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Giant component of the soft random geometric graph*

Mathew D. Penrose’

Abstract

Consider a 2-dimensional soft random geometric graph G(, s, ¢), obtained by placing
a Poisson(\s?) number of vertices uniformly at random in a square of side s, with
edges placed between each pair z, y of vertices with probability ¢(||z — y||), where
¢ : R4 — [0,1] is a finite-range connection function. This paper is concerned with the
asymptotic behaviour of the graph G(, s, ¢) in the large-s limit with (A, ¢) fixed. We
prove that the proportion of vertices in the largest component converges in probability
to the percolation probability for the corresponding random connection model, which
is a random graph defined similarly for a Poisson process on the whole plane. We do
not cover the case where A equals the critical value A\:(¢).
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1 Introduction and statement of results

Let ¢ : [0,00) — [0,1] be a nonincreasing function. Given a locally finite point set
X C R?, let G(X, ¢) denote the graph with vertex set X, where for each {z,y} C X, the
edge zy is included with probability ¢(||y — z||), independently of the other pairs. Here
I - || is the Euclidean norm.

Given )\ > 0, let H, denote a homogeneous Poisson process of intensity A in R?. Given
also s > 0, set B(s) := [—s/2,s/2]? and let H, ; denote the restriction of H, to B(s),
which is a homogeneous Poisson process of intensity A in B(s). We are interested in the
graphs G(Hx, ¢) and G(H, s, ¢), which are known as the random connection model [7]
and soft random geometric graph [10] respectively, with connection function ¢.

Let H$ denote the point process H, U {o}, where o is the origin in R?. For k € IN, let
7,(¢, A) denote the probability that the component of G(H$, ¢#) containing the origin is
of order k. The percolation probability 6(¢, \) is the probability that o lies in an infinite
component of the graph G(#Y, ¢), that is,

0(,N) =1 k(e \).
k=1

A standard coupling argument shows that 6(¢, \) is nondecreasing in A. The critical
value (continuum percolation threshold) A.(¢) is defined by

Ae(9) := inf{A > 0: 6(¢p, A) > 0}. (1.1)
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It is known (see [7]) that 0 < A\. < oo, provided 0 < [, ¢(||||)dz < occ.

Let j € IN. For any finite graph G let L;(G) denote the order of its jth-largest
component, that is, the jth-largest of the orders of its components, or zero if it has fewer
than j components. In this paper we prove the following results about convergence in
probability of s™2L;(G(Has,¢)) for j = 1,2, as s — oo with ¢, A fixed.

Theorem 1.1. Suppose A > 0 with 6(¢, \) = 0. Then
s 2L1(G(Hrs, b)) 250 as s . (1.2)

Theorem 1.2. Suppose sup{r > 0: ¢(r) > 0} € (0,00) and A > A:(¢). Then as s — co we
have that s 2L; (G(Ha.s, ¢)) — A0($, A) and s~2Lo(G(Ha.s, ¢)) — 0.

These theorems do not address the case with A = A.(¢), unless we know 6(¢, \.(¢)) =
0 (if we had this, we could apply Theorem 1.1 when A = A.(¢)). Theorem 1.2 also
does not address the case of ¢ having unbounded range (recall we are assuming ¢ is
nonincreasing).

In the case with ¢ = 10,15, these results were already proved in [8], but the method
here provides an alternative and possibly shorter proof (the proof in [8] relies on a
lengthy RSW argument from [7], as well as not working for general ¢). When ¢ = 1y y) it
is known [7] that 0(¢, A.(¢)) = 0 since this case is equivalent to a Boolean model. Proving
(or disproving) that 6(¢, A\.(¢)) = 0 for general ¢ remains an open problem so far as we
know.

In the case where ¢ = pljy ) for some fixed p € (0,1], Lichev et al. [4] have very
recently extended the first part of our Theorem 1.2 (concerning the largest component)
from convergence in probability to almost sure convergence. They also extend the
second part of Theorem 1.2 (regarding the second largest comonent) by showing that
Ly(G(Hrs)) = O((logs)?) in probability as s — oo along the sequence (n'/?),cn (for
p =1, this result was known from [8, Theorem 10.18]).

