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On the central limit theorem for stationary random fields
under L!-projective condition
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Abstract

The first aim of this paper is to wonder to what extent we can generalize the cen-
tral limit theorem of Gordin [6] under the so-called IL!-projective criteria to ergodic
stationary random fields when completely commuting filtrations are considered. Sur-
prisingly it appears that this result cannot be extended to its full generality and that
an additional condition is needed.
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1 Introduction and main results

Let (2, A,P) be a probability space, and T : 2 — 2 be an ergodic bijective bimea-
surable transformation preserving the probability IP. Let F, be a sub-o-algebra of A
satisfying 7o C T~1(F) and f be an I.! (IP) real-valued centered random variable adapted
to Fy. By U we denote the operator U: f +— f oT. The notation I will denote the identity
operator. Define then the stationary sequence (f;)icz by f; = fo T = U'f, its associated
stationary filtration (F;)icz by Fi = Fo o T~% and let S,,(f) = >.1) U'f.

The following theorem is essentially due to Gordin [6] and gives sufficient conditions
for (U'f);cz to satisfy the central limit theorem.

Theorem 1.1 (Gordin). Assume that the series

ZE(Uiﬂ]-'O) converges in I.'(PP) (1.1)
i>0
and
o CB(SR()))
hgglgf 7\/5 < 0. (1.2)

Then n~'/2S,,(f) converges in distribution to a centered normal variable (that can be
degenerate).
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On the CLT for random fields under IL!-projective condition

The proof of this result is based on the following coboundary martingale decompo-
sition (see [11] for more details concerning necessary and sufficient conditions for the
existence of such a decomposition): Under (1.1),

f=m+(I-U)yg (1.3)

where m and g are in L' (P) and (U’m);>¢ is a stationary sequence of martingale differ-
ences, and on the following theorem whose complete proof can be found in [4].

Theorem 1.2 (Esseen-Janson). If (U'm);>o is a stationary and ergodic sequence of
martingale differences in I.' (P) satisfying

n—1 yri

im in NG < 0o, (1.4)

then m € L2(P).

Clearly, using the coboundary martingale decomposition (1.3), (1.2) implies (1.4).

The aim of this paper is to prove that Theorem 1.1 can be extended to random
fields when the underlying filtrations are completely commuting (see [7, Chap. 1] for
a definition of this notion). To fix the idea, let us first state the result in case of
multidimensional index of dimension d = 2 (the general case will be stated in Section 4).
Then, in complement to the previous notation, let S be an ergodic bimeasurable and
measure preserving bijection of 2. By VV we denote the operator V: f+ fo S.

In what follows we shall assume that the ergodic transformations T and S are
commuting. Note that 7; ; = T%S7 is an ergodic Z? action on (2, A4, P). Let Fy be a
sub-sigma field of A and for all (i, 5) € Z? define F; ; =T 'S~ (Fy ). Suppose that the
filtration (F; ;). ez2 is increasing in i for every j fixed and increasing in j for every i

Ly

fixed, and is completely commuting in the sense that, for any integrable f,
E(E(ﬂ]‘—i,j)\fu,u) = E(f|]:i/\u,j/\v)-

To extend Theorem 1.1 to random fields indexed by the lattice Z?2, the first tool is
a suitable coboundary orthomartingale decomposition. In what follows, f is an Fg -
measurable centered LL!(IP) function. According to Volny [10], the condition:

the series Z E(U'V f|Fo,0) converges in L' (PP) (1.5)
i,5>0
implies the existence of the following decomposition:

f=m+I-U)g+U—-V)g2+ I -U)I—-V)gs, (1.6)

where m, g1, g2, g3 € L1 (P), (U*VIm) is a stationary field of orthomartingale differences,
(Vigy) j is a stationary martingale differences sequence with respect to the filtration
(Foo,j)j» and (U'gs); is a stationary martingale differences sequence with respect to the
filtration (F; ). To fix the ideas, setting E, ;(-) = E(:|F,,), we have

m = Z (E(),()(Uivjf) - E71,O(Uivjf) - E(),A(Uivjf) + E71,71(Uivjf)),
i,7>0

= (B o@Vif) =By 1(UVIf)), ga= Y (Bo1(UVIf)=E_1 1(UVIf)),
1,520 1,520

and gz = 3, ;50 B-1,-1(U'V7f). Recall also that (U'V7/m) is said to be a field of or-
thomartingale differences w.r.t. (F; ;) if

