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Abstract

This article compares the distributions of integer-valued random variables and Poisson
random variables. It considers the total variation and the Wasserstein distance
and provides, in particular, explicit bounds on the pointwise difference between the
cumulative distribution functions. Special attention is dedicated to estimating the
difference when the cumulative distribution functions are evaluated at 0. This permits
to approximate the minimum (or maximum) of a collection of random variables by a
suitable random variable in the Kolmogorov distance. The main theoretical results
are obtained by combining the Chen-Stein method with size-bias coupling and a
generalization of size-bias coupling for integer-valued random variables developed
herein. A wide variety of applications are then discussed with a focus on stochastic
geometry. In particular, transforms of the minimal circumscribed radius and the
maximal inradius of Poisson-Voronoi tessellations as well as the minimal inter-point
distance of the points of a Poisson process are considered and bounds for their
Kolmogorov distances to extreme value distributions are derived.
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1 Introduction and main results

Let X be a random variable taking values in INo = INU {0} and let P be a Poisson
random variable with mean A > 0. In this article we employ Stein’s method, size-bias
coupling and a generalization of size-bias coupling for integer-valued random variables
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Poisson approximation with applications to stochastic geometry

developed herein to compare the distributions of X and P\. We derive upper bounds on
the total variation distance

drv (X, Py) = sup [P(X € A) —P(Py € 4)|
ACNy

and the Wasserstein distance

dw (X, Py) = Suw [Elg(X)] = Elg(P]|

between X and P,, where Lip(1) denotes the set of all Lipschitz functions ¢ : Ny — R
with Lipschitz constant bounded by 1. In addition, we establish bounds on the pointwise
differences

’]P(XS/U)_IP(P)\SU)L UE]NO)

between the cumulative distribution functions of X and P,, which are smaller than those
for the total variation distance. Particular attention is paid to the case v = 0. This
permits to approximate the minimum (or maximum) of a collection of random variables
by a suitable random variable in the Kolmogorov distance. For example, let \; denote
the Lebesgue measure on RY, let k, stand for the volume of the d-dimensional unit
ball, and let 7, be a Poisson process on R® with intensity measure t\y, t > 0. From the
aforementioned bounds for v = 0 we deduce that the random variable Y; given by

Y = min 27 2 k|| — y||?,
(my)en? L« “HLel0,1)¢

which is the rescaled minimum (Euclidean) distance between pairs of points of 7; with
midpoint in [0, 1]%, satisfies

80
OgIP(Yt>u)—IP(E1>u)§7 (1.1)
for u > 0 (see Theorem 3.9), where E; denotes an exponentially distributed random
variable with mean 1. This is possible because P(Y; > u) can be written as P(X,, = 0)

with

_ 1 T+y d o—1,2 d

Xo=5 > Y5 F e 2 e —yl? € [0,u]}
(Iay)@ﬁ#

and P(F; > u) = P(P, = 0). By estimating |P(X, = 0) — P(P, = 0)| uniformly for all

u > 0, one obtains (1.1), which provides a bound on the Kolmogorov distance

dg (Yy, Ey) = sup |P(Y; > u) — P(E; > u)|
u€R
between Y; and F;.

Let us now give precise formulations of our main results. We use the shorthand
notation a A b = min{a, b} for a,b € R, and we indicate by W, and W_ the positive and
negative part of a random variable W, respectively. Whenever we write a > 0, it is
understood that a € (0, 00).

Theorem 1.1. Let X be a random variable taking values in INy and let P, be a Poisson
random variable with mean A\ = E[X]| > 0. Assume there exists a random variable Z
defined on the same probability space as X with values in Z such that

P(X=i)=AP(X+Z=i-1), i€, (1.2)
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is satisfied. Then,
dry (X, P\) < (1ANE[|Z]] and dw(X,P\) < (1. 1437\f/\)\) [1Z]]. (1.3)

Furthermore for all m € INg,

m—1
k!
|P(X =0) —P(P\ =0)] S )\ E[|Z]] + 2 <l<:+1 k> ]E[|Z|1{X— Z_ = k}] (1.4)
and for allv € N,
2
IP(X <v)—P(P\<v)| < @EHZH +IE[\Z|1{X —7Z_< v}] (1.5)

Recall that for a random variable Y > 0 with ;4 = E[Y] > 0, a random variable Y on
the same probability space as Y is a size-bias coupling of Y if it satisfies

EY f(Y)] = pE[f(Y*)] (1.6)

for all measurable f such that E[|Y f(Y)|] < co. Thus, (1.2) implies that X + Z + 1 is a
size-bias coupling of X so that we can replace Z by X° — X — 1 with a size-bias coupling
X% of X in Theorem 1.1. In this form the bound for the total variation distance in (1.3) is
a classical result (see [36, Theorem 4.13] and the discussion at the beginning of Section
5 in [3] for further references), whose proof is based on the Chen-Stein method and
size-bias coupling. For the Chen-Stein method for Poisson approximation we refer the
reader to e.g. [7, 12, 36], while [3] is a survey on size bias. Note that the bound on the
Wasserstein distance in (1.3) can be derived by combining the proof of [36, Theorem
4.13] with [8, Theorem 1.1].

Remark 1.2. Let X be as in Theorem 1.1 and assume that (1.2) is satisfied.

(i) The last expressions on the right-hand sides of (1.4) and (1.5) can be further
bounded using the inequalities

E[Z1{X - Z_ =k}] <E[Z_]+E[Z,1{X = k}], k€ N,
E[|Z1{X - Z_ <v}] <E[Z_]+E[Z;1{X <v}], veEN.

(ii) From (1.6) with f(x) = x we obtain AE[X*] = E[X?] so that Z = X* — X — 1 yields
E[Z] = %{Var(X) ~ A (1.7)

(iii) In this work, the random variable X is always assumed to be a sum of a possibly
random number of indicator random variables. For sums of a fixed number of
indicator random variables there is a standard approach to construct a size-bias
coupling (see e.g. [36, Corollary 3.24]), which goes as follows: Assume that X is a
sum of the form X = Z 1 X; with indicator random variables Xi,...,X,,. Fori €

{1,...,n} let ( jl )ie{1,...n}\{i} be random variables on the same probablhty space
with the same distribution as (X )je{l,...,n}\{z} conditioned on X; = 1. Moreover, let
I be an independent random variable with P(I = i) = P(X; = 1)/ 377 P(X; = 1)

forie {1,...,n}. Then, X* =1+ Eje{lw7n}\{1} X;I) is a size-bias coupling of X.
The next result constitutes our main achievement and generalizes Theorem 1.1.

Instead of assuming that Z satisfies (1.2) exactly, we allow error terms on the right-hand
side of (1.2).
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Theorem 1.3. Let X be an integrable random variable with values in Ny and let Py be
a Poisson random variable with mean \ > 0. Let Z be a random variable defined on the
same probability space as X with values in Z, and let q;,7 € INy, be the sequence given

by

Gi1=iP(X=i)—AP(X+Z=i—1), ic. (1.8)
Then,
1 o0
arv(X.Py) < LANELZI) + (17 ) >l 1.9)
and
dw (X, Py) < AE[Z]]+ ) lail- (1.10)
1=0

Moreover, if P(X + Z > 0) = 1, then

dw (X, Py) < (1.1437VX A NE[| Z]] +Z|q1|, (1.11)
1=0
for all m € Ny,
m—1 k"
POX=0) (P = 0)| < JoB[12] + 3 (37 4 1) BIZREX - 22 = 1)
h=0 (1.12)

+<1/\/1\> |q0|+<1A)Zlql

and for allv € NN,

(v+1)2
A

" <1A\}A)§|qi|.

Note that Theorem 1.1 is a special case of Theorem 1.3. Indeed, if ¢; = 0 for all i € N,
(1.8) becomes (1.2) and the bounds in Theorem 1.3 simplify to those in Theorem 1.1. In
this situation X + Z + 1 is a size-bias coupling of X. Thus, we can think of X + 7 +1
with Z satisfying (1.8) as a generalization of size-bias coupling. In order to have good
bounds in Theorem 1.3, the error terms ¢;, © € INg, should be small. The important
advantage of Theorem 1.3 compared to Theorem 1.1 is that one only needs to construct
an approximate size-bias coupling instead of an exact size-bias coupling.

For our paper the so-called magic factors or Stein factors play a crucial role. These
are bounds on the solutions of the Stein equation, which lead to the factors involving
A in our results. Since different classes of test functions have different magic factors,
the upper bounds for the differences between P(X < v) and P(Py < v) for v € Ny in
Theorems 1.1 and 1.3 are of a better order in A than those for the total variation distance
or the Wasserstein distance. This observation is essential for obtaining approximation
results in the Kolmogorov distance as (1.1) since it allows to bound the right-hand sides
of (1.4), (1.5), (1.12) and (1.13) uniformly in A. For a different Poisson approximation
result where one has a better order in A for the difference of the probabilities at zero
than for the total variation distance we refer the reader to [1, Theorem 1].

[P(X <)~ P(P) < v)| < E[|Z|] + B[|IZ[1{X - Z_ <v)]

(1.13)
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To demonstrate the versatility of our general main results we apply them to several
examples. In particular, we deduce bounds as (1.1), where we compare minima or
maxima of collections of dependent random variables with random variables having an
exponential, Weibull or Gumbel distribution.

As a first classical example, we use the standard size-bias coupling from Remark
1.2 (iii) and our general result, Theorem 1.1, to study the Poisson approximation of the
number of non-overlapping k-runs in a sequence of n i.i.d. Bernoulli random variables
(see Subsection 3.1). By a k-run one means at least k£ successes in a row. Here, we use
Theorem 1.1 to bound the difference between the probability that among n trials there
are no more than v non-overlapping k-runs and P(P, < v) for a certain Poisson random
variable P,; this bound is remarkable because it does not depend on %, i.e., the number
of required successes in a row.

For Voronoi tessellations generated by a stationary Poisson process 7; on R? of
intensity ¢ > 0, we consider statistics related to circumscribed radii and inradii (see
Subsection 3.2 and 3.3). The circumscribed radius of a Voronoi cell with nucleus x € n; is
the radius of the smallest closed ball centered in x that contains the cell and is denoted by
C(x,n:). The inradius of the cell corresponds to half of the Euclidean distance between
x and its nearest neighbor in 7;. As a second example, we consider the transform

T, = min agkdt(d+2)/(d+1)0(x,77t)d
zen,NW

of the minimal circumscribed radius for some observation window W c R? with vol-
ume one, where k; is the volume of the d-dimensional unit ball and «» is a dimension
dependent constant (see (3.7)). Then, by the inequality (1.12) in Theorem 1.3, we show
that

Ck
dx (T, Y) < 77Ty

for t > 1, where Y denotes a Weibull random variable and Ck is some constant. For this
example we use the full generality of Theorem 1.3 since we construct a coupling that
satisfies (1.8), but which is not a size-bias coupling. As a third example, by applying the
inequality (1.4) in Theorem 1.1 we approximate the transform

R; = max min thyllz —y||* — log(t
¢ = Dax min allr =yl g(t)

of the maximal inradius over of the cells with nucleus in the observation window W c R¢
by a Gumbel random variable G. We show that

log(t)
Vit

for t > e?, where C is some dimension dependent constant.