2 Proof of theorems

2.1 Preliminaries

We introduce some further notation that will be used in proving Theorems 1.1 and 1.2.

For X C R? and z,y € R? we sometimes write X* for X U {z} and XY for X U {x,y}.

Let ¢ : [0,00) — [0, 1] be nonincreasing. We shall view ¢ as fixed from now on, and
for any locally finite X C R? write simply G(X) instead of G(X, ¢). For z € X, let C,(X)
denote the vertex set of the component of G(X) containing = (these components are
often called clusters). Also given bounded A C R¢, we write C4(X) for UzexnaCq(X).
We shall refer to C4(X) as a set-cluster; it is a finite union of clusters, associated with
the set A.

Given z € R? and r > 0, we write D,.(z) for the disk {y € R? : ||y — z|| < r} and D,. for
D,(0). Also let S, := B(2r) = [-r,r]?, and let e := (1,0).

Given A, B C R?, and locally finite X C R?, we write {A <> B in G(X)} for the event
that there exist x € AN X and y € BN X such that there is a path in G(X) from x to y.
We write {A < oo in G(X)} for the intersection over all n > 1 of events {A +> R?\ D,, in
G(X)}

Next, we assemble some known facts which will be used later.

We say a real-valued function f, defined on graphs (V, E), with V C R? locally finite,
is increasing if f(V,E) < f(V', E’') whenever V C V' and E C E’. We say f is decreasing
if — f is increasing. Given A\ > 0 and given ¢, we say F is an increasing (resp. decreasing)
event on G(H,) if 1g is an increasing (resp. decreasing) function of G(H,).
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Lemma 2.1 (Harris-FKG inequality). Suppose f, g are measurable bounded increasing
real-valued functions defined on graphs (V, E) with V C R? locally finite. Then

E[f(G(HA))9(G(HA))] = E[f(G(HA))]E[g(G(HA))]-
The same inequality holds if f and g are both decreasing.
Proof. See [2], where measurability issues are also dealt with. O

Corollary 2.2 (Square Root trick). Let A > 0, k € IN, ¢ € (0,1). Suppose fori =1,...,k
we have increasing events A; defined on G(#,), such that P[UF_, 4;] > 1 —«.
Then maxi<i<k IP[AZ] >1- €l/k.

Proof. Set M = max;<;<, P[A4;]. The events A are all decreasing, so by Lemma 2.1,
k
e > PNk H [A5] > (1 = M)*,

sothatl — M < &/Fand M > 1 — el/k, O

Given A > 0, let Noo (¢, ) be the number of infinite components of the graph G(H,).
It is not hard to show that if (¢, A) = 0, then P[No. (¢, A) = 0] = 1. The next preliminary
result concerns uniqueness of the infinite cluster, in the other case, where 6(¢$, A) > 0.

Lemma 2.3. Suppose 6(¢, A) > 0. Then P[N (¢, A) = 1] = 1.
Proof. See [7]. O

Another useful fact is the Mecke formula for the random connection model. Let
s,A > 0 and suppose f(z,G) € Ry is defined for all pairs (z, G) where G is a finite graph
with vertex set V(G) C B(s) and = € V(G). Then whenever the following expectations
are defined we have

E Y f@GHa) =X [  Elf(z,GHS,))]de (2.1)

TEH N s B(s)

and moreover if g(x,y, G) € Ry is defined whenever additionally y € V(G) then

EY > g(z.y.G(Ha)) —Az/ / g9(x,y, G(HYY))|dyd. (2.2)
B(s) JB(s)

z,YEHN, s, 2AY

The Mecke formulae (2.1) and (2.2) can be derived by conditioning on ) s and using
the usual Mecke formulae from e.g. [3].

Also of use to us is the following sequential construction of set-clusters in G(#, ;).
Let \,s > 0 and A C B(s) (typically a disk). The set-cluster C4(H» s) := Uzer,naCu(Hrs)
can be created as follows:

First generate H, N A. Denote the points so created as active points and let the
initial intensity function of unexplored points, i.e. Poisson points in B(s) that are not yet
generated, be go := A () a(-)-

Next, choose an active point x; and generate a Poisson process with intensity function
hi = go(-)¢(- — x1), representing the previously unexplored points of #, , that are
connected directly to z;. Label all the new points as ‘active’, and change the status of z;
from ‘active’ to ‘finished’. Also change the intensity of unexplored points from go(-) to
g1 = go()(1 = ¢(- — 21)).