E,1;(UVim)=E;; 1(UVim) =E;,_1,-1(U'Vim) =0as.
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Note that if f is additionally assumed to be regular in the sense that f is F -
measurable and E(f|F)-w) = E(f|F-c,) = 0 then, it is proved in Volny [10] that
the converse is true, meaning that if f satisfies the decomposition (1.6) then (1.5)
holds. We also refer to [3] where the existence of the decomposition (1.6) is proved
under a reinforcement of (1.5) (they assume that the series of the IL'-norm is conver-
gent). We also mention [5, Theorem 2.2] where a necessary and sufficient condition for
an orthomartingale-coboundary decomposition is established when all the underlying
random elements are square integrable.

Our first result is the following:

Theorem 1.3. Let f be an Fyo-measurable centered I!(IP) random variable. Let

Snyna (f) = 20120 2252, UV f. Assume that condition (1.5) is satisfied and that

N—o0

n—1
lim inf iH Z U'f
i=0

N-1
1 ,
i f—’E j ‘ 1.7
minf —= '1<o<>1m1nm’j_0Vf‘1<oo (1.7)

and

I E
lim inf lim inf E(ISn,.n, (H)]) < 00, liminf lim inf E(1Sn.0. (S
N1—00 Mg—>00 \/m Ng—00 N1—>00 \/m

Then the random variables m, (I — U)g; and (I — V)g defined in (1.6) are in L%(P).

< 00. (1.8)

Compared to the case of random sequences a natural question is then to wonder if
condition (1.5) together with conditions (1.7) and (1.8) are sufficient to ensure that, when
min(ny,ng) — oo, the limiting distribution behavior of (n,m2) /25, ,.,(f) is the same as
that of the orthomartingale part (nyns)~'/2S,,, »,(m). In other terms one can wonder
if assuming the conditions of Theorem 1.3 is enough to ensure that the coboundaries’
behavior, i.e. (n1n2)""%(Sn, ny(f) — Sn,.mp(m)) is negligible for the convergence in
distribution. Surprisingly the answer to this question is negative as shown by the next
counterexample.

Theorem 1.4. There exist a probability space (2, A, 1), a function g € I.* (), measurable
with respect to a o-algebra Fy, C A and bijective bimeasurable ergodic transformations
T and S such that f = (I — U)g is in I.?(u), satisfies the conditions (1.5), (1.7) and
(1.8) but such that (nins)~'/2S,, .,(f) does not converge in distribution to zero as
min(nq,ng) — 0.

This result proves a drastically different behavior for the case of random fields
with dimension d > 2 compared to the case of random sequences (d = 1) for which
the coboundary is negligible for the convergence in distribution as soon as (1.1) is
assumed. Let us also indicate that even if (1.1) is reinforced to a convergence in ILP(u)
for some p € [1,2) this is still not enough for (n1n2) /28, ., (f) and (n1n2) /28, ., (m)
to have the same limiting behavior (to see this it suffices to take n, = [2¢/?] and
my ~ (ny/k)P/>~P) in the construction of the counterexample of Theorem 1.4).

However, reinforcing the conditions of Theorem 1.3, we can prove the following CLT.

Theorem 1.5. In addition to the conditions of Theorem 1.3, assume that

L E(Sw ()
min(ny,n2)—00 \/M1MN2

exists. (1.9)

Then, as min(ni,na) — 0o, (n1n2)~Y/2S,, ., (f) converges in distribution to a centered
normal variable (that can be degenerate).

ECP 27 (2022), paper 43. https://www.imstat.org/ecp
Page 3/12


https://doi.org/10.1214/22-ECP486
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

On the CLT for random fields under IL!-projective condition

Remark 1.6. Under the conditions of Theorem 1.3, condition (1.9) is equivalent to

1
lim sup lim sup (Nl < lim —|| Sy (f)|l1 and
n—oo M

1
I Sn
n— 00 k—oo V nk ” o,

1 1

li li —[|Sn < lim —|S,. .

imsuplim sup 1S, ()ll < lim 1S (F)]s

This is consequence of the proof of Theorem 1.5. The existence of limy, oo || Sn. (f)]l1
has been mentioned there.

