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Abstract: The aim of sequential change-point detection is to issue an
alarm when it is thought that certain probabilistic properties of the moni-
tored observations have changed. This work is concerned with nonparamet-
ric, closed-end testing procedures based on differences of empirical distri-
bution functions that are designed to be particularly sensitive to changes
in the contemporary distribution of multivariate time series. The proposed
detectors are adaptations of statistics used in a posteriori (offline) change-
point testing and involve a weighting allowing to give more importance to
recent observations. The resulting sequential change-point detection pro-
cedures are carried out by comparing the detectors to threshold functions
estimated through resampling such that the probability of false alarm re-
mains approximately constant over the monitoring period. A generic result
on the asymptotic validity of such a way of estimating a threshold function
is stated. As a corollary, the asymptotic validity of the studied sequential
tests based on empirical distribution functions is proven when these are car-
ried out using a dependent multiplier bootstrap for multivariate time series.
Large-scale Monte Carlo experiments demonstrate the good finite-sample
properties of the resulting procedures. The application of the derived se-
quential tests is illustrated on financial data.
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1. Introduction

Let Xq,...,X,,, m > 1, be a stretch from a d-dimensional stationary times
series of continuous random vectors with unknown contemporary distribution
function (d.f.) F given by F(z) = P(X; < z), * € R% These available ob-
servations will be referred to as the learning sample as we continue. The con-
text of this work is that of sequential change-point detection: new observations
Xm+1, Xim+2, - .. arrive sequentially and we wish to issue an alarm as soon as
possible if the contemporary distribution of the most recent observations is not
equal to F' anymore. If there is no evidence of a change in the contemporary
distribution, the monitoring stops after the arrival of observation X, for some
n>m.

The theoretical framework of our investigations is that adopted in the sem-
inal paper of Chu, Stinchcombe and White (1996). Unlike classical approaches
in statistical process control (SPC) usually calibrated in terms of average run



Sequential change-point detection based on empirical d.f.s 775

length (ARL) (see, e.g., Lai, 2001; Montgomery, 2007, for an overview) and lead-
ing in general to the rejection of the underlying null hypothesis of stationarity
with probability one, the approach of Chu, Stinchcombe and White (1996) guar-
antees that, asymptotically (that is, as the size m of the learning sample tends
to infinity), stationarity, if it holds, will only be rejected with a small probabil-
ity « to be interpreted as a type I error and thus called the probability of false
alarm. The latter paradigm is increasingly considered in the literature; see, e.g.,
Horvéath et al. (2004), Aue et al. (2012a), Aue et al. (2012b), Fremdt (2015),
Kirch and Weber (2018), Dette and Gésmann (2019) or Kirch and Stoehr (2019).

Among the approaches a la Chu, Stinchcombe and White (1996), one can dis-
tinguish between closed-end and open-end procedures. The latter can in princi-
ple continue indefinitely if no evidence against the null is observed. Our approach
is of the former type in the sense that at most n —m new observations will be
considered before the monitoring stops.

As already mentioned, the null hypothesis of the procedure that we shall
investigate is that of stationarity and can be more formally stated as follows:

Ho:X1,..., X, Xint1,- -+, Xy is a stretch from a stationary time series

with contemporary d.f. F.

(1.1)

Notice that, if one is additionally ready to assume the independence of the
observations, Hy simplifies to

H(i)“d: X1, Xm, Xont1, - - -, X, are independent random vectors with d.f. F.

(1.2)
The aim of this work is to derive nonparametric sequential change-point detec-
tion procedures particularly sensitive to the alternative hypothesis

Hy:3k* € {m,...,n — 1} such that X3,..., X}« is a stretch from a stationary
time series with contemporary d.f. F' and Xy«11,..., X, is a stretch

from a stationary time series with contemporary d.f. G # F.
(1.3)

In other words, unlike some of the approaches reported for instance in Kirch
and Weber (2018), Dette and Gosmann (2019) or Kirch and Stoehr (2019), we
are not solely interested in being sensitive to a change in a given parameter of
the d-dimensional time series such as the mean vector or the covariance matrix.
We aim at deriving nonparametric monitoring procedures that, in principle,
provided m and n are large enough, can detect all types of changes in the
contemporary d.f.

In the considered context, the two main ingredients of a sequential change-
point detection procedure are a sequence of positive statistics Dy, (k), k €
{m +1,...,n}, and a sequence of suitably chosen strictly positive thresholds
wm(k), k€ {m+1,...,n}. For k € {m+1,...,n}, the statistic D,, (k) (called a
detector in the literature) is used to assess a possible departure from Hp in (1.1)
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using only observations X1, ..., X and is such that the larger D, (k), the more
evidence against Hy. After the arrival of observation Xy, k € {m+1,...,n},
the detector D,,(k) is computed and compared to the threshold w,, (k). If
Dy, (k) > wp,(k), the available evidence against stationarity is considered to
be large enough and an alarm is issued resulting in the monitoring to stop. If
Dy, (k) < wp (k) and k < n, a new observation X1 is collected and the previ-
ous iteration is repeated. This monitoring process can be naturally represented
by a graph illustrating the evolution of the sequence of detectors against the
sequence of thresholds; see, e.g., Figures 6.1 and 6.2. To ensure that the mon-
itoring can be interpreted as a testing procedure, the sequence of thresholds
wm(k), k€ {m+1,...,n}, needs to be chosen such that, under stationarity,

P{Dp(m+1) <wnp(m+1),...,Dnn) <wny(n)} >1-—q, (1.4)

for some small significance level a.

The detectors Dy, (k), k € {m +1,...,n}, proposed in this work are defined
from differences of empirical distribution functions. Specifically, as shall be ex-
plained in detail in Section 2, particularly powerful monitoring procedures can
be obtained by defining D,,, (k) as a maximized, suitably normalized difference of
empirical distribution functions computed from X,..., X; and X,11,..., X},
respectively, where the maximum is taken over all j € {m, ...,k —1}. When se-
quentially investigating changes in real-valued parameters of multivariate time
series, such an approach (related to what was called a Page-CUSUM procedure
in Kirch and Weber (2018) as a consequence of the work of Fremdt (2015)) was
recently suggested in Dette and Gésmann (2019) and justified through a likeli-
hood ratio approach. The latter principle had actually already been considered
in the SPC literature (to the best of our knowledge, without any asymptotic
theory, however) since at least the work of Hawkins, Qiu and Kang (2003); see
also Hawkins and Zamba (2005), Ross, Tasoulis and Adams (2011) and Ross and
Adams (2012). As we shall see, our detectors can be cast into the framework
of Dette and Gésmann (2019) with the difference that they involve a weighting
allowing to give more or less importance to recent observations. In that sense,
they could also be regarded as an adaptation of the statistics considered in
Csorgd and Szyszkowicz (1994a) for a posteriori (offline) change-point detection
to the sequential setting considered in this work.

As far as the thresholds w,,(k), k € {m +1,...,n}, are concerned, unlike in
the recent literature in which these are calibrated through parametric functions
defined up to a positive multiplicative constant such that (1.4) holds (see, e.g.,
Kirch and Weber, 2018; Dette and Gosmann, 2019; Kirch and Stoehr, 2019),
we define them through simulations or resampling with the aim that, under
Hy in (1.1), the probability of rejection of Hy be roughly the same at every
step k € {m +1,...,n} of the procedure. In the considered sequential testing
framework ¢ la Chu, Stinchcombe and White (1996), the latter requirement had
actually already been proposed by Anatolyev and Kosenok (2018). Interestingly
enough, as we shall see, it is strongly related to an approach appearing in SPC in
Margavio et al. (1995); see also, for instance, Hawkins and Zamba (2005), Ross
(2014), Ross and Adams (2012) and the R package cpm described in Ross (2015).
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From the point of view of their main ingredients, the sequential change-point
tests studied in this work are related to the approach put forward in SPC in Ross
and Adams (2012) (without any asymptotic theory) and implemented in the R
package cpm (Ross, 2015). However, unlike the latter, they are not restricted
to univariate observations and they can deal with time series, among several
other differences. To achieve this, as soon as the learning data set Xi,..., X,
is multivariate (d > 1) or serially dependent, resampling, under the form of a
dependent multiplier bootstrap d la Biicher and Kojadinovic (2016), is used to
carry out the monitoring procedures. By adapting the theoretical framework
considered in Dette and Gésmann (2019), the asymptotic validity of the inves-
tigated procedures is proven under strong mixing both under Hy in (1.1) and
under sequences of alternatives related to Hy in (1.3).

This paper is organized as follows. In the second section, we propose three
classes of detectors based on differences of empirical d.f.s and study their asymp-
totics, both under Hy and sequences of alternatives related to H;. A more gen-
eral perspective is adopted in the third section: for an arbitrary detector in the
considered closed-end setting, a procedure for estimating the threshold func-
tion such that the probability of false alarm remains approximately constant
over the monitoring period is investigated and its asymptotic validity is proven
under both Hy and sequences of alternatives related to H; when the estima-
tion is based on an asymptotically valid resampling scheme. The results of the
third section are applied in the fourth section to the three proposed classes of
detectors based on differences of empirical d.f.s. To do so, the consistency of a
dependent multiplier bootstrap for the detectors is proven under strong mixing.
The fifth section presents a summary of large-scale Monte-Carlo experiments
demonstrating the good finite-sample properties of the resulting sequential test-
ing procedures. An application on real financial data concludes the article.

Auxiliary results and proofs are deferred to a sequence of appendices. A pre-
liminary implementation of the studied tests is available in the package npcp
(Kojadinovic, 2020) for the R statistical system (R Core Team, 2020).

2. The detectors and their asymptotics

After defining three classes of detectors based on empirical distribution func-
tions and noticing that they are margin-free under Hy in (1.1), we study their
asymptotics under the null and sequences of alternatives related to Hy in (1.3).

2.1. Detectors based on empirical distribution functions

Let Fj., be the empirical d.f. computed from the stretch X, ..., X, of available
observations. More formally, for any integers j, k > 1 and « € R?, let

k
1
— 1(X; <x), if j <k,
Fjp(x) = k—j+1; (X < @) J (2.1)
0, otherwise,
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where the inequalities X; < x are to be understood componentwise and 1(X; <
x) is equal to 1 (resp. 0) if all (resp. some) of the d underlying inequalities are
true (resp. false).

After the kth observation has arrived, the available data take the form of the
stretch X7, ..., Xj. If we were in the context of a posteriori change-point detec-
tion, a prototypical test statistic would be the maximally selected Kolmogorov—
Smirnov-type statistic
UR)

Ry = ————== sup |Fij(x) — Fjt1.e(z)], (2.2)
R4

1§1Jr‘l§1§—1 k3/2

practically considered for instance in Gombay and Horvath (1999) or Holmes,
Kojadinovic and Quessy (2013). The intuition behind Ry, is the following: every
je{l,...,k—1} is treated as a potential break point in the sequence and the
maximum in (2.2) implies that Ry, will be large as soon as the difference between
Fy.j and Fj 1., is large for some j. The weighting j(k — j)/k%/? ensures that Ry
converges in distribution under stationarity as k — oo. As explained for instance
in Csorgé and Szyszkowicz (1994a) in the case of independent observations,
replacing for instance these weights simply by v/k would result in a statistic that
diverges in probability to co under stationarity. The part j(k—7) in the weighting
favors however the detection of potential break points in the middle of the
sequence. Test statistics that are more sensitive to changes at the beginning or at
the end of the sequence but still converge in distribution under stationarity can
be obtained by considering weights of the form j(k — 5)/{k%/?q(j/k)} for some
suitable strictly positive function ¢ on (0,1); see, e.g., Csorgd and Szyszkowicz
(1994b,a), Csorgd, Horvath and Szyszkowicz (1997) and Csorgd and Horvéath
(1997).

Going back to the setting of sequential change-point detection considered in
this work, a first meaningful modification of (2.2) is to restrict the maximum
over j to j € {m,...,k—1} since a change cannot occur at the beginning of the
sequence given that Xi,..., X, is the learning sample known to be a stretch
from a stationary sequence. Another modification is a rescaling consisting of
replacing k3/2 by m?/? in the weighting. The latter is made solely for asymp-
totic reasons as shall become clear in Sections 2.3 and 2.4. These modifications
essentially lead to the first detectors considered in this work:

J(k = j) o I
e e o ey |Frj(x) — Fipan (@),

Rvmq(k) =

ke{m+1,...,n}. (2.3)

In the previous display, ¢ is a strictly positive function whose role is to poten-
tially give more weight to recent observations. In the sequel, we consider the
parametric form

q(s,t) = max{s?(t — s)7,d}, 0<s<t, (2.4)

where ¢ € (0, 1) is a small constant and +y is a parameter in [0,1/2]. If v = 0, ¢ is
the constant function 1 and R,, 4(k) is then a straightforward adaptation of Ry
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in (2.2) to sequential change-point detection. In that case, the general form of
R, 4(k) can also be heuristically justified through a likelihood ratio approach;
see Section 2 in Dette and Gésmann (2019). When v = 1/2, as shall be discussed
in Remark 2.6 using asymptotic arguments, R, 4(k) can be regarded, under Hy
n (1.1), as a maximum of random variables with, approximately, the same
mean and variance. This heuristically implies that all the potential break points
j € {m,...,k — 1} are given roughly the same weight in the computation of
R, 4(k) unlike in the case v = 0 in which potential break points closest to |k/2]
are given more weight. Hence, for certain types of alternatives to Hy in (1.1),
choosing v € (0,1/2] might accelerate the detection of the corresponding change
in the contemporary distribution of the underlying time series. Examples of such
alternatives will be given in Section 5 in which the results of numerous Monte
Carlo experiments are summarized.

Two similar Cramér—von Mises-like detectors are also considered in this work.
They are defined, for k € {m+1,...,n}, by

. . 2
Snalt) = x| [ | IO (@) - Faa@)] aRue)

_ lz j(k —J) (X F, X ?
TSk A [mS/Qq(j/mvk/m{F”( o = Frraad 1)}] ’
(2.5)

and

k—1

1 1 ik — i 2
- E]:mE; [m3/2 ((]/mj)k/m {Flrj(Xi) Fj+1:k(X¢)}] . (2.6)

Remark 2.1. The detectors in (2.3) and (2.5) are related to those used in Ross
and Adams (2012, pp 104-106). The latter are also based on differences of empir-
ical d.f.s but deal only with independent univariate observations. The analogue
of (2.3) is apparently defined as a maximum of the quantities sup,cp |Fi:j(x) —
Fit1.6(x)|, j € {m,..., k — 1}, previously normalized using an empirical prob-
ability integral transformation, probably based on simulations. The analogue
of (2.5) takes the form of a maximum of the sums Zle{Flzj (Xi)—Fjp10(X5) 1},
j€{m,...,k—1}, after centering and scaling. The asymptotics of these detec-
tors were not studied. Given that the detectors of Ross and Adams (2012) are
distribution-free (see also Section 2.2 hereafter), that their approach assumes
serially independent observations and is based on simulations, the absence of
asymptotic theory is not problematic.

Remark 2.2. The detectors in (2.3), (2.5) and (2.6) are almost of the Page-
CUSUM type considered initially in Fremdt (2015); see also Kirch and Weber
(2018). For instance, in the case of (2.3), the adaption of the latter construction
to the present setting would have instead involved a maximum of the quantities
SUPgepd |[Fim () — Fijp1.6(2)|, 5 € {m,...,k — 1}. As explained in Dette and
Gosmann (2019), the use of such detectors may result in a loss of power in the
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case of a small learning sample and a rather late change point. In the Monte
Carlo experiments carried out in Dette and Gésmann (2019), Page-CUSUM
detectors were always outperformed by their analogues of type (2.3), which is
why we do not consider them in this work.

