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Abstract: We consider nonparametric estimation of the transition oper-
ator P of a Markov chain and its transition density p where the singular
values of P are assumed to decay exponentially fast. This is for instance
the case for periodised, reversible multi-dimensional diffusion processes ob-
served in low frequency.

We investigate the performance of a spectral hard thresholded Galerkin-
type estimator for P and p, discarding most of the estimated singular
triplets. The construction is based on smooth basis functions such as wave-
lets or B-splines. We show its statistical optimality by establishing matching
minimax upper and lower bounds in L?-loss. Particularly, the effect of the
dimensionality d of the state space on the nonparametric rate improves
from 2d to d compared to the case without singular value decay.
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1. Introduction

We consider an aperiodic and irreducible Markov chain (X;);eny with the d-
dimensional torus T? as state space. The dynamics of this chain are described
by its transition operator,

Pfa) =Bl (X0)1Xo =2l = | Fhn(e. ).
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where f € L? = L?(T¢). We are interested in nonparametric estimation of the
transition density p(-,-) and thus the transition operator P, too.
Nonparametric estimation of p when assuming smoothness of p has been thor-
oughly studied, e.g. [4, 8, 18, 38, 55, 5, 54, 21]. If p € H®, where H*® denotes the
L2-Sobolev space of smoothness s, the L2-minimax rates for estimating p are

s
n~ 2s+2d |

Here we use the additional information provided by assuming that P has an
approximately low rank structure to improve these rates. Precisely, denoting by
1 the invariant density of P and assuming that p and p are bounded, we see
that P is a compact operator acting on L?(u) and hence (c.f. Theorem 3.4.1 in
[27]) has functional singular value decomposition with respect to y, i.e.

Pf=> Mur, flvn | € L3(n),

k>0

and we assume that the singular values Ay decay exponentially fast, in the sense
that for constants ¢, C > 0

A < Cexp <fck%).

This assumption is motivated by discrete, low frequency observations of peri-
odised, reversible diffusion processes for which it is fulfilled by virtue of Weyl’s
law [24, 28, 29, 30, 66]. Indeed, for a 1-periodic Lipschitz continuous vector field
b(xz) = (bi(x),...,bq(x)), a scalar 1-periodic o(z) and a standard Brownian
motion W; define the multi-dimensional diffusion process

dYy = b(Yy)dt + o(Yy)dW,, t>0,
and consider its periodised version
X, =Y, modulo Z% ¢>0.

Then P = P is one instance of the Feller semigroup (P;)¢er . with infinitesimal
generator L : H?> — L%, and one obtains that P = exp(L) where

o?(x) 4. 52 d 0

L is an elliptic operator and moreover, since the diffusion is assumed to be re-
versible, L is self-adjoint with respect to the invariant measure p. For a more
thorough explanation and proof of these facts we refer to [6]. Hence, Weyl’s law
[29] applies and states that the k-th singular value of L is of order —ki and
thus, as P = exp(L), the k-th singular value of P is bounded by C exp(—ck).

Rapid decay of the singular values is also observed empirically in applications
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such as molecular dynamics (see e.g. [53]). This has prompted practitioners and
applied mathematicians to estimate only the first few singular triplets of P and
discard the rest in their analysis [16, 19, 35, 53, 56, 57, 58]. However, often no
theoretical guarantees are provided and it is not clear whether their procedures
are optimal from a statistical point of view.

Low rank assumptions for Markov chains have only recently began to be consid-
ered in the statistical literature, primarily in the finite state case [42, 68, 22, 69].
In these works it is assumed that the transition matrix has a low rank structure
and they show nearly optimal rates for their algorithms by keeping only a fixed
number of singular triplets or by thresholding singular values.

After a first version of this paper was uploaded to arXiv, the continuous state
space case was also considered by [60]. In contrast to our work, they use a kernel
approach and consider the fixed rank case, proving £s-error bounds and further-
more providing an algorithm for metastable state clustering.

We investigate a modified version of one popular method from molecular dy-
namics for the estimation of P, where the number of singular triplets kept is
chosen in a data driven way. Considering a Galerkin-type estimator [26, 56, 57|
we use techniques from low rank matrix estimation and completion [13, 34, 36,
14, 12, 10, 34, 44, 3]. Particularly we show that hard thresholding singular values
yields minimax optimal L?-rates

d_s
2 2s+d

n~ =7 log(n)

over the class of Markov chains with exponentially decaying singular values.
This improves the dependance on the dimension d from 2d to almost d com-
pared to the case without singular value decay. Moreover, our analysis reveals
that our algorithm keeps at most C log(n)% singular triplets of the estimated
transition operator, thus justifying the commonly used approach to discard most
of them. Simulations complement our theoretical results and show the improved
performance when thresholding singular values.

2. Main results
Basic notation

Let T¢ denote the d-dimensional torus, isomorphic to the unit cube [0, 1]¢ when
opposite points are identified, equipped with Lebesgue measure . By L? =
L?(T9, \) we denote the space of square integrable functions (with respect to \)
on T? equipped with Euclidean inner product (-,-) and corresponding L? norm
| - ||r2. We also denote the Euclidean inner product for any finite dimensional
vector space by (-,-) and the corresponding norm by || - ||2. For any probability
measure 4 on T¢, if ; has a density with respect to the Lebesgue measure,
we denote it in slight abuse of notation by p, too. Moreover, when considering
functions in L? (u) = L%(T?, i), we use the canonical scalar product and denote
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it by (-, -),, with corresponding norm |- [|2(,). ||| denotes the L norm. [|-||
and |||, denote the Hilbert-Schmidt (Frobenius) norms of operators acting
on L? and L? (), respectively, while [|-||  denotes the spectral norm for the
inner product.

For s € N we define the Sobolev space of smoothness s as

H*:={f e L”:||fllg == Y | D' fllr= < oo},

lil<s

where D' = ;, ...0;,- denotes the partial derivative in direction i. For s ¢ N,
H? is defined through interpolation or equivalently through Fourier methods
(see Chapter 1.9 in [43] or Section 7 in [2]). For s > 0 we will also use the
Holder spaces C*® equipped with Holder norm || - ||¢s. We also employ the same
notation for vector fields f = (f1,..., f4). For example f € C*® means that
| fllcs ==, I filles < oo. We will sometimes use the notation a < b, meaning
that @ < Cb for some universal constant C > 0 which does not depend on n.

2.1. Assumptions on the model

For ease of presentation and to avoid boundary issues we assume a periodised
setting. However, in principle, our results can be conveyed to general compact
state spaces with smooth boundary (and reflected diffusion processes instead
of periodized diffusion processes), arguing as in [46] for arguments involving
wavelets and applying results from [23] for arguments involving elliptic PDE
theory.

