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1. Introduction

Let X1, .-+, X, be asequence of samples drawn from a distribution, its empirical
mean estimator is defined by

X+ + X,
—

X:

The empirical mean X has an optimal minimax mean square error among all
mean estimators, but its deviation is suboptimal for heavy tail distribution [3].

Catoni put forward in his seminal paper [3] a new M-estimator for heavy-
tailed samples with finite variances, by solving the following equation about

0:

with
|z |z
—log (1—3:—1—7) < p(z) < log <1+x+7>,

where 8 > 0 is a parameter to be tuned and ¢ is non-decreasing and called
influence function. The deviation performance of this estimator is much better
than X. Catoni’s idea has been broadly applied to many research problems, see
for instance [1, 15, 5, 6, 7, 11, 12, 17]. The finite variance assumption plays
an important role in Catoni’s analysis, but it rules out many interesting distri-
butions such as Pareto law [10, 16, 4, 8], which describes the distributions of
wealth and social networks.

We generalize Catoni’s M-estimator to the case in which samples can have
finite @-th moment with o € (1,2). Our approach is by replacing Catoni’s
influence function with the one satisfying

||

() (e 50)
—log({l—a+— | <yp@)<log|l+a+—].

« «a
The choice of the new ¢ is inspired by the Taylor-like expansion developed in
[4]. By an argument very similar to Catnoi’s, we obtain a deviation upper bound
which coincides with that in [3] as o 1 2 (see Theorem 2.1 and Remark 2.1 be-
low). Experiment shows that our generalized M-estimator performs better than
the empirical mean estimator, the smaller the « is, the better the performance
will be.

Catoni’s argument for establishing the M-estimator in [3] can be divided into
two steps. The one is to find two deterministic values §_ and 6., both depending
on a parameter 3 to be tuned later, such that the M-estimator 6 falls between
f_ and 0, with high probability. The 6_ and 6, were obtained explicitly by
solving two quadratic algebraic equations B_(#) = 0 and By (#) = 0 respec-
tively, whereas in our setting the corresponding equations are not quadratic
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and the solutions do not have explicit forms. Alternatively, we first prove that
B_(0) = 0 has a largest solution, while B (#) = 0 has a smallest one, and then
use them as a replacement of §_ and 6 in our analysis. The other is to show
that as one chooses 5 > 0 sufficiently small, the difference between 6_ and 6,
can be as small as we wish, whence the estimator can be localized in a small
interval with high probability. As in [3], we also need to choose a sufficiently
small 8 (depending on «) to make our estimator fall in a small interval whose
two end points are the above special solutions. As « 1 2, our result coincides
with that in [3].

As an application of our generalized estimator, we consider the ¢1- regression
with heavy-tailed samples studied by Zhang et al. [19] who assumed the samples
have finite variance. The linear regression considered in [19] aims to find the
minimizer 0* of the optimization problem as follows:

min Ry, ()  with Ry, (0) = Epepyom [|x70 —yl]

where IT is a probability distribution, and ® C R? is the set in which #*
is located. In practice, IT is not known, one usually draws a data set T =
(x1,y1)s (X, yn) from IT and considers the following empirical optimiza-
tion problem:

I B 1
min Ry (0) with Ry (0) = - ; Ix70 — yil.

The theoretical guarantees for bounded or sub-Gaussian distributed IT have
been discussed in many papers, see for instance [2, 9, 18].

Inspired by Catoni’s work, Zhang et al. considered the case that II is heavy-
tailed with finite variance and proposed a new minimization problem

- B 1<
min Ry, (6) with Ro(8) = ;go (Bly: —x70]) ,

where ¢ is the same as that in [3] and 8 > 0 is a parameter to be tuned. A new
estimator was established from this minimization problem and an error bound
was obtained. When the sample size n tends to infinity, this error bound tends
to zero.

