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Abstract: We investigate geodesic projections of von Mises—Fisher (vMF)
distributed directional data. The vMF distribution for random directions on
the (p— 1)-dimensional unit hypersphere SP~! C RP plays the role of multi-
variate normal distribution in directional statistics. For one-dimensional cir-
cle S, the vMF distribution is called von Mises (vM) distribution. Projec-
tions onto geodesics are one of main ingredients of modeling and exploring
directional data. We show that the projection of vMF distributed random
directions onto any geodesic is approximately vM-distributed, albeit not
exactly the same. In particular, the distribution of the geodesic-projected
score is an infinite scale mixture of vM distributions. Approximations by
vM distributions are given along various asymptotic scenarios including
large and small concentrations (k — oo,k — 0), high-dimensions (p — o),
and two important cases of double-asymptotics (p,x — oo, kK/p — ¢ or
k/\/P = X), to support our claim: geodesic projections of the vMF are ap-
proximately vM. As one of potential applications of the result, we contem-
plate a projection pursuit exploration of high-dimensional directional data.
‘We show that in a high dimensional model almost all geodesic-projections of
directional data are nearly vM, thus measures of non-vM-ness are a viable
candidate for projection index.
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1. Introduction

The von Mises-Fisher (vMF) distribution, sometimes referred to as the Fisher—
von Mises—Langevin distribution, plays a central role in modeling and inference
for the directional data (Mardia and Jupp, 2000; Ley and Verdebout, 2017).
While the multivariate normal distribution is not defined on the sample space
SP=1 = {x € R? : x'x = 1} of directions, the vMF distribution is the closest
notion to the normal distribution. For a random direction x € SP~!, we write x ~
vMF, (s, k) if its density function is fomr(x) = ¢p(k) exp(kx’p) with respect to
the surface area measure of SP~!, for the location parameter u € SP~! and the
concentration parameter x > 0. The normalizing constant is

(1.1)
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where I, is the modified Bessel function of the first kind of order v. (We use the
convention 0/0 = 1.) On S, the vMF distribution becomes the von Mises (vM)
distribution.

We consider the one-dimensional projection of directional data onto geodesics,
a notion closest to the orthogonal projection onto a vector in Euclidean space.
Projections onto geodesics and the evaluation of the projection scores and resid-
uals are fundamental ingredients of modern directional statistics and, in gen-
eral, statistics on manifolds; applications include dimension reduction (Fletcher
et al., 2004; Jung, Dryden and Marron, 2012), regression (Fletcher, 2013; Cornea
et al., 2017), classification (Pizer and Marron, 2017) and developments of para-
metric models (Schulz et al., 2015; Kim et al., 2019). Here, the projection onto
a geodesic 7 is defined intrinsically. With a distance function p : SP~! x SP~1 —
[0, 7], the projection of x € SP~! onto + is the point on 7 closest to x, and
the projection score Sy(x) € (—m, 7| is given by a parameterization of 7. See
Section 2 for definitions of the geodesic, the metric, and the geodesic projection.

In Euclidean space, the projection u'z of a Gaussian random vector z €
R? is also Gaussian for any u € SP~!, and even almost all projections of a
non-Gaussian z are also Gaussian, asymptotically; see Diaconis and Freedman
(1984); Bickel, Kur and Nadler (2018). On the other hand, it is yet unknown
whether the geodesic projection S (x) of a vMF-distributed random direction
x € SP~1 is also vM.

In this paper, we show that the answer to the above fundamental question
is indeed negative. In particular, we show that for x ~ vMF,(u,x) and for
any geodesic v, the distribution of S,(x) is an infinite scale mixture of vM
distributions with concentration parameters ranging from 0 to k. Nevertheless,
the density of S,(x) is nearly vM-distributed, in the sense that it is close to
the vM family to human eyes. The difference is not statistically significant for
moderately large sample sizes.

The distribution of S, (x) is denoted by PvM(p, , d), where § = p(y,u) >0
measures how much ~ deviates from the mode of vMF, (i, k). In a special case
where the geodesic v passes through the mode, § = 0 and we say the geodesic
is canonical with respect to u. For canonical geodesics 7y, the density function
of S,(x) is expressed using I, and M,, the modified Struve function of the
second kind of order v, to facilitate approximations by vM densities. We refer
to Appendix A for definitions and several useful properties of I, and M,,.

We show that PvM(p, &, ¢) is indeed well approximated by vM distributions in
various asymptotic scenarios, including large and small concentrations (k — oo
and k& — 0), high dimensions (p — o0), and a double-asymptotic direction
p — 00,k — 00,k/p = ¢ € (0,00). Various asymptotic expansions of I, and
M, are used in the approximations. For the special asymptotic regime of p —
00,k — 00,k//D = A € (0,00), we provide a high dimensional approximation of
the distribution by the projected normal distribution (Mardia and Jupp, 2000,
p. 178). The projected normal distribution is again approximated by the vM
distribution.

This work is developed in the course of formulating projection pursuit for
directional data. Projection pursuit (Friedman and Tukey, 1974) is a well-
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developed technique for exploration of multivariate data, aiming at finding low-
dimensional “interesting” projections of high-dimensional data. See Friedman
and Stuetzle (1981); Huber (1985); Friedman (1987); Jee (2009); Alashwali and
Kent (2016); Bickel, Kur and Nadler (2018) and references therein for details
on projection pursuit. While there have been various proposals for the index of
interestingness, most of those measure departures from normality. For example,
Bickel, Kur and Nadler (2018) compared the empirical distribution Fux directly
with the normal distribution function, and Huber (1985) discussed the negative
entropy [ flog f as an index of interestingness, which is uniquely minimized
when the density f of the projection score is the normal density.

For directional data on SP~! and their projections onto a geodesic (intrin-
sically a circle S'), the vMF and vM distribution play the role of the normal
distribution. In particular, the vMF density minimizes the negative entropy
among all choices of density on SP~! (with fixed location and scale) as shown in
Mardia (1975). Therefore, we propose to use a measure of discrepancy from the
vM distribution as a one-dimensional projection pursuit index for directional
data. To examine the potential of such an index, we show for a location mix-
ture of vMF distributions the projection score is approximately vM-distributed
in high dimensions. In two low-dimensional examples, using the p-value from a
goodness-of-fit test, compared with the vM family, as the measure of uninterest-
ingness, we demonstrate that clusters and outliers stand out in the projection
score with small p-values.

The rest of article is organized as follows. In Section 2, we formally define
the geodesic projection and projection score. In Section 3, the density of the
geodesic-projected scores of vMF-distributed direction, PvM(p, &, J), is evalu-
ated. The density of PvM is compared to the Jones—Pewsey distribution family
(Jones and Pewsey, 2005), which includes the vM distribution. In Section 4, we
provide various asymptotic approximations of PvM(p, , ) by the vM, normal,
Cardioid and the projected normal distributions. A numerical comparison of the
approximations is deferred to Appendix C. Section 5 demonstrates the potential
of using non-vM-ness as a projection index, towards a development of projection
pursuit for directional data. We show that almost all projections are nearly vM
in high dimensions. Issues in developing projection pursuit for directional data
are pointed out in Section 6. Special functions and their properties are listed in
Appendix A, and nearly all proofs are contained in Appendix B.

2. Geodesic projections on the unit hypersphere

Geodesics on the unit hypersphere SP~! are the notion closest to straight lines
in Euclidean space. A geodesic is a constant-velocity curve v : R — SP~! that
locally minimizes the length of the curve among curves whose endpoints are
fixed. On SP~!, geodesic paths coincide with great circles, and a geodesic 7 can
be parametrized with q € SP~! and v € Ty, where Tq = {x € R? : x'q = 0}
is the tangent space of SP~! at q. A vector u € Ty can be mapped to SP~! by
the Exponential map, defined as Exp,(u) = sin(|[ul|)u/[[ul| + cos([lu]/)q. The
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geodesic parameterized by (q,v) is

V(1) = v(q, v)(t) = Expy(tv)

for t € R. Throughout, we require ||v|| = 1 so that v € SP~! and v'q = 0. With
the restriction ||v|| = 1, the image of R under v, v(R), is equal to the image of
I := (—m,n] under 5. That is, v(I) = v(R) = {Expq(tv) : t € R}.

The geodesic distance function p : SP~1 x SP~1 — [0, 7] between x,y € SP~!
is defined as the length of the shortest path on SP~! between the two points,
and is the arc length formed by the geodesic segment joining x and y: p(x,y) =
cos~1(x'y). For a w € Ty satisfying y = Exp,(w) and ||w|| < 7, p(x,y) = ||w].
If such w is unique, then the shortest path between x and y is given by the
geodesic joining x and y, denoted by I'(x — y).

Definition 1 (Geodesic projection and score).

(i) The projection of x € SP~! onto the geodesic y(R) is the point on v(R)
closest to x (in terms of the geodesic distance), and is denoted by P, (x) :=
argmingc. ) A(P,X).

(ii) The projection score S, (x) of x onto y(R), defined with the parameteri-
zation v = (q, V), is t € (—m, 7] satisfying P, (x) = Exp(tv).

The geodesic projection and scores for an S?-valued sample are illustrated in
Fig. 1. For any two points x1, X2, the geodesics I'(x; — P (x1)) and I'(x2 —
P,(x2)) are not in general parallel.

The projection P,(x) and the score S, (x) are invariant and equivariant, re-
spectively, to reparameterizations of v(q, v). Specifically, let qg and v be any or-
thogonal unit vectors satisfying span(q, v) = span(qo, vo). Let # = cos™(q’qo)
and r = det([q,v]'[qo,Vvo]) € {1,—1} (representing the rotation and reflec-
tion parts of the reparameterization). Then, the reparameterized geodesic vy =
v(do, Vo) satisfies 79(R) = v(R), and we have P,(x) = P,,(x) and S,(x) =
7S, (x) + 6, for any x € SP~1.

The next lemma is on the uniqueness and computation of P, (x) and S, (x).

Lemma 2.1. Given x € SP~! and a geodesic v(q, V), if either x'q or x'v is
nonzero, then P, (x) is uniquely given by P, (x) = Expq (S, (x)v), where

S, (x) = arg min p(Expg(tv),x) = atan2(x'v, x'q).
€

Otherwise, x'q = x'v =0 and Py(x) is everywhere on y(R).

The function atan2(y,z) is the two-argument inverse tangent which takes
the signs of x and y into account to determine in which quadrant (z,y) lies. In
other words, S, (x) is the polar angle of the polar coordinates for (x'q,x'v) in
Cartesian coordinates.

3. Geodesic projections of vMF random directions

For x € SP~1, suppose x ~ vMF,(p, k). We wish to find the distribution of
the projection score S, (x) on any given y. While vMF plays the role of normal
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Fic 1. (Left) A sample x of size n = 100 from vMF3(e3,3), and its geodesic-projection Py (x)
onto a canonical geodesic v(q,v) (blue great circle), where q = e3, v = ea. Also shown are
the trajectories of the projection of each observation. (Right) A histrogram and dot plot for
the projected score Sy (x) (shown in degrees).

distribution in the areas of directional data, a natural question is whether the
projected score of a vMF-distributed x is also a vM. We show that this is not
the case.

The distribution of S,(x) can be parameterized by p, x and the deviation ¢
of v from the mode p, due to the rotational symmetry of the vMF distribution.
The deviation is defined as

§=p(p,y) = yg;i&) p(p,y) € [0,7/2]. (3.1)

With respect to the mode p of the distribution, a geodesic v is parameterized by
(q,V), where q is the point on y(R) closest to u, i.e., § = p(u,q), and v € y(R)
is any of the two unit vectors orthogonal to q. For § < /2, such q is unique.
The distribution of S,(x) is invariant to the choice of v, and to the choice of g
if 6 =7/2. In any case, v/ = 0.

Among the geodesics, we pay special attention to the geodesics passing
through the mean p, i.e., the case § = 0. Any geodesic passing though p can be
parameterized by p and v € SP~1 satisfying v/ = 0. These geodesics v(u, V)
will be referred to as canonical geodesics, hereafter. The distribution of S, (x)
is identical for any canonical geodesic v, due to the rotational symmetry of the
vMF distribution.

The opposite extreme is the case § = /2, where the geodesic v is as far as
possible from the center of the distribution.

