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Abstract

In this paper, we extend upon a result by Mueller and Tribe regarding Funaki’s model
of a random string. Specifically, we examine the rate of escape of this model in
dimensions d > 7. We also provide a bound for the rate of approach to the origin in
dimension d = 6.
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1 Introduction and main results

Mueller and Tribe studied recurrence questions for the following model of a random
string in [9]:
oug(z)  0%uy(x)
ot 0x?

+ W (z,t), (1.1)

where W = (W (z,t));>0.2¢r is a R%valued space-time white noise with independent
components and (u;(7));>0.zcr is @ continuous R¢-valued process. We also suppose that
the noise is adapted with respect to a filtered probability space (92, F, (F;), P), where F
is complete and (F;) is right continuous, in that W (f) is F;-measurable whenever f is
supported in [0,¢] x R.

Denote G(x) = (4nt)~/? exp(—x?/4t) as the fundamental solution of the heat equa-
tion. The stationary pinned string (U;(x)):>0,0er, which we will study in this paper, is a
solution to (1.1) driven by the white noise W (x,t) such that

« Up(z) = [;° [(Gr(z — 2) — G,(2))W (dzdr), where W is a space-time white noise
independent of W;

» Uy(z) is a continuous version of the process [ Gi(z — 2)Up(2)dz + fOthT(x -
2)W (dzdr).
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On the rate of escape or approach to the origin of a random string

Here, we write f < g if there is a constant C' > 0 such that f(z) < Cg(z) for all z, and
f =~ g if there are constants Cy,Cs > 0 such that C, f(z) < g(x) < Cof(x) for all . We
also denote B;(z) as the open ball {y € R? : |y; — z;| < 6 Vi}

Before proceeding any further, we restate a few properties of the stationary pinned
string, all of which can be found in [9].

1. Uy(z) = (Ut(l)(x), . .,Ut(d)(x)), where the U (z) are i.id. and (U{”(2)),er is a
two-sided Brownian motion with Uy(0) = 0.

2. Each of the (Ut(z)(m)) oach are centered Gaussian fields such that
t>0,x€

. . 2

B [(Uﬁ” (@)~ U ) } = |z —y| Yo,y eR,E >0, (1.2)
and forz,y € R,0 < s < ¢,
. . 2

B (00w - v0w) | = ¢~ 725 (je = yite - 977). (13)

where F : R — R is smooth, bounded below by (27)~'/2, and

lim F(z)/|z] = 1.

|| =00

Moreover, there exists ¢; > 0 such that

 (jo=vl+le-s2) < B[ (U0 @) - v0w) | <2l =1+ 1= 517
(1.4)

3. (Translation invariance) For any tq > 0, z¢ € R, the field

(Uto+t(zo £ ) = Uty (20)) er, 10
has the same law as the stationary pinned string.

4. (Scaling) For L > 0, the field

(L7'Upa(L?x))

zeR,t>0
has the same law as the stationary pinned string.

(1.4) gives us a simple yet useful bound as follows.
Proposition 1.1. Forallt >0, z € R%, and ¢ > 0,

d
P (Uy(z) € B5(0)) < <(5>1/2> :

t1/2 + ||
We call (U(z))t>0,zer

+ point recurrent if, almost surely, ¥z € R?, there exist (random) sequences
{zn}, {tn} such that ¢, oo and U;, (x,) = z Vn;

+ neighborhood recurrent if, almost surely, Vz € R? and ¢ > 0, there exist (random)
sequences {x,}, {t,} such that ¢,, oo and Uy, (z,,) € B(2) Vn;

* transient if, inf,cg |U;(z)| goes to infinity.

In [9], Mueller and Tribe showed that
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» ford <5, (Ui(x))i>0,2¢cr is point recurrent;
» for d =6, (Ui(x))i>0,2¢r is neighborhood recurrent but not point recurrent;
e ford > 7, (Ui(x))it>0,2¢r is transient.

This motivates the question of finding the rate of escape of this string when d > 6.
How fast should a ball centered at z grow so that (neighborhood) recurrence happens for
d > 7? Likewise, how fast should a ball centered at z shrink so that transience happens
for d = 67?

In this paper, we wish to study the question of recurrence and transience when the
growth rate is of the form f(¢) = t*, where a € R. Since it suffices to consider the ball
centered at the origin, we establish our main results in the following theorems.

Theorem 1.2. Suppose (U;(z))i>0..cr s the stationary pinned string in R¢ (d > 7). Then
almost surely,

lim inf
t— 00 to

infyer [Us(z)]  [JH+oo (0<a<1/4)
o (a>1/4).