We assume that we observe a Markov chain (X;),.,.,, with state space T¢
and we introduce a set of Markov chains with smoothness index s > 0 denoted
by M(s) = M(s,Cy, ¢y, Cr,Cs,. .., Cg) fulfilling the following assumptions:

Al: (X;);ey, is irreducible, aperiodic and has invariant measure p which has
a density which we will also denote by p and Xy ~ p.

A2: The invariant measure p is bounded away from 0 and oo, i.e. for constants
Cu>cu>0,c, <pu<C.

A3: ||p]|gs < C; for some constant Cy > 0.

Note that assumption A2 implies that L? = L?(u1) and that the pairs of norms
[l 2 and ||-[| 2, are equivalent, as well as the induced Hilbert-Schmidt norms
(see Lemma A.2) and we will therefore use them interchangeably.

Recall, that the transition operator P is defined on L? (1) by

Pf(x) =E[f(X1) | Xo=2x].

We assume that P is an integral operator with kernel p(x,y), the transition
density.

A4: Oy > p(z,y) > 0 for all 2,y € T? and for a constant Cy > 1.



Spectral thresholding for Markov chains 6285

Since p and p are bounded, we have that p € L?(u x p) and hence P is com-
pact (see Theorem 3.3.1. and Example 1.3.6 in [27]). Therefore it has a func-
tional singular value decomposition (e.g. Theorem 3.4.1 in [27]): there exist two
p-orthonormal systems (ug),cy and (vg),ey in L? (1) and a non-negative de-
creasing sequence (Ag),cy such that in L*(p x p),

szz)\k: <ukuf>uvk7 fELZ(IU,), (1)
k
pla,y) = > M (y)py)ve (@). (2)
k

Having obtained the representation (1) it is thus natural to formulate the re-
maining assumptions on the singular values and left and right singular functions.
We assume that P has an approximately low rank structure with exponential
decay of the singular values and that the left and right singular functions obey
a certain degree of smoothness.

A5: The k-th singular value (counting multiplicity) is bounded by
Csexp (—C4k3%) for positive constants Cs and Cy.
A6: The absolute spectral gap fulfills

yi=1l=-XA\=1- sup IPfllz2¢uy > Cs
FEL2 (1), (f,1) =0, fll L2 (,)=1

for some constant Cs > 0.
AT: The singular functions (ug,vy) fulfill = A2 (|lug 3. + vel%.) < Cs for
some constant Cg > 0.

When considering the class M(s) = M(s,Cy, ¢, Ch,...,Cs) we will suppress
the dependence on all parameters except s, since they, treating them as con-
stants, do not change the minimax rate as long M(s) has non-empty interior.
We will also write that p € M(s) or P € M(s) if it is the transition density or
the transition operator of a Markov chain in M(s), respectively.

Discrete observations of periodised, reversible diffusion processes (which have
also been considered in [1, 47, 62]) fulfill these assumptions under mild condi-
tions on the volatility function o and drift function b detailed in the Lemma
below. This includes for example periodised versions of the Langevin processes
considered by Roberts and Tweedie [52] or discrete, periodised AR(1) time se-
ries.

Lemma 2.1. For a vector field b(x) = (bi(x),...,ba(z)) and a scalar o(x)
consider the diffusion process dYy = b(Y;)dt + o(Yz)dWy, t > 0, and its peri-
odised version X; = Y, modulo 7. Assume that the observations are given by
(Xi)o<i<n. Moreover, assume that c(m+x) = o(x) and b(x+m) = b(x) for all
m € Z% and that 0=2b = VB for some B € C?. If ||072H HJ2Hcs—1 and
|6l ce=1 are finite for some s > 2, then p € M(s).

Cs—17
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The proof of Lemma 2.1 follows after an application of Weyl’s law for opera-
tors with non-smooth coefficients due to Ivrii [29] and by using PDE results for
elliptic operators from a recent article by Nickl and Ray [47] and is presented in
the appendix. The proof relies crucially on reversibility of the diffusion process,
which allows to relate the singular triplets of the infinitesimal generator L to
the singular triplets of P.

2.2. Construction of the estimator

Here we describe how to obtain estimators for p and P given observations
(Xi)o<i<n, using a Galerkin approach. This method has also been employed
for estimating the drift and volatility functions in a scalar diffusion model in
the seminal paper by Gobet et al. [26] and the first part of our construction is
closely related.

Instead of estimating p in the functional space, the Galerkin approach estimates
the action of P on a suitable approximation space and we obtain plug-in estima-
tors for p and P. Working with P instead of p is advantageous because we can
fully use its low-rank nature. We construct our estimator as a modified version
of the estimator described by Gobet et al. [26], adjusted to the non-reversible
case:

For a periodised Daubechies wavelet basis {¥;;} of L*(T) with regularity
greater than s (see e.g. section 4.3. in [25] for a construction), extend this basis
to a tensor wavelet basis of L?(T?) (see again section 4.3. in [25]) given by

(Ui, k=0,...,max(2’? = 1,0), j € {~1} UNo}.

For convenience, we denote this basis {¥,} where A\ = (4, k) is a multi index. In
the following V; denotes the linear span of wavelets up to resolution level .J,

Vi = span{Wy, [A[ = |(j, k)| =3 < J},

and we denote by V ; the corresponding space of wavelet coefficients. The di-
mension of V; is bounded by C'27¢. Moreover, the || || z7s-norms are equivalently
defined through the decay of wavelet coeflicients in this basis, see for instance
p. 370 in [25]. As in Gobet et al. [26], we will use bold letters for the coefficient
expansions in the wavelet basis (V) of functions and operators in and on L2.
These denote vector and matrix like elements. The corresponding functions and
operators - which do not depend on the basis - are in italic. In the case of vec-
tors or matrix elements whose coefficients are only defined for |A| < .J, we will
sometimes consider them as elements in the whole sequence space. This is done
through setting the undefined coefficients to zero.

Let now J be a resolution level which we will choose later. Following Gobet et
al. [26] we construct a first estimator

n—1
- 1
== D W (X < 1< J.
(Rs), w2 (K y (Xiga)for <7, Y] <
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The ergodic theorem implies that each of these coefficients converges almost
surely to its expectation,

E[Wx (Xo) U (X1)] = (Ux, PUN ).
We thus also introduce R ; which is defined as the expectation of R 7, i.e.
(RJ)/\W = (Ux, PUy), for A <J, |N|<J

As UjenVy = L?, we can define R, the limit of R (with respect to the Hilbert—
Schmidt norm). Note that R is defined through the L?(y)-inner product and

therefore, in general,
R#P :=((Tr,PUx))rn-

We need to match the scalar products to estimate P. Let G be the Gram opera-
tor with corresponding sequence representation G = ((¥y, G¥y/))x x . G is such
that Yu,v € L? (u, Gv) = (u, v)u, i.e. it corresponds to pointwise multiplication
with p. Therefore, defining u = ({(u, ¥)), (and v similarly), we have that

(u,Rv) = (u, Pv),, = (u, GPv) = (u, GPv).

