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Limit theorems for additive functionals of random
walks in random scenery”
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Abstract

We study the asymptotic behaviour of additive functionals of random walks in random
scenery. We establish bounds for the moments of the local time of the Kesten and
Spitzer process. These bounds combined with a previous moment convergence result
(and an ergodicity result) imply the convergence in distribution of additive observables
(with a normalization in n% ). When the sum of the observable is null, the previous limit
vaniﬁhes and we prove the convergence in the sense of moments (with a normalization
inns).
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1 Introduction

1.1 Description of the model and of some earlier results

We consider two independent sequences (Xj),>1 (the increments of the random walk)
and (&y)yez (the random scenery) of independent identically distributed Z-valued random
variables. We assume in this paper that X; is centered and admits finite moments of all
orders, and that its support generates the group Z. We define the random walk (.S;,),,>0
as follows N

Sp:=0 and S,:=>» X; foralln>1.
=1
We assume that & is centered, that its support generates the group Z, and that it admits
a finite second moment o7 := E[{7] > 0. The random walk in random scenery (RWRS) is
the process defined as follows

n—1
k=0

YEZ
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where we set N,,(y) = #{k =0,...,n—1 : S; = y} for the local time of S at position
y before time n. This process first studied by Borodin [7] and Kesten and Spitzer
[32] describes the evolution of the total amount won until time n by a particle moving
with respect to the random walk S, starting with a null amount at time 0 and winning
the amount &, at each time the particle visits the position ¢ € Z. This process is a
natural example of (strongly) stationary process with long time dependence. Due to the
first works by Borodin [7] and by Kesten and Spitzer [32], we know that (n*%Z Lnt] )t
converges in distribution, as n goes to infinity, to the so-called Kesten and Spitzer process
(oeAy,t > 0), where A is defined by

+oo
Ay = / Li(x) B, , @)

— 00

with (8.).er @ Brownian motion and (L.(z), ¢ > 0, z € R) a jointly continuous in ¢
and z version of the local time process of a standard Brownian motion (B;);>o, where
((By), (Bs)s) is the limit in distribution of 772 (S|, )¢, (05_1 Z,L;flj &k)s) as n — +oo.
Observe that A is the continuous time analog of the random walk in random scenery.
To be convinced of this fact, one may compare the right hand side of (1) with (2). The
process A is a classical and nice example of a (strongly) stationary process, self-similar
with dependent (strongly) stationary increments and exhibiting long time dependence.

In [7], Borodin established the convergence in distribution of (Z, /ng)n when X
and £ have second order moments. Kesten and Spitzer established in [32] a functional
limit theorem when the distributions of X and ¢ belong to the domain of attraction of
stable distributions with respective parameters « # 1 and 8 € (0,2]. Limit theorems
have been extended by Bolthausen [6] (for the case a = § = 2 for random walks of
dimension d = 2), by Deligiannidis and Utev [19] (for the case a = d € {1,2}, § = 2,
providing some correction to [6]) and by Castell, Guillotin-Plantard and the author [12]
(when o < d and < 2), completing the picture for the convergence in the sense
of distribution and for the functional limit theorem (except in the case a < 1 and
B = 1 for which the tightness remains an open question). Since the seminal works by
Borodin and by Kesten and Spitzer, random walks in random scenery and the Kesten and
Spitzer process A have been the object of various studies (let us mention for example
[33, 50, 29, 3, 27, 25, 28, 2]).

Random walks in random scenery are related to other models, such as the Matheron
and de Marsily Model [39] of transport in porous media, the transience of which has
been established by Campanino and Petritis [11] and which has many generalizations
(e.g. [26, 20, 23, 10, 9]), and such as the Lorentz-Lévy process (see [40] for a short
presentation of some models linked to random walks in random scenery).

Random walks in random scenery constitute also a model of interest in the context
of dynamical systems. They correspond indeed to Birkhoff sums of a transformation
called the T, T~! transformation appearing in [49, p. 682, Problem 2] where it was asked
whether this Kolmogorov automorphism is Bernoulli or not. In [30], Kalikow answered
negatively this question by proving that this transformation is not even loosely Bernoulli.

1.2 Main results

Before stating our main results, let us introduce some additional notations. Let d € IN
be the greatest common divisor of the set {x € Z, P({, — & = z) > 0} and « € Z such
that P(¢y = ) > 0. This means that the random variables &, take almost surely their
values in « + dZ and that d is largest positive integer satisfying this property. Since the
support of £ generates the group Z, necessarily « and d are coprime. Recall that the
quantity d can be also simply characterized using the common characteristic function ¢
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of the &.!
In the present paper we are interested in the asymptotic behaviour of additive
functionals of the RWRS (Z,,),,>1 that is of quantities of the following form:

Z, =Y f(Z)
k=1

where f : Z — R is absolutely summable. This quantity is strongly related to the local
time N, of the RWRS Z, which is defined by

No(a)=#{k=1,--- ,n: Z,=a}.

Indeed if f = 1o, then Z,, = N,,(0) and if f = 1o — 14, then Z,, = N,,(0) — NV,,(1). In the
general case, Z,, can be rewritten
= Z fa)Ny(a

a€Z

The asymptotic behaviour of (V,,(0)),, has been studied by Castell, Guillotin-Plantard,
Schapira and the author in [14, Corollary 6], in which it has been proved that the
moments of (n~ 3\, (0)),>; converge to those of the local time £;(0) at position 0 and
until time 1 of the process A. The proof of this result was based on a multitime local
limit theorem [14, Theorem 5] extending a local limit theorem contained in [13] and on
the finiteness of the moments of £,(0) (which was a delicate question). We complete
this previous work by establishing in Section 2 the following bounds for the moments of
L£41(0).

Theorem 1 (Bounds for the moments of the local time of the Kesten and Spitzer process).
For any 79 > 0, there exists a > 0 and C' > 0 such that

(Cm) ™ <E[(L1(0)™) = O (W) <0 (mm(%+2no)) :

Even if it uses some ideas that already existed in [14], the proof of Theorem 1 (given
in Section 2) is different in many aspects. The proof of Theorem 1 relies on several
auxiliary results. We summarize quickly its strategy. We will prove (see (5) coming from
[14] and (6)) that

E[(£:(0))™] =
ml m—1 5 m—1 _1
(2 2)% / H (tk+1 - tk)izE H (d(L(k+1)a Wk:)) ] dtl e dtm 3
O 0<t1 <-<tm<l 1 g E—0
where we set Wy, := Vect(L®, .- L") and L*+YD := (L4, — Ly, )/(tks1 — t) T (nor-

malized so that |[L(™)|;2(g) has the same distribution as |Li|2(r)). We will prove, in
Lemma 7, that

m—1

de,C >0, m! / H (tgs1 — tk)*% dty -+ - dty, (Cm)Tm ,
0<t1 < <tm<l 0

as m — +oo and, in Lemma 6, that

(E [|L1|;§(R)D <E
£ 2ima

247
'Indeed d > 1 is such that {u : |p¢(u)| =1} = (2n/d)Z and a.s. e"d =e” d which is a primitive d-th
root of the unity.

m—1

ml:f (d( LE+D) Wk) 1] < H (sup IE[ (th))—lD ,

VeV
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where d(-,-) is the distance associated with the L?-norm on L?(R) and where V), is the
set of linear subspaces of L?(R) of dimension at most k. Theorem 1 will then follow from
the next self-interesting estimate on the local time L; of the Brownian motion B up to
time 1.

Theorem 2 (An estimate on the distance between the local time of the Brownian motion
and a linear subspace).

sup E {(d (Ll,V))_l} = fzto() , ask — +o00.
VeV

Now we use the following classical argument for positive random variables. The
upper bound provided by Theorem 1 allows us to prove that Carleman’s criterion is
satisfied for £,/L£1(0) where £ is a centered Rademacher distribution independent of
£1(0) and of Z, indeed:

S EIL(0)"] T 2 e Y m o = oo,

m>1 m>1

for every no € (0, %) This enables us to deduce from [14, Corollary 6] that n~5&/A;,(0)
converges in distribution to £y /o, 1£1(0) and so that

n~INL(0) 55 07 1£1(0), asn - +oo, (3)

where — means convergence in distribution. This convergence in distribution is
extended to more general observables as follows.

