 Lig
Fy = </ se 7 +21(6)s+ [\/R2‘+1 . T2+1}Y ( )ds> .
[-c.l Hy ()

First, fix some small ¢ > 0. We let F, be the function defined by
F(z)=el(z<e)+alle<z<e ) +elli(z>et), (3.8)
and G, be defined as
G () := sign(x)Ce '1(|z| > Ce') + x1(|z] < Cet). (3.9)

These functions are introduced to regularize the numerator and denominator.
We see that since |Fy| < CEy, we also have the relation |G (Fn)| < CF.(En). We

first establish,
E ﬂ B GE (}— N )
gN Fe (“:N)
The results of Lemma 3.2 show that the probability in the previous line is bounded by a
constant K times e.

Now, we regularize the quantities £y and Fy as follows. We define,

<20P(e > En,En > €7 1), (3.10)

52

grog </ e—§+c,moge<zl(&>>s+[«RTH—Z R2H]leoge(Y1(&>>dS>
[-c.cl A (5)

N

2

§2 ~ s ~
oo </ Se—-2+ckloge<zl<a))s+[ﬁm+1—2m]Gmoge(Y1<o>>d8> |
[=eCl fin (&)

The constant k is chosen small enough so that F.(£yY) = £ and G.(Fy?) = Fy? for all
€.

Let x be the indicator function for the event

2

_s2 1(6)s 211 s LPS
</ . +221(5) +2[\/R - r2+1]Y ( )ds> <! N{e<én < 6_1}'
[=6.C] Hy(6)

(3.11)

We see that we now have,

E —
‘ Fe(En)  Fe(&YY) Ev  EY°

X] +2CE(1l — x)

Fn(ER9 — En) (FR9 — Fy)
SE‘SJVgreg X+E%X+2CE(1—X>
NeN N
< Ce 'BlEy — EXV|x + e 'E|Fy — Fylx + 2CE(L - X).
(3.12)
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To get from the second to the third line, we used the following facts: ?—A’j < C and
ENY > €. We remark again that the estimates of Lemma 3.2 along with a union bound
control E(1 — x).

We now control the difference E|Ex — £7|x. Controlling the other term is similar.

We have, by using the definition of £y and £,

E[En — EN7IX

© —s2/242(6)s VR2+1—
< ]E<1(Zl(€7) or [Y!(6)| > *kIOge)/ LSO +[ =)
—c

2 1/~
E<n<|21<6>| or [Y1(8)] > —kloge)

c 5 2
x/ 676‘2/2+G—k‘,10g6(21(0))5+|: RH1- /7R2+1}G klog e (Y (U))ds>x.
C

(3.13)
We now bound the quantity in the second line of the above expression. Bounding the
other quantity is similar,

C 2042 (6)s+ | VREFI——2— |V(5
< (121(@)] or V(& >\szloge>/ e i ”ds>x
-C
E(1(2"(6)| or [V} (8)] > —kloge))"/?
) P ) 9. 1/2
<< 752/2”1(0)&[ mﬂzm]yl(a)ﬁ) > X

(&)] or [Y}(8)] = —kloge)))'/?

2 1/2
¢ s L(5)s 24+1— 2 Yi(s
e (/ o /2+2Z1(6) +[\/R +1 Tul} ( )ds> >X

—C

< (E(1(|2*(6)] or [Y'(6)] = ~kloge)))'/?

c —52+2Z1(6‘)5+2|:\/R2+1— o2 ]Yl(&) vz
x | 2CE / e BV ds ) x

C

< (20) 2B 2(8)] or [Y(6)] = —kloge) /2.
(3.14)
We used the Cauchy-Schwartz inequality to derive the first inequality (in ()), the
second inequality (in ), and the third inequality (in the integral LCC). To get the final
inequality, we used the definition of y.
Since Z!(6) and Y'!(6) are Gaussians, we have that

(E(1(12"(3)] or [Y'(8)] > ~klog )"/ < e K105,

for some constant K. As e goes to 0, we find that e~3/2¢~K(08)* — =3/2loge—K(loge)*
goes to 0.

reg
This argument shows that up to an error that vanishes in ¢, we have IEJT N — Bl

greg .
The functlon can be approximated uniformly by a polynomial on the domain [, ¢ 1].

reg
This says that to an arbitrarily small error, we can find a polynomial, P, such that EW =
N

EFy?P(ENY). By expanding the polynomial, we obtain replicas of the . Integrating
first over the randomness of the Gaussians Z! and Y! will show that EF?P(EyY) is
some weakly continuous function of the law of a finite component of the infinite replica
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overlap matrix. We now see that the function F<-*¥ is arbitrarily close to a function
that is weakly continuous in the law of infinite replica overlap matrix and will thus be
weakly continuous itself.

Panchenko’s ultrametricity theorem [12][Thm 2.14] says that the law of the infinite
overlap matrix is a continuous function of the law of the limiting overlap distribution.
This shows that F®¥ is weakly continuous in the law of the limiting overlap distribution
of I;[N.

We finally have to show that the limiting overlap distribution of Hy would be the
same as the limiting overlap distribution of Hy. Observe that both H ~ and Hp are both
generic spin-glasses. [12][Thm 3.7] says that if these models have the same limiting free
energy, then they would have the same limiting overlap distributions.

Showing that these two spin glasses have the same limiting free energy is an exercise
in interpolation. The covariance structure of Hy is given by Cov(Hy(6), Hy(p)) =

p
(N + n) szz ,82 (m Ziv_ 1 aipi) , while the covariance structure of Hy is given by
p
Cov(Hy(6), Hx(p) = N 532, 53 (3 Sl oun)

Calculations similar to those appearing in Theorem 2.7 will show that as long as
limy o0 & [Cov(Hn (6), Hy(p))—Cov(Hn (8), Hx(p))] = 0, then the limiting free energies
will be the same. The two covariance structures considered satisfy this condition. This
completes the proof.

Step 2: The Finite Replica Symmetry Breaking Formula

We have already shown that the function F¢ ¥ is a weakly continuous function of
the overlap distribution of Hy. When this overlap distribution satisfies finite symmetry
breaking, it can be approximated by that of a Ruelle Probability Cascade.