In the following, we inspect the distribution of Sy(x), x ~ vMF,(u, ). The
density function of S, (x) takes a special form, and does not coincide with any
known distributions. We denote T' ~ PvM(p, , d) for T' = S, (x), where ¢ is the
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deviation of v from u, defined in (3.1). For the canonical geodesics with § = 0,
we simply write PvM(p, k) for PvM(p, &, 0).

3.1. The density of PvM(p, k, )

The density of T = S,(x), with v = 7(q, V), can be obtained by evaluating
the joint density of (X,Y) = (x'q,x’v), then switching to the polar coordinates
(R,T), where RcosT = X and RsinT =Y. In general, there is no closed-form
expression for the density of T', but we show that T' ~ PvM(p, k, ) is an infinite
scale mixture of vM distributions.

The vM distribution vM(u, k) is the special case of the vMF distribution
for p = 2. Since S' is the unit circle, the vM density is oftentimes given for
angles rather than unit vectors as in (1.1). We say the angle 8 ~ vM(pu, k), for
w € (—m, | and K > 0, if its density function is

_ 1
B 27‘1’.[()(!&)7

Fort(0; 11, K) = co(k)e™ =1 ey (k)

for 6 € (—m,w]. We use the notation vM(k) := vM(0,k) and fom(0;K) =
fum(8;0, k) as we are only interested in mean-zero vM distributions.

Theorem 3.1. Let T ~ PvM(p, k,9) forp >3, k >0 and 0 < § < 7/2. Then
the density function of T is

1
frantipini) = [ Ial) foa(ts s cos(or)in, (32)
0
fort € (—m, 7], where the mizing density fr depends on p,k,d and is

fr(r) = I*L(K)Io{fi cos(8)rtr(1 — )1k {ksin(6)v/1 — r2},
for v € (0,1), where v = (p —2)/2 and I}(z) = (5)""1,(2) for z > 0 and
1:(0) = 1/T(v + 1).

For any p > 3, k > 0 and § € [0,7/2), fpym(t) is symmetric about ¢ = 0,
strictly decreasing on ¢t > 0, and has its unique mode at ¢t = 0. These properties
are inherited from the mean-zero vM distributions. In Fig. 2, an example of the
joint density of (R,T) is displayed. If x = 0, both vMF,(,0) and PvM(p, 0, d)
are the uniform distributions on SP~! and S', respectively.

For the special case of § = 0 (that is, when v is a canonical geodesic), we
have feym(t;p, k) = fevm(t;p, k,0) = fol fr(r) fum(t; kr)dr, with a simpler ex-
pression of the mixing density
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Joint PvM with : kappa = 10, p = 25, dev = 27°

14

Fi1G 2. The joint density of (X,Y) = (x'q,x'v) when x ~ vMF,(u, ). Here, § = 27°,p =
25,k = 10. In the polar coordinates (R,T), where RcosT = X and RsinT =Y, each
conditional distribution of T given R is a vM.

Even in this special case, the integral involved has no closed form solution.
Fortunately, it can be represented by the values of special functions I, and M,,.
Our next result is on the exact density function of S, (x), when + is a canonical
geodesic.

Theorem 3.2. Let x € SP71, p > 3, follow vMF,(u, k) for k > 0. Suppose
that the geodesic v = v(q,Vv) passes through p with @ = p. Then the density
function of the projection score S, (x) is fpym(t;p, k) = C(p,K)(1 + h(t)) for
t € (—m, 7|, where

(M‘fi% (MPT—l(\ncostD +2IPT—1(|/$cost|)> . ifte(=%,2%);
lsscose]
h(t) =4 0, o ift=+T;
) My (| cost]), if [t € (3.7,
(|Kc§st\) o) 2
(3.3)
and N
(5

B )
C(p, k) = 27T(§ _ 1)1“(121 — I)Ig_1("f).

In Fig. 3, the density function fpyn is plotted for a few choices of the
dimension-concentration pair (p, ). There, the closest vM density is overlaid
as well. The precise meaning of “closest” is defined in Section 3.2. To human
eye, the family of the density fpyn is similar to the vM family.

For the opposite extreme case of § = /2 where 7 is as far from p as possible,
all vM distributions in the mixture of (3.2) becomes the uniform distribution on
(—m,w], which in turn leads that fpym(¢;p, k,7/2) is uniform. A slightly more
general statement is shown in Lemma 3.3.
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Fic 3. Ezamples of the probability density function fpvnm(-;p,k,0) of the projection score
Sy (x), overlaid with the histogram of S-(x), obtained from n = 10,000 random sample of
vMF,(p, k). The best approximating vM density, obtained by (3.4), shows that fpym is close
to a vM density, but is not exactly the same with any vM density.

Lemma 3.3. Let x be a random variable on SP~! whose distribution is rota-
tionally symmetric about p. Suppose that q,v of v(q,v) satisfy ¢’ =v'pu = 0.
Then S+ (x) ~Uniform(—m, r].

As k increases, fpym becomes more concentrated. On the other hand, the
higher the dimension p, the more dispersed fpyn. As the deviation § increases,
the distribution of S, (x) becomes more dispersed toward the uniform. This is
graphically shown in Fig 4, in which the density of S,(x) is obtained by the
numerical integration of f(r,t) = fr(r)fym(t; & cos(d)r) over r € (0,1).

3.2. Comparisons to the Jones—Pewsey distribution family

Although fpyum looks close to a vM density, it is not equal to any vM density.
We show this for a more general distribution family, which includes the vM as
a special case.

The Jones-Pewsey distribution (Jones and Pewsey, 2005) is a general three-
parameter family of symmetric circular distributions. The density function of
the Jones—Pewsey distribution, with location parameter p, concentration pa-
rameter % > 0, and a shape parameter ¢ € R, is given by gjp(0) = w(&, ¢){1 +
tanh(%¢) cos(@ — u)}/?, for 6 € (—m, 7), where w(&, #) is the normalizing con-
stant. The Jones—Pewsey distribution includes the vM distribution, the Cardioid
distribution, the wrapped Cauchy distribution and the circular ¢-distribution
(Shimizu and Iida, 2002) as special cases; see Ley and Verdebout (2017) for a
discussion on the Jones—Pewsey distribution.

The following result shows, in particular, that there is no vM distribution
whose density function equals fpym(t;p, k).
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F1G 4. Density functions of PvM(p, &, 8) for (p,k) = (3,5) and varying 6 =0 (solid), 30, 60,
70, 80 (dotted) and 90 (dashed) degrees.

Theorem 3.4. For any given p > 3 and x € (0,00), there is no Jones—Pewsey
distribution whose density function equals fpym(t;p, K).

Note that if K = 0 or co, then fpynm(¢) is the uniform distribution or the point
mass at 0, respectively.

The discrepancy of the PvM(p, k,4), 6 > 0, with the vM distribution is
confirmed numerically. In Fig. 5, we compare fpy\ with the closest vM density
function for a fine grid of (p, k) and for § = 0,30°,60°. The closest vM density
is defined by vM(%q) for

’%O :argmkinH(vaM(';pa K/75)afVM(';R>)7 (34)

where H(f,g) = LQ J(\/f(t)—+/g(t))?dt is the Hellinger distance between two
density functions f,g. The maximum Hellinger distance shown in the figure is
about 0.0196.

While PvM(p, ,0) is not exactly a vM distribution, they are virtually the
same for the majority of possible (p,k). To support this claim, we test the
null hypothesis of S,(x) ~ vM(0, ) using a random sample of size n from
PvM(p, K, d). We use Kuiper (1960)’s goodness-of-fit test (adapted for the vM
as in Section 6.2 of Pewsey, Neuhduser and Ruxton (2013)), and & is given by
the maximizer of the vM likelihood. We choose (p,k,d) = (20,10,0) as used
in the middle panel of Fig. 3. For the sample size up to n = 1000, the power
of the test is less than 6% (numerically evaluated with significance level 5%),
meaning that in the usual situations where the sample size is at most hundreds
one cannot distinguish PvM(p, k) with a vM distribution.
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Hellinger distance to the best von Mises approximation
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Fic 5. The Hellinger distance between fpyn and the closest vM density for various values of
p,k and for 6 =0 (red), 30° (green) and 60° (blue).

4. Approximations to vM distributions

In this section, we provide various approximations of PvM(p, k,0) by the vM
distributions, to support our claim that PvM is nearly vM. Asymptotic results
in this section will also be useful in our discussion of projection pursuit, in
Section 5. Since a PvM(p, , ¢) has zero mean, the approximating vM(u, %) has
= 0. We identify the concentration parameter % as a function of (p, &, 9).

4.1. The case of canonical geodesics

When « is a canonical geodesic, i.e., § = 0, with respect to x ~ vMF,(u, k),
the exact density function of S, (x) ~ PvM(p, k) is derived in Theorem 3.2. We
approximate the density function fpym(t;p, k) by a vM density under various
asymptotic scenarios regarding the parameters of the vMF distribution. Specif-
ically, we consider high concentration (k — o0), low concentration (k — 0),
high dimension (p — o0), and a combination of high-dimension and high-
concentration where both p, k — co but p/k € (0, 00) is fixed.

The big Theta © notation is used to state our finding. Under the asymptotic
regime v — oo, we say f, = ©(g,) if lim,_,~ f./g, = ¢ # 0. For example, for
a € R fixed, f, = O(v~%) if and only if lim,_, . v*f, < oo and for any € > 0,
lim, oo v~ €f, = 0. The asymptotic regime may be sometimes v — 0, and the
definition of © is changed to reflect the appropriate limit.

We summarize our finding in Theorem 4.1. There, ¢(-) is the density function
of the standard normal distribution. We say 6 follows the Cardioid distribution
(centered at p = 0) with parameter p € (0, 3) if its density is fcardioia(t; p) =
5=(14 2pcost) on t € (—m,m). It is well-known that the vM distribution is
approximated by the normal distribution, for high concentration, and by the
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Cardioid distribution for low concentration; see Kent (1978) and Mardia and
Jupp (2000).

Theorem 4.1. For T ~ PvM(p, k), let f.(s;p, k) be the density function of
VET. Similarly, for 6 ~ vM(0,&), let g.(s;&) be the density function of \/k0.
Here, k and k need not be the same.

(i) (High concentration) For any fixed p > 3 and for any s € R, as k — 00,
Fu(s:p,K) = gu(s38) + O(™1) = ¢(5) + O(k ).

Informally, we write PyM(p, k) ~ vM(0, k) ~ N (0,5~ 1) as k — oo.
(it) (Low concentration) Let & = B(%, 3)k/2, where B(-,) is the beta func-
tion. For any fized p > 3 and for any t € (—m,7), as k — 0,

fewm(tp, &) = fom(t; 1) + O(k%) = feardioid (t; 71/2) + O(K?).

(iii) (high dimension) Let Ry = K, /sty For any fized k > 0 and for any
te (—mm), as p — o0,

fPVM(t;pa H) = fVM(t; Ed) + @(Pfl) = fCardioid(t§ ’N{d/Q) + 9(1771)-

(iv) (High concentration, high dimension) Let Ry, = Hﬁ, where A = k/u

and u= (p—1)/2, and ¢3 = == 1+vI+A® Viw Suppose k — 0o and p — oo
sitmultaneously while A = k/u € (0,00) is fized. Then, for any s € R,

Fulsi ) = gulsi ) + O = = (a) Lep).

Informally, we write PvM(p, k) =~ vM(0, %) ~ N(0,&, ') as k,p — o0
and X\ fized.

An immediate implication of Theorem 4.1 is that for x ~ vMF,(u, ), and
for a canonical geodesic v, S,(x) = Unif(—n,7) as kK — 0 or as p — oo. Here
and throughout, the notation = stands for the convergence in distribution.
This result is consistent with the high-dimensional asymptotic results in the
literature. In particular, it is shown in Watson (1988) and Dryden (2005) that
for a fixed k, vMF,(u, k) converges to the uniform distribution on $* as p — oo.
The uniform distribution on SP~! is a special case of the vMF distribution with
k = 0, and Unif(—m,7) is a special case of the PvM distribution with x = 0.
Thus, the approximation by vM(%;) in the low concentration setting and the
high-dimensional approximation vM(%4) are bound to be similar in the high
dimensional situations. In fact, &g &~ &; for large p; for v = (p—1)/2, Gautschi’s
inequality (Qi, 2010) gives
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In the opposite case where k — oo, the underlying vMF,(u, k) converges to
the point mass at p. The rate of convergence is exactly £~ /2 and PvM(p, ) is
approximately vM or normal. In the high-dimensional case, if the concentration
parameter k increases at the same rate as p, then Case (iv) in Theorem 4.1 leads
that for A = 2k/p € (0, 00),

(%m) ) Sy (x) = N(0,1),

as k — 0o. We remark that if x increases at the rate x = \/pA for A € (0,00),
the distribution of S, (x) neither diverges to the uniform nor degenerates to a
point mass. This special case will be discussed in the general setting where § > 0
in Section 4.2.