This means neighborhood recurrence of U;(x) happens when o > 1/4, and transience
happens otherwise.

Theorem 1.3. Suppose (U;()):>0.z¢r iS the stationary pinned string in R®. Then almost
surely,
inf,
lim int inf,er [Us(z)

t—00 t—

=0Va > 0.

This means neighborhood recurrence of U;(x) happens for all o.

The remainder of this paper is organized as follows. In Sections 2 and 3, we prove
separate cases of Theorem 1.2. We then prove Theorem 1.3 in 4. Finally, we discuss
previous results, open questions, and conjectures in 5.

2 Proof of Theorem 1.2 when o > 1/4
Define E. be the event that there exist sequences {z,}, {t,,} with ¢,, /* oo such that
Us, (2n) € B_1/3(0), ie. Uy, (x,)|/t/* < . Define
Gy =a{Uy(z) : |z| > N}
Vo{W(p): ¢(t,x) =0if0 <t < N and |z| < N},

and
G= () 9w,
N>1

Since Uy and W are independent, using the same arguments to prove Kolmogorov’s 0-1
law for the Brownian tail o-field, we can show that G is trivial.

Lemma 2.1. E. belongs to the tail o-field G.
Proof. The proof of this lemma is similar to that of Lemma 5 in [9]. O

Proof of Theorem 1.2 when o > 1/4. It suffices to show the result for o = 1/4. For any
€e>0,
P(E.)>P( in]%|Un(ac)|/nl/4 < € for infinitely many n € Z7).
Sy

By Fatou’s Lemma,

P (E.) > limsup P <in]%|Un(x)|/n1/4 < e) .
xTE

n—oo
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By scaling,

P (E.) > limsup P <;I€11TR|U1(QC)| < 6) =P (;glfRWl(x” < €>

> P(Ui0)] <) = P (U 0)] <€) >0,

the last inequality follows since Ul(l) (0) is a non-degenerate centered Gaussian random

variable.
From Lemma 2.1, since FE. is a tail event in G, we have that

P(E) =1,

which holds for every € > 0, concluding our proof. O

3 Proof of Theorem 1.2 when 0 < o < 1/4

We start with the following lemma.

Lemma 3.1. Define the sequence {t,},>1 as follows.

t1 =1
tng1 = tn + 2% (n > 1).
Then there exists a constant ¢ = ¢(«) > 0 such that foralln > 1,
tn > ent/(174), (3.1)

Proof. Denote r = 1/(1 — 4a) > 1. We show by induction that (3.1) holds for ¢ =
(1/2)I"1" € (0,1), where [-] is the ceiling function.

(3.1) trivially holds for n = 1. Suppose it holds forn = k£ > 1, i.e. t; > ck”. We see
that

r 7] (] [r] ] —1/r
1 1 [r1\ 1 1 [r] 2 c
1+-) <14+ = =1 — <1+ - =1 =1 .
<+k>_<+k) +;<i>k’_ +k;(i +k * k

This implies

c(1+ k) <ck"+cYrpr—t, (3.2)
By the induction hypothesis,

bt =t + 65 > k™ + (k™) VT (3.3)
From (3.2) and (3.3), we see that
thpr 2 c(1+ k)",
which completes the proof of Lemma 3.1. O

Proof of Theorem 1.2 when 0 < a < 1/4. Our strategy closely follows that found in The-
orem 3 of [9]. We find a grid of points and show that recurrence of this string along this
grid is impossible, then control the regions between these grid points.

Define the sequence {¢,},>1 as in Lemma 3.1. On the lines ¢ = ¢,,11, choose points
kt2* (k € Z). Let R, i, be the rectangles with vertices (t,,, kt2%), (t,41,t2%), (tn, (k+1)t2%),
(tny1, (k + 1)£2%). Define m(n, k) = [(n/2 + [k))”° "' |. We divide R, into m(n, k)?
rectangles, each of them a translate of [0,t:*m(n,k)~2] x [0,t2*m(n, k)], so the
points with the largest (¢, ) coordinates are (t, + ity*m(n, k)2, kt** + jt2*m(n, k)~')
=t (t(n ki) T(nkj)) (1 <@ < m(n, k)% 1 < j < m(n,k)) for each rectangle; these will be
our grid points.
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3.1 Transience of the pinned string at grid points
By Proposition 1.1,

m(n,k)2 m(n,k)