Thanks to the analysis of Section 2 below, we extend the results in [19] to
the case in which samples can have finite a-th moment with « € (1,2), our
approach is by replacing the original ¢ with the one in Section 2 and solving
the corresponding minimization problem. We establish a similar error bound for
our estimator and prove that it tends to zero as n — oo.

The paper is organized as follows. In Section 2, we give the deviation analysis
for the generalized M-estimator and show that the M-estimator has a perfor-
mance better than the empirical mean. In Section 3, we state the upper bounds
and the corresponding lower bounds on the empirical mean. In the last sec-
tion, under finite a-th moment assumption with « € (1,2), we discuss the
£1-regression of heavy-tailed distributions.
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2. A generalized Catoni’s M-estimator and its deviation analysis

Let (X;)"_; be a sequence of i.i.d. samples drawn from some unknown proba-
bility distribution IT on R. We assume that there exists some a € (1,2) such
that

E|X1‘a < 00.

Further denote
m = E[Xq], v=E|X; —m|*.

Inspired by Catoni’s idea in [3] and the Taylor-like expansion develop in [4],
we consider a non-decreasing function ¢ : R — R such that

—log<1—x—|—l><<p(gc)<log(1—|—5c+|gc—>7 v € R. (2.1)
e e

We claim that such ¢ exists. Indeed, to prove the existence, it suffices to show
_ P i =1

log(1—xz+ " <log|1l+x+ o) Vo € R. (2.2)

To prove (2.2), we only need to show

« «
log[(l—i—ﬁ—i—x) (1+|x——x>} > 0.
o e

By symmetry, we can restrict to z > 0. When z € [0, 1], since a € (1,2), we
have

|| ? 2 20|, |=> 2 2 o 2
1+ et =14+ = > 1+ = (2| = [2?) > 11,
et !

o o?
|z|* ? 2
1+— ) —2°| >0.
o

[0 (e}

zl+r+— and ze1-o+ —
« o

which implies

log {<1+|x—+w> (1—4—&—:6)} = log
@ o

When x > 1, since the functions

are both increasing and strictly positive, so that their product is also increasing
and (1+2+Z)(1—2+2)> 24 1 > 1 forall # > 1. Thus, we know the
inequality (2.2) holds.

The widest possible choice of ¢ (see Figure 1) compatible with these inequal-
ities is

log(1+x+%), x>0,
p(x) = Els
—log(1—oz+ -], z <0.
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Plot of ()
5 T
— — function y =z -
4t function ¢ - 4

x

F1G 1. widest possible choice of ¢

Let B be some strictly positive real parameter that will be chosen later and
denote the estimator of the mean m by €, which is the solution to the equation

30 (s (1)) =0

For further use, we denote
r0) =Y w(B(Xi—0), Ok (2.3)

Tt is easy to see r(0) is a non-increasing random variable since ¢ is non-decreasing.

Let us briefly explain the way in which we look for the estimator 6 as the
following. We firstly find two deterministic values 6_ and 6, both depending on
B, such that 7(f_) > 0 > r(6;) with high probability, from the non-decreasing
property of r, we know that 6_ < 6 < 0 holds with high probability. Secondly,
we show that as we choose f > 0 sufficiently small, the difference between 6_
and 64 can be as small as we wish, whence the estimator can be localized in a
small interval with high probability.

Lemma 2.1. Keep the same notation and assumptions as above. Then, for any
OG]Rand1<p,q<oosuchthat%+%:1, we have

Blexp ()] < exp (n3n —0) 4 "2 (o4 - 01%) ) (2

and
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E [exp (—fnr(0))] < exp (—nﬁ(m —0)+ nga (po‘flv +q* Hm — 9|a)) )
(2.5)

Proof. Notice that o > 1, for any = > 0, the function x — x® is convex. Then,
for any a,b > 0, we have