Finally, we study the Poisson approximation of U-statistics constructed from an
underlying Poisson or binomial point process (see Subsections 3.4 and 3.5). By applying
Theorem 1.1, we obtain bounds which basically depend on integrals involving the
kernel of the U-statistic. As application of our main finding on U-statistics with Poisson
input, Theorem 3.8, we consider the minimum inter-point distance problem discussed
at the beginning of the introduction and establish the bound (1.1) for the exponential
approximation in Kolmogorov distance (see Subsection 3.6).

A crucial contribution of this paper to stochastic geometry is that we provide bounds
with respect to the Kolmogorov distance for the distributional approximation of some
minima and maxima. The limiting distributions of the minimal distance between the

dx (R, G) < C
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points of a Poisson process and of large inradii and small circumscribed radii of Poisson-
Voronoi tessellations have been studied before in e.g. [11, 13, 38, 39]. Some of these
works provide quantitative bounds for the difference of the distribution functions at a
fixed v € R, which depend on u. Thanks to our general Poisson approximation results
Theorem 1.1 and Theorem 1.3, we are able to derive uniform bounds for all « € R. An
alternative approach to deducing such results via Poisson approximation could be to
apply directly Stein’s method for the exponential, Weibull or Gumbel distribution; see
e.g. [36] for more details on Stein’s method for exponential approximation.

In our paper, an important and challenging part for the proofs of the applications
is to construct the size-bias coupling or its approximate version defined by (1.8). As
discussed in Remark 1.2 (iii), for the sum of a fixed number of indicator random variables
this can be done by applying a standard technique. However, we mainly focus on sums
over the points of Poisson processes, whence we have a random number of indicator
random variables. In order to deal with this situation, we use the Mecke formula to
obtain size-bias couplings similar to the classical construction.

In [31], a general result for the Poisson approximation of statistics of Poisson pro-
cesses is derived by combining the Chen-Stein method and a kind of size-bias coupling
and applied to study some statistics of inhomogeneous random graphs such as isolated
vertices. Requiring some (stochastic) ordering assumptions between a random variable
and its size-bias coupling leads to Poisson approximation results. In a similar spirit to our
work, these ordering conditions were relaxed in [14]. For some recent Poisson process
convergence results related to stochastic geometry we refer the reader to [28, 32].

Other noteworthy general results derived in this paper are lower and upper bounds
on the probability that X equals 0, which are given in Proposition 2.6 and Corollary 2.7.
Informally, they say that P(X = 0) can be bounded from above or below by e~ for some
A > 0 if the random variable Z and the sequence ¢;,7 € INp, in Theorem 1.1 and Theorem
1.3 satisfy certain conditions on their signs; for Z as in Theorem 1.1, it is understood
that ¢; = 0 for all « € INy. These results sometimes allow us to remove the absolute values
from the left-hand sides of (1.4) and (1.12).

The proof of Theorem 1.3 is based on the Chen-Stein method and the coupling in
(1.8). Using the solution of the Stein equation for the Poisson distribution, we derive in
Proposition 2.5 a new expression for the difference |E[g(Py)] —E[g(X)]| for any g € Lip(1).
Taking in Proposition 2.5, the supremum over all functions in Lip(1) (or all indicator
functions) establishes a different way to represent the Wasserstein distance (or the total
variation distance). Moreover, choosing g = 1{- < v} with v € IN gives a new expression
for |[P(X < wv) — P(Py <v)|. These identities are then manipulated and combined with
the magic factors and the coupling in (1.8) to prove Theorem 1.3.

Before we present our applications in Section 3, we prove our main results in the
next section. Since the proofs for the applications to Poisson-Voronoi tessellations are
rather long and technical, we postponed them to Section 4.

2 Proof of the main results

This section provides the proofs of Theorem 1.1 and Theorem 1.3. To this end, we
first study the Stein equation for Poisson random variables. For any fixed g € Lip(1), the
solution of the Stein equation is a function f, : Ny — R with f,(0) = 0 that satisfies

Afgli+1) —ify(i) = g(i) — Elg(Py)], i € No. (2.1)

The function f,; can be obtained by solving (2.1) recursively for i = 0,1,.... An explicit
expression for this solution is given in [5, Lemma 1]. In particular, for ¢ = 14 with
A C Ny, one has the following representation for f, (see e.g. [36, Lemma 4.2]).

EJP 26 (2021), paper 149. https://www.imstat.org/ejp
Page 6/36


https://doi.org/10.1214/21-EJP723
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Poisson approximation with applications to stochastic geometry

Lemma 2.1. For any A > 0 and A C INy the unique solution f4 of
AMa(i+1)—ifa(i)=1{i € A} —P(Py € A), i€ Ny, (2.2)
with f4(0) = 0 is given by

A .
. er(i—1)!
fati) =
From now on, we denote by f4 the solution of the Stein equation (2.1) for g = 14
with A € INg. Let X be a random variable with values in INy. The idea of the Chen-
Stein method for the Poisson approximation of X is to plug X in (2.1) and to take the
expectation, which yields

EAfg(X +1) = X fo(X)] = E[g(X)] - E[g(Px)]-

[P(Pye AN{0,1,...,i—1}) —P(P\€ AP(P\<i—1)], ieN.

So we can control the difference between the expectations of g(X) and g(P») on the
right-hand side by estimating the term on the left-hand side. This requires some bounds
on the solution of (2.1), which we give in the sequel. For a function i : N, — R we define
Ah : Ny — R by Ah(i) = h(i + 1) — h(i). The solution of the Stein equation (2.1) and its
differences can be bounded by the following terms, which are called magic factors or
Stein factors (see [8, Theorem 1.1]).

Lemma 2.2. Let f, be the solution of (2.1). Then,

8 1.1437
max |f,(i)] <1 and max|Af,(i)] <1A <1A .
max|£,(9)] < mac|Afy ()] S 1A s <10 =0
Since f,(0) = 0, Lemma 2.2 implies that
)| <1 d Af, ()] < 1. 2.3
max|fy(i)f <1 and  max|Af(i)] < (2.3)

Moreover, the solution of (2.2) for A C INy has the following magic factors (see e.g. [36,
Lemma 4.4]).

Lemma 2.3. For f4 as in Lemma 2.1,

1 1

N <1A— d Afa(@)] <1A=.

max | f4(i)] < 1A 7 a0 max [Afa(i)] < 1A+
We now derive similar - potentially sharper - magic factors for the special cases
A=H0,...,v},v € Ny. Similar bounds for sets A that are singletons were deduced for

the translated Poisson approximation in [35, Lemma 3.7].
Lemma 2.4. Let f(oy be the unique solution of (2.2) for A = {0}. Then,

1AL ifi=1
)] < A ’ 2.4
If{o}()l_{m;’ fis2 )
and for alli € N,

Af{o}(i) <0. (2.5)

Furthermore for all i,n € IN with ¢ > n,

. 1 (n=1)!

A < = A . 2.6
[Afoy()l = " (2.6)

Let fo,... vy be the unique solution of (2.2) for A = {0,...,v} withv € N and v < \. Then
foralli > v+ 2,

(v+1)2.

v (2.7)

Afqo,..0p(@) < TA
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Proof. Obviously, the upper bound 1 in (2.4) follows from Lemma 2.3. Lemma 2.1 yields
for s € IN that

i—1)! i— 1) o= AT —
fo@) = S a-re <imn = SRS T oS 2o @)

m=i £=0

This implies (2.4) for ¢ = 1,2, and yields for ¢« > 3 that

R NP L N I D e e D1 ) |
f{O}(Z)*;(zM)!(“”!eA*F;(zw)! s

Thus, the elementary inequalities

(G- +2)! (i —1)! 2(i — 1)!
G+0l W+ Cry=_a =!

establish (2.4) for 7+ > 3. From (2.8) we also obtain for n € NN,

L PN , N -
Af{o]’(z)zz((i+1+£)!“_ (i+£)!(’_1)!>e ’

£=0
= —_— '!_ ) 1 ._ 1 ! -
;(i+1+£)!(z (i+1+0)3i—1))e
= — ——— 4+ 1) = 1)le™
;(le)!( - Dle
i Mo+ D) +01GE-1)
=— e
pre (n+£)! (t+1+20)! ’
which proves (2.5). For ¢,n € IN with ¢ > n the elementary inequalities
(G — 1)! 15 — 1)!
(€+1)’(n+€).(z 1)! < (n—|—€)(z 1)! <(n—1)
(i+14+0)! (i +0)
lead to
e X
A )| < (n—1)le”
| f{O}(Z)|—(n )6 ;(n+£)|
Now the observations that
= X e S I =X nl L= e
< — —_— < - — < — <
2+ )l = and ; (n+0)! = n!; IRCEY n!; r =

show (2.6). Finally assume A > v. By Lemma 2.1, we obtain for¢ > v + 2,

Afo,. (i) = P(Py € {0,...,v})Afoy(4).

where we used the inequality \*~V/¢! < 1/v! for £ = 0,...,v and A > v in the last step.
This and Lemma 2.3 establish (2.7). O

The next proposition compares the distributions of an integer-valued random variable

and a Poisson distributed random variable.
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Proposition 2.5. Let X be an integrable random variable taking values in INg, let
A € (0,00), and define

D(i) =iP(X =i) — A\P(X =i—1), i€.

Then, for all g € Lip(1),

Elg(Py)] — E[g(X)] = Z fo(1)D(2)

where f, is the solution of (2.1).

Proof. 1t follows from (2.1) and the definition of D(i), ¢ € IN, that

Elg(Py)] — Elg(X)] = B[X fy(X) = Afg(X +1)] Z]P =1)(ifg(i) = Afg(i+1))

:Z]P( =1)ifq(1) ZIP =i — 1)Afy(i) ng
i=1

which gives the desired result. O
We are now in position to show Theorem 1.3.

Proof of Theorem 1.3. It follows from (1.8) that

DE)=iP(X =) - AP(X=i—-1)=XP(X+Z=i—-1)-AP(X =i—-1)+qi—1, i€

Thus, Proposition 2.5 yields for g € Lip(1) that

E[g(Py)] — Elg(X)]

— . : . — . (2.9)
=AY f()PX+Z=i-1)-P(X =i—1))+ Y foli)gi-1 = Hy+ Q.
j i=1
With f,(0) = 0 and the convention f,(i) = 0 for ¢ < 0, we obtain
Hy = ME[fy(X+Z+1) — fo(X +1)]. (2.10)
Therefore the triangle inequality implies that
[Hy| < Amax [A fy (4)[E[| Z]].
1€Ng
Furthermore, we have
Qo < max|£y(0)] D _lail (2.11)

i=0
Then combining (2.3) and the bounds on |H,| and |Q,| establishes (1.10). Moreover, from
Lemma 2.3 and the bounds on |H,| and |Q,4| with g = 14 for A C INy, we obtain (1.9).
Under the assumption P(X + Z > 0) =1, X + Z 4+ 1 and X + 1 take only values in IN,
whence we have even
[H| < Amax|Afy ()| E[|Z]].