4.2. The case of general geodesics

Approximation of PvM(p, k, 0) in the general case where 6 € [0, 7/2] is discussed
in this section. Since the exact density function is not available for § > 0, the
results derived here are weaker than the corresponding results for § = 0 in
Section 4.1, in the sense that the approximation error is not evaluated in most
cases. An exception is the low-concentration case k — 0 (while other parameters
are fixed), and an extension of Theorem 4.1 (ii) is given. We also inspect two
different asymptotic regimes of high-dimensional cases p — oo and p,x — 0
at the same rate. It is seen that PvM(p, k,4) becomes either as dispersed as
possible (when p — oo and & is fixed) or converges to 0 with the rate x=1/2
(when p — oo and kK = O(p)). An interesting result is obtained when we consider
the case kK = O(p'/?). As p — oo, PvM(p, &, ) does not degenerate in the limit,
but converges to the projected normal distribution.

In the following, we discuss the four asymptotic scenarios of approximating
PvM(p, &, 9).

4.2.1. Low concentration approzrimation

The distribution of S, (x), PvM(p, k,0), is a mixture of vM(k cos(d)R) over R €
(0,1), as given in Theorem 3.1. In the low-concentration asymptotic scenario of
k — 0, all concentration parameters of the vM converge to zero, but the mixing
density fr does not degenerate. Nevertheless, a mixture of vM(0)’s is simply
vM(0), which is the uniform distribution. A much stronger statement is given
in Theorem 4.2, where we provide an approximation of PvM(p, &, ) by vM(&),
and its approximation error.

Theorem 4.2. Let & = i(p,k,0) = B(},3)kcosd/2. For any p > 3, 6 €
[0,7/2), and for any t € (—m, 7|, as Kk — 0,

vaM(t;pa K, 5) = fVM(t7 ’%) + G(KQ)'
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Note that the above results coincides with Theorem 4.1 (ii) for § = 0. It is
conjectured that, for § > 0, the approximations in the other asymptotic regimes
are simply those in Theorem 4.1 with « replaced by « cos d. While the conjecture
seems true for the case p, k — oo discussed in Theorem 4.3 later, a rigorous proof
has not been obtained.

In our proof of Theorem 4.2, detailed in the Appendix, we provide a uniform
bound of the density function fpym:

FOM) < foom(t) < f&

over t € (—m,m]. The functions f(=)(¢) and f(*) are easier to handle as the inte-
grals involved have closed-form expressions, and both converge to the uniform
density as k — 0.

4.2.2. High-dimensional approzimations

We consider three asymptotic regimes: & is fixed, K = O(p) and k = O(,/p) as
p — 00.

High-dimension with « fixed Using the joint density function of (R, S, (x))
in Theorem 3.1 and the large-order asymptotic expression of I, in (A.9), it can
be shown that R — 0 in probability, and furthermore,

(VPR,Sy(x)) = (X,U), asp— oo, (4.1)

where X ~ Rayleigh(1) and U ~ Uniform(—m,7) are independent. A proof of
(4.1) is given in Appendix Section B.3. This result is not entirely new and can
be derived from Watson (1988).

Watson investigated the vMF distribution in high-dimensional spheres, and
in particular the orthogonal projections of a vMF-distributed random directions
onto a subspace. For the projection onto the subspace spanned by ~v(q,v), let
P = [q, v] be the orthogonal frame of the subspace. Watson (1988) showed that

VPP'x = N2(0,13) as p — oc;

see also Dryden (2005). Since the polar angle S, (x) is invariant to positive si-
multaneous scaling of P’x = (q'x, v'x), Lemma 2.1 and the continuous mapping
theorem give

S+ (x) = Uniform(—m,7) as p — oco.

Comparing to Theorem 4.1 (iii), where 6 = 0, we conjecture that PvM(p, x, J) =~
vM(Rq) as p — oo where &4 = Kk cosd T

High-dimension, high-concentration with x = ©(p) Assume that both p
and k increases at the same rate. If the deviation § of the geodesic v from the
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mode p of vMF,(p, k) is not its maximum, i.e. § < 7/2, then S, (x) degenerates
as p — oo and can be well approximated by either the vM or normal distribution.
In the following we show the convergence of a scaled S, (x) in the limit p, k — oo,
while k/p — A/2 € (0, 00).

In the general geodesic case where § > 0, the distribution of S, (x) is only
available as the mixture of vM distributions vM(k cos(6)R). It turns out as
p — o0, the mixing random variable R concentrates at

Acosd
14+vV1+ N

To =

shown in Lemma B.7 in Appendix.

Informally, S, (x) is the mixture of vM(k cos(d)ro), with weight approaching
1, and the rest with weight approaching 0, as p — co. This entails that S, (x) ~
vM(k cos(0)rg) in the limit, but because x increases as well, the vM is again
approximated by the normal distribution. This is shown next.

Theorem 4.3. Let u=1p/2—2 forp > 5 and x ~ vMF,(u, ). Suppose both u
and Kk increase while A = k/u € (0,00) is fized, and 6 = p(p,~) is fized.

(i) If 6 € [0,7/2), then for

V&S, (x) = N(0,1) as p — oc.
(i1) If 6 = 7/2, then S,(x) = Uniform(—=,7), as p — co.

Remark 1. In Theorem 4.3, we used v = (p —4)/2 as it is the easiest form to
handle, but the conclusion remains the same if u = (p — 1)/2 or p/2 is used
instead.

For the special case of a canonical geodesic v with cos§ = 1, the statement
of the above theorem can be obtained from Theorem 4.1 (iv). For this special
case, Theorem 4.1 (iv) is in fact a stronger statement than Theorem 4.3, as the
rate of convergence ©(p~!) is not available in the latter.

Theorem 4.3, together with Lemma B.2, implies that if both p and x are
large, PvM(p, k, §) is well approximated by vM(%) and by N(0,x71).

High-dimension, moderately large x = ©(,/p) The distribution of S, (x)
does not degenerate when x increases at the rate of \/p. The case p — oo
while k = |/p is investigated by Watson (1988), in which Watson showed that
the orthogonal projection of x ~ vMF,(u, ) onto the subspace spanned by
P = [p, v] converges to a normal distribution when scaled by /p. We show in
Theorem 4.4 that the polar angle S, (x) of the projection score p'/?P’x converges
to the distribution of polar angle of the limiting 2-variate normal distribution,
called the projected normal distribution.

In the theorem, we in addition allow the geodesic v = v(p, v) to be random,
but require that for a given § € [0,7/2], p(u,y) — ¢ in probability as p — oo.
This will be useful in Section 5.
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The projected normal distribution, sometimes referred to as angular Gaus-
sian or offset normal distribution, is obtained by projecting a Gaussian random
vector on R? on S?7! (in our case, ¢ = 2), and does not coincide with the
vMF distribution. We write PNo (e, I) for the distribution of the polar angle
of N2 ([J,, IQ)

Theorem 4.4. Consider o sequence {x, : p = 3,4,...} of random directions,
where x, ~ VMF,(p,,, kp), where for a X > 0, k, = /pA. For each p, let v,
be a random geodesic parameterized with respect to p,, that is, vy, = v(q,Vv)
and A, = cos™'(q'pm,) = p(p,,7) and v'p, = 0. Assume that ~y, and x, are
independent, and for a constant § € [0,7/2], A, — & in probability as p — oo.
Then as p — o0,

Vo(d'xp, V%) = No((Acosé,0),Io),

and
S, (xp) = PNa((Acosé,0),Io).

The density function of PNa((Acosd, 0)’,Is) is

O (A5 cosb)
d(As cos0)

for 0 € [—m,m), where A\s = Acosd, and ® and ¢ are the distribution function and
the density function of the standard normal distribution, respectively (Watson,
1983; Pukkila and Rao, 1988; Presnell, Morrison and Littell, 1998). The density
fpn is unimodal, symmetric about zero, and exhibits heavier tails than the
vM. Albeit the difference, the density fpn(6;As) is well approximated by vM
distributions when Ag is low or high. In particular, for high concentration case
where A\s — 0o, we have

fen(0;Xs) = 2ie_)\§/2 {1 + A5 COS 9} ,
0

PN3((As5,0)', I2) = vM(A2) ~ N (0, \52); (4.2)
for low concentration case where A\s — 0, we have for & = /7 /2)\;,
PN2((Xs,0)', I) =~ vM(&) ~ Cardioid(%/2). (4.3)

Thus, if p — oo, K = /pA and Acosé is large, then PvM(p, x,0) can be ap-
proximated by vM(p~!x? cos? §). On the other hand, for p — oo, k = /P but
Acosd = 0, we have PvM(p, k,d) = vM(y/7/(2p)k cosd). Note that the latter
vM approximation of PN is asymptotically equivalent to the high-dimensional
approximation by vM(v/ ﬁm) given in Theorem 4.1 (iii), for 6 = 0.

The assertions (4.2) and (4.3) are formally stated in Lemma 4.5.

Lemma 4.5. For T ~ PNy((),0),12), let fen(t;A) and fr(s) be the density
function of T and AT, respectively. Similarly, for 6 ~ vM(0,R), let gx(s; k) be
the density function of A\@.
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TABLE 1

Asymptotic approzimations of PvM(p, k,0). (x: Shown only for § =0.)

Scenario % of vM(R) Relevant result

p fixed, K — co* K cosd Theorem 4.1 (i)
p fixed, Kk = 0 B(&, %)n cosd/2 Theorems 4.1 (ii) and 4.2

p — 00, Kk fixed* K COS (\/ﬁ Theorem 4.1 (iii)
p — 00, K — 00, K/p — A/2 K cos? 5ﬁ Theorems 4.1 (iv) and 4.3

p— 00, k= 00, k//p = A | PNa((Acosd,0),1I2) Theorem 4.4

(i) (High concentration) For any s € R, as A — oo,
fals) = ga(s:A%) + O(A7?) = (s) + O(A 7).

(ii) (Low concentration) Let X\ = \/7/2X. Then for any A > 0 and t € (—m, ),
as A — 0,

fon(t;A) = fom(t; X) + O(N) = foardioia(t; A/2) + O(N?).

4.3. Summary and comparison

In Sections 4.1 and 4.2, several approximations of PvM(p, k,d) are identified
and justified in various asymptotic scenarios. A summary is given in Table 1.
A natural question to ask is that for a given (p, k), which approximation
works the best? We attempt to answer this question numerically. For each p =
3,...,50, a fine grid of k € (0,70], and § € {0,30°,60°,80°}, we compare
fevm (5 p, K, §) with each of the five approximations given in Table 1, and record
the closest approximation to PvM(p, &, ¢) in terms of the Hellinger distance.
The result is shown in Fig. 6. There, the high p, large x approximation (the
4th row in Table 1) is shown to be superior than the others for most cases.
When § increases, the PvM distribution becomes less concentrated, and the low-
concentration (small k) approximation becomes better. We note that the high-
dimensional approximations are similar to the low-concentration approximations
for most cases of (p, k). The approximation by the projected normal is seen to
be the closest roughly for the cases k < 2p. However, the difference between
the approximating projected normal density and the other approximating vM
densities, especially the small x and high p approximations, are not large (in
fact thin). These claims are numerically confirmed in Appendix C, in which we
provide a more careful numerical comparison on the quality of approximations.

5. An application to projection pursuit of directional data

Projection pursuit (Friedman and Tukey, 1974) is a technique for exploration
of multivariate analysis, aiming at finding low-dimensional “interesting” projec-
tions of high-dimensional data in RP. A direction u € R? is deemed interesting
if the distribution of the orthogonal projection score x'u is as far from Gaussian
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Fic 6. Regions of best approximations in terms of the smallest Hellinger distance.

as possible (Friedman, 1987; Bickel, Kur and Nadler, 2018). Such a non-normal
distribution is an evidence of potential clusters or outliers in the multivariate
data.