(a+b)* < p*ta® + ¢~ 1. (2.6)
Then, noting that X;, ¢ =1,--- ,n are i.i.d., by (2.1), we have

exp [Zw (80X, - 9))“
= (E e o (40X~ 0))])"
< (& 14000 -0+ Zixi-a])

E [exp (Bnr(0))] =E

and noting that a € (1,2), by (2.6), we further have

E [exp (Bnr(0))] < {1 + B(m—0)+ §E|X1 —m+m— 0|°‘}
< {1 +B8(m—6)+ % (pa—lv + qa—llm _ 9|a)}

<exp <n5(m —0) + % (pa—1@ + ¢ Ym - 9“)) 7

where the last inequality is by the inequality 1 + 2 < e* for any x € R, (2.4)
is proved and the inequality (2.5) can be proved in the same way. The proof is
complete. O

According to (2.4) and (2.5), for any € € (0, 3), we denote

a—1 -1

Bi(0) = m—9+ﬁa (p"‘lv+qa‘1|m—9|“)+%7 (2.7)
_ 604—1 a—1 a—1 « log (671)

BO) = m—0-=— ("ot Nm—0) - 5 (28)

Lemma 2.2. Keep the same notation and assumptions as above. Then, for any
feR and 1 < p,q < suchthat%—i—%:l, we have

P(r(0) < By (0) >1—¢ (2.9)
and

P (r(0) > B_(0)) > 1 —e. (2.10)
In particular, for any 0 € R, we have

P (B_(0) < r(0) < B4 (6)) > 1 — 2. (2.11)
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Proof. By Markov inequality and (2.4), we have
P(r(0) = B.(0))
=P (exp (nfr(0)) = exp (nSB(0)))
3 E fexp (nfr(6))]
“exp (8 (m — 0+ 5 (et gt — o) + 255

exp (nﬁ(m —0)+ % (pa_lv +q* " Ym — 9\“))

<
exp (nB(m — 6) + "2 (pr=t + g1 m — 6]°) + log (1))

:6’

the inequality (2.9) is proved. With the help of (2.5), the inequality (2.10) can
be proved in the same way. The estimate (2.11) immediately follows from (2.9)
and (2.10). O

Now, we can give the main result in this section, which can give a deviation
upper bound for the M-estimator 6.

Theorem 2.1. Keep the same notation and assumptions as above. For any
€€ (0, %) and ¢ > 1 be a constant, let us choose the positive integer n satisfying

()

c—1) a—1

ozlog(ef1

1
and let B = (m) . Then, the inequality

aplog (e71) = 1 [ cgalog (e7!) e\ -
( (a0 —1)n ) 1_E< (a—1)n ) =

(2.13)

Q=

i

<w

holds with probability at least 1 — 2e.

Remark 2.1. In Theorem 2.1, if we choose ¢ = 2 and q¢ = \/n, when n tends
to infinity, we get that

and

while the condition on n is

o (57

a—1
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When a = 2, our result coincides with that in [3, Proposition 2.4] up to a
constant.

Proof. The key point of the proof is to find two values 6 and 6_ such that
B: (A1) <0and B_ (6—) > 0. Once we find such 01 and 0_, Lemma 2.2 and
the monotonicity of (6) will then give us a high probability bound.

Recall B4 (0) in Eq. (2.7), we know By (f) > 0 when ¢ < m. Denote 6 =
m + 1y, we are looking for a positive value of 14 such that

po—t - w1 a1 log(e?
[P+ 1’”“7156)

B+(9+):_77++ SO?

