Electronic Journal of Statistics
Vol. 16 (2022) 1461-1484

ISSN: 1935-7524
https://doi.org/10.1214/21-EJS1975

Minimax bounds for estimating
multivariate Gaussian location mixtures®

Arlene K. H. Kim! and Adityanand Guntuboyina?®

I Department of Statistics, Korea University, 145 Anam-ro, Seongbuk-gu, Seoul, 02841,
South Korea
e-mail: arlenent@korea.ac.kr

2 Department of Statistics, 428 Fvans Hall, University of California, Berkeley, CA - 94720,
Us
e-mail: aditya@stat.berkeley.edu

Abstract: We prove minimax bounds for estimating Gaussian location
mixtures on R% under the squared L? and the squared Hellinger loss func-
tions. Under the squared L2 loss, we prove that the minimax optimal rate
is upper and lower bounded by a constant multiple of n~!(log n)d/Q. Un-
der the squared Hellinger loss, we consider two subclasses based on the
behavior of the tails of the mixing measure. When the mixing measure has
a sub-Gaussian tail, the minimax rate under the squared Hellinger loss is
bounded from below by (logn)®/n, which implies that the optimal mini-
max rate is between (logn)?/n and the upper bound (logn)?*! /n obtained
by [11]. On the other hand, when the mixing measure is only assumed to
have a bounded p** moment for a fixed p > 0, the minimax rate under the
squared Hellinger loss is bounded from below by n=?/(P+d) (log n)=34/2,
This rate is minimax optimal up to logarithmic factors.
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1. Introduction

Let ¢ be the standard univariate normal density and let F; denote the class of
densities on R? of the form:

(561,-~,£Cd)*—>/¢($1*U1)¢(ﬂ?2*U2)~-¢(5Ed*Ud)dG(ulw-wud), (1.1)

where G is a probability measure on R%. F; is precisely the class of all Gaus-
sian location mixture densities on R?. We study minimax rates in the problem
of estimating an unknown density f* € Fy from i.i.d observations Xi,..., X,
(throughout the paper, we assume that n > 2). Mixture models are useful in
modeling situations involving the presence of subpopulations within an overall
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population and Gaussian location mixtures form the simplest and most com-
monly used mixture model.

The minimax rate crucially depends on the choice of the loss function. We
study two different loss functions in this paper. The first is the squared L2
distance:

P(1.9) = [ (@) - g(@))* da. (12)
The minimax risk of estimation over F; under the L? loss function is

Ry (Fa, L?) i=inf sup Ej.L? (fn,f*>.
fn f*e]:d

In Theorem 2.1, we prove that R, (F4, L?) is of the order n=!(logn)%2. This
result is known for d = 1. Indeed, when d = 1, the upper bound follows from
the results proved in Ibragimov [5] for estimation of smooth functions (also see
Kim [7, Section 3]) and the lower bound was proved by Kim [7]. To the best
of our knowledge the result for d > 2 is novel. It is interesting that the rate
n~!(log n)d/ 2 has a relatively mild dependence on the dimension d and thus
the usual curse of dimensionality is largely avoided for estimating multivariate
Gaussian location mixtures under the L? loss function.
The second loss function we investigate is the squared Hellinger distance:

w(t.9) = [ (V@) - Vo@) de. (13)

Unlike the squared L? distance, the squared Hellinger distance does not depend
on the choice of dominating measure and can thus be viewed as a discrepancy
measure between the underlying probability measures. Compared to the squared
L? distance, the squared Hellinger distance is much more sensitive to estima-
tion errors in the small-density regions. Further, estimation accuracy under the
squared Hellinger distance is connected to the squared error accuracy of certain
empirical Bayes estimates of normal means [6, 11].

In order to obtain meaningful rates under the squared Hellinger distance,
it is necessary to impose additional conditions on the probability measure G
underlying the density (1.1). The most common assumption in the literature is
to assume that G is discrete with a known upper bound on the number of atoms.
The Hellinger accuracy (as well as accuracy in the total variation distance)
of estimating discrete Gaussian location mixtures has been investigated, for
example, in [1, 4, 8, 12, 14]. In particular, it was proved by Doss, Wu, Yang
and Zhou [1] (and Wu and Yang [14] for d = 1) that the minimax rate is n™*
when the dimension d and the number of atoms of G are bounded from above
by constants.

In contrast to the discrete mixture situation, minimax rates using squared
Hellinger distance under broader assumptions on G are not fully understood.
Given a subclass G of probability measures on R, let Fg denote the class of all
densities of the form (1.1) where G is constrained to be in G. We shall denote
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the minimax risk over Fg in the squared Hellinger distance by

Ry(Fg,h?) := inf sup Bph?(fn, f*).
fn f*e}-g

We study R,,(Fg,h?) for the following two natural subclasses G:

1. G = G1(T'): the class of all probability measures G satisfying G{u : ||ul| >
t} < Cexp(—t%/2T") for some constant C' and all ¢ > 0 and a constant T
Every probability measure in G (I') has sub-Gaussian tails.