Assume the overlap distribution has support given by

0=@p<qg<g@p<..<q¢=q¢<l (3.15)

Denote the leaves of the Ruelle probability cascade by hA,,.
We now have to adapt the Gaussian processes Z! and Y! to this RPC structure. As
one might expect, we would have the covariance structure

Cov(gjl(ha)agjl(hﬁ)) = <how hﬁ>£l(<ho¢7 hﬁ>)7

, (3.16)
Cov(31(ha), 31(hp)) = &' ((ha, hp))-
This is analogous to the covariance structure
Cov(Y1(6),Y'(p)) = Rs ;¢ (Rs 5),
(Y (o) (») #€ (Rs5) (3.17)

Cov(Z'(6),Z"(p) = &' (Rs.p),

at all overlaps except when & = p. (Recall that R; ; is just an inner product in RM)
To match the self-covariance, we see that the quantity corresponding to (3.1) in the
RPC would be written as,

~ ~ 2
S waByg flgose T T V]
E 39 -C. . . . . (3.18)
—_s2 s « /R2 — S
2o wals 5 f[—C.C] e ” T3 HQJ)[ o 2\/Rzi“]ds

where 3 and 9) are independent Gaussians with variances &' (1) —&(g.) and & (1) — g.€(g.),
respectively. Intuitively speaking, the introduction of these expectations ensures that we
have the correct covariance structure at the diagonal. A more formal proof to show that
this is the correct expression follows the strategy of approximating the denominator by a
polynomial as in Part 1 of this proof. We informally illustrate the gist of the computation.
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Denote the denominator by £ and let P be the polynomial such that |P(z) — 21| <§
on [¢,e7!] as in the previous part. Roughly speaking, the ratio in (3.18) would be similar
to

—§+<31<h0>+3>s+@1(ha>+®>[W‘:ul— a2

E 2V’?r‘”fl]ds . (3.19)

PE)Y wyEs ~/ se
za: ¥ Jicca

The polynomial can be expanded, so it looks like we are considering an expectation
of a multi-replica quantity. We evaluate this multi-replica expectation by first taking the
expectation of all the 2) and 3 Gaussians and afterwards taking the expectation over the
Dirichlet-Process variables w,. For example, if the polynomial P(z) = ", axz*, we see
that we can write the expression (3.19) as

E g ak E WWaq, - - - Way,
k Biat,...,ap
k

E3,3,@,@N(31(hﬁ) + 35@1(%) + Q:Jﬁ) HD(31(hak) + 3@;9’2)1(}1%) + Qjak)

i=1
(3.20)
— 5 +(3+3)s+(D+D) [“RT“‘ NI:TJ ds as

a function of the random variables 3,9), 3, Q:) D will be a shorthand for the function

2 = =~ 2
— 5 +(3+3)s+H(D+D) | VRZFI-—2= 5 & . . 5
f[—c o€ T HEH3)eH 2VR2r1lds. 3,,,9a, are independent copies of 3 and

where N is a shorthand for the function f[_ .0 5€

) associated with each new node ay, 5.
The expectation,

k

E3,37@,@N(31(hl3)’3[35 gjl(hﬁ)vijﬂ) HD(Sl(h(%k)v30&m2)1(h0¢k)7®ak)7

i=1

will be some function of the covariance matrix of the Gaussian random variables
{31(hay) + 30, } U{D1(ha,) + Da,. }- The introduction of the variables 9) and 3 ensures
this covariance matrix will be correct along the diagonal.

We obtain our final expresson by integrating over the variables 3 and Qj

2 5 5 2
=5 +(31(ha)+3)s ha RI1-——~
Cawals g [cese FO )+@)[ " NRT“}ds

— 224 (31(ha)+3)s+ (D1 (ha)+D) | VREFI- —2
ST I (31(ha) +3)5+ (D1 (he)+9) | zxrzp]ds 321)
— = [14bin]+ M; (ha)
> waf[ c.o) 5€ ds
:]E « i) _
Tt ficip 00,
This is the desired result. O

We have the following lemma to bound the denominator. We introduce the notation
dv% to be the Gibbs measure associated with Hy.

Lemma 3.2. For any k, we have the following estimate.

C 2 1/4 2 1/
- +7ZY(6)s+ | VRZ+1——= Y& 1 K
P / / e THE® NRZH} ()dsdy}@g— < (k), (3.22)
Sn(N-R?) J—C L L¥
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for some constant K (k) that does not depend on L. We introduce the parameter k to
show that the left hand side of the above inequality decays faster than any polynomial
power.

Proof. We have the following

© 52 1/ B 5 1/
/_cexp{—2+sZ (0')+ |:\/R7—H_2_R2_i_]_:| Y (O')}ds
c 2 2
= _Z R241— ————|Y'(6) $2coshsZ'(6 3.23
/0 exp{ 5 + {\/T 5 R2+J (0’)} cosh sZ~(6)ds ( )
e ¢ s R
>e ¢ /2/0 exp{{ R2+1_2R2+]_:| Yl(a)}ds

For later convenience in the course of this proof, we will now define

V(5) = [JR27+1— 2\/;7“] Y(5).

¢ 2 L2l V(6 R 1
P / / e~ T TZ (8)s+ (”)dsduN < 7
Sn(N—R2) J—C

We get

(3.24)
c . 602/2
<P / / e¥ (")dsdyﬁ‘ < .
Sx(N—R2) Jo L
Now, by the Cauchy-Schwarz inequality, we derive
c o c
/ / eV dsdrf / / e Y @dsdvll | > C2
SN(N—R2) Jo Sn(N—=R2)Jo
Then, we see
c . c?/2
P / / eYl(”)dstﬁ < €
Sx(N—R2) Jo L
(3.25)

C 2
51 LC

S P / / C_Yl(o)dsdyﬁv 2 273 | -
Sn(N—R2) Jo e¢?/

Notice that —Y!(6) and Y'!(5) have the same distribution. We will bound the right hand
side of the above equation by Markov’s inequality.
Let us find the kth moment; it is

c c o
IE/ / / e L=V Gy . dsy(dvE)®". (3.26)
Sn(N—R2)@k Jo 0

We can perform the integration in the Yl(&j) Gaussian random variables first. Since R
and s; € [0,C] are bounded, this is certainly some finite quantity. Thus, we can apply
Markov’s inequality in order to get the bound that

c 2
P / / eV @) dsdvl > % < K(}fﬁ)7
Sn(N—R2?) Jo e/ L

where the constant K (k) that appears depends only on C, R and k in some manner. This
establishes the lemma. O
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Remark 3.3. Implicit in the proof of the lower bound of probability is a proof of a
corresponding upper bound. In equation (3.26), we took a moment bound of the variable
Y () to derive probability bounds.

One can apply the same strategy in order to bound the probability of being too
large. The only minor difference is that one also needs to take moment bounds of the Z
variables. However, these are also Gaussians, so the process is similar.

3.2 The uniform limit in R

Here, we will compute limg_,o, F¢F(() for those ( that satisfy finite replica sym-
metry breaking. If we then show that if we can bound the difference |F%¢F(¢) —
limg oo FF(¢)| uniformly along the sequence (; approaching ¢*, we will be able to
exchange the limit lim;_, o, limp o FERE((;) = imp_ o0 lim; 00 FERE(().

We can compute the limit R — oo by applying the Bolthausen-Sznitman invariance for
RPCs with respect to the Gaussian tilt H?Zl ;(ha)VR? + 1 in formulas (3.5) and (3.7).
For simplicity of presentation, we will only present the computation in the case that
n = 1, which contains the main idea of the proof. The computation for general n is very
similar.

Lemma 3.4. Assume we are evaluating F"C-¥(() so that the overlap distribution ¢
satisfies finite replica symmetry breaking. Let the support of the measure ( be 0 = gy <
1 < ...<q, = q.. We then have the following result

lim E b Y W [Ty D () ffc st e bl T M (hey) g 5
Rooo 0 S wa T V1Y (ha, ) LCC e 3 +buls? 100 (o) g .