It is noteworthy to indicate that f does not need to be in IL? but only in L' to
apply Theorem 1.5 (see Example 2.1 given below). Theorem 1.5 then gives alternative
projective conditions compared to those required in [12, Th. 5.1] or in [8, Th. 1] for the
central limit theorem under the normalization ,/n1n3 to hold. Note that the proofs of
the two above mentioned results are also based on an orthomartingale approximation.
We refer also to [13] where the notion of orthomartingales and completely commuting
filtrations have been previously used in the particular case of functions of iid random
fields. Let us also indicate that when filtrations in the lexicographic order rather than
completely commuting filtrations are considered, [2, Th. 1] provides a projective type
condition in the spirit of the LL!-projective condition (1.5) (but still requiring f to be
in IL?) for the normalized partial sums associated with a stationary random field to satisfy
the central limit theorem. His proof is based on the so-called Lindeberg method.

2 Examples

2.1 An example when f is in L' but not in .2

For k € IN* and i, j € Z, let e} ; ; be mutually independent zero mean random variables
with Uek%]‘ = €k,it+1,5/ Vek-’i,j = €k,i,j+1- Let -Fa,b = O’(ek71'7j, keZ,i<a,j< b) We denote
er = er,0,0- Let (vg)r>1 be a sequence of nonnegative reals and (px)r>1 a sequence of
reals in [0, 1]. Assume that for any i,j € Z2, L(ex,;,;) = L(e) and that e, takes value vy,
with probability px, —vi with probability p; and 0 with probability 1 — 2py. It follows that
llexll1 = 2vkpy and ||lex]|3 = 2vipk. We use the following selection of (vy)r>1 and (pg)r>1:
vk = k*(log(k +1))* and py, = gpqgpermyr- Forany k > land i > 0, let ay,; = (k +14) 72,
and define

qg= ZZakﬂ-U*k*iek, h = Z %U*IV*Iek, m = Z %ek,

k>1i>0 k>1 k>1

and f =m+ (I —-U)g+ (I —U)(I — V)h. By simple computations we have ||g||; < oo
and ||h]|; < oo but ||g||2 = oo and ||h|2 = cc. In addition m is in I?>(IP). On another hand,
f is in L'(P) but not in I?(P), and one can verify that 3, . [[E(U'V7 f|Fo o)l < oo.
Moreover, for any positive integer ¢, by independence of the r.v.’s ey ; ;, we infer that

-1
10 =013 = D23 akallewls + D° D (ari — aro)llexl3

k>14i=0 k>14i>0

Hence, by simple algebra, there exists a positive constant C such that
(I —U*g||2 < Clog(f + 1) for any positive integer /. (2.1)

In particular, we get ||(I — U)gl|2 < co. In addition, by (2.1),

n— N—-1yriv77
120 2505 U'VIU = U)glls |1z — U™)gll3
= —n—oo Oa
nN n
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p 12150 205 UV =) I=V)hl,

which combined wit NCY

— 0, as max(n, N) — oo, implies that

_ . ) . D Dl S
W — 0, as min(n, N) — oco. Next, since, limyin(,n)—o0 120 Z\J/;LN ms
ists (it i 1to y/2|m2) deduce that Ii I 2 UV
exists (it is equal to |/ =|m[|2), we can deduce that limyi,(n, n)— oo T~

also exists. Hence all the conditions of Theorem 1.5 are satisfied. So, as min(ny,n2) — oo,
(n1n2) 128, 1, (f) converges in distribution to a centered normal variable.

2.2 An example where f does not satisfy Hannan’s I?-condition

We exhibit an example where f satisfies all the conditions of Theorem 1.5 but not the
Hannan’s IL?-condition required in [12, Th. 5.1]. We consider the random field (ex ; ;)x.i,;
of mutually independent random variables as in Example 2.1 with the following choices
of (vg)k>1 and (pg)r>1. Let a > 4. Then for any k > 1, define

1

'Uk:k' andpk:m.