2. G = Ga(p, K): the class of all probability measures G satisfying

(/ ||u||pdG<u>)l/p <K

for a fixed p > 0 and constant K > 0.

The problem of estimation of densities belonging to the classes Fg, (1) and
FG,(p, i) has been studied in [2, 15, 7] for d = 1 and in [11] for d > 1. Ex-
tending the results of Zhang [15] to d > 1, Saha and Guntuboyina [11] analyzed
the performance of the nonparametric maximum likelihood estimator over Fy
leading to the following upper bounds on R, (Fg, (r), h?) and Ry, (Fg,p, k). h?):

logn d+1
Ry (Fg,(r),h*) < Cd,F%, (1.4)
and D 2d+2p+dp
Ry(Fgy(p.5): h°) < Ca i pn” 714 (logm) ~2ov2d (1.5)

To the best of our knowledge, the corresponding lower bounds do not currently
exist in the literature (except for the case of R, (Fg, (), h?) for d = 1) and we
establish these in this paper. Specifically, we prove that

(logn)?

Ry (Fg, vy, h*) > car (1.6)

and
_3d
2

Ry (Fgy(p. i) hz) > cd,K,pnfﬁ(log n) (1.7)

in Theorem 2.2 and Theorem 2.3 respectively.

(1.6) implies that there is a logarithmic price to be paid for dimensionality
under the sub-Gaussianity assumption. (1.7) implies that the rate of convergence
becomes much slower (than the parametric rate) if we only assume boundedness
of the p'" moment of G for a fixed p > 0. It is usually believed that Gaussian
location mixtures are arbitrarily smooth leading to nearly parametric rates of
estimation. While this is true for the L? loss function, our results reveal that the
story is more complicated for the squared Hellinger loss function. Specifically,
inequality (1.7) shows that, under the squared Hellinger distance, the rates can
be arbitrarily slow if the mixing measure is allowed to have heavy tails. This fact
(which can also be understood by considering n-component mixture densities
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with well-separated centers) does not seem to have been emphasized previously
in the literature even for d = 1. Furthermore, for each fixed p, the rate becomes
exponentially slow in d revealing the usual curse of dimensionality. Note that
our lower bounds also imply that the upper bounds (1.4) and (1.5) cannot be
substantially improved.

The rest of the paper is organized as follows. Our main results are all stated
in the next section. Theorem 2.1 proves the minimax rate of (logn)%?2/n for F,
under the L? loss. Theorem 2.2 and Theorem 2.3 deal with the squared Hellinger
loss function: Theorem 2.2 proves the minimax lower bound of (logn)?/n under
the subgaussianity assumption on the mixing measure and Theorem 2.3 proves
the n—?/(p+d) (log n)~34/2 lower bound under the bounded p** moment assump-
tion on the mixing measure. The proofs of these results are given in Section
3. We also recall in this section (see Subsection 3.1) some basic facts about
Fourier transforms, Hermite polynomials and Assouad’s lemma that are used in
our proofs.

2. Main results

We state all our main results in this section. Our first result shows that the
minimax risk R,,(Fy, L?) is of the order n='(logn)%/2.

Theorem 2.1. Let d € N. There ezist positive constants cq and Cy depending
only on d such that
(log n)d/ 2 d/2

1
ci——— < Ry (Fy, L?) < C’dw-

- - (2.1)

The proof of the upper bound on R,,(F4, L?) in (2.1) is based on an extension
of the ideas of [5] to d > 1 (a simple exposition of these ideas can be found in
Kim [7, Theorem 4.1]). It involves considering the estimator

ule) = %ZK(X,Z‘”) (22)

where K(y) := K(y1) ... K(yq) with K(y) := (siny)/(7y) and the bandwidth h
is taken to be h := (2logn)~/2. Controlling the variance of f,(z) is straightfor-
ward while bounding the bias is non-trivial and we do this via Fourier analysis.

The proof of the lower bound on R,,(F4, L?) in (2.1) is based on an extension
of the ideas of Kim [7, Proof of Theorem 1.1]. It involves applying Assouad’s
Lemma (recalled in Lemma 3.1) to a carefully chosen subset of F; whose ele-
ments are indexed by a hypercube. This subset of F; is constructed by taking
mixing measures that are additive perturbations of a Gaussian mixing measure.
The additive perturbations are created using Hermite polynomials.

Our next result proves a lower bound of order (logn)?/n for R, (Fg, (1), h?).
A comparison with the upper bound (1.4) of Saha and Guntuboyina [11] reveals
that this lower bound is possibly off by at most a factor of logn and is thus
minimax rate optimal up to the single log n multiplicative factor.




Minimaz bounds for multivariate Gaussian location miztures 1465

Theorem 2.2. Let d € N and I' > 0. There exists a positive constant cqr
depending only on d and I' such that

logn)¢
Ry (Fg,(ry, h*) > Cd,F&-

For a recent related result, please see [9] as well. The proof of Theorem 2.2 is
based on an extension of the ideas of Kim [7, Proof of Theorem 1.3]. Assouad’s
lemma is applied to a subset of Fg (1) which is constructed by taking mixing
measures that are additive perturbations of a Gaussian mixing measure. The
perturbations are different from those used in the proof of Theorem 2.1 although
they are also based on Hermite polynomials. It is not easy to directly work with
the squared Hellinger loss function while dealing with mixture densities so we
crucially use the fact that the squared Hellinger loss is bounded from below by
a constant multiple of the chi-squared divergence for the constructed subset of
Fa.