. (3.27)
) le} , 1 22 )
k Zal Way H;L_ﬂ f_c Sfl e [bels; 31(hﬂl)51d3i

= E =
el DTN § f_CC e*%[1+b<]sg+3i(hul)szdsi

9

where we use Mi(haz) as a shorthand for the expression

st €1) — &)
VRT+1 4R +1)

and be == €' (q.)(1 — ¢.) + i1 (¢:€(ai) — gi-1€'(¢i-1))C([0, gi-1)).
Moreover; the limit in R is uniform in ( for (; a sequence of probability measures with
finite replica symmetry breaking that approach (*.

3i(haz)8i - Q)i(hoél)2

Proof. We will illustrate the computation in the single replica, single cavity case with
e;,1 = 1. The proof in all other cases will be similar, with marginally more involved
computations. Let N denote the numerator of the expression in the first line of (3.27)
under these conditions, and let D denote the denominator of said expression. We define
S to be 3, waeV#H1P1(ha) - Clearly, we can rewrite the expression in the first line

of (3.27) as ENS Clearly, we will now be able to compute the quantity better if we

DS T
vV R? P) o
understand the tilted Gibbs weight —2ac"" 21 Do)
5. waeVEIHID1(ha)

Since we are just tilting by the exponential of independent Gaussians associated
with each «, at each level of the Ruelle probability cascade, we apply the standard
Bolthausen-Sznitman invariance [5] level by level. This states that if g, are i.i.d. N(0,1)
random variables independent of the u,, which are the weights of a Poisson-Dirichlet
process with parameter m, then

(e"”t2/2uaet9"‘,ga - mt) i (uom ga) (328)
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If one applies the above procedure for our RPC, we shift the Gaussian 9);(h,) by
mean equal to vR? + 137 (¢:i€'(¢i) — ¢i—1€'(¢i-1))¢([0, gi—1]).

Let me describe this in a bit more detail. The weight w, is the normalized product
of r Poisson Dirichlet processes, vilvf@ NG v’;k is a Poisson-Dirichlet Process with
parameter ([0, q,_1], and o* denotes the ancestor of « at height k (a” will just be «
itself).

The Gaussian variable 2);(h,) can be decomposed as the sum of r independent Gaus-
sians, Y1(ha) = 2o;_, Vi(a’) where Cov(Yi(a’),V1(8"))) = dai i (@:€' (4) — 4i-18(¢i-1))-
We remark here that 2)* is associated with o’ (the nodes that are of depth 7 on the tree).

We can shift the distribution of each

k(ok d

(vE VDTN Yk (aF) — /R2 + 1¢([0, gr—1]) (@€ (@) — qe-1€ (qr-1))) =
¢([0.ap 1D (a & (ap) —ap_1& (a 1)) (R2+1)

(vike R 7@I1€(04k))~

This translates into the replacement,

2

Ukkem@]feiz‘\/%@lf d Ukkeiﬁ(Q.)llc+vR2+1C([07Qk*1])(qk€/(qk)7Qk—1§/(Qk—1)))
@ o (3.29)

¢(10,ap 1) (@€’ (a) — a1 € (g 1)) (RZ+1)
2

X e

. S0 a)) (g’ (ap) —ap—18 (ap—1)) (RZ+1)
We note that the constant rescaling factor e 2 will cancel

in both the numerator and the denominator. The only remaining effect is the shift in the
mean. Notice, in particular, that we are able to cancel out the prefactors of v/ R2 + 1 that
appear; this is what alloyvs all computations to take a finite value as R goes to co. To
simplify notation, recall b; := &'(¢.)(1 — g«) + iy (&' (@r) — @r—1&"(¢--1))C([0, gr—1]).

As a result of applying our distributional equivalence to all the variables 9%, we see
that the top line of (3.27) is given as

1214 _ 52 (& (1) —qx & (gx))s*
357 [1+bc]+31(ha)s 931(}101)2 R2+1+ 2(R2+41) ds

> Wa ffc se

~ _ s4
c *%52[1+bc]+31(ha)8*@1(ha) s2 Jr(E’(l) qx &7 (gs))¢
YaWal g€

ov/R2Z 41 4(R2+1) ds
We did not replace the quantity inside the exponential with M in order to clearly illustrate
the limit procedure. We will show that the above limit is

[Za We ICC Seé[1+éf]s2+3l(ha)8ds]
]E 7 b

Do Wa fcc e~ 5[1Hbc]s?+31(ha)s

lim E

R—o0

(3.30)

(3.31)

and that the above limit can be taken uniformly in (.

We denote the numerator of (3.30) as Np and the denominator as Dy, while we
denote the numerator of (3.31) as N, and the denominator as D..

We will bound the difference

Nr Ny Nr(Ds — Dr)
— <
E { } =B H DrDs

Nr — N
Dr Da *’ D H ' (5:32)

We will first bound E ‘W ; the bound on the other part will be similar.

We first remark that g—g < (C as this is an upper bound on every individual ratio

1 3 2
ff’c Se—§[1+b<]5‘ +31(ha)-‘ds

e IO 0 and each individual term in the denominator is positive. It will
JSoe 2 ¢ ds

now suffice to uniformly bound the quantity E ‘% .

oo
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First, notice that we are able to bound

‘Doo _DR|
C

C 7 v ~
= Z“’a/ e—%32[1+b<]+M(hu)dS_Zwa/ om0l 31 (ha)s g
«@ -C e
c
S |

. C

(3.33)

N (GIOE q*ﬁ (g=))st
67%52[1+b<]+31(ha)5 [ ~Di(ha )2\/R2+1+ 4(RZ+1) — 1] ds

c S (') =as¢'(ax))C*
< Z“’a/ o~ E+bls* 431 (ha)s g [ 11 (o)l s RS |
-C

To get from the third line to the fourth line, we took the absolute value inside to the
quantity in brackets. Then, we could upper bound this quantity in brackets by setting all
terms in the exponential as large as possible(each s to C, and bounding 2) by its absolute
value). The quantity in the exponential is positive, so the exponential is greater than 1.
Therefore, the quantity in brackets on the fourth line is positive.

Thus, it suffices to uniformly control

2 ’ ’ 4
~ 1 (ha C (€ (1)—agx&"(ax))C
o Wa f_cc e~ 3 [1+bcls*+31(ha)s [eljl( Vet A(RZ+1) 1

E

Coemlirhds? (3.34)
o Wa ffC 675[1+bg]s +31(ha)8d5

Since the %); variables are independent of anything else that appears in the denomi-
nator or numerator, we can take the expectation of these first. The expression above will
then factor as a product like

c2 (& (m- as € "(gx))C*
+
Ei}]l e|@1|2\/R2+1 4(RZ+1) -1

o Wa f e~ 3[1+bc]s®+31(ha)s g

o Wa f —3[1+bcls?+31(ha)s s

(3.35)

Clearly, the second expectation considered in the expression above is 1. We can
ly| —C2— 4 €W —gst'(@)C?
bound the above expression by the L; norm of the function ¢~ 2v&E?+1 AR+ -1

where y is a Gaussian with variance ¢.£’(g.). This clearly goes to 0 as R goes to co, and
we have derived the infinite limit. We remark here that the rate of convergence only
depends on C and the covariance function &; it does not depend on the specific finite
replica symmetry breaking model chosen.