For directional data on SP~!, we propose to seek the geodesic +y such that the
projection score S (x) is as non-vM as possible. As claimed in preceding sections,
the projection score of a vMF-distributed random direction is approximately
vM-distributed. Since any vMF distribution is rotationally symmetric about its
mode, no geodesic is more interesting than any other geodesics. On the other
hand, if the data exhibits an interesting mode of variation such as clusters, the
projection score onto the geodesic passing through two clusters is bimodal, and
strongly non-vM.

We demonstrate that a measure of non-vM-ness is useful in detecting clusters
and outliers. In the following two examples, conformity to the vM distributions
is measured by the p-value of the Kuiper’s test with respect to the vM family,
using a sample of projection scores S., (x).

Ezample 1. Consider a location mixture of vMF, given by x ~ 1vMF3(py, k) +
1VMF5(py, ), where p(py, py) = 7/4 and £ = 50. A sample of size n = 100
from this model is plotted in Fig. 7. While we have chosen to use p = 3 for pre-
sentational purposes, exploration of directional data for p > 3 by visualization
is limited. We compare two geodesics 1 and -2, where 7; passes through both
p, and po, and yo stems from the sample Fréchet mean of data, the minimizer
poof S0 {p(xi, u)}?, and is orthogonal to ;. If the data were in Euclidean
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F1c 7. A sample from a location mizture of vMF distributions, overlaid with geodesics v1 and
Y2 of interest. The strongly non-vM-distributed S~, (x) is related to the usefulness of v1 in
exploratory data analysis.

space, then ~; corresponds to the Fisher’s discriminant direction. The clustered
nature of the population appears along the geodesic y; whose projection score is
strongly non-vM (small p-value); see the bottom left panel of Fig. 7. On the other
hand, the projection onto 7, is vM-distributed, and is deemed uninteresting.

Ezample 2. We consider a contaminated vMF3(g, 50), where 10 percent of the
observations are located 90 degrees away from p. A sample of size n = 50 is
plotted in Fig. 8. Two geodesics are compared as well: 75 passes through the
two clusters and 7; stems from the sample Fréchet mean of the data and is
orthogonal to 2. It can be checked that the outliers appear on S,,(x) (which
is strongly non-vM), while the uninteresting v, has its scores distributed not
significantly different from a vM distribution.

While the above two examples concern a low-dimensional situation, the de-
parture from the vM distribution is a viable measure of interestingness in high-
dimensional situations. We show that under the location mixture model, similar
to the examples above, almost all geodesics y are uninteresting, i.e., the projec-
tions are approximately vM. Therefore, a geodesic vy with a non-vM projection
score is certainly interesting.

In particular, we use the high-dimensional setting of Theorem 4.4, and choose
the geodesic v from the uniform distribution on the set of all geodesics on SP~!.
Note that the uniformly distributed + is given by choosing a random orthogonal
2-frame (q, v). We also consider the case where the geodesic is confined to pass
through the mean of the directional data, a common practice in dimension
reduction. The result is easily derived from Theorem 4.4.
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Fic 8. A sample from a contaminated vMF distribution with outliers.

Corollary 5.1. Suppose that x, ~ mvMF,(pq, kp) + (1 — m1)VMF, (1o, kp),
Kp = /DA for some A >0 and 7 € (0,1).

(i) Suppose that v = v(q, V) is chosen from the uniform distribution on the
Stiefel manifold Vs, (consisting of 2-frames in RP). Then,

S, (xp) = Uniform(—m, )

as p — 00.

(ii) Let pu € SP~1 be any minimizer on?zl 0% (p;, ). Suppose that p(p, py) =
p(p, o) — d € [0,7/2] as p — oo, and that v is sampled from the uniform dis-
tribution on the (p — 2) dimensional unit sphere in the null space of p. Then,
Jor vy =~(m,v),

S, (xp) = PNa((Acosd,0)’,I,)

as p — oo.

The result above shows that as p — oo for almost all choices of ~y, the cor-
responding projection score is approximately vM-distributed (either uniform or
the projected normal). However, as demonstrated in Example 1, there certainly
is an interesting direction: For the canonical geodesic v with respect to both g,
and po, ie., v = I'(py = o), S,(x) converges to a location mixture of two
projected normal distributions.

Corollary 5.1 also hints a use of “non-Gaussianity” as a projection index in
high dimensions. Unlike the usual vector-valued data where all uninteresting
projections are Gaussian, uninteresting geodesic projections of directional data
can be uniformly distributed. The uniform distribution is a special case of vM,
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but is strongly non-Gaussian. Thus, for directional data, non-normality of scores
does not always indicate interesting patterns of data.

Remark 2. Extensions of Corollary 5.1 may be necessary in developing a pro-
jection pursuit for high-dimensional directional data. For example, instead of
the 2-mixture of equal concentrations assumed in Corollary 5.1, consider a K-
mixture of vVMF, (., Axy/p) for K > 2 with possibly different concentration
parameters \p. If the number K of mixtures is fixed, then it can be checked
that the assertion (i) of Corollary 5.1 still holds even if A;’s are distinct. On the
other hand, generalizing the assertion (ii) is tricky. With more than two com-
ponents, the limiting distances from the component centers to the grand mean,
di :=limp_ oo p(pt, ), should be treated arbitrary (as opposed to di =dy =d
in the K = 2 case). With potentially different concentration parameters \g, we
conjecture that S, (x,) converges to a scale mixture of PNy((Ag cosdy,0)’,Iz).
Such a situation in a low-dimensional setting was explored in Example 2. There,
the location mixture S,,(x) is shown to be more severely non-vM compared to
the scale mixture S, (x).

6. Discussions
We point out two directions of future research topics.

On the projected vMF We have shown that the projection score of the
vMF distribution onto a geodesic is not exactly vM-distributed, but is so ap-
proximately. Whether a similar property holds for more general distributions
with ellipse-like symmetry such as Kent distribution (Kent, 1982) and the scaled
vM distribution (Scealy and Wood, 2019), or for a semiparametric rotationally
symmetric models (see e.g. Paindaveine and Verdebout, 2020), is an interesting
question. An anonymous reviewer has asked whether a property similar to The-
orem 3.1 holds for semiparametric rotationally symmetric models with density
at x € SP~! proportional to f(kx’p). A calculation similar to the proof of the
theorem shows that if f(st) = f(s)f(¢), then the distribution of T' = S, (x)
is a scale mixture of f(kcosdcos(t)). Whether the condition on f can be re-
laxed has not been answered. Furthermore, consider a dimension-k subsphere
Ap = {Pyz : z € S¥} C SP7L, defined for a p x (k + 1) orthogonal frame Pj.
The subsphere is a multidimensional generalization of the geodesic, as A; is the
image over a geodesic. A related question is whether the projected score in S*
onto Ay is approximately vMF-distributed.

On a formal development of projection pursuit for directional data
We have demonstrated that departures from vM distributions can be used as
useful projection pursuit indices. A comprehensive development of projection
pursuit for directional data and a thorough investigation of it are deemed ben-
eficial. We point out two major issues that need to be addressed in the devel-
opment.
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e Projection index: A projection index measures the interestingness of the
geodesic projection. While various measures of non-vM-ness are viable
candidates, computationally simpler notions such as kurtosis may pro-
vide satisfactory exploration of data. As an instance, Alashwali and Kent
(2016) primarily used the kurtosis as the projection index in their study
of projection pursuit.

e Structure removal or k-dimensional projection pursuit: Our discussion is
limited to the dimension-1 projection onto geodesics, and there certainly is
a need to detect more than one interesting geodesics or even a subsphere.
A common technique to explore more than one interesting directions is
structure removal (Friedman, 1987). For directional data, structure re-
moval translates to removing the identified interesting geodesic . Such a
task is not straightforward and invites a deeper discussion on the strat-
egy of dimension reduction for directional data (and for data on mani-
folds in general). Roughly, the strategies are categorized into two. The
forward dimension reduction aims to successively increase the dimension
of “interesting” submanifolds. On the other hand, the backward dimension
reduction seeks to successively remove “uninteresting” directions. While
there are evidences that the backward approaches are more suited for
manifold-valued data (Jung, Dryden and Marron, 2012; Huckemann and
Eltzner, 2018; Pennec et al., 2018), whether that remains the same for
projection pursuit shall be answered. See Damon and Marron (2014) for
an introduction on this issue.

Appendix A: Special functions

We collect several facts on the modified Bessel and Struve functions, and their
various asymptotic expansions. We refer to Sections 10 and 11 of Olver et al.
(2010) and DLMF (2020) as a general reference for these special function.

A.1. Standard power series and integral representations

The modified Bessel function of the first kind of order v can be defined by the
standard power series (Olver et al., 2010, 10.25.2):

s ()"
10 =(5) Xmr rrey (A1)

The modified Struve function of the first kind of order v can be defined by the
standard power series (Olver et al., 2010, 11.2.2):

_Fwr N (3
Lu(2) = (3) " kz::O T(k + %);(k +v+3)

(A.2)

The modified Struve function of the second kind of order v is defined by
M, (z) = Ly(2) — L(2), (A.3)
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and can be expressed as

)k+1 ( )V+k

Zr B+ k1)

k=0

(A4)

These functions, I, (2), L,(z) and M, (z), are defined for z > 0 and v > —1.
They appear in our discussion as the solution for special forms of integrals. In
particular, we have (Olver et al., 2010, 10.32.2, 11.5.4):

_ (%)V ! zt _ 42 l/—%
L) = T %)/ (1—2)~4at, (A5)
Mu(z):—%/ e~ (1 — £2) . (A.6)

Combining the above with (A.3), we obtain a new integral representation, which
is used in the proof of Theorem 3.2.

Lemma A.1. For z>0 and v > —%,
1 1
5 1
/ (1 —#2) 3 dt = M <—M,,(Z) + I,,(z)) :
0 (5)” 2
Proof of Lemma A.1. Let z >0 and v > —3 be fixed. Write

my(z) = YV 2) oy —2/0 =1 — 2) 4t

and

Decomposing the latter integral, we have

1 0
i,,(z):/ 1 — 2 )”"dt—i—/ (1 — 2y~ hat
0

—1
L 1 1 1
:/ eZt(l—t2)"_§dt+/ e F (1 — ) 2dt
0 0
! , 1
= / 1 —t?) " 2dt — —m,(2).
0 2
Thus,

1
1
/ e*t(1 — tz)l’*%dt = imy(z) +i,(2). O
0



Geodesic projection of von Mises—Fisher 1007

A.2. Large argument asymptotic expressions and related arguments

Various forms of Hankel’s expansion can be used to approximate I,,(z) for large
z. The asymptotic equivalence of a(z) and b(z) is denoted by a(z) =< b(z) if
lim, o a(2)/b(z) = 1. As a simple form of Hankel’s expansion, as z — oo and
v fixed, for any £ =0,1,..., 00,

4
Z(—U’f‘l’“(”), (A7)

where ag(v) = 1 and ax(v) = (4”2_12)(4”2_3;;!2;',;‘(4%_(%_1)2) for k > 1 (Olver

et al., 2010, 10.40.1). The remainder term can be controlled as well. For any
positive real z > 0 (Olver, 1997, p. 269),

z =1 —z
I(2) = (2;)% {kzzo(_l)kai—(’“y) + Rg(—z,l/)} - O(eﬁ). (A.8)

The remainder term Ry(—z,v) is absolutely bounded by |a,(v)/z‘| provided
that v < £+ 5 (Nemes, 2017, Eq. (5.1)). While the expression (A.8) is exact for
any z > 0, it is only useful for large z.

Next two results are on the various asymptotic ratios of the special func-
tions and the exponential function, and are primarily used in high-concentration
asymptotic arguments, e.g., in Theorem B.1.

Lemma A.2. Let v,u >0 and £ > 0 be fized.

(i) I,(2)/I.(2) <1+ % +0(272), as z — co.
(ii) lim, o 2°e*M,(2) = 0.
Proof of Lemma A.2. (i). Using the first two terms of the Hankel’s expansion,

4?1 —2
— O(z 2 uZ— _
we have I,,(z)/I,(z) < %‘:OEZ_Q; — 1 %214 4Pl (72). The
8z

assertion (i) follows.
(ii). Using Dingle’s expansion of M, (z) (Dingle, 1973, p. 445) (see also Item
11.6.2 of Olver et al. (2010)), we have

T =2 {nZU)”lm b} i <3>””"Tn<z>} ,

me* | = L(i—v+3) 2

for any n > v, and the remainder term 75, (2) satisfies sup,¢ g o) Tn(2) < oco.
Since there is a constant C' = C(v) > 0 such that I'(i — v + §) > C for all
i=0,1,...,n—1, we have lim, . zfe™*M,,(z) = 0.