Remark 2.3. In addition to the detectors (2.3), (2.5) and (2.6), we also consid-
ered in our Monte Carlo experiments the following natural competitors which
are straightforward adaptions of the so-called CUSUM construction considered
for instance in Horvath et al. (2004) and Aue et al. (2012b). Their Kolmogorov—
Smirnov versions and Cramér—von Mises versions are respectively given, for any

ke{m+1,...,n}, by

Pm(k) :%—/2’/71) sélﬂgd ‘Fl:m(.’ll) — Fm+1;k(a‘:)|, (27)
1 & 2
7%2 { m3/2 {Flm Xi) — Fnyie(Xo)}| (2.8)

The asymptotic theory for these detectors being simpler than for the detec-
tors (2.3), (2.5) and (2.6), it will not be stated in the forthcoming sections for
the sake of readability.

2.2. The detectors are margin-free under the null

The detectors defined previously are actually margin-free under Hy in (1.1),
a property that shall be exploited in the forthcoming sections to carry out the
corresponding sequential change-point detection procedures.

Recall that X, ..., X, are assumed to be continuous random vectors. Say-
ing that the detectors are margin-free under the null means that they do not
depend on the d univariate margins Fi, ..., Fy of F' (the unknown d.f. of X;)
or, equivalently, that they can alternatively be written in terms of the unob-
servable random vectors Uy, . .., U, defined from Xy, ..., X,, through marginal
probability integral transformations:

U, = (Fi(Xn),. .., Fa(Xia)). (2.9)

Notice that we can recover the X; from the U; by marginal quantile transfor-
mations:

X; = (F7 (Un), ..., Fy (Ui)), (2.10)

where, for any univariate d.f. G, G~! denotes its associated quantile function
defined by

G '(y) =inf{z e R: G(x) >y}, y € 10,1], (2.11)

with the convention that the infimum of the empty set is co.
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To verify that the detectors are margin-free under the null, for any integers
g,k >1and u € [0,1]% let

1
—_— 1(U; <u), if j <k,
Cjrp(u) = k—j+1 ; ( ) J (2.12)
0, otherwise,

be the analogue of Fj.j, in (2.1) based on the U; in (2.9). For any j € {1,...,d},
by (right) continuity of Fj, we have that 1{F; (u) < 2} = 1{u < Fj(x)} for all
u € [0,1] and x € R; see, e.g., Proposition 1 (5) in Embrechts and Hofert (2013).
The latter property combined with (2.10) implies that, under Hy in (1.1), for
any ¢ € {1,...,n},

1(X; <z)=1{U, < F(x)}, =xcR% (2.13)
where F(x) = (Fi(z1),..., Fy(zq)). Hence, for any k € {m+1,...,n},

R k) = ](k — .7)
m.q(k) = max sup |Cr{F ()} — Cjri{F(2)}],

m<j<k—1m3/2q(j/m,k/m) pepa

q(
ik —j) , ,
BB 1 3P efrm) |1 () = sk ()

using again the continuity of Fi, ..., F,;. Similarly,

Simq(k) = Ik~ ) C Crnn )]
m’q( )_m<]<k: 1/{:Z[m3/2 (]/m k/m){ 1]( ) j+1:k( Z)}:| )

k—1

11y ik = j) ?
— —- C1.;(U;) — Ciy1.1(U; .
2 T T = Craan @)

In the case of univariate independent observations, the margin-free property
under the null implies that the detectors are distribution-free under the null.
When d > 1, this is not true anymore as the null distribution of the detectors
depends on the copula C associated with F'. The latter is merely the d.f. of the
random vector U; obtained through (2.9). Equivalently, C' is a d-dimensional
d.f. with standard uniform margins further uniquely defined (see Sklar, 1959)

through the relationships
F(x) = C{Fy(x1),...,Fa(za)}, x€RY
and
C(u) = F{F; (w),...,F; (ua)},  wel0,1]%

Remark 2.4. To be able to handle both the univariate and the multivariate
situations, in the rest of the paper, we adopt the convention that C is the
copula associated with F' when d > 1 and merely the identity function when
d=1.
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2.3. Asymptotics of the detectors under the null

As shall become clear in the forthcoming sections, the knowledge of the asymp-
totic behavior of the detectors under Hy in (1.1) is instrumental in showing
the asymptotic validity of the corresponding sequential change-point detection
procedures. To study these asymptotics, we follow Dette and Gésmann (2019),
among others, and set n = |m(T + 1)] for some fixed real number T > 0. This
will imply that, in the asymptotics, as the size m of the learning sample goes to
infinity, the maximum number of new observations considered in the monitoring
increases proportionally.
Let A ={(s,t) € [0, + 1]? : s <t} and let

Am/(s,t) = (Imt] — [ms])/m, (s,t) € A. (2.14)
Then, for any (s,t) € A and u € [0,1]%, let
G(s t,u) = VmAn (0, 8)Am (8, ){C1: ms) (W) = Clms | 41:(mey (w) ) (2.15)
where C1:|ms) and C|ps)+1:|me¢] are generically defined by (2.12), and let

G (s, t,u)
(I{Am(ov 5)7 >‘m(07 t)} ’

where ¢ is defined in (2.4). Notice that, with the definitions adopted thus far,
Gm(s,8,-) = G q(s,s,-) =0forall s € [0, + 1].

Forany k € {m+1,...,n} withn = |m(T+1)] and any j € {m, ..., k—1},
there exists (s,t) € AN[1,T + 1]? such that k = |mt] and j = |ms]. We can
thus write Ry, 4(k) as

G q(s,t,u) =

(2.16)

j(k —3)
Cy.; —Ciyq.
mgeh—1 m32q(5/m, kJm) ueonye [Cris(w) = Cigan(u)
- V m)\m (Oa S)Am(sa t)‘CILmsJ (u) - CLmstrl:Lmtj (’U,)|
= sup sup
se[L,t] uel0,1]4 {Am(0,8), A (0, )}

= sup  sup [Gpug(s,t,u)].
s€(1,t] uel0,1]¢

R q(lmt]) =

(2.17)

Similarly, it can be verified that

Spa(k) = Sg(|mt]) = sup /01]d{Gm7q(s,t,u)}QdClsz”(u), (2.18)

s€[1,t]

[
[01]d{Gm7q(8,t,'u,)}2dC'1:LmtJ(u)ds. (2.19)

f%whﬂwmm:[/

As we continue, we adopt the convention that

Rong(m) = Syng(m) = Ty g (m) = 0.
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Furthermore, given a set S, the space of all bounded real-valued functions on
S equipped with the uniform metric is denoted by ¢°°(S). The main purpose
of this section is to study the asymptotics under the null of the elements R, 4,
Sim.q and Ty, 4 of £2°([1,T + 1]) defined respectively, for any ¢ € [1,T + 1], by

() = Rrng(Imt]),  Smg®) = Sma(lmt)),  Tonglt) = Tong([mit).
(2.20)
Specifically, we will provide conditions under which they converge weakly in
the sense of Definition 1.3.3 in van der Vaart and Wellner (2000) under H
n (1.1). Throughout the paper, this mode of convergence will be denoted by the
arrow ‘~~’ and all convergences will be for m — oo unless mentioned otherwise.
From the expressions given in (2.17), (2.18) and (2.19), we see that, under
the null, the detectors studied in this work are functionals of G,, , in (2.16),
and thus of G,, in (2.15). Under stationarity, the latter is in turn a functional
of the sequential empirical process defined, for any s € [0, 7+ 1] and u € [0,1]¢,
by

lms]

Z {1(U; < u) = C(u)} = vVmAn (0, $){Ch: s (u) — C(u)}.
- (2.21)

1

Bm(sa u) = ﬁ

Indeed, under Hy in (1.1), for any (s,t) € A and u € [0,1]%,

Gm(s t,u) = A (5, 6) B (s,6) — A (0, 8) VMM (8, ){C s 4 1: ) (w) — C(u)}
= {An(0,t) — A (0, 8) 1B (s, w) — A (0, $){B, (¢, u) — B (s, u)}
= A (0,8) By (s, u) — A (0, 8) By, (¢, u).
(2.22)

In the forthcoming asymptotic results, we shall assume that the underlying
stationary sequence (X;);ez (or, equivalently, the corresponding unobservable
stationary sequence (U;);cz defined through (2.9)) is strongly mizing. Denote
by ]-"j’-c the o-field generated by (X;),<i<k, j, k € ZU{—00, 400}, and recall that
the strong mixing coeflicients corresponding to the stationary sequence (X;);ez
are then defined by o =1/2,

aX = sup |P(AN B) —P(A)P(B)|, reN,r>0,
AeFO __,BeFF>®

and that the sequence (X);cz is said to be strongly mizing if «X — 0asr — oco.
The following result is proven in Appendix A.

Proposition 2.5. Assume that Hy in (1.1) holds and that X1,...,X, is a
stretch from a stationary sequence (X;)iez of continuous d-dimensional random
vectors whose strong mizing coefficients satisfy aX = O(r=2) for some a > 1 as
r — 0o. Then, B, ~ B¢ in £°°([0,T + 1] x [0, 1]%), where B¢ is a tight centered
Gaussian process with covariance function

Cov{Bc(s,u),Beo(t,v)} = (s A t)[(u, v), 5,t €10, + 1],u,v € [0,1]¢,
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with A the minimum operator and

D(u,v) =» Cov{l(Up < u),1(U; < v)}. (2.23)

€7

As a consequence, Gy, ~ Go and G, 4 ~ Geg in £°(A x [0,1]9), where Gy,
and G, 4 are defined in (2.15) and (2.16), respectively, and, for any (s,t) € A
and u € [0,1]%,

GC(S7 ta u)
q(s,t)
(2.24)
It follows that R, 4 ~> Re g, Sm,q ~ Sc,q and Ty, q ~> Teq in £°([1,T + 1)),
where

Ge(s,t,u) =tBe(s,u) — sBeo(t,u) and Geyg(s,t,u) =

Reg(t) = sup  sup [Geq(s,t,u)l,
s€[1,t] uelo,1]¢

Seqlt) = sup /[ (et wpac) (2.95)

s€[1,t]

= t s,t,u)}2dC (u)ds .
Te,q(t) _/1 /[0,1]d{chq( ,tu) F2dC(u)ds, tel,T+1]

Furthermore, for any interval [t1,t2] C [1,T + 1] such that t3 > 1, the distribu-

tions of supyeqy, 1] Royq(t), subsep, 1,1 Sc,q(t) and supyep, 4,0 Teq(t) are abso-
lutely continuous with respect to the Lebesgue measure.

Combined with a generic result on the threshold estimation procedure to be
stated in Section 3 and additional bootstrap consistency results to be stated in
Section 4, the last claims of Proposition 2.5 constitute a first step in proving that
the derived change-point detection procedures hold their level asymptotically.

Remark 2.6. Proposition 2.5 can be used to heuristically justify the form of the
weight function ¢ in (2.4) appearing in the expression of the detectors (2.3), (2.5)
and (2.6). From (2.24), for any (s,t) € A and u € [0, 1]%, we obtain that

Var{G¢(s,t,u)} =t*Var{Bc(s,u)} + s*Var{Bc (¢, u)}
— 2stCov{Bc(s,u),Be(t,u)}
=(st> + 5%t — 25°t)[(u, u) = st(t — s)T(u,w).

As a consequence, for any 1 < s <t < T+ 1 and u € [0, 1],
Var{s Y2(t — 5)"V2G (s, t,u)} = tT(u,u).

Under the conditions of the proposition, when v = 1/2 and m is large, we could
then expect that, very roughly,

Var{G,, 4(s,t,u)} ~ Var{s '/2(t — s)"/2Gc(s,t,u)}
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does not depend on s and thus regard the quantities sup,,c 1) Gim,q(j/m.t, u),
j € {m,...,|mt] — 1}, appearing in the expression of R,, ,(|mt]) in (2.17)
as random variables with, approximately, the same mean and variance. The
latter conveys the intuition that, when v = 1/2, all the potential break points
j€{m,...,|mt| — 1} are given roughly the same weight in the computation of
R, q(|mt]). This is, of course, only approximately true because of the presence
of the constant ¢ in the expression of the weight function ¢ in (2.4). In practice,
the setting v = 1/2 might accelerate the detection of certain types of changes.

2.4. Asymptotics of the detectors under alternatives related to Hy

Under alternatives related to Hy in (1.3), the detectors are not margin-free any-
more. As we shall see in the forthcoming proposition, their asymptotic behavior
is then a consequence of that of the process

H,,(s,t,x)
Q{)\m(07 8)7 )‘m(oﬂ t)} 7

Hm,q(sat,w) = (s,t) € Az € Rd,

where

H,,(s,t, @) = \/ﬁ)\m(o, $)Am (s, t){FlszsJ (x) — F[msj+1:[mtj ()}, (2.26)

the empirical d.f.s Iy, |, and F,,s|41:|m¢| are generically defined by (2.1), and
q is defined in (2.4).

The following result is proven in Appendix A. The arrow £ in its statement
denotes convergence in probability.

Proposition 2.7. Assume that, for somec € [1,T+1), X1,..., X ||, denoted
equivalently by Y1, ..., Y|me|, is a stretch from a stationary sequence (Y;)icz of
continuous d-dimensional random vectors with contemporary d.f. F whose strong
mizring coefficients satisfy oY = O(r=%) for some a > 1 as r — oo, and that
Xme|+15- -+ s X m(T+1)), denoted equivalently by Z|me)41,---» Z|m(T+1)]5 1S @
stretch from a stationary sequence (Z;)icz of continuous d-dimensional random
vectors with contemporary d.f. G # F whose strong mixing coefficients satisfy
aZ = O(r=°) for some b > 1 as r — oo. Then, m~'/*H,, 5 K, in (A x R?),
where

K.(s,t,x) =(sANc){(tVe)— (sVe)H{F(x) — G(x)}, (s,t) € A,x € R%.

(2.27)
Consequently, m~/?H,, , LN Keq in (°(A x RY), where
K. (s,t,x) = Kc(s,t,2)/q(s, 1), (s,t) € A,z € RY,
and
P P P
sup Ry, 4(t) = o0, sup Sy 4(t) >0 and sup Ty, q(t) = 0.

te[1,T+1] te[1,T+1] te[1,T+1]
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Combined with a generic result on the threshold estimation procedure to
be stated in the forthcoming section and additional results on the asymptotic
validity of adequate resampling methods to be stated in Section 4, the three last
claims of the previous result will be instrumental in showing that the derived
change-point detection procedures have asymptotic power one under sequences
of alternatives related to Hj.

3. A generic threshold estimation procedure

In the studied context, the second ingredient of a sequential change-point detec-
tion procedure is a set of strictly positive thresholds to which detectors will be
compared. In this section, we consider a generic threshold estimation procedure
that can be employed with any type of detector, and provide conditions under
which it is asymptotically valid. The derived results will be applied in the next
section to establish the asymptotic validity of sequential change-point detection
procedures based on the detectors studied in Section 2.

3.1. A constant probability of false alarm at each step

Within the context of closed-end monitoring from time m + 1 to time n, let
D, (k), k € {m + 1,...,n}, be arbitrary detectors. As discussed in the in-
troduction, it seems natural to choose the corresponding thresholds wy,(k),
k€ {m+1,...,n}, so that, under Hy in (1.1), the probability of rejection
of Hy is the same at every step k € {m + 1,...,n} of the procedure. Adapting
the reasoning of Anatolyev and Kosenok (2018) to our context, the latter re-
quirement consists of choosing the w,,(k), k € {m+1,...,n}, such that, under
stationarity, for all k € {m +1,...,n},

k—m
« 1
m ’ (3 )

P{Du(m +1) < w(m + 1), Dn(k) < w(k)} = 1= " —

where o € (0,1/2) is the desired significance level of the sequential testing
procedure, or, equivalently, such that, under Hy, for all k € {m +1,...,n},

P{3ie{m+1,...,k}st. Dp(i) > w,(i)} = .

Notice that the previous display translates mathematically our requirement that
the probability of false alarm be proportional to the number of monitoring steps.