If we estimate G~ we are thus able to estimate P. Following Gobet et al. [26],

we define
(GJ))\,A, = (\IIA,\I!,\Q# for NS JIN[<J

and GJ as:

o 1 n
= Uy (X)) W (X)) for [A] < NI < J
(GJ)A,A’ n+1; AX)TN (X)) for N < J, [N < J

From here on, our approach differs from that in Gobet et al. [26]. In their
(reversible) setting, recovering the first non-trivial eigenpair is sufficient, as the
drift and volatility functions are identified in terms of this eigenpair and the
invariant measure.

Since our objective is to estimate p and P we have to consider all singular triplets
instead. By assumption A5 P has approximately low rank and hence R ;, the
matrix of projected coefficients of GP, is an approximately low rank matrix.
For this reason we use the usual scheme for estimating low rank matrices, see
for instance [67, 33, 9, 36] and hard threshold the singular values of R,. This
yields which singular triplets should be discarded in a data driven way.

We denote the SVD of R by

Ry =) Aty

where S\k denotes the k-th singular value of R s and 0y and Vv, the corresponding
singular vectors. We define the spectral hard threshold estimator at level a,
RJ = RJ (Oé) as,

RJ = Zj\k]_ (‘j\k| >a> flk\Alz (3)
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Finally, we define the estimator for the action of P on V; as

~ A1~

PJ = GJ RJ. (4)
For f € L?, we have, in a L?-sense, the relation

Pf(z) = (PHUx(x),
A

and hence we estimate P by P, which we define as

Pf(z):= Y (P,H)r\Ux(2). (5)

A<

This also yields an estimator for p by plug-in, given by

ey = 3 () W@y (6)

A<, V[T

We finally choose for a large enough constant C' > 0 and for [-] denoting the
ceiling function,

9Jd
J = {logQ(nﬁ log(n)_ﬁ)—‘ and a=C 0 (7)

to obtain the theoretical results in Theorem 2.2 in the next section.

2.3. Convergence rates

We now give our main theoretical result for the estimator p of the transition
density p constructed in (6). The upper bounds attained in L?-loss for estimating
p match the lower bounds and are therefore minimax optimal, showing that the
logarithmic factors are inherent in the information-geometric structure of the
problem.

Comparing our result to the standard Markov chain case without singular value
decay where the L? minimax rates are n~2+2 (e.g. [18, 39]), we see that the
effect of the dimension on the rate improves, up to the logarithmic factor, from
2d to d.

Theorem 2.2. Suppose that we observe (X;)y<;<,, drawn from a stationary
Markov Chain with p € M(s) for some s > d. Then, for the estimator p defined
in (6) and a constant C > 0 we have, for n sufficiently large enough, with

probability at least 1 — 6 exp (—nﬁ log(n)74sd+2d) that

lp — 5l > < Clog (n)? =¥ = %%, (8)

Moreover, the following minimax lower bound holds: for constants c,pg > 0,

inf sup P, ([lp— pll,> = clog ()2 =5 "7 ) = pp >0 (9)
P peM(s)
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In addition, by isometry this implies the same upper and lower bounds for es-
timating P with respect to the Hilbert-Schmidt norm. Slightly adjusting the
construction of p by setting p to zero if G, has not sufficiently large smallest
singular value, it is also possible to obtain a version of the bound (8) in expec-
tation.

The proof of the upper bounds for p in (8) is based on an application of con-
centration inequalities for Markov chains by Jiang et al. [31], combined with an
e-net argument to obtain tight bounds for the spectral norm rate of R, and an
application of the general theory for rank penalized estimators by Klopp [33].
The lower bound (9) requires different arguments compared to the case with-
out decay. There an application of Assouad’s Lemma and flipping coefficients
suffices [18]. Instead, here we adapt an idea by Koltchinskii and Xia [37] to
our nonparametric setting by using projection matrices to infuse the low rank
structure of P.

Additionally, the rank of P in (4) is with high probability bounded by approxi-
mately log(n)%, implying the same low rank structure for P. This justifies the
approach of practitioners such as [16, 19, 35, 57] to dismiss most singular triplets
in their analysis.

Lemma 2.3. Under the conditions of Theorem 2.2, we have for the estimator
P given in (5), for some constant C > 0, that, on the same event of probability

2
at least 1 — 6 exp (—nﬁ log(n)_%i?d) on which (8) holds,

= d
2 .

rank(P) < C'log(n) (10)
Remark 1 (Other basis functions). The proof of Theorem 2.2 requires the
Jackson inequality and the bound ||v] e < Cy/dim(Vy) for any v € V; sat-
isfying ||v||zz < 1. Thus, arguing as in Remark 5 in Chorowski and Trabs [17]
the conclusions of Theorem 2.2 remain valid for the trigonometric and the B-
spline basis if one strengthens the assumptions A3 and A7 to ||ulcs < ¢ and
SN2 (lugllZs + JvklZ:) < C for some constants ¢, C > 0.

Remark 2 (Other low-rank algorithms). Instead of using spectral hard thresh-
olding to improve the estimation performance of P, one can also use soft thresh-
olding via the matrix lasso [67, 36] or, for a sufficiently large constant C, keep
the first C 1og(n)g singular triplets of R. The upper bound in Theorem 2.2 and
Lemma 2.3 remain valid with these adjustments, which follows by appealing to
arguments from [36].

Remark 3 ( From P to P;). In molecular dynamics it is often desired to obtain
an estimate for the transition operator,

Prf(z) = E[f(X;)|Xo =], fe L),

and its transition density p., 7 > 1, for example for simulating or visualizing
the Markov chain at a coarser timescale.
Given the estimator P in (4) and 7 € N it is possible to obtain an estimator for
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py as follows: if 7 < C'log(n) we use the plug-in estimator (P)” and the induced
estimator for p, in (6) and we are able to obtain similar upper bounds as in
Theorem 2.2 (up to logarithmic factors).

If 7 > Clog(n) it suffices to estimate the invariant density p as in this case all
singular values of P; except the first one are of smaller order than 1/n.