Forany k > 1andi,j >0, letay;,; = (k+ i+ j)~“. Then, define

F=Y" aruslU "V Ve

k>1u,v>0

(U*V7 f); ; is usually called a super linear random field. Let F,;, = o(ex .k € Z,i <
a,j < b). Note that f is an F; g-measurable random variable, centered and in L?(P). In
addition, one can check that condition (1.5) is satisfied implying that the orthomartingale
coboundary decomposition (1.6) holds. Moreover, by simple algebra, one can verify
that m € L?(PP) and that there exists a positive constant K (depending on «) such that
(I —=U"g1]|3+ (I —U*g2||3 < Ké(log(¢ +1))~!. Proceeding as in Example 2.1, one can
verify that conditions (1.7), (1.8) and (1.9) are satisfied. Hence, Theorem 1.5 applies to
(77/1712)_1/257”,1@ (f)-

On another hand, defining Py () = Eo,o(-) —E_10(-) —Eo_1(-) + E_1,-1(:), we get,
for any ¢,5 > 0,

k2a—5

lexll3 > — )
? kz;ﬂ (k+ i+ j)%*(log(k + 1))2

1Po.o(UVI )3 = H Zak,i,jekHQ = aiiy
E>1

k>1
implying that
C
(i 44+ 1)*(log(i +j +2))*
Hence ), ; || Po,o(U'V/ f)||2 diverges. So the Hannan’s I”-condition in the random fields

setting does not hold, and [12, Th. 5.1] does not apply. Note also that for this example,
[2, Th. 1] that involves filtrations in the lexicographic order, cannot be applied.

| Po,o(UV7 )13 >

3 Proofs
3.1 Proof of Theorem 1.3
Recall the decomposition (1.6) and let
m' =m+ (I —V)ga. (3.1)

It follows that (U‘m’); is a stationary sequence of I.!(IP) martingale differences with
respect to (F; );. Since T is ergodic, according to Theorem 1.2, if

n—1gri s
o o B U]

im in NG < 0o, (3.2)

ECP 27 (2022), paper 43. https://www.imstat.org/ecp
Page 5/12


https://doi.org/10.1214/22-ECP486
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

On the CLT for random fields under IL!-projective condition

then m' € L*(P). By (1.6), || i) U'm|| < | i s

since g; and g3 are in ! (P), under the first part of (1.7)

|+ 2llgull + 4llgs]}1. Hence,

E =L i E n—1rr
n—oo n n— o0 \/ﬁ

Therefore (3.2) holds and m’ € IL?(P). Next recall that m’ = m + (I — V)g2 and recall
that (V7m); is a stationary sequence of L!(P) martingale differences with respect to
(Fs.;);- Since S is ergodic, according again to Theorem 1.2, to prove that m € L?(P), it
suffices to prove that

E(| 3720 VZml)

lim inf ——==2 =~ < 0. 3.3
it == > o)

But since m’ = m + (I — V)gs and g is in I} (IP), proving (3.3) is reduced to show that

E(S " vig!
lim inf (1250 D < 0. (3.4)
n— oo \/ﬁ

With this aim, recall first that m’ € L?(P) and note that

1 n—1
7H Zvjm/
Vn o

1 n—1 )
< LS v
Vil

=0y (3.5)
2

For any fixed positive integer n, let d := n~'/2 Z ij Since (U'm/); is a stationary
and ergodic sequence of martingale differences in ]LQ(]P) so is (U'd);. By the CLT for
stationary and ergodic martingales in I.?(IP), as N — oo, N~1/2 ZNA Uid converges in
distribution to a centered Gaussian random variable (,, with variance o . Hence, by [1,
Th. 3.4] and noticing that E|G,,| = o, \/2/7 for any fixed positive integer n, we get

N-1 -1
™., . 1 i 2: iY7Gon!
0'77.§ \/;lwc{lof\/ﬁu i:EO Ud’l\/il}\lfll)lilof\/iu OUij

But, recalling (1.6) and that m’ = m + (I — V)gs, we derive

(3.6)

N-ln—1 N-1n—1

1 H S 1 o 2n 4
| v < || X Y vvis| + Sl + = lgslh-
VNI 50 1T VNS tVN VN

Since g; and g3 are in IL.}(IP), the two last terms of the right-hand side are converging to
zero as N tends to infinity. Hence, taking into account (3.5) and (3.6), we get

E(‘Z;z:ol ij/D p N—-1n—1
. . - — i 1 i i ‘ J
it ——" % : \E i Inf B inf FH Z Z oY

which is finite by the second part of condition (1.8). This ends the proof of (3.4) (and then
of (3.3)) and leads to the fact that m is in I.?(IP). Next recall that we have proved that m’
defined in (3.1) is in I?(IP) which combined with the fact that m is in I?(IP) implies that
(I —V)gy is in L2(P). On another hand setting m” = m + (I — U)g;, we can use previous
arguments to infer that m” is in I.?(P). Hence taking into account that m € I.2(P), we
get that (I — U)g; is in I?(IP). This ends the proof of the theorem.
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3.2 Proof of Theorem 1.4