Interestingly enough, the previous way of choosing the thresholds w,,(k),
ke {m+1,...,n}, is strongly related to an approach used in SPC and possibly
first appearing in Margavio et al. (1995) (see also, e.g., Hawkins and Zamba,
2005; Ross, 2014). It consists of choosing the wy,(k), k € {m + 1,...,n}, such
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that, under stationarity, for some small &, > 0,
P{D,,(m+1) > w,(m+1)} =&,

and, for all k € {m +2,...,n}, (3.2)
P{Dy, (k) > wpn (k) | Dp(m+ 1) < wp(m+1),...
e D (k= 1) <wp(k— 1)} =&

We then obtain that, under Hy, for all k € {m +2,...,n},

P{Dp(m+1) <wp(m+1),...,Dn(k) < wn(k)}

=P{D,, (k) < wp(k) | Dm(m+1) <wp(m+1),...,Dp(k—1) <wy(k—1)}
X P{Dp(m+1) <wp(m+1),...... yDi(k—1) <wp(k—1)}

=(1—-&n) XP{Dp(k—1) <wp(k—1) | Dp(m+1) <wp(m+1),...
coes D (k= 2) <wp(k —2)}
XP{Dp(m+1) <wp(m+1),...,Dp(k—2) <wpy(k—2)}

== (=)
(3.3)

with the convention that D,,(m) = w,,(m) = 0.

Given a desired significance level & € (0,1/2), a simple way to ensure that (1.4)
holds under Hy is to choose &, such that 1 — a = (1 — &))" ™, that is,
€m = 1— (1 —a)/" ™ As one can see from (3.2), w,,(m + 1) is then a
quantile of order (1 — a)/(™=™) of D,,(m + 1) under stationarity and, for any
ke {m+2,...,n}, wy(k) is a quantile of order (1 — a)/(=™) of D,,(k) con-
ditionally on Dp,(m + 1) < wp(m + 1),...,Dp(k — 1) < wy,(k — 1) under
stationarity. When « € {0.01,0.05,0.1} as is typically the case, the first-order

approximation &, >~ 1—(1——2—) = —%— turns out to be precise up to at least

n—m

two decimals. Similarly, for all k € {m + 2,...,n},

P{D,,(m +1) <wp(m+1),...,Dp(k) <wn(k)} = (1 =&

1= (h—m)e, ~1— E ™

a,

n—m
where it can be verified that the resulting approximation is precise up to at least
two decimals. In other words, for typical values of «, choosing the thresholds
w(k), k € {m+1,...,n} such that (3.2) holds with &, = 1 — (1 —a)/ (™) is
almost equivalent to choosing the thresholds such that (3.1) holds (some thought
reveals that the latter equivalence could be made to hold exactly by allowing
&m In (3.2) to change with k).

Given the precision of the aforementioned first-order approximations for typ-
ical values of «, for the sake of a simplicity, we shall base our threshold esti-
mation procedure on (3.2). Before we discuss the estimation of the thresholds
and its validity, let us give an alternative view of (3.2). In Sections 2.3 and 2.4
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in which n was taken equal to |[m(T + 1)|, we saw that the asymptotic re-
sults for the detectors are given in terms of elements of ¢*°([1,T + 1]). With
the convention that D,,(m) = wy,(m) = 0, another equivalent way of look-
ing at sequential change-point detection procedures of the considered type is
then to consider that the piecewise constant detector function D,, defined by
Dy, (t) = Dy (|mt]), t € [1,T+1], is compared to the piecewise constant thresh-
old function T, defined by 7., (t) = wp, (|mt]), t € [1,T+1]. Let sy, = (m~+k)/m,
k €{0,...,n—m} and define the intervals J = [sk, Sk+1), k € {0,...,n—m—1},
and Jy—m = [Sn—m,T + 1]. Some thought reveals that (3.2) is then equivalent
to choosing the threshold function 7., such that, under Hy in (1.1), for any
kEe{l,....,n—m},

P{3t € Ji s.6. Dy (£) > T (£) | Din(£) < 7 (£),VE € JoU - U Jy_1}
=1-(1—-a)/"=m  (34)

3.2. A formulation compatible with asymptotic validity results

With n = [m(T + 1) ], the threshold setting procedure as given in (3.2) or (3.4)
makes no sense asymptotically since the number of (conditional) probabilities
tends to infinity as m — oo. A natural solution consists of keeping the number
of probabilities fixed, or, equivalently, of considering a time grid that does not
depend on m. Let p > 1 and let tp =1 < t; < --- < t, =T + 1 be a fixed
uniformly spaced time grid such that T'//p > 1/m (a condition that will always be
satisfied for m large enough). Let 7,,, be a piecewise constant threshold function
taking the value g; ,, on the interval I; = [t;—1,t;), ¢ € {1,...,p— 1}, and gp.m
on the interval I, = [tp,_1,tp]. Mimicking (3.4), the aim is then to choose 7,
such that, under Hy in (1.1), for any i € {1,...,p},

P{ItET; st Dyn(t) > T (L) | Din(t) < 7 (t), ¥t € IoU- - -UL;_1} = 1—(1—)"/?,
(3.5)

with the convention that Iy = (). Some thought reveals that the formulation
in (3.5) is equivalent to choosing 7, such that, under Hy in (1.1),

P{sup]D)m(t) > ng} =1-(1- a)l/p,
tely

and, for all ¢ € {2,...,p},

P {Sup ]D)m(t) > Gi,m | Sup Dm(t) < 9gi,m; - - -
tel; tel;

coysupger, D () < gi_Lm} =1—-(1—-a)/r.

In other words, g1, is a quantile of order (1—a)'/? of sup,c;, Dy, (t) under sta-
tionarity and g; m, i € {2,...,p}, is a quantile of order (1—a)'/? of sup,c;, Dy, (t)
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given that sup,c;, D (t) < g1m, -+, 5UPses, , Din(t) < gi—1,m under stationar-
ity. Notice that the suprema in (3.6) are actually maxima since Dy, is a piecewise
constant function.

Remark 3.1. A further generalization of (3.5) or, equivalently (3.6), would be
to consider that 7, is not necessarily piecewise constant but only defined up to
a multiplicative constant on each of the intervals I;, i € {1,...,p}. For instance,
it could have one of the parametric forms considered in Dette and Gésmann
(2019, Section 5), among others. For the sake of simplicity, we shall not however
consider such an extension in this work.

3.3. Estimation of the threshold function

As we continue, we shall focus on the threshold setting procedure as formulated
in (3.5) or, equivalently, (3.6), mostly because its asymptotic validity can be
studied. To estimate the threshold function 7,, in (3.5), or, equivalently, the
Gims © € {1,...,p}, in (3.6), it is thus necessary to be able to compute, at least
approximately, the distribution of the p-dimensional random vector

<sup D, (t),...,sup ]Dm(t)) . (3.7)

tel tel,

3.3.1. Monte Carlo estimation and asymptotic validity

Assume that the observations to be monitored are univariate and independent,
and that D,, is distribution-free under H{* in (1.2). Notice that the latter im-
plies that so is the random vector (3.7). To obtain a Monte Carlo estimate of
the distribution of (3.7), it then suffices to consider a large integer M, gener-
ate M independent samples Ul[s], RN ,[ls], s € {1,..., M}, of size n from the
standard uniform distribution and compute the corresponding realizations ]DLZ],
s€{l,..., M}, of D,,. The latter can be used to obtain a Monte Carlo estimate
M of the threshold function 7,,. More formally, let

gi\,/[m:F]le;;‘l{(lia)l/p}, i€{17"'ap}a

where FH%“I is the empirical d.f. of the sample supteh]l)w (t),...,supsey, D] (1),
forany i € {2,...,p} and z € R,
M
> 1< supDl(t) < @, sup D) (t) < g, ..., sup D(E) < gy
M ] tel; tel tel, 1
F]Dm,,i(x) = M )
> 1¢supDE(t) < g, sup DRJ(E) < gy,
s—1 tely tel; 1
and FIDJ)\:{L’;l, i € {1,...,p}, are the associated quantile functions generically
i M

defined by (2.11). Notice that, in this particular case, the resulting estimate 7.}
of the threshold function 7, does not at all depend on the learning sample.
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By taking a sufficiently large M, the Monte Carlo estimates g/}, i € {1,...,p},
can be made arbitrarily close to the quantiles g; ,, = Fﬁi AL —a)/r} i€
{1,...,p}, where Fp,, 1 is the d.f. of sup;c;, Dy, (t), and F]D)mi“ i€{2,...,p},is
the d.f. of sup,c j, Dy, (t) given that sup,e;, Din(t) < gjm forall j € {1,...,i—1}.
Interestingly enough more can be said as a consequence of the fact that Monte
Carlo simulation can be regarded as a particular resampling scheme. As shall
become clear in the next section, the general result stated in Theorem 3.3 here-
after can actually be used to show the asymptotic validity of the Monte Carlo
based threshold estimation procedure when both m and M tend to infinity, un-
der both Hi*® in (1.2) and sequences of alternatives related to H; in (1.3). This
is discussed in more detail in Remark 3.4 below.

3.8.2. Bootstrap-based estimation and asymptotic validity

In settings in which ,,, is not distribution-free anymore, a natural alternative
is to rely on a resampling scheme making use of the available learning sample
X1,...,X,, known to be under Hy in (1.1). Specifically, let B be a large integer
and suppose that we have available bootstrap replicates ID)g;], be{l,...,B}, of
D,, computed from Xi,...,X,, and depending on additional sources of ran-
domness involved in the resampling scheme. Mimicking the previous situation
in which ,,, was distribution-free, let
g2, =Fy H1—a)?y,  je{l....p}

where Fii? | is the empirical d.f. of the sample sup, ¢, DL (t),...,supsey, D (t),
and, for any j € {2,...,p} and z € R,

B
M1 {sup DY(t) < @, sup DY) (t) < gTm, ..., sup DLI(t) < gl
B pat tel, tel, tel;_y
Fyp,, (@) = =
Z 1< sup ]D)Lfl](t) < gfm7...7 sup ID)LZ](t) < gf_l’m
b=1 tel te€lj 1

As we shall see below, the main result of this section is that, essentially,
as soon as the underlying resampling scheme for D,, is consistent, the above
bootstrap-based version of the threshold setting procedure (3.6) is asymptoti-
cally valid in the sense that, under Hy, P(D,, < 78) = 1 — a as m, B — oo,
where 72 is the estimated bootstrap-based piecewise constant threshold func-
tion taking the value gfm on the interval I; = [t;_1,t;), 1 € {1,...,p — 1}, and
9%, on the interval I, = [t,_1,1,).

Remark 3.2. Following for instance van der Vaart and Wellner (2000, Sec-
tion 3.6) or Kosorok (2008, Section 2.2.3), a resampling scheme for D, is typ-
ically considered consistent, if, informally, “ID)L,IJ converges weakly to the weak
limit of D, in £>°(]0, T+ 1]) conditionally on X, X, ... in probability”. A rig-
orous definition of the underlying mode of convergence is more subtle than that
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of weak convergence. From Lemma 3.1 of Biicher and Kojadinovic (2019), the
aforementioned validity statement is actually equivalent to the joint uncondi-
tional weak convergence of D, and two bootstrap replicates to independent
copies of the same limit. Throughout the paper, all our bootstrap asymptotic
validity results will take that form.

The following general result is proved in Appendix C.
Theorem 3.3. Assume that, under Hy in (1.1),

(D, DY, D)) ~» (D, DY, DEY) (3.8)

in {>°([1,T + 1])}3, where D is the weak limit of D,, and ]D)[;] and Dﬁ] are
independent copies of Dp. Assume also that (sup,c;, Dp(t),. .. ,SUPyer, Dp(t))
has a continuous d.f. Then, under Hy in (1.1), as m, B — oo,

P {sup D) < off | - (1 - ) (39)

tely

and, for any i € {2,...,p},

P {Sup]D)m<t) < gfm ‘ Supo(t> < gEm? <., SUp ]D)m<t) < giB—l,m}
tel; tely tel; 1

— (1—a)/?. (3.10)

As a consequence, on one hand, under Hy, P(D,, <75) = 1—a asm,B — o

and, on the other hand, when supycpy 141 Dim(t) 5 o,
P{3tc[1,T+1] s.t. Dp(t) > 75 (1)} = 1 as m, B — oc.

Remark 3.4. Consider the Monte Carlo estimation setting of Section 3.3.1 in
which the observations to be monitored are univariate independent and D,, is
distribution-free. Then, the weak convergence D,,, ~» Dp in ¢*°([1,7+1]) under
H, immediately implies (3.8), where DY and DI? are (independent) Monte
Carlo replicates of D,,,. Hence, as a consequence of Theorem 3.3, the asymptotic
validity under H{" in (1.2) of the sequential change-point detection procedure
based on Dy, and the Monte Carlo estimated threshold function 7/ defined in
Section 3.3.1 is an immediate corollary of the weak convergence under the null
of Dy, if (supser, Dr(t),. .., SUDseg, Dp(t)) has a continuous d.f.

4. Threshold function estimation for the detectors based on
empirical d.f.s

The aim of this section is to apply the generic results of the previous section to
estimate the threshold functions for the empirical d.f.-based detector functions
Rinqs Sm,q and Ty, 4 defined in (2.20). We distinguish two situations for the
observations to be monitored: the independent univariate case and the possibly
multivariate, time series case.
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4.1. Monte Carlo estimation in the independent univariate case

As verified in Section 2.2, the detector functions Ry, 4, Syn,¢ and Ty, 4 defined
in (2.20) are margin-free under Hy in (1.1). In the univariate case, they are thus
distribution-free. When dealing with independent univariate observations, one
can therefore proceed exactly as explained in Section 3.3.1 to estimate the cor-
responding threshold functions. Furthermore, from Proposition 2.5, Remark 3.4
and Proposition 2.7, we know that the assumptions of Theorem 3.3 are satisfied.
The latter then implies that the corresponding sequential change-point detec-
tion procedures are asymptotically valid both under Hi* in (1.2) and sequences
of alternatives related to Hy in (1.3).

4.2. A dependent multiplier bootstrap in the time series case

When the monitored observations are multivariate or exhibit serial dependence,
the approach considered in Section 4.1 is not meaningful anymore. Having the
asymptotic results of Sections 2.3 and 3.3.2 in mind, our aim in the considered
time series context is to define suitable bootstrap replicates of B, in (2.21)
such that, following Remark 3.2, B,, and two of its replicates jointly weakly
converge to independent copies of the process Bo defined in Proposition 2.5.
Subsequently defining corresponding bootstrap replicates of the detectors func-
tions Ry, 4, Sy and Ty, , defined in (2.20) will lead to asymptotically valid
corresponding sequential change-point detection procedures.

Following Biithlmann (1993, Section 3.3) and Biicher and Kojadinovic (2016),
we opted for a dependent multiplier bootstrap in the considered time series con-
text. In the rest of the paper, we say that a sequence of random variables
(& ,m)iez is a dependent multiplier sequence if:

(M1) The sequence (& m)icz is stationary, independent of the available learn-
ing sample X;,...,X,, and satisfies E(&,,) = 0, E(E%)m) = 1 and
sup,,>1 E(|§o,m|”) < oo for all v > 1.

(M2) There exists a sequence £,,, — 0o of strictly positive constants such that
Ly, = o(m) and the sequence (&; ,,)icz is ¢m-dependent, i.e., & , is inde-
pendent of &;4p,m for all h > £, and i € N.

(M3) There exists a function ¢ : R — [0, 1], symmetric around 0, continuous at
0, satisfying ¢(0) = 1 and ¢(x) = 0 for all |z| > 1 such that E(&y m&nm) =
p(h/ly,) for all h € Z.

Let (¢ 9

i,m)iEZ7 b € N, be independent copies of the same dependent multiplier
sequence. If we had a learning sample of size n = |m(T + 1) |, following Biicher
and Kojadinovic (2016), a natural definition of a dependent multiplier replicate

of B, in (2.21) would be

Lms]

B (s,u) = % > LU < w) = Crn(w)},

i=1
se[0,T+1,uec0,1]YbeN, (4.1)
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where C1., is generically defined by (2.12). Since threshold functions need to be
estimated prior to the beginning of the monitoring and the learning sample is
only of size m, we consider a time-rescaled version of I?B,[an] in which, roughly, m’ =
[(m/n)m] ~ m/(T + 1) and m play the role of m and n, respectively. Hence,
in the considered context, our definition of a dependent multiplier replicate of
B,, is

[m’s]

BU(s,u) = \/_ Zs A 1(U; < w) = Cron(w)},
€0, T+1,uc0,1]%beN, (4.2)

thereby translating the fact that we can only rely on functionals computed from
the learning sample to approximate the variability of the detector functions
under the null.