Remark 4 (Adaptivity). The correct choice of J and thus « depends on the
smoothness parameter s. In practice s is unknown, but one can use for instance
Lepski’s method to adapt to s. The proof that this works and that the upper
bound in Theorem 2.2 remains valid for this estimator is a straightforward adap-
tation of results of Chorowski and Trabs [17]. We also refer to Chapter 8 in [25]
for further details how to prove convergence rates when using Lepski’s method.
However, it is well known that the performance of Lepski’s method on finite
data sets is also highly dependent on the choice of further tuning constants in
its definition. From a theoretical perspective there have been two attempts to
deal with this issue: the concept of minimal penalty [40] and the bootstrap [15].
Another practical possibility for tuning parameter selection would be (general-
ized) cross-validation [64, 41, 20]. However, the theoretical properties of these
methods in our non-i.i.d. setting are not clear and further research is needed.

2.4. Numerical experiment

In this section we illustrate and corroborate our theoretical findings with simu-
lated data from a periodized, one-dimensional Ornstein-Uhlenbeck process. The
Ornstein-Uhlenbeck process is given by

dY; = —0Y;dt + cdW,, >0, (11)

We generate observations at discrete time steps Yy, Y1,...,Y,, simulating
exactly from the bivariate Gaussian transition density. Afterwards, we periodize
the observations with period 27. Thus, applying Lemma 2.1 we obtain that the
periodized process fulfills assumptions A1-A7 for arbitrary but fixed s € N.

The transition density of the periodized process is then given by

_ 9(1,4—1:679)2
o2(1—e—20)

1
p(xa y) - yl_yZJrQﬂ-Z ,—71_0_2(1 — 6729)/66

For visualization and computing error bounds, we use y+2wi, ¢ € {—10,...,10},
as the other summands above are negligible. As basis functions, following Re-
mark 1, we use the trigonometric basis on the interval [0, 27], given by

1 _
Var k=0
Uy (z) = ﬁcos (%) k=2i,i€N
o sin (2580 k=2—1,ieN

We compute the average FEuclidean loss for various numbers of observations,
resolution levels and thresholding levels, which are displayed in Table 1. For the
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p(x,y) p)(x,y)
1.0
| 0.8
-y
X 0.6
Bx,y) p(x,y)
- - 0.4
I y
0.0

F1G 1. In clockwise order starting in the upper left corner: Transition-density p(z,y) for the
periodized one-dimensional Ornstein-Uhlenbeck process (11) with parameters 6 = 2, o = 2
and plotted in the region [0,27)2; transition density projected on the approzimation space of
the first J = 4 trigonometric basis functions in each direction; non-thresholded estimator p
for n = 1000, Xo = 0.5 and J = 3; thresholded estimator p in the same observation scheme
with J = 4 and threshold level oo = 0.2.

calculation of the Euclidean losses we calculate the first 900 Fourier coefficients
of p and, afterwards, their Euclidean distance to the empirical ones.

Our theoretical findings are supported by the numerical results in Table 1.
For all number of observations, a hard thresholded estimator achieves better
error bounds than non-thresholded estimators. Moreover, compared to the non-
thresholded estimator the optimal resolution level J increases, thus allowing the
estimation of finer details of the transition densities.

We also visualize this in Figure 1 for 1000 observations. There we plot the
non-thresholded estimator with smallest error and consequently resolution level
J = 3 against the best thresholded estimator where the optimal resolution level
is J = 4.

2.5. Discussion

In this paper we have shown that it is possible to speed up the estimation rates
of transition densities of Markov chains in the presence of additional approx-
imately low-rank structure of the corresponding transition operator. We have
proposed a new algorithm based on spectral thresholding of a Galerkin-type esti-
mator of the transition operator and proved sharp minimax optimal convergence
rates that improve the exponential dependence of the convergence rate on the
dimensionality from s/(2s+ 2d) to almost s/(2s+ d). Moreover, we have proven
that for a large and natural class of Markov chains, periodized, low frequency
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TABLE 1
Awverage Euclidean loss for the Ornstein-Uhlenbeck process for various resolution and
threshold levels. Here we denote by J the number of Fourier coefficients that are computed
in each direction. For each observation level we generate 100 realizations of the estimators,
compute the Euclidean loss and calculate the average. As parameters for the
Ornstein- Uhlenbeck process we choose 0 = 2 and o = 2.

Observations |, 3000 | 6000
Parameters
J=3,a=0 05118 | 0.4722 | 0.4661
J=3,a=02 0.5480 | 0.5452 | 0.5442
J=3,a=0.1 0.5473 | 0.5445 | 0.5431
J= 4 a=0 0.6300 | 0.5659 | 0.558
J=4,a =02 0.4701 | 0.4590 | 0.4554
J= 4 a=0.1 0.4746 | 0.4596 | 0.4547
J=5a=0 0.7124 | 0.5002 | 0.4346
J=5,a=002 0.6351 | 0.4770 | 0.4176
J=5,a=003 0.6293 | 0.4224 | 0.3928
J=5,a=005 0.6127 | 0.4371 | 0.4094
J=5a=0.1 0.5033 | 0.4611 | 0.4557
J=5a=02 0.4965 | 0.4631 | 0.4548
J=6,a=0 1.0083 | 0.6787 | 0.6036
J=6,a =005 0.7733 | 0.5834 | 0.5828
J=6,a=0.1 0.6279 | 0.4783 | 0.4564
J=6,aa=02 0.5218 | 0.4667 | 0.4625

observations of diffusion processes, our assumptions are fulfilled.

Nevertheless, many open questions remain and we outline some possible fu-
ture research avenues below.

First of all, it would be interesting to investigate whether our assumptions,
particularly exponential decay of the singular values, hold for other classes of
Markov chains, e.g. non-reversible diffusion processes or difference equations [45]
such as the GARCH(1)-model. For non-reversible diffusion processes it would
be necessary to consider the singular values of the transition operator directly
through the parabolic heat-equation as in the non-reversible case the singular
values of L can not be directly related to the singular values of P. In case of
difference equations, it is known that they converge in the microscopic limit
to solutions of diffusion processes [45] and hence it seems plausible that also
difference equations might fulfill our assumptions and, in particular, exponential
decay of the singular values of the transition operator under mild assumptions.

Moreover, the class of Markov chains parameterized through low frequency
observations of diffusion processes forms a large and important subclass of M(s)
and underlying diffusion dynamics may be commonly assumed in applications
such as molecular dynamics [16, 19, 35, 53, 56, 57, 58]. Hence, it would be
interesting to investigate whether the bounds in Theorem 2.2 are also sharp
when restricted to the class of diffusion processes considered in Lemma 2.1. In
order to obtain a lower bound, it would likely be necessary to impose a prior on
(b,0) to ensure that P is generated from a diffusion process and then carefully
study stability properties of the mapping (b,0) — p and thus the (parabolic)
heat equation. So far, a similar program has only been successfully employed in
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simpler settings of elliptic PDE regression models, e.g. [49].