Theorem 3 (Limit theorem for additive functionals of the RWRS 7). Let f : Z — R be
such that ), |f(a)| < co. Then n-i Z;é f(Zy) converges in distribution and in the

sense of moments to (Y, ., f(a)) Uglﬁl(O).

The proof of the moments convergence in Theorem 3 is a straigthtforward adaptation
of [14] and is given in Appendix B. Due to Theorem 1 and to the above argument that lead
to (3), the convergence in distribution in Theorem 3 is a consequence of the moments
convergence. Another strategy to prove the convergence in distribution in Theorem 3
consists in seeing this result as a direct consequence of (3) combined with Proposition 14
stating the ergodicity of the dynamical system (ﬁ, i i) corresponding to

Tk((Xm-i-l)mEZa (gm)meza ZO) = ((Xk+m+1)meZv (§m+Sk)m€Za Zk) :

This dynamical system preserves the infinite measure x := IP%Z ® ]sz ® Az, where Az is
the counting measure on Z. Actually, thanks to (3) and to the recurrence ergodicity of
(Q,T, 1), we prove the following stronger version of the convergence in distribution of
Theorem 3.
Theorem 4 (Limit theorem for Birkhoff’s sums of ((NZ, T, it)). For any ji-integrable function
f:Q—=R,
n—1 T o~
~ i [~ Ffd
n=i ZfoTk ! 7fﬂf Mﬁl(O), asn — +o0o,
- ¢
k=0
.
where ﬂg means convergence in distribution with respect to any probability measure
absolutely continuous with respect to f.
Theorem 3 can be seen as a weak law of large numbers, with a non constant limit.
When ) ., f(a) = 0, the limit given by Theorem 3 vanishes, but then the next result
provides a limit theorem for Z,, = ZZ;S f(Zy) with another normalization. This second
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result corresponds to a central limit theorem for additive functionals of RWRS. Let us
indicate that, contrarily to the moments convergence in Theorem 3, the next result is
not an easy adaptation of [14], even if its proof (given in Section 4) uses the same initial
idea (computation of moments using the local limit theorem) and, at the beginning, some
estimates established in [13, 14]. Indeed, important technical difficulties arise from the
cancellations coming from the fact that ), f(a) = 0.

Theorem 5 (Convergence of the moments of “centered” additive functionals of the RWRS
Z). Assume moreover that there exists some x € (0,1] such that & admits a moment of
order 2+ . Let f : Z — R be such that ) | (1 +[al)|f(a)| < co and that ), f(a) =0
Then

ZZ Zf Z|g,+dg|—a—b)<oo.
LEZ |£'=0 a,beZ?
1 n— o2
Moreover all the moments of (n_§ Zk:é f(Zk)) converge to those of \/G—gﬂl(O)N,
where N is a standard Gaussian random variable independent of £;(0) and where

3= 3 J@fB)P(Zy =a-b). 4)

k€Z a,beZ2

In particular, for any a € Z, (n‘é (Np(a) — Nn(O))) converges in the sense of moments

n

to 0;:;61(0)./\/‘, with U%,a = ZkeZ [2IP(Z|/€‘ = O) — ]P(Z‘k‘ = a) — IP(Z‘M = —a)].

Let us point out the similarity between these results and the classical Law of Large
Numbers and Central Limit Theorem for sums of square integrable independent and
identically distributed random variables. Indeed Theorems 3 and 5 establish convergence
results of the respective following forms

1 n

— Y — I(Y; and IM)YY o2V Z

@ Z k )Yy Z 1Y) — N

as n — +oo, with a,, = +o0, I an integral (with respect to the counting measure on Z.)

and Y a reference random variable with integral 1 (e.g. Y;? = 1o(Z), note that we

cannot take YkO = 1 since it is not integrable with respect to the counting measure on 7).
The summation order in the expression (4) of oj% is important. Indeed recall that

P(Z; = 0) has order k~% and so is not summable. The sum > rez appearing in (4) is
a priori non absolutely convergent if d # 1. Indeed, considering for example that ¢ is

a centered Rademacher random variable (i.e. P(§ = 1) = P({ = —1) = 1) and that
f=1¢—14, then, forany k£ > 0,
> F@) fOP(Zjar = a—b) =P(Zgp =0—0) + P(Zjgp = 1 — 1) = 2P(Zjax = 0)
a,beZ?
and
Z fla P(Z|2p41) = a —b)
a,beZ?

== 7]P(Z\2k'+1\ == 0 - 1) - ]P(Z|2k+1‘ = ]. - O) == 7]P(|Z\2k'+1|| == ].) .

But, aj% corresponds to the following sum of an absolutely convergent series (in k):

Z Z Z fla P(Zjpyax) = a —b)

kEZ =0a,beZ?
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Finally, let us point out that a} defined in (4) corresponds to the Green-Kubo formula,
well-known to appear in central limit theorems for probability preserving dynamical
systems (see Remark 15 at the end of Section 3).

Let us indicate that results similar to Theorem 5 exist for one-dimensional random
walks, that is when the RWRS (Z,,),,>1 is replaced by the RW (S,,),>1, with other
normalizations and with an exponential random variable instead of £;(0). Such results
have been obtained by Dobrusin [21], Kesten in [31] and by Cséki and Foéldes in [17, 18].
The idea used therein was to construct a coupling using the fact that the times between
successive return times of (S,,),>1 to 0 are i.i.d., as well as the partial sum of the f(S)
between these return times to 0 and that these random variables have regularly varying
tail distributions. This idea has been adapted to dynamical contexts by Thomine [47, 48].
Still in dynamical contexts, another approach based on moments has been developed
in [41, 42] in parallel to the coupling method. This second method based on local limit
theorem is well tailored to treat non-markovian situations, such as RWRS. Indeed, recall
that the RWRS (Z,,),>1 is (strongly) stationary but far to be markovian (for example it
has been proved in [14] that Z,,,, — Z, is more likely to be 0 if we know that Z,, = 0)
and even more intricate conditionally to the scenery (it has been proved in [25] that
the RWRS does not converge knowing the scenery). Luckily local limit theorem type
estimates enable to prove moments convergence. But unfortunately Theorem 1 is not
enough to conclude the convergence in distribution via Carleman’s criterion.

The paper is organized as follows. In Section 2, we prove Theorem 1 (bounds on
moments of the local time of the Kesten Spitzer process) and Theorem 2 (estimate on
the distance in L?(RR) between the local time of a Brownian motion and a k-dimensional
vector space). In Section 3, we establish the recurrence ergodicity of the infinite mea-
sure preserving dynamical system (Q, f, 1) and obtain the convergence in distribution
of Theorem 3 (Law of Large Numbers) as a byproduct of this recurrence ergodicity
combined with (3). Section 3 is completed by Appendix B which contains the proof of
the moments convergence of Theorem 3. In Section 4 (completed with Appendix A), we
prove Theorem 5 (Central Limit Theorem).

2 Upper bound for moments: Proof of Theorem 1

This section is devoted to the study of the behaviour of E[(£,(0))™] as m — +oc0. It
has been proved in [14] that these quantities are finite, but the estimate established
therein was not enough to apply the Carleman criterion. The proof of Theorem 1 requires
a much more delicate study, even if it uses some estimates used in [14]. We start by
establishing bounds for E[(£1(0))™].