From the two previous displays, we see that the multipliers act as random
weights and that the bandwidth ¢, defined in Assumption (M2) plays a role
somehow similar to that of the block length in the block bootstrap of Kiinsch
(1989). Note that, in our Monte Carlo experiments to be presented in Section 5,
{,, was estimated from the learning sample X, ..., X, as explained in detail
in Section 5.1 of Biicher and Kojadinovic (2016) while corresponding dependent
multiplier sequences were generated using the so-called moving average approach
based on an initial standard normal random sample and Parzen’s kernel as
precisely described in Section 5.2 of the same reference.

The latter construction based on a time-rescaling suggests to form a depen-
dent multiplier replicate of G,, in (2.22) as

Gme] (S, i, u) = Am/ (07 t)Bnll] (S, u) = A (07 S)B[:z] (ta u)a
(5,t) € A,u € [0,1]%,b €N,
with its weighted version being

Gl (s,t,u)
q{>‘m’ (07 8)7 )‘m’(ov t)} ’

where A,/ is defined as in (2.14). Finally, for any b € N and ¢ € [1,T + 1], let

b J
GL,},q(s,t,u): (s,t) € A,ue[0,1]%beN,

R (t) = sup sup \GH (s, t,u)|,

ma s€[1,t] uelo,1]d
$0,0= s [ G W @), ()
s€[1,¢] J[0,1]4

Tl ( / / (GY (5,1,4)}2AC, iy (w)ds
[0,1]@

be dependent multiplier replicates of Ry, ¢, Sy,,q and T, 4, respectively, defined
in (2.20), where C1.|,,¢| is defined generically by (2.12).
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The definitions given in (4.3) hide the fact that the proposed dependent
multipliers replicates of the detector functions Ry, 4, Sy, 4 and T, , actually
depend on the learning sample Xj,...,X,,. To verify that this is the case,
for any b € N, (s,t) € A and = € RY let I@“yﬁ](s,x) = ]E%LZ]{S,F(:C)}, where

F(z) = (Fi(z1),...,Fa(zq)),
HE (s, ¢, 2) = G5, t, F(a)} = A (0, )F (s, 2) — A\r (0, 8)FL (2, 22)
and
B HY (s, t, @)
B Q{/\m’(07 5)7 >‘m’(07 t)} '

Since (2.13) always holds for all ¢ € {1,...,m}, we immediately obtain that, for
any b € N,

H[vlr)iq(satvx) = @Bﬂ,q{s,t, F(GC)}

Lm's]

) 1
Fl (s, ) = 7= S e (UXi < @) - Frn(x)},  se[0,T+1),zeR
=1

where Fi.,, is generically defined by (2.1), and furthermore that, for any t €
(1,7 +1],

RE (t) = sup sup [HY (s.t,2)],

i s€[1,t] xeR4
S’E?l:,] q(t) = Sup {H'[ri] q(sataw)}2dF1:[m’tJ (IB),
’ s€[1,t] Jrd ’

t
1,0 = [ [ (B (58,20 2B (o).
1 JRd

The following result is proven in Appendix D.

Proposition 4.1. Assume that Hy in (1.1) holds and that X1,...,X,, is a
stretch from a stationary sequence (X;)iez of continuous d-dimensional random
vectors whose strong mizing coefficients satisfy aX = O(r=%) for some a >
343d/2 as T — oo. If £y, = O(m!2~2) for some 0 < € < 1/2, then

(Bm,ﬁg},@g}) ~ (BCvB[cl’]’B[CQ])

in {0°([0,T 4 1] x [0,1]9)}3, where B,, is defined in (2.21), BY and B are
defined in (4.2), B¢ is the weak limit of B, defined in Proposition 2.5, and Bg]

and IB%[CZ} are independent copies of Beo.
As a consequence,

~ 2
m7qaR£721]7q) ~ (RQWR[CI’}WR[C]Q)’
N A 1 2
(Sm,qa S'[r}L],qa S[V%],q) ~ (ch‘P S[C}q’ S[C}q)’

(T T T2 )~ (Tg, TEL, TEL), in {£=([1,T + 1))}°,

m,q’ T m,q

(Rm,m R
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where Rw,q, SL’i},q and ']ﬂ%]’q, b € {1,2}, are defined in (4.3), Reg, Scq and
Tc,q are defined in (2.25), and R[Clz]’q, qu and ']I‘[Cl:])q, b € {1,2}, are independent
copies of Rc.q, Sc,q and T 4, respectively.

The last claims of the previous proposition along with the last claim of
Proposition 2.5 and Proposition 2.7 are the assumptions of Theorem 3.3 for
Dy, € {Rin,q:Sm,q: Tmq}- It follows that the sequential change-point detection
procedures based on these detector functions carried out as explained in Sec-
tion 3.3.2 using the above dependent multiplier replicates are asymptotically
valid under Hy in (1.1) and sequences of alternatives related to Hy in (1.3).
Note that, in practice, since in the considered approach m’ = |(m/n)m| and
m play the role of m and n, respectively, the largest possible value for p, the
number of steps of the estimated threshold function 7.2, is m — m/ and, in this
case, each of the p estimated thresholds covers approximately |n/m] time steps
in the monitoring.

5. Monte Carlo experiments

Large-scale Monte Carlo experiments were carried out to investigate the finite-
sample properties of the studied sequential change-point detection procedures.
The aim was in particular to try to answer the following questions:

e How well do the procedures hold their level, in particular, when the thresh-
old functions are estimated using the dependent multiplier bootstrap of
Section 4.27

e What is the influence of the number of steps p of the estimated threshold
function (see Sections 3.2 and 3.3) on the distribution of the false alarms?

e What is the effect of p on the power and the mean detection delay (the
latter is the expectation under H; of the difference between the time at
which the change was detected and the time £* at which the change really
occurred)?

e What is the effect of the parameter v appearing in the expression of the
weight function ¢ defined in (2.4) on the power and mean detection delay?

e How do the detectors Ry, ¢, Sim.gs Tm.q> P and @, defined in (2.3), (2.5),
(2.6), (2.7) and (2.8), respectively, compare in terms of power and mean
detection delay?

e How do the derived procedures compare with similar, more specialized
procedures in terms of power and mean detection delay?

We tried to answer these questions in detail in the univariate independent case
when the estimation of the threshold functions of the sequential change-point
detection procedures can be rightfully so based on the Monte Carlo approach
described in Sections 3.3.1 and 4.1. When the observations to be monitored are
not univariate or independent so that resampling as described in Section 4.2 is
needed for the estimation of the threshold functions, we essentially investigated
how well the procedures hold their level depending on the underlying data gener-
ating mechanism. Although many other questions could be formulated given the
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TABLE 5.1
Percentages of rejection of Ho in (1.1) for the sequential change-point detection procedures
when based on the Monte Carlo estimation method with M = 10° as described in
Sections 3.3.1 and 4.1 for p € {1,2,4,10,50}, m € {50,100} and n = 2m. The rejection
percentages are computed from 10* samples of size n = 2m generated from the standard
uniform distribution.

T q with v = Sm,q with 7 = R ,q with v =

P m 0 025 05 0 025 05 0 025 05 Qm Pn
1 50 52 52 51 49 50 49 47 49 47 52 52
100 49 49 46 48 48 50 49 48 47 51 50

2 50 49 51 50 48 52 51 49 49 49 51 44
100 49 48 49 49 47 49 49 48 51 50 46

4 50 49 49 51 46 49 53 46 49 50 51 5.2
100 50 50 50 48 49 53 49 49 49 50 49

10 50 52 51 50 49 49 52 46 47 50 50 48
100 50 51 51 49 49 51 50 51 50 49 46

50 50 50 51 51 48 49 51 43 46 49 49 45
100 50 49 51 48 49 50 50 49 48 49 47

complexity of the problem, the following experiments should allow the reader
to grasp the main finite-sample properties of the studied procedures.

5.1. Monte Carlo estimation in the independent univariate case

As already discussed in Section 3.3.1, the estimation of the threshold functions
when monitoring independent univariate observations can be made arbitrarily
precise by increasing the number M of Monte Carlo samples. We used the setting
M = 10° in our experiments and estimated all the rejection percentages from
10* samples. The change-point detection procedures were always carried out at
the o = 5% nominal level.

5.1.1. Under the null

Unsurprisingly, all the studied tests were found to hold their level very well
as can for instance be seen by inspecting the rejection percentages reported in
Table 5.1. Furthermore, as could have been expected given the fact that the
studied detector functions have a tendency to be increasing on average, it was
observed that the setting p = 1 resulted in a concentration of false alarms at
the end of the monitoring period, while the larger p, the more uniform the
distribution of the false alarms over the monitoring period. These unsurprising
findings are for instance illustrated in Figure 5.1 for the procedure based on
Ry, 4 in (2.3).

5.1.2. Change in mean

To answer the aforementioned questions related to the behavior of the proce-
dures under H; in (1.3), we first considered a simple experiment consisting of
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FIG 5.1. For the procedure based on R q in (2.3) and Monte Carlo estimation with M = 10,
distribution of the false alarms (that is, of the time of rejection of Ho in (1.1)) for m = 50
and n = 100 obtained from 10* samples of size n from the standard uniform distribution.
The histograms for Sm.q in (2.5) and Tm,q in (2.6) are very similar.
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F1G 5.2. Left: estimated rejection probabilities of Hé"d in (1.2) under Hy in (1.3) with m = 50,
k* = 75, n = 100, F the d.f. of the standard normal and G the d.f. of the N(6,1). Right:
corresponding mean detection delays. The value of v in (2.4) is 0. The number of steps in
the threshold functions is p = 1.

a change in the expectation of a normal distribution. Specifically, m, k*, n, F'
and G in H; were taken equal to 50, 75, 100, the d.f. of the standard normal
and the d.f. of the N (4, 1), respectively. The left graph in Figure 5.2 displays the
estimated rejection percentages for the five detectors R, 4, Sm,qs Tin,q, Pm and
Qm with v in (2.4) set to zero and p = 1. The right graph represents the cor-
responding mean detection delays which were estimated only from the samples
for which neither a false alarm was obtained (which occurs when the detector
function becomes larger than the threshold function before the time of change
k* = 75) nor the change was undetected (which occurs when the detector func-
tion remains below the threshold function during the entire monitoring period).
Because the number of steps in the threshold function was set to p = 1, the
left graph of Figure 5.2 is directly comparable with the top left graph given
in Figure 1 of Dette and Gosmann (2019). An inspection of the latter seems to
indicate that the powers of the procedures based on R,, 4, Sp,q and T;, 4 are not
substantially different from those of the mean-specialized procedures considered
in Section 5.1 of Dette and Gésmann (2019), even though the detectors R, g,
Sm,q and Tp, 4 are not specifically designed to be sensitive to changes in the
expectation. The graphs are not substantially different for other values of « and
p. Overall, the procedures based on R,, 4, Sm,q and T}, , were always observed
to be more powerful and superior in terms of mean detection delay than those
based on P, and @,,. The latter is in full accordance with the empirical ob-
servations of Dette and Gosmann (2019) for more specialized procedures. Note
that the procedure based on 7}, , seems the most powerful for the alternative
under consideration.

Figure 5.3 highlights the influence of the parameter «y in (2.4) on the rejection
percentages and the mean detection delays of the procedure based on R, ; with
p = 10. The graphs are very similar for other values of p or for the procedures
based on Sy, , and T}, 4. The conclusion is the same for all three procedures.
For a change in expectation, while the parameter v does not seem to affect the
power of the procedures much, it has a clear influence on the mean detection
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F1G 5.3. Left: estimated rejection probabilities of Hi" in (1.2) under Hy in (1.3) with m = 50,
k* = 75, n = 100, F the d.f. of the standard normal and G the d.f. of the N(d,1) for the
procedure based on Rm,q with p =10. Right: corresponding mean detection delays.
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F1G 5.4. Left: estimated rejection probabilities of Hé"d in (1.2) under Hy in (1.3) with m = 50,
k* = 75, n = 100, F the d.f. of the standard normal and G the d.f. of the N(d,1) for the
procedure based on Sm,q with v = 0.5. Right: corresponding mean detection delays.

delay: the greater -, the shorter the mean detection delay. As we shall see, this
behavior is not true for all types of alternatives.

Figure 5.4 displays the influence of the number of steps p of the threshold
function on the rejection percentages and the mean detection delays of the pro-
cedure based on S, 4 with v = 0.5. The graphs are not qualitatively different
for other values of v or for the procedures based on R, , and T}, ;. Overall,
the procedures with p = 1 have the highest rejection percentages. The latter is
due to the fact that, because k* = 75, detections occur mostly at the end of
the monitoring period, and, at the end of the monitoring interval, by construc-
tion, the threshold functions for p = 1 are below the corresponding threshold
functions obtained for larger values of p.

5.1.3. Change in variance

The setting is similar to that of the previous experiment except that, this time,
it is the variance of the normal distribution that changes from 1 to §2. The
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FIG 5.5. Left: estimated rejection probabilities of HE™ in (1.2) under Hy in (1.3) withm = 50,
k* = 75, n = 100, F the d.f. of the standard normal and G the d.f. of the N(0,62). Right:
corresponding mean detection delays. The value of v in (2.4) is 0.5. The number of steps in
the threshold functions is p = 50.

left graph in Figure 5.5 displays the estimated rejection percentages for the
procedures based on Ry, 4, Sm,q, Tm,q, Pm and @, with v = 0.5 and p = 50.
The graph on the right represents the corresponding mean detection delays.
Again, the procedures based on R, q, Sm,q and T, 4, appear to be substantially
more powerful and superior in terms of mean detection delay than those based
on P, and @,,. The conclusion remains true for all values of v and p. The
influence of v and p is of the same nature as in the case of a change in mean:
the greater v, the shorter the mean detection delay and the lower p, the higher
the power.

5.1.4. Change in distribution

As a final experiment for independent univariate observations, we considered
a change in distribution that keeps the expectation and the variance constant.
Specifically, F' and G in H; were taken equal to the d.f. of the N(1,2) and the
d.f. of the Gamma distribution whose shape and rate parameters are both equal
to 1/2, respectively. The parameter m was taken to be in {50,100}, n was set
to 2m and the parameter k* to |nc| with ¢ € {0.51,0.56,...,0.96}.

Figure 5.6 shows the rejection percentages of H{" in (1.2) against k* for the
procedures based on R, 4, Sm.q, Tm,q, Pm and Q,, with v = 0 and p = 50.
The graphs for other values of v and p are very similar. As one can see, the
procedures based on P, and @,, appear to be the most powerful when the
change occurs at the beginning of the monitoring period. The latter could have
been expected from the definition of the underlying detectors and the simulation
results of Dette and Gésmann (2019). As k* increases, the procedures based on
R, and T, 4 become more powerful.

Figure 5.7 displays the influence of the parameter v on the rejection per-
centages of the procedure based on T, , with p = 10. The graphs are not
qualitatively different for other values of p and m or for the procedures based
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F1G 5.6. Estimated rejection probabilities of Hé"d in (1.2) under Hy in (1.3) with F the d.f.
of the N(1,2) and G the d.f. of the Gamma distribution whose shape and rate parameters are
both equal to 1/2. Left: m = 50 and n = 100. Right: m = 100 and n = 200. The value of =y
in (2.4) is 0 and the number of steps in the threshold functions is p = 50.
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F1G 5.7. Left: estimated rejection probabilities of Hi" in (1.2) under Hy in (1.3) with m = 50,
n =100, F the d.f. of the N(1,2) and G the d.f. of the Gamma distribution whose shape and
rate parameters are both equal to 1/2 for the procedure based on Tm g with p = 10. Right:
corresponding mean detection delays.

on Ry, 4 and Sy, 4. As one can see, unlike for a change in expectation, v has
hardly no influence on the mean detection delay and it is the setting v = 0 that
leads to the highest rejection percentages.