Part (iii) is given by the Hankel’s expansion of I,(z) combined with (ii). O
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Lemma A.3. For any given v > 0, the function z — M,(2)(5)™" is strictly
negative and increasing on z > 0.

Proof of Lemma A.3. By (A.6), we have

M, 2 !
v (f) _ - / e—zt(l _ t2)y—%dt7
(3) Vrl(v+3) Jo
and
d My(z)  My(2)
dz (3)” G
Since 1\(4255) < 0 for any z > 0, the statement of the lemma follows. O
2

A.3. Large-order asymptotic expressions and related expansions

The large-order asymptotic expressions for the modified Bessel function of the
first kind of order v, I,,, and for the modified Struve function of the first kind
of order v, L,, are known (Olver et al., 2010, 10.41.1 and 11.6.5): For argument
z fixed, as v — o0,

Iu(z)x\/;r_y<%)y, L,,(z)xmj/§ (%) (A.9)

Note that the extra /v in the denominator of the approximation of L, (z) makes
L, (z) negligible compared to I, (z). Therefore, for the modified Struve function
of the second kind M,,, we have

My (2) = Ly(2) — I (2) =< —1,(2), (A.10)
and ) erv
My(2) +20,(2) = L(2) < o= (5) . (A.11)

Also useful is the the Poincaré expansion of the gamma function (Olver et al.,

2010, 5.11.3): i v\/ﬁ N , .
(v) = 7(2) {1+E+0(u )}. (A.12)

A.4. Uniform expansion of the modified Bessel function

Uniformly for 0 < z < oo,
I e 1+ yow? A3
y(v2)=— |1+ —+4+ 0@ °) |, .
v2) V2mv(l 4 22)1/4 < 8zv ( )> ( )

as v — oo (Olver et al., 2010, 10.41.3), where

n(z) = V1422 4+logz —log(l+ 1+ 22). (A.14)
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Appendix B: Technical details and proofs

B.1. Proofs of Lemma 2.1, Theorem 3.1, Theorem 3.2, Lemma 3.3
and Theorem 3.4

Proof of Lemma 2.1. We parameterize y by p(t) = Exp,(tv) = cos(t)q+sin(t)v
with ¢ € (—m,7]. Minimizing p(p(t),x) is equivalent to maximizing x'p(t) =
cos(t)x’'q + sin(¢)x’'v. Thus, if (x'q,x'v) = (0,0), then the maximum is every-
where. If (x'q,x'v) # (0,0), then there is a unique polar coordinate (r,0) €
(0,1] x (—m, 7] of (x'q,x'v), so that x'p(t) = rcos(t — #). Thus S,(x) =
argmax, X'p(t) = 6. O

Proof of Theorem 3.1. In this proof, the notation f(x1,---,x,,) is generically
used for the (joint) density function of variables (x1,...,%,,). Without losing
generality, let u = e1, g = cos(d)e; + sin(d)es and v = es.

Write x = (21,...,2p)" for x ~ vMF,(u, ). In the spherical coordinate
system (01,...,0,_2,¢), where 6, € [0,7) (i=1,...,p—2), ¢ € [-7,7), and

p—2
x1 =cosby, xo =sinficosbs,..., x, = Hsiné’l- sin ¢,

i=1

we have f(61,...,0,—2,0) = (k) exp(k cosbq) Hf;f(sin ;)P=3-1.
Suppose that p > 5. Then the marginal density function of (61, 62,03) is

f(01,02,03) = c,(k)Sp—_a exp(k cos B )(sin 01 )P~ (sin )P > (sin 63)P %, (B.1)

for 0; € [0, 7). Here,
i

w = I‘(T;‘l)’
for w > 0 is surface area of the w-dimensional unit sphere in dimension w + 1.
From (B.1), the joint density function of (z1,z2,x3) is obtained as

-5
(@, 2, 33) = cp(k)Sp-ae™™ (1 — 2} — 23 —a3) "=, (B.2)

for m1, z2, 23 satisfying 2% + 23 + 22 < 1. A similar derivation for the p = 4 case,
involving ¢, shows that (B.2) holds for p = 4 as well.

Let 21 = w1cosd + x98ind, z9 = —x18ind + zgcosd, and z3 = x3. From
f(z1, 29, z3), the joint density of (x'q,x'v) = (21, 23) is obtained by marginaliz-
ing out 2. This is done by utilizing the integral representation of the modified
Bessel function I, in (A.5). Also using S,_4 = S,—3I'(v)/{V/7T(v — 3)}, we get

J(21,28) = p(K)Spse™ D5 (L= 25 (T(W)  (B.3)

for 22 + 22 < 1, where v = (p — 2)/2, r? = 22 + 22 and z = ksin(d)v/1 — 72 and
I3(2) = (3) 7" L(2).
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For p = 3, calculations show f(z1,z3) = c3(k)erc(D21(1 — r2)=22cosh(z).
Using the relation I_1 (2) = (%)% cosh z (Olver et al., 2010, 10.39.1) and Sy = 2
confirms that (B.3) holds for the p = 3 case as well. Switching to the polar
coordinates (r,t) where z; = rcost, z3 = rsint,

f(r,t) = cp(k)S,_3 exp{r cos(8)rcos(t)}r(l — r?)" 1T (2)['(v). (B.4)
Using ffﬂ e*cstdt = 2r1y(z), the marginal density of r is easily obtained. Plug-
ging in the expression of ¢, (k) given in (1.1) and S,_3 = (27”)/I'(v) proves the
assertion. u
Proof of Theorem 3.2. The joint density function of (R,T), where R = 5, (x),

RcosT = 'x and RsinT = v'x, is given by Theorem 3.1, or more directly by
equation (B.4) in the proof of Theorem 3.1. Setting § = 0, we have

p

flrt) = cp(/i)Sp_ge(mOSt)Tr(l - 1“2)%4. (B.5)

Due to Lemma 2.1, the distribution of the projection score t = S,(x) is
obtained by marginalizing (B.5). Integration by parts gives the marginal density

of t, f(t) = cp(K)Sp—3 (;)%2 + g(t))7 where

1
g(t) = mos;/ elreos (1 — p2) 2" d. (B.6)
p— 0
If t = £7/2, then g(t) = 0. Thus,
1
£/ = )Sp-1——.

In general, there is no closed-from expression of g(t). If |t| € (7/2, 7], that is,
if kcost < 0, then the integral in (B.6) is closely related to the modified Struve
function M, . Using the integral representation of M, in (A.6),

kcost [1 p—2
g(t) — / e(n cost)r(l _ ,,,2 B dr
P—2 Jo )
_ t (2
_ —Kcos N (2),,4 M, (—r cost).

-2 — K Ccos 2
P (e
Suppose now |t| < 7/2 so that kcost > 0. It is shown in Lemma A.1 that
the integral (B.6) is a linear combination of M, (xcost) and I, (k cost):

kecost /TL(%)

1

t) = = (—Ml,(/{cost) +I,,(I€COSt)> .
pP— 2 (mcost)T 2

2

The derivation is completed by combining above results with the definitions
of ¢,(k) and Sp_s. O

Proof of Lemma 3.3. Without loss of generality, let p =e;, q =€,_1 and v =
ep. Then in the spherical coordinate system used in the proof of Theorem 3.2,
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ax = H;’;f sin(f;) cos(¢) and v'x = H?;f sin(f;) sin(¢), which in turn leads
that ¢ = S,(x). With the given spherical coordinates, the marginal density of
¢ is uniform for any rotationally symmetric distribution about e; on SP~!, as
shown in Lemma 3 of Kim, Schulz and Jung (2020). O

Proof of Theorem 3.4. The Jones—Pewsey distribution has the unique mode at
. Since fpym has the mode at 0, we do not consider Jones—Pewsey distributions
whose mode is not at 0.

We will prove the theorem by contradiction. Fix any « € (0, c0). Suppose that
there exists (R, ¢) such that g;p(t; &, ¢) is equal to fpem(t;p, k) for all ¢ € T,
where I C (—7n/2,7/2) is an open set. Let z = 2(t) = cost. By expressing
both density functions as power series in terms of cost, we have for g*(z) :=
gie(t; &, @),

() :w(,%7¢){1+%2_ 72(;; 1)22+73(¢—g;(32¢—1)23+,_,}7

where 7 = tanh(&¢). Using M, (z) + 21, (2) = L, (z) + I,(%), given by (A.3), we
have for z > 0,

1 w4+ L
[*(2) :== feem(t;p, k) = C(p, k) {1 + %(Lu(mz) + Iu(liz))}
B(3,u+ 3)k K, B(gut 3k’
:C(p,/@){l—i- 5 z+2(u+%)z + 8(ut1) 23 },

where u = (p — 1)/2. We used the standard power series representations for the
modified Bessel and Struve functions in (A.1) and (A.2).

Since by assumption ¢g*(z) = f*(z) for all z € cos(I), where cos(I) is an open
set in (0,1), the coefficients of both power series should be equal. By matching
the first four coefficients, we have C(p,r) = w(&, ), 7/¢ = B(3,u + 3)%,
r2(9—1)/(26) = —r?/{2(u+ 1)}, and {r3(¢ — 1)(26 — 1)}/(69%) = {B(L,u+
1)k3}/{8(u + 1)}. Comparing the latter three, we must have

L 4 _1f Buty)
$=1 B2(L,u+)(u+d) 2{1 2(u+1)}’

which does not hold for any u > 0. Therefore, for any p > 3, there is no ¢ for
any & for which g;p(t; &, ¢) equals feom(t;p, k). |

B.2. Proof of Theorem 4.1

We first give a sketch of the proof of Theorem 4.1, then supply a detailed proof.

Sketch of the proof of Theorem 4.1. As the exact expression of the density
fevm(+;p, k) consists of I,(z), M,(z) and the gamma function, inspections of
these functions are necessary.
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For high concentration case, the argument z of I,,(z) and M,(z) are increas-
ing. We use Hankel’s large-argument expansion of the modified Bessel function
to approximate I,(z) as z — oo; see (A.7) and (A.8). We use the first two
terms of the Hankel’s expansion while providing a bound for the remainder. In
Lemma A.2, the modified Struve function M, (z) is shown to be asymptotically
negligible when compared to the exponential function e* or to I, (z) for large z.
Then, | fx(s;p, k) — gx(s; )| is evaluated using the expansions; see Theorem B.1.
In addition, we give an independent proof for the approximation of the vM by
the normal distribution in high concentration in Lemma B.2. The assertion (i)
is given by the above two.

The low concentration case (ii) is handled by the standard power series rep-
resentations of I,,(z) and M,(z), given in (A.1)—(A.4). We show fpym(t;p, k) =
fom(t; %) + ©(k?) as k — 0 in Theorem B.4. An independent proof for the ap-
proximation of the vM by Cardioid distribution in low concentration, fonm(t; k) =
fcardioid (t; £/2) + O(K?), is given in Lemma B.3.

For the high-dimension case (iii), the order u of I,,(z) and M, (z) increases.
The large-order asymptotic expressions in (A.9) and (A.11) and the Poincaré
expansion of the gamma function (A.12) are used to show fpym(t;p, k) =
fcardioid(t; a/2) +O(p~1) as p — co. Applying Lemma B.3 completes the proof
of (iii).

Finally, for the high-concentration, high-dimensional case (iv), the uniform
expansion of the modified Bessel function of the first kind (A.13) is useful:
Uniformly for 0 < z < oo,

evn(2) ( 1 o 2))
(1 +—+ 0w )],
V2mu(l 4 22)1/4 8zv (
as v — 00. For example, the uniform expansion can be applied to the expression

I,(k) = I,(u)), as both u = (p — 1)/2 and & increase but A\ = £/u is fixed. In
our application, the uniform expansion is carefully applied to expand I, 1 (uz)

I(vz) =

as u — oo. It turns out Iu_%(uz) is not asymptotically equivalent to I,,(uz).
These issues are taken care of in Theorem B.6 where we show f.(s;p, k) =
gr(8;Rp) + O(p~1). The proof for (iv) is completed by applying Lemma B.2

together with a change of variable. O

In addition to the big Theta notation, we use the following. For asymptotic
equivalence we say a(v) < b(v) if lim,_, a(v)/b(r) = 1. We also use the stan-
dard big O notation: f, = O(g,) if limsup,_,. |f,|/g, < oo. Note that f, < g,
implies f, = ©(g,), which in turn implies f, = O(g,). The inverses are not in
general true.