Then pick a new active point x5 and repeat the above, using the new intensity of
unexplored points. Keep repeating until we run out of active points, then stop.
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This algorithm terminates almost surely for the following reason. At the nth stage (if
we get that far), the new active point selected is denoted z,, and the intensity function
of new points generated is h, := g,—1¢(- — x,). Since 0 < ¢ < 1 we have h, < g1
pointwise. Moreover, the intensity function g,, of unexplored points at this stage is given
by gn = gn—1(1 — ¢(- — x,)), so that g, + h,, = g,—1 pointwise. Hence by a backward
recursion, the total intensity function of the first n Poisson point processes generated is

h1++hn§h1++hn—1+gn—l
:h1+"'+hn—2+gn—2
= =hi+g1=go,

and therefore the expected number of points generated in the first n steps is bounded
above by f]RQ go(z)dz, which is finite and independent of n. Hence by monotone conver-
gence the total number of points generated in all steps has finite mean, so it is almost
surely finite.

We shall refer to the above procedure as growing the set-cluster C4(H,,s) sequentially.
This method is described in detail for the case ¢ = 1y 1) in [9], and for the general random
connection model in [6].

2.2 The subcritical case

Proof of Theorem 1.1. Suppose A > 0 with (¢, \) = 0.
Lete > 0. Let Ny := 3",y H{|Ca(Has)| > e5°}. If Li(G(Ha5)) > es?, then Ny > es?.
Hence by Markov’s inequality and the Mecke formula,

P[L1(G(Hxs)) > e5°] < (es?) TE[N,] = (es) ™ /B( )]P[ICI( %)l > es’]Ada

< (es3)! /B( PICL(H5)| 2 =57\

- Ag_l Z Wk(¢7)‘)7

k>es?

which tends to zero as s — oo. Therefore s %L1 (G(H, s)) L. O

2.3 Renormalization

From now on we assume ¢ is nonincreasing with inf{r > 0: ¢(r) = 0} = 1. We shall
prove Theorem 1.2 only for this case, since simple scaling arguments then yield the
general finite-range case in the statement of the theorem.

Lemma 2.4. Suppose A > A.(¢). Then P[Dg <> co in G(H)] = 1 as K — oc.

Proof. Let E be the event that G(H,) has at least one infinite component. Then P[E] > 0
since A > A\.(¢).

For 0 < K < L < oo, define also the events Fx := {Dg < oo in G(H,)}, and
Ek 1 := {Dk < D§ in G(H,)}. Then Ex T E as K 1 oo, and therefore it suffices to
prove that P[E] = 1. This follows from the ergodic property of the random connection
model [7, Lemmas 2.6 and 2.8], but to make this paper more self-contained we provide a
proof from first principles.

Suppose P[E] = p € (0,1). Note that Ex,, | Ex as L — oco. Thus given € > 0, we can
find K, L € (0,00) with 1 < K < L such that P[E'\ Ex| < ¢ and P[Ex 1 \ Ex] < e.

Let By = {Dk(3Le) +> oo in G(H,)} and let By ; = {Dk(3Le) < Dr(3Le) in
G(Ha)}- Then EY ; is independent of E 1, and by translation invariance,

p=P[E] <P[Eg NEy| 42 <P[EgNEj ]+ 2 = P[Ex.r]? +2¢ < (p+¢e)? + 2,
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and since ¢ is arbitrarily small, we have p < p?, a contradiction. O
Given A\, K, L, M € (0,00) with L > K, M > 2K, define the following events:

* Uk 1, is the event that there is a unique component of G(#H N Dr+1) that meets
both Dy and R?\ Dy.
o FK7M7/\ = {DK < DK(Me) in G(H)\ n DgM)}

Proposition 2.5. Suppose A > A.(¢) and let ¢ € (0,1). There exist finite constants K > 0
and M > 3K such that (i) P[Dg <> co in G(HA)] > 1 —¢, and (ii) P[Uk a/3,2] > 1 —¢, and
(iii) IP[FK’A{A’)\] >1—c¢.
We shall use this to establish the limiting behaviour of s72L; (G(H, 5)) for A > A\.(¢). The
point is that we can use it to compare G(# ) with a finite-range dependent percolation
process on the lattice Z2.