Besides estimating the full transition operator P, it might also be of interest
to estimate the first few L?(u)-singular functions uj and vy, for instance for
visualization purposes. This can be done by plug-in and solving the general-

. . = o ~1/2
ized singular value problem P 0y ; = AV s, Uk, g, Vs € Vi, [|GS ug sl =

~1/2
HGJ/ Vi, s|l2 = 1. Combining the spectral norm bounds in Lemma 3.1 with per-

turbation bounds for generalized eigenvalue problems (e.g. section VI in [59])
it is, in principle, possible to obtain L2-estimation bounds for uj and vy. It is
an interesting further research question to investigate whether the bounds ob-
tained in this way are sharp and derive minimax lower bounds for generalized
singular value problems in dependence on the smoothness of p and wug and vy
in our Markovian setting, thus extending results for PCA from the i.i.d. setting
[11, 63, 65].

3. Proofs

Throughout the results and proofs, the constants involved will be denoted by C'
and c¢; we will not always keep track of them and they may change from equation
to equation. However one can check that they can be bounded by functions of
constants defining the model in A1-AT7.

3.1. Upper bounds - proof of (8)
8.1.1. Decomposing the error term

We first decompose the error term and then bound each term separately. We
have that

~ A1 ~ A —1 B
IP;—Plr <G, (R;—R.)lr+ (G, =GR llF
+IGS Ry —R))IF+G;'Ry —Plr
A =1 - _ .
<G, ool Ry = Ryllr + (IG oo + G lloc) IRrs — Ryllr
~A —1 _ _
+r2 (G, — G )R + |G 'Ry — Pl
I+ 1T+ 1T+ 1V, (12)

where R, ; will denotes a rank-r approximation of R; which we define below

and where we used that (G;l — G;l)RnJ has rank at most r to obtain the term
ITII. We therefore have to take care of 4 terms: Variance bounds in Frobenius
norm (I), rank-r approximation error (II), correction of the scalar product in
spectral norm (III), and smoothness approximation error (IV).

3.1.2. Bounding I - variance bounds in spectral and Frobenius norm

A —1 -
In this section we bound the first term |G ; [|oo||Rs—R| r. We will first obtain
a bound for |[R; — R;||r. In our proof, we follow the usual line of arguments
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from the low rank literature [33, 36] and bound the spectral norm of R, —R,.
Moreover, we also prove spectral norm bounds for G;— G and (G;— G )P,
where P ; denotes the restriction of P to V ;.

Lemma 3.1. Assume 237% < cn for some small enough constant ¢ > 0. Then
for constants C,C’,C" > 0 we have that

. 9Jd

P RJ—RJH <C — >1—2exp(-27%), (13)
~ 22Jd

P GJ—GJH < — >1—2exp(-27%), (14)
~ Jd

IP’( (Gy - GJ)PJH < C”\/%) >1—2exp(—27%). (15)

Proof. We only prove (13) as the two other bounds follow from the same argu-
ment.

We use an e-net argument, arguing exactly as in the proof of Lemma 1.1 in
Candes and Plan [13]. Indeed, arguing as in [13] we have, since V ; has dimen-

sion C27¢, that there exists a {-net Dy of the unit sphere in V; for Euclidean

distance of cardinality less than 9c2’",

Now let v and u with |Jullz = ||v|l2 = 1 such that HRJ _RJH =vI(Ry —
R;)u and ug and v contained in D1 such that [[u—ugll2 < 1/4, [[v —vol2 <
1/4. We obtain that

S
=(vo, (Ry — Ry)ug) + (v — vo, (Ry — Ry)u) + (vo, (R; — Ry)(u —up))

1=~ .
§§ HRJ — RJHOC + (vo, (Ry —R)ug)

and hence it suffices to bound v7¥ (f{ 77— R J) u on D%. Generalizing formula

(24) in Lemma 19 in Nickl and S6hl [48] by using a Bernstein inequality for non
reversible Markov chains by Jiang et al. [31] we obtain Lemma A.1 which can
be found in the appendix. Applying Lemma A.l and using a union bound we
obtain,

R 9Jd
. 9Jd
<P ( max_ (vo, (R; — Rj)ug) > C\/:x> <2. 92(;21d (6_2Jdm) .
ug,VOGD% n

Applying this with x = 1 4 2C'In (9) finishes the proof of (13). For the other
two bounds, we use the same argument as above, appealing to the bounds (33)
and (34), respectively, instead. |
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We continue with bounding |[R; — Ry||p. Throughout the rest of the proof
we work on the event

. 9Jd N 92Jd
QZ:{HRJ—RJH SC —_—, GJ_GJH SC/ ——
e} n o) n
R 2Jd
R e 16
_9Jd

which happens by Lemma 3.1 with probability at least 1 — Ge
We now prove Frobenius norm bounds by applying Theorem 2 (iii) by Klopp
[33]. For completeness, we briefly present her proof below.

As noted by Bunea et. al. [9] the hard threshold estimator (3) is the solution of
the rank penalized problem

R, = arg min IlRJ — S||% + a2rank(S). (17)

S
We suppose that the constant in the definition of « is large enough such that
a > 2C+\/27¢/n. Since R is the minimizer of (17) the first inequality holds for

any S and afterwards we use that
(A, B) < y/rank(A)||A||r||B|ls and that 2ab < a? + b? to obtain that

||RJ — RJH%—‘ < HS — RJH%‘"‘2<RJ — RJ,RJ — S)—|—O¢2(rank(S) - I‘ank(RJ))

<IIS — Ry % + ay/rank(Ry) + rank(S)||R; — S5 + a(rank(S) — rank(R.))

<IS—Ry|% + a\/rank(ﬁj) + rank(S)||Rs — Ry||r

+ a\/rank(f{J) + rank(S)||Rs — S||r + o (rank(S) — rank(R ;))
3 1~
§§||S ~Ry|%+ §||RJ —Ry||% + 2a”rank(S).

Summarizing, rearranging terms, we have that on 2

| - A1 . 9 9 1/2
=G5 o [Rs =R || 1G5 e o _inf (IS = Rol[} + a’rank(8)

~—1 9 1/2
<165 oo (IR = Ry} +70?) (18)

We now find the adequate R, ; in (18).

3.1.3. Bounding II - low rank approximation error

By construction of the extension of operators on V; as operators in the sequence
space we have that, Ry = 7T§GP7rj\,, where 7r§ is the orthogonal projection on
V ; with respect to the Euclidean scalar product.