Our final result proves a lower bound of the order n=?/(P*+4) (up to a logarith-
mic factor) for Ry, (Fg,(p, k), h?). As we mentioned previously, this result reveals
that rates strictly slower than n=! are possible for estimating Gaussian location
mixtures and that the rate can also be affected by the usual curse of dimen-
sionality. A comparison with the upper bound (1.5) of Saha and Guntuboyina
[11] reveals that this lower bound is optimal up to logarithmic factors possibly
depending on d.

Theorem 2.3. Let d € N and K > 0. For every p > 0, there exists a positive
constant cq k,p depending only on d, K and p such that

Rn(]:gz(p’[{), h2) > Cd)K)pTliﬁ (log n)_%.

For the proof of Theorem 2.3, we first construct a normal mixture den-
sity whose mixing measure is a discrete distribution that is supported on a
d-dimensional product set (lattice) and has a Pareto type tail behavior. We
then construct a hypercube of normal mixture densities by perturbing this sup-
port set. For each point in the support set, we use either the original point
or a nearby point whose distance to the non-perturbed point is determined by
the probability value at the original support point of the mixing distribution.
We finally apply Assouad’s lemma to the constructed hypercube of densities in
76, (p.56)-

The proofs of our results are given in the next section.

3. Proofs
3.1. Preliminaries

We shall recall here some standard facts about the Fourier transform and Her-
mite polynomials that we shall use in our main proofs.
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We use the notation 7 for the Fourier transform. It is defined as
T(f)(t) = (271_)7d/2/efitlacl7it2w27---7itda:df(w)dw
for functions f € L;(R?). The Fourier inversion theorem gives
flo) = am) 02 [ e (pyar
Plancherel’s theorem states that
[1s@ e = [ 170

for functions f € L;(R?) N Ly(R?). The convolution-product property of the
Fourier transform states that

Th)E)=T()@®)T(g)(t) for all t where h(x) := /f(a: —u)g(u)du.

Our upper bound on R,,(F,, L?) is based on the sinc kernel K with K(y) :=
K(y1)...K(yq) where

_siny

K(y) := —
It is well-known that
1
K(y) = K(~y), T(K){) = \/—2—77]1{|t|§1}’ and
1
T30 = = (1- ) (31)
™ 2T 2/,

where x4 := max(z,0).
Our lower bound constructions involve Hermite polynomials. These are de-
fined for d =1 as
a2 (21) ()

H(x) = (fl)jeﬁ/Qwe = (3.2)

Note that H,(-) is an odd function when j is odd (and even when j is even).
The Hermite polynomials are orthogonal with respect to the weight function
o(x) := (2m) "/ 2 exp(—22/2). Specifically for all j > 0 and k > 0, we have

0 forj#k

3.3
j! for j =k. (3:3)

[ ottty () ) = {
We shall use the bound

|H ()| < w/jlexp(a® /4) (3-4)
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for a constant # ~ 1.086 < 2'/4 (see e.g. Equation 8.954 of [3]).
For d > 1, we take

(=Dl /9 \?
@) = S () 9le) = M) (o)
where ¢(x) = ¢(x1)...¢(xa), (8/0z) = dit-+ia /gl 9zt and || =
Ji+...+ Ja

We next recall Assouad’s lemma (see e.g., [13, Lemma 24.3]) which will be
our main tool for proving minimax lower bounds.

Lemma 3.1 (Assouad). Let d? be either (1.2) or (1.3) and define the minimaz
risk .
Ry (Fyg,d?) = inf sup Ejs-d? (fn,f*) .

fn f*€Faq
For some N > 1, let {fr, 7 € {0,1}V} be a subset of Fy. Then
N &*(fr, fr') n
Rn d2 > — i DT i 1-— —x>2 )T’ 3.5
(Fa, &) 2 g min, = o0 min 5 XUl f7) (3:5)
where Y(T,7') := Zjvzl Lir, 277y is the Hamming distance between T and T

and X*(fllg) := [(f — 9)*/g is the x*-divergence between densities f and g.

3.2. Proof of Theorem 2.1

We break this proof into two parts: the upper bound on R, (F4, L?) and the
lower bound on R,,(F4, L?). Let us first prove the upper bound.