1

e -1 .
that is, a + ng < 0y with a = (Bpi i + logg; ) and b = %, This can
also be written as

a
- < and b2l < 1. 2.14
1 _ b,r]_(i—l — 77+ 774,- ( )

Notice the function 1—1793% is increasing in  when bx®~! < 1. So we can find
a ¢ > 0 such that bnf ™' < b(ca)®™ < 1 and 7y = T=preaye—1- Now, to find a
positive value ny satisfies (2.14), it suffice to find a positive value 1, satisfies

b(ca)o‘fl <1 and n+ = #Za)a_l < ca. (215)

A simple calculation shows that the second inequality is equivalent to b(ca)*~1 <

Czl which implies the first inequality and ¢ > 1. Hence, the restrictive conditions

finally transform into

a c—1
=— d b a-l . 2.16
N+ 1— b(ca)a*1 an (CCL) < c ( )
1 -1 &
Now, according to (2.15), choosing 3 = (%) which minimizes a, we
have
a-l a—1
1 -1 o a—1 1 -1 o
a=uve 7ap0g(e ) and b=1 alog ()
(a—1)n ! (= 1)p*—lon

For ¢ > 1, if n satisfies (2.12), we have

a—1
log (e~1 B B
b(ca)® ! = 1 (agqlog () ol < lafe=1) oy _c-1 -1
« (a—1)n o

so (2.16) is satisfied. Therefore, we have

a

Or =m=m =T a1
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i ozplog(e_l) = 1_1 cqalog(e_l) o
(a—1)n Q (a—1)n

Moreover, denote #_ = m — n_, we are looking for a positive value of n_ such
that

a—1 1 —1
— ﬂ (pozflv _‘_qaflng) _ og (6 )

B-(0-)=n- - — v

> 0.

Then, the same argument as above implies

o ot aplog(e_l) = 1 anlog(e_l) o
ot () (e ()

By (2.11), we know that the following event holds with probability at least
1—2e:
r(0_) >0 and r(6y)<O0.

Since r(#) is a continuous function and non-increasing, r(¢) = 0 has a solution
0 between 6_ and 04 such that

. <0<0,

holds with probability at least 1 — 2e, that is, P (9_ << 9+) > 1 — 2¢, which
implies that the inequality

aplog (™) = - 1 [ cqalog (eh) ot
(a—1)n @ (a—1)n

holds with probability at least 1 — 2e. O

Q=

é—m’gv

The empirical mean estimator is defined by

X==

3|~
ing
>

we postpone to study deviation bounds for the empirical mean X in Section 3
below.
In Figures 2-5, we compare the bound on the deviations of the M-estimator

6 with the deviations of the empirical mean X, when the sample distribution is
1

a Pareto distribution with shape parameter 2"'70‘ and scale parameter (gf—g) o
(see, e.g., [10, Chapter 23]), that is,

_2ta 1
2a a
]P)(Xlzx) — 271 <2+OL> $7%7 x2<2+a> :

2—« 2—«
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o=1.9, n=1000, v=1

1.5 T T

| — — 6 upper bound
© ‘ = X lower bound
= | — — — X upper bound
5 |
a0 |
it |
;'i,’ UK 1
3 |
&~ ‘Y
z \
‘*; \
Zosp ]
= N
- ~
Z ~ -

N .. T - _

- _ “..L.'-ﬂ"T'--T..* o T -
0 0.01 0.02 0.03 0.04 005 0.06 0.07 0.08

FiG 2. Deviations ofé from the sample mean, compared with those of empirical mean

_2ta _1

2a a

2! < — 2ta .
- 2—«

By the definition, it is easy to verify that m = EX; =0 and v = E|X; — m|* =
1. We can get figures for the upper bound of 0, the upper bound and lower
bound of X. It is obvious from Figures 2-5 that the 6 has a better performance
when € is small enough. We can also see that the smaller the « is, the better the
performance of 6 will be comparing with that of X. The parameters for Figures
2-5 are in Table 1 and ¢ = 2, ¢ = \/n, where 0.001 : 0.001 : 0.08 means the range
of € is from 0.001 to 0.08 with step-size 0.001. The ranges of € in Table 1 satisfy
(3.2) and the values of n in Table 1 satisfy (2.12) and (3.2).

24«
22—«

(_‘T)_T7

3. The deviation upper and lower bounds of the empirical mean

estimator

3.1.