For any rank r approximation P, of P, R, ; := ﬁ?GPﬂrf} is a rank r ap-

proximation of Ry and fulfills |[R,; — Rz S|P — Pllp S|P — Pllru as
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IGlloo < |lptllz= <1 by A2 and by Lemma A.2. We define a rank r approxima-
tion of P as follows:

r—1
Pof = X (ug, f), vi for f € L*(). (19)

k=0

This provides a sequence of approximations R, ; of R satisfying

2 2
IRy =Rl S I1Pr = Pl = > Ak (20)
k>r

We recall that by assumption A5 A\ < Csexp (fC4k2/d). Denote by [-] the

ceiling function and set
d
1 2
roi= ’VClog (—) -‘ +2 (21)
@

for C' > 0 large enough. With this choice we obtain that

Res-RoF %S [ ot ton (-G )an (2

kZ’I" 2047"3

If d > 3, we use integration by parts

* a1 z’ d—2 y?
Fa) = [ ot e (5 do = e (-4
y
[e’e) 2
—|—(d—2)/ J;dgexp(—x—> dz
y 2

2

=y’ % exp (—%) +(d—2) Fy2(y),

and it remains to bound F, for d = 2 and d = 1. For y > 1 we have that
Fi(y) < Fy(y) = exp(—y?/2) and therefore, by choice of 7, we obtain overall
that

1 2
Ry~ Rl 5 (1ox ) o (23)
Since rank(R,, ;) = r, (18) implies that on Q2

4 Jd

- 2 5 1 2 a
HRJ—RJH <a?(log=) <Z(logn)?. (24)
F (6% n
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8.1.4. Bounding III - correction of the scalar product

-1
In this section we bound the third term, r'/2|(G; — G;" )R, j|l«, in the

A =1
decomposition (12). Moreover, we prove that |G oo < 1 on .
Since by A2 the invariant density is bounded away from zero, we have that

inf (u,Gyu) = inf (u,Gyu) = inf (u,Gu) = inf / u? (x)p(x)dz > c,llull3.
Td

ucev; ueVy ueVy ueVy

Hence, when viewed as a dim(V ) x dim(V ;)-matrix, the smallest eigenvalue of
G, is lower bounded by c,, and consequently we obtain that |G} '||ee < ' SL
Moreover, on the event

(Jos- 6] o) >0
we have by the triangle inequality Vu € V ; that
. . c
|G|, = Gl — | Go = G| _ally, = Ffulls
2 o) 2

and hence on () L
IG, lle $1 and [|GJ oo S 1. (25)

~

Moreover, due to the bounds (14), (15), (23), (24) and (25) and using the identity
G;' - G;l =G, (G;— C‘q)é? we obtain that
-1 A1 N
(G, ~GT Rl SIG, —GF lclRrs =Ryl + (G, GRS
_ . .
SIGT sllGy el Gy = Gilloo|Rrs = Ryllr + (G = G7HRyllo
SIGs = Gyl (IRrs = Ryllr + IG5 'Ry = Pyllr) + (G = G1)Pyllo

922Jd 9Jd 9Jd
< —~<\/—log(n)%+IV>+ —.
n n n

3.1.5. Bounding IV - bias bounds

It is left to bound the term IV in (12).

We denote by 7rj} and 7] the orthogonal projectors on V for the A and y scalar
products respectively. [26] remarks that the non-zero eigenpairs of 7/, Pr) and
Gle 7 are identical, where Gjl denotes the pseudo-inverse of G ;. We quickly
prove this here for completeness.

Lemma 3.2. We have the equality
™ = (m)Gr))'n)G
which implies that

G;'R; = (W}Gwﬁ)_l TR} = !, Pr). (26)
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Indeed, 7', minimizes
1/2 A\ (12
IGY2(1 = wh )|,

leading to the normal equation
™G —myh) =0 = m)Gmir! = m)G
= 7 = (m)Gr)) " 'm)G,

where (73Gm))~! denotes the pseudo-inverse of 7}G77. O
Using this identity, we establish the bias bounds.

Lemma 3.3. The bias satisfies :

|G/'R; - P, < 277°. (27)

~

Proof. Note that (I —7")) = (I —n%)(I —77}) and that || — 7% s < 1 arguing as
in the proof of Lemma 4.4. in [26]: indeed, by assumption A2 on p and Lemma

A .2 we have that

—11/2
Il = sup [Iwigllee < M2 sup [[wg]es
g: llgllp2<1 9: 119l L2y <1
<lpHlze  sup fI7hgllpagy S 1.

g: HQHLQ(MS]-
Therefore, we obtain that
1G5 "Ry =P, = I} = Pl < (I = 7 Plle + [P = )]l
ST =) Plle + 1P = 75)| e

If the p-orthonormal system of right singular functions {uy }ren does not form
a p-orthonormal basis of L?(p), we extend it, by Zorn’s Lemma and the Gram-
Schmidt process, to a p-orthonormal basis of L?(u) which we also denote by
{uk }ren. Applying Lemma A.2 again and using that, after possible extension,
{ug }ren is a basis of L?(u), we obtain that

I =) Pl S I =) P, = le = TPkl

= Z/\ 7TJ UkHL2(M) S Z)‘ 7TJ)Uk||2L2

< Z MllokllFr-2727° < 2_2‘187
k

where we used Jackson’s inequality (e.g. Proposition 4.3.24 in [25]) and assump-
tion A7. Finally, we bound

1P =a)lE= D IPAlZ

VAgVy
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S 01D Mwon(ur, ©a)ullFe g,

VgV, k
=Y NN = 7)) ()72 S 2727
k

where we used that, for s > d/2, H® is a Banach algebra and Jackson’s inequality
and A7 again. O

3.1.6. Rates of convergence for P

Taking all the above bounds together we obtain on the event {2 which happens
with probability at least 1 — 6e=2"" that

[P —P|r < <log(n)%\/%ﬂ+2_‘]s> <1+\/¥> (28)

and hence, choosing the optimal resolution and threshold levels from (7) and

since s > d/2, we obtain that with probability at least 1 — 6exp (fnfid X

2
log(n)fﬁ

d_s s
2

HP - f>HF < log (n)# =7 n~ =1, (29)

The identification between P and P is isometric, and therefore, this proves the
rates for estimation of P Moreover, the correspondence between P and p is also
isometric, and thus the estimator p achieves the same L%-rates as in (29) on the
same high probability event. This ends the proof of (8) in Theorem 2.2. O

3.2. Proof of Lemma 2.3

We work throughout on the event Q2 defined in (16) where the results of Theorem
2.2 hold. Moreover, we have that rank(ﬁ) = rank(f’) < rank(f{J) =: 7. Since R
is a hard thresholding estimator, we have, by Lidski’s inequality and denoting
by Ax(Ry) the k-th singular value of R; that

. [o7d
r>k — /\k(RJ)+HRJ7RJ||DO>20 7

On the other hand, on Q we have that |Rj; — Ry|lsc < C+/27¢/n. Finally, note
that as in (22) we have that for some small enough ¢ > 0

M(R)? S DA S exp(—ckd).
1>k

Hence, for k = C’ log(n)% for some C’ > 0 large enough, we have that

9Jd
M(Ry) < Cy/ —.
n
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Thus, Ax(R;) and the preceding singular values are set to zero by the hard
thresholding procedure, implying that 7 < log(n)%. |

3.3. Lower bounds - proof of (9)

In this section, we prove the minimax lower bounds showing that the rates at-
tained by our estimator are optimal.