Together with (2.11) and Lemma 2.2 this yields (1.11).
For A C INy we obtain from (2.9) with g = 14,

P(PAn€cA)—P(X €A)=Hs+Qua, (2.12)
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where Hy = H, and Q4 = Q4 with g = 1,4. It follows from (2.10) and the fact that X
takes only values in INj that

Hy=X > > (fali+j) = fa@)P(X =i—1,Z = j). (2.13)
JEZ\{0} i=1

The assumption P(X + Z > 0) = 1 implies that P(X =i —1,Z = —j) =0forallé,j € N
with ¢ < j. Hence, we obtain

B

Jj=11

Mg

(fali =) = fa@)P(X =i—1,Z = —j)

1

~.
Il

A (fali—j) = fa()P(X =i—1,Z = —j) (2.14)

1

I

J

Nl
W I

A

—&-]))IP(X:i—i—j—l,Z:—j).

17

7 1

Combining (2.13) and (2.14) leads to

|Ha| <AZZ|fA i+J) = faAOP(X =i—1,Z = j)

Jj=11i=1
FAS ST — fali+ DIPX =i~ 1,2 = —j) = HY + HY.
j=1i=1

For A = {0}, by (2.6) in Lemma 2.4 withn =i fori <mandn=m+1fori>m+ 1, we
have

{0}<ZZ( ,\Z 1'>J'1P(X=i—1az=j)+z > %jIP(XZi—LZ:j)
j=11i=1 j=1li=m+1
m—1
=¥ (3 A 3 B2 = B + R EZALX 2 .

k=0

Again (2.6) in Lemma 2.4 withn =i fori <mandn =m+ 1 fori > m + 1 leads to

S S (= 1AW o .
HE?}SZZ(Z,A(/V1)>j]P(X:z+g—1,Z:—])

> !
DD TIP(X =i+ —1,2=—j)

= f: (2‘ A (i fl)!>E[Z_1{X+Z =i—1}] + %E[Z_l{XJrZ > m}]

¢ 1
=1
m—1 A k'
= (Ak> [Z_-U{X+Z=k}+—E[Z_1{X +Z>m}]
P E+1 A

Combining (2.12) and the bounds on |Qy¢], H{o} and H

{0} completes the proof of (1.12).
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For A < v, (1.13) follows directly from (1.9). By Lemma 2.3 for i < v + 1 and (2.7) in
Lemma 2.4 for ¢« > v + 2, we obtain

oo v+1 00 0o 2
©) . iy iy (v+1)* . . .
j=11i=1 j=1i=v+2
1 2
= (L ANE[Z,1{X <v}] + LJ& VB2, 10X > v+ 1)]
and
H(2) - /\ oov+1.IPX_. . ;. .
oy SAANDY D GP(X =i+ j—1,7Z = —)j)
j=1i=1

00 )
v+1)% o .
Jj=1i=v+42

— (LANE[Z_1{X + Z < v}] + wE[Z,l{X +Z vt 1)l

Moreover, Lemma 2.3 yields

oo 1 o0
v < max sV i il < 1IN — AR
Q001 < e O Sl < (10 5] Sl

establishes (1.13). O
Next we derive Theorem 1.1 from Theorem 1.3.

Proof of Theorem 1.1. It follows from (1.2) that X and Z satisfy (1.8) with A = E[X] and
q; = 0 for : € INy and that

)\:]E[X]:ikIP(X:k):i)\IP(X+Z:k—1):>\IP(X+Z20),
k=1 k=1

whence P(X + Z > 0) = 1. This allows us to apply Theorem 1.3 which proves (1.3), (1.4)
and (1.5). O

The next result provides some inequalities for the probability that a non-negative
integer-valued random variable equals zero.

Proposition 2.6. Let X be an integrable random variable with values in Ny and X\ > 0.
Consider a random variable Z defined on the same probability space as X with values in
Z, and let (¢;);cn, be the sequence given by

a) If 7Z is non-negative and q; < 0 fori € INy,

EJP 26 (2021), paper 149. https://www.imstat.org/ejp
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Proof. It follows from (2.12) and (2.13) for A = {0} as well as P(Py = 0) = ¢~ * that

e A —P(X =0)
=A Z Z (froy(i+3) = [y () P(X =i = 1,Z = j) + Zf{o}(i)%ﬂ-
JEZ\{0} i=1 =

By the assumption that Z > 0 (resp. Z < 0 and P(X + Z > 0) = 1) the first sum on the
right-hand side runs only over j > 1 (resp. j < —1 and the inner sum runs over all s € IN
with ¢ + j > 1). Together with

froy(i+4) = frop(i) <0fori,j >1 and fro1(i +7) — foy(i) >0forj < -1, i4j>1,

which follows from (2.5) in Lemma 2.4, f{o} (1) > 0 for all i € IN and the assumptions on
(gi)ien,, this leads to the desired results. O

Since (1.2) is a special case of (1.8) with P(X + Z > 0) = 1 (see the proof of Theorem
1.1), the following corollary is a direct consequence of Proposition 2.6.

Corollary 2.7. Let X be a random variable taking values in Ny and let A = E[X] > 0.
Assume there exists a random variable Z such that (1.2) is satisfied.

a) If Z is non-negative,

b) If Z is non-positive,

3 Applications
3.1 Long head runs

Consider n independent and identically distributed Bernoulli random variables. A
k-head run is defined as an uninterrupted sequence of k successes, where k is a positive
integer. For example, for k = 1, one simply studies the successes, while for £ = 2, one
considers the occurrence of two consecutive successes in a row. Several authors have
investigated the number of k-head runs in a sequence of Bernoulli random variables;
see e.g. the book [4]. In this subsection, we discuss the Poisson approximation of the
number of non-overlapping k-runs among n i.i.d. Bernoulli random variables, denoted
by Sy.x. In particular, we obtain an explicit bound on the pointwise difference between
the cumulative distribution functions of S, x and Pgs, ,) that is independent from the
number k of required successes in a row.

Let £ € IN and X, j € Ny, be a sequence of independent and Bernoulli distributed
random variables with parameter 0 < p < 1/2. We denote by I*) with i € Ny the random
variable

IN=1{X; 1 =0,X; =1,..., Xipp_1 = 1},

where X_; = 0. For k < n the number S,, ;, of non-overlapping k-runs in Xy, ..., X,_; is
given by
n—k
Spr =y IV (3.1)
i=0
EJP 26 (2021), paper 149. https://www.imstat.org/ejp
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Theorem 3.1. Let S, ;. be the random variable given by (3.1) with k,n € IN, k < n. Then,
drv (Snk, Pes, ) < 2k + 1) (1 AE[S,x])p". (3.2)

Moreover, forv € Ny and n > 2,

1
] < )| <40(v + 2)? Oin. (3.3)

max [P(Spr <v) —P(Pgs, ,

The bound (3.2) was shown in [27, Corollary 15] as a consequence of [1, Theorem
1]. The Poisson approximation for S, ; is also investigated in e.g. [2, 7, 16, 20]. The
explicit bound in (3.3) on the pointwise difference between the cumulative distribution
functions of S,  and Pg[s, ,) does not depend on the number k of required successes
in a row. Hence, (3.3) improves [26, Corollary 3.23] and [27, Corollary 16] because we
found an explicit bound. Since the proof of Theorem 3.1 is based on Theorem 1.1, by
applying the second inequality of (1.3) in Theorem 1.1, it is possible to attain a bound on
the Wasserstein distance between S, ; and Pgjg,, ,]-

We believe that the inequalities in Theorem 3.1 can be extended in two directions.
Firstly, by applying the full generality of our main result, Theorem 1.3, it might be possi-
ble to derive similar inequalities also for non-independent Bernoulli random variables
if they satisfy some mixing and local conditions as in [32, Theorem 3.1]. Secondly, we
may also establish a higher dimensional version of Theorem 3.1. Indeed, if we define
a connected component in Z for d € IN, as a family of points A C Z¢ such that for any
x € A the minimum Euclidean distance between = and A \ {z} is 1, then S, ; counts the
number of connected components of the set {j € {0,1,...,n —k} : X; = 1} in Z with
size at least k. Then, by taking a family of i.i.d. Bernoulli random variables X, j € z,
we may also also derive a Poisson approximation result for the number of connected
components of the set of points {j € [-n,n]? NZ% : X; = 1} in Z¢ of cardinality at least
k.

For the proof of Theorem 3.1 we define

(n—k)A(€+k)
U= > 19 (=0,...,n—F
=0V (£—k)

where a V b = max{a, b} for any a,b € R, and let Y be a random variable independent
from X;, 5 € INp, and with distribution given by
E[ ](f)]
E[S, k]’
The next proposition follows directly from the construction of a size-bias coupling given in
Remark 1.2 (iii). Nevertheless, we provide a complete proof, which is rather instructive.