Now, we consider the difference |E {NRD’A} . We can write the numerator as
|NR - Noo|
C ) N B C -
= Zwa/ se— 357 [1Hb]+M(ha) g5 _ Zwa/ se— 314bc)s? 431 (ha)s g
«a ¢ a -C

(3.36)

C . _ 52 (€"(1)—qx &’ (gx)))s*
/ e 35 [1+bc]+31(ha)s [Se Vilha) 7t t A(R%+1) —1|ds
-C

c A c? (' (1) —ax&'(ax))C*
-C

As before, to get from the third line to the fourth line, we take the absolute value inside,
onto the quantity in brackets, and maximize all possible expressions. Now, this includes
bounding the s outside the exponential but inside the brackets by C'. Aside from the fixed
factor of C outside, the quantity on the last line is the same as that appearing in (3.33),
and the analysis that follows would be the same. O
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Remark 3.5. We remark here that the constant 134 is slightly different from the constant
be that appears in equation (1.14). What is true is that 34, as defined here, is equal to
the constant that appears in the denominator of uc(q*, x) for solutions to the Parisi initial
value problem (A.21) with initial data u¢(1,z) = 2(%264) We expect this since the highest
overlap level we consider in our finite RSB model is g..

Recalling Corollary 2.8, we see we have established the following statement with the
above lemma.

k
lim E <(0l1)e” (O‘l )el’n>HN+n(SN+n) = lim lim lim F%® CE(C ). (3.37)

N—o00 o1 " C—o00i—00 R—00
Since each (; satisfies finite replica symmetry breaking, the limit

k e —1[1+bc)s2+3; i
FCE (&) ]EH Zaz Wy [Ti= c s;'e 3U+bc)si+3i (e ) ds;
=1 Zal Way Hz 1 f [1+b6]5i +3i(h(¥l)8i dsi

is the value of limg_, o, FH¢F (i), where the w, are the weights of some appropriate
RPC.

3.3 The C — oo limit
There is a natural guess for the C' — oo limit. It suffices to show that this limit exists
and is uniform in the variable (.
Lemma 3.6. Assume we are evaluating F“*¥(() so that the overlap distribution ( satis-
fies finite replica symmetry breaking. Let the support of the measure ( be 0 = gg < q1 <
. < q, = q«. We then have the following result

e 1, -5 b S Si
lim E H Zal Wey Hz 1 f cS o1t o= (1)t 43: (ha ) ds;
C—o00 =1 Zal Wey, Hiﬂ f e E[l"rbc]s;f)"r:‘ii(hal)sidsi

Zal Wey H1 1 f_ El 1677 1+bds +3 (h")s‘ds

Pl Zal wa, [Ty 72, e*% Lbe)s?+3i(hay )si g,
(3i(ha;)? (3.38)
Zal Way Hz 1 pc h (si)e 20red

U G
D SRR § K

k
=EB]] Zwaz Hpéill

The transition between the second and third lines is the definition ofpC b, S in (1.16).
The transition between the third and fourth lines is due to the the construction of the
random variables (3;)’ is as given in the appendix A.

Moreover, the limit in C' can be taken uniformly in { for a sequence of finite replica
symmetry breaking measures approaching (*.

Proof. We will show this computation in the case thatn = 1,k =1 and e¢;; = 1. More
general E can be done using similar computations. Let N denote the numerator

o )
Ne ;:Zwa/ se BBl +31 (ha)s g
—-C
o
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and let D~ denote the denominator

c R
D¢ = Zwa/ e~ 3 [14bcls+31(ha)s g .
c
«

Correspondingly, let N, be the numerator of the infinite limit

o0
E 1 7 2
NOO = wa/ 86_5[1+b<]8 +31(h0‘)sd8,
o —00

and D, be the denominator of the infinite limit

Z“’a/ ~A[bs 430 (ha)s g .

As before, we will bound

Nc_Noo‘qE NelDeo = Del| ,

Dc Do DcDo

‘Noc _NC"
D '

We will first control the value of the former quantity. We first bound g—g by C. We

see that then it would suffice to show that I % decays at a rate faster than

1 B.1s2
o~ 3 1Hbels? s g

L. Let G¢(r) be the function Jeomoon-c.c) ; let F(z) be the function

c ( >67%[1+5(]52+15d8
[, e Hishe gy,
. Deo—D 20 WaGo(31(ha))F(31(ha))
We see that we can then write |& ‘ o R ‘ as E S wa F (31 (ha)) . We apply the

modified Bolthausen-Sznitman invariance [12][Chapter 4.4] principle to (waF'(31(ha)))
to see that the expectation is equal to E ) wo.Gc(3](ha)) = EG¢(3’) for some random
variables 3/ (hy). 3’ is a random variable with the distribution of a single 3/ (h,). The
random variables 3/ (h,) have been constructed in Appendix A.

We discuss some properties of the function G (x). First, one can observe that
the function G¢(x) is always less than 1. Furthermore, G¢(x) can be shown to be
exponentially small in C as long as z is relatively small compared to C'. Consider the
following,

— 3 N+b - 5P+ 5t —o —ANbls - P
fgo e 2 1+bC 2(1+b<) dS + f_oo 2 1+bc 2(1+b4) dS
Gc(x) = —L1[14b¢][s——2—]24+ 2>
f 3l < T+be 201+5¢0) J g
1 —C— 5= 1110 F 1e2
fOO_ . 675[14'17(]8 d8+foo 1+b¢ 675[1+b<]5 dS
_ I+b¢
f_ e =3l H‘bC 52d3 (3.39)

. 1 -5 11 f 162
o se—3l+bcls® g 4 foo e |slemz[1Hbcs 7 d g
1+B<

- f_ el 1+b¢] 52
2 2
1 N z 1 7 x
< Kefi[lerc] (Cim) n Kefg[ler(] <707@> .

Here, K is a constant that does not depend on C' or (. To get from the second line to the
third line, we assume that C' — 1+b < —1. Using the fact that 14+b; > 1,
¢

we see that both of these Condltlons can hold simultaneously provided C is sufficiently

2
large and |2| < . Under these conditions, we have the bound G¢(z) < Ke 5.
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We denote x to be the characteristic function of the interval complement [’TC, %] ‘.
This gives us the inequality,
E[Go()] < ElXG)] + KE[(1 - x()e "/, (3.40)

where we used the fact that G¢ can be bounded by 1 when y = 1.