To prepare for the proof of Proposition 2.5, fix A > A.(¢) and € € (0,1). Set u =
(Ac(®) +X)/2, 50 € (Ac(), A). We claim that we can (and do) choose 7 > 0 such that for
any two distinct points z,y € [0, 3]2,

Pl{z} ¢ {y} in G(H}Y, N[0,3]*)] > 1. (2.3)

To see this, partition [0, 3]? into squares (boxes) Q; of side 1/9. Let i(x) (resp. i(y)) be the
index of the box containing x (resp. y). With strictly positive probability, Hy_, N Q; # @
for each i, and selecting one point X; € Hy_, N Q; for each i, we have connections
between X; and X; for each pair of neighbouring boxes (¢, j), and also between « and
Xi(z) and between y and Xj(,, justifying the claim.

Next, we choose v € IN such that (1 — )"/ < ¢/3. Then take

§:=(g/3)e M, (2.4)

Proof of Proposition 2.5. We adapt an argument in [1]. Let u,n,v and § be as given
above and let &1 = (§/3)32. Using Lemma 2.4, choose K € (0,c) such that P[Dy «
oo in G(H,)] > 1 —e;. Since e; < € and p < A this yields (i) at once. Since ¢; < ¢, we
claim that we can (and do) choose n; € IN with n; > K such that

PlUknr] >1—¢, VYné€[ng, o). (2.5)

We leave the proof of this claim, using Lemma 2.3, as an exercise.
Now for integer n > nq, and for 0 < a < 8 < n + 1, define the event

E.(o,B) :={Dk <> [n,n+1] x [o, f] in G(H, N Sp+1)}-

Since P[Dg <+ SS in G(H,, N Sp+1)] > P[Dk > 0o in G(H,)] > 1 — &1, using the Square
Root trick we can deduce that

PIE,(0,n+1)] > 1—¢e)/% (2.6)

Next, observe that for fixed n, we have that as a function of o, P[E, (0, )] — P[E,,(a,n +
1)] increases continuously from a value of —P[FE,(0,n + 1)] at « = 0 to a value of
+P[E,(0,n + 1)] at « = n + 1. Therefore we can and do choose «,, € (0,n + 1) such that
P[E,(0, )] = P[E,(an,n+1)]. Since E,(0,n+ 1) = E,(0, o) U Ep(an,n + 1), by (2.6)
and a further application of the Square Root trick we obtain that

P[E, (0, + 1) = P[E,(0,0,)] > 1 — 7/ (2.7)
By yet another application of the Square Root trick we obtain that

max(P[E, (0, i /2)], P[Ep(an /2, a)]) > 1 — 1/
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so we can and do choose y,,, with either y,, = o, /4 or y,, = 3, /4, such that
1/32
PlE,(yn — @n/4, yn + o /4)] > 1 — 7777, (2.8)

Set ny = 3n;. We claim that there exists integer N > ns such that asy < 4an. Indeed,
if this were not true then we would have for all £ > 1 that agze,, > 4kan2, but since
o, < n+ 1 for all n, this would imply 3*(ny + 1) > 4*ay,, so that (4/3)F < (ng + 1)/,
for all k, which is not true (since «,,, > 0), justifying the claim.

Choose (deterministic) integer N > no such that asy < 4an. Then by (2.7) and (2.8),
setting e := 51/32 we have

min(IP[EN(aN,N + 1)],P[E3N(Z,I3N - 063N/4,y3N + OégN/4)]) >1—eo. (2.9)

Now set x = (2N, y3n) (we use bold face to indicate certain fixed 2-vectors such as o
and e). Let Sy11(x) := Syy1+x =[N —1,3N +1] x [ysy — N — 1,ysn + N + 1]. Define
the vertical blocks (see Figure 1)

I:=[3N,3N +1] x [ysn — asn/4,ysn + azn /4],
JT:=[3N,3N + 1] x [ysn + an,ysny + N + 1],
J7:=[BN,3N +1] x [ysy — N — 1,ysny — an].