P(Y =0) = (=0,....n—k

Proposition 3.2. Let k,n € N with k < n. For anym € IN,
mP (S, =m) = E[Sy x]P(Spx — Uy =m —1).
Proof. Let ¢ € {0,...,n — k} and m € IN be fixed. Then, we have
E[IO1{S, — Y =m -1} = BIY1{S,, , — Uy =m — 1}],

where we used that I() = 1 implies U; = 1 because we consider non-overlapping k-runs.
Since I¥) and S,, ; — U, are independent, it follows that

n—k n—k
mP(Sp i =m) =Y EIO1{S,, =m}] =D BIO1{S,, — I =m—1}]
£=0 =0
n—=k
=Y BIOP(Sni — Uy =m—1) = B[Sy 4P (Sn i — Uy =m — 1),
=0
EJP 26 (2021), paper 149. https://www.imstat.org/ejp
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which concludes the proof. O

Remark 3.3. Since Uy > 0, from Corollary 2.7 b) it follows that P(S,, = 0) < e~ ElSn.x],
Thus, straightforward calculations imply that

P(S, . =0) <exp(—(n—k+1)p"(1—p)).
Proof of Theorem 3.1. From (1.3) in Theorem 1.1 and Proposition 3.2, it follows that
v (Snk, Pes, ) < (LAES, k) E[Uy] < (2k +1)(1 A B[S, 4])p",

where we used E[Uy] < (2k + 1)p* for £ = 0,...,n — k in the last step. This proves (3.2).
Let n > 2 be fixed. Since (2k + 1)p*, k > 1, is decreasing in k for any p < 1/2, by (3.2)
we deduce for k£ > 2logn that

A1 1
P(S, 5 < v) — P(Pys 1 <) < (2 + 1)p* < (dlogn 4 1)2-2105n < 2081 3 4y
) [nk]
! n

Let k < 2logn. From (1.4) in Theorem 1.1 with m = 1 for v = 0 and (1.5) in Theorem 1.1
for v € IN, it follows that

(’U + 1)2E[Uy}

P(Spr <v) — P(P, <o)<
IP(Snx <) (Phs,, ] < 0)| < E[S, k]

]E[Uy].{snyk — UY S ’UH (35)

From 0 < U, <2for ¢ e {0,...,n — k} and the definition of Y it follows that

E[Uyl{snvk —Uy < 1}}} < E[Uy]_{smk <v+ 2}} = E[Ugl{smk <v+ 2}}

n—k (n—k)A(+k)

E o> IS,y <v+2)

£=0 i=0V({—k)

Thus, by the inequality

n—k (n—k)A(L+k)

n—k
Z Z ai§(2k+1)2am, gy .-y g >0,
m=0

£=0 =0V ({—k)

we obtain

(2k + 1)p*

(2k + 1)p*(v + 2)
E[Sn k] ’

E[Sn,k‘]

E[UY]-{Sn,k: - UY S UH S E[Sn,kl{sn,k S v+ 2}} S

Together with (3.5) and the inequalities
E[S,x] > (n—k+1)p"/2 and E[Uy] < (2k + 1)p
this shows for k£ < 2logn and n > 4logn that

20+ 1)2(2k+1)  2(v+2)(2k+1)

[P (S < v) = P(Pys, o <)l

- n—k+1 n—k+1
< 4(v+2)2%(4logn + 1) < 40(v + 2)%logn
- n —2logn - n ’

where we used the inequalities 4logn + 1 < 5logn and n — 2logn > n/2 for n > 4logn in
the last step. Combining this and (3.4) establishes (3.3) for n > 4logn. In conclusion,
note that n > 4logn for n > 10, and for 2 < n < 10, the right-hand side of (3.3) is greater
than 1. Thus, (3.3) holds for all n > 2. O
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3.2 Minimal circumscribed radii of Poisson-Voronoi tessellations

In this subsection, we consider circumscribed radii of stationary Poisson-Voronoi
tessellations. The aim is to continue the work started in [11] by proving that the
Kolmogorov distance between a transform of the minimal circumscribed radius and a
Weibull random variable converges to 0 at a rate of 1/¢!/(?+1) when the intensity ¢ of the
underlying Poisson process goes to infinity.

For any locally finite counting measure v on R¢, we denote by N(z,v) the Voronoi
cell with nucleus z € R¢ generated by v + 6,, that is

N(z,v)={y e R : |y —a| < |y -2,z # 2" € v}.

Voronoi tessellations, i.e., tessellations consisting of Voronoi cells N(z,v), x € v, arise in
different fields such as biology [33], astrophysics [34] and communication networks [9].
For more details on Poisson-Voronoi tessellations, i.e., Voronoi tessellations generated by
an underlying Poisson process, we refer the reader to e.g. [10, 25, 37]. We denote by
B(z,r) the open ball centered at x € R? with radius r > 0. The circumscribed radius of
the Voronoi cell N(z,v) is defined as

C(z,v)=inf{R>0: B(z,R) D N(z,v)},

i.e., the circumscribed radius is the smallest radius for which the closed ball centered at
the nucleus contains the cell.

Throughout this subsection we consider the stationary Poisson-Voronoi tessellation
generated by a Poisson process 7, on R? with intensity measure t)\y, t > 0, where )\, is
the d-dimensional Lebesgue measure. Let W C R? be a measurable set with \;(IW) = 1.
For any Voronoi cell N(z,n;) with € n, N W, we take the circumscribed radius of the
cell, and we define the point process &; on the positive half line as

&t = Z Oaugkogt (@4+2)/(d+1) Oz, my )4 - (3.6)

zenNW

Here §. is the Dirac measure at z € R, kg denotes the volume of the d-dimensional unit
ball, and the constant as > 0 is given by

Qd(d+1) 1/(d+1)
= =— 3.7
2 ((d+1)!pd“) (3.7
with
d+1
Pag1 = IP(N(O, Zéyj) C B(0, 1))7 (3.8)
j=1
where Y7, ..., Y, are independent and uniformly distributed random points in B(0, 2).

We denote by T; the first arrival time of &, i.e.,

To=  min asket /DO n,)", (3.9
which is - up to a rescaling - the d-th power of the minimal circumscribed radius of the
cells with nucleus in W. Recall that a random variable Y has a Weibull distribution if

k
its cumulative distribution function is given by P(Y < u) = 1 — e~ (*/*)" for v > 0, and 0
otherwise; k£ > 0 is the shape parameter and s > 0 is the scale parameter.

Theorem 3.4. Suppose t > 1. Let & and T; be the point process and the random
variable given by (3.6) and (3.9), respectively. Let Y be a Weibull distributed random
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variable with shape parameter d + 1 and scale parameter 1. Then, there exist constants
Crtv,Ck > 0 only depending on d such that

ud+2
drv (ft([ovu])v Pud+1) < CTth/(Tl) (3.10)
foru > 0, and
Ck
dK(Ttay) S tl/(Tl) (3.11)

Note that explicit formulas for the constants Cy and Ck are given in the proof of
Theorem 3.4, which can be found in Section 4.1. In [11, Theorem 1, Equation (2d)], the
weak convergence of T} to Y as t — oo is shown. For an underlying inhomogeneous
Poisson process, the weak convergence of &; to a Poisson process and the weak conver-
gence of T; to Y are proven in [32, Section 3.3]. Although we only consider stationary
Poisson processes, we believe that the arguments employed in this subsection may also
establish similar results on the minimal circumscribed radius for more general Poisson
processes with a different rate of convergence in ¢ under some constraints on the density
(e.g. Holder continuity). To the best of our knowledge, the present paper is the first
time the rates of convergence for the Poisson approximation of & ([0, u]) and the Weibull
approximation of 7T; have been addressed. Since the proof of Theorem 3.4 is based on
Theorem 1.3, together with (1.11) in Theorem 1.3, the same arguments used to show
(3.10) may also lead to a bound on the Wasserstein distance between &,([0, u]) and P, a+:.

3.3 Maximal inradii of Poisson-Voronoi tessellations

In this subsection, we consider the inradii of stationary Poisson-Voronoi tessellations.
Recall that the inradius of a cell is the largest radius for which the ball centered at
the nucleus is contained in the cell. The aim is to continue the work started in [11] by
proving that the Kolmogorov distance between a transform of the largest inradius and a
Gumbel random variable converges to 0 at a rate of log(t)/+/t as the intensity ¢ of the
underlying Poisson process goes to infinity. More details on Poisson-Voronoi tessellations
are given in Subsection 3.2.

Let W C R? be a measurable set with Lebesgue measure \;(WW) = 1. Let 7; be a
Poisson process on R with intensity measure t\y,t > 0. For z € R? and a locally finite
counting measure p on R? define

he(z,p) = min thgllz — y||* — log(t),
yep\{=}

where k, is the volume of the d-dimensional unit ball. Note that for any « € n;, min{||z —
yll : v €n:\ {z}} is twice the inradius of the Voronoi cell with nucleus z generated by 7;.
Then, the random variable

R, = zerrr}tamxw hi(z,me) (3.12)

is a transform of the maximal inradius over the cells with nucleus in W. We define the
point process &; as

G=840) = D Onam- (3.13)

xzenNW
Recall that a random variable G has a standard Gumbel distribution if its cumulative

distribution function is given by P(G < u) =e™¢ " foru € R.
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Theorem 3.5. Suppose t > e?. Let R, and &, be the random variable and the point

process given by (3.12) and (3.13), respectively. Let G be a random variable with a
standard Gumbel distribution. Then,

dry (ft((u, OO)), ngu) < 2du + 10g(t) u+ log(t)

ev/2\/t eut (3.14)

for v > —log(t), and

log(t)
N

The main achievement of Theorem 3.5 is the rate of convergence for the Kolmogorov
distance in (3.15). In [11, Theorem 1, Equation (2a)], the weak convergence of R; to
a Gumbel random variable is proven. For d = 2 one obtains from the proof of [13,
Proposition 8] that for any fixed u € R the difference between P(R; < u) and P(G < u)
behaves like O(log(t)/v/t), where the constant hidden in the big-O-notation depends on
u. However this result does not permit to bound the difference between P(R; < u) and
P(G < u) uniformly in v € R, whence it does not lead to a bound for the Kolmogorov
distance. Note that [13, Proposition 8] concerns the maximal inradii of planar Gauss-
Voronoi tessellations, which are generated by a Poisson cluster process and include
planar Poisson-Voronoi tessellations as a special case. For this model it is shown that for
any fixed u € R, |P(R; < u)—P(G < u)| behaves like O(log(t)~/2), where the big-O-term
depends on u.

For an underlying inhomogeneous Poisson process, the weak convergence of &; to a
Poisson process and the weak convergence of R, to G are established in [32, Section 3.2],
and for an underlying inhomogeneous binomial point process, the weak convergence
of R; to (G is studied in [17, Theorem 1]. As for the results stated in Subsection 3.2
about the minimal circumscribed radius, we believe that similar arguments as in this
subsection could lead to comparable results with a different rate of convergence in ¢ for
the maximal inradius of a Voronoi tessellation generated by an inhomogeneous Poisson
processes under some constraints on the density.

Counting cells whose inradius is larger than a given value is equivalent to counting
isolated vertices in random geometric graphs. The related problem of finding the longest
edge of a k-nearest neighbor graph or a minimal spanning tree is studied, for example,
in [30] or [29, Chapter 8] for underlying finite Poisson processes or binomial point
processes, where one needs to take care of boundary effects.

The proof of Theorem 3.5 is given in Section 4.2. Since it is based on Theorem 1.1,
together with the second inequality of (1.3) in Theorem 1.1, the same arguments used
to show (3.14) may also lead to a bound on the Wasserstein distance between &, ((u, o))
and P,-..

dg (Ry, G) < [272(49 4+ 29 4+ 2) + 1] (3.15)

3.4 U-statistics of binomial point processes

Let (X, X) be a measurable space. A point process on X is a random element in the
set of all o-finite counting measures on X, denoted by Nx, which is measurable with
respect to the o-field generated by the sets of the form

{neNx : u(B)=k}, keNy, BeAX.