We consider the kernel estimator (2.2) with bandwidth h = (2logn)~'/2. We
need to control its variance and squared bias. We first bound the variance as

Ef/(fn(y) —Efu(y))’dy = # /varf (K (th_ y)) dy (3.6)
e (5
_ #//f[l[@ <¥> f (@) dady
a

)—d/2
% (/ K%(z)dz | < # (3.7)

where the penultimate inequality uses

flx) = /d)(xl —up)p(xe —u2)...d(xq — uq)dG(uq, ..., uq) < (277)_d/2

and the last inequality uses [ K?(z)dz = [ |T(K)(z)[*dz = 1/~.
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For the bias, note that y — E s« f,,(y) has Fourier transform
t— 2m)Y2T(f H T(K

This is because

Efu(y hd/H (ﬂvZ yz) f(z)dz

and

T(Es12)(8) = ﬁ [ere lﬁK (25%) f<w>dw] y
2m) d/th /H (/ T K (-xi ; yz) dyz‘) f(z)dx

d
= _7'(ht )Z7K 2 dZ»L) /e—itT:l: T dx
121( e K () (@)
d
= H )@ ET(f)().
Thus by Plancherel theorem (and (3.1))
. 2
bias2:/(Effn( - /‘T IEffn — TNt )‘ dt
2
/\T ()] |( 27rd/2HT ht;) — 1| dt
i=1
/\T OP Mg <a/naiyny — 1Pt
< dt,
Z/t \>1/h ®F
where the last inequality follows since
d
1Lt <1/m,. . tal<1/ny — 1 < Zﬂ{lt |>1/h}-
i=1

Consider the first term in the above sum. We split the integral over [¢;| > 1/h
into over t; < —1/h and t; > 1/h and observe

[ @<t et r e
t1<—1/h
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—e /M Lim [ e h T (f)(t) H [(1 - |t|> ] dt.
M — o0 +

for every w > 0. The last integral above can be written as

[ |2Hl( %)J it= [T TD@E 659

where

d
T =T(N® ] [(1 - %)J 7

i=1

which is the Fourier transform of the following nonnegative function

sw = (M=) f f(U)f[le (0w au

The function K? shows up in the right hand side above essentially because of
the third fact in (3.1).
Continuing from (3.8), we get

Jermue H[( t')J at= [ (e T @

- / T(f) (e T(9)(—t)dt
- / T(F)(—6)e" T(9) (t)dt

—d/2 (/ thny (y)d ) e T (9)(¢)dt
e/

—d/2 ([ Xt et (9) () d >f(y)dy

- / a2 ([ emin a0 @at ) f)dy
= /ﬁ(yl —iw, Y2, ..., ya) f(y)dy

— [ fn + tw )0y

<sup o+ w0 [ 0wy

Note now that

sup| f(y1 + 1w, y2, ..., ya)| <
Yy
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d
T 6(s: - u)dG(w)

1 / < (y1 +iw—U1)2>
——sup [ |exp| ———————
2r v i=2

2
< o (w;> [en it < (2 e (w;> ’

Note also that

/ y)dy = (20)">T(0)(0) = (20T (£)(0) = 1.

We have thus proved

d
67w/ e~ Wi . M
[ rowkas e [ermwr]] [( M)J at

2
< (2m) "2 exp (—% + %) .

By an entirely analogous argument, it follows that the same bound also holds
for the integral over ¢; > 1/h. This gives

[ mera s 2o e (<24,
[1]>1/h n T

We can analogously prove the same bound for every i = 1,...,d leading to
! w o w?
b <3 [ TPt < 2d(em) e (<54 )
i1/ ltl=1/h h 2

for every w > 0. The choice w = 1/h now leads to

—1
e2 < —d/2 .
bias® < 2d(2) exp o2

Combining this with (3.7), we get

R.(F4, L?) < }ilr>1% <# +2d(2m) "2 exp <2—h12>) .
The choice h := (2logn)~/2 then clearly leads to R, (Fy, L?) < Cy(logn)¥?/n
which proves the upper bound.

We now prove the lower bound on R, (F4, L?). The idea is to construct a
subset of 7 indexed by a hypercube {0, 1}V for some N and then use Assouad’s
lemma (Lemma 3.1). Our construction is a natural extension to d > 1 of the
one-dimensional construction in [7] and is described below. Let m be the largest
integer such that

5d/4gdadm
moigI (3.9)
vn



Minimaz bounds for multivariate Gaussian location miztures 1471

We can assume without loss of generality that n is large enough so that m defined
as above satisfies m > 3. It is also easy to check (because m>¥/48139m > ¢m)
that the above condition for m implies that

< —1
m ogn.

Below we denote by ¢,2(-), the univariate normal density with mean zero and
variance o2 i.e., ¢o2(2) := (V2710o) Lexp(—z?/(20?)). We construct densities
(for the application of Assouad’s lemma) via perturbations of the density:

fol@) = / O(a1 — w1) .. §wa — ug)y(w)du where y(u) = G (ur)... byu(ug):

Note also that
fo(@) = d14m(x1) - .- P14m(za).
Now let
J={1,3,...,2m —1}¢

and note that cardinality of 7 is || = m?. We shall apply Assouad’s lemma
(Lemma 3.1) with N := m? and we index binary vectors in {0, 1}" by elements
Jj=(1,...,Ja) of J. For a = (5,5 € J), let

fol@) = / Bler — 1) . B(wa —ua) [1(w) + € 3 agy(w)| du

JjeT
where € is given by
€=cn /2,44 (3.10)
for a constant ¢ € (0,1) that will be determined later and

v (w) =5, (u1) ... vj, (ua)

. | 37 2
with v, (u;) == 21/2(2m)%/4 ﬁ¢(uz)H]1 <ﬁuz) .