Lemma 3.1. Let (Xi);;l be a sequence of random wariables independently
drawn from some distribution II with mean m and «-th central moment v.

Upper bounds

TABLE 1
Parameters in Figures 2-5
«a € n
Figure 2 | 1.9 | 0.001:0.001:0.08 | 1000
Figure 3 | 1.7 | 0.001:0.001:0.08 | 2000
Figure 4 | 1.5 | 0.001:0.001:0.08 | 6000
Figure 5 | 1.3 | 0.001:0.001:0.08 | 7000
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a=1.7, n=2000, v=1

- = éiupper bound
X lower bound
25h — — — X upper bound ||

1.5 1

deviations from m plotted against e

0.5} ... ~ _ 4

Fic 3. Deviations ofé from the sample mean, compared with those of empirical mean

Then, denote the empirical mean X = %Z?:l X;, we have

1
P<|X—m’ > (enz‘)*1> ) < 2e.

Proof. Noticing that (X; —m);_, are i.i.d. random variables with mean zero,
by [13, Theorem 2], we have

Q

[e3

E i[Xi—m] < QiE|Xi —m|* = 2nv,
i=1

i=1

which implies

< 2e,

v - R —
ene—1 ena—1

P(% = > (o)) < EEomE a1 - mi

6nozfl

the desired result follows. O

3.2. Lower bounds

In contrast to Lemma 3.1, the following lemma gives a lower bound for the
deviations of the empirical mean for some specific distributions.

Lemma 3.2. For any value of the a-th central moment v, any deviation n > 0,
there is some distribution II with mean zero and «-th central moment v such
that

n—1
_ — [ v
P(rz)-P(X=onz ot (1o ) e
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a=1.5, n=6000, v=1

- = Glupper bound
= X lower bound
5| — — — X upper bound ||

deviations from m plotted against €

0 L L L 1
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

FiG 4. Deviations ofé from the sample mean, compared with those of empirical mean

where X = %Z?:l X; with (X;);_, independently drawn from the distribution
II. Furthermore, if

e<(3e)”! and n>2, (3.2)

the inequality

S v = 3ee\ «
X =ml = (50r,) (“7)

holds with probability at least 2e.

Proof. Let us consider the random variable X, which has the following distri-
bution:

P(X =0)=1- navna’ P(X = nn) = P(X = —np) = ann
and
PXE (moo\fm}) = oo w € (poo)\ )
P(X € (—oo,2)\{-nn}) = %Iﬂ’ﬂ z € (=00, —p)\{—nn},
where v € (a,2), p = (%)E nn and ¢ = % (7;0‘)% (nn)7~. Tt is easy to

check that EX = 0 and

a a v a v q a— v v
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o=1.3, n=7000, v=1
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30
- =0 upper bound
. ‘ X lower bound
§ 25 ,“ — — — X upper bound ||
s |
=T
< |
T 20p
b= |
a |
E L
= 15 “
= |
2 A
2 10
= \
s \
~ \
5F ~
R e LT OO fetfsipp e gtogi=ietive
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

Fic 5. Deviations ofé from the sample mean, compared with those of empirical mean

Let (Xl),?:l

P(X>n)=

so (3.1) is proved.
1
Taking n= (ﬁ) & (1 —

” v n—1
1—
3710‘71770‘ ( nana>
If € < (3¢)7, then (1— 3¢)*"

flz)=(1- %)mfl, then

f'z) = 1——

PSSV

>P

3ee

n

-

v

be i.i.d., which have the same distribution as X. Then,

(%

(X - 17) > Ina-1

(1-
770&

we have

)_("_1) (1 o (1

(-

1
log — —)
T

n—1
o
3

3
| Bee
n

1 1

E)x_l. For any x

>

) (el
2o

T

)