B.2.1. High concentration approzimation

When the concentration parameter x in vMF,(u, k) is large, the vMF density
is very similar to the spherical normal distribution with variance 1/x (Kent,
1978). Similar to this result, the geodesic-projected vMF density fpynm can be
approximated by a vM density.
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As k — o0, both vMF, (s, k) and fpym(p, k) degenerates to their respective
mode. In the following, we compare the density of /S, (x) with that of \/k0,
for 6 ~ vM(k). Denoting the density functions of /kS,(x) and \/k6 by f.(s)
and g,(s), respectively, we derive the following result on the similarity of f.(s)

t0 g (5)-
Theorem B.1. For all p > 3, and for any s € R,

() = gu(s) +O(71),
as K — 00.

Proof of Theorem B.1. The scaled PvM density is f.(s) = C(p,k)/v/k - (1 +
h(s/+/k)), where the definition of h(¢) is given in Theorem 3.2. The scaled vM
density is decomposed into g.(s) = g1(k) - g2(s; k), where, for u = (p — 1)/2,

k) = 1 ( : S K _F(u+ )encos(s/ﬁ)
0= b T 5 2 = g |

=N

Using the above factorization of density functions, | fi.(s) —g.(s)| < A(s; k) +
B(s; k), where

A(s;k) = [C(p, k) [{VEgi (k) } — 1| - g1 ()1 + h(s/V/K)],
B(s; k) = g1(k)|1 4+ h(s/v/K) — g2(s; )|
It is sufficient to show that A(s;x) = O(k™!) and B(s;k) = O(k~ ) as

Kk — 00. We record the following for multiple use. Applying Hankel’s large s
approximation of Iy(k) given in (A.7), we have, as kK — o0,

g1(k) = O(K""2e77). (B.7)

(i) A bound on A(s; k). Since fpyym is symmetric and has the unique mode at
0, the maximum of 1+ h(s/+/k) is attained at s = 0. That is, |1 + h(s/v/k)| <
1+ h(0). To analyze

n 1 Mu(/{)_’_ 2 I,(k)
Vor Io(k)  V2r Io(k)’

we use (B.7) and the asymptotic expressions of the ratios of the modified Bessel
and Struve functions, derived in Lemma A.2 (i) and (iii). We get:

g1(R){1+1(0)} = g1(r)

u?

2
LI R
\/271'{ 2k

We also observe that, by Lemma A.2 (i),

1(s) sup |1+ h(s//R)| = Lo @

K_%C(p, K)
91(k) I, (k) 2k
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where v = (p — 1)/2. Combining (B.8) and (B.9) shows that for any s € R,
A(s;k) = O(k™1) as k — .

(i) A bound on B(s; k). Choose k large enough to satisfy x > (2s/m)?
that |s|//k < 7/2. Then, h(s/+/k) has two terms (see the first line of (3.3)),
and we write h(s/v/k) = har(x) + hy(x), where z = cos(s//k) € (0,1],

VALl ) VAT (u+ 1)
CE ()T

Define g5 to be the function satisfying g;(x) = g2(s; ) for z = cos(s//k). Then,

|1+ h(s/VE) = g2(s; 5)|
= |1+ hn(x) + hi(z) — gr(z)]

< 81(1p1|1+hM(x)|+|hz(x)—gz(x)l- (B.10)
xz€(0,1

hy(x) = ———=-M,(kz), hr(z)= 2I,(kx).

The first term of (B.10) is bounded:

1 M, (k
sup |1+ hy(z;6)] <14 /70 (u+—) sup ME f) -
2€(0,1] 2) ze0ny| (59 |2
DT (u+ 1)k
=1 2 2 B.11
+ Fu+1) 2 ( )

Here, we used the fact that ]\(/[;‘)(;f) is strictly negative and increasing on z > 0,
2
shown in Lemma A.3. Thus,

- 1
CT(u+1)

()

k)

sup
z€(0,1]

(B.12)

Note that the limit in (B.12) is easily obtained by replacing M, (z) with its
power series representation (A.4).

For the second term of (B.10), we use the exact Hankel’s expansion of I (k)
n (A.8) and write

hi(2) — g1 ()] = F((,j‘) DO 2| et () — expl(ca)
_ T(u+3) et 4u? — 1 Ly
= (%)u_% 271‘,%\/% {1 + Sk + O(KJ )} — exp<,‘§:p)
e (1o vE o)
=O(n " ke) (B.13)

In the last asymptotic equality, we used x = cos(s/y/k) — 1 as k — oo.
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Combining (B.7), (B.10), (B.11) and (B.13) gives

B(s; k) = g1(K)[1 + h(k™%s) — ga(s; )|
=0 {(n“*%e*")ﬁf“*%e“} =0(k™ 1),

as desired. O

The next lemma is on the approximation of vM distributions by the normal
distribution when x — oo. Let ¢(s) be the density function of the standard
normal distribution.

Lemma B.2. For any s € R, as k = o0,
9r(s) = ¢(s) + O(x71).

Proof of Lemma B.2. Using the Hankel’s expansion (A.8), and taking the power
series representation of cos(t) and exp(z), we have

s

gn(s) - QS('S) - 271_[0(“> \/ﬁe z

A B
T or (1 _ & + 0(5—2))

;;{@@;mm}. 0

B.2.2. Low concentration approzimation

encos(s/\/ﬁ) B 1 2

We first give the statement and an independent proof on the similarity of the
vM distribution and Cardioid distribution when & is small.

Lemma B.3. For anyt € (—m,m), as k — 0,
fori(t; £) = foardioid (t; 5/2) + O(k?).

Proof of Lemma B.3. By using the standard power series representation for the
modified Bessel function (A.1), we write

1 eﬁcost
1K) — foardioid (B £/2) = — ¢ —— — (1 3
fom(t &) — feardioia (t; £/2) o { o0 ( —|—/~€c05t)}
1 |1+ kcost+ 7('“35’")2 + O(x3)
27 1+ (5)2+0(xY)

1 2 2t—1
Lzt oL oty — o). 0
2w 4

-1 +/<;cost)}

Our main result for the low-concentration case follows:
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Theorem B.4. Let & = i(k) = B(2,3)k/2. For all p > 3, and for any t €
(—m,7], as k = 0,

foom(t;p, k) = fom(t; &) + O(K?).

Proof of Theorem B.4. Recall that fym(t; &) = c2(k) exp(& cost), where co(%) =
{27 Iy(R)} 1. Write

|vaM(t;p? K)_va(t; k)' S |C(p7 K’) - 02(’%>|(1 + h(t))
+ c2(R)|1 + h(t) — exp(& cost)|. (B.14)

By using the standard power series representation for the modified Bessel
function in (A.1), we get lim,oco(R) = 1/(2m) and |C(p,K)/c2(R) — 1] =
{1+ &2/4+ O(k*)} — 1], leading to

~ Loy 4
C(p, k) — ca(R) < —Fk” + O(K*). (B.15)

8w

Since fpym is symmetric and has the unique mode at 0,
1<1+4+h(t) <1+ h(0), (B.16)

which is bounded below and above uniformly for « € (0,1]. (The case k > 1 is
not considered as k — 0.)

For evaluation of m(t) := 1 + h(t) — exp(&K cost), we inspect three separate
cases depending on the sign of cost. First, if cost = 0, m(t) = 0. Second, if
cost > 0, then using (A.1) and (A.2),

j=1
_ p 1, kcost r(Hr) kcost) > s
=1+B(5,3)— F(%+21)F(§+1)< 5 ) O(r%),
and
2. (kcost)
m(t) =1+ n(n) -y £
PR
[t ] () e o

For the case cost < 0, a similar derivation as above using the power series
representation for M, (z) in (A.4) shows that m(t) is of order k2 as well.
The proof is completed by combining (B.14)—(B.17). O
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B.2.3. High dimensional approzimation

Theorem B.5. For any given k > 0 and t € (—7, 7|, as p — oo,

vaM(t;pv "i) = fCardioid(t; ,0) + @(p_1)7

where p = %4 /ﬁm.

Proof of Theorem B.5. We analyze

Jewm(t;p, k) — feardioia(t; p) = C(p, k){1+ h(t)} — %(1 +2pcost)

1
=5 {1 —27C(p,k) {1+ h(t)} + {h(t) — 2pcost}].
Utilizing the Poincaré expansion of the gamma function (A.12) and the large-
order asymptotic expression for I, in (A.9), we get 1 — 27C(p, k) X — =—uv +

6(p—2)
O(p~2). Thus, it is sufficient to show that h(t) — 0 and h(t) —2pcost = O(p~2)
as p — oo. Since the latter implies the former, it remains to show h(t)—2pcost =
O(p~%).
Let uw = (p — 1)/2. For |t| > 7/2, h(t) is expanded using (A.12) and the
large-order asymptotic expression for M, in (A.9)—(A.10). We have for u — oo,

hiey = YT E D) 4 costl)

|k cos t| u=l
2

1\" _1l|kcost| 1 9
A\/7_T<1+%) e 2 SN {1+m+0(1/ )}

i st + vk COSZK% +0(u™?). (B.18)

N cos 51

In (B.18), we used the fact lim,_oo(1 + %)“ = ¢1/2 and that cost < 0 for
[t| € (7/2,7). For [t| < 7/2, a similar derivation done for (B.18), but using
(A.9) and (A.11), gives the same asymptotic result. Thus, for ¢ # £7/2, h(t) —
2pcost = O(p~2). Observing that h(t) = 2pcost = 0 for t = +m/2 completes
the proof. O

B.2.4. Approximation along high dimension and high concentration

We consider k = Au, where u = (p — 1) /2, for a fixed A > 0 and u — co. Recall
that for T~ PvM(p, ) and 6 ~ vM(w), we denote the density functions of
VKS4(x) and \/k0 by f.(s) and g,.(s), respectively. Here, x > 0 and w > 0 need
not be the same.

Theorem B.6. Let u = (p — 1)/2 and k = Au for a fired X € (0,00). Let

Au
T Then, for any s € R,

w =

fr(sip k) = gu(s;w) + O(u™")

as u — oQ.
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Remark 3. The statement of Theorem B.6 holds when u = (p—1)/2 is replaced
by v = (p—2)/2 or p/2.

Proof of Theorem B.6. Note that f.(s) = x~Y2C(p,r){1 + h(s//x)} and
gr(s) = k12271 (w)} " exp{wcos(s/\/k)}. Let

1
l/:(p72)/2:’LL7§.

Asu — 00, k= Au — 0o and v — oo as well.

We first show that x~/2C(p, k) degenerates to 0 in the limit. Using the
Poincaré expansion of the gamma function (A.12) and the uniform expansion
of the modified Bessel function (A.13), we obtain

1 1+X2e :
~1/2 - e _
. c(p,m%(v ; ) exp{-vE(11)).

where e = exp(1) and using a, = (1 + %)27

E\v)=+vV1+a, 2 +1oga, —log (1 + /1 +a,,/\2> —1+1log2.

Checking £(0,v) = log(2) > 0 and a%f(/\, v) = 1%/% > 0 confirms that

&(A\,v) > 0 for any A and v. In particular,

lim £\, v) = V1+ A2 —1+1log2 —log(1+ /14 A2) >0

vV—00

for any A > 0. As v — oo,
kY2C(p, k) = @(e_”y_%) (B.19)

converges to 0 exponentially fast.

We now analyze f.(s) for a given s € R. Since s/+/k < 7/2 for sufficiently
large , it is sufficient to inspect f.(s) = k= /2C(p,r)(1 + hi(s/\/k)), where
hy is the expression in the first line of (3.3) in Theorem 3.2. By (B.19) and

v=1u— % we have

27

Fu(s) = K720 (p, K)ha(s/v/K) + O (e Vv 2)
1 I(uX) L.{uXcos(s/vVu)\)}

= V2w Ty (0N Ty feos(s/ Van et T O (B20)

To compare gi(s;w) with (B.20), we write an alternative limiting form of
gk (s;w). Using Hankel’s expansion for the modified Bessel function in (A.8),
and the power series representation of cos(t), we have, as both u and w tend to



Geodesic projection of von Mises—Fisher 1019
infinity,

gk(s;w) _ ()\u)—l/2{27rlo(w)}—1ewcos(s/\/E)

_ 1 VI (i)
Vur ev

1

" Vor

The proof is completed if the following holds:

% = \/ng O(u™), (B.21)
L.{uXcos(s/vu))} = e L Oy B.29
I, (uX){cos(s/vuX)}u—1 Ok, (B.22)

+ 0@

w w2
e o).
ot +0O(u)

where w = H’\zﬁ While the uniform expansion of I,,(u\) is the main tool
in verifying (B.21) and (B.22), care is needed for (B.21). In particular, we write
Ly (ud) =1, 1 {(u— %)(uf% M)} to make sure the order u — 3 of the modified
Bessel function appears exactly in the argument.