Here Hj, () denotes the Hermite polynomial (see (3.2)). Let us first argue that
fa € Fq. To see this, it is enough to show that

u— y(u) +e Z a;vi(uw) (3.11)
jeJ

integrates to 1 over u € R? and is nonnegative. Integration to 1 is justified by
the fact that 7;, (u;) is an odd function of u; for each i = 1,...,d and the fact
that [~y(u)du = 1. For nonnegativity of (3.11), note first that the inequality
(3.4) implies that, for each i =1,...,d,

v (wi)| = \/5(27T)3/4\/%¢(Ui)

Hji (2161/\/5)
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2

< V2(2m) /421143312 oxp (—%) . (3.12)

Because we have assumed that n is large enough so that m > 3, we have
exp(—u?/6) < exp(—u?/(2m)) which gives

[ ()] < 8- 392 /mya(u;)  for every i = 1,...,d

and consequently

d
"Yj (u)] < 843dl/2 /2 H S (uq)
=1

= 843191/2m 2y () where |j| = ji + - + ju-

Thus

Yu)te Y ags(w) 2 (u) |1 e8lmd2 Y 5912
ISVE JjeJ

Z ,y(u) |:1 _ €8dmd/23d(2m71)/2‘j|i| — ,y(,u) |:1 _ €8dm3d/23dm:|
because the maximum value of any j; is 2m — 1 < 2m for every j € J and

the cardinality of J is m?. Plugging in our value of € (from (3.10)) and using
condition (3.9), we get

() + € agyi(w) = () (1 - en™2m 81307 ) > (1= ) y(u) (3.13)
JjeET

which implies nonnegativity of (3.11) as long as ¢ < 1.

We now lower bound mingxg % (where Y(at,8) := > ;e 7 Lia;p;1 18

the Hamming distance between o and 3). Observe first that

fa(z) — fa(x) = €/¢($1 —u1) .. Pwa —ug) § Y (a5 — B3) vi(w) p du

jeJg

where

As a result

/ (fol@) — fa(@))?dz = & / S (05 - B)Ty(x) | da

jeg
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= 62/ (Z(%‘ —ﬁj)T(Fj)(t)) dt.

jeg

Because I'; is defined as the product over ¢ = 1,...,d of the convolution of ¢
and v;,, we have

4 1/2 3/4 3 2
TT)() = };[12 2(2m)* [\/;T(@(tm’ <¢(~)Hﬁ(—3-)> (ti)] ~

By Kim [7, Lemma 2.1], we have

T (60520 0 = (s 200 (20)  for odd k.

This gives (note that v/2(27)3/4¢%(t) = \/26(2t))

T03)(0) = T~ 2ocoa) L)

and thus

/ (Ful@) — fa(x))? da
d 2
:62/ (%; 1;[1 2 2t)H\/(J_ff)) dt.

The orthogonality of the Hermite polynomials with respect to the weight func-
tion ¢ (see Equation (3.3)) implies

[ Ua(@) - fa@)dw =& 3 (05 - 5)° = T 9).
JjeT
We thus have L2(fu fo)
o /B 2
B T CC

Now we bound the x? distance between fq and fg for @ and 8 with Y (e, 3) = 1.
Note first that, as a result of (3.13), we have

fo(®) > (1 —c)fo(x) for all B

so that

2 1 [ Ua—fo)
¢ (fallfp) < 7 [P loh
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We now split the integral above into R(x) := {|z1| < Mm'/? ... |zq4| <
Mm!/?} and R(z)® where M is a dimensional constant larger than 8dlog3.
Then using fo(x){z € R(x)} > m~%?/Cy (for some dimensional constant Cy),
we have

(falz) — fa(x))?
fo(z)

(1— 2 (fallfo) < /

(fal@) — fp(2)?

<Cam®” [(ate) —fpte)?+ [ S
_ Oomd/2e (fa(@) — fp(@))® ~_ 1 (fa(@) — fp(x))*
Ca - /R(I)c fo() o /R(m)c fo(x) !

provided ¢ is chosen above so that ¢?Cy < 1/2 (recall that €2 = ¢*n~tm~4/?).
The second term above is bounded as follows. Denoting 3* by the index where
o and B differ so that aj- # B+ (recall that Y (o, B) = 1), we get by (3.12),

/ (falz) — f,@(ﬂﬂ))zdm
R(z)° fo(x)

dx

2
Ty —Up)...0(xg —u udu)
< gt gmypiigs / (S oo = w)... dlwa — wa)bs(u)
- R(z)e fo(z)
2
< 4239/ (4m)P/ 435" / _di(x)
{1 |>Mym} P14m(T)
" 1
< 2dc*n 1342 (47)3/ 4313 ‘/ ¢pa(x1)dry < —,
{z1>M/m} 2n
where the second inequality follows by bounding the maximum by the sum with
symmetry, the penultimate inequality follows first by plugging (3.10) in €2 and
then since G1m(@) > m~2¢y(w) and 3971 [ L, ba(w1)der < 1 by
taking M larger than 8dlog 3, and the last inequality follows by choosing ¢ to

be a small enough dimensional constant such that ¢? < (47)~3/4374/2/(2d).
By Assouad’s lemma 3.1, we have

d
9 me 5 1
> — [
Rn(.Fd,L)_ 86 (1 21 C)>

Of course ¢ can be taken to be small enough so that the right hand side above
is larger than a constant (depending on d alone) multiple of (logn)%?/n. The
proof is thus complete.