Through the probability bounds detailed in Lemma A.3, we see that E[(3)?"] < K for
some constant that does not depend on ( or C'. By Markov’s inequality, this gives us
E[x(3')] < KC~?". For sufficiently large C, we also know that e~C"/8 < C~2P. Combining
these two points gives us the estimate,

E[Gc(3')] < KC™?, (3.41)

where the constant K does not depend on ¢ or C'. This gives us the uniform decay in ¢
for CE[G¢(¢)] in the C — oo limit.
For the quantity,

ZO& Wa f(—oo 0o\ [=C,C] |S|67%[1+BC]\92+31(hu)sds

Za Wq fjooo 6_%[1+B<]32+31(ha)3d8

‘E [No"NC ; (3.42)

<E
5 =
we can apply a similar logic with the application of the Bolthausen-Sznitman invariance
principle to the function F(3(h,)). We introduce the function,

—1 b 82 xrs
f(*oo,oo)\[*C,C’] |S|e 2[tbls™Fwsqg
fi’ooo e—%[1+54]s2+xsds

Gé(z) = (3.43)

After applying the previously mentioned invariance principle, we again see that,

Noo — N,
L

|| < BGe L (3.44)

We now derive estimates similar to those of G¢(x). By rescaling to the appropriate
mean, we see that

R —C——= R
Jol {S e } e 3l ds + J o o [_5 Y } e~ 3[1+bcls’ qg

145 1+b¢ tbe
G&(x) = : 00 _L[14b.]s?
fiooe 2 <157 ds
_ipwbafo——=—]"  —ipsbg[-c-—=_]
S 1 - e 2[1+bC]|:C 1+6<i| +e 2[1+b4]|: ¢ 1+5Ci|‘| (345)
27T[1+bc}
67%[1+BC]82d8
Rl G )
1+ b [ emali+bels?qs

To get to the second line, we evaluated the portion of the integrals of the form
se~3[1+bJs’ 45 and applied absolute values to the constant factors o

The final ratio of integrals appears in the computation of Gc(x).CThe results from
there say that when |z| < <, we may be able to bound G, (z) by K Ce~C"/® for sufficiently
large C, where K is a constant that does not depend on C or (. When |z| > < we
may instead bound the ratio by 1 and instead derive the bound Glc < Kz, where K is a

constant that does not depend on C or (.

To bound E[G (3)], we first split based on whether [3'| < <. In the region |3'| > <,
we apply a dyadic decomposition. We see
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B[GH ()] < KCe /5P [Iz | < ]+Z Go(x)P3' > 2571C].  (3.46)
P Oze[2k 102kC]

By our second moment bound from Lemma A.3, we see that there is a constant
K that does not depend on ¢ such that E[3 > 2""'C] < . Applying the bound
Gc(r) < Kz, we can thus bound our dyadic sum by

oo

= 1
sup GC(I’)]PBI Z 2]6710] S ZK?ka S chl.
0 we[2h-1C,25C) P 22k=2C
We remark again that this constant does not depend on C or on (.
This argument shows that
Ne Ny
lim E|— — —| =0 3.47
Cl—r>noo DC Doo ’ ( )
where the rate of convergence is independent of (. O

Remark 3.7. If one were to consider higher moments of s, say |s
apply the same version of the modified Bolthausen-Sznitman transformation. The only
difference here is that one would need to consider expectations of the form E[G{.(3)],
where

Sp67%[1+l;<]s2+msd$
GP(z) == f(*°°’°°>;§*0*03 __ : (3.48)
fioo 675[1+b<]s +wsd5

One could show that,
Go () < Klzf?, x| >

)

(3.49)

o QM\Q

GV (x) < KCPe /8 |z < =

through largely the same computations outlined in the proof. The high moment bounds
in Lemma A.3 would be sufficient to compensate for the increased powers in z. The
strategy for bounding E[GY.(3")] would again follow the strategy outlined in the proof.

To summarize again what we have established, we have

k
. l\e; L\ern R,C\E (.
i B ) vy = Jim, Jim fim FEOR@, 350
and that when (; satisfies finite replica symmetry breaking, we have the explicit expres-
sion

lim lim FROE(C,) ]EH S wa, [ o200 (501,

C—00 R—o0 Cnu a;
=1 o =1

where the w, and (3;)" are calculated with respect to an RPC with parameters coming
from ¢;. Our final step is to give a succinct representation as i — oo.

4 The local field representation of the spin distribution

We showed in the previous section that both we can establish cavity equations for the
sphere by taking an appropriate limit in R and C and that this expression is continuous
in ¢ in the weak topology on measures. In this section, we will use the Cole-Hopf solution
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of the Parisi PDE to determine an expression for the limit in terms of our local field
process from Theorem 1.2. The discussion will be similar to [4], but we have to adapt
our estimates to the study of the spherical Parisi PDE. Many of our computations are
postponed to the Appendix.

Theorem 4.1. Consider a spherical spin glass Hx whose limiting overlap distribution is
given by (* with sup supp(¢*) = ¢, and limiting Gibbs measure v. Then, we have that

k n kE n ;
H<H(O’§)e”>HN HHPZ?L(SQJ)‘| ) (41)
=1

i=1 I=1i=1

lim E

N—o00

=E

where the second expectation is taken with respect to the randomness of the process X,
and o' are distributed i.i.d from v®> as in Theorem 1.2.

We obtain Theorem 1.2 as an immediate corollary of this result. One can show
equality of the distributions in Theorem 1.2 by explicitly computing the polynomial
moments and showing the equality of these moments. Theorem 4.1 computes these
polynomial moments and shows equality.

In the previous section, we have related the computations of the spin distributions
to computing the distribution of the random variables 3 and 3’. We start our proof by
relating these random variables with the PDE processes defined before Theorem 1.2,
assuming that the measure ( considered satisfies finite replica symmetry breaking.

Lemma 4.2. Consider a measure ( satisfying finite replica symmetry breaking and
consider 3(h,) from (3.6), the tilted function 3'(h,,) as defined in Appendix A, and the
associated PDE quantities Z, X from (1.12) and (1.15). We have the following equality
in distribution
d
(3(ha))a = (Zq* (ha))m
d
(S(ha)/)oz = (Xq* (ha))a
Proof. The independent increments property of the Brownian motion will give us the
first equality. We will now devote ourselves to proving the second equality. For simplicity
of presentation, we will show the equivalence for a fixed h,. We will use Girsanov’s
theorem [16][Lemma 6.4.1] to determine the law of X} at h,. Let (Q be a measure space
in which we have defined the Brownian motion (1.11). Consider a measure P with
Radon-Nikodym derivative

(4.2)

dP ¢ X ,
@ — eJo ¢([0:s)dut (s,2:) (4.3)

Then under the measure P, the law of Z; is distributed according to the law of X;
under (. In the notation of [16][Lemma 6.4.1], the process Z satisfies a(t) = £”(¢) and
b(t) = 0. We choose the function c(¢,z) = (([0,t])u$ (¢, z). The Cameron-Martin-Girsanov
exponential is

R(t) == oJo CU08DuS (5,20)dZ 4 [ (C([0,5]1)? (ul (5,25))%€" (s)ds (4.4)
By applying Ito’s Lemma and using the equation of the Parisi Initial Value Problem (1.13),