Finally, Figure 5.8 shows the influence of p for the procedure based on R,, ,
with v = 0. The graphs are not qualitatively different for other values of ~ or
for the procedures based on Sy, , and T}, 4. As in previous experiments, the
setting p = 1 leads in the highest rejection percentages. However, when the
change occurs in the first third of the monitoring period, the mean detection
delay for p = 1 is clearly substantially larger than for p > 1. Additional simu-
lations show that the larger the monitoring period, the more pronounced this
phenomenon.
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F1G 5.8. Left: estimated rejection probabilities of Hé"d in (1.2) under Hy in (1.3) with m = 50,
n = 100, F the d.f. of the N(1,2) and G the d.f. of the Gamma distribution whose shape
and rate parameters are both equal to 1/2 for the procedure based on Ry, ,q with v = 0. Right:
corresponding mean detection delays.

5.2. Dependent multiplier bootstrap-based estimation in the time
series case

The threshold function estimation approach based on the dependent multiplier
bootstrap described in Section 4.2 can in principle be used as soon as the ob-
servations to be monitored are either multivariate or serially dependent. We
used the setting B = 2000 in our experiments and estimated all the rejection
percentages from 1000 samples at the a = 5% nominal level.

5.2.1. Under the null

One of the most important practical aspects is to assess how well the procedures
hold their level when based on the dependent multiplier bootstrap. To attempt
to answer this question, we conducted extensive simulations in the univariate
case. For m € {50,100, 200,400} and T € {0.5,1, 2,3}, we generated samples of
size n = |[m(T+1)] from an AR(1) model with normal innovations and autore-
gressive parameter § € {0,0.1,0.3,0.5}, and estimated the levels of the proce-
dures based on Ry, 4, Sm,q and T, ; with v € {0,0.25,0.5} and p € {1,2,4}.
The rejection percentages of Hp in (1.1) for T, , are given in Table 5.2 (the
missing entries in the table correspond to parameter settings for which com-
putations took too long given our computer cluster resources). As one can see,
unsurprisingly, the larger 3, the more liberal the procedure based on Ty, 4 tends
to be. This phenomenon is particularly visible for 8 € {0.3,0.5}. Reassuringly
however, for a given 3, T', p and =, the estimated levels seem to get closer to the
5% nominal level as m increases. Hence, unsurprisingly, the stronger the serial
dependence, the larger m needs to be so that the procedure can be expected to
hold its nominal level. For 8 € {0.3,0.5} in particular and keeping T', v and m
fixed, we also see that the larger p, the more liberal the procedure based on T}, 4
tends to be. The latter could be explained by the fact that, as p increases, more
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TABLE 5.2

Percentages of rejection of Ho in (1.1) for the procedure based on Trm,q with

803

v €{0,0.25,0.5} and p € {1,2,4} when based on the dependent multliplier bootstrap with
B = 2000. The rejection percentages are computed from 1000 samples of size [m(T + 1) |

generated from AR(1) models with autoregressive parameter 8 € {0,0.1,0.3,0.5}.

T=0.5 with p= T=1 with p= T=2 with p= T=3 with p=
B v m 1 2 4 1 2 4 1 2 4 1 2 4
0 0 50 4.4 6 54 66 59 58 36 3.7 29 52 49 44
100 56 52 49 73 76 64 62 61 6.1 6.2 58 7.2
200 6.1 52 55 51 51 61 51 53 62 69 62 52
400 55 59 53 75 69 7.1
0.25 50 4.1 46 55 49 49 34 41 3 6.1 5.1 4.2
100 5 46 43 65 62 61 62 56 58 62 58 6.7
200 5.5 5.5 5 5 43 54 5 53 59 6.7 59 53
400 48 59 49 73 6.7 6.2
0.5 50 2.8 31 27 36 25 29 29 25 3 51 32 33
100 3.7 27 32 46 43 46 53 42 43 51 49 49
200 3.9 3 31 36 26 34 42 47 46 59 48 3.6
400 3.7 36 32 6.2 57 4.6
0.1 0 50 43 48 67 73 81 92 43 49 38 46 56 4.3
100 54 62 74 65 78 76 62 58 6.1 79 61 7.5
200 6.5 7T 75 62 69 79 63 67 64 74 84 86
400 6.1 57 7.1 53 57 64
0.25 50 3.6 4 47 72 71 72 44 54 4.3 5 59 44
100 54 56 61 55 69 6.5 6 52 49 7.7 538 7
200 5.9 6 65 57 72 72 64 69 66 75 82 86
400 5.8 6 6.6 5.6 5 6.3
0.5 50 2.7 25 29 5 5 4.9 4 44 45 41 46 3.5
100 36 34 38 49 49 46 49 39 35 6.6 47 55
200 3.7 37 39 53 52 51 58 58 58 7 69 6.5
400 4.8 4.7 42 45 4 4.7
0.3 0 50 9.3 9.3 10 11 12 13 64 65 65 59 69 6.2
100 8.4 10 10 83 9.5 1 74 76 83 7.7 88 10
200 74 777 85 7 8 100 72 68 89 71 86 89
400 5.7 7.7 84 7 81 85
0.25 50 8.9 84 9 10 11 2 71 72 71 63 71 738
100 83 93 98 83 95 0 75 77 81 78 9.2 10
200 7.1 67 76 7.3 8 10 7.3 6.6 9 72 88 96
400 59 68 76 7.1 79 78
0.5 50 5.7 6 65 93 9.1 10 74 65 6.6 65 7.6 8
00 61 64 84 77 62 77 67 75 72 66 78 8.1
200 5 49 51 63 64 81 64 53 6.9 6 6.2 7.9
400 42 53 46 59 59 55
0.5 0 50 9.6 12 14 13 13 17 98 98 9.1 85 12 12
100 9.6 12 13 12 14 15 9.7 98 13 11 12 14
200 8.6 10 12 75 8.7 11 8.2 10 11 84 9.1 10
400 7.5 89 11 57 7.5 94
0.25 50 9.6 12 12 12 13 17 10 11 11 9.6 13 13
100 9.2 11 12 11 13 14 10 10 13 12 12 14
200 79 9.7 11 6.8 7.8 10 8.7 10 12 84 94 11
400 6.7 8 1 56 7.7 838
0.5 50 7.7 9.6 10 11 11 15 9.7 10 10 9.7 12 14
100 6.8 76 98 95 98 11 82 9.7 12 10 11 12
200 58 68 87 6.1 58 71 75 85 97 76 86 9.7

thresholds need to be estimated, and that, except for the first, all the estimated
thresholds are conditional empirical quantiles: the precision of the estimation of
a threshold thus critically depends on the precision of the previously estimated
thresholds with respect to which conditioning is performed. In other words, the
fact that the empirical levels tend to become higher when p increases could be
explained by an error propagation effect. Finally, for 8, T', p and m fixed, we also
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TABLE 5.3
Percentages of rejection of Ho in (1.1) for the procedure based on Ty, q with
v €{0,0.25,0.5} and p € {1,2,4} when based on the dependent multliplier bootstrap with
B = 2000. The rejection percentages are computed from 1000 samples of size |m(T + 1) |
generated from a GARCH(1, 1) model with parameters w = 0.012, 8 = 0.919 and o = 0.072
to mimick SP500 daily logreturns following Jondeau, Poon and Rockinger (2007).

T=0.5 with p= T=1 with p= T=2 with p= T=3 with p=
¥ m 1 2 4 1 2 4 1 2 4 1 2 4
0.00 50 54 54 49 91 76 76 48 47 4.0 5.4 6.3 5.3
100 66 75 76 79 86 72 96 84 9.2 10.0 10.0 10.0
200 74 72 86 83 84 85 66 7.7 6.1 8.7 8.0 8.2
400 6.7 75 84 7.0 7.0 84
0.25 50 4.7 42 43 75 59 56 48 45 42 5.8 6.4 5.9
100 59 63 63 72 69 6.7 96 88 84 10.0 9.8 9.2
200 70 69 78 72 73 82 64 69 59 8.3 7.6 8.4
400 62 79 79 6.9 6.7 84
0.50 50 24 25 26 44 39 42 40 39 35 5.0 4.7 4.6
100 41 42 45 50 41 39 6.6 59 6.0 7.9 7.5 7.0
200 49 50 52 57 48 57 58 51 49 6.8 6.6 7.1
400 5.1 54 51 6.3 59 59

see that the larger -, the lower the rejection percentages tend to be. Overall,
for 8 > 0.1, the procedure based on 75, 4 holds its level best for v = 0.5.

The conclusions for the procedures based on R,, , and S,, 4 are very similar,
with the exception that the effect of v seems “stronger”: while the empirical
levels are better for v = 0.25 than for v = 0, the procedures become way too
conservative for v = 0.5. The latter effect might be due to the fact the detectors
R, 4 and S, 4 involve maxima (unlike 7}, , which involves means) and to our
too low setting of the constant § in the definition of the weight function (2.4).
The latter was arbitrarily set to 10~ (and had de facto no effect in our Monte
Carlo experiments given the values of m that we considered).

A similar experiment was conducted by generating data from a GARCH(1,1)
model with parameters w = 0.012, 8 = 0.919 and a = 0.072 to mimic SP500
daily log-returns following Jondeau, Poon and Rockinger (2007). The empirical
levels for the procedure based on T, 4 are reported in Table 5.3 and appear to
be closest to the 5% nominal overall when v = 0.5.

Finally, a bivariate experiment with independent observations consisting of
generating samples of size n = 2m for m € {50, 100,200} from a normal copula
with a Kendall’s tau of 7 € {-0.6,—0.3,0,0.3,0.6} was carried out. The em-
pirical levels for the procedure based on T}, , are reported in Table 5.4. The
effect of v appears as in the previous experiments. For fixed v and p, it can also
be observed that the procedure has a tendency of being too conservative in the
case of strong negative dependence but, reassuringly, the agreement with the
5% nominal level seems to improve as m increases.

5.2.2. Change in the copula parameter

To grasp further the finite-sample behavior of the procedures in the case of
bivariate independent observations, we simulated a change in the parameter of
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TABLE 5.4
Percentages of rejection of Ho in (1.1) for the procedure based on Trm,q with
v €{0,0.25,0.5} and p € {1,2,4} when based on the dependent multliplier bootstrap with
B = 2000. The rejection percentages are computed from 1000 samples of size 2m generated
from a normal copula with a Kendall’s tau of T € {—0.6,—0.3,0,0.3,0.6}.

vy=0 v =0.25 v=0.5

T m p=1 p=2 p=4 p=1 p=2 p=4 p=1 p=2 p=4
-0.6 50 3.1 1.9 1.5 2.4 1.1 1.1 0.7 0.3 0.8
100 3.5 2.9 2.2 2.5 2.1 1.7 1.2 1.0 0.9

200 4.0 3.2 3.1 3.0 2.4 2.1 0.9 1.0 1.0

-0.3 50 4.5 2.9 2.7 3.4 2.5 2.5 1.8 1.5 1.2
100 4.0 4.0 3.8 3.1 3.0 2.9 1.5 0.9 1.4

200 4.8 4.1 4.0 4.1 3.3 2.9 1.6 1.6 1.6

0.0 50 5.1 4.3 4.7 4.2 3.9 3.6 2.7 2.0 2.3
100 7.0 5.8 4.7 5.7 4.7 3.7 2.6 2.2 2.0

200 6.0 6.2 5.8 5.3 5.0 5.2 3.3 2.4 2.3

0.3 50 6.1 4.5 4.5 4.7 3.8 3.3 2.5 2.4 2.6
100 5.0 5.5 4.9 4.4 4.8 3.9 2.3 2.5 2.5

200 6.2 6.3 7.8 6.0 4.8 6.3 3.4 2.6 3.8

0.6 50 6.7 5.5 5.8 5.8 3.9 4.2 3.2 2.6 2.5
100 7.7 7.6 7.8 7.0 6.6 7.0 4.3 4.0 4.8

200 5.4 6.2 7.2 5.1 5.6 6.1 3.4 3.5 3.2

100
100

L
-
2

4 y=025andp=4

80
L
80
L

60
L
60
L

40
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40
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Fic 5.9. Left: estimated rejection probabilities of Hé"d wn (1.2) under Hy in (1.3) with m = 50,
k* = 75, n = 100, F the bivariate normal copula with a Kendall’s tau of -0.6 and G the
bivariate normal copula with a Kendall’s tau of T. Right: estimated rejection probabilities of
Hi" in (1.2) under Hy in (1.3) with m = 50, k* = 75, n = 100, F the bivariate normal
copula with a Kendall’s tau of 0.6 and G the bivariate normal copula with a Kendall’s tau of
7. The value of v in (2.4) is 0.25. The number of steps in the threshold functions is p = 4.

a normal copula. The left (resp. right) graph in Figure 5.9 displays the estimated
rejection probabilities of Hi" in (1.2) for the procedures based on Ry, 4, Sm.q,
Tnqy P and @, with v = 0.25 and p = 4 under H; in (1.3) with m = 50,
k* = 75, n = 100, I the bivariate normal copula with a Kendall’s tau of —0.6
(resp. 0.6) and G the bivariate normal copula with a Kendall’s tau of 7 €
{-0.6,0.3,0,0.3,0.6,0.9} (resp. 7 € {—0.9,—-0.6,—0.3,0,0.3,0.6}). As one can
notice, the procedure based on T, 4 (resp. Py,) is always among the most (resp.
least) powerful ones. Graphs for other values of v and p are not qualitatively
different. As for all previous experiments, we observed that the smaller p, the
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Fia 6.1. Left: closing quotes and corresponding daily log-returns of the NASDAQ composite
index for the period 2019-01-02 — 2020-04-11. The solid vertical line represents the beginning
of the monitoring. The dotted vertical line represent the date (2020-03-12) at which the
detector function based on Tm,q with v = 0.5 first exceeded the two threshold functions on
the right. The dashed vertical line corresponds to the estimated date of change (2020-02-21).
Right: the dotted line represents the detector function based on T q with v = 0.5. The solid
(resp. dashed) line represents the threshold function with p = 4 steps obtained using the
dependent multiplier bootstrap (resp. Monte Carlo estimation).

more powerful the procedures. For this experiment, the parameter vy appeared
to have a rather small impact on the rejection percentages of T, 4.

6. Data examples

To illustrate the use of the proposed sequential change-point detection tests, we
considered two fictitious scenarios, the first (resp. second) of a univariate (resp.
bivariate) nature based on closing quotes of the NASDAQ composite index (resp.
Microsoft and Intel stocks) for the period 2019-01-02 — 2020-04-11. The latter
were obtained using the get.hist.quote() function of the tseries R package
(Trapletti and Hornik, 2019). In both scenarios, it was assumed that, on the last
day of 2019, one wished to monitor the (univariate or bivariate) daily log-returns
for a change in contemporary distribution possibly using the stretch of m =
251 (univariate of bivariate) log-returns of 2019 as learning sample. The latter
decision was confirmed after the tests of Biicher, Fermanian and Kojadinovic
(2019) implemented in the functions stDistAutocop() and cpDist() of the
npcp R package (Kojadinovic, 2020) provided no evidence against stationarity
for the two candidate learning samples. Notice that, unsurprisingly, the rank-
based test of serial independence of Genest and Rémillard (2004) implemented
in the function serialIndepTest() of the copula R package (Hofert et al.,
2018) provided weak evidence against the serial independence of the squared
component time series.
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Fic 6.2. Monitoring of the bivariate daily log-returns of the Microsoft and Intel stocks for the
period 2020-01-01 — 2020-04-11 using the 2019 bivariate log-returns as learning sample, and
the procedure based on T q with v € {0,0.25,0.5} and a threshold function with p € {1,2,4}
steps estimated using the dependent multiplier bootstrap. The estimated dates of change do
not depend on p and are the 2020-01-25 for v = 0, the 2020-02-15 for v = 0.25 and the
2020-02-20 for v = 0.5.