Let A" be the event {Dg(x) <> J* in G(H,, N Sy+1(x))}, and let A~ be the event
{Dk(x) <> J~ in G(H, N Sy4+1(x))}. Then P[AT] = P[A~] = P[En(an,N + 1)]. Also
Esn(ysny — asn/4,ysn + asn/4) = {Dk < I in G(H, N Ssn4+1)}. By (2.9) and the union
bound,

IP[A+ NA™ N {DK ~ Iin G(’H# N SSNJrl)H >1—-3e0=1-0.

Set M = |x||. Then M > 2N > 3n;. By (2.5), P[Uk a/3,0] > 1 — € so we have (ii). The
proof is then completed by the following ‘gluing lemma’. O

Lemma 2.6. IfIP[AJrﬁAi ﬂ{DK ~ Iin G(,H#ﬂs;gj\]_;_l)}} > 1—4, then IP[FKyM’A] >1—¢,
where we take M = ||x]||.

Remark The proof below is not needed for the special case ¢ = 1jg 1), since in this case
the lemma is immediate because AT N A~ N{Dk «> I in G(H, N Ssn+1)} implies F ar,,-

Proof of Lemma 2.6. Divide R? into half-open rectilinear squares Q; of side 1 and for
each let Qj (respectively Qj*) be the half-open square of side 3 (resp. 5) with the same
centre. We shall define a random variable Z taking values in Z; U {+oo}, as follows.

Grow the set-cluster C := Cp, (H,, N S3n+1) sequentially. Let P be the point process
of unexplored points of 7, N Sy41(x) at the end of this procedure, i.e. the points of
H, N Sn41(x) that either lie outside S3y11 (since Sy1(x) is conceivably not entirely
contained in S3y1) or are not connected by an edge to any point of C. If C N D (x) # @
then set Z = +o0.

Next, assuming Z < oo, grow the set-cluster Cp, (x)(P) sequentially but do not
continue the exploration from any points created that lie in U{i;mQ#g}Qj ; leave these
points as ‘active’. We denote this second set-cluster by C'. LetZ := {i : CNQ; #
2,C'NQF # @} and let Z = |I|, as illustrated in Figure 1.

Define the event £ := {Dg <> [ in G(H, N Ssn+1)} ={CNI # o}.

Recall that v was defined just after (2.3). Suppose v < Z < oco. Then we can find
i1,.--4[y/9] € Z such that the squares QZ,...,Q;WQ] are disjoint. Then sprinkling an
independent Poisson process H,_,, on top of #,, in these squares, for each square we
have a chance at least 7 to join C to C’ via the sprinkled points in that square. Since we
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may assume Hy = H, UHx_,, setting F' = {Dg <> Dg(x)in G(HAN(Ssn+1USN+1(x)))}
we obtain that
P(F)|EN{Z >v}] < (1—n)""° <e/3. (2.10)

Note that if Z = 400 then F’ must occur so this case is included in (2.10).

Now suppose Z < v. If also event F occurs then it is not possible to find paths
in Syy1(x) both from D (x) to JT, and from Dy (x) to J~, with neither path passing
through U{i;mQ#g}QZF (see Figure 1, and also [1, Figure 2.2];note INJT =1INJ” =9
since a3y /4 < ay). Therefore we have not yet achieved event AT N A~ at this stage.

Figure 1: The top cluster is the part of C within Sy 41(x). The other two clusters shown
are C’, which is grown within the square Sy1(x) but without further exploration from
the points created in the shaded region, which is Ui;CmQﬁﬁng’_. In this case Z = 5; the
five squares Q; for which i € Z are shown. It is not possible for C’ to reach both J* and
J~ by this stage.