R(t) will be the same as the Radon-Nikodym derivative (4.3) defined earlier.
Considering a finite set of times qq, . .., ¢ we have

P[F(qu s 7quy-)]

=K
= F(Z,,...,2,. efot C([Ovs])duc(s’zs)d z
/ ( " q,) 92) 4.5)

B / F(Z4,. ., Zq,) [] £ @D @20 —ut 0o Za i),
=1

EQ[F(XQ(N .- 'NXLJT)] =
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Now, we use the fact that the Cole-Hopf solution to the Parisi initial value problem is
given by uS(qx, Z4,.) = Xe(Z4, — 2405+ - - » 24, — 24, ) UP to a normalization constant (one
can refer to the construction in the Appendix), and we have finished the proof. O

Now, we cite a weak continuity result from [4] regarding the behavior of the right
hand side of (4.1).
Let Q, denote the set of d x d ultrametric matrices of the form

{(@ij)r<ij<d © G5 = @5i> Gij > @in N Q5,55 kY, (4.6)

Consider the space Pr([0, 1]) equipped with the weak™ topology, so the product space
Pr([0,1]) x Qq is compact Polish. For any Q € Qy, let {¢*(Q) : 1 < i < d} be points in
L?[0,1], H, such that the overlap matrix of these points is Q.

X (oh)
2(1+bs) "
spin distribution function pf‘;‘, (s*) for arbitrary powers k can be written as polynomials

Furthermore, the

We remark here that u$(q., X, (¢!)) is explicitly given by

of X, (0'). To understand the spin distributions in the case of 1 cavity, d replicas, and
er,1 = 1 forall 1 <k <d, we see that we have to understand the continuity properties of
the following functional in ¢ and overlap distribution Q.

d
R(¢Q) =B ] (g, X (07(Q))) | - (4.7)
i=1

We have the following lemma that is similar to Lemma 3.3 in [4]. We remark here
that controlling other spin distributions would involve controlling powers of the same
expression, and the proof would be largely unchanged.

Lemma 4.3. R is well-defined. We let (, be a collection of finite replica symmetry
breaking measures approaching * in the weak™ topology and ), be a sequence of d x d
matrices approaching Q). Then, we have that lim, o, R((r, Q) = R(C*, Q).

Proof. In the following discussion, we will use the notation in Lemma 3.3 in [4]. Since
the law of the diffusion of the local field process X only depends on the points o*(Q)
through the overlap distribution @, the functional R(¢*, Q) is well-defined.

In order to show the continuity, it would suffice to show that the diffusion correspond-
ing to the local field process X¢~@r will approach the diffusion corresponding to the
limit local field process X< @, If we let af;(t) = 1(t < ), by, (t,.) = £"¢u$ (¢, .) be the
coefficients corresponding to the diffusion X%, ideally, one would like to show that
we have uniformly that aj; — a;; and bj,;(t,.) — bi;(t,.).

However, we cannot show this uniform approach if the diffusions bgj(t, .) are un-
bounded functions, which they are here. To rigorously establish our limit procedure, we
define a cutoff dynamics ij(t, .) = bj;(t,.)1[z < D] to restrict b;; to be a finite function.
If we can show that the effect of changing b{j — B{j goes to 0 as D goes to oo and that
this error is uniform in ¢;, then using the rigorous limit 'ng — l;ij' will justify ‘b;; — b;;".

In addition, we would need to apply finite cutoffs to the function u, appearing in R
and show the uniformity of the approximation in (.. We first define

ug"’B(t, x) = ug(t,x)lﬂug(t,x)\ <B)+ B]l(ug"(t,x) >B)— B]l(ugr < -B). (4.8)

We wish to show that that

d d
Jim (B Tl (g0, 257 (07(Q0) | = E | [ [ us (g, Xé:@%@-)))] | =0, (49
=1 =1
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uniformly in (,.. This is a consequence of the moment bounds established in Lemma A.3
and recalling that the process Xq<: has the same distribution as 3’(¢,). An appropriate
difference sequence along with Holder’s inequality shows,

d d
E | [T us (g X5 (0'(@Q0))) | —E HU§"’B(q*7th:'(ai(Qr)))] <
i=1 i=1
d i—1
> B [ T us (@, X5 (0" (@) (s (g1, Xg7 (07 (@) — s (4, X7 (07(Q1))))
el (4.10)

d
I u§5~3<q*,xq<:<ai<@r>>>}
i=j+1

< d (B[[ug (g0, X5 (@)D" (B[uG (g0, XS (o)) = 0SB (qu, X (0))|D)

Recalling that X is distributed according to 3/, we may apply the moment bounds
from Lemma A.3 to show that this quantity goes to 0 as B goes to co uniformly in ;.

Using the fact that |Xf\ is a submartingale in ¢ (This was established for Lemma A.2
in the Appendix for 3’; the proof for X would be similar), we may apply Doob’s maximal
inequality to show P[supg<,<,, |Xt"| > D] < D7'E[|X’|]. We have bounded E[|lXS ]
through the moment bounds in Lemma A.3, again using the equivalence of the distribu-
tion of X,, with 3’. If we then apply a union bound, we may then show that

Jim P(3(41) £ | (0(Q))] > D) =0,

and this limit is uniform in ¢;.

Combining these two facts will allow us to see that if we instead consider the modified
local field process X¢~@r with diffusion @, := af; and drift b[;(t,.) := b}, (t,.)1(|z| < D),
then we have that, uniformly in the (.,

d

IS (., x5 (Ui(Qr)))l . (4.11)

i=1

lim lim K —
B—oo D—oo

d
TT " (g, B (0°(Q))

i=1

The benefit of this representation is that we have uniform convergence for the
modified diffusion coefficients b and a by Lemma A.4. Therefore, we can apply the
Stroock-Varadhan, Theorem 11.1.4 in [16] to get the convergence

d

[T ? (@ X (0'(Qr)

i=1

lim E =E
T—>00

=1

d
[Tws " (g X (Ui(Q)))] : (4.12)

Since we have established earlier that the limits in B and D can all be taken uniformly
in (;, we can exchange the r — oo limit with the limp_,, and limp_,, limits to finally
derive the result lim,_, ., R({-, @) = R((*, Q). O

Now, we finish the proof of our main result.

Proof of Theorem 4.1 . The goal of section 3 was to show that the moments of the spin
distributions can be computed in the following manner.

Z Wey H pé?ni,)hal (Sem) ) (4.13)
1 =1

where (,,, is a series of measures supported on [0, ¢,] satisfying finite replica symmetry
breaking and approaching (* in the limit.

k n

k
[T | = s eI
=1

=1 i=1

lim E

N—o0
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The previous lemma established the fact that

kn i k n
[T | =% H P ] (4.14)
=1

lim E
m—ro00
I=1i=1 =1

Lemma 4.2 showed that for the measures (,, satisfying finite replica symmetry
breaking, we have

k n
310 CERERIES 1 (D oty | E R
I=1:=1 ay

Combining the last three equalities gives us the desired Theorem. O

A Computations for finite replica symmetry breaking

A.1 Construction of the tilted random variable

This section will contain various estimates that we use in order to understand the
random variable (3’) and local field X’ for measures ( that satisfy finite replica symmetry
breaking.