Lemma 6 (Bounds for the moments of the local time £, of the RWRS Z in terms of the
local time L, of the Brownian motion and of an integral).

m—1

m |
E (|72 L/ thpr — ti) T dty - dty, < E[(£1(0))™
(B lim])” Grom® 0o o, IO =t H it <EfC1(0)"
and

E[(£1(0))™]

m—1 ' m—1
< (sup E [(d(Ll,V))lD %/ 1 (s — i)~ Fdtr -t
i—o \VEVk (27”75)2 0<t1<-<tm<l p_g

where d(f,g) = |f — g|r2r) and where V) is the set of linear subspaces of L*(R) of
dimension at most k.
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Proof. Recall that it has been proved in [14, Theorem 3] that

| 1
E[(£1(0))™] = L”/o L EldetDy ) A dt i, (5)
<1 <<t <

(27TU§) 2
with Dtl,"- tm (f]R Lt Lt ( ) dx)
the Brownian rnotlon B. Slnce det Dy, ...
relation

., Where (Lt(2))t>0,5er is the local time of
1s a Gram determinant, we have the iterative

3,j=1,-
Cotm
1 1
det th_“ gl = det Dt21 o ,tmd(Lt Vect(Ltl, . Ltm))

where d(f,g) = ||f —gll2(r) and where Vect(Ly,,- - - , Ly, ) is the sublinear space of L*(R)
generated by L,,,---, L . It follows that

m+1?

m—1
_1 -1
det Dthz'“ tm H (d(Ltk+1 ) VeCt(Ltl7 e 7Ltk))) . (6)
k=0
But, foranym > landany0<t; < -+ - <tpy1 <landany k=0,---,m—1,

E [d (Lir,,, Vect(Ly, - ,Ltk))_l‘ (Bs)sgtk}
_E {d (Lip,s — Lu,, Veet(Ly, -+ ,Ltk))_l‘ (BS)SQJ

=k [d ((Ltk+1 - Ltk)(Btk + ')a VeCt(Ltl (Btk + '), e aLtk (Btk + )))71’ (Bs)sgtk} .
Therefore

= [’Ltw = Ly, |ZZ’1(1R)] sE {d (Ltyn, Vect(Ly,, - - »Ltk))il‘ (BS)SS“J
and

B[ (Lo, Veet(Lo, - L)) ™| (Baezr,] < sup B [ (L~ LB+ v) 7
(7)

where V;, is the set of linear subspaces of dimension at most &k of L?(R) and where we
used the independence of (L;,,, — Ly, )(By, + -) with respect to (Bs),<, and the fact that
(L, (Bey ++), - -+ Ly, (By, +-)) is measurable with respect to (Bs)s<y, . Thus, by induction
and using the fact that the increments of B are (strongly) stationary, it follows from (6)
and (7) that

m—1
1B [[Zo — Lolpam | <E[aetDik, ]
k=0

m—1
-1
< k1;[0 ng\% B [(d ((Ltk+1 - Ltk)(Btk +), V)) }
-1
1T gop 2 et ®

with the convention t; = 0. Recall that (L,(z)).cr has the same distribution as
2 o
(VuLi(x/+/u))zer and so (d(Ly, Vect(gr,--- ,gx)))” has the same distribution as

o () ) i, [ (2

k 2
:u% /min//( Za;gl fy> dy
i=1

Ay Ay

=u? (d(Ly, Vect(hy,--- , hy)))”
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setting a} := a;/+/u, and making the change of variable y = z/\/u, with h;(z) = g;(v/uz)
and so (8) becomes

m—1

_1
H ((tk—i-l —tx) IR [\L1|Z21(R)D <E [det Dy, ,tm}
k=0
3

m—1
< H (tk+1 —tx) "% sup K {(d(L17V))71] )
k=0 VeV

which ends the proof of the lemma. O

We first study the behaviour, as m — +o0, of the integral appearing in Lemma 6.

Lemma 7 (Asymptotic estimate of the integral).

m_t m! (3™

m!/ (tosr —t)~ddty - dty, = T omy
0<ty <o <t <1 kE[o i BN YCTE

as m — —+oo.

Proof.
m

_s
Am+1 / H(tk+1 —tg) A dty - dtpy
0<ty < <tmy1<1 j;

m—+1

_3
/ k4d.’£1"'d$m+1
zi>0: x4 FTmp1<l p_q

! _3m
7rL+1 .’L’m+1) 4

0

</ T /(1 = 2omsn)) ™ day -+ i

>0 31+ A T <L =T 1 g

1 3 m m 3
= / (1= 2pyr)? / H wy, *duy - Ay, | ATy,
0 u

i >0 ur+Fu, <1 k=1

Vs 1 m nHrz +1
= am/ xmj— (1 - xm-&-l) 4 dxm+1 - amB (; -+ 1> = am(4+714) 5
0 44 ( )

X

where B(-,-) and I stand respectively for Euler’s Beta and Gamma functions, and so, by

induction, a,, = Eglr{ i)l) proving the first point of the lemma. Moreover
4
Ml ~ (T(1/4))™ m™ 3 (m +4) "% 345 F3 1

where we used the Stirling formulas m! = I'(m + 1) and I'(z) ~ /272" 2e~*. This ends
the proof of the lemma. O

Observe that | [|L1|Z§(R)} > 0. Thus, the proof of Theorem 1 will be deduced from
the two previous lemmas combined with Theorem 2, which can be rewritten as follows

Vi >0, 3C > 1, Vk e N, C k3 < sup E |(d (Ll,V)))_l} < CkEtm. (9)
VeV

Due to [44, Cor. (1.8) of Chap. VI, Theorem (2.1) of Chap. I], L; is almost surely Holder
continuous of order % — 1o and its Holder constant admits moments of any order. The
lower bound of theorem 2 follows directly from this fact.
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Proof of the lower bound of Theorem 2. We prove the lower bound of (9). Let 7o € (0, %)
Let C; be the Holder constant of order % —no of Ly. Let Vi be the linear subspace of
L?(R) generated by the set

1 — ﬁ & 1
[m/k,(m+1)/k]; TV = 9| ) )

and consider Ek € Vi given by

o ma
Lk = Zk L1 (?) ]l[%’mTH)
m=—|%]

Let Ko > 0. We will use the fact that
—1 —1
E (@ (L3, Vi) ™| 2 B[ (L1, Vi)™ Ly, <o, w5120 |

Observe that, if supy, ;| B| < %+ and C; < Ky, then

[%],1 m41

d(Ly,Vi)? < d(Ly, Ly)? = (L (u) = Li(m/k))? du

Thus

E |(d (L1, Vk))fl} > B {(d (L1, Vi) ™! Lic, <Ko, suppo.yy |B|g%}]

—1
_%_A'_
2 E |:(K0k 770) ]]'{CngO, Supjg 1) \B\S% :|

> Ko_lké_"o P (Cl < Ky, sup|B| < 1) ) O
[0,1] 3

The rest of this section is devoted to the proof of the upper bound of Theorem 2 (i.e.

the upper bound of (9)), which is much more delicate to establish. To this end, we will

prove a sequence of estimates. We have chosen to start by listing the different quantities

used in this proof, and the relations between them, for two reasons. First, it makes more

evident the compatibility between our different conditions. Second, for practical use for

the reader who can come back to this page if he or she forget at some point one of these

different conditions or relations. We fix np > 0 and d’ = § + 19 > 1/2. Choose ¢ € (0, 1)
such that

]. + €0
d>-—. 10
2(1 — 60) ( )
Fix a,b,n,v € (0, %) such that 0 < g < 5 and small enough so that
(1+9)(1+e) a b
e R | 11
5 tg+ g < (11)
and
(2d'(1 - €g) — 1 — o) (1 —2n) — 87 > 0. (12)
Let 6 > 0 such that (1 —2n)f > 1 and
b (1+7)(1+e) (1+79)(14+e) a b
1——— P g gy (1 - AT 22 13
4 2 <001 —=2m) 2 28 (13)
EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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and
(1—€o)(1+2d)<0[(2d (1 —¢p) —1—ep)(1—2n)—8n] . (14)

The existence of such a 6 is ensured by (11) and (12). Fix then K such that ﬁ < K,
vo = [16/b] and ¢ > 0 such that 4a — (1 +4¢)b > 0 and K > (4a — (1 + 2¢)b)~!. We will
also consider the following quantities which will depend on k£ > 1. We set M := [0k] and
M’ := M9 For z > M’, we also set:

1+eg

ro 1= (/M) - DO N =50 T g /MM, @y = (/M) (15)

Let V be a linear space generated by g1, - ,gr € L?(R). Observe that

o0

E (d(Ll,V))‘l} :/O P ((d(Ll,V))_l > x) dz

=0O(M") +/ P (d(L,V) <z ") dz. (16)

’

Lemma 8 (An upper bound using a spatial discretization). Uniformly on z > M’:

P (d(L,V)<az™") <O ((x/M')7?)