Let (X; ;)(i,j)ez2 be an iid random field on (2, B, i1). Let A = o{X; j, (i, j) € Z*}. Then,
there exist transformations 7" and S such that X; j 0T = X;4; and X; ;05 = Xj j11.
These transformations on (€2, A, 1) are bijective, commuting, probability preserving and
ergodic. Let Uf = foT and Vf = foS. Denote e = Xo and C = o{U'e :i € Z}. (C,T)
is thus a Bernoulli dynamical system and the sigma algebras S’C, j € Z, are mutually
independent. Let us recall the so-called Rokhlin lemma.

Lemma 3.1 (Rokhlin lemma). Let (2, A, u,T) be an ergodic dynamical system, n a
positive integer, and € > 0. Then there exists a set F € A such that F,T~'F,..., T-"t'F
are disjoint and p (U~ T~'F) > 1 —e.

For any integer k > 1, we set n, = [2¥/?] and m;, = 2*. Let ¢ > 0. By Lemma 3.1
there exists a Rokhlin tower F,T-'F,..., T~ Ne+t1F with N;, = myny, ~ 2°%/2. Note that
1/Ni > u(T7'F) > (1 —€)/Ny, forany i = 0, ..., N, — 1. We define

(j—i—l)\/mk/nk on T_jF, 7=0...,n —1,
gr(w) = (2n, —j — 1)\/my/ni  on T7IF, J =Nk, 20, — 1,
0 on the rest of Q.

We can notice that g, — Ugy, is equal to /my/ng on TIF, j =0...,np — 1, to —/my./ns,

onTIF, j=mng...,2n; — 1, and to 0 on the rest of (2. Moreover, we have
||9k—U9k||2<iN ° gl <2 <2'"*/* and
2= NEMi Qk/27 mk
an_l
5 e 0], = o - Tl <20
i=0

Notice that all sums of U'(g, — Ug,) are C-measurable hence the random variables
(VI(gy —U?*gy)); are iid. In addition, the support of g, — U?"* gy is included in the union
By of F,..., T~**+1F hence is of measure < 4/m; = 272, Next, for any k& > 1, let
Ay = {lgr — U™ gy| > (1/2)\/myni}. The set Ay is included in By, and is of measure
2/my, = 271, Because the sigma algebras SiC, i € Z, are mutually independent, the
sets S~/ Ay, j=0,...,my — 1, are independent. For h = 1,4, using that e?!*(1=2)/% > ¢—4
for any = €]0,1/2] and that myu(Ax) = 2, we thus have, for any k > 2,

mkfl

,u( Z Vih = 1) = mpu(Ar) (1 — p(Ap))™ 1 > 2/et.
=0
We then conclude that

2n—1mg—1

(\ﬁr‘ Z Z Uivi( gkagk)’>1/2) > 9/e, (3.7)

By recursion we shall define a strictly increasing sequence k; oo and then set

g:nge and f =g —Ug.
=1

For ¢ = 1 we put k, = 1. Suppose now that for 1 < ¢’ < { the k, have been defined.
All the functions g, are bounded (0 < g, < ,/ng, My, ) hence the sums

n—14¢—1 {—1
U,L gkg/ nge/) = Z (gkgl - Ungkz/)a
=0 ¢'=1 =1
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n > 1, are uniformly bounded. If k, is sufficiently large we thus get

2"’“[
Z’ Z U'(gk, — Ugr, )| < 1/2"
Ve oD

Next note that ( (

M,

Zz' L ?de—l U(gr, —Ugn, )))j>0 are martingale differences.