One can apply a modified version of the Bolthausen-Sznitman invariance principle for
o[ 67%[1+B<]52+31(ha)sd5

RPCs on the random variable pair ( o 67%[1%(]32%1%)%5731(ha)

This is through a process detailed on [12][Section 4.4, Pg 131] and based off of
Theorem 2.6 of [12]. Namely, let u, be a Poisson-Dirichlet Process of parameter m. Let
(Xa,Y,) are a series of i.i.d. variables independent of the {u,}’s. Let Y. be a series of
i.i.d. random variables independent of the u, with distribution v,,. The law of v,, is
given by
E[X™I(Y € B)]

B = e

where [ is the indicator function of the event inside the parenthesis. Then, we have the
following distributional equivalence,

(taXa,Ya) £ (B[X™]) 7 uq, V7).

Let us now apply this re-weighting procedure to derive the random variables 3.
These random variables first appeared in the proof of Lemma 3.6. Recall we wanted to

understand the expression
32(ha)

b | S a3 (o)™

32(ha)
2[1+b
Za W€ : 3

(A.1)

Recall that the variables 3(h,) have a branching structure with 3(h,) = Y ;_; 3o+ Where
* is the ancestor of « at depth k. Each 3, is an independent Gaussian random variable

with variance &'(qx) — &' (qr—1)-

We would now understand (A.1) by applying the previously mentioned modified

32(ha)

Bolthausen-Sznitman invariance principle to the RPC variables (wqe?" %! 3(hy,)).

We would be able to show that there exists a variable 3’(h,) with the following

3%(ha)

equality in distribution (wae?' <! 3(h,,)) < (Wa, 3 (ha))-

To define 3'(h,) we would require the following functions. The discussion and
notation borrows heavily from Panchenko’s book [12][Section 4.4].
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We let
(i m)?

L (A.2)
21 + b]

and define the iteration

1

Xp(x1,... 2p) = ([0, gp])

log ]Ep+1[eC([qup])Xp+l($l ----- I;mmp+1)]7v1 < P <r-— 17 (A3)

where I, is integration with respect to the randomness of z,; which is a mean zero
Gaussian random variable with variance ¢'(g,+1) — £'(¢p). In the notation of [12][Ch

4], this can alternatively be seen as integration with respect to the transition kernel
2

_ Tp+1
Gpi1(zpr1) = e >yl
We define the modified transition kernel

Gl (2,2 s1) = Gy (2 1) (OBD Xpia (@)= Xp (o)),

With this in hand, we are now able to describe the distribution of the new variables
3 (ha): 3'(hy) will decompose as a sum 22:1 5;k where we generate the terms 3;k via
an iterative process.

Consider some node « of the RPC and let a!, ..., a” = a be the path from the root to

a. We generate 3/, using the values of the 3/ ,,/ < k and kernel G, as in the following
equation.

P(;lL. € A) = /A Gl3rs s 3nss 3an )05 (A.4)
3%(ha) d
Using the equality in distribution (wee’" <, 3(hs)) = (wa, 3’ (ha)), we can derive

that

(3(ha)?
E Za was(h‘l)e shed - E |:Za wasl(ha)

(B(ha))? S w
2[1+b «
Za Wa € [T+b¢] o

} = E[3'(ha)]- (A.5)

In this appendix, we compute various properties of the random variable 3’(h, ). In the
computations that proceed, we will not be concerned regarding the various correlations
of the 3’(h,) relating to the position h, along the RPC and, instead, only consider the
distribution of a single 3’ with the same distribution as a single 3’(h,). 3’ will decompose
as a sum 3} + ... + 3, where the 3, are distributed according to the Kernels G}. For
convenience, we will define 3% := Zle 35

Our first lemma will involve an explicit computation of the functions X, for all p.

Lemma A.1.

(Zf:l D

. A6
2[1 + by (4.6)

Xp(1,...,2p) = Kp +

with some constants K, and b,. The constant b, will satisfy the relationship b, =
bp+1 = C([0, ¢p]) (€' (gp+1) — €'(p)). Recall by = be.

Proof. We will prove this by induction with base case p = r and going down.
We first assume the induction hypothesis for X, ;. Letting M, = Y ?  x; and
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recalling the constant 1 + b, = [1 + bpy1] — ¢([0, ¢p]) (' (gp+1) — &' (gp)), We have
Xp(z1,. o, 2p) — Kpia
22
L log -~ &lapr1) — &'lap) /ezﬁ(f;fji] (M3+2IP+1MP+I?J+1)@_Wﬁs’«zp»dxpﬂ
¢((0, gp)) L

1 \/fl(q;o+1)_§/(q1)) 2 C([O7QP])2(§/(%+1)_5/(%)) C([qup])
WO var / eXp{M”[ 21 b)) (L4 8,) 2L+ by]

- 1+b,
2[L + bp1 (€' (ap+1) — €' (ap))

N2
<$p+1 7Mp) }dﬂ?p+1,
(A.7)
where

C([0, gp)) (€ (gp+1) — €'ap))

M, = M, T
p

For 4([0, g,]) = 0, the above should be interpreted as the lims(o,q,])—0 limit of the
above expression. Direct calculation can show the expression has a valid limit.

We can integrate the Gaussian above provided we have 1 + b, > 0. We can also
evaluate the constant factor in front of the remaining Mg in the exponential as

¢([0, gp))*(€'(gp+1) = €'(ap)) | €([0,9p)) _ ([0, p)) (A.8)

+ = .
2(1 + bpy1)(1+by) 2004 bpr1]  2(1+0by)

Using this we see that

M2
Xp(x1,. . 2p) = Kp + 5 P (A.9)

(14 b,

Notice that b, is increasing in p (namely, higher the p the higher the value of b,). The
induction will be finished provided we have that 1 + by is positive.

We can express 1 +by =1+ Y. (({gp})(1 —gp)€& (gp). This is manifestly positive. O

The implication of this lemma is that we see that the modified transition kernel has
the following density,

@pg1)? (=Pt ap)?
/ roo s L ey L (0.ap) S
G (2,24 q) e Ip+1) =8 ap) ¢ Pl (A.10)
k . .
Lemma A.2. The process |3'**| = | >_j—13;| is a submartingale.

Proof. We first remark that the transition Kernel G, will be a function that depends
only on the values 3}, 35, . . ., 3, through the sum 3’**. We now have to perform the explicit
computation which will allow us to understand the value of 3, ;.

We first remark that trivially when 3’ T positive, we have that

E[3" 5138 > B3"*| + sk al13""])-

Notice that since the Kernel does not depend on the sign of 3’ ¥, we may as well assume
that 3/°% is positive when computing expectations.
We will have proved |3’ *| is a submartingale when we establish

B3 +3a[3) > 3%,

when 3’°* is positive.