— g -, n (e, %) -4
+ P |Vl = —vg, ,vo, D ( Ly ( lxq ® + Wy, <2z 7, ,
L0/ ) n=1,--,M

) s

where W‘(/y‘)) := Span (( vo +(nt-1)/o 9;(y) dy’) o j=1,-- ,k) C RM and where

Yo+n/xo

D is the usual euclidean metric in RM.
Proof. We set

L) -LE] e 11
14+e 2

Cy:= sup ”
y,zER : y#z |y - Z|

Since C; admits moments of every order, it follows that
P(d(Ly,V)<1/z) <P(d(L,V)) < 1/z, C1 < (/M) + O((x/M')72).
Note that, if x > M’, then

1—

ToTo = (I/M/)a7(1+A/)(1+E°)M MO < 1,

since a < 1 < (1+7)(1 + ¢) and since M’ = M% with 1 < &', and so ry < z;'. Assume
moreover that d(L;,V) < 1/xz and C; < (z/M’)". Let a; be such that d (Ll, Z?Zl ajgj) <

x~1. Then, for every / € Z, the following estimate holds true

1 2 3
) M ebo) B4t k
> Z/ o Li(y) =Y a9;(y) | dy
=170z S35 j=1
1 2 3
M Lz, 8—&-%—}-7'0 1 n k 1
oy L (exl fy )— S ai05) | dy | — (Mro(w/aryPie?
1 Jlx, S 4 Lo :
n=1 1 +a>0 j=1
1
_1 n -8 14,
>\/roD <L1 (&61 ot )) W) - VM (MY e
Lo n=1,--- ,M
EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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_1teo

Since %Jr u = ﬁ and rg = (I/M/)7(1+7)(1+60)M 3 M/fl—eo’ we conclude that

\/M(x/M’)"YréJr" =z~! and so

P (d(L1,V) < l/z, C < (x/M')")

— g i, n (2 %) !
<P |Vl =—uvg, svo, D | Ly lxq ® + Wy, <2z 7, .O
Zo n=1,---,M

Recall that vy = [16/b]. For every £ = —uvg, -+ ,v9, We set tg(z1) := inf{s >0 :

_1 _1 _1
Ly(lxy®)>a* } and Y/ (y) = Ly,(z,)(¢r; ® +y). Due to the second Ray-Knight theorem
(see [44, Theorem 2.3, page 456]), (Y/(y))y>0 has the same distribution as a squared
1
Bessel process Y’ of dimension 0 starting from z; * and we set

EO,W,Z,A =< D <YZ/ <n>) WAL < Zx_lro_%
Lo n=1,--,M

EO,W = {D((Y/ <n)) 7VV) <2.’IJ_1TO_;}.
Zo n=1,-,M

Let 7/ := [ Y'(y) dy.
Lemma 9 (An upper bound involving the square Bessel process Y’ conditionally with
respect to 7). The following estimate holds true uniformly on z > M’:

and

P (d(Ly,V)<2™') <O ((x/M')7?) + (200 + 1)E [SupIP (E07W|T’)} , (17)
w
where supy;, means the supremum over the set of affine subspaces W of R* of dimension
at most k.

_1
Proof. We adapt the proof of [14, Lemma 9]. Setting ¢’ := 2, ® and T, := min{s > 0 :
| Bs| = u} for the first hitting time of {+u} by the Brownian motion B, we observe that
there exists ¢y > 0 such that

P(T0 > 1) = P ( aup [B,] < ) _ O(eeatm)™?)
s€[0,1]

—0 ((x/M’)’b”(’/S) = O ((z/M')7?) . (18)

(using e.g. [43, Proposition 8.4, page 52]). Moreover, due to [44, Exercise 4.12, Chapter
VI, p 265], foreveryn =0,--- ,v9 — 1,

]P LT n+1)e’ (BTne’) - LTne’ (BT /) S (GI)2|(B7J«)“§T1LH S ]P(LTEI (0) S (6/)2) S 6’
(n+1)

and so, due to the strong Markov property,
]P (Vn = O’ s, U0 — 1) LT(77,+1)5’ (BTné/) - LTne’ (BTnEI) S (6/)2) S (6/)1}0 9

and this, combined with (18), ensures that there exists Cy > 0 such that P(V¢ =

—vg, -+ ,v0, L1(le') < (€)?) < Co(¢')* and so
P (V6= —vg,- - ,v0, te(z1) > 1) < Co(x/M')_b“"/s < Co(x/M/)_2 7 (19)
EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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recalling that t,(z1)

_ _1
= inf{s > 0 : Ls(lxy®) > x; *}. Asin [14, p. 2430], we write
1
T, = fooo Y/(y) dy for the time spent by the brownian motion B above ¢z, ® before time
t¢(z1). Forany £ =1,--- vy, we have

s1‘1/p]P (tg(xl) <1, D <<L1 (

_1
by ® +

—1 1
)) W 8)> <27 'ry 2)
Lo n=1,--- ,M
<supP ({te(z1) < 1N Eywypae)

with A® = ((Lwl) — L) (ex; sy
[14, p. 2431] and notice that

n

(20)
7)) . To end the proof, we proceed as in
+o n=1,--- ,M

P ({fg(xl) <1}in EO,W!,A(“) <E []l{tg(:v1)<1} SupMIP (EO,W,Z,A| tg(:cl),Té)} , (21)
AeR

since A is independent of Y, conditionnally to (t;(x1),7;). Moreover Y/ and t,(z;) are
independent conditionally to 7. It follows that
AeRM

sup P (Eow,ealte(z1),77) < SUPMP(EO,W,&AlTé)— sup P (Eowalm")
AeR

AeRM
The lemma follows from this last identity combined with (19), (20) and (21).

Recall that 4a — (1 + 4¢)b > 0 and that K > (4a — (1 +2¢)b)~!. Set
E1 = {

sup

—(1+¢)/4
Y'(s) — xl_l/4’ <4
s<M/zo

_24¢
5 } and Ei:—Elﬂ{T’ZQxl 4,}.
Lemma 10 (Removal of high values of 7/). The following estimate holds true uniformly
onx > M’

P (E{) =1- 0 ((a/M')~Kla=(200)

Proof. As recalled in [14, before (17)], 7/ has the same distribution as the first hitting
_1
time of xl;

such that:

by a Brownian motion. Thus there exist two positive real numbers ¢; and co

/ - il !
P77 <2z, * |<P sup By > —/—
_24¢ 2

s€[0,2z, * ]
1

_2H¢ it §

<P (\/5301 85 sup B, > x12 ) < 016_02”‘14 .
Using the Burkholder-Davis-Gundy inequality, combined with the fact that Y’ is domi-
1

nated by the square of a Brownian motion starting from z; ®, we observe that

s€[0,1]

s T O/
pe=P( sup [Y'(s)—a; > —
s<10M /zq 2

10M /0 4K
< Cg a2 HOKQBK / Y (u) du
0

1201+ K 4K —1 10M/zo 10, VAK
< Ck o} (10M/x0) E [Y'(uw)**] du
0

EJP 26 (2021), paper 128.
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with O, = 285 Cy, and so

10M /2o
b < Cieal O (at o)1 [
0

< Cpead O (M o) 2 (@K 4 (M o))
< C}/(%“%CK ($¥(M/$0)4K + fo(M/JCo)SK)

E [(xl_l/g + BH)SK} du

with C, = 285 (/. and

${((M/$0)4K _ (.%‘/M/)_K(4a_b) ,
since ¢ = (z/M')*M and z; = (z/M’)®. O
Lemma 11 (Removal of the conditioning). There exists K > 0 such that

sup P (Eow N Ej|r") < KsupP (E1 N Eow) ,
W W

where supy;,, means the supremum over the set of affine subspaces W of RM of dimension
at most k.