Noting that (1 %)x b 0, let g(z) = log( )
@y=—r>t Lo 1 oy
g _mz(l—%) 2 x2(x—1)
and
. . 1 1
xlgngog(x) = zlggo log | 1— . + —| = 0,

n—1
a) ’

nen

3€

3ee

> 1, we denote

#i1)

% for x > 1, then we have
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which imply g(x) < 0, so we have f/(z) <0 for > 1. Moreover, we have

1 rx—1
lim f(z) = lim (1-) =e !,

T—00 r—00 x
which implies (1 — %)nil > e~ 1. Therefore, we have
v - v n—1 (i % —(n—1) - E n—1 .
3no¢—1na nana n n
The proof is complete. |

4. ¢1-regression for heavy-tailed samples having finite a-th moment
with a € (1,2)

The linear regression considered in [19] aims to find the unknown minimizer 6*
of the following minimization problem:

min Ry, (0)  with Ry, (0) = Exyyom [[x70—y]] (4.1)
where II is the population’s distribution, and ® C R¢ is the set in which 6*
is located. In practice, IT is not known, one usually draws a data set 7 =

(x1,%1),"** , (X, yn) from IT and consider the following empirical optimization
problem:

.5 D L~
min Ry, (0) with Ry, (0) = ~ ; |x70 —yil .

Inspired by Catoni’s work, Zhang et al. [19] considered the case that IT is
heavy tailed with finite variance and proposed a new minimization problem

PN N 1\
min R, (0) with Ry (0) = e ; o (B ‘yz - X?9|) , (4.2)

where ¢ is the same as that in [3] and 8 > 0 is to be determined later.

Thanks to the analysis of Section 2, we extend the results in [19] to the case
in which samples can have finite a-th moment with o € (1,2), the approach is
by replacing the original ¢ with (2.1).

4.1. Main results of this section

Before stating the main results, we first give some definitions and assumptions.
Definition 4.1. Let (©,d) be a metric space, and K be a subset of ©. Then a
subset N' C K is called an J-net of K if for every 6 € K, we can find a 0 € N
such that d (9,5) < 8. The covering number is the minimal cardinality of the
0-net of ® and denoted by N (©,9).
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We shall assume:

Assumption A1 (i) The domain @ is totally bounded, that is, for any 6 > 0,
there exists a finite §-net of ©.

(ii) The expectation of the a-th moment of x is bounded, that is,

E(x,y)NH [|x\a] < 0.
(iii) The £,-risk of all § € © is bounded, that is,

sup Ry, (0) = sup Ex,y)~m Uy - XTG\O‘] < 0.
0€® 9O

Then, we can state the second theorem, which will be proved in subsection
4.2.

Theorem 4.1. Let 0* and 0 be the minimizers of (4.1) and (4.2), respectively.

Under Assumption A1, for any § > 0, for any € € (O, %), with probability at
least 1 — 2¢, we have

Re, (9) ~ Ry, (6%)

20— 1lg§a 20-1 41 1 N(©,6
Elx;|* + =———sup R, () ) ' + — log %
« €O npB €

§25E|X1| + (

Furthermore, let

we have

Ry, (9) — Ry, (6")

a—1
el 201 11 1 N(©,0)\ «
< ( Elxq|* + ;sup Rza(9)+1> <10g(’)>
a 0c® n

o €2

+ 20E|x . (4.3)

In order to compute the covering number, we further assume:

Assumption A2 The domain ©® C R¢, and its radius is bounded by a
constant r, that is,

0| <r, Voec®.

Then, we have the following corollary, which will be proved in subsection 4.2.

Corollary 4.1. Keep the same notation and assumptions in Theorem 4.1. In

addition, we suppose the Assumption A2 holds. Then, for any e € (O, %), with
probability at least 1 — 2¢, we have

Re, (9) ~ Ry, (67)
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a—1

ga—1 ga-1 4 1 1 1 T
< ( E|x1|* + =+ sup Ry, (0) + 1) (— (dlog(6nr) + log —2>)
an® o 0c® n €

2
+ —E‘X1|
n

of(252) ™).