EJP 27 (2022), paper 27. https://www.imstat.org/ejp
Page 39/43


https://doi.org/10.1214/22-EJP755
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Spin distributions for spherical spin glasses

Let us now compute the necessary integral

C([0.q) G2l -
, P -7 rtile k1)~ (@k)) d »
E[3k+1|3 = (37 F12)2 2
I SO S, T T @ G =T @) (A.11)
/ !
/K ' (qr+1) — ' (gx)
= ’ O e

Clearly, this will be positive as we have assumed 3’°* to be positive and we have proved
that the sequence 3’'* is a submartingale. O

In the following lemmas, we want to study the behavior of the random variable 3’ as
a function of the approximating measure (. We will use the notation 3'({) to specifically
denote the random variable 3’ when it is derived using the base measure (.

Lemma A.3. There exists a constant B,, that depends only on { and p such that for all ¢
such that sup supp( = ¢., we have E[(3'(())?] < B,.

Proof. This will be the consequence of computing moment bounds, which is an exercise in
computing the expectation level by level. We will demonstrate in detail the computation
for the second moment; we can bound higher moments by the same method. We will
prove a recursive relation for E[(3/-**1)?] in terms of E[(3/'¥)?] by direct integration.

R e R Gl
2 P 54O | (310) - 0 S E B 0 ) 340 |
P [ |(Sa(0) - (0.0 SIS E I 3 ) 5’*(<>H.
(A.12)

From examining the transition kernel (A.10), we observe that 3; 41 is a Gaussian with

mean tilted to ¢([0, qk])%lf(qk)f;’ *#(¢). This explains the expansion given in the
equation above.

Under this rescaling, we note that the computation of the first moment in the second
line of (A.12) is 0. The third line will give us the variance of the Gaussian 3;_ ,. This
variance is given by

(14 br41) (€ (gr+1) — €' (ar))
(1+bg)

In summary, we thus, have the inductive relation

B30 = (et ) Bl ke e 28 g

(14bg41)?

We see that the prefactor Trhe)?2

This gives us the relation,

will telescope upon recursion.

T

’,r 21 _ (1+br)2 (1+b) / /
E[(3'7(()%] = ; T 0o € (@) =€ lae-). (A.14)

We observe that since 1 + b > 1 forall kand 1+ b <1+ b, <1+ £ (g«), we may bound
all prefactors involving b that appear by a constant only depending on £. As a result, we
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see that

T

E[(3")] < (14+&(q:))* > (€ (ar) — & (ar-1) < 1+ &(q.))¢ (q0). (A.15)

k=1

This bound only depends on the covariance structure.
For higher moments, we also have a recursive relation,

E[(3"1)7] =

i 1+bk+1
14 by

Jj=

(3/’k)jE f/(Qk+1) _gl(Qk)B/,k(C)>pj

1+ by

(602~ (0.0
We may evaluate

E

(2 = 00,0y D E B 5y )

(1+ b)) (€ (qrsr) — € (q) '
ij( : 2(1+;k) )

3/,191

where P,_; is the p — jth moment of the standard normal random variable.

)

p
Again, we may recursively apply (A.16) and see that the coefficients (1+b’““) is

1+4bg
iigﬂ < (1+¢(g«)),J > k to all such ratios that

telescoping. After applying the bound
appear, we see that we have,

—1r—1

B3’ I < CZZE [(3"( i (E (@) — @) (A.17)

7=01=0

By inducting on the power p, one can bound E [(3’)/] by some constant that depends
on ¢ and is independent of (.
We may also bound

r—1

p—J
€ lar) = @) < (Zf qi+1) f(m)) < €(q)", (A.18)

=0

where we used the positivity of the differences &'(qi+1) — &'(q1)-
Ultimately, this bound E[(3'°"(¢))?] by a quantity that depends on £ but noton ¢. O

A.2 The Parisi PDE

The properties of the random variables Z’ that we have defined are closely related to
the solutions of an associated Parisi PDE at approximating measure ¢ with support at
points 0 = qp < q1 < ... < g = ¢« < 1. We use the notation ¢,; = 1 where appropriate.

ot (1) =~ (020 (1,2) + C([0,2]) (0,0 (1. 2)°). (A.19)

with initial data given by

.1‘2

< = —
us(1,x) oM+ od (A.20)

with be = 307 @€ (45) — qi—1€(i—-1)]C ([0, gi—1]).
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At ( satisfying finite replica symmetry breaking, as we have assumed here, we have
the Cole-Hopf solution of the Parisi PDE. Namely, for ¢ in between ¢; <t < g;41, we have

1
w(60) = g,y PSP 0 g (g, + /@) — € @21
1 4j
where z is a standard Gaussian random variable. The computation of the integral is very
similar to what was performed in the computation of the function X,(x1,...,z;) aside

from the constant factor shift.
We see that for the specific values ¢ = ¢;, we have

2 T
¢ __Z 1 1+ by
ut(q;,x) = + o) , (A.22)
@) = gy T ) T
and for values ¢; <t < ¢;11 in between, we have
2
¢ _ T 1+ bt
u>(t,z) = + log
(&) 2(1+bj11 —¢([0,g51)(&(gj+1) — kzj;1 2¢([0, qx]) 1+ by (4.23)

1 o 1+ bj+1
20, q,) BT +bj11— C(0,45))(E(g01) — E()

When ¢([0, ¢;]) = 0, the last quantity should be understood as %
Observe that from the formula given above, if we let (; be a sequence of measures
supported on [0, ¢.] that approach a limit ¢* in the weak™ topology, then the solutions

u% (t,2) approach a limit u¢” (¢, z) with formula given by

2

uc* (t,x) - 1 " x/ //
12(1;Lfo€ ([0, g @) + €' g”( )ft ([0, 1)&"(1)di) (4.24)
4= dl.
2 /t L+ [y ¢*([0,n])(n€" (n) + &' (n))dn — [} ¢*([0,n])¢" (n)dn
One can check from an integration by parts formula that
| ctonagwyas [ wonyena=coe,
o o (A.25)
/0 C*([O,l})(ﬁ’(l))’dhr/o (¢*([0,1]))"€' (Ddl = ¢* ([0, 1])&" (1) — ¢*([0,0])€(0).
Thus, we have
/ ¢r([o, )" (1) + €' (1)l —/ ¢r([o, g7 (a
0 0 (A.26)

1
:/ (¢ ([0,2))" (1 = )& (D)dl + ¢* ([0, 0])€"(0).

0
The quantity above is clearly positive and, as such, we can see that the denominator
in (A.24) is always well-defined for our initial choice of constant.

We contain these observations in a lemma.
Lemma A.4. Consider a sequence of measures (; on ([0,1] satisfying finite replica
symmetry breaking. Suppose the set (; has some weak limit * in the weak™ topology.
Then on any compact region C of R x [0, 1] we have uniform convergence of the solution
of the Parisi PDE (A.19) to the limit solutions.

uSi(z,t) — ué” (1), (A.27)

uniformly in C.
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