Proof. We adapt the proof of [14, Lemma 12]. Let W be an affine subset of RM of
dimension at most k. We decompose 7’ in 7/ = 7 + 7" with

M

T::/wo Y'(s)ds and 7" ::/ Y'(s)ds.
0 M

£

Then, for any bounded measurable function ¢ : [0, +00) — [0, +00), the following relations
hold true

E [¢(r")P (Eow N E1|7')] = E [¢(T + 7)1, ;]

SE[E[LL(m+7")o(m +7")(Ye)s<m/mo| LEgwnes ] »  (22)

_2+4¢
with I; = [Qxl 4 400 ). As in the proof of [14, Lemma 12], we use the fact that the

probability density functions of 7" is f 1/ with
1
yei 8t

V(2t)%

and that the probability density functions of 7" conditionnally to (Y'(s))s<ar/a, iS
fy'(m/zy) (due to the strong Markov property). Thus

fy(t) =

E [17, - (7")o(m + 7")(Ye) s<r1/ao] :/1 (T + 2) fyr(m)mg) (2) dz . (23)

fyryzg) (%)

To conclude, we will prove that is uniformly bounded on F; andin z € I — 7.

f_1(rtz)
/ — i z Mz Mz

We observe that, on E1, sup,eio ar/zo) |Y'(8) — 21 | < = and so -—5— <7 < S,
Moreover

M _1 _,_b _ (14200 _142¢ _24¢

gt = (/M) < (/M) = <

Zo
EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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since 4a — (1 4+ 4¢)b > 0. Thus, on E4, for any z € I; — 7, we have

8z

: 1
fyr(nye)(2) Y (M/x) <T+Z>ges?i+2z)(y/(M/‘TO))Q

1
_1(t+2 —1 z
TG
_1 _1 _2+4¢
3 3 3¢y tlwy 2 -¥/(M/ag)] 3 5 3¢ ! 3 3 3
< 24ze EICE) = Z42¢F0F < —42¢5
2 2 2

_24¢
where we used the fact that, since z € I; — 7,7+ 2>2x, * andsoz> (74 2)—7 >

_24¢
(t+2)— 32, * > (1-321) (7 +z). This ensures the existence of a constant K > 0 such

that, on Ey and for all = € I;, 20 < K This combined with (22) and (23) implies
z. 4

1

that
E [¢(7")P (Eo,w N Ey|7")] < KE []lEo,mel oY) f, -1/a(y) dz
I B

< KE [1g, o5 E8(7)]] = KP (Eow N E) E[¢(r)]. O

Lemma 12 (An estimate on the distance between the discretization of the square Bessel
process Y’ and an affine space). Uniformly on z > M’,

sup P (Eow N EY) §C”k(m/M')
%

M (17Z0)k+ (1+60)(i72n)1¥l +2”71\/[M/( 17;0 )(k—(1—2n)M)

X

Proof of Lemma 12. Let W be an affine subset of RM of dimension at most k. Observe
that

—1/4
Eow NE, C {(Y’(n/xo))n_ljn_,M € Boo (:;;;1/4, “:12> N Wx} , (24)

_ —1/4 —1/4
where B, <x1 1/ 4, 712> is the ball (for the supremum norm) of radius TlT and cen-

tered on (xf1/4, e ,xf1/4)

the metric D. Note that

, and where W is the € = 2x_1r0_%-neighbourhood of W for

lteg g

e = 2(x/M') TS e (25)
and JiT s )

Ry = % - %(w/M’)l‘g‘le%M”‘% > 1, (26)
uniformly in z > M’, since & + M’Y)QM < 1. Observe that B <931_1/4, ﬁ£121/4> nWe
is contained in By (mflM, \/fol/4) N W, where Bs (xf1/4, \/fowl) is the euclidean
ball centered on (xl_l/4, e ,xl_l/4) with radius \/Mxl_l/4-

Let zg, 2 € B (:vl_l/4,\/M:v1_1/4) NW, and z1 € W N Ba(zo,¢), 21 € W N Ba(z},¢). Then

21 € By (zl, 3V Mxl_l/4). Due to [45, Theorem 3, pages 157], there exists ¢ > 0 such that

W N By (21, 3V folM) is contained in the union of at most (cRx)k euclidean balls of
_1 _

radius € in W. Thus W, N Bs (xl t VvV Mz 1/4) is contained in the union of at most (¢R,)*

_ —1/4
euclidean balls of radius 2e. We conclude that B, <x1 1/4, 9012> N W, is contained in

EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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the union of at most (c¢R,.)* euclidean balls of radius 4¢ centered at a point contained in

—1/4
Boo (xl_l/4, 7”12) N W,. It follows from this combined with (24) that

P (Eow N E1) < (cR,)* sup P ((Y'(n/x0))n=1,... m € Ba(z,4¢)) . (27)
—1/4
. (f/7>

—1/4
Note that if z = (2,)n=1... ;s € Boo <x1_1/4, 2) and (Y'(n/0))n=1... m € Ba(z,4e),

1

_1 —a
then max,—q... pr—1|2n+1 — 77 *| < “4— and there exist at most nM indices n’ that

|Y'(n'/xo) — zn/| > 4e/+/nM, and so at least (1 — 2n)M indices n = {0,--- , M — 1} such

that
1
() = b (527) ==
Lo Lo
_1
with zp = z; *. Due to [44, after Corollary 1.4, page 441], the distribution of Y’ ((n+1)/x0)
knowing Y’ (n/zo) = y is the sum of a Dirac mass at 0 and of a measure with density

oty 9) = 5 L (2D 1y )

where I is the modified Bessel function of index 1 which satisfies I;(z) = O(e*/+/z), as
2z — 00, (see [35, (5.10.22) or (5.11.10)]). So

11 T —/z)? 1
w0~ (o (V)Y o (o,
_1
uniformly on y, z € {zf, 2z, 4] . We will use the expression x(, 1 and e given in (15)

)

) </ Vil

= ool

2

1

and (25). Thus by using the Markov property (and (1\4(1+)|)'(2771W)' < MMy we get by
induction, that, when z > M/,

sup P ((Y'(n/z0))n=1,... m € Ba(z,4¢))

Lia a4
2€Bso | 27 / ,IT

(1+~,><1+50)_g_£) lteg 4Lt (1-2nM
2 s MTT M 2

Recalling that M = O(k), the previous estimate combined with (27) and (26) ensures
that

supP (Eo,w N Ey) SC”k(x/M’)
W

g Ut | (e M g 4 (1= 2520 ) (k= (1—20) M)

; (28)
which ends the proof of the lemma. O

Proof of the upper bound of Theorem 2. Formula (9) follows from (16) and Lemmas 9,
10, 11 and 12. We will use the fact that

vQ > 1, /oo(ac/M')_Q dr = O(M'"). (29)

/

EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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Thanks to this, the error terms in Lemmas 9 and 10 gives directly a term in O(M’) =
O(kd,). Let us detail the term coming from Lemma 12. We first observe that the exponent
of (z/M’) is strictly smaller than —1 for k large enough. Indeed this exponent is