We consider a binomial point process ,, on X of n € IN independent points in X that are
distributed according to a probability measure K. Let £ € IN and let h : X* — {0,1} be a
measurable symmetric function. In the following we study the U-statistic

1
S = 7 Z h(z1,...,z¢),

(:El',"wa?[)eﬁf%#
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where BZ denotes the set of all /-tuples of distinct points of 5,. We refer to the
monographs [19, 23] for more details on U-statistics and their applications in statistics.
A straightforward computation shows that

\:=E[S] = (Z")Z/X[ h(xy,. .., z0)dK (21,. .., z0),

where (n), stands for the /-th descending factorial.

In this subsection, we establish bounds on the Poisson approximation of S in the total
variation and Wasserstein distances. We also provide bounds on the pointwise difference
between the cumulative distribution functions of S and P,. To this end, we define

2
_ , b—ig i _
r= 1;?34{1(”)%71 / i (/)Vi h(xy, ..., x)d K™ (@iq1,. .. ,:Ee)) dK"(z1,...,2;)

for ¢ > 2, and put r = 0 for £ = 1. Moreover for n > 2/, we define

% 1
S = a Z h(z1,...,x0).

(@1, sxe)EBL 5,

Theorem 3.6. Letn > 2¢ and let S, A\ > 0, r and S be as above. Then,

2tr 2020 20 2020
d P, 1A — d d P, 1.1437TVA A A —
TV(S )\) ( )<€'>\ + o ) an W(S )\) ( \/’ )(Z')\ + "
(3.16)
Moreover, for all m € N,
m—1
k! ~ m! 20 202\
P(S = ‘ P(S <k cr, 3.17
( L0<k+1 > (5= )+>\m](€!>\+ n) (3.17)
and for allv € NN,
1)2 ~ 2tr 202\
P(S <v)— P(Py < )| < | L p(g < o] (20 4 222, (3.18)
A 4D n
For fixed ¢ and ) the right-hand sides in Theorem 3.6 converge to zero as n — oo
if and only if  — 0 as n — oo. The term in the definition of » for i € {1,...,¢ — 1}
is the expected number of combinations of distinct points zi,...,2;, y1,...,y¢r—; and
Yi,---,Yy_; of B, such that h(zq,..., x5 y1,...,ye—) = land h(z1, ..., 2,91, yp_;) = 1,
i.e., x1,...,x; contribute to more than one non-zero summand in S. Thus, r — 0 as

n — oo implies that the probability that there is a point of 3,, that belongs to more than
one k-tuple (up to permutations) with non-zero h goes to zero.

The bound on the Wasserstein distance in (3.16) slightly improves that in [15, Theo-
rem 7.1] since it has a better order in A. The bound for the total variation distance was
also derived in [39, Proposition 2] by rewriting [6, Theorem 2]. By means of (3.17), one
can study for some measurable symmetric function ¢ : X* — R the maximum (minimum)
of g(p) overall p € ﬂf;}#, which is called U-max-statistic (U-min-statistic). This is possible
because for any u € R, the probability that max,, Be g(p) is less than u can be written
as the probability that > gl 1{g(p) > u} equals 0. Limit theorems for U-max-statistics
were considered in [21], yet without providing approximation results with respect to any
distance; see also [24]. In contrast to these works, (3.17) may lead to approximation
results in the Kolmogorov distance; see Theorem 3.9 in Subsection 3.6 and the discussion
below it. To the best of our knowledge, the last two inequalities presented in Theorem
3.6 have no analogues in the literature.
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From now on assume that n > ¢. Let x be a point process of ¢ random points
X{,..., X, in X that are independent of j3,, and distributed such that

P((X],...,X,) €A = % - {(x1,...,2¢0) € AYh(21, ..., x0)dK (z1,. .., x0)

for all A from the product o-field X*. Now we define

1
S = —h(X),..., X))+ i > h(x1, ..., ).

(@1, ) € (Br—eUx)%

Although the next proposition can be derived by the construction of a size-bias cou-
pling described in Remark 1.2 (iii), we provide a complete proof that relies on similar
arguments as the proof for U-statistics of Poisson processes in the next subsection.

Proposition 3.7. For alln > ¢ and k € NN,

Proof. We have that
1
KP(S = k) = BR1{S = k}] = 5T > h(ar,..z)l{S =k}
’ (1‘1,‘..,261{)61'%“#

Using the fact that for any measurable map g : X* x Nx — [0, 00) with v € N,

E Y glon o= |

(@150 )EBY

Elg(z1,.. ., %u, Bn—u —l—Z 0z )JAK (21, ..., @),
i=1

u

we obtain
_ gy (e 1 _
FP(S = k)= =3~ | hlar,. 2P ( 5 > h(yr, ... y0) =
L (W1 ¥0) €(Bn— U1z )Y
x dK*(z1,. .., x)
= AP(S' + h(X),..., X)) =k) = AP(S' =k — 1),
where we used h(X7,...,X;) =1 a.s. in the last step. This concludes the proof. O

Proof of Theorem 3.6. Suppose n > 2{. Our goal is to apply Theorem 1.1 with Z = S’ -,
which satisfies the assumption (1.2) by Proposition 3.7. We define s : Nx — R by

=g S hlew)

(@1, o) EVY
so that S = s(8,) and S’ = s(Bn—¢+ x) —h(X], ..., X}). By the monotonicity of s, we have

1Z] = 15" = 8] = |s(Ba—t + x) = h(X1, ..., X{) = s(Bn—t) = (5(Bn) — 5(Bu—0))]

(3.19)
< (S(ﬁnfé + X) - h(XL s 7Xé) - S(ﬁn,e)) + S(Bn) - S(ﬁ’nff)'

Together with

S(ﬁnfé + X) - h(X{, ce 7Xé) - s(ﬁnfé) + S(ﬁn) - s(ﬁnfé)

= s(/@n—é + X) - h<X{v s ’Xé) - S(ﬁn) + Z(S(ﬁn) - S(ﬁn—é)) =Z+ 2(8(/8n) - S(Bn—f))
(3.20)
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this implies

E[|Z]] < E[Z] + 2E[s(8,) — s(Bn-0)]-
From (1.7) in Remark 1.2 we know that
1 1
~(Var(S) — \) = —(E[S?] — A2 — \).
A A
Thus, it follows from [15, Lemma 6.1] and the definition of r that

E[Z] =

2ty
< —.
2] < 14D

A straightforward computation shows that

E[s(Bn) — s(Bn_s)] = (1 _ (n(;fﬁ))\ _ (n)e—(n— ﬁ)e)\ < 2(n — 1)571)\ _ 527)\

¢ (n)e - (n)e

Combining the previous estimates yields

2y 202\

BZ) < 25+

so that (3.16) follows from (1.3).
Let k € IN be fixed. Note that S > s(8,—¢) and S’ > s(8,—¢). If Z > 0, this implies

S —Z_<k}=1{S <k} <1{s(Bn_r) <k}.
For Z < 0 we obtain
S —Z_ <k} =1{S+Z <k} =1{S <k} < 1{s(Bn_s) < k}.
Combing the two cases leads to
1S~ Z_ =k} 1S — Z_ <k} < 1{s(Bur) < k}.
Together with (3.19) we obtain

E[|Z11{S - Z_ = k}]

(3.21)
< E[1{s(8n—r) < k}(s(Bn-e+x) — h(X{, S aXlli) —5(Bn—e) + 5(Bn) — 5(Bn—2))]-
Forue{l,...,£—1} and g : X" — [0,00), we have
E[1{s(n—¢) < k} S glan . m)]
($17"‘7x1l)6[—3:—1_e‘¢
=(n— [)u/ P(s(Bn—t—u + Z(Srl) <k)g(@1,. .., z0)dK (21, ..., 20)
i=1 (3.22)
< P(s(Bn-20) < k)(n—1£), / g(x1,. ., 2y )dK (21, ..., 2y)
=P(5(Bn2) < k)E > g1, ),
(11;-~7$u)66;‘,75,¢
where the inequality follows from the monotonicity of s. Because of
S(anf""X)_h(Xiv XZ _Sﬂn Z Z Z Bu(l‘ly---;mu;X)
u=1 (z1,..., 174)6/5"_&#
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and
-1
S(ﬂn) - S(ﬂn—é) = hu(xla e Tl B \ 571,—8)
u=1 ($17'~~)$u)eﬁz,gy#
with suitable functions Bu and h,, u € {1,...,£— 1}, we can rewrite the second factor

on the right-hand side of (3.21) as sum of U-statistics with respect to 5,_,. Now an
application of (3.22) and (3.20) yield

E[|Z|1{S - Z_ = k)]
< P(s(Bn-20) < k)E[s(Bn—r + x) — (X1, ..., X}) — 5(Bn—t) + s(Bn) — (Bn—r)]
= P(s(Bu-s¢) < k) (EIZ] + 2E[s(B,) - 5(Bu0)])-

Bounding the second factor on the right-hand side as above leads to

20y 202X
E[|Z|1{S —Z_ =k} < P(s(Bn-2¢) <k)| =+ — |.
VADN n
Thus, (3.17) and (3.18) are immediate consequences of (1.4) and (1.5). O

3.5 U-statistics of Poisson processes

In this subsection, we study the Poisson approximation of U-statistics, where one
sums over all /-tuples of distinct points of a Poisson process instead of those of a binomial
point process as in the previous subsection. In this case, the summation can run over
infinitely many ¢-tuples. As the results for U-statistics with binomial input in Subsection
3.4, the theory developed herein permits to study extreme value problems arising in
stochastic geometry. For example, in the next subsection, we employ our main result
for U-statistics with Poisson input to investigate the limiting behavior of the minimum
inter-point distance between the points of a Poisson process in R¢.

Let (X, X) be a measurable space and let  be a Poisson process with a o-finite
intensity measure L on X. For a fixed ¢/ € IN and a symmetric measurable function
h: X% — {0,1} that is integrable with respect to L we consider the U-statistic

1
S:E Z h(a’:l,...,l‘g),

(317---@/3)6”7;

where ni denotes the set of all /-tuples of distinct points of 7. It follows from the
multivariate Mecke formula that

1
A :=E[9] :f/ h(xy,. .. x0)dL (21, . .., 0).
0 Jxe
We define
r= 15?2‘?(*1/5@ (/lef? h(l’l,...,l'[)dLel(l‘i_._l,...,l'g)) dL'(z1,...,2;)

for ¢ > 2, and put » = 0 for £/ = 1. The expression r is used to quantify the accuracy of
the Poisson approximation for S and it is the analogue of r given in Subsection 3.4 for
binomial U-statistics.

Theorem 3.8. Let S, A > 0 and r be as above. Then,

1 2% 1.1437) 2%r
drv(S,Py) < [1A <= | — d dw(S,P\) < [|[1AN———|—. 3.23
TV(a)\)_< )\>£! an W(aA)_< \[\>€! (3.23)
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Moreover, for all m € N,

m—1
1 k! m! | 2
<P(S=0)—e*< —— N—=|P(S < _— — .24
0<P(S=0)~e _[k_o(k—'—l/\)‘kﬂ) (S—k)+Am+1] 7 (3.24)
and for allv € NN,
1)2 2t
IP(S < v) — P(Py < 0)]| < “’“m(sw)]g,;. (3.25)

Similarly as discussed next to Theorem 3.6, the right-hand sides in Theorem 3.8
become small for fixed ¢ and A if r is small, which implies that the probability that there
exists a point of 5 that belongs to more than one k-tuple (up to permutations) with
non-zero h is small.