Hence
2nk1/—1mk/—1 /—1 1
H UV ok, — Ui, < 57 (3.8)
/N, vV mg, 123 Jz:(:) Wz=:1 ‘ ‘ 2 26

On another hand, recall that ||g,, — Ugx||2 < v/2/2/%. Hence choosing k, sufficiently large
2ng ,—1 .

we get || Y _o"  U'(gr, — Ugk,)||, < 47% forall 1 < ¢’ < (. Having constructed the

‘ <274

2

2np,—1
sequence of k, this way we thus have H e ZW o Z Ly U’(gke, — nge,)

Since (VJ( Y >t Zznk’_l Uk, — nge,))) _, are martingale differences, we
JZ
get

277,)‘[71 mkl,*l [e')

H\/@m Z > UV Y (gkw—ngz,)HzS%. (3.9)

=0 =041

Then, the upper bounds (3.8) and (3.9) entail that

2nk€—1 mkz—l

2
?.

> UV -U)g - g, < (3.10)

[ X% X

Hence taking into account (3.7) and (3.10), it follows that, for f = g — Ug, the sequence
(nang) /2t Z?igl UtV f cannot converge in distribution to zero.

On another hand, for any p and ¢ fixed, by independence, >-7_; >~_ E(U'V7 f|Fo0) =
g — E(UP*1g|Fy ). But, by construction, lim, . [|[UPT!g|1 = 0. Hence ||E(UP™!g|Fo.0)1
is going to zero as p — co. Therefore condition (1.5) is satisfied.

It remains to prove that the conditions (1.7) and (1.8) are satisfied with f =g — Ug.
With this aim, note first that n= /2" ' U'f = n=1/2(g — U™g) —p_00 0 in L! (recall
that g € L!). Next, since the random variables (V7 f) j>o0 are independent and square

integrable, m /2

s ijH = |lg — Ugl|2 < co. Hence both conditions in (1.7) are
2
satisfied. On another hand, for every m fixed,

n—1lm-—1

f\ﬁH 22 UVie- vg)|, < iﬁngnl S—)

proving the second part of condition (1.8). It remains to prove its first part. Here we

use particular properties of g constructed above. We have found a sequence of ny, for
2np, —1
which there exists a positive constant ¢ > 0 such that (ny,) /2| ;26" Ul(g—Ug)||, <
2’ﬂk[

c(2 ¢y 1). Since (VJ Yico' Ul(g — Ug)) is a stationary sequence of martingale
differences in 1.2, it follows that

Q”M 1m—1

H Z ZUlVJg Ug)H <c(2_ +1) <2
j=

\/W\F

Since the upper bound is uniform for all n,, the first part of condition (1.8) holds true.
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3.3 Proof of Theorem 1.5

We shall use the coboundary decomposition (1.6). Note first that (U‘VIim), ; is
an ergodic and stationary I.?(PP) orthomartingale field. Then, according to the CLT
for ergodic fields of martingale differences as obtained in [9], as min(ni,ne) — oo,
the sequence (ning) /2317 1 an ' UiVim converges in distribution to a centered
Gaussian random variable with variance |m||3. Theorem 1.5 then follows if one can
prove that under the conditions of Theorem 1.3 and if condition (1.9) is satisfied, then

lim ||Sn1,n2(f) _thnz(m)Hl
min(ny,n2)—00 ALANLD)

=0. (3.11)

Clearly, since H St > YUVI(I - U)I - V)gs = 4{|g3|l1, the convergence (3.11)
will follow if one can prove that, as min(ny,ng) — oo,
ni—1nga— 1 1ng—

T

Z UtVI(I - VgQH )—>0 (3.12)

> ZUWJ[ Ung +‘
j=

Since (VI(I —U)g1)j>0 and (U (I — V)g2);>0 are sequences of martingale differences in
I.?(P), we shall rather prove (3.12) in I.?(IP) and show that

o =0l 0= Vgl

= 0. N

With this aim, we start by noticing that, for any n fixed, di, = ﬁ S u (m +
(I — U)g1) is such that (V7dy,);>o is an ergodic and stationary sequence of L?(PP)
martingale differences with respect to the filtration (F ;);. Hence, by the CLT for
ergodic and stationary martingales, as N — oo, N~ 1/2 Z;.V:l Vidy,, —P G, where
G1,, is a centered random Gaussian with standard deviation C,, = ||di,|[2- Since
(N—1/2] Z;’V:I Vidy ) v is uniformly integrable, by the convergence of moments theo-