[“Z‘W}“M“‘m [1_2_2_8}

which is smaller than

where we used the fact that M = [0k] > k. The fact that this quantity is strictly smaller
than —1 for any k large enough comes from our conditions (11) and (13). It follows from
this combined with (29) and Lemma 12 that

“+o00
/ sup P (Eow N Eq) dx
rwW

< C//ka(liZO)k + (1+50)(i7217)M +27]MM/1+( 172EU )(k_(l_Q"])M)

! /7
ik pdl 4 (=) 042a)M | (eq=2d'A—e0))(1=2mM | oz,
<C""M 0 3 nM-

where we used the fact that M’ = M? and that k < [0k]/6 = M/0. Finally, we notice
that 1+ €9 — 2d'(1 — €y) < 0 (due to (10)) and that (14) ensures that

(1 — E())(]. + 2d/) + (]. + €9 — 2dl(1 — 6(]))(1 — 277)

10 1 +2n <0
and conclude that
+o00o
/ sup P (Eow N E7) de = O(1).
N 7
Hence we have proved that
sup I |(d (L1, V)™ | = o). =

Vevy

3 Law of large numbers: Proof of Theorem 3

We complete the sequence (X,),> into a bi-infinite sequence (X,,)nez of i.i.d. ran-
dom variables. Theorem 3 could be proved by an adaptation of the proof of [14, Corollary
6] (combined with Theorem 1, see Appendix B). We use here another approach enabling
the study of more general additive functionals. Recall that (&,,+s, )mez is the scenery
seen from the particle at time k.

Proposition 13 (Limit theorem for Birkhoff's ratios). Let f : ZZ x ZZ x Z — R be a
measurable function such that

Z IE[f(Xns1)nez, (En)nez: 0)]] < 0o

LEZ

Then

S (Xt 1) mezs (Emt 50 )mezs Zivm)
ML(O) n>0

converges almost surely to I(f) := Zéez Elf((Xn)nez, (&n)nez, £)]-
In particular, this combined with (3) ensures that

EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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(n 1 Z f m+k+1 meZ» (£m+Sk )m€Z7 Zk))

n>0

converges in distribution to I (f)ag L£1(0).

Our approach to prove Proposition 13 uses an ergodic point of view. Let us consider
the probability preserving dynamical system (2, T, 1) given by

QO =7"x7" T((@k)rez, Wk)kez) = (@ri1)kezs Whraoken), n=PF @ P2,

ie. T (x,y) = (ox,0%y), where we write o : ZZ — ZZ for the usual shift transformation

given by o ((zx)kez) = (2k+1)kez.
This system (2,7, ) is known to be ergodic (see [49, 30]). We set ®(x,y) := yo.
With these notations, Z; corresponds to the Birkhoff sum ZZ;S ® o T*. Consider the

Z-extension (ﬁ, T, 1) over (2, T, u) with step function ®. This system is given by
Q:=OXZ, 0=p®Ng,

where \z = ) ,., 0, is the counting measure on Z and with

T(a’;,y7£) = (T(x,y),f + yO) .
In particular

k—1

T* (($m+1)m€Z7 (ym)m€Z7 g) = ($m+k+1)mez7 (ym+:co+~~+xk_1)m€Z7£ + Z Yzo+- -+
j=0

Observe that V,,(0) corresponds to the Birkhoff sum ZZ;& ho o T*(x,y,0) with ho(z, y, £)
= ]10(6) and the sum studied in Proposition 13 corresponds to ZZ;& foT*(x,y,0), while

= [5 fdj.

Proposition 14. The system (ﬁ, T, 1) is recurrent ergodic.

Proof. Since (2,T, 1) is ergodic and since @ is integrable and p-centered, we know (by
[46, Corollary 3.9] combined with the Birkhoff ergodic theorem) that P(Z,, = 0i.0.) =1,
thus that (ﬁ, f, 1) is recurrent (i.e. conservative). Now let us prove that this system
is also ergodic. Let g : Q — (0,+00) be a positive p-integrable function such that
g(x,y,l) = go(¢) does not depend on (x,y) € 2 and with unit integral (g is a probability
density function with respect to z). By recurrence of (Q T , 1), we know that

ZgoTk (30)

p-almost everywhere. Let K € IN. Consider [ : O—>Ra p-integrable function constant
on the K-cylinders of the first coordinate, i.e. such that f(z,y,?) = fo((xm)|m|<x,¥Y,)
does not depend on (T )|k|>k-
Since (S~2, f, 1) is recurrent, the Hopf-Hurewicz’'s theorem (see e.g. [1, p. 56]) ensures
that N
Shea foT”
In|—+oc S go Tk

= Hs,g) = Egz [; f] B

EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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p-almost everywhere, where j is the o-algebra of T-invariant events. Thus, by L!(j1)-
density, the ergodicity of (2, T, i) will follow from the fact that H; ;) is zi-almost every-
where constant for every f as above (g can be fixed). Observe that, for k£ > K,

k—1
f © Tk(wa y7f) = f <0kw70’m0+m+mkly>€ + Z ywo-l-v---‘rIm)

m=0

k—1
= fO (kaa . ,mK+k,0wo+-.~+zk71y’£+ E yfbo+---+mm>

m=0

does not depend on (zj)k<_1. Analogously, for k& > K,
N k
foT  (x,yl)=f (U‘ka:,a_xl_"'_x"‘y,g - Z yw1m>
m=1

k
= fo <~T—K—k, STk, 0 Tyl — Z y—m_l—---—z_m>

m=1

does not depend on (xj)r>0. Of course gofk satisfies the same property. Thus, due to (30)
and (31), it follows that H(f, g)(x,y, ) does not depend on x. Thus, Hy g (x,y,{) =
H((?)g) (y, {) for fi-almost every (z, y, £) € Q.

By T-invariance of H(y ), given two distinct points x¢,z; € Z such that P(X; =
z0)P(X;1 = z() > 0, the following equality holds true almost everywhere

H((??g) (ya 6) = H((}),)g) (O-fﬁoy, 14 + yO) = H((})?g) (Ol{,y’ 14 + yO) )

where we write o for the usual shift on Z% given by o((yx)rez) = (Yxt1)rez. It follows
that, forevery ¢ € Z, H ((;))g)(.’ ) is o™ ~%o_invariant almost everywhere. By ergodicity of

o™~ we conclude that H, (f.0) (T, Y, L) = H}}g)(ﬁ) depends only on ¢ almost everywhere.

Since it is T-invariant, for every y, € Z such that P(¢, = yo) > 0, Hj(c)g)(f) = H}lg) (L +yo)-
Since the support of yy generates the group Z, we conclude that H ;) is p-almost

everywhere equal to a constant. O

Note that the system in infinite measure (S~2, T, 1) describes the evolution in time m of
(Xm+k+1)kez, (€s,,+k)ks Zm). In comparison, the system corresponding to ((X4k+1)ks
Sim) is also recurrent ergodic, but the analogous system corresponding to ((X,4x+1)%,
(&s,,+k)k, Sm) is recurrent (since P(S,, = 0 i.0.) = 1) not ergodic (since the sets of the
form {(z,y,¢) : (Yn—r)n € Ao} are invariant).

Proof of Proposition 13. Since ((~2, T, 1) is recurrent ergodic, the Hopf ergodic theorem
Sz JoT"

ensures that, for any f € L'(j1), the sequence (ﬁ) converges fi-almost
k=0 hooT" J >q

everywhere to Joldi _ g (f). Thus
fﬁ ho dp

(zz:é F(Xmht)mezs (Gnts)mezs Zism) _ Spcg FoT*

((Xm)m€Z7 (gm)mEZa 0))

n>0

converges almost surely to I(f), and we have proved the first part of the proposition. The
second part comes from the first part combined with (3) and the Slustky theorem. O
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Proof of Theorem 4. Proposition 13 states that (n—i S fo f’“) converges in distri-
n

bution, with respect to 1 ® dy < i, to [5 fdi o¢ 1£1(0). Thus, Theorem 4 follows from
Proposition 13 combined with [51, Theorem 1]. O

We end this section with an interpretation of a? in terms of the famous Green-Kubo
formula.