For (B.21), applying the uniform expansion to both Bessel functions gives

Ty (ud) L,(u))
Ly (0~ Ly = DEE )
etn(N) 2m(u— 3)(1 + a2 \2)V/4
B V2mu(1 4 A\2)1/4 JRCEESICIPY) +O(u)
— et{n(N)—n(auX)}+3n(aul) (B.23)

where a, =u/(u— ) =1+1/(2u — 1). A calculation involving Laurant series
of the exponent of (B.23) at u = oo leads that

1

by 2
eu(n()\)—n(auk))—i-%?](au)\) = (7) , B.24
L+ V1422 (24

which shows (B.21). Finally, a similar derivation used for (B.21) can be used to
show (B.22). O

For completeness, we provide our proofs for the claims (B.24) and (B.22).

A proof of (B.24), as mentioned in the proof of Theorem B.6. Recall that

NA) = V14+ A2+ log —log(l+ 1+ A2),

and that a, = 1+1/(2u—1). Also note that for any constant a > 0, as © — oo,
Va+2+0@2) =va+ (2yaz)™t + O(@™2) and zlog{l + ¢ + O(z7%)} =
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a+ O(x~1). Then as u — oo, we have

1

/\2
1 232 — /1 2 -2
V1+aZ +A —|—\/1+—)\22u_1+0(u ),
1 1
log(1 == -t
ulog( +2u_1) 2+O(u )
1 1 2)\2 2
ulog V- ) A + o).
L+ V1+ A2 VT 4+ 22(1 + V1 +\2)
Combining the above with lim, o n(a,\) = (),
1
exp {ur) = (@) + g0, |
{ A2 1 n A2 n 1 ()\)}
X expl ————— — — =
PUlavizre 2 avigne(+vitre) 2"
oo {3 (i)}
= eX — D — s
P\ e
as desired. O

A proof of (B.22), as mentioned in the proof of Theorem B.6. Continuing the
proof of Theorem B.6, we treat s € R as fixed. Let r,,(s) = cos(s/vuX). Use the
uniform expansion of the modified Bessel function as u — co to write

L{udr,(s)}

= eX u TulS — ogr TulS 1+7)\2 !
LAt — e il ()} =) + oz ruls) (5 )

14+ A2r2
+0O(u™)
< exp (uln{Aru(s)} — n(A) +logry]) + O(u™),

where the second asymptotic equality is given by lim, o0 74(s) = 1.
We shall use the following large v approximations: As u — oo,

A s _
\/1+>\2T12L(S) = \/14’)\2* mg‘i’O(u 2),
logr(s) = — 33 — 1 +O(u™?)
ul1logry(s) = o 2y u .

Then,

exp (u[n{Ary(s)} —n(A) +logru])
{ A 2, A
U v e’ 21+ 22(1+ 1+ \2)

s% + O(ul)}

A 2
=expy—————————57 5,
p{ 2(1+ V14 A?) }
as needed. O
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B.3. Proofs and technical details for Section 4.2
B.3.1. Low concentration approximation

Proof of Theorem 4.2. We begin with the expression

1
Fount(t: p. ., 8) = /0 Fr(r) fon(t: 5 cos(8)r)dr

given in (3.2). Since I};(k) is increasing, fr(r) is bounded by

2
IMOING)

F0) = oS B 01— 1) (0) = (1 -2y

I3 (x)
and

H(r) = I {k cos(8)}r(1 — r?)" 1 I7_ {rsin(5)}.

2
13(k)
That is, uniformly over r € [0,1], 1({)(7“) < fr(r) < fl(;)(r). Furthermore,
as Io(z) is also an increasing function, for any given ¢, fym(t; kcos(d)r) =

[27Io{k cos(8)r}]~* exp{r cos(d) cos(t)r} is bounded by

K cos(d) cos(t)r el cos(d) cos(t)r

c < fom(t; wcos(0)r) < Tonlo(0)

271y (K cos )
uniformly over r € [0,1].

Write
(+) fccos(é) cos(t)rd
/ / il 2nlo(0)

ok cos(8) cos(t)r
0= [ O e
We then have for any ¢ € (—m, 7],
FOM) < foem(t) < fH ). (B.25)
Rewriting f()(t), fH)(t) = U(v, k,8)ho(t; v, K cos §), where

215 (kcosd)I;_(ksind)
2l (k) 1(0) - 20 7

U(v,k,0) =
1

ho(t;v, Kk cosd) = 2V/ r(1— 7“2)”_16'“03(5) cos(t)r gy,
0

Using the standard power series representation of I, (A.1), as k — 0,

U(v,k,0) = 1/(21) + O(k?).
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Integration by parts gives that ho(t; v, kcosd) = 1 + 2vg(t), where

Kk cos(0) cos(t)

1
g(t) — » /O er cos(d) cos(t)r(l _ T2)Vd’l“,

which is exactly the expression (B.6) in the proof of Theorem 3.2 with x replaced
by cos(d). Following the lines of the proof of Theorem 3.2, we have

ho(t; v, kcosd) = 1+ h(t;9),

where h(t;d) is the function A(t) in (3.3) in the statement of Theorem 3.2 with
K replaced by & cos(d).

Calculation similar to above leads that f(=)(t) = L(v,,8)ho(t; v, K cosd),
where

2

L(v,%,0) = 2m L3 (k)L (v)Io(k cos 6) - 2v

=1/(27) + O(K?). (B.26)

Summarizing the arguments from (B.25) to (B.26), and the fact that
ho(t; v, K cos §) is uniformly bounded below and above on t € [—7, 7],

fevm(t; v, K,0) = %(1 + h(t;6)) + O(K?).

The proof is completed by observing

2
1+ h(t;6) — exp(Rcost) = 1 %{B(g, é)}Q] (HCOSgCOSt> +O(x?),
p

for any ¢t € (—m, 7] as done in (B.17) in the proof of Theorem B.4. O

B.3.2. High dimensional approzimations

We give a proof of (4.1), which states that for fixed kK > 0 and § = p(y,u) €
[0,7/2], if x ~ vMF,(u, ), then (\/pR,S,(x)) = (X,U), as p — oo, where
X ~ Rayleigh(1) and U ~ Uniform(—m,7) are independent.
Proof of (4.1). Let v = (p—2)/2 and Y,, = \/vR. For T = S, (x), it is enough
to show that (Y,,T) = (Y,U) as v — oo, where Y ~ Rayleigh(1/2) and U ~
Uniform(—m, ) are independent.

From (B.4) in the proof of Theorem 3.1, (V,,T) has the density function

2\ v—1
f(y,t) = V(k,v,d,y)exp{rcos(d) cos(t)y/\/v} £ (1 - %) , where for z =
ksin(d)y/1 —y? /v,
z)*(l’*l)

Yk, v,d,y) = cp(k)Sau—11,—1(2)T(v) (5

11,
_1ha(@) k)
m I,(k) 2
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By applying (A.9), we have ¥(k,v,d,y) < v/m as v — oo. Combining this
2

v—1
with lim, _, o exp{x cos(d) cos(t)y/\/v} = 1 and ¥ (1 - %) = %6*52, we

have, for any giveny > 0, ¢ € (—m, ), lim, o0 f(y,t) = 2ye=v . 5. By Scheffe’s
Lemma (Durrett, 2019, p. 117), the assertion follows. O

The next two lemmas are used in the proof of Theorem 4.3.

Lemma B.7. Let u = p/2 — 2 for p > 5. Suppose both u and k increase while
A = k/u € (0,00) is fized. Suppose that x ~ vMF,(pu, k), and § = p(p,v) is
fized and 6 € [0,7/2). Then for (R, Sy(x)) as in Theorem 3.1, and

_ Acosd
IEERYEo

VP(R —ro) is asymptotically normally distributed with mean 0, as u — oo.
Proof of Lemma B.7. Write k = u\ and

w(r) = Asin(d)v/1 — r2.
By Theorem 3.2,

Lufuw(r)}
RCGIT

Throughout, ¢1, co, 3, ... denote the appropriate normalizing constants.
Using the Hankel’s expansion for I in (A.8), we write

fr(r) = crlp{ul cos(8)r}r(l — r2)¥

Io{uXcos(d)r}r(1 —r?)* = exp [u{Acos(d)r + log(1 — r*)}] My(r),

where M (r) = r{27\cos(d)r}~1/2(1 + O(u™')). Likewise, using the uniform
expansion of the modified Bessel function in (A.13),

Lufuw(r)}
o)}

where 7 is defined in (A.14) and My(r) = {2mw(r)}~1/2{1 — W?(r)} ~V4{1 +
O(u~')}. Combining the above we have

fr(r) = caexp{—ufB(r)} M (r),
where M (r) = M, (r)Ms(r) and

B(r) = =Acos(d)r — /1 + w2(r) +log{1 + /1 +w2(r)} — log(1 — r?). (B.27)

In Lemma B.8, stated below, we confirm that § is a convex function with a
unique minimum at ro = cos(d)(VA2+1—1)/) €]0,1).

Let Y, = v/u(R—rp). The density function of Yy, is fi,(y) = c3 exp{—uB(ro+
y/Vu)}M(rg + y/+/u). Since § < /2, cosd > 0, thus ro > 0. Using this

= exp [unfw(r)} — ulogfw(r)}] Ma(r),
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fact, it can be shown that lim, o, M(rg + y/+/u) is a non-zero constant. Since
B (rg) = 0, a Taylor series expansion of 5(r) at r = rq gives, as u — oo,

2
fuly) = cxexp{=5(ro) % }.

Thus, f,(y) converges pointwise to ¢(y/or,)/or,, 07, = {B@ (1)}, as u — oo,
and we have
Y, = N(0,02). O

'Y ro

Lemma B.8. For § € [0,7/2) and A > 0, let 8 : [0,1] — R be the func-
tion defined in (B.27). Then, B is conver and has a unique minimum at ro =
cosd(vVAZ+1—1)/X € (0,1). Moreover, the second derivative of B is strictly
positive for all r € (0,1).

Proof of Lemma B.8. Calculations show that the first two derivatives of 5 are

6(1)(7") = —)\cosd + 1 jrz{l + \/1 + A2(sind)2(1 — r2)},

{14 /14 22(sin6)2(1 — r2)}(1 +72) + A% (sin8)%(1 — r?)
(1 —72)2/1 + A2(sin6)2(1 — r2) '

5O =

It is easy to confirm that 3®)(r) > 0 for all r € [0,1), and thus 3 is convex.
Moreover, the algebraic equalities

14+ X (sind)?(1 —r2) = {(sind)®V/1+ A2 + (cosd)?}?,
1+\/1+)\2(sin5)2(1—r%) = 2+ sm(5 (VI+X2+1),
o Acosd

1—r2 24 (sind)2(VI+A2+1)
lead that 3(M) () = 0. Since  is convex, rg is the unique minimum of 8. Finally,
since (VA2 +1—1)/X € (0,1) for all A > 0, we confirm that r¢ € (0,1). O

Proof of Theorem 4.3. Let T = S, (x) and R be as given in Theorem 3.1 so that
given R=r, T ~ vM(k cos(d)r).
Suppose cos(d) = 0. Then for any p, x, T ~ vM(0), which is Uniform(—m, 7).
Assume cos(d) > 0 hereafter. By Lemma B.2, we have for any r € (0,1),

VEcos(d)rT | (R=r)= N(0,1), (B.28)

as Kk — OQ.

Note that & = ulcos(d)rg. Let S = VAT = \/uXcos(8)roT. Then, for any
r € R,

Pr(S < z) = E{Pr(y/uXcos(d)roT <z | R)}

= E[Pr{(u\cos(6)R)/?T < x+/R/ro | R}].
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For the given x, let X, (R) = Pr{(ulcos(d)R)"/?*T < x\/R/ro | R}. Due to
(B.28), limy, 00 Xu(r) = ®(x+/7/10) for any r € (0, 1). As shown in Lemma B.7,
R — 7o in probability as u — oo, and we have that X, (R) — ®(x+/7o/10) =
®(z) in probability.