At the next stage sample all of the new Poisson points (not part of C or C’) in the
union of squares Qj*, i € Z. With probability at least e~2°*¥ no new Poisson points are
generated at this stage, and if this is the case then A™ N A~ does not occur because the
cluster C’ dies out without having reached J* and J~. Thus we have

P[(ATNAT)IEN{Z <v}] > exp(—25ur) > exp(—25\v).
Therefore if PJAt N A~ N E] > 1 — § we have
§>P[ATNAT) NEN{Z <v}] > exp(—25\)P[EN{Z < v},

so that P[E N {Z < v}] < ¢/3 by (2.4). Also by assumption P[E°] < § < /3. Combined
with (2.10), this shows that

P[(F')] < P[E] + P[(F)|EN{Z > v}] + P[EN{Z < v}] <. (2.11)
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Since (SgN_H USN+1(X)) C Dgn C D3HXH' we have F' C {DK <~ DK(X) in G(HAng,”xH)}
By rotation invariance, with M := ||x||, we thus have P[Fx a,»] > 1 — ¢, as required. O

2.4 Connection probability

Given s > 0, let V;, W, be independent uniformly distributed points in B(s), indepen-
dent of H,. We shall characteraize the giant component of G(#, ) in terms of those
vertices which are path-connected to a fixed disk centred at o. For this, the following is
useful.

Proposition 2.7. Suppose A > \.(¢). Let € > 0. Then there exists K > 0 such that
P[Dg > coin G(HA)] > 1 —¢, and

liminf P[{V;} ¢ D in G(H,)] 2 6(¢,\) — . (2.12)

Proof. Assume A > A.(¢). Let &1 € (0,¢/3) be chosen such that if (X,),cz2 is a 7-
dependent Bernoulli random field on Z? with P[X, = 1] > 1 — 5¢; for all # € Z, then for
all s > 0 and all z € Z2 N B(s), there is a lattice path of 1’s from x to o in Z? N B(s) with
probability greater than 1 — £/3. The proof that such an ¢; exists is standard, using e.g.
[5] and a Peierls argument (e.g. [8, Theorem 9.8]).

Using Proposition 2.5, choose K, M such that 0 < K < M/3, and

mlH(IP[DK <> 00 In G(H)\>],IP[UKJM/&)\LIP[FK,M,)\]) >1—¢e1.

For each z,y € Z? with ||z — y|| = 1, let U, denote the event that there is a unique
component of G(Hx N D(yr/3)4+1(Mx)) that meets both Dy (Mz) and R\ Dy/3(Mx). Let
Fa;y = {DK(M.%‘) &~ DK(My) in G(H)\ n ngy[(M:I?))}

By translation and rotation invariance of #,, P[U;] > 1 — & for each z, and P[F,,] >
1 —¢; for each (z,y).

For each = € Z?, let us set X, = 1 if event U, occurs, and also F,, occurs for
each of the four y € Z? with ||y — x| = 1; otherwise set X, = 0. Then by the union
bound P[X, = 1] > 1 — 5¢;. Also X, is determined by Hx|p,,, (ma), 50 (Xo, z € Z?) is a
7-dependent Bernoulli random field. For example, if z,y € Z? with ||z — y||~ > 7, then
D3y (Mx) N D3y (My) = 0 so X, and X, are independent. By the choice of ¢;, for any
x € B(s/M)NZ? there is a lattice path in Z?N B(s/M) from x to o of sites z with X, =1,
with probability at least 1 — &/3.

Since P[Dy1x ¢+ o0 in G(Hy)] > P[Dg > oo in G(H))] > 1 — €1, by a similar
argument to (2.5) we can (and do) take M; > M + K such that P[Uprqx ;2] > 1 —€1.

Let zy be the closest point in Z2 N B(s/M) to M ~'V,. Consider the following events:

o Ay :={V, € B(s —4M;) \ D3y }. Provided s is large enough P[4;] > 1 — /3.

A, is the event that there is a lattice path from zy to o within Z2 N B(s/M) with
X, = 1 for all sites « in the path. By the previous discussion, P[A45] > 1 —&/3.

» Aj is the event that there is a unique component in G (Hf\/‘* N Dy, +1(Vs)) that meets
both Dy x (Vi) and R? \ Dy, (Vi). Then P[A3] > 1 —¢/3.

« A, is the event that Cy, (H}*) N Dy, (Vi)¢ # @. Then P[A4] > 0(¢, \).