3.3. Proof of Theorem 2.2

The idea for the lower bound on R,,(Fg, (1), h?) is to again construct a subset of
Fg,(ry indexed by a hypercube and then use Assouad’s lemma. Our construction
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is a natural extension to d > 1 of the one-dimensional construction in [7]. Let
02 = min(T, 1). Let m be the largest integer such that

ddidm
%Sl-

The above condition implies m < % and m > %. In order to

use Assouad’s lemma, we construct densities via perturbations of the density

Jo(x) = ¢1402(21) - .- P1402(a)

where, it may be recalled, ¢,2(-) denotes the univariate normal density with
mean zero and variance 2. Note that fy can also be written as

fo(@) = / d(x1 — ) ... o(xa — ug)o(w)du  where v(w) = $p2(ur) ... do2 (1g)-

Again we let
J={1,3,...,2m —1}¢

with N := m? and we consider index binary vectors in {0,1}" by elements
Jj = (1,--.,ja) of J. For a = (evj,5 € J), we let

fal@) = / D1 — 1) . Bwa — ua) |v(w) + ¢ S aju;(u)| du
JjeT

where € is given by

€= %n‘l/z (3.14)

and

vj(u) i=vj, (w1) . vj, (ua)  with vj, (u;) = CJ},(ZS(puz‘)Hﬁ (yui)

Ji:
where we define

=14+ —

v N 1+ 202
/2
]_+ 2 1/2+1 1
p= (gﬁ -1+ ((7§02)>
o
1 2 \1/4
N1 Gl
o
(M)W
C. = (2ﬂ-)71/4¢1/2(1+0_2<p)1/4 (1+02¢)1/2-1

Ji

(102 1)
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By an analogous argument in the proof of Theorem 2.1, we can show f, €
Fg,(r)- First, integration of fo () to 1 is guaranteed since vj, (u;) is an odd func-
tion of u; for each i = 1, ..., d and the fact that [ v(u)du = 1. For nonnegativity
of v(u) + € ¢ 7 jvj (u) note that using (3.4) we have

kC,; 1 1
()| < 221 2 2 _ .2
|vJ1 (u1)| — \/% exp < 2 Z (p 27 ))
where

s 1, 111
p 27 T 14202 02 T g2

Hence
[vj, (ui)| < KCj, 0042 (us)

for every i = 1,...,d. Thus

lvj ()] < (k) (HQ) < (§>|jv(u)

where the last inequality follows by

(1+02¢)1/2_~_1 1/2 _ (1—|—02<,0)1/2+1 _ 3
(1+02p)t/2 -1 opl/? 0

and
o <2((1+0%p)' /2 —1)1/2,

which gives

|71
+eZaJvJ > v(u 1—e4dz< >J

JjeT JjeT

> () [1 — edtpy (%)dm] .

Plugging in € = n~1/2/2 from (3.14),
> 1 1_1/24‘1‘1 o)™ > 1 0
u) + € Z ajvi(u) >v(u) (1 - 5" me{ 3 > iv(u) > 0.
JjET

In the same way, we have

<3
+eZaJvJ 5 v(u).

JjeT
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To claim fq € Fg,(r), we need to show v(u) + €3, 7 ajv;(u) is sub-gaussian.
Indeed,

/I >t v(w) +e 3 ages(updu < ; / bo2(u1) - .. o2 (ug)du

eyt 2 S >t
< Cexp(—t?/20%) < Cexp(—t%/2I)

where C' is a constant depending on d and the last inequality follows by the
choice of 02 = min(T, 1).

The fact that all these constructed mixing densities are between (1/2)v(u)
and (3/2)v(u) gives

%fo(w) < falz) < gfo(w). (3.15)

Inequality (3.15) implies that

1 [ (fa—fp)? (fo — fp)?
W (farf) 2 g [P and e (allip) <2 [ YT g

because, respectively,

2 _ (fa_f,@>2 1 (foc_fﬁ)2
h(f“’f")‘/<¢f:+m>2>6/ 2
e e
2 — [ M7 JB) o« JB
X" (fallfg) = / i < 2/ P
By inequality (3.16), it is clear that for the application of Assouad’s Lemma 3.1,

2
%. Let us write

it is enough to focus on the quantity [

A= [ olaer w0l — va)os widu,

and we consider

/L‘ ;Ofﬁ)Q = 62/ > (o~ Bj)\?—]%

JjeET
= 62/ > (o5 —b’j)T(\j/\—};o) . (3.17)
JjeT
Because Aj/+/fo is defined as the product over i = 1,...,d, of
J o — wi)vj, (ui)du;
VI 9w = us) o2 () du
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(4m) 1/4/¢ , (x/p2+1—<pu,> . <lu)
cp z 7 i 0 )

14

where the above equality follows by Kim [7, Lemma 2.2], we have

T(%)(ti)gc\ﬁ% T(0:) ()T <¢<V”2;1“”->Hji<;o>> (t).