We first construct a sufficiently rich sub-set M C M(s) of transition densities.
Let 7y be the M-orthogonal projector onto constants. Let (¥), be a s-regular
orthonormal periodic wavelet family with at least one vanishing moment and
compactly supported. Let (N;) be for each J a maximal subset of wavelets of
resolution J such that two different wavelets in N; have disjoint support. We
have that |[N;| > ¢27¢. Let W; = span (¥ € Ny).

Let Gy ; denote the set of all k-dimensional subspaces of W;. For every ele-
ment S € Gy, we denote mg the orthogonal projector from L? to S, and define
Ps = g + nepms, with

_d_d __s
En = (log n) 12s+d = 2s+d

and for n > 0 a constant. The following lemma shows that these Pg are contained
in M(s) for an appropriate choice of k and J:

Lemma 3.4. Choose k and J such that

ol

Ck A
5 (—logen)? <k <cip(—logen)

%J log(n)~ 3 5rapl/@s+d) < 97 < ¢ log(n)~ ¥ =rapl/(2s+d),

Then for any choice of constants defining M(s) such that M(s) # 0, we can
choose positive constants ci, and cy, such that for n large enough VS € Gy, ; Ps
is contained in M(s).

Proof. We carefully check that A1-A7 are fulfilled.
We first check A1-A4 together. Let b = (f;);<,<, be an orthonormal basis
of S. Complete it into b = ( fi)i<i<|n,| an orthonormal basis of W, and let

fin = (fi, ¥x) be the change of coordinate matrix between (\IJA))\GRJ and b.
Then

k
ps(z,y) =1+emd > > £fi U (2)fix Ty (y)
i=1 NéR; NERy

Note that this formula implies that A is the invariant measure and thus A1— A3
once we have proved that pg defines a probability density. Since the ¥, have
disjoint support,

1 —Cn2’%, < ps(z,y) <1+ Cn27%,.
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Since s > d, 27%,, goes to 0 as n grows, implying that for any ¢ > 0, for
n large enough, 0 < 1 — ¢ < pg(z,y) < 1+ c¢. Moreover, p integrates to 1
and hence p is indeed a probability density and A1-A4 follow. Moreover, by
definition of Pg the first eigenvalue is 1, the next k eigenvalues are ne,, and the
remaining eigenvalues are zero. With our choices of k£ and &, we thus obtain
A5. Likewise A6 is fulfilled as the spectral gap is precisely 1 — ne, which can
be made arbitrary close to one. Finally, by the relation || f;| s < C27%| |2
which holds for arbitrary f; € W (see Equation 4.166 and following in chapter
4.3.6 in [25]) we obtain that

1+ Z)\f 1fill3, < 1+ Chi?e222° < C

for n large enough and thus A7 holds. O
We now choose a maximal subset M of Gy, ; such that for any two projections

in M, denoted by S7 and S5 we have that,
Ips, = ps. |l = |Ps, — Ps,ll g > coenVk (30)

for a constant ¢y > 0. By Proposition 8 in [51] we have for some universal
constants ¢, C' > 0 that,

E(INs|—k) E(INy|—=Fk)
() <IM| < (C> . (31)

Co Co

We finally add the element pg = 1 to M.

We now apply Theorem 2.5 in [61] and check that its conditions are fulfilled
for our choices of k and €,,. For pg € M denote by Pg the probability measure
for the Markov chain (X, ..., X,) with transition density pg and invariant
measure 1. We first show that we can control the Kullback-Leibler divergence
K(P%,Py) defined for two probability measures P and Q with densities dP and
dQ respectively as,

Jpalog (%g;) dP(x) P is absolutely continous

K(P,Q):= with respect to Q
00 else
by the squared L? norm of pg — po
K (P§.P§) < nllps —polz:

Indeed,

AP (Xo, X1, ... X,
K (P2, P§) =Eps [1Og< P2 (Xo, X1, ))}

APy (Xo, X1,... X,)
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—Epn [log <Ps (X0, X1)...ps (thXn)ﬂ
4 po (X0, X1) .. po (Xpn—1,X5)

=nEp; [log <%)] '

Further evaluating the last equation we find,

oy o (52 )| = [ [ 1oe s s (o)

We can decompose ps = 1+ &, Hp,. Then, since log (1 + &, Hp) < &, Hp, we have
that

Eps [log (MH < L/eng (2,9) (1 + e, Hy (z,y)) dzdy

po (Xo, X1) y
Z//Efﬂb (z,y)” dedy
zJy

2
= llpo — pslz> = n*enllms|ln

ek

Thus, ordering the elements ps € M from 0 to |M| with pg = 1 and denoting
by P! the respective probability measure for the chain (Xo, ..., X,), we obtain

that
| M|

ﬁ Z K (P}, Py) < nnelk.
j=1

The bound (31) on |M| and our choices of k and .J described in Lemma 3.4 then
imply

menk < k(IN;| = k))log(—) <log|M|,

c
co
by choosing 1 small enough.

Thus, using also (30), all conditions of Theorem 2.5 in [61] are met and we
obtain (9). Moreover, by isometry the same lower bound holds for P. O

Appendix A
A.1. Proof of Lemma 2.1

The condition 072b = VB for some B € C? implies, by Theorem 4.2 in [32],
that the chain X; is reversible with invariant measure satisfying p oc e?. This
identity and the bounds on the C*~! norms of b and ¢~2 imply i € H® and
that ¢ < p < C for constants ¢, C' > 0. Moreover, irreducibility and aperiodicity
follow by the upper and lower bounds on p below and thus A1 — A3 are fulfilled.
Assumption A4 follows by estimates for the heat kernel, see e.g. Theorem 1.1 in
[50] and by noting that »__,__ . ;4 Ce—cle’=vll3 is summable for every z,y € T
Also note that these estimates yield p(z,y) > ¢ > 0 uniformly for x,y € T
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Assumption A5 is implied by Weyl’s law for elliptic operators with non-smooth
coefficients on closed manifolds, Theorem 3.1. in [29]. Particularly, A5 follows
by inverting formula (3.4) in [29] applied to the operator L = G~'/2LG'/? where
L is the infinitesimal generator L