The closing quotes and corresponding daily log-returns of the NASDAQ com-
posite index are represented in the left panel of Figure 6.1. The solid vertical
lines mark the beginning of the monitoring. The dotted line in the right panel
represents the detector function based on T}, 4 with v = 0.5. The latter was cho-
sen given its overall good performance in our Monte Carlo experiments, both
in terms of empirical level, power and mean detection delay. In the right panel,
the solid line represents the threshold function with p = 4 steps estimated using
the dependent multiplier bootstrap with B = 10°, while the dashed line repre-
sents the threshold function with p = 4 steps estimated using Monte Carlo with
M = 10°. Note that the latter did not at all use the learning sample as it is
computed under the assumption that the observations are serially independent.
The relative proximity of the two threshold functions could be explained by the
fact that, although present, serial dependence in the learning sample is probably
very weak. The detector function exceeded the two threshold functions at the
same date (2020-03-12), which is marked by the dotted vertical line in the left
panel of Figure 6.1 and corresponds to the 49th daily log-return of 2020. Given
the definition of 75, 4 in (2.6) and having that of S;, 4 in (2.5) in mind, a possible
estimate of a point of change for an exceedance at position £k = m + 49 = 300
is given by

k . : 2
1 J(k =)
AGMAX <<k 17 ;:1 [mg/Qq(j/m, pym {F1(X) = Fjree(Xa)}| +1, (6.1)

which returned 286 and corresponds to the date 2020-02-21. The latter is marked
by a dashed vertical line in the left panel of Figure 6.1 and corresponds to the
beginning of the sharp decrease of the NASDAQ composite index as a conse-
quence of the Covid-19 pandemic.

Figure 6.2 describes the monitoring of the bivariate daily log-returns of
the Microsoft and Intel stocks using the procedure based on T}, , with v €
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{0,0.25,0.5} and a threshold function with p € {1,2,4} steps estimated using
the dependent multiplier bootstrap. All the dates of exceedance are between the
2020-03-12 (y = 0 and p = 2) and the 2020-03-09 (y = 0.5 and p = 1). The
estimated dates of change turn out not to depend on p and are the 2020-01-25
for v = 0, the 2020-02-15 for v = 0.25 and the 2020-02-20 for v = 0.5. This
effect of v on (6.1) was to be expected: larger values of v give more weight to
potential break points close to k.

7. Concluding remarks

In the context of closed-end sequential change-point detection, it can be ar-
gued (see Anatolyev and Kosenok, 2018) that it is desirable that the underlying
threshold function is such that the probability of false alarm remains approx-
imately constant over the monitoring period. In this work, the asymptotic va-
lidity of the bootstrap-based estimation of such a threshold function was estab-
lished for generic detectors. The latter was applied to sequential change-point
tests involving detectors based on differences of empirical d.f.s that can be either
simulated or resampled using a dependent multiplier bootstrap depending on
whether univariate independent or multivariate serially dependent observations
are monitored. The proposed detectors are adaptations of statistics used in a
posteriori change-point testing and include a weight function in the spirit of
Csorgé and Szyszkowicz (1994a) that can be used to give more importance to
recent observations.

Extensive Monte Carlo experiments were used to investigate the finite-sample
properties of the resulting sequential change-point tests. Among the proposed
detectors, none led to a uniformly better testing procedure. When based on
the dependent multiplier bootstrap, the procedure based on T, 4 in (2.6) was
observed to have the best behavior, overall, in terms of empirical level, power
and mean detection delay. In the case of univariate independent observations,
when the threshold function can be estimated using Monte Carlo simulation, the
number of step p of the threshold function can be chosen as large as the number
of monitoring steps. However, in the time series case, when the estimation of
the threshold function is based on the dependent multiplier bootstrap, p should
not be taken too large because of an error propagation effect.

As already hinted at in Section 3, a straightforward extension of the generic
results on the estimation of the threshold function consists of allowing the condi-
tional probability in (3.5) to change with the underlying monitoring sub-interval
(or, equivalently, to have monitoring sub-intervals of different lengths). The
choice of the p conditional probabilities (or, equivalently, of the p monitoring
sub-intervals) could for instance be carried out according to the user’s prior
knowledge. In future work, we also plan to investigate the validity of additional
bootstraps for monitoring multivariate time series. The current and future theo-
retical results would further need to be complemented by additional Monte Carlo
simulations, involving in particular multivariate experiments. Such finite-sample
investigations are however a real computational challenge given the complexity
and cost of execution of such change-point detection procedures.
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Appendix A: Proofs of Propositions 2.5 and 2.7

Proof of Proposition 2.5. From Theorem 1 of Biicher (2015), we have that B,, ~
Be in £2°(]0, 1]4+1), where n = |m(T +1)]. Let 1 be the map from ¢>°([0, 1]4+1)
to £°([0, T + 1] x [0,1]%) defined, for any f € £°(]0,1]9*!), by

D(f)(s,u) = VT + 1f{s/(T +1),u}, s€[0,T+1,ue0,1]% (A1)

It is straightforward to verify that v is a continuous map which immediately
implies by the continuous mapping theorem that ¥ (B,,) ~ ¥(B¢) in £°([0, T +
1] x [0,1]). Furthermore, it is easy to check that ¥(B,,) — B,, = op(1) and that
¥(B¢) is a tight centered Gaussian process such that, for any s,t € [0,T + 1]
and u,v € [0, 1]¢,

COV{QP@C)(& u)’w(BC)(t’v)}
= (T+1)Cov[Bc{s/(T +1),u},Bc{t/(T +1),v}]
= (s ANt)T'(u,v) = Cov{Bc(s,u),Bo(t,v)},

where T is defined in (2.23). It follows that B,, ~ B¢ in £°([0, T + 1] x [0, 1]%).

It remains to show the subsequent claims. Under Hy, (2.22) holds and the con-
tinuous mapping theorem immediately implies that G,,, ~ G¢ in £°°(A x [0, 1]¢)
and, then, that G,, , ~ G4 in £°°(A x [0, 1]¢) since Sup,epo,r41) [Am (0, 8) —s| <
1/m, the function ¢ in (2.4) is continuous on A and sup(, yea{q(s,t)} =" < oo.
The continuous mapping theorem further straightforwardly implies that R,,,  ~
Reg in €°([1,T + 1)).

Let Jmq(s,t) = f[oyl]d{((}mﬂ(s,t,u)}2dC’1:LmtJ (u) forany 1 < s <t <T+1.
In order to prove that S,,, ~» Sc,q and Ty, 4 ~ Tcq in 0°([1,T + 1]), we
shall first prove that J, ; ~ Joq in £°(A N [1,T + 1]2), where Jo4(s,t) =
f[07l]d{GC’q(s,t,u)}2dC’(u) forany 1 <s<t<T+1.

We start by showing that the finite-dimensional distributions of J,, 4 converge
weakly to those of Jo 4. Let p € N, p > 1, and (s1,t1), ..., (sp, tp) € AN[L, T+1]?
be arbitrary. The result is proven if we show that

(qu(sl, tl), e 7Jﬂ%q(sp, tp)) ~> (Jc,q(sl, tl), P ,Jcﬂ(sp, tp)). (A2)

From the already proven weak convergence of B, to B¢ in £2°([1, T+1]x [0, 1]%),
we obtain that

1 1 P
sup |Ch. u)—C(u)| < —=x sup ——x sup |Bn(s,u)|—0,
S€lLT+1] 1oy () =) Vo sepnma] Am(0, ) s€lLT+1] B (5, )]
u€[0,1] u€[0,1]

since Supse[l,T+1]{)\m(0a )}t < 1and SUPse(1,T+1],uel0,1]¢ By, (s, )| = Op(1).
From the fact that G, 4 ~ Gc,q in £°{(AN[1,T+1]?) x [0, 1]4}, we then have
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that

(Gm,q(sl?tb ')7 e ?Gm,q(spvtpa ')7 Cl:[mtlja ceey Cl:Lmth)
~y (Gc,q(sl,tl, ~), .. .,Gc,q(sp,tp, ~),C, .. ,O)

in {£>°([0,1]%)}?P. The latter can be combined with the fact that C is con-
tinuous, G¢,q has continuous sample paths with probability one, Lemma 1 in
Kojadinovic, Segers and Yan (2011) and the continuous mapping theorem to
obtain (A.2).

It remains to show that the process J,, , is asymptotically tight (see, e.g.,
van der Vaart and Wellner, 2000, Section 1.5). From Section 2.1.2 and Problem
2.1.5 in the same reference, the latter is shown if, for every sequence d,, | 0,

P
sup [ Tm,q(8:t) = Tim,q(s's )] = 0. (A.3)
(s,t),(s’,t/)eAN[1,T+1]2
|ls—s/|<8m,[t—t'|<ém

The supremum on the left-hand side of the previous display is smaller than
I, + Jpm, where

I, = sup / {Gm’q(s,hu)}QdCl;LmtJ (u)
(s.t),(s" tHean[r,T+1]2 |J[0,1]¢
|s—s|<8m,|t—t/|<&m
- / {Gm,q(slat/au)}2dclz\_mtj (u)],
[0,1]¢
J,, = sup / {Gmﬂ(s',t’,u)}QdCLLmu (u)
(s,),(s" t"Hyean[1,T+1]2 |J[0,1]d
|s—s/|<&m,[t—t'|<dm
- / {Gm,q(sla tla u)}QdCIZ\_mt’j ('U,) .
[0,1]¢
Now,
I, < sup / {Gmq(s,t,u)}* = {Gong(s', 1", )} AC1 i (w)
(s,),(s" tYean[r,T+1]2 J[0,1]4

[s—s"|<8m,|t—t/|<6m

< sup sup “{(Gm,q(s,tu)}2 —{Gmq(s' 1, uw)}?

(s,),(s" ¢ ean(1,T+1]2 ue(0,1]4
[s—s'|<8m,[t—t/|<6m

X / dCl:Lmtj (’UJ)‘|
[0,1]¢

P
< sup sup ‘{Gm,q (s, u)}2 - {Gmﬁq(s/’ t/7 u,)}2| —0
(s,t), (s’ ¢ eAN[L,TH+1]2 w,u’c[0,1]9
|s—s'|<8m,|t—t'|<6m |lu—w'|[[<ém
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by the asymptotic uniform equicontinuity in probability of Gfmq. Concerning
Jm, we have that is smaller than

Lmt] 1 [mt']

1
2 su — Gnol(s, t,U)}? — —— G o(s, t,U;)}?
(s,t)eAm[Il),T+1]2 Lmtj FZI{ ,q( )} Lmt,J Zzzl { ,q< )}

t/€[1,T+1],0<t! —t<&m

[mt]
1 1
<2 sup Gong(s,t,U;)}? (———)
(s,t)EAN[1,T+1]2 ;{ m7q( Z)} [mt] | mt’|
t/€[1,T+1],0<t! —t<8ym,

1 [mt’)
+ 2 sup R Lm ,J Z {Gm,q(37 t’ UZ)}2
t’eﬁl?‘i?]?o[;;tilém i=|mt]+1
[mt'] — [mt] 2
<4 sup —— X sup G s, t,u
e T Lmt/J (S,t)EAﬁ[l,T+1]2{ m#l( s Uy )}
0<t! —t<6m wel0,1]d

<0 % Op(1) +op(1),
since |mt'| > m for all ¢’ € [1,T + 1],

sup M—(t’—t)’§2 sup

t,t'€[0,T+1] m tefo,7+1] | ™M

t 2
m_t‘g_ﬁo,
m

and the fact that sup(, yeani,z+12,ucpo,1)e{CGm.q(5,t,u)}? converges weakly
by the continuous mapping theorem. Hence, (A.3) holds and therefore J,, 4 ~
Jog in £°(AN[1,T + 1]%). The fact that S, 4 ~ Sc,q and Ty, g ~ To,q in
£([1,T 4 1]) is finally and again an immediate consequence of the continuous
mapping theorem.

Finally, we have to show that, for any [¢1,t2] C [1,T+1] such that to > 1, the
distributions of sup;c(, 1, Re,q(t), SUDseqr, 1,) Sc,q(t) and supyeqy, 1, To,q(t) are
absolutely continuous with respect to the Lebesgue measure. To show the latter,
we adapt the proof of Proposition 3.3 of Biicher, Fermanian and Kojadinovic
(2019) to the current setting. Let C(S) denote the space of all continuous real-
valued functions on S equipped with the uniform metric. Since the sample paths
of B¢ are elements of C([0,7 + 1] x [0,1]?) with probability one and ¢ in (2.4)
is continuous, the sample paths of G, are elements of C(A x [0,1]¢) with
probability one. Fix [t1,t2] C [1,T + 1] such that t3 > 1 and let J1, 2 and V3
be the maps from C(A x [0,1]%) to R defined, for any f € C(A x [0,1]¢), by

V1(f) = sup sup sup |f(s,t,u),
teft,ta] s€[l,t] uel0,1]4¢

1/2
U2(f) = sup sup {/{Olld{f(s,t,U)PdC(U)} :

teft1,ta] s€[1,t]

/2
— ' 2 1
95(f) = s { | st d0<u>ds} -
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Then, SUP¢e(ty,t] Req(t) = 91(Geyg), SUP¢ety,t] Scq(t) = {92(Gc)}? and
SUDye(ty 1) Toq(t) = {93(Goq)}? and, to show the desired result, it suffices
to prove that the distributions of ¥1(Gc,q), 92(Gc,q) and ¥2(Ge,q), denoted re-
spectively by L{V1(Gcq)}, L{V2(Gcq)} and L{F2(Gc4)}, are absolutely con-
tinuous with respect to the Lebesgue measure. Since the maps 91, ¥2 and 93
are continuous and convex, from Theorem 7.1 in Davydov and Lifshits (1984),
we obtain that, for any i € {1,2,3}, £L{;(G¢,4)} is concentrated on [a;, c0) and
absolutely continuous on (a;, 00), where

a; = inf{J;(f) : f belongs to the support of L(G¢c 4)}-

By Lemma 1.2 (e) in Dereich et al. (2003), we have that, for any ¢ > 0,
P{91(Gc,4) < e} > 0. Hence, for any ¢ > 0,

P{Y3(Gcq) < e} >P{U2(Geyq) < e} >P{1(Gey) <e} > 0.

It follows that, for any 7 € {1,2,3} and any € > 0, there exists functions f in the
support of L(G¢,q) such that ¥;(f) < e, which implies that a1 = a2 = az = 0.