= [G1nllh =

\/70 But limy_, o \FHZ Lyi dy |, = My F||SHN h|l,- So, overall, for

any n fixed, limy_ oo WHSn,N ||1 = \/;Cn, implying by standard arguments that

rem (see [1, Th. 3.5]) we have in particular that imy_, %H ZN_ Vidy

there exists an increasing subsequence (ny) tending to infinity such that

i [ g5 st -y 2

Next, note that C2 = ||m|3 + %]E((I — UM Uim) + w. But, since

(VI(I —U™)g1);>0 is an ergodic and stationary sequence of LL?(PP) martingale differences
with respect to the filtration (F. ;);>0, we have, by using [1, Th. 3.4] and arguments

used to get (3.6), |(I — U")gulls < /% liminfy o fH S SN UiV - ng
Moreover, according to the coboundary decomposition (1.6), for any n fixed,

=0. (3.14)

n—1 N— n—1 N—

l}wgof—HZZU’VJ I— Ung _1}&1£Of—HZZU1VJ F—m) H :

In addition,

N i n— N i
O Ui - m)|| < | S S Ui+ VaN mlle. So,
overall, taking 1nt0 account condition (1. 9) we get

=Ml 7 o
i timsup L < [P (o + m |8, ()],
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Now, for any positive real A, write

I-U")g "
¢z -l — WE=EI00) < 287y

(L =U")g1l12

Ly (nE(‘gUimrl“Z?_l UWDAW}))W. (3.16)

Hence, using that n=/2||(I — U™)g1 || —n_e 0 and taking into account (3.15) and the
fact that (=" (31—, U ‘m)?) ., is uniformly integrable, we derive that the terms in
the right-hand side of (3.16) tend to zero by letting first n go to infinity and after A.

II-U™)g1ll3
n

Therefore lim,, ’Cﬁ — [Im||3 — = 0. Assume now that

(I=U")gll2 > 0. (3.17)

Kk = lim sup

=
n— oo \/ﬁ
Then, there exists an increasing subsequence (n}),>1 tending to infinity such that

lim —||(I U")g1|2 = x and then hm c? )= = ||m]3 + K2 (3.18)

According to (3.14) and (3.18), we then infer that if (3.17) holds true then there exist
two increasing subsequences (n}),>1 and (k})¢>1 tending to infinity such that

2
Sn;xkz'(f)Hl > \Ellmllz. (3.19)

But, using once again the coboundary decomposition (1.6), note that

lim

£—00 n%’ké’

Sun(f) = Sunlm) (1= U™ ZV391+ (I— V")ZUg2+ ([= V™) = V™) gs.

j=1 i=1

Birkhoff’s theorem in L'(P) implies that lim, . 1[/(I — UMY Vgl = 0 and
limy, o0 =||(I = V™) Y1 U'ga|l1 = 0. Using in addition that g3 is in ILl(IP), we get

1 . 1
T~ [Sun(f)ll = lim =[S n(m)] (3.20)

But since n‘lS,m(m) converges in distribution to a centered Gaussian random variable
with variance [|m[} and (2|S, ,(m)|)n>1 is uniformly integrable, we derive, by the

convergence of moments theorem, that lim,,_, + || Snn(m)]1 = \/g lm||2. This result
together with (3.20) imply that

lim fHSnn )M = \[Ilmllz (3.21)
n—>oo

Clearly, under condition (1.9), if (3.17) is supposed to be true, (3.19) and (3.21) are not
compatible. This proves that (3.17) cannot be true and then that the first part of (3.13) is
satisfied. With similar arguments, one can prove that, provided the additional condition
(1.9) is assumed, the second part of (3.13) is also satisfied. This ends the proof of the
theorem.
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4 Extension to multidimensional index of higher dimension

To state the extension of Theorems 1.3 and 1.5 to higher dimensions, some additional
notations are needed. Let d > 1 and (T});cz« be Z¢ actions on (2, A, P) generated by
commuting invertible and measure-preserving transformations qu, 1< ¢ <d. Hereg,
is the vector of Z¢ which has 1 at the ¢-th place and 0 elsewhere. By U; we denote the
operatorin IL? (1 < p < c0) defined by U, f = foT}, i € Z¢. Byi < j, we understand i3, < ji
forall 1 < k < d. Let <d>:= {1,...,d}. For any subset .J of <d>, let U; = [I;c;U:, and
U5 = [lye,; Uzt for any s = (s¢)ees in Z1.