0
6@

M=

bi()

o2(z) = 02
L= 2 Z 0%x; * .
=1 =1
(with m = 1 there) and by noting that the L?(u)-eigenvalues of L equal the
L?(\)-eigenvalues of L and that the L?(u)-eigenvalues of P equal the exponen-
tiated L?(p)-eigenvalues of L.
A6 follows from arguing as [1] in the proof of Theorem 6, using exercise 7 on p.
493 in [7] instead of the cited Lemma 2.3 there and the lower bound on p from
above.
We now show that assumption A7 is fulfilled. Adapting Lemma 11 in [47] to
our situation with non-constant but scalar o is straightforward and we obtain
that there exists a C = O(|loc=2||¢s-1,||bl|¢s—2) > 0 such that for all f € L?
with E[f (Xo)] = 0 we have for t < s that

L7 D e < ClMF g2 JE) D e < C M F e

where L™1(f) denotes the solution u to the inhomogeneous p.d.e. Lu = f.

Since P and L are self-adjoint the left and right singular functions coincide,
are called eigenfunctions, and we denote them by ey. Since (ex,1), = 0 for
k > 0 we can use this repeatedly for the eigenfunctions e; which fulfill Ley =
log(Ax)er. This implies that

s+2
)

lewll e < [log Ml le ]l 22 < [log A|T/?! < &5

where the last inequality follows by using Weyl’s law again. Therefore we obtain

that
7 2 2 2s+4 —ck%
D Aillerllze SD kT e Sl
k k

and A7 follows. O

A.2. Lemma A.1
Lemma A.1. Assume 237% < n and that kn27374 > ¢ > 1 for some constant

k > 1. Then for constants C = C(k),C’ = C'(k) and C" = C"(k) and Yu,v €
Vy with ||u||p2 = ||v||z2 = 1 the three following bounds hold:

A 2Jd J

P(vT (R]_RJ)U> C\/7x> < 272" (32)
. 922Jd 7

P(vT (GJ_GJ>U> C’\/Tx> < 2¢72" (33)
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~ [9Jd
P (’UT (GJ — GJ) PJU > C” T.ﬁ) < 26_2Jdm. (34)

In each case the proof is an application of the Bernstein type inequality in
Theorem 1.1 by Jiang et al. [31]. Also note that the proof is similar to the proof
of Lemma 19 in Nickl and Schl [48] but that they use a different concentration
inequality. We prove (32) carefully and only sketch the proofs of the remaining
two inequalities as they follow along the same line of argumentation.

Without loss of generality assume that n is even. We use the identity

1 n—1

v (Ry~Ry)u= =3 (0(X) u(Xigr) — Efo (Xo) u(X1)])
=0

where v(z) = Y, vaWx(z) and u is defined likewise. We only treat the first term
in the equation above as the second one can be bounded with the same argu-
ments. By Lemma 24 in [48] the invariant density of the chain (X, X2;11)ien,
is

p2(21, 22) = p(x)p(, y).
Moreover, denoting by P, the transition operator of (Xa;, Xa;11)icn,, We can
bound its absolute spectral gap by the absolute spectral gap of the original chain
(X,)ien, by applying Lemma 24 in [48], i.e. for any f € L*(u2), (f,1),, =0, we
have that

1P2f |22 () < Al Il £2(02)-
We upper bound the variance

Vo s =l (@) u (y) = E [0 (Xo) u (X)]I2(,)
< /v(x)QU(y)2u(x)p(x,y)d$dy <Hlullze=llpllze < C
for some constant C' > 0. Next we bound
[o () u(y) = Efo (Xo) u (X))l Lo < 2][v(2) u(y)ll o
< 274,
We now apply Theorem 1.1 by [31] (with € = 9:\/? for some constant

Vn27342 > ¢ > 1, 02 < C and ¢ = C'27? there) to obtain overall that
for some constants 7,7’ > 0

v 2.](1 —.1322Jd
Plv (RJ-RJ)U>$ - SeXp . po93Jd/2 |-
n T4 e
vn
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Using also the assumption 23/¢ < n this yields for another constant 7/ > 0 that

~ 9Jd
P VT(R] — RJ> u>z7"y/ — < exp (—m2‘]d) )

For the proof of (33) note that we have the equality

n

D u(Xi)u(X;) — Ev(Xo)u(Xo).
=0

1
n+1

VT(GJ—G_])u:

Hence, it remains to bound the variance and obtain a pointwise bound. We have
that

[o(x)u(z) — Eo(Xo)u(Xo)l|72(,) < /v(x)QU(w)Qu(x)dw <274
and
() — Bo(Xo)u(Xo) |z~ S 272,

For the proof of (34) we argue as before, this time working with the equality

. 1 < . .
o7 (G,, _ G(,) Pu=—— > o(X)a(X;) — Eo(Xo)a(Xo),

where 4 = Pjyu. As above it remains to bound the variance and obtain a point-
wise bound. In this case we have that

lv(z)i(z) — Ev(Xo)a(Xo)lZ2 () < /v(w)Qﬂ(QC)Qu(w)dw S lla@) | pe

Moreover, denoting by p; the L2-projection of p to V; x V7, we have by Young’s
convolution inequality

[l L = H/pJ(»y)U(y)dylle < lullg2llpsllez S 1
Thus, we obtain that
lv(Xo0)@(Xo) — Ev(Xo)@(Xo) | S 2742 O

A.3. Lemma A.2

Lemma A.2. Suppose that for positive constants c, and C, we have that
cu < p < Cy. Then, we have that the corresponding Euclidean norms and in-
duced Hilbert-Schmidt norms are equivalent, i.e. for any f € L? and any linear
operator T € L2(\ x )

CitllA 2 < 1172 < et F 12

CI Ty < Tl < 6 T e

with constants independent of f and T.



6306 M. Léffler and A. Picard

Proof. For the first assertion, we have that

u x) _ _
I1f1IZ2 = / f(x —x) e < ool A1 720 < e If1Z2 ()
and likewise we obtain
£ 1172 = / f(x dz < [lulloollflI72 < Cull F11Z2-

For the second assertion, denote by G the Gram operator, Yu,v € L?, (u, Gv)
(u,v),, i.e. G applies pointwise multiplication with x, and note that |||z,
|GY2TG? || and hence

1Pllry < NGYV2%NTIr = sup |GV FIBIT] F

Fllfllp2=1

- / p(z) f(2)2dz | P p < C,|T 5.
Fillfllp2=1JTd

Likewise, we obtain

T2 inf GY2f|2.||T
| = MG fLAT N e
=t [ @ Pl = 617 0
Ll llp2=1 1
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