To conclude, it remains to show that the laws L{01(Gcq)}, L{U92(Gc,q)}
and L{V3(G¢,)} have no atom at 0. For any f € C(A x [0,1]¢), we have that
P2(f) = 95(f) = 0 if and only if f(s,t,u) =0 for all (s,t) € AN([1, 2] X [t1,12])
and all w in the support of the distribution induced by C. Let u* € (0,1)? be an
arbitrary point in the latter support such that Var{B¢(1,u*)} = I'(u*,u*) > 0,
where I' is defined in (2.23), and let (s*,t*) € [1,t2] X [t1,?2] such that s* < t*.
Then, Var{G¢(s*,t*,u*)} = s*t*(t* — s*)I'(u*,u*) > 0, which implies that
Var{Gc 4(s*,t*,u*)} = s*t*(t* — s*)[(u*,u*){q(s*,t*)} =2 > 0. The proof is
complete since

P{91(Ge,q) = 0} = P{02(Ge,q) = 0} = P{3(Gc,g) = 0}
<P{Gg4(s",t",u*) =0} =0. O

Proof of Proposition 2.7. Let K, (s,t,x) = m~2H,,(s,t,x) — K.(s,t,),
(s,t) € A, & € R The first claim is proven if

sup Ko (s, t,2)| = 0. (A.4)
(s,t)EA
weRd

The supremum on the left-hand side of the previous display is equal to

max sup |Kp, (s, t, @), sup Ko (s, t,x)], sup |Kp(s,t,x)
0<s<t<e 0<s<e<t<T+1 c<s<t<TH1
zeRd zcRd wcRd
(A.5)

To prove (A.4), we shall show that each of the three suprema in the previous
display converge in probability to zero. Notice first that

0 if0<s<t<eg,

Ku(s,t,@) =4 s(t—c){F(@)—G@)}, if0<s<c<t<T+1, (A6)
ct—s){F(x)—G(x)}, fe<s<t<T+1.
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Furthermore, for any (s,t) € A, x € R? and H € {F, G}, let

Fm,H(Sa t, iL') = \/ﬁ)‘m(s’ t){FLmSJ+1:[mtJ (iL’)—H(iB)} = F;,H(t’ :E)—]FSR,H(S, 1:),

where ) (s, @) = v/mAm (0, $){ Fi.|ms) () —H(2)}, Ay is defined in (2.14) and
Fi.|ms) is generically defined by (2.1). By proceeding as in Section 2.2, it can be
verified that, under Ho in (1.1), Fy, n(s, @) = By {s, F(x)} for all s € [0, T + 1]
and & € RY, where B,, is defined in (2.21) and F(z) = (Fi(x1),. .., Fa(za4)). By
the continuous mapping theorem, it thus immediately follows that, under Hy,
F, r converges weakly in /(A x R?) to a tight limit. Some thought then re-
veals that, under the conditions of the proposition, F,, r (resp. F,,, ¢) converges
weakly in £2°{(AN[0,c]?) x R} (resp. in £°{(AN[e, T+ 1)) x R%}) to a tight
limit.

From the expression of K. given in (A.6), for the first supremum in (A.5),
we obtain that

sup K (s,t, )| =m 2 sup [Hp(s,t, )| =o(1) x Op(1) = 0,
0<s<t<c 0<s<t<c
wEIRd wEIRd

since HL,,, converges weakly in /*°{(A N [0,c]?) x R%} to a tight limit as a con-
sequence of the fact that, for any 0 < s <t < c and © € R?, H,,(s,t,x) =
Am (8, 8)Fp, (0, 5) — A (0, $)Fpy p(s,t) and the continuous mapping theorem.

Regarding the second supremum, for any 0 < s < ¢ <t < T+ 1 and € R?,
we have that

)‘m(sv t)FLmstrl:LmtJ (113) = )‘m<57 C)FLmSJJrl:meJ (33) + )‘m(ca t)FmeJle:[mtJ (w)
Thus, on one hand,
m_l/sz(s,t,x) = A (0, 8){ A (5, 1) i s ()
- )‘m(87 C)FLmsJ—Q—l:[ch (w) - )‘m(c7 t)F[mcj—i-l:Lmtj (df)}

On the other hand, from (A.6) and using the fact that sup(, 4ea [Am(s,t) = (t—
s)| <2/m,

Ko(s,,2) = A0, 8){ A (5, ) F(@) = A (5, ) F(@) = A, )G(@)} + O(1/m).

By the triangle inequality and using the fact that supg<,<;<ri1 [Am(s:t)] <
T + 1, it then follows that

sup K (s,t,@)| <m ™AL +1) | sup [Frur(0,5,2)]
0<s<e<t<TH1 0<s<c
zcRd zcRd

+ sup |Fp r(s,c,z)|+ sup |Foglet,z)|| =o(l) x Op(1).
0<s<c c<t<T+41
meRd we]Rd
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Similarly, for the third supremum, for any ¢ < s < T + 1 and « € R?,
Am (Oa S)Fl:l_msj (113) =Am (Oa C)FI:meJ (CB) + Am (C7 S)FmeJ+1:\_msJ (.’IJ),

and, hence, on one hand, for any ¢ < s <t < T+ 1 and = € R?,

m~ 2 H,, (s, t, ) = A (8, ){ A (0, ) F1: ey () + Am (¢, 8) Flme)+1: [ ms) (%)
— A (0, 8) F s | 1: me) () ],

while, on the other hand,
K.(s,t,x) = A (8, 1) { A (0, ) F(x) + A (c, $)G(x) — A (0, 8)G(x)} + O(1/m).

Finally, by the triangle inequality,

sup  |Kn(s, t, )| <m YT +1) | sup |Fpnr(0, ¢, )|
cgsgzngH zcR4
xR’

+ sup [Fneles,z)|+ sup  |Fna(st,x)]| =o(l) x Op(1),
c<s<T+H1 c<s<t<T+1
mGRd mGRd

which completes the proof of (A.4).
Using the fact that sup,c(o 7417 [Am (0, s) —s| < 1/m, the function ¢ in (2.4) is
continuous on A and sup, ) ea{4(s, t)}~! < oo, we obtain, from the continuous

mapping theorem, that H,, , LN K., in £>°(A xR%). From (2.3) and (2.26), and
proceeding as in (2.17), it is easy to verify that

Ry q(t) = sup sup |H,,(s,t, )|, tel,T+1].
s€[l1,t] zeR4

Hence, again by the continuous mapping theorem, m‘l/QRm,q RN L., in
0°([1,T + 1)), where L. 4(t) = SUP,e(1,1] SUPgeRrd | K¢ q(s,t, )|, and, thus,

m2 sup Ryg(t) > sup  Leg(t).
te[1,T+1] te[1,T+1]
Since
N tVe)—(sV
sup L.4(t) = sup (sAof(tve) = (sve)l sup |F(x) — G(x)| > 0,
te[1,T+1] 1<s<E<T+1 q(s,t) R

we immediately obtain that supep 741 Rin,q(?) 5 .
To show the two last remaining claims, we shall first prove that

sup
1<s<t<T+1

m™! /d{Hm,q(s, t, w)}QdFlsztj (ZB)
R

- / (K. q(s,t,@)}2dHy(z)| 50, (A7)
]Rd
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where, for any ¢ € [1,7 + 1] and = € R?,

cN\t t—cAt
Hy(x) = TF(CB) +—;

G(x). (A.8)

By the triangle inequality, the supremum on the left hand-side of (A.7) is smaller
than I,,, + J,,, where

In= sup |m-! / (Hop g5, 1, 2) APy, gy ()
1<s<t<T+1 Rd
— [ Aot )P ()
and
Tu= s [ Koy t@) PR /{Ku, st ))2dH, ()| .
1<s<t<T+1

On one hand, some thought reveals that

1, < sup
1<s<t<T+1
mGRd

{m_1/2Hm$q(s7t, :c)}2 —{K.q(s,t, m)}z‘ o

as a consequence of the continuous mapping theorem. On the other hand,
from (2.27), we have that

(5 A ){(tV &) — (s &)}]2
s 2 G D)

/ (F(z) — G() ARy, e / (F(z) - G(z))dH,(x)| .
Rd

X sup
1<t<T+1

Using (A.8), the second supremum on the right-hand side of the previous display
is smaller than max{K,,, L, }, where

K= sw | [ {F@) - G@)}2dF, (= / (F(z) — G(x))2dF(z) |
1<t<c | JRd

L= swp || {F@) - G@)}2dF, (@ / (F(z) - G(x)}2dH ()|
cStST-{-l Rd

From the assumptions on the strong mixing coeflicients and Theorem 1.2 in
Berbee (1987) (see also Rio, 2017, Chapter 3), the strong law of large numbers
implies that, as k — oo,

as

k
= E ) - G - [ P(@) - Gla)Par(@)| %o

where the arrow ‘%3’ denotes almost sure convergence. Since the previous con-
vergence is equivalent to the fact that limsup,,_,., M, = 0 almost surely, we
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obtain that Ky, = sup,,<j<|me) Mk < supp,<j Mk % 0. Using the fact that, for
anyc§t§T+1andm€Rd,

|me| |mt] — |mc]

Fl:Lmtj (:B) = WFlztmcj (CB) + LmtJ FmejJrl:Lmtj (33)

and that sup.<,<rq ||mc]/|mt] — c/t| = O(1/m), we obtain that

Lo < | [ {F@) - G@)}2dFy e (= / (F(a) - G(z))dF (x)
R4
+  sup 7\_mtj | {F(x) — G(a:)}QdFLmCJH:LmtJ(m)
e<t<T+1  |mt] Rd

- | {F@) ~ G@)acta)| + 0 /m)

The first term on the right-hand side of the previous display is equal to M|,
and thus converges to zero almost surely. The second term can be written as

1 k
e ;A F Z’L 7G Z2 2
LmCJ-‘rlSkSp\_m(T_;'_l)J kL:LmZCJ-i_l{ ( ) ( )}
7“& (F(z) — G(x))}2dG(z)|. (A.9)
Rd

Letting

k
= % Z{F(Zz) - G(Z)}* - Rd{F(m) — G(x)}*dG(x)

and decomposing the sum in (A.9), by the triangle inequality, (A.9) is smaller
than
sup N+ Nipe) £ sup Ni+ Ny o,
[me|+1<k<|m(T+1)] lme|+1<k

since Ni; 30 as k — .

Hence, J,, 23 0. It follows that (A.7) is proven and, from the continuous map-
ping theorem, we immediately obtain that m='S, , — M., and m=1Tp, , ~
Neq in £°([1,T + 1]), where

M. ,(t) = sup {K a(s,t,2)}2dH(x) and N, 4(t)
s€[1,¢]

//{chstw}dHt( )ds,

m~!  sup Sm,q(t)g sup M. 4(t),

te[l,T+1] te[1,T+1]

and then that
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m~!  sup ']qu(t)ﬂ sup N 4(1).

te[1,T+1] te[l,T+1]

Let Ap = [po{F(x) - G(x)}*dF(x) and Ag = [p.{F(x) — G(x)}*dG(z). Since
F and G are continuous and F' # G, Ap > 0 and Ag > 0. As a consequence,
for all t € [1,T + 1],

cNt t—cANt

A = A A .
t 7 F+ 7 a>0

Furthermore, since ¢(s,t) > 0 for all (s,t) € A and since, for all c <t <T + 1,

1s<1112t(5 ANe){(tVe)—(sVe)}=c(t—rc) >0,

we have, from the continuity of ¢, ¢t — A; and (s,t) — (s Ac){(t V) — (sV )},
that

sup M.,(t) > sup A, sup

{@A@u—@v@q2>q

te[1,T+1] tele,T+1]  se[Lt] q(s, )
and
t t— 2
sup  Ncq(t) > sup At/ {(S Noft=(sv C)}} ds > 0. O
te[1,T+1] tele,T+1] 1 q(s, 1)

Appendix B: Auxiliary lemmas for the proof of Theorem 3.3

This section, which is, to a large extent, notationally independent of the rest of
the paper, provides the proofs of two lemmas, possibly of independent interest,
necessary for showing Theorem 3.3.

Let X,, denote available data. No assumptions are made on X, apart from
measurability. To fix ideas, one can think of X', as a sequence of n multivariate
serially dependent random vectors. Let S,, = S,,(X,,) be a RP-valued statistic
such that S, = (Sin,...,Sn) ~ S = (S1,...,5p) as n — oo, where the
random vector S is assumed to have a continuous d.f. We additionally suppose
that we have available bootstrap replicates S,[f] = Sg](Xn,WLf]) of S,,, where
the WE], 1 € N, are n-dimensional independent and identically distributed
random vectors representing the additional sources of randomness involved in
the underlying bootstrap mechanism. We shall further assume that, as n — oo,

n

(Sn, S, SE) ~~ (8,81, 8P)), (B.1)

in (RP)3, where S[ and SP are independent copies of S. Note that, from
Lemma 2.2 of Biicher and Kojadinovic (2019), (B.1) is equivalent to the usual
conditional bootstrap consistency statement, that is,

sup [P(SI <z | x,) —P(S, <x)| >0, asn— oo
xERP
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Before stating and proving the two lemmas, we introduce some additional
notation and list useful results. For any ¢ € {1,...,p}, {j1,...,4q} C {1,...,p},
Tjy,..-. 75, € Rand B €N, let

FS7{j17--«7jq}(le,. .. ,(qu) = ]P(Sjl § :vjl,. .oy qu § Cqu),
FS (Sjlvnngl7"'7sjqanijq)?

~

n7{j1,-~7jq}(zj17' ) :qu) =

|

B
1 . .
B 7 7
FSn,{jh-u,jq}(xﬁ“ .o ,J)jq) = Zl(sj[l],’ﬂ S Z‘jl,. . "S][’q],n S qu).
=1

Since S,, ~ S in R? as n — oo and S has a continuous d.f., we have from
Lemma 2.11 of van der Vaart (1998) that, for any ¢ € {1,...,p} and {ji,...,
Jet C€A{1,...,p}, as n — oo,

sup IEs, Gnsdg) @i 5 T5) = Fs gy (T -5 T5,) = 0.

(B.2)
Proceeding as in the proof of the aforementioned lemma, it can actually also be
shown that, for any ¢ € {1,...,p} and {j1,...,75¢} C{1,...,p}, as n — oo,

sup |]P(Sj1’n < Zjpyeey qu,n < qu)—P<Sjl < Tjyyeeey qu < .’1?jq)| — 0.
(@)1 51T jq ) ERY
(B.3)
Combining (B.1) with Assertion (f) of Lemma 2.2 in Biicher and Kojadinovic
(2019) and (B.2), we further obtain that, for any ¢ € {1,...,p} and {j1,...,44} C
{1,...,p}, as n, B — o0,

P
sup |F,Sli,,,{j1,...,jq}(xj1a s 7qu) - Fsa{j1;<~-7jq}(le’ s 7qu)| — 0.
(@ 505754 ) ERY

(B.4)
Let £ € (0,1) be arbitrary. The following notation will also be used in the
lemmas. Let

Fsal(x):FS,{l}(x):P(Sl Sl‘),xER, g1 :Fb:&(l_f)a
and, recursively, for j successively equal to 2,...,p,

o FS,{l,...,j}(glv cee 7gj717‘r)

Fs i\r) = 5
(@) Fs,..j-13(91,- - 95-1)

veR,  gj=Fg;(1-¢. (BS5)

Similarly, let

B,—
Fgl,l(x) :an,g}(x)a z €R, ng,n:FS 11(1—5),

ny

and, recursively, for j successively equal to 2,...,p,

FB (9B, .. 9P x)
Sn,{1,...,5}\I1L,n» »Ij—1,n» B B,—-1

FZ (z)= , v €R, gin=Fg - (1=¢).

! Fg gy (0l 9700 " "

(B.6)
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The following two lemmas are instrumental for proving Theorem 3.3.

Lemma B.1. Asn,B — oo,

P

Suﬁ |F§ 1(x) = Fsa(z)| =0, (B.7)

xE
FSJ(gl'in) — 1= 57 (B9>

and, for any j € {2,...,p},
sup |FE .(z) - Fs j(z)| =0, (B.10)

xTE
P(Sjmn < g0 | St < g0 Sjmim < gpan) = 1 -6, (B.11)
Fs,j(95,) = 1—¢& (B.12)

The statements (B.8) and (B.11) with ‘<’ replaced by ‘<’ hold as well.
Lemma B.2. Let T, = T,,(X,,) = (Tin,---,Tpn) be a RP-valued statistic such

P
that maxi<j<p T, — 00 as n — oco. Then
]P’(TLngng,n,...,Tp,nggﬁn)%O as n, B — oo.

Proof of Lemma B.1. The claims in (B.7) and (B.8) are immediate consequences
of (B.4) and Lemma 4.2 in Biicher and Kojadinovic (2019), respectively. The
claim (B.9) follows from the fact that Fg1(g91) = 1 — &, the triangle inequal-
ity, (B.2) and (B.8).

To prove (B.10), (B.11) and (B.12), we proceed by induction on j.

Proof of (B.10), (B.11) and (B.12) for j=2: By the triangle inequality,
|F§n,1(913,n) — Fg1(g1)] is smaller than

|F§ 1(90,) = Fsa(gtn)| + | Fsa(gr,) = Fs, (g0, + |Fs, 1(9,) — Fsi(g1)].