By Kim [7, Lemma 2.1], we have by denoting o = v/2(1 + o2p)/4p!/2,

T (¢<7W->Hﬁ<1->> (t:)

¥
= (_i)jfi op ((1 + 0280)1/2 . 1)ji/2 }
(14 020)/2 + D1/2 (1 +029)1/2 + 1
gy
¢ (((1 +029)1/2 £ 1)1/2 ti) Hj, (oti)-
Using 1
= 14
T () (ti) = T exp <_§t?) ’
we have )
i —i)’ Hji(Qtz)
Consequently, )
/ s ;fﬁ) EY(a, )
0
This (and (3.16)) gives
. b (fa, 1
arp é{a,éﬁ;) = 662 and  X*(fa, f3) < 2€°.

By Lemma 3.1, we have

4(1/2)%? (1 (logn)?
" h2) > m( —)>
Ru(Fgy(r), h™) 2 = —¢~ <2) > car——,

d
- (1
where car = 35 (4d1og(9/min(1,r2))) .

3.4. Proof of Theorem 2.3

The idea for the lower bound on R, (Fg,(p,x), h?) is again to construct a subset
of Fg,(p,x) indexed by a hypercube and then we use Assouad’s lemma. Let

ap = min{(K/d)7=/?,1} and
S = {ap+ (£ — 1)M log(le), 1 << ko}
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where

2d
M= Cd’p\/ logn with Cd,p = 8 (m + 1)

and ko the largest integer less than or equal to k{, where
kb = ent/(P+d) (1og n) =3/2 with ¢ = 4071/2aé+2/(p+d).

Let k = kg and let a;,...,a; be an enumeration of the points in S = § x
-+-x S. We can take a; = (ag, ag, - - - ,a0) € R%, ag = (ag+ M log(2e),1,...,1) €
Re ... a, = (ao + (ko — 1)M log(koe), . .., ao + (ko — 1)M log(kge)) € RZ. Let
G be the discrete probability distribution supported on S¢ that is given by

G{az} = On,d,p ((ai, 1> —dag + ao)_(p+d) fori=1,...,k (318)

where 1 is the d-dimensional vector of ones and

1

Sy e (a0 + S0 (4 — )M log(4ge))

Chdp = (3.19)

)*(erd)

is the normalizing constant. We assume n is sufficiently large so that loglog kg <
M and Mp > 2¢. We claim that

abt /2 < Chap < d™ and G € Gao(p,6'/Pday). (3.20)

Let us assume the above claim for now and proceed with the proof. The claim
will be proved later. For i = 1,...,k, let b; = a; + (§;//d)1 where

R

Y /2nGlay)
The choice of kg means that (a;,1) < dag — dM log(koe) + dkoM log(koe) <
dag — ag + nV/ P+ g /P yhich implies that G(a;) > ag?(2n)~! for every

t=1,...,k. Hence 0 < §; < ag (thus 0 < §; < 1).
Note that ||b; —a;|| = d; for all i. Define, for every o = (g, . .., ax) € {0,1}%,

k

fa(z) = ZG(ai)qbd(:c —a;(1 —a;) — bj;)

i=1

where ¢ is the standard normal density on R%. Since G' € Ga(p, 61/ Pdag) and
|b; — a;||P = 6Pd*~P/2 for every i = 1,...,k,

k
3 llai + (b, — a;)[PG{a} < 2P—1/ (Hu”p n dl—P/2ag) dG < 7(dag)? < KP

i=1

by definition of ag. This shows fo € Fg,(p,x)-



1480 A. K. H. Kim and A. Guntuboyina

We shall use Assouad’s lemma for the class fq,a € {0,1}*. For fixed o =
(ai,...,ax) and B = (B1,...,B) in {0,1}*, we can write (with f;(z) := ¢a(z—
a;(1 — a;) = bie;) and g;(2) := Pa(x — a;(1 = B;) — b;3;))

o) =2 (1= [ \fFala)a(e)ie )
—2(1—/\/2Ga1 (aj) fi(x)g;(x) w)
>2 (1 =Y \/G@)G(a) / ¢fi<w>gj<w>dw)

where the last inequality follows from /) . x; < >, \/2; for ; > 0. Saha and
Guntuboyina [11, Equation (A.18)] now gives

1S )

(ot R e
i#]

k

> 3" Glaglai - Bl - e/ = 37\ [GlanGlag)e ™

=t i#£]

k 52

> > Glagglai = 8l - 1n,

Il
_

K2

where the last inequality follows since 1 — e~ @ /8 > g2 /10 for every 0 < a < 1,

and
Z /G(ai)G(aj)e_Mz/S < k2o~ M?/8 _ kgde—ngplogn/S
i#j
Cip 1
<
— 40n

< (1/V40)*nw=a~

by the choice of ky and Cy . This implies, by the choice of 67 = 1/(2nG(a;)),
that i
Zi:l |ai - ﬁz‘ 1 T(aaﬁ)