The result for the total variation distance in (3.23) was shown in [39, Proposition
1], which improved [38, Proposition 4.1], and in [31, Section 8]. The bound for the
Wasserstein distance in (3.23) was also derived in [31, Section 8] and has a slightly
better order in A than that in [15, Theorem 7.1]. To the best of our knowledge, the other
inequalities presented in Theorem 3.8 have no analogues in the literature.

Proof of Theorem 3.8. We follow a similar approach as in the proof of Theorem 3.6. For
¢ =1, Theorem 3.8 is a direct consequence of [22, Theorem 5.1], whence we assume
¢ > 2 from now on.

Let x be a point process of ¢ random points X7, ..., X that are independent of n and
distributed according to

1
P((X{,...,X)) € A) = m/xz {(x1,...,2¢) € A}h(w1, ..., 20)dL (21, ..., 20)

for A € Xt. We define

1

S':_h(X{,...,Xé)—l—E Z h(x1,...,x0).

" (@1,me) E(MUX)E
For k£ € IN the multivariate Mecke formula implies that

kP(S = k) = E[S1{S = k}]
:%]E Z h(l’1,...,:l:e)1{£1! Z h(yl,...,yg)_k}

(@1, ze) €Nt (Y1, ye) ENY

1 1 ,
:E Xeh($17...,$€)]£)(€! Z h(y1,7y[):k‘)dL (3;17.“7376)

(Y1) EMU{T1, e 1)

= AP(S' + h(X),..., X)) =k) = AP(S' =k — 1),

where we used h(X{,..., X)) =1 a.s. in the last step. Thus, we see that S satisfies the
hypothesis of Theorem 1.1 with Z =5 — S > 0.

Next we compute the expressions on the right-hand sides of the bounds in Theorem
1.1. Let k € N be fixed. Define s(v) = %E(zl,...,u)@‘; h(z1,...,z¢) for v € Nx and note

that S = s(n). Since
s+ x+6s)—s(w+0z) >s(v+x)—s(v) and 1{s(v+d,) <k} <1{s(v) <k}
for all v € Nx and = € X, by [22, Theorem 20.4] we obtain

E[Z1{S < k}| < E[Z]P(S < k).
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Together with Z > 0, we have
E[|Z|1{S — Z_ =k} = E[Z1{S = k}] < E[Z1{S < k}] < E[Z]P(S < k). (3.26)
Furthermore, from Remark 1.2 (ii) it follows that
E[Z] = %{Var(S) -} = %{]E[SQ] — A% =l (3.27)

Then, from Z > 0 and [15, Lemma 6.1] we deduce

— 1 (¢ 2!
E(|Z]| =B[Z] <) DY (l>r <o (3.28)
i=1 ’

Finally, combining this bound with (1.3) shows (3.23), while (1.4) and (1.5) together with
(3.26) and (3.28) lead to (3.24), where the first inequality is a consequence of Corollary
2.7 a), and (3.25). O

3.6 The distances between the points of a Poisson process

We consider random points in R? distributed according to a Poisson process. For
any pair of these points with the midpoint in a bounded measurable set W c R¢, we
take a transform of the Euclidean distance, and we study the Poisson approximation for
the number of times that these quantities belong to a certain range of values. More
importantly, we consider the exponential approximation for a transform of the minimal
distance between pairs of points with midpoint in W.

Let 1, be a Poisson process on R? with intensity measure t\g, t > 0, where we denote
by A4 the d-dimensional Lebesgue measure. For convenience, we assume A\ (W) = 1;
nonetheless, the following arguments are valid for every W with a positive and finite
volume. Define

1 T+y
€t=§ Z 1{ B) EW}6271t2kd‘|1*de’ t>0,

(zy)en;

Y, = min 27 W2 kgl — |4, t >0,
(z,y)enf#:'l;ryeW

where §, stands for the Dirac measure at z € R,
denotes the volume of the d-dimensional unit ball.

- || is the Euclidean norm and ky

Theorem 3.9. Let & and Y; be as above fort > 0. Let v be a Poisson process on [0, 00)
with the restriction of the Lebesgue measure to [0, 00) as intensity measure. Then for all
u > 0 and all measurable B C [0,u],

8
drv (&(B),v(B)) < (1A u)Tu (3.29)

and
0<PY,>u)—e ™ < 870. (3.30)

The minimal distance between the points of a Poisson process was also considered
in [11, 15, 38, 39], sometimes formulated as minimal edge length of the random geo-
metric graph or the minimal inradius of a Poisson-Voronoi tessellation. The important
achievement of Theorem 3.9 is that a rate of convergence for the Kolmogorov distance is
provided in (3.30). So far it was only possible to prove bounds on the difference between
P(Y; > u) and e~ * that depend on u > 0 (see e.g. [38, Theorem 2.4] or [39, Corollary 3]).
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In the works mentioned above all pairs of points are considered such that one or both
points belong to W. Our approach, where we only require that the midpoint of the points
is in W, can be extended to this different way of counting, but one might get additional
terms in the bounds since E[¢;(]0, u])] is not necessarily u due to boundary effects.

In [38, 39], beside Poisson approximation results for the number of inter-point
distances below a given threshold it was shown that the point process of rescaled inter-
point distances converges weakly to a Poisson process. By (3.29) and [18, Theorem
16.16], we can also deduce that & converges weakly to v as ¢ — co.

The related problem of small distances between the points of a binomial point process
was first studied in [40]. Because of the similarity to Theorem 3.8, we believe that
by applying Theorem 3.6 it is possible to prove a similar result to Theorem 3.9 for an
underlying binomial point process.

By using in the proof of Theorem 3.9 the corresponding bound of Theorem 3.8 for
the Wasserstein distance, one can obtain the counterpart of (3.29) for the Wasserstein
distance with a different power in v and the same rate of convergence in ¢.

Proof of Theorem 3.9. First, we show that the intensity measure of the point process &;
)1/d

is the restriction of the Lebesgue measure to [0, 00). Let v, = ( 2u . The change of

kqt?
variable z = £¥ yields

2 x +
EaO) =5 [ [ {55 ewhiile -yl < ) dys
R4 JR4
_ 2d71t2/ / 1{z e W}1{2||z — 2| < v} dzdw
]Rd' ]Rd,
_ 2d—1t2/ / 1{2]z — 2|| < v} dadz = u.
w JR4

For measurable B C [0, u] with u > 0 define

2
r(B) = t/}Rd (t/R Y e whige Phalle — ol € B}dy) da.

Again from the change of variable z = IT“’ it follows that

ri(B) < ro([0, u]) = 22443 /R (/W 12 — 2| < v} dz)zdx

§22dt3/ (/ 12z — 2| gvt}dz/ 12]e — 2| gvt}dé)d:c
R4 R4 w

= 2d+1ut/ / 1{2||z — 2|| < v} dZdx
Re JW
4o

- 2d+1ut/ / 12 — 2|l < v} dods = 22
w JRd t

Therefore (3.23) in Theorem 3.8 with h(z,y) = 1{*3¥ € W}1{27t?ky||z — y||? € B}
yields for measurable B C [0, u] that

drv (&(B),v(B)) < <1 A i>2rt(B) <(1 /\u)STu

From (3.27) and (3.28) in the proof of Theorem 3.8 with S = £([0,u]), » = ([0, u])
and h as above, we know that

Var(&,([0,u])) < E[&([0,u])] + 2r:([0, u]) = u + 8%
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Thus it follows from the Chebyshev inequality that

P& (0, u]) = 0) < P(I& (0, u]) — u] > w) < v&0uD) 1 ;

u u

(3.31)

Together with (3.24) in Theorem 3.8 with m = 1 and straightforward arguments, this
leads to

17 8u?
P(&(0.0) = 0) + | - (3:32)

18 1\8? 16 64u
<=z+—+5 =—+—

0 <P(&([0,u) =0)—e =P >u)—e <

S

u?  ut t t t2
so that
—u 80
sup |[P(Y:>u)—e ¥ < —.
u€[0,t] t

Moreover, from (3.31) we obtain
P(Y: > t) =P(&([0,t]) = 0) <

Therefore we have

sup [P(Y; > ) — e <max { sup [P(Y; >u) — e |, P(¥; > £), e} < 2,
uw€[0,00) w€el0,t] t
which combined with the left-hand side of (3.32) completes the proof. O

4 Proofs for Poisson-Voronoi tessellations
4.1 Proof of Theorem 3.4

The proof of Theorem 3.4 requires several preparations. We set

5¢ = aughgt(4FH/(@+1),

Let M; denote the intensity measure of &, and define

—

M ([0,u]) = t/W E[1{s:C(z,n: + ;)" < u}l{nt(B(x,él(u/st)l/d)) =d+1}|dz,
0:([0,u]) = t/W E[l{stC(I,nt +6,)% < u}l{nt(B(xA(u/st)l/d)) >d+ 1}]0[3:
for u > 0. For x € W and v > 0 we have

n:(B(x,2(u/s;)" %) > d+1 whenever s,C(z,n; +0,)* < u. 4.1)

This is the case since s;C(z,n; + J,)? < u implies that the nuclei of the neighboring cells
of = are in B(x,2(u/s;)'/?) and each Voronoi cell has at least d + 1 neighboring cells.
From the Mecke formula and (4.1) it follows that

M;([0,]) = My([0,u]) + 6:([0,u]), > 0.

Lemma 4.1. Forallu >0andt > 0,

_ A1 4du 2d(d+3) ud+2 ud+1
= - — <— < .

M([0,u]) = w' exp (= iy ) (0u]) < o and Mi((0,4) <
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Proof. First we compute M,([0,u]). From (4.1) and the definition of ps4; in (3.8) we
derive
)d+1

M, 20kt
M([0,u]) = t/ e 2" katu/s ( atu /s .

w CE
< P (1 (B, 4(u/s0) /%) \ B(x,2(u/s50)/")) = 0)da.