The first term converges in probability to zero by (B.4) as n, B — oo. The
second term converges to zero by (B.2) as n, B — oo. The third term converges
to zero as a consequence of (B.8) since Fig1(g1) = 1 —£. Hence, |FSBH71(gfn) -

Fs1(g1)] 50 as n, B — oo. From (B.5) and (B.6), the latter implies that to

prove that sup,cg |[F§ ,(z) — Fg ()| 5 0as n, B — oo, it suffices to prove
that

P
Sgﬁ |F£L,{1,2}(91B,mf) — Fs 1,23(91,7)[ = 0

as n, B — oo. From the triangle inequality, (B.2) and (B.4), the latter will hold
if

sup |Fs, {1,219 0, 7) = Fs, (12191, @) = 0 (B.13)
xe
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as n, B — oo. For any = € R, we have

Fs, (12} (gfnaﬂf) —Fg, (1,2(91, )
=P(S1n > 1,50 <) —P(S1,n, = 91,52, < )
—P(Sin > g1 Son S ) +P(S1,0 = g1, Son < ). (B.14)

Hence, by the triangle inequality,

sup |Fs, 1,2y (90, 7) = Fs, (1,21 (91, )|
xe

< sup [P(S1n > g0, S2n < @) = P(S10 > g1, 520 < @)+ 25upP(S1,, = ).
xeR T€R
(B.15)

From the triangle inequality, (B.2) and (B.3), we obtain that the last supremum
on the right-hand side of the previous display converges to zero a n — oo since
S has a continuous d.f. Hence, to show (B.13), it remains to show that the first
supremum on the right converges to zero in probability as n, B — co. From the
right-continuity of Fig; and F, sli .1, we obtain that, for any z € R,
|]P)(Sl,n Z gﬁm S2,n S 33) - ]P)(Sl,n Z 91, 52,77, S .’17)‘

= [P{S1n > Fg 1 (1 =€), S < 2} = P{S10 > Fg (1 =), 820 < 2}

= [P{FE 1(S1n) 21—, S0 <} —P{Fs1(S1.n) 21—& San < z}.
Furthermore, using the fact that, for any a,b,y € R and € > 0,

1y <a)— 1y < )| < 1y —a < &) +1(a—b] > <), (B.16)

we obtain that, for any € > 0,

|P{F_§n,1(51,n) >1—-§,5, <o} —P{Fg1(S1n) >1—-&,5, <z}
= ‘E[l{Fgl,l(sl,n) > 1- fa S2,n < -I} - 1{FS,1(Sl,n) > 1- fa S2,n < .13}“
< ]E|1{FSBH,1(51,n) >1—-6,5, <z} —1{Fs1(S1n) >1—§,52, <z}
S E[HFE, 1(Sin) 21— & — 1{Fs1(S10) 21— &}
< P{|Fs1(S1,0) = 1+ & < e} + P{|FG, 1(S1,0) — Fs1(S1,0)] > €}
(B.17)
By the continuous mapping theorem and the Portmanteau theorem, the first
probability on the right converges to P{|Fs, (S1) —1+¢| < e} as n — oo and can
be made arbitrarily small by decreasing €. The second probability converges to
zero as n, B — oo by (B.7) for any € > 0. Hence, (B.13) holds and so does (B.10)
for j = 2.
Let us now prove (B.11) for j = 2. Since, from (B.8), P(S1,, < g7,) —
P(S1 <¢1) =1-¢, as n, B — o0, it remains to show that

P(S1n < 91B:n, Som < ggB:n) — P(S1 < 91,52 < g2)
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as n, B — oco. From the triangle inequality and (B.2), if suffices to prove that,
as n, B — oo,

|Fs, (1,21 (90> 92n) — Fs, (1,2 (91,92)| = 0.

The term on the left-hand side of the previous display is smaller than

|Fs, (1,25 (900> 93 0) — Fs, 1121 (91, 95| +|Fs, 1123 (91, 980) — Fs, (1,21 (91, 92).

The first difference between absolute values is smaller than (B.15), which was
already shown to converge to zero as n, B — co. Proceeding as in (B.14), to
show that the second difference between absolute values converges to zero as
n, B — oo, it suffices to prove that

IP(S1n < 91,52, > gfn) —P(S1,n < 91,520 > g2))|
= [P{S1n < g1,8m > Fg 5 (1=} —P{S1 < g1, 80 > Fg5(1-&)} — 0

as n, B — co. Using again (B.16) and proceeding as in (B.17), the probability
on the left can be shown to be smaller than

P{|Fs2(S2,n) =1 +¢&| < €} + P{IFS, 5(S2.n) — Fs,2(S2,n)| > €}

for any € > 0. Using the continuity of Fgo and the Portmanteau theorem,
the first probability converges as n — oo to a probability that can be made
arbitrarily small by decreasing €. The second probability converges to zero as
n, B — oo for any € > 0 by (B.10) for j = 2, which was proven previously.

It remains to prove (B.12) for j = 2. From the triangle inequality, (B.2)
and (B.13), we have that, as n, B — o0,

SUE |an,{1,2}(91B,na$) - FS,{l,Q}(gla z)| = 0.
xe

Starting from (B.11) for j = 2, the desired result follows from the convergence
in the previous display and (B.8).

Proof of (B.10), (B.11) and (B.12) for all j € {3,...,p}. As mentioned previ-
ously, we proceed by induction. Let k € {3,...,p}, assume that (B.10), (B.11)
and (B.12) hold for all j € {2,...,k — 1} and let us show that they also hold
for k.

For any z € R, let Fs, 1(v) = Fs, (1}(z), and, for j successively equal to
2,...,p, let
N FSn,{l,.A.,j}(ng,n> cee 79]‘371,713 LB)

C Fs, g1y (9P, 9P )

Fg, j(z)

Then, from the induction hypothesis for (B.11), as n, B — oo,

FS,,L,{I,...,kfl}(gEna L. agk:B—l)

= Fsmkfl(ngfl,n)FSmk*Q(ngon) e anyl(gfn)



822 1. Kojadinovic and G. Verdier
— Fg p—1(9k—1)Fs r—2(g9k—2) - - Fs,1(g1)
=(1-8"=Fs . k13091, 96-1). (B.18)

Thus, from (B.4), as n, B — oo,

P
FSBn,{l,...,k—l}(gEn’ e ,9;?—1) - Fs,{1,...,k—1}(917 ey Gh—1)-

Hence, to show (B.10) for j = k, it suffices to prove that, as n, B — oo,

P
Slelg |F£L,{1,...,k}(gfm Ot ®) = Fs 1k (91, g1, )] = 0.
xr

From the triangle inequality, (B.2) and (B.4), the latter will hold if, as n, B — oo,

SUE|FS,1,{1 kb s 981 ®) = Fs, 1, (91, -, gr1, )| = 0. (B.19)

For any r € R? |FSn,{1,..‘,k:}(gltina <o 7ngana Z‘) - FSn,{l,..‘,k}(gh e 7gk—l7x)| is
smaller than the following sum of k£ — 1 terms:

|FSn,{1 ..... k}(gfn7g2'ina"'7ngf],nam) _FSn,{l ..... k}(ghggna"%ngfl,nam”

+|an,{1,..i,k}(91, g2B,n7 s 591?—1@7 JC) - FSn,{l,..A,k}(gla 92, ggn,a s ?gk:B—Lvm l’)|

+|FSn,{l ..... k}(gla"'7gk72agchfl,n7x) _FSn,{l ..... k}(glw"agkfhx)l'

Proceeding as in (B.14), (B.15) and (B.17), the jth term, j € {1,...,k—1}, can
be shown to converge to zero as n, B — 0o as a consequence of the fact that

P{|Fs;(Sjn) — 1+ & < e} +P{|F§, ;(Sjn) — Fs,;(Sjn)| > €}

converges to zero as n, B — oo followed by € | 0 using the continuity of Fg ;
and the induction hypothesis. Hence, (B.19) holds.

Let us now show (B.11) for j = k. From (B.18), it suffices to prove that, as
n, B — oo,

|Fs, 1,k (Gms -2 90n) = Fs 1,03 (g1, - gx)| = 0.
From the triangle inequality and (B.2), the latter will hold if, as n, B — oo,

IFs, 1,539 ns -2 980) — Fs, (1,3 (915, gk)| = 0.

The difference between absolute values on the left of the previous display is
smaller than

|FSn,{1,H.,k}(g]_Bin, s agk;B—er glgn) - FSn,{l,m,k}(gla - 9k—1, glgn)|

+ Fs (1, i} (91 Gk=15Gkom) — Fs g1, iy (915 - - - Go—15 98) -
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The first term converges to zero in probability as n, B — oo as a consequence
of (B.19). Proceeding as in (B.14), (B.15) and (B.17), the second term can
be shown to converge to zero as m,B — oo as a consequence of the fact
that

P{|Fs k(Skn) — 1 +&| <} +P{FE 1 (Skm) — Fs.k(Skn)| > €}

converges to zero as n, B — oo followed by ¢ | 0 using the continuity of Fs
and the already proven claim (B.10) for j = k.

It finally remains to show (B.12) for j = k. From the triangle inequality, (B.2)
and (B.19), we have that, as n, B — o0,

sup \Fs, 1,6} (Gms - 910 %) — Fs g1, 3 (915 - -, g1, )| = 0.
xe

Starting from (B.11) for j = k, the desired result follows by combining the latter
convergence with (B.18).

The induction is thus complete. The fact that the statements (B.7) and (B.10)
with ‘<’ replaced by ‘<’ hold as well is a consequence of (B.2) and (B.3). O

Proof of Lemma B.2. Let M,, = maxi<;<p7jn. Then,

P(Ty,, < glffn, o Tpn < gf)n) <P (Mn < 112;12{}39571)

<P(M, <gf,)+ - +P(M, <g2).
The proof is complete if we show that, for any j € {1,...,p}, P(M,, < gfn) -0

asn, B — oco. Let j € {1,...,p} and recall the definition of the continuous d.f.
Fg ; defined in (B.5). Then,

P(M, < g7,) <P{Fs;(M,) < Fs;(g},)} = P{Fs ;(M,) — Fs ;(g;,) < 0}.

Since M, B oasn— 0o, we have that Fg ;(M,) £ 1 as n — oo. Further-
more, from Lemma B.1, FSJ(gfn) — 1—¢& as n, B — oo. Hence, Fg ;(M,) —

FS,j(gfn) 5 & >0 asn,B — oo, or, equivalently, for any ¢ > 0,
P{|Fs;(Mn) = Fs.,j(95n) — €l > €) =0
as n, B — oco. Hence, for any 0 < e < ¢,

P(Mn < g7) < P{Fs ;(My) — Fs;(g7,) < 0}
< P{|Fs,;(Mn) — Fs,(g;n) — &l > ) = 0

as n, B — oo, which completes the proof. O
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Appendix C: Proof of Theorem 3.3

Proof. Let Sy, = (sup,er, D(t), ... ,SUPser, Dy, (t)) and

Sl — (supDLlﬂ(t),...,sup D@(t)) , beN,
tely tel,

be the corresponding bootstrap replicates of S,,. From (3.8) and the continuous

mapping theorem, we immediately obtain that, under Hy, (Sy,, Sy[,ll], S,[,QL]) ~
(8,80, 8Pl) in (RP)3, where

S = (sup Dg(t),...,sup ID)F(t)>
tel tel,

and S and S are independent copies of S. Since S is assumed to have a

continuous d.f., the assumptions of Appendix B are satisfied, and, therefore,

Lemma B.1 with n = m and & = 1 — (1 — a)'/? implies that (3.9) and (3.10)

hold. The fact that, under Hp, P(D,, < 7.8) — 1—a as m, B — oo follows from

a decomposition similar to the one used in (3.3).

To prove the last claim, it suffices to show that, when sup,cpy 711) D (%) 5

00, P(D,,, < 78) — 0 as m, B — oc. Let T, = supyer, D (1), @ € {1,...,p},

which implies that supcy 741) D (t) = maxi<i<p Tim % 0. Lemma B.2 with
n = m then implies that, as m, B — oo,

P(Tim < ghms - Tpim < g0 m) =P(Dy < 75) — 0,

which completes the proof. O

Appendix D: Proof of Proposition 4.1

Proof. Recall that n = [m(T +1)] and, for any b € N, s € [0,1] and u € [0, 1]¢,
let

Lns]
~ 1
i=1
From Corollary 2.2 of Biicher and Kojadinovic (2016), we have that
(B.., B, BY) ~ (Be, B!, BE)
in {£°°([0,1]4t1)}3. Proceeding as at the beginning of the proof of Proposi-

tion 2.5, from the continuous mapping theorem and with the map 1 defined
in (A.1), we obtain that

(¥(B,.), p(BL), (B ~ (Be, B, BE)
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in {£>°([0, T+ 1] x [0,1]%)}3. Recall the definition of BY in (4.1). Since ¥(B,,) —
B,, = op(1) and 1/1(1@%’) BlY = op(1), b € {1,2}, it follows that

By, B, B2 v (Be, BY, BE) (D.1)

in {£>°([0,T +1] x [0,1]%)}®. Let ¢ be the continuous map from ¢>°([0, T + 1] x
[0,1]%) to £2°([0, T + 1] x [0, 1]¢) defined, for any f € £>°([0,T + 1] x [0, 1]¢), by

o(f)(s,u) =vVT +1f{s/(T+1),u}, s€[0,T+1],uc0,1]%
Furthermore, for any b € N, s € [0,7 + 1] and u € [0,1]¢, let
1 m's]

7= 3 e (LU < w) — Crn(w)}.

=1

B (s, u) =

Then, starting from (D.1) and using the continuous mapping theorem with the
map ¢ as well as the fact that (b(]IVBLZ]) -BY = op(1) and (b(]B[CbJ) and B[g] have
the same distribution, b € {1, 2}, we obtain that

(B, B, B2)) ~ (B, BY, BE)

in {£>([0, T + 1] x [0,1]%)}3.
Fix b € {1,2}. To prove the first claim, it remains to show that

In= sup sup |BU(s,u)—Bl(s, u)l 5o, (D.2)
s€[0,T+1] uel0,1]4

where B is defined in (4.2). Let Jim, = supyejo,170 VIV [Crim (u) — Crin(u)| and

lm’s]

K, = sup —|Z£[b]

s€[0,T+1]
and notice that I,,, < J,, X K,,. On one hand,

Jm < sup V! |Crom(u) — C(uw)] + sup Vm!|Cho(u) — C(u)|

u€(0,1]4 u€(0,1]4

=0(1) x sup  sup [B,(s,u)]=O0p(1).
s€[0,T+1] u€l0,1]¢

On the other hand, we have
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Let Zgm = Zle §Z[b7]n, ke {l,...,m}, and let v > 1. Then,

E{(m_l max Zk,m|> }zm‘”E( max |Zk,m|”)
1<k<m 1<k<m

m
<m 'E Zem|” | <m'™v E (| Zkm|”)-
<m (D k,m|>_m X E (Znl”)

Proceeding as in the proof of Lemma D.2 in the supplementary material of
Biicher and Kojadinovic (2016), for v = 4, using the fact that the sequence

(fz[?,]n)iez is stationary and /,,-dependent,

k
E(Zml) =E(Zi,) = > E(l,.&0.6,.60,)

91,12,13,54=1

e Y |E(ed )|

<am Y e (66,

1<ip<ig<ig<m

Lo m (25
<amd 3 Y B (e, e )|

ig=11i3=12 14=13

From Cauchy-Swcharz’s inequality, |E( ﬂnfg{mdg]’mdim)| < E{(dlj]m)‘l}, and

therefore maxi<k<m E (| Ze,m|*) = O(m?(2,) since sup,, >, E{( gl:]m)‘l} < oo. It

follows that
4
E { (ml max |Zk,m|) } =0(m™%) =0,
1<k<m

which implies that K,, % 0 and therefore that (D.2) holds. The proof of the
first claim is thus complete. The remaining claims are essentially consequences
of the continuous mapping theorem and can be shown by proceeding as in the
proof of Proposition 2.5. O
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