ZZ Z Z <|Ut(nkb) z(nkj))| < BQétfnk,)(O))

n>1keZ 1=1

ki, 6tn ia
2D Z Z .
n>1keZ j=1

1/2
— £1/2
=1 ( (n,k,i) + |I("=k7j)|)

) m(n,k)? m(n,k) t(n,k,i)a
3 Z Z Z Z 7 (3.4)
n>1k>0 =1

d

A

— 1/2 1/2
=1 (t(n,k,i) + |x(n,k7j)|>
Now, )
tin ki) 1
1/2 et = 1/2—2a Ton” (3.5)
L S ETEW ) B N ol ETEW N 26|
We bound the terms in the denominator in (3.5) as follows. By Lemma 3.1,
el CRC) R (3.6)
Also,
|x(n,k,j) ‘t(n,k,i)72a = tia (k + ]m(na k)il) (tn + itiam(nv k)72)_2a .
Since 1 <i < m(n, k)2,
—2« o . — « -2
|x(n,k,j)‘t(n,k,i) 2 Z t721 (k +jm(nv k) 1) (tn + ti ) “
= (ta/tus1)** (k + jm(n, k)71
Since ¢, /tp+1 > 1/2,
|x(n,k,j)‘t(n,k7i)72a Z k +]m(’l’b, k)il > k.
(3.7)
From (3.5), (3.6), and (3.7),
Elnkesi) 2 1
< . (3.8)
172 1/2
(ékz)+|z(7lk3)| nl/2 +k
From (3.4) and (3.8),
m(n,k)2 m(n,k)
33 Y P ([ @ok)] < B, (0)
n>1kez i=1  j=1
m(n,k)? m(n,k) —d/2
SN Y Y (w2 k)
n>1k>0 =1  j=1
—d/2
= Z Z m(n, k)3 (n1/2 + k)
n>1k>0
d/2-3.3 —d/2
< o4 Z <n1/2 + k:) <n1/2 + k)
n>1k>0
4 —3.3
S (n1/2 n k) < 0, (3.9)
n>1k>0
ECP 27 (2022), paper 9. https://www.imstat.org/ecp
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the last inequality follows from the integral test

dydx
o172 33<oo.
+y

By the Borel-Cantelli lemma, the string Ut (z), evaluated at these grid points, will eventu-
ally leave their corresponding balls Bg(;t?n . (0) for large (random) ¢.

3.2 Controlling the regions between grid points

From the display after (6.8) in [9], we can find constants ¢1, c2 > 0 such that for all
d>0,

P < sup  |Ug(x)| > 6) < ¢y exp (—02(52) . (3.10)
(

t,x)€[0,1]2

Denote R, ;) as the translation of [0, *m(n, k)~2] x [0,t2*m(n, k)~'] with largest
coordinates (t( k,i); T(n,k,j))- Then by translation,

m(n,k)? m(n,k)
DI P ) O] > s |

n>1k€Z =1 (t,2)ER(n ki, 5)
m(n,k)? m(n,k) (

PP ID IR

n>1keZ i=1 (t,2)€[0,t3>m(n,k) =] [0,t2%m(n,k) =]

sup \Ui(z)| = 5t(nk1)> :

By the scaling of Ut(m), the preceding quadruple sum becomes

=> > Z Z P ( sup  |Uy(x)| > 6t3, 5 5ym(n, k)l/%na) .

n>1keZ i=1 (t,z)€[0,1]2

By (3.10), we can bound the sum above by

m(n,k)
<ZZ Z Z oxp (—ca8m(n, k) (b ki) /tn) )

m(n,k)? m(n,k)
exp (—c26°m(n, k))
n>1keZ =1  j=1

= Z Z S exp (—c20®m(n, k)

n>1keZ

S Z Z m(n, k)* exp (—c26°m(n, k))
n>1k>0

- Z Z ( 2, >d/2—3.3 oxp (_6252 (n1/2 N k)d/6—1.1> <.
n>1k>0

the last inequality can be shown using the integral test for convergence of series.

By the Borel-Cantelli lemma, there exists a (random) Ny € Z% such that for all n > Ny,
k€ Z,i<m(n,k)? and j < m(n, k), we have that

sup |Up(2) — Ut(n,k,i)(x(n,k,j)” < Ot ki) (3.11)
(t,x)ER(n,k,1,5)

If U;(z) evaluated at the grid point (t(, ki), Z(n,k,;)) iS outside of the ball Basee )(0)
and (3.11) holds, then none of the values U;(x), where (t,z) € R(, ), can be within
0t < 5t(n Josd) of 0.