Substituting s; = azkgt*2)/ (1) and ay = (2((;(:)11)'pd+1)1/(d+1)

tion implies that the right-hand side equals

into the previous equa-

dy
st /W exp ( _ m — tha(B(z,4(u/s:)"?) \ B(a, 2(U/St)1/d)>)da:

20y 20y 4y
_ ,,d+1 _ _ d __ — d+1 =
= U exp < agtl/(d+1) Oégtl/(dJrl) (2 1)) u exp < a2t1/(d+1) ),

which completes the first part of the proof.
For v > 0, we have

0:([0,u]) < t/ E[l{nt(B(x,él(u/st)l/d)) >d+1}|de =t Z e ﬁ‘k—t'

w k=d+2 ’

with 3; = 4%k4tu/s;. Elementary calculations imply that

t i e—ﬁtﬂf —_ t6d+2 i e Pt f_d_2 — t6d+2§:e—ﬁ’t Bf
k! t k! t (€ +d+2)!
k=d+2 k=d+2 £=0
tB34+2 - t(4dkdtu/st)d+2
T (d+2)! (d+2)!
Substituting s; = askgt( @2/ (@41 and a, = (%pd +1) 1/(d+1) into the latter term yields

9d(d+3) ,d+2
0:([0,u]) < mm,

which is the desired result.
From the Mecke formula, (4.1) and the same arguments as above, we obtain

M ([0,u]) < t/W P(n:(B(z, 2(u/st)1/d)) >d+1)de =t i Me_gdkdt”/st

k!
k=d+1
£(29kgtu/ 53+ B 2d(d+1)kg+1td+2ud+1 B ud+1
— | - 2d(d+1) - )
@HIE e e e
which concludes the proof. O

We now provide a statement from [32, Lemma 3.14], which will be employed in the
proof of the subsequent proposition.

Lemma 4.2. Let zy,...,2441 € R? be in general position (i.e., no k-dimensional affine
subspace of R* with k € {0,...,d — 1} contains more than k + 1 of the points) and
assume that N(xq, Z;i:é d.,) is bounded. Then N(x;, Z;“:ré 0z,) is unbounded for any
ie{l,...,d+1}.

Next we construct a random variable that satisfies (1.8) for &:(]0, u]) with remainder
terms ¢;,i € Ny, which vanish as t — co. By B® we denote the complement of B C R¢
and by 7| 5 the restriction of 7; to B.
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Proposition 4.3. Let X be uniformly distributed in W and independent of n,. Then for
u >0,

FP(& ([0, u]) = k) = My(([0, u] P(&([0,u]) + Zew = k = 1) + g1 (t,u), k€N,

with
Ztw = & (MelB(x a0uys017a)e) ([0, u]) = &:([0,u])
and
qi(t,u) = t/ E[l{stC’(xmt +3,)% < u}l{nt(B(xA(u/st)l/d)) >d+1}
w
X 1{ Z 1{s:C(y,m + 6.)4 < u} = z”dx
yenNW

fori € INg.

Proof. The Mecke equation implies for k£ € IN that
kP(&([0,u]) = k) = t/ E[1{s,C(z,m + 6.)% < u}1{&(m + 6,)([0,u]) = k}]dx
w

— t/WE[l{stC(x,m +6,)¢ < u}l{ Z 1{s,C(y,m +6,)¢ < up =k— 1}]daz.

yen:NW

Now we divide the integral in

A + qk,l(t,u) = t/

E[l{stC(x,nt +3,)% < u}l{nt(B(x,él(u/st)l/d)) =d+1}
w

X 1{ Z l{stC(y,m +(5I)d < u} =k 1}}dx
yenNW

+t/ E[l{stC(w,nt +6,)% < u}l{m(B(m,él(u/st)l/d)) >d+ 1}
w

X 1{ Z l{stC(y,nt + §w)d < u} =k — 1de.

yeENNW

Then, it is enough to show that 4; = ]\Z([O, u])P(&.([0,u]) + Z¢w = k — 1). In order to
simplify the notation throughout this proof, we write

By (z) := B(x,2(u/s;)"/?) and Bu(z) :=B(z,4(u/s:)"/?), z € R%

In case there are only d+ 1 points of 7; in B4(z), we have by (4.1) that s;C(z,7; +3,)¢ < u
only if the d + 1 elements of 1, belong to B, (z). Therefore we obtain

A = t/W E[l{stC’(aj,r]t +6,)% < u}1{n:(By(z) \ Be(x)) = 0, (Bz(x)) =d+ 1}

(4.2)
x 1{ S UsiOy,me+0:)  <u} =k - Ide.
yen:NW
The observation that
5:C(y,me +6,)* <w ifand only if s,C(y, (n: + 6:)|my0) " < u (4.3)

for y € n; establishes that
Ay = t/ E[l{stC(ac,nt +6.)" <ub1{n:(Ba(z) \ Ba(x)) = 0,7:(Ba(z)) =d + 1}
w

X 1{§t(77t‘B4(x)0)([0au])+ Z 1{St0(y717t+5z)d gu} =k — 1}:|dCC.
yENNB2 (z)NW
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Suppose that s;C(x,n; + 6,)? < u and that there are exactly d + 1 points 41, ..., ya1 of 7
in By(z) and n: N By(z) N Ba(z)¢ = 0. From Lemma 4.2 it follows that the Voronoi cells
N(yi, Mt|By(2) +02),%=1,...,d + 1, are unbounded. In particular, we have

C(y17nt+5z) > (U/St)l/d, 1= 1,,d+1

Together with the same arguments used to show (4.2) and independence, this implies
that

A=t /W B[1{s:Cx,m +6,)" < u}1{n:(Ba(w) \ Bo(w)) = 0,m:(Ba(x) = d + 1}
X 1{& (B, (2)e) (10, u]) = k — 1} ] da
_ t/ E[1{s,C(x, m + 6,)" < u}1{n(Ba(z)) = d + 1}]
w
X P(&(ne]B4y(2)e) ([0,u]) = k — 1) da.

Then, because the expectation in the latter equation does not depend on the choice of
x € W, we have that

Ay = V[0, u)) /W]P(ft(nt\m(x)c)([o,u]) — ko 1)de
= Mi([0, u)) P(& ([0, u]) + Zp = k= 1)
with
Zt,u =& (nt|B4(X)“) ([07 u]) - ft([()» u])
This and By(X) = B(X, 4(u/s;)'/?) give the desired conclusion. 0
Lemma 4.4. Foru >0, ¢t > 0 and Z,,, as in Proposition 4.3,
6d ud+2

Ef| Z¢.u]] < Qopgyy td+2)/(d+1)”

Proof. For x € W it follows from the observation in (4.3) that

0< gt([07u]) =& (nt|B(w,4(u/st)1/d’)c)([0711‘]) < Z 1{5tc(ya77t)d < u}'
yeENNWNB(z,6(u/s)l/d)

By the Mecke formula and the stationarity of 7, we obtain

E > 1{s:C(y,n)* < u} <tha(W N B(z, 6(u/s) )P (5,C(0,7; + 60)? <u)
yeENNWNB(z,6(u/s)1/d)
6%u

d
= Wﬂp(stc(ov’nt + 50) < u)

From Lemma 4.1 we deduce

ud-‘rl

tP(s,C(0, 1 + 60)% < u) = M, ([0,u]) < ,
Pd+1

which proves the assertion. O
Lemma 4.5. Foru >0 andt > 0,

P(T; > u) = P(&,([0, u]) = 0) < e~ M0,
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Proof. The first identity is obvious. Let Z; ,, be the random variable defined in Proposition
4.3. Since Z;,, <0, P(&([0,u])+Z;,, > 0) =1 and ¢;(¢,u) > 0 for all i € Ny, the inequality

follows from Proposition 2.6 b). O

In the next lemma, we combine the results obtained above and Theorem 1.3 to derive
intermediate bounds on the quantities considered in Theorem 3.4.

Lemma 4.6. Foru >0 andt > 0,

6d ud+2

dry (€10 ): Pz, go.)) < o sty + 0i(10 ) (4.4)
and
(0. 1 64 ud+? 20,(10,u
0<e M, ([0,u]) _]P(Tt >u) < <1+ — ) t(d+2)/(d+1) + At([ ])2 (45)
Mt([O,uD Q2Pd+1 Mt([O,u])

Proof. From Proposition 4.3 it follows that the assumptions of Theorem 1.3 are satisfied.
Then, (1.9) in Theorem 1.3 and ;= |g; (¢, u)| = 6,([0, u]) yield

drv (&[0, u)), Pz, q.0p)) < (LA My([0,u))E[| Zy u[] + (1A Mi([0,u])~1/2)8,([0, )

so that (4.4) follows from Lemma 4.4.
Let us now prove (4.5). From Lemma 4.5, (1.12) in Theorem 1.3 with m = 1 and
Yoo qit,u) < 6,([0,u]) we obtain

E[|Z:,.]]

0< e 0D _p(7, > 0y < o2l iz oy o) | Gl0u])
Mi([0, u]) S M([0,u]) - Mi([0,u])?

The first two terms on the right-hand side can be bounded by Lemma 4.4. Recall that
qo(t,u) = t/ ]E[l{stC(x,m +6,)* <uf1{n, (B(;vA(u/st)l/d)) >d+1}
w

X 1{ Z 1{s,C(y,m + 6,)? < u} = Ode.

yenNW

Since the product of the first two indicator functions is increasing with respect to
additional points, while the third indicator function is decreasing, it follows from [22,
Theorem 20.4] that

qo(t,u) < t/W E{l{stC(x,m +6,)% < u}l{nt(B(:ﬂ,él(u/st)l/d)) >d+ 1}}

X IP( Z 1{s;C(y,ms + 62)* < u} = O)d:r.

yeNNW

Now Lemma 4.5 and the elementary inequality ve™" < 1 for v > 0 lead to

o(t,u) < 0:([0,u])IP(&([0,u]) = 0) < 0:([0,u e_ﬁf([o’“]) < M7
qo(t,u) < 010, u]) P& ([0, u]) = 0) < 6:([0,u)) — M([0,u])
which concludes the proof. O

Proof of Theorem 3.4. Let u > 0 be fixed. From (4.4) in Lemma 4.6, Lemma 4.1 and
t > 1 it follows that

64 a2 6 4 2d(d+3) 4, d+2
drv (610, u]). P o) < o sarmyarn 00 u) € — - — s (46)
EJP 26 (2021), paper 149. https://www.imstat.org/ejp
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Using a well-known bound for the total variation distance between two Poisson dis-
tributed random variables, Lemma 4.1 and the inequality 1 —e™ < v for v > 0, we
obtain

—~ 44y 4dqd+2
d+1 _ — o d+1 _ —
dTV(Pud-H, Mt([O,u])) <u M([0,u]) =u (1 exp ( Oégtl/(d+1)> ) < gt /@D

Now the triangle inequality yields

3. 9d(d+3) wd+2

dry (&([0,u]), Pyar) < aopar B/

which proves (3.10).
Let us now show (3.11). From (4.6) and Lemma 4.5 we have that, for « € [0, 1],

2d(d+3)+1 1
RYICESIR

0 < e Me(l0u)) _ P(T; > u) <
Q2Pd+1

In the following we consider the case 1 < u < /(2427 with 7 = a,/4%. From Lemma
4.1 and t > 1 we obtain

- it
ud > M, ([0,u]) > 4.7)