We suppose that there is a completely commuting filtration (F}),czq, i.e. there is a

o-algebra F such that F; = T_;Fy, for i < j we have F; C F; and for an integrable f,
E(E(ﬂ]:ihm,id>|}—j1,-~~7jd) = E(f|]:i1/\j1,--~,id/\jd)'

By ]-'ék) we denote the o-algebra generated by all F; with i = (i1, ...,4q) with i, </
and ij € Z for 1 < j <d, j # (. For g-algebras G C F C A, by L”(F) & L?(G) we denote
the space of f € ILP(F) for which E(f|G) =0 a.s.

For f an Fy-measurable centered L' (P) random variable, it has been proved in Volny
[10, Th. 4] that the condition

the series Z E(U;, ..., f|Fo) converges in L' (PP) 4.1)

i10yia>0

ensures the existence of the following orthomartingale-coboundary decomposition:

d
f=m+ > J[d-Uec)ms+ ][0 -Ue)g (4.2)
s=1

P£IC<d> s€J

where m, g and m belong to L (Fy, P), LY ([]%_, T2, Fo, P) and LY([1,c, =, Fo, P) respec-
tively and (UL< d>M)icze and (U%cmj)zEZd—\ﬂ are orthomartingale differences random
fields for § # J C<d>. Above J¢ =<d> \J.

For any positive integer k less than d, define Sj 4 the set of all the injections from

{1,...,k} to {1,...,d}. We state now the extension of Theorems 1.3 and 1.5.

Theorem 4.1. Let d > 1 and f a JFy-measurable centered IL'(P) random variable.
Letn, = (ni,...,nq) and S, (f) = 2?11:_01 .. Z?j;ol Ui,....i,f- Assume that each of the
transformations TEq, 1 < g <d, is ergodic. Suppose also that condition (4.1) holds and
that for any integer k € {1,...,d} and any o in Sk q4,

BSRS B Vaad) _
1 o) '

i=1 Mo (i

liminf --- liminf (4.3)

Ng(1) 700 Ng (k) 700 (H

Then m € I.>(P) and for any set J such that () # J C<d>, [[,.,(I — Uc,)m, € L*(P) (mn
and mj are defined in (4.2)). If in addition,

L E(S, (00D

y exists, 4.4)
min(n1,n2,...,nq)—00 (Hizl ni)1/2

then (Hf:1 ni)*l/QSﬁd(f) converges in distribution to a centered normal variable (that
can be degenerate) as min(ny, ng,...,ng) — oo.

Proof of Theorem 4.1. The result will follow by recurrence. Note that it holds for d =1
and also for d = 2 as shown in the previous section. Assume that it holds for d — 1 and
let us prove it for d. Recall the decomposition (4.2) and let

m'=m+ Y [[U-U)m, (4.5)

D#JC <>y s€J
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where <d>;=<d> \{1} = {2,...,d}. Note that (U! m/);cz is a stationary sequence of
L' (P) martingale differences w.r.t. (Fi o, 0)icz. Since 1%, is ergodic, by Theorem 1.2, if
lim inf,, o0 =2 S22 UL m!||1 < oo, then m’ € L2(PP). This follows from (4.2) and the

n—1 i
fact that, by condition (4.3), liminf,, M < o0o. Next, starting from (4.5),

and taking into account the induction hypothems namely: Theorem 4.1 holds for d — 1,

we infer that if for any integer k& in [2, d] and any injection o from {2,...,k} to <d>1,
No(2)~1 Moy ~lpr
liminf --- liminf (| Z” 0 '.I;E”“:O Otz ’) < 00, (4.6)
Ng(2)—>00 Ng (k) =00 (Hi:Q na(i))l/z
then m € L*(P) and, for any set J such that §) # J C<d>1, [[,o,(I — U, )m; €

I.?(P). By using similar arguments as those developed in the proof of Theorem 1.3,
we infer that (4.6) is satisfied under condition (4.3). Hence m & ]LQ(]P). Then, using
in addition that m’ € L2(IP), we conclude that, for any set J such that () # J C<d>1,
[I,c,(I = U.,)m; € L?(P). The first part of Theorem 4.1 follows by using d — 1 times the
same arguments and replacing <d>; by <d>; for ¢ = 2,...,d. The second part of the
theorem follows by applying the CLT for ergodic orthomartingales as proved in Volny [9]
for (Hfz1 ni)~Y %Sy, (m) and by using similar arguments as those developed in the proof
of Theorem 1.5. O
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