B2(fu, fg) > &i=t /W T~
(fo: fa) = 20m 40n = 40n

Now suppose that T(a,3) =1 and let I be the unique index such that «; # ;.
Then for §7 <1,

. [ Yal®) = fp@)*
X (fa“fﬁ) _/ fa(m) d
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dx

B / (Zf:l G(ay) fi(x) — Zle G(ai)gi(a;)>2
- S Gl fi(w)

G@)? (filz) —gi(x))* a gi(x)
< [ e ‘“‘m”( i) ™ Q

< G(al)(e‘s’r2 — 1) < 2G(a5)612 = %,

where the penultimate inequality follows since

gf(m)dm _ [ $ix—a(l-F) —bif)
filz) ¢a(z —a;(l — ) — bjay)

and the last inequality follows since e* < 2a + 1 when 0 < a < 1.
By Lemma 3.1, we have

dz < exp (||a; — by||?) = exp(d7),

k1 1
2 — d —3d/2
Rn(f"g2(p,K)7h ) > gm <1 - \/;) > Cd,p,KT p/(p+ )(logn) /

where cqp i = 5h(1 — \/1/2)40~%/2 {min((K/d)7-/7, 1)} 27D g con-
stant only depending on d, p and K (but not a function of n).

It remains to prove the claim (3.20). Let us first show that abt 2 < Cpap <

ap + The definition (3.19) immediately gives Cy, 4, < aO 4 50 we only need to

show that Cp q,p > a0+ /2. For this, let us bound the denominator of Cy, 4,
using the inequality

Z Z(aO+Z£ ~1) )

L=1  f4=1
1
< (6, —1)M —(p+1) — . (3.21
Z ao + (61 H erjfl)M (3.21)

£1=1

(p+d)

The above inequality will be proved at the end of the proof. The above inequality,
along with the inequality

ko ko
Z(aﬁ-(ﬁ —1)M)~ D) < qf PFD +/ (ap + (z — 1)M)~ P+ g
=1 1

=a” (0" + o7 (- (o= ) < o0” (6" + 7).

imply that the denominator in the definition (3.19) of Ci, 4, is bounded from

above by )
1
-p —1 - < 2 —(p+d)
ag (ao + » M>
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where n is large enough such that

ao

pPM = S

This proves aa(p+d)/2 < Chdp-
We shall next prove that [ ||u||PdG < K. By definition of G,

d
—(p+d)
Sl =y 3 {4t a2 (Y g~ dao +ao)

Uy ug €8 j=1
d
—(p+d)
<ol S Jur (S uy — dag +ao)
ULy, Ug ES Jj=1
(d+p) d —(p+d)
=ay dP Z ul Z (ao + Z(éj — 1)M)
u1 €S Loy by j=1
(@+p) : 1
d+p -1 -1
< ol deull_[(ao—f— | )
u1 €S j=2 M(p+‘7 B 1)

It suffices to show >, g u;! is bounded above by a constant. Indeed,

ko
S urt =3 (a0 + (£~ )M log(te))
u1 €S (=1
ko
<ag'+ Z(ao + (£ —1)M log(le))~*
=2
ko—1
<ayt+ Z (ap + M log(te)) ™!
=1

ko
<ag'+(ag+ M) +/ (xMlogz)™*
1

log log (ko)

<20y + =7

<3a;",
where the last inequality follows by assuming n large enough so that

loglog(ko) _ _
= a

This gives

d—1
1
[ ulrdc < o Parsa! ( + m) < 67},
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The only remaining thing is to prove (3.21). For convenience, for the index

Je{l,...,d}, welet Ajy = Aji(by,...,4;) :==ao+ Z;:/:l(fj — 1)M. Note that
Ajr > ag for all i/ =1,...,d. We need to show that for j" > 2,

(p+j—1)

ko ko , J 1
Z"'ZAJ'_/(I)—H ) < Al—(p—H) H (%1 I M7> (3.22)
0 P j=2

For the above, we use the idea of mathematical induction on j'. When j' = 2,

ko ko
AT =N (a0 + (= )M + (€2 — 1)M) ")
lo=1 lo=1
ko

_ 1
<A (p+1) -1
> 1 aO -+ 7(])—}— 1)M

where the last inequality follows since A; > ag. Let the above claim (3.22) is
true for j' = jo(> 2). Then, we consider the case j' = jo + 1.

33 Y e

l1=2 f —1€J0+1 1

ko ko

Z Z Z AJOJF /71) )~ (p+jo+1)

=1 2_15/1

ko .
_ Z Z ( —(p+jo+1) +/ (Ajo + (CC _ 1)M)(P+J0+1)dm>
1

la=1

0 U _ i 1
< Z Z {Aj (p+jo) <a01+7'>}
Pro 0 M(p + jo)

Jo
—(p+1) -1 1 -1 1
< - [
=4 H<%‘+M@+¢40<%'+M@+mJ

( )J0+1 1
— AT p+1 —1
O )

where the last inequality follows by the induction hypothesis.
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