Combining Subsections 3.1 and 3.2, we see that the probability of recurrence is zero,
thus completing the proof. O
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4 Aresult whend=6

We start with the following lemmas.
Lemma 4.1. Let 6 € (0,1) and o > 0. Then

(t+s) 00

“4.1)
(51/2 + |y|)3 (t1/2 + |x\)3

P (Uf(x) S Bgtfa(o), Ut.l,_s(af + y) S Bﬁ(t{»s)*o‘(o)) S C

holds under one of the following conditions:

1. t>1,]z),lyl <2t'/2, and 0 < s < t;
2. |yl < 2s'/2,

where C = C(§) > 0 is dependent only on §.
The proof of this lemma is deferred to Appendix A.
Lemma 4.2. For any o € Z, there exists a constant C = C(«) > 0 such that for N > 2,

3 -1
((1 +(N? - N)—(6a+1))1/(6a+1) _ 1) < NC.

Proof. Let K =6a+ 1€ Zt,C =2K +2,and p = 4% —1 > 0. Then for N > 2,

K
K N
(Nc+p)K :NCK+Z <i>NC(K—1)pz < NC'K +NC(K_1)(1+p)K
i=1
< NCK+N(C72)KN72(1+p)K < NCK +N(072)K.

Thus,
p< N (14 N2)E - NC < (1 (V2 = M) ) 1) e

completing our proof of the lemma. O

Lemma 4.3. (An inclusion-exclusion type lower bound) Let {A;}1<i;<, be events and
A=J", A;. Then

- (X0, P(A))”
N Z?:l P(Ai) + 221§i<j§n P(Ai N Aj)'

We omit the proof for this standard lemma.

P(A) (4.2)

Proof of Theorem 1.3. We mimic the same strategy as that in the proof of Theorem 3
of [9]. It suffices to show for o € Z*. Here, we fix § € (0,1) (thus, constants that are
only dependent on ¢ and/or « are treated as absolute constants). Let R(J) be the event
that there exist sequences {z,,}, {t,} with ¢, oo such that U, (z,) € Bj,-«(0). As in
Lemma 2.1, we can show that R(d) is an event in the tail o-field G, where G is defined in
Section 2.

Denote k = 1/(6ac+ 1) € (0,1). For integers i, j, N, define

ROV = {Uy v (j) € Byvivy = (0)} 4

G NSN+iF<N2 0<j<(N+ik)1/2

ECP 27 (2022), paper 9. https://www.imstat.org/ecp
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Using Lemma 4.3, we show that there exists pg > 0 such that P(R(N,d)) > po > 0 for all
sufficiently large N. Then, since

P(R(d)) > P(R(N, ) infinitely often) > pg > 0,

we get P(R(4)) = 1 by the zero-one law for any ¢ > 0, concluding our proof. To bound
P(R(N,J)) below, we find bounds for the sum of P (Rg)) (which we call the “first-order

term”), and the sum of P (REJ;’) N REJ\;)) (which we call the “covariance term”).

4.1 Bounding the first-order term

Denote r = |(N? — N)'/*|. Using the variance estimate in (1.4), similar to the proof
of Proposition 1.1, we get

P (Rg)> ~ (N + ik)_ﬁa ((N +ik)1/2 + |j|)73, 4.3)

where ~ is defined in Section 1. Thus,

> Y P(RY)

=0 0<j<(N+ik)1/2

=YY el (™ )

i=0 0<j < (N+ik)1/2

3

ky1/2

o p(N+iT) —6a -3
:/0/0 (N 4+2) 7 (V4% 4 pyl) dyda

:/ (N—i—xk)_ﬁa_l dx
0

Setting z = N + 2, then the above is equal to

N2
:/ (6a +1)(z — N)baz=62=1g,

N
N2

:/ (1—N/z)%2" dz. (4.4)

N

Trivially,
N2 N2
/ (1-N/z)%271dz < / z"'dz =log N. (4.5)
N N

For N large enough,

N2

N? N?
/ (1—N/z)%2" dz > / (1—N/z)%2" dz > / (1/2)%*27'dz ~log N.  (4.6)

N 2N 2N

From (4.4), (4.5), and (4.6),

Zr: > P(RY) =10gN. 4.7)

i=0 05 < (N4i%)1/2
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4.2 Bounding the covariance term

The covariance term is as follows.