Remark 15. Assume the assumptions of Theorem 5. Consider the function f: R/

given by f(x,y,¢) := f(¢). Then a? can be rewritten

aﬁzz/ﬁffoﬁkldﬁ.

kEZ

4 Proof of the central limit theorem: proof of Theorem 5

We start by presenting the strategy of the proof of Theorem 5. We will write the
moment of order M of Z, =Y _, f(Z) as follows

n M M
y (Zf%)) = Y B[] 4] (32)
k=1 j=1

1<mi<--<mpy<n

where, for m = (my,--- ,m), ¢ is the number of (ry,--- ,7as) € {1,--- ,n}™ such that
ri,---,rap and mq,--- ,mys contain the same values with same multiplicities.

We will then decompose in blocks the product HJNL 1 f(Zm;) appearing in the right hand
side of (32) by gathering the Z,,’s that are close one to the others. We will then write

m

M s
E H f(Zm7) =E H <f(Zk7) H f(Zk_y‘-l-f_y“s)) (33)

j=1

with the indexes are chosen so the Z;, are far away one from the others and such
that the Zy, ¢, ,, - 7ij+€j,sj are close to Zj, (i.e. the {; , are small). Recalling that
> wcz f(a) = 0, a more convenient form for this expression is the following one:

m

M Sj
E|[[rz.)|= > (]I <f(aj) 11 f(bj,s)> P (Vj, s, Zx, = aj, Z,+1,, = bjs) -
Jj=1 s=1

aj,bj,SEZ j=1

These quantities will be studied in Proposition 16 below. It will be proved therein that
the dominating terms (33) of (32) are the terms made of pairs, that is corresponding to
the case m = M /2 and s; = --- = s, = 1 and that these terms behave as follows

E H (f(Zi;)) f(Zry40,))
j=1
= > (f(a)f(0;) P (Vi, Zi, = aj, Zi,e, — Z, = bj — ;)
a1, am,b1, e bm€Z \j=1
~P(Zy = =2k, =0) Y flag)f(b))P(Zy, =b; —a;).

aj,bj €Z

In this formula, two different behaviours occur depending on the scale: at large scale
there is a strong dependence between the Zj ., but, at small scale, the random variable
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Zk,+0; depends strongly on the closest Zy;, but (asymptotically) not on the other Zj,’s
(that are far away). In other words, asymptotically, the long-time dependence is fully
supported by the Zj,. Let us now state the key intermediate results. We recall that d
and « have been introduced in the beginning of Section 1.2.

Proposition 16 (Asymptotic behaviour of expectations appearing in the computation of
the moments of additive functional of RWRS). Assume the assumptions of Theorem 5. Let
M, m € IN* and m non negative integers si,--- , s, > 0 be such that M = Z;”Zl(sj +1).
Weset J:={j=1,---,m :s; =0}and k; =0if j ¢ J. Let n > 0. There exists L € (0,1)
such that for every 0 € (0, 1) the following holds true, as n varies, with the notations
n; := k; — k;_1, with the convention ky = 0.

First,

c~

> E H(f(Zkﬁk;)ﬁf(Zkﬁe“) = ((Hn 4) ) (34)

K,=0,.,d—1, ¥jeg  |i=1 s=1
uniformly over the k = (k1,--- , k) and £ = ({js)j=1,... mys=1,..,s; Such that n > k; >
kj—1 +n? (with convention kq := 0) and ¢; s € {0,--- , |[nL?]} with

& =0 > I+

T/ {1, m}y: #T'>2#T /2 \J€T'
Second, if s; = 1 for all j, then

m m

d™"E s
E Jl;[l (f(ij)f(ijHj)) = ﬁ H -Ak £ T @ nfL(MH)ej];[lnj 1,
uniformly on k, £ as above, with F} depending on k but not on £ and such that Ey =
o (H;" 1 n-_%) uniformly on k as above, and Ej, ~ n~ 5" I [det Dt_ﬁ t} (with ¢y < --- <
ty) as kj/n — t; and n — 4oco, with Dy, .., = ([ L, (x) Ly, (x) dx); j—1,... m Where L is
the local time of the brownian motion B, 11m1t of (S|t / f )+ as n goes to infinity, and

where .
Ao = > (f(a) II f(b)> P(Zy=b—a).
s=1

a€ka+dZ, beZ
Third, also with s; = 1 for all 7,

nﬁn/(l(]]%) m
Z Z o#{j:£;>0} HAkj+k;,€j — O_?m _'_0(1)’
R kil =0 01 Ly =0 j=1 '
s (ki/n, - km/n) — (1, ,tm) and n — +oo.

Proof. The proof of Proposition 16 is based on several technical lemmas. For reader’s
convenience, the most technical points are proved in Appendix A. Let M > 1, 6 € (0,1)
and n € (0,755). Choose L = ik, Assume n’ < n; < n and let {;, - ,¢;,, =

0" with 377 (14 s5) = M. We set Nj(y) :=#{s =0,--- ,n; =1 : Sk, , 15 =y},
N} :=sup, N and R} := #{y € Z : Nj(y) > 0}. Analogously, we set N; ,(y) = #{m =
0,---,ljs —1 : Sk,4m = y}. The terms appearing in left hand side of (34) can be

expressed thanks to the following quantity

By = H (f(ij) 1_][ f(Zk-jJrej,s)) => H (f(aj) 1_1 f(bj,s)> pre(a;b),

Jj=1 s=1 ab \j=1 s=1
(35)
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where Y, means the sum over (a,b) € ZM with a = (a1, ,a,) and b =
(bj,s)j=1,- ;m;s=1,--,s,» With the convention ag = 0 and

pk,l(avb) = ]P(VJ =1,-- "z ij = aj, Vs = ]-7 Ty 85, Zk'j“l’[j‘s = bj,S) .

Recall that Z, = > .7 & Na(y), with (§)yez a sequence of independent identically
distributed random variables, with common characteristic function ¢¢, and that the se-
quence (§,)yez is independent of the random walk (S5,),>0 and thus of (Ni(y),
N} s(y))js.y- A classical computation (detailed in Appendix A) ensures the following.

Lemma 17 (Finite dimensional distributions of the RWRS Z expressed in terms of integrals
of characteristic functions).

dm
Pke(a,b) = L, a,-ek,ia+dZ}W
« / efiZ;"':l[(aj*a.j—l)e.ﬁzzil(bj,s*aj)(’;‘s]@k’e(g’ 6')d(6.,6'),
[

— 2, Em [, 7| M —m

with 6 = (Qj)jzl,"' m and 01 = (6}78%217... smis=1,- 5 and

0r.0(0,6") Hcpg i(@ Ni(y Z(‘)’ Nj ( >

YEZ J=1

For any event E and any I C [—%, Z]™ x [—m, 7] ~™, we also set

ka,l(ev 9/5 E) =K ]lE H Pe Z (eij/(y) + Zel’,sNJ{,s(y))> )
s=1

YEZ j=1

dm
Pre(a, b, I, E) = 1{Vi,ai6kia+dZ}W

~ / i35 [(aj—a%l)@ﬁziilwm—aj>0;,sl<pk£(97 o', E)d(6,0'),
I

and

Brerz=>»_ ][] ( flaj) H f(bj,s)) pe(a,b,1,E).

ab \j=1

Let v < min(L#6, %) Let ¢ € (0, %’7) such that ¢’ < & — 20 L§. We consider the set

m m
Qp = {detDk > n=? Hn?} N ﬂ Q;j),
j=1

1=1
with
1
n?t’ IN!(y) — N/(2)]

Qg) = sSup ‘Sr+kj71 - Sk]’71| < : s Sup]—l <n;
r=0,- ,n; 3 y#z |y — Z|2

Sl
+
w2

and with Dy = (EyEZ Nl’(y)Nj’(y)) . The following lemma follows from [14] (see
: i,
appendix A for details).?