4.2. Proof of Theorem 4.1 and Corollary 4.1

Before proving the Theorem 4.1, we first give the following auxiliary lemmas.

Lemma 4.1. Keep the same notation and assumptions as in Theorem /.1.
Then, for any e € (0,1), the following inequality

a—1

R, (0°) = Re, (0°) < Ry, (6%) + —log -

np
holds with probability at least 1 — €.
Proof. Noticing that (x;,y;), ¢ =1,--- ,n, are i.i.d., by (2.1), we have

E [exp (n8Ro, (67)] = [exp (;w /3|yz—xT0*!>>]

= [E [exp (¢ (B]yr —xT0"[))]]"

B ’yl — X1T9*|a "
a b

then, by the inequality 1 + z < e” for all x € R, we have

E 1+B‘y1—x19*

(o3

E [exp (nﬁﬁap,fl (9*))} < {1 + BRy, (07) + %Rea (9*)} '

<exp (nﬂRgl (6%) + ”g Ry, (9*)> .
Therefore, by Markov inequality, we have

(nﬂR@ (0% = R, (0) + "Ry, (0%) 1 10g 1)

=P <exp (nﬂﬁgp’gl (0*)) > exp <n6Rzl (0%) + ﬂR@ (6%) + log %))

E [exp (nﬁR@ o 9*))}
exp (nﬂRgl (0) + "ﬂa ., (0%) + log = )

< <e.

The proof is complete. O
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Lemma 4.2. For any § > 0, let N (©,0) be an d-net of ©® with cardinality
N (©,6). Then, for any € € (0,1), with probability at least 1 — ¢, the following
inequality

yi — x?é‘ - Bé\xﬂ)

(26)04—1

77116 ;4,0 (6

~Re, (0) + 0Bl | +

IA

2 a—l(sa o
sup Ry, (0) + LE |x1]
0c® «

-|-i log N(®©.9)
nf
holds for all § € N (©,6).

Proof. For a fixed 6 € N (©, ), noticing that (x;,y;), i = 1,--- ,n, are i.i.d., by

(2.1), we have
o xT] - /36|xi|)>]

oo (-5 (o
- el (o (o793 |

{ { 5’3/1 f§‘+55x1|+6aHylxié‘5|X1|‘ ]]
2.

—BR& +B5E|x1|+—E myl—xlﬁ‘—(ﬂxﬂ‘ H

then, by (2.6) with p = ¢ = 2, and the inequality 14+ = < e® for all € R, we

have
exp <— ng ( yi — xlTé‘ — B6|xi)>]
i=1
aoa—1 _ aSaga—1 n
< {1 — BRy, () + BOEIx| + 2 g (9) + %mxla}
<exp [n (ﬂRgl (5) + BOE|x1| + [3042&*1]%“ (é) + WI@XHQ)] .
@ Q@

Therefore, by Markov inequality, we have

P (— > e (s

i=1
aga—1 B aSaga—1
n (—ﬁRgl (9) + BoE|x| + 2 2@ Re, (9) + %mxm))
E

SR )
exp |n (~BRe, (0) + BOBfx:| + 2= Ry, (9) + 222 EJxy|* ) +log &

E

. 1
yi — XZTE)’ — 65|x1—|) > log Z—’_

<
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where € € (0,1), which will be chosen later. Hence, for a fixed § € N (©,4),
with probability at most €, we have

nl,é,;sﬁ(ﬂ

> — Ry, (é) + (5]E|X1| +

(28)*!

Ry

a

o (28)2 16 o 1 1
(9) + - E|x;| +nﬁ log T

Therefore, since the set N (0, §) has N (©,d) elements, we have

el N {—%iw(ﬁ

GeN (©,5)

a—1 B a—1sa
SO (9) + 7(25)(1 " By | + %10%3})

Yi — x?é\ - Bélxi\) < —Ry, (9) + 0E|x1|

>1—-N(0,6)¢.