Since the sequence of random variables { X, (R)} (indexed by u) is uniformly
integrable (as 0 < X, (R) < 1), and X, (R) — ®(z) in probability, we have
E|X,(R)| — E|®(x)] — 0 as u — o0, by, e.g., Theorem 5.5.2 of Durrett (2019).
Since both terms are nonnegative, we have, for any = € R, Pr(S < z) — ®(z),
that is, S = VAT = N(0,1) as u — oc. |

Proof of Theorem 4.4. Let (X1, X2,) = (X1,X2) = (d'%p, v'x,). In this proof
the subscript p is sometimes omitted if the context is clear. Using the intermedi-
ate result (B.3) in the proof of Theorem 3.1, the conditional density of (X7, X5)
given (q, V) is

Flar, 2 | (q,v)) = ep(y/PA)Sp-geVPA =200 (1 —af — a3)" "5 ()T (v),

for z3 + 3 < 1, where v = (p—2)/2, x = \/pAsin A,\/1 — 2% — 23 and I}(z) =
(5)7"I1,(2). Notice that the dependence on (X1, Xs) of (q,v) is only through
Ap = Cosil(qlﬂp)' Thus, f(z1,22 | (q,v)) = f(z1,22 | AIJ)

Fix any dp € [0,7/2]. The conditional density of (Z1,Z2) := \/p(X1, X2)
given A, = §g is then

f(z1,22 | 00) = Ci(21, 2250, A, 00) - Ca(21, 2250, A, o),

where
z_o

A o 22422
Cl(zlaZQ;va,(sO) =e cos oz (1 - %) ]

and

42(2:1, 22, D, )\,50) = Cp(\/ﬁ)\)sp,?,[:fl (}\ Sinéoﬂ 1-— %) F(V)p_l.

Then for any (z1,29) € R2,

. _ 1 2 2
Hm (i (21, 203p, A, §p) = e}z (Ei+2)
p—ro0

— e—%{(zl—)\ 00360)2+z§}e%(z\2 cos? 8g)
)

and lim,_, o C2(21, 22; D, A, 50)e%(A2 cos® d0) — (27)~! can be shown using the uni-
form expansion of the modified Bessel function (A.13) and the Poincaré expan-

sion of the gamma function (A.12). By Scheffe’s Lemma, lim, o f(21, 22 | d0) =
21 67%{(217/\00560)

5 *+23} for any z1, zo leads that as p — oo,
[:(Zl,ZQ | Ap = (50) = NQ((/\ CcOos 50,0)’,12), (B29)

where £(X | Y = y) means the law of X conditioned on Y = y.
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For each p, write the joint distribution function of (Z1,Zs) by Fp(z1,22).
Recall that A, — § in probability as p — co and that § is deterministic. Then
for any z1, 29,

Fp(z1,22) = E{Pr(Z1 < 20,725 < 23 | A)}
= BE{Y,(Ap)},

where Y,(A,) = Fp(z1,22 | AA,).
Let ®(z1,22 | do) be the distribution function of No((Acosdy,0),I). By
(B.29), lim;,_, Y, (o) = ®(21, 22 | do). Since A, — § in probability, we have

Y, (Ap) = ®(21,22 | 0) in probability.

The sequence Y,(A,) is uniformly bounded by 1, thus uniformly integrable.
Since the convergence in probability of a uniformly integrable sequence implies
the convergence in L; (Theorem 5.5.2, Durrett, 2019), we have Fj,(z1,22) =
E{Y,(Ap)} = ®(21,22 | 0) as p — o0, Le.,

(Z1,Z3) = N2((Acosd,0), 1), (B.30)

as p — o0.
Recall that T' = S, (x,) is the polar angle of (Z1, Z3). The mapping (Z1, Z2) —
T is continuous except at (Z1, Z) = 0, which is a measure zero set with respect

to the limiting distribution of (B.30). Then, the continuous mapping theorem
gives Sy (x,) = PNa((Acosd,0), 1) as p — oc. O

Proof of Lemma 4.5. (i) The high concentration case. Note that

s 1 *1e*§ —<I>{)\cos(§)} cos(%
ne =g {1+ SRS e

— 0 as A\ = oo, we have

RUG) ~ o) = o) + 3 Lo ¥ SR

By replacing cos(s/A) with 1 — % + ﬁ + O(A79), the second term of (B.31)
becomes

Since for any a > 0, Aoe=>*/2

cos(y) — qS(s)] . (B.31)

82

\/A;_ﬂe_g |:e;;12+0(>\_4)q){)\ o) {1 ~ o+ O(A—‘*)} - 1] - (B.32)

By using the normal tail bound, ®(A+O(A™1)) = 1—O(ALe=*"/2) (as A — o)
and the power series representation of the exponential, (B.32) is

A2 2 st 52 _4
_271_6 2 1+3?_ﬁ+0()\ ) -1

1 2 (st g2 _9
= e {§_E+O(A )},
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which, when plugged in to (B.31), shows fi(s) — ¢(s) = ©(A~2). The proof is
completed by noting that Lemma B.2 gives gx(s; A\?) = ¢(s) + O(A72).

(i) The low concentration case. Let n(t;\) = ié/’\\zg:g)\cos t. As A — 0, for
cost > 0,
1 Acost 2 4
=+ 1-%4+0(z%)dx
n(t;\) = 2 Jo >\2200<2t (%) Acost
\/%e_ o7
= ,/%)\cost—l— V21 A2 cos? t + O(N?). (B.33)

It can be checked that (B.33) holds for cost < 0 as well. Let A = /3. Then

-2

A2 {fen (B A) — foardiow (B A/2)} = )\2—7r 6_%2{1 +h(t N} - 1+ S\COSt)}

- % (7% = D{1+h(t:N)} + (h(t; ) — Acost)]
— )\2—;2 {—%2(1 + Xcost) + O()\4) VA2 cos? t 4 O()\?’)} -

Thus, fpx(t; ) = fcardioid (; :\/2) + ©()\?). Applying Lemma B.3, we get
foardioid (B A/2) = fom (B X) + O(A2)
and fpn(t;A) = fom(t; A) + ©O(A?) as required. 0

B.4. Proof of Corollary 5.1

Proof of Corollary 5.1. Introduce a latent variable W, with Pr(W =1) =m =
1 —Pr(W = 2), such that x,, given W = w follows vMF,(t,,, £p) for w =1,2.
The location parameters p,, = p,,(p) are unit vectors in RP. The sequences
{p,():p=1,2,...,} for w=1,2 are deterministic.

(i) For i = 1,2, let y; ~ i.i.d. N,(0,1,). Write

1

Y1y1 y/1y2> 2

P=|qvV]|= , .
[ v] = [y1,v2] (y’zyl Y5Y2

Then, P follows the uniform distribution on V2, (Chikuse, 2012). For the
geodesic v = y(q,Vv), Ap(w) = p(p,,y) = cos™'(|[P',[). Note that q is
not in general the closest point to p,, on «. Since

1

v P \Yoy1 yaye Yok //P
in probability as p — oo, Ap(w) — 7/2 in probability for w = 1,2. Then by
Theorem 4.4, conditional to W = w, S,(x,) = PN3(0,I5) as p — oo, where

|—>O,
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PN3(0,15) is the uniform distribution on (—, 7]. Since the limiting conditional
distributions are equal for both w = 1,2, the assertion follows.

(ii) Assume without losing generality, . = e; and {p,, po, it} are contained in
the span of ey, es. Let d), = p(p, 1) = p(p, po) € [0, 7/2]. Again without losing
generality, we write py = cos(dp)e1 +sin(d,)es and py = cos(d,)er —sin(d,)es.
Note that lim;,_, . d, = d.

With the convention p = e, the random vector v is represented by

v=y/\Vy'y, y=(0Y1,....,Y,1),

where Y; ~ i.i.d. N(0,1). Then for w = 1,2,

/ . d
P/ — M l’l’w ) - (COb )
How (y’uw/ VY'y 0

and A,(w) = cos™!(||P'u,||) — d in probability as p — oo, Theorem 4.4
leads that conditional to W = w, S, (x,) = PNa((Acosd,0)’,I,) in probability
as p — oo for both w = 1,2. Since the limiting conditional distributions are
PN3((Acosd,0)',Iy) for both W = 1,2, the assertion follows. d

Appendix C: An extended comparison of approximated vIM
distributions

As referenced in Section 4.3, the qualities of the vM approximations in Section
4 are further inspected in this appendix.

For each triple (p, x, d), there are five approximations summarized in Table 1.
For notational simplicity, we denote f(;) for the approximated density under the
ith scenario of Table 1. The same order is used in the legends of Figs. 6 and
C.1. For example, f() refers to the “large x” approximation, shown in the first
row of Table 1.

The quality of approximation f;), measured by the Hellinger distance to f :=
fevm(p, K, 0), is inspected separately over two regions of interest. In Fig. C.1,
for each choice of 6 € {0°,30°,60°,80°}, regions “A” and “B” of (k, p) represent
regions in which the f(5) (and f4), respectively) approximations appear to work
best. These regions are numerically obtained, but roughly, region A corresponds
to the cases k < 2p, and region B to k > 2p. For region A, the projected normal
approximation f(5) is chosen as a reference, and we evaluate the difference of
the quality by

D(i||reference) = H(fv f(reference)) - H(fv f(z))v

over a fine grid of (k,p) € A and for all four choices of §. If D(i|reference) > 0,
then the approximation of f;) is better than that of fieference) (and vice versa).
The higher D(i||reference), the better approximation of f(;) over f(reference)- In
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Large  appr.
®  Small x appr.
High p appr.
®  High p, large « appr.
Projected Normal

Fia C.1. Eztension of Fig. 6. Regions A and B of (k,p) are split by the white dashed curve.

Fig. C.2, left column, the histograms of D(i||reference) values over region A are
shown for the five approximations (¢ = 1,...,5). The right column of the figure
is similarly obtained for region B, with f() (high p, high x) as the reference.
We observe the following:

e For region A (x < 2p), approximations given by fr), f(3) and f(5) are of
similar quality. (Differences in Hellinger distance are at most 0.059.)

e For region B (x > 2p), the approximation by f4 (high p, high x) shows
the best quality. The projected normal approximation by f(5) is among
the worst.

e Overall, f(4) provides the best approximation.

The histograms in Figure C.2 are obtained for all choices of §. For complete-
ness, Table C.1 records the minimum, median and maximum of D(i||reference)
for each choice of § and for all choices combined. The patterns are similar across
different values of 4.
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Fic C.2. The quality of approzimations compared to the reference. Shown are the histograms
of D(i|[reference). The ith row of the figure corresponds to the ith approzimation. For region
A, f2): f3) and f(s) are of similar quality. For region B, the quality of f(4) approzimation

stands out.

TaBLE C.1
(Minimum, median, mazimum) of 100 X D(i||reference) over (xk,p) € A or B.
é Scenario Region A Region B

6 (168, -108, 0) (83, =27, 06)

(2) (59, 14, 11) (-129, -94, 1.8)

0° (3) (59, -14, 10) (-129, -93, 1.8)
(4) (-4.3, -15, 04) (0, 0, 0)
(5) (0, 0, 0) (-237, -2, 0)

©) (-168, 111, 0) (88, 40, 08)

(2) (-4.9, -12, 03) (-11.7, -80, 3.3)

30° (3) (49, -11, 03) (-11.6, -7.9, 21)
(4) (-44, 14, 05) (0, 0, 0)

(5) (0, 0, 0) (-242, -7.3, 23)

) (168, 125, 01) (-11.9, =84, 50)

() (-1.0, 02, 27) (57, 20, 03)

60° (3) (-4, -02, 19) (-56, 21, 02)
(4) (-41, 21, 46) (0, 0, 0)

(5) (0, 0, 0) (-238, -66, 0.1)

) (167, -132, 0) (-159, -143, -26)
() (04, 01, 17) (-129, -28, 0)

80° (3) (-1.4, 0, 17) (-134, 30, -01)
(4) (-33, -19, 17) (0, 0, 0)
(5) (0, 0, 0) (-224, -59, 0)

) (168, 123, 01) (159, 59, 08)

(2) (5.9, -00, 27) (-129, 56, 33)

overall (3) (58, 01, 19) (-134, 55, 21)
(4) (-44, -17, 46) (0, 0, 0)

(5) (o, 0, 0) (-242, 69, 23)
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