Z > Z > P (Rg) a R(NJ)) L6,

i=0 0<j<(N+ik)1/2 /=0 0<j/ <(N+ik)1/2

:Z ) Z > P (R( )ﬂRﬁNj)ﬂ)1{<w,j'>¢<ao>}~

i=0 0<j<(N4ik)1/2 i/ =i 0<j+5' < (N+ik)1/2

Since — (N + %) < —(N+i")"? < —j < j < (N+i)? —j < (N+i'%)"?, the
quadruple sum above is at most

< Z Z Z Z (R(N) N RENJ)H ) Liqir,39)#i,0)}- (4.8)

=0 OGS (N+4ik)1/2 8/ =i |5/ | < (N+i/ #)1/2

Setting t = N +i*, s =i’ —i¥, 2 = j,y = j/, we see that t > 1, s > 0, 0 < = < t!/2, and
ly| < (t + s)'/2. Consider the following cases.

1. If s < t, then x < t'/2 < 2t1/2 and |y| < (t + s)1/2 < 2t1/2;
2. If s > t, then |y| < (t + 5)'/2 < 251/

In any case, the conditions in Lemma 4.1 hold. Thus,

(N+Z-/k)—6a(N+ik)—6a
ko jk)1/2 4 \j’|)3 ((N + ik)1/2 +j)3.

(4.9)

P (R(N) ﬂR’EZ\;)+j ) < ((Z

/

We split the quadruple sum in (4.8) into two parts: i/ > 4, and ¢/ = 4. In the first
case, 7' = 0 is included in the summation, whereas it is not in the second case (since
(¢, 3") # (i,0)). For the first case, using (4.9),

SRS SED DD DN I ML Ny
i=00

<GL(NAHik)/2 i =i+1 |j/| < (N4’ k)1/2

S YD VDY (N -+ 740 4 i) 0
~ ; ; )3 . NE}
120 0zj< (N =it oz <(vaa e (8 = )24 [51]) 7 (N +i%)1/2 + )

(N+ak)1/2 (N4’ *)t/2 N 1ky—=6a( T k\—6a
/ / / / W o) TN+ 3y do’ dyda
a1 /k_xk)1/2+y/) ((N—l—xk)l/Q—l—y)

(N+z*)Y/2  .r 1 k\—6a k\—6a
5// / (V)W )
0 e+1 (2% — 2F) (N + z*)1/2 +y)

r r N 1 k\—(6a+1) N k\—6«
0

'k — gk
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Setting z = N + 2, 2/ = N + 2'%, the above is equal to

/N2/ kfz . N 6o . N 6 1 p /d
- — - = ————dz'dz
(z NYV/E41)E 4 N41 z 2! z2(2" — 2)

/N2 / d2'dz
((z=N)/k 1)k N+1 (2 —2)

:/ 1 (log(V? - 2) —log(((= = N)/* + 1) = (2 = V) ) dz
N 2
< (log(N2 — N) —log(((N? = N)¥/* 1 1)k — (N? - N)) /NN 2tz

1/(6a-+1)

-1
=log ((1 + (N? — N)‘(G‘““)) - 1) log N

By Lemma 4.2, for some constant C' > 0, the above is at most
<log N®log N < (log N). (4.10)
For the second case, using (4.9) again,

DS S P(RYARG,)

=0 0<j<(N+ik)1/2 1< |5/ |[< (N +ik)1/2
< r Z Z (N + ik)~12a 3
im0 0<j<(Naimyz 1<)jrl< (Naimyrz 370 (V +89)12 + )
(N+a®)/2 o(N+a)t/? (N -+ oF)-120
/1 3((N—|—xk)1/2—|—y)

3 dy’ dydzx

12
\

(N + xk)fuafl (1 o (N +Ik)71) dx
(N+J,‘k)712a71dl‘

Setting z = N + z*, the above is equal to

N2
:/ E~(z — N)Sez7 1207142 <« log N. (4.11)
N

From (4.8), (4.10), and (4.11),
T y (™) (V)
2 2 2 2 P(R NR; ')1{<i,j>¢(z"7j/>}5(10gN)2. (4.12)
=0 0<G<(N+ik)1/2 /=0 0< 5/ <(N+ik)1/2

Using the bounds in (4.7) and (4.12) from the Subsections above, applying Lemma 4.3
for R(Nv 6) = UZ:O UOSjS(N+ik)1/2 Rg)jj), we get

1

P(R(N,¢ —_—— >,
(RON,0) 2 o=y 2
i.e. there exists a pp > 0 such that P (R(N,)) > po for sufficiently large N. Our proof is
complete. O
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5 Open questions

The rate of escape of Brownian motion has been well-studied (see [1], [6], [8], [10],
and [12]). In many of the finite-dimensional Brownian motions, an integral test is usually
used to determine a necessary and sufficient condition for recurrence. For example, for
Brownian motion (B(t));>o in R? (d > 3), we have the following result.