Finally, taking ¢/ = m, with probability at least 1 —¢, the following inequal-
ity 7

n

*%Zw(ﬁ

< — Ry, (0) + 0Efxa| + (265_1 NG
. wE N(©,9)

s — 76| - 3ol

=

| |: 11
X + —lo
1 3 g

a—1

<~ Ry, (e) 4 oEjxy| + 22

2p3)>~ 15« 1 N(©,¢
+ W)—E|X1|O‘ + —log N(©.9)
« nB

holds for all § € A (©,0). The proof is complete. O

Based on Lemma 4.2, we have the following lemma.

Lemma 4.3. Keep the same notation and assumptions as in Theorem /.1.
Then, for any § > 0, for any € € (0,1), the following inequality

Ry, (0) = R (9)

QB)a—l N (Qﬁ)a—l(gaE

sup Ry (60) N(©,9)
fc®

§25E|X1| +

1
|x1]¢ 4+ ﬁ log

holds with probability at least 1 — e.
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Proof. Since 0 € ©, there exists a § € N (©,§) such that

é—é‘gd,

which implies

yi —X%’ >

Yi — X?é‘ - ‘xgp(é - 9)‘ >

Yi — x?é’ — 4% (4.4)

Then, since ¢(-) is non-decreasing, we have

Ry, (9) = nlﬁlzj;so(ﬂ yrxiTé‘) > nlﬂécp(ﬂ

by Lemma 4.2, with probability at least 1 — ¢, we have

Yi — XiT9~’ - 55|X¢\) ;

2 a—1

R, (0) 2 R, (8) - |omber| + &2

N (25)0471504
(%

sup Ry, (0)
0€®

1
Elx;|* + —log

Moreover, by (4.4) and triangle inequality, we have
Ry, (é) — Ry, (é) =E HX?QA - yl‘ - ’x?é - ylu <E HxlTé - xféH < OE|x1],

which further implies that with probability at least 1 — €, the inequality

5 ; (268)°~"
Ry |0) > Ry, (0) — |20E|x:| + sup Ry, (0
s (0) = R, (9) = |28 + 22— wup R, 0
28)" 1§ 1 N (0,6
+LE|X1|Q + — log ():|
« np
holds. The proof is complete. O

Now, we can give the proof of Theorem 4.1.
Proof of Theorem 4.1. Recall

)

ch,el(e) = % lzj; 4 (5 |yi - Xz‘Ta
since @ is the minimizer of (4.2), we have
Roe, (8) = Ron (07 <0,
which implies

Re, (e) ~ Ry, (67)
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= (Rey (8) = R (0)) + (R (0) = Bty (09) + (R (07) = Rey (69))
< (Re, (8) = Rotr (0)) + (R, (07) = Rey (67))

By Lemma 4.3 and Lemma 4.1, we immediately obtain the desired result. O
Now we are at the position to give the proof of Corollary 4.1.
Proof of Corollary 4.1. For any 6 € (0,1], by [14, Corollary 4.2.13] we

have
d d
2 3
N (B <(1+ = <[ =
(175)—<+5> —<6>7

where B; = {x eRY: lz| < 1}. Since ® C B,., we have
1) 6r
log N (©,96) <logN | B,, 3 < dlog 5 (4.5)

Therefore, by (4.3) with § = 1, we have

n’

Ry, (0) — Ry, (6")

2&71504 2&71 1 1 6 1 o
< ( E|xq|* + =t sup Ry, (0) + 1> <— (dlog S log —2>>
« «@ 9cO n ) €

+ 26E|X1|

a—1

9a—1 ga—1 4 1 1 1 T
= ( E|x1|* + i sup Ry, (0) + 1) (— (dlog(6nr) + log —2>>
an® « 0e® n €

2
+ —E|X1|.
n

The proof is complete. |
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