Together with Lemma 4.5, (4.5) in Lemma 4.6, Lemma 4.1 and v > 1 we obtain

— 1 d d+2 20
0< e~ M([0u]) _ P(T; > u) < (1 4 — > 6 duz - At([o,u])
M,([0,u]) /) Q2pa+1 t@HD/@FD T Rr 10, u])2
6d ud+2 ) 1 2d(d+3) ud+2
<(I+e) Qa1 1D/ +2e s QaPars /@D

Using 1 < udt? < ¢(d42)/Q2d+2)qd+2 /4d(d+2) ' > 1 and the definition of ay in (3.7), we
deduce
_ d - d+1 d(d+3) . d+2
0 < e Ml0u) (T, > ) < (1 +€)6% oy ! + 2¢? L2179
< = Q@) pyy 11/@HD W2 py ) /(D)
1 2d(d+3)+4 1

<
— t1/(d+1) + QD1 t1/(d+1)

so that

_ﬂ ([O,M]) —
sup e~ M P(T; > u)| < [1+ IVICEEVE

gd(d+3)+4} 1
uw€l0,t1/(2d+2) 7]

A2Pd+1
Moreover, by Lemma 4.1, (4.7) and elementary arguments we obtain for 0 < u <
t1/(2d+2) - that

0 < e T _ = [+t _ T, ([0,u)] -0

4 d+2 . 4deTEt 92d+3
—Uu €
= gt /@) © S gt /@) = /()

where we used the inequalities 1 — e < x and e pd+2 < 1 for z > 0. This implies
that

sup \67““1 —P(T; > u)| < {1 +

u€l0,t1/(2d+2) 7]

2d(d+3)+4 22d+3:| 1

Q2Pd+1 g |t/ (dHD)”

On the other hand, :1026‘””(“r1 <1 for xz > 0 leads to

1/(2d42) yd+1) < 1 167 1
exp ( —( 7) = (t1/(2d2) )2 = aigtl/(dﬂ)'
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Combining the two previous inequalities gives a bound for P (T; > ¢}/(2¢+2)1) and it
implies

sup |e_“d+1 —P(T} > u)|
u€[0,00)

< max{ sup |67“d+1 —P(T; > u)|,P (Tt > tl/(2d+2)7') , eXp (—(tl/@d“)T)dH) }
u€[0,¢1/(2d+2) 1]

2d(d+3)+4 22d+3 16d 1
= + 2] Py
Q2Pd 41 s oF | t/(d+D)
Now the identity IP(T; > 0) = 1 concludes the proof. O

4.2 Proof of Theorem 3.5

For the proof of Theorem 3.5 we introduce some notation. By M; we denote the
intensity measure of §;. For u > —log(t), set

u + log(t))l/d' (4.8)

v = vp(u) = ( o

Then, for v > —log(t) we have

M;((u,00)) = t/w E[1{h¢(z,n + 6,) > u}|dz = t/W P (. (B(z,v;)) = 0)dx

= t/ etk gy = temulos() = g~
w

Let X be a uniformly distributed random vector in W independent of 7;. In the next
proposition we show that for each v > —log(t¢), and for an opportune choice of a random
ball B centered at X, the random variable & (n:|s<)((u, 00)) — & ((u, 00)) satisfies (1.2) for

§i((u, 00)).

Proposition 4.7. For any t > e and u > — log(t),
EP(&((u, 0)) = k) = My ((u, 00))P(&((u,00)) + Zi(u) =k —1), ke,
where the random variable Z,(u) is defined as

Zi(u) = (el B(x v0)e ) ((u, 00)) — & ((u, 00))
with v, = v (u) given by (4.8).

Proof. Let B = (u, c0) with u > —log(t). The Mecke equation yields for k¥ € IN that
kP(&(B) =k) = t/W E[1{h¢(z,n + 65) > u}1{&(m + 05)(B) = k}|da.
Since hy(z,m + d5) > wif and only if 7, (B(x, v;)) = 0, the right-hand side equals
[ BB ) = 0{& rlate)(B) = k= 1}]da
=t [ BB ) = B[ () (B) = k= 1}]do

— e—u/ ]P(é-t(ntlB(l‘,vt)c)(B) —k_ 1)dx,
w
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Hence, elementary arguments lead to

kP (&(B) = k) = My(B)P (& (ne|B(x,00)c ) (B) = k — 1)
= My(B)P(&(B) + Zy(u) = k — 1),

which is the desired conclusion. O

Proof of Theorem 3.5. Suppose u > —log(t) and let Z;(u) be as in Proposition 4.7. We
can rewrite Z;(u) as

Zy(u) = & (M ]B(x,00)e ) (4, 00)) — & ((u, 00))
= > (2, nelB(x,00)e) > u} — H{he(z,m) > u}
ze€mNWNB(X, 20, )NB(X,v)¢
- Z 1{hi(z,ne) > u}
z€n:NB(X,v,)NW
= Z;,X(U) - Z;:X(u)7
where Z; x(u) and Z{'y (u) are non-negative. For a fixed z € W, the Mecke formula and
short computations yield

A

ElZ; x(u)] < E| > {hu(z i) > u}]

z€nNB(z,2v,)NB(z,v¢)°

t/ P (n:(B(z,v¢) N B(x,v1)) = 0)dz
B(z,2v:)NB(z,v¢)°

_ gatFlog(t)
6/“/2\/5
(4.9)

IN

t/ eftv?k:d/QdZ < 2d(u + log(t))e*(u‘HOg(t))/z
B(z,2v:)NB(x,v)°

and, similarly,

BZ{ x(u)] < IE{ Z 1{he(z,m) > u}} = t/ P (n:(B(z,v¢)) = 0)dz

z z,v B(z,vt)
€n:NB(z,vt) (4.10)

log(t
< t/ eft’ljgkddz < (u+ log(t))efuflog(t) _ Log()
B(z,v¢) evt

It follows from the triangle inequality that

B[ Z,(u)] < gd U +log(t) = u+log(t)
t - eU/Q\/% evt

Then, by the first inequality of (1.3) in Theorem 1.1, we obtain (3.14).

Let us now show (3.15). We consider the cases u > 0, u € [—log(log(t)),0) and
u < —log(log(t)) separately. Because of ue™* < 1 and ue~"/? < 1 for u > 0 and log(t) > 1,
by (3.14) we have

log(t)
Vit

drv (&((u,0)), Po-u) < (2771 +2)

for u > 0, which proves (3.15) for u > 0.
In the following let u € [—log(log(t)), 0) be fixed. Since Z;(u) = Z{ y(u) — Z}'x (u) and
the terms on the right-hand side are both non-negative, we obtain that

Zi(u)y < Z; x(u) and  Zi(u)- < Z{ x(u).
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Combining these inequalities and (1.4) in Theorem 1.1 with m = 1 establishes

[B(R, < u) = P(P, . = 0)] = [P(&((u,50)) = 0) = P(P, = 0)|
< "B Zy(w)]] + El|Z:(0)[1{& (1, 50)) — Zy(w)— = 0}]
< e"E[| Z:(w)] + BIZ} x (u)1{&((u, ) = 0}] + E[Z] x (w)].

Moreover, by (4.9) and (4.10) we have

qu+tlog(t) _ 4 log(t) u+log(t) _ (log(t))* _ log(t)
cul2 /g =2 eu/2\/t eut = t = N

Thus the identity Z;(u) = Z; x(u) — Z{'x (u) with Z; x(u), Z{x(u) > 0 implies that

IE] ;X(u)} <2 and IE[ élx(u)] <

log(t)

[P(Re < )~ P(Pew = 0) < (2 +2) 750

+ E[Z; x(u)1{&((u,00)) =0}].  (4.11)
For x € W we define

&z ((u,00)) = Z 1{h(z,m) > u}.

z€N:NWNB(x,4v¢ )¢

Since, for x € W, 1{&((u,00)) = 0} < 1{&; »((u,0)) = 0} and Z; ,(u) and 1{&; .((u, 00))
= 0} are independent, we have

E[Z]  (u)1{€((u, 00)) = 0}] < /W E[Z]_, ()1{€,.+((u, 00)) = 0}]dx
(4.12)

= [ Bl ]PEra((0,00)) = 0)d
For x € W, the Markov and the triangle inequalities, (3.14) and e/ 2VE>1 imply that

P(&0((1,00)) = 0) S P(&((w,00) =0)+P( 3 1{hu(zm) > u} >0)

z€nNB(z,4vy)

a log(t) | log(t)

< - +e ¢ 4+ E Z 1{ht(2,7h) > u}
€ /Qﬁ |:z€mf‘|B(.r,4vt) ]
d log(t) =~ _.-u
<(2 +1)e“/2\/i+e e +]E[ Z 1{ht(z,nt)>u}]

z€n:NB(z,4v¢)

Similar arguments as used in (4.10) and eu/ 2/t > 1lead to

44(u + log(t 4% log(t
| E st ] < sty
z€nyNB(z,4v¢) €

Since log(t)e* > 1 and % <4 fort > ¢?, we obtain

2 u 2
log(t) < log(t)“e < log(t)” u/2 < 442,
eu/2\/i eu/Q\/E \/i

Together with exp(—e™" — u/2) < 1, which follows from u < 0, we have shown

P(& o ((u,00)) = 0) < 4(4% + 2% + 1)e/2 4 e¥/2 < (4(4% + 27 + 1) + 1)e*/?
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so that, by (4.9) and (4.12),

/ d | od w22 log(t)
E[Z; x (w)1{&((u,00)) = 0}] < (4(47 +2°+ 1) + 1)e"" —="=
) 6u/2\/g
log(t)
= (247244 + 24 + 1) 4 2%) ==,
277 ) +29) i
Combining this with (4.11) leads to
—em v d+24d | od d | od log(t)
P(R; <u)—e < (2744294 1) 4294294 2)
Vit
log(t) (4.13)
< 9d+2(4d 4 9d 4 9280
< 297%( ) i
which establishes (3.15) for u € [—log(log(¢)), 0).
Finally for v < —log(log(t)) we have
P(R; <u) <P(R; < —log(log(t))),
which by (4.13) and the triangle inequality is bounded by
log(t) 1
2472(44 + 24 4 2 + =
( AR
Therefore elementary arguments lead to
) —ev d+24d | od log(t)
sup IP(R, <u)—e <2741 4294 2) 1] ,
u<—log(log(t)) \/7€
which concludes the proof of (3.15). O

Remark 4.8. Note that the integral in the middle of (4.9) cannot be bounded with a
better exponent for ¢. Indeed, using substitution, we can rewrite the integral as

Y.

u + log(t) / o (ulog() MBLEBOID
kq B(0,2)NB(0,1)°

For any sufficiently small ¢ > 0 there exists a set A C B(0,2) N B(0,1)¢ with A\;(4) > 0
such that the ratio in the exponent is at least (1 + ¢)/2 for all y € A. This provides a
lower bound of the order log(t)t—(1*+)/2,
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