By the union bound P[N}_, A;] > (¢, \) — ¢, for all large enough s. Therefore it suffices
to prove that if N?_, A; occurs, then {V,} <+ D in G(Hy%,)-

To see this, suppose N?_; A; occurs. Then we have ||[Mxy — V;|| < M so using A; we
have dist(Mav, B(s)®) > 2M; — M > (M/3) + 1. Since X, = 1 by Ay, there is a unique
component of G(Hx N D(ar3)+1(Mwy)) that meets both Dy (Mxy ) and D /3y (May)©,
and since D(ys/3)4+1(Mxy) C B(s), this extends to a unique component of G(H., ) that
meets both Dg (Mzy) and Dy /s(May)°. We denote this component by C.
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By A,, the component C includes a vertex in Dg. Choose such a vertex and denote it
by z.

Next, using A; observe that ||V,—z|| > ||Vs||—||z|| > 3M1—K > 2M;. Also D (Mzy) C
D4+ (Vy), so C meets both Dy (Vi) and Dy, (Vs)©. Therefore using As and Ay we
have that V; is connected to C, and thus {V;} <> Dk in G(’Hf\/js) as required. O

2.5 Proof of the giant component phenomenon

We now write L; s for L;(G(H,s)) (we are thinking of A and ¢ as fixed with sup{r :
¢(r) > 0} = 1). For convenience, we re-state Theorem 1.2, which we are now ready to
prove.

Theorem 2.8. If A > \.(¢), then s™2L; , L, N (¢, ) and s72Lo L. 0as s — oo

Proof. Assume A\ > \.(¢). Let ¢ > 0 and using Proposition 2.7, choose K > 0 such that
P[Dk <> oo in G(Hy)] > 1 — ¢, and (2.12) holds. Consider the sum

Ne:= Y 1{{z} ¢ Dk in G(Hx,)}.

IE’H)\_,S

Let V,, W, be as in Section 2.4. By the Mecke formula, EN,=\s?P[{V,} < Dk in G(H/‘\/j's)].
Then using (2.12), and writing just 6 for 6(¢, \), we deduce that

liminf s ?EN, > \(6 — ¢). (2.13)

S5— 00

Next, let Ny =3 4,  H{IC:(Hrs)| > s1/2} (here |- | represents number of elements).
Using the Mecke formula (2.1) we have that E[N] = As?P[|Cy. (’Hf\/sé)\ > 5'/2], and hence

lim s 2EN = M. (2.14)

§—00

Also E[N](N] — 1)] = A2s'P[|Cy, (1)) > s'/2|] by (2.2), so that

> 12 |Cw, (1Y)

lim s™*E[NL(N. —1)] = \?¢%.
S§—00
Thus s~2N! — M\ in L? and hence in probability, as s — co.
Since (N, — NJ)* < Hx(Dg,1/2) we have that s ?E[(N, — N/)T] — 0 as s — oo.
Hence by (2.13) and (2.14),

limsup E[s~?(N, — Ns)*] = limsup E[s"3(N. — N,)] < Ae.

5§— 00 5— 00

Hence by Markov’s inequality limsup,_,. P[s~2(N’ — N,) > £/?] < Ae'/?, and hence

limsup P[s 2N, < A0 — 2¢'/2] < limsup (IP[S*QN; <A —el/?

S§—00 55— 00

+P[s%(N, — N!) < —51/2]) < Ael/2,

As at (2.5), we can and do choose My > K so P[Ug a,] >1—¢. If (s/2) > M2+ 1 and
Uk, m, occurs then Ly s > Ny —Hx (D), since all z € H ) ;\ Dy, that are path-connected
to D lie in the same component of G(H, s). Therefore

Pls™2L1 s < M — 362 < P[s72N, < M — 267/2] + P[s2H,(Dar,) = €'/] + P[Uf a1,
so that
limsup P[s™2L; , < A0 — 3eV/?] < Ael/? 4 e (2.15)

S5— 00
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Conversely, note that if s?A(f 4 £) > s'/2 then
P[s L1 > M0 +¢)] < P[s 2N, > N0 +¢)]

which tends to zero. Combined with (2.15) this shows that 872L1,s L A0.

If s2A(0 +¢) > s'/2 and Ly, + Lo > s?A(0 + ¢) then either N/ > s2)\(0 + ¢) or
Ly s+ 842> s2X\(0 +¢). Hence P[s™%(Ly s + L2 s) > A0 + )] — 0. Combined with (2.15)
this shows that s™2(Lq s+ Lo 5) 2, \0 and hence by Slutsky’s theorem, s ™2 Lo s L0, O
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