Theorem 5.1. (Dvoretzky-Erdés test) Let (B(t));>0 in R (d > 3) and f : Rt — R*
increasing. Then

/oo (f(t)t*/?)d*2 t~'dt < 0o ifandonlyif  liminf BU) _ s
1 t=oo f(2)

; . ; . B(t)
Conversely, if the integral diverges, then lim inf;_, m =0a.s

Though the stationary pinned string is not Brownian, it is still Gaussian, allowing for
possible analogies. From Theorem 1.2, we suspect that a similar condition holds for the
stationary pinned string (U;());> ,cg Whend > 7.

Conjecture 5.2. Ford > 7, there exists a constant C = C(d) > 0 such that the following
holds: given f : R™ — R* increasing, then
/ (f(t)fl/‘l)crldt <o ifandonlyif  liminf MzeRIU@I oo
1 t—o0 f(t)
inf er |U(x)]
ft)

The situation is even less well-understood in the critical dimension d = 6, where we
only managed to bound the shrinking rate of f(¢) on one side. Inspired by the case of
N-parameter d-dimensional Brownian sheet (see [8]), we suspect that an exponential
shrinking rate might suffice for transience of the stationary pinned string. However, the
tools from potential theory, which was developed in the mentioned paper, is intractable
in solving this problem. Interestingly, the difficulties for d = 6 are encountered not only
when we study the question of recurrence, but also in hitting problems. Recall that a
R?-valued process (u:(+));>o is said to hit the point z € R? if

Conversely, if the integral diverges, then liminf;_, =0 a.s.

P(ui(z) = =z for some ¢ > 0,2 € R) > 0.

We also say that d. is the critical dimension if hitting of B = {z} occurs for d < d. but
not for d > d.. For the nonlinear stochastic heat equation
Ouy(z)  uy(x) .
ot = axQ + U(ut(l’))W(t,LL‘),

where the white noise in (1.1) is multiplied by a matrix-valued function with certain
restrictions (see [2], [4]), the critical dimension is known to be d. = 6. Unlike in the case
of vector-valued Brownian sheet and other classes of Gaussian fields, where the sets of
hitting points are relatively well-understood (see [8], [3]), it is only known that for the
nonlinear stochastic heat equation, almost every point in RS is not hit.

A Proof of Lemma 4.1

We start with the following lemma.
Lemma A.1. When d = 6, for all s,t € [1,2], |z|,|y| <2, and é1, 62 € (0,1),

-3
P (Uy(x) € By, (0), Us(y) € Bs,(0)) S 0805 (|t = s"/2 + |o — ) . (A1)
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Proof. The proof of this lemma is similar to that of Lemma 3 in [9]. O
Proof of Lemma 4.1. Suppose the first condition in the lemma holds. Then by scaling,

P (Ui(x) € Bs—a(0), Uprs(2 + y) € Bs(145)-=(0))
= P (Ui(@/t"?) € Bypamsa(0), Upyopu (2 + 9) /%) € B(py.y-e1-11(0))

By Lemma A.1, the above is bounded by a constant multiple of

6 —
S (st 00+ )7t (/0012 + 1yl 11/2)
_ 52 t0(t +S)_6a
( 1/2+\y|) 13/2
Since |z| < 2¢1/2 the above is bounded by a constant multiple of
t—Ga(t+ S)—Ga
(172 + |y))° (11/2 + |2|)*

concluding our proof when the first condition in the lemma holds. Suppose now that the
second condition in the lemma holds. From Section 1,

< 612

Uips(x +y) = /Gs(:c +y—2)Us(2)dz + /05 / Gs—r(x +y— 2)W(dzdr).
Thus,

Var (Ut+5 T+ y (Ut+s(x + y)|}—t)

—Var</ /Gsr +y—z)W(dzdr)>~ 172,

Hence, for |y| < 2s'/2,

P (Urys(x +y) € Bs(rys)—o(0) | F2) S 0%t + ) 0%s/% < 65t 4 5)~% (51/2 + |y|)

Then
(t+5) 00
(31/2 + \y|)3 (t1/2 + |x|)3’

concluding our proof. O

P (Uy(z) € Bg-a(0), Upgs(z + y) € Bs(r46)-2(0)) < 6"
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