2The set Qg) in [14, Lemma 16] coming from [13, Lemma 6] is expressed in terms of the range but is
controlled with the infinite norm since the X;’s admit moment of any order.
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Lemma 18 (Reduction to a nice event). For any p > 1, P(Qg) = 1 — o(n"?), and so
Bk,l,[fg,g]M,Q; = O(Tl_p).

Note that, on Qy,

R; <ni o, (36)
1,2 1,.1n
Nj’f‘ = Zgg]\fj(y) < n;+2 ((nj)%JW)% < nj?+2 , (37)
2
Y ez Ni(z) n? 3_n
= Z(NJ/(Z))Q > ( EZR/ J ) > li > 'I’L; 2 , (38)
€7 ] n; v
/ *\2 3(1;77)
V; < Ry (N)” < n; . (39)
It will be useful to notice that
m
|0r,e(0,0" . B)| <E |15 [] |ee [ D 0N (») (40)
yeF Jj=1
with
F:={yeZ:v(js), Nj,(y) =0},
and that .
#Z\NF) <D > 4 < Mnt? = o(ni). (41)

j=1s=1
Using a straightforward adaptation of the proof of [13, Proposition 10], we prove (see
Appendix A) that

Lemma 19 (Reduction to a smaller domain of integration).

Bk,l,l,ﬁl’,ﬂk =0 (e*” ) ,
uniformly on k,£ as in Proposition 16, where I,(:) is the set of (0,6') € [-Z,Z]™ x
1
[—7, 7]~ such that there exists j = 1,--- ,m so that n; 2T <,

Lemma 20 (Reduction to an even smaller domain of integration).
m 5
_ —1tm
Bk,l,[,(f),ﬂk =0 H n; ’
j=1

uniformly on k, £ as in Proposition 16, where I,(f) is the set of (0,60') € [—%, ﬂm X
_1
[~m, 7]M~™ such that forall j = 1,--- ,m, ’ 2™ and there exists j' = 1,--- , M

0j| <mn
_1_
such that n_,> ™" < |0;/].
It remains to estimate the integral over I\°), the set of (6, 8') € -2, 2" x [~ m|M—m

—%—7]

such that forall j =1,--- ,m, |0;] < n;
Weset 7 :={j=1,---,m:s; =0} ={j(1),---,4(J)}.

Lemma 21 (Study of the integral with the above restrictions). Assume the assumptions
of Theorem 5. Let J' C J, then

Z Briw o1 00
k;:U,--- ,d—1, VjeJ’

m

=0\ (TI» > I

Jj=1 T"CT'U(T' +1): #T">#T /2 \F€T"

N
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uniformly on k, £ as in Proposition 16, and where we set k' = (k{,--- ,k/,) with k; =0 if
jgJT.
Moreover, if s; = 1 for all j (and 7' = 0), then,

a \" i
Bkhe’ll(f)’ﬂk = (\/%> Z Lvi, a;ekia+dzy B [(det Dy) 2194

ay,,am€Z

Hf(aJ)E [f (aJ + Zg )] +0O n—(M+1)LO Hn E] 7

j=1

uniformly on k, £ as above, with

>i>\(~

E {(detDk)’%]le} - ﬁ :

j=1
uniformly on k as above, and
E [(det Dy)"*lg, | ~ 0~ B [det D, 2, ]

as kj/n — t; and n — +o0.

We can now complete the proof of Proposition 16. The two first points of Proposi-
tion 16 come from the upper bounds provided by Lemmas 17, 18, 19, 20 and 21, with
Ep = E |(det Dk)_%]lgk}. It remains to prove the last point of Proposition 16. We
assume that s; = 1 for all j and that k;/n — t; and n — +o0. Observe that, since d
and « are coprime, for every a; € Z there is a unique &} € {0,---,d — 1} such that

€ (kj + k%)a + dZ. Thus

w6
n 10M

Z Z At >O}HAI< e,

ki, skl =04L1, =0 Jj=1
n ToRr
= Z o#{j:t;>0} Z Hfaﬂ (Ze, = b; — aj)
£, =0 a;,b;€Z j=1

Finally, due to the last point of Lemma 21 and to the next lemma, this quantity converges
to

Pt Hfaj P (Zy, = b; — a;) ,

£, €, >0 a;,b;€Z j=1

as k /n — 1 and n — +oo and the last point of Lemma 21 ensures that Fp ~
n- [detD 2 n} (with t; < --- <tp) as k;j/n — t; and n — +o0. O

Lemma 22 (Summability). Under the assumptions® of Theorem 5,

d—1
SIS H@fO)P(Zesia=b—a)| < oo

£>1 |0'=0a,beZ

30ur proof is valid in a more general context. The assumptions on f and S can be relaxed in Y-, |af(a)| <

00, Xaez fa) = 0, and [[Sn|| s = O(Vn).
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Proof. The proof of this lemma only uses estimates established in [13]. Since
>ap | f(a)f(b)] < co and using Lemma 17, we observe that

Z Z fla P(Zyyoa=0b—a)

=0a,bEZ

Z Z Z f(a)f(b)% - R HSDE (tNeaver (y)) | dt|, (42)

=0 a€Z b€a+(Ld+L")a+dZ a3 =y

with (N, (y))n,y the local time of (S, ), and using the fact that the random variables &;’s
take their values in o+ dZ. Moreover, due to [13, Propositions 8,9,10], with the notations
therein, there exists an event Q. (depending on k) such that P(£2;) = 1 — o(k=177) ([14,

o2 (tNg ()2

Lemma 16]) and such that |p¢ (tN(y))| <e”— 4 on Qj, when [t| < k%17, It comes
that

/[ e—itlb—a) g H e (tNparer (y))

a3
e

) ] yEZ
= ) e*it(b*a) E H pe (tNgd_l_g/ (y)) ]]'de o dt + 0(6717770)
t|<e= 3+ ’
< yEZ
- _ emitl-a) g H ©¢ (tNwa(y)) 1a,, | dt +o(¢~17m), (43)
PR ez

using also the fact that #{y € Z : Nyq(y) # Nea+e(y)} < d. Since « and d are coprime,
'+ dZ — l'a + dZ defines a bijection on Z/dZ. Thus, it follows from (42) and from (43)
that

Z Z fla P(Zpyi0a=0—a)

=0a,beZ

— i —it(b—a) __ —1—no
“l5s [ 1, X s@r) (e 1) E | TT e (4Nualw)) Ly, | dt] + o717

a,beZ YyEZ

<2 DY ba)E[

— 349
[t|<e™ 4 ab

2
aFt2Vyq

1 ]IQM} dt + o(£~17)
< CE m; Lo,,] +o(e™m),

with Vig := 35 c7(Nea(y))?,* since Y-, ey f(a) f(b) = 0, 3,z |af(a)] < oo and using the

1
change of variable v = tV,2. Now, due to (38), V,;'1q,, < £~ 3727 = O(¢~1=™) up to take
1o small enough, which ends the proof of the lemma. O

Theorem 5 follows directly from the following corollary of Proposition 16 and
[det D;%
1

Lemma 22, since E[N?V] = 2N)! and E[(£1(0 = fo I ’tN] dty - dtn

N12¥ (2m)%
(due to [14]).

40ne may observe that V4 corresponds to the unique entry of the matrix D (4qy with the notation Dy
introduced before Lemma 18.
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Corollary 23 (A rewritting of Theorem 5). Under the assumptions of Theorem 5,

2N+1
E ( f(Zk)) —o(n*¥)
2N

2N
= (2N)' 2 / 1
. z = E[detDyt | dy - diy +
(I;f( k)> N!2Nn (27‘(0’?)% [0,1]N {e t1, vtN} 1 N O(n

x>
L
i

and

2

2N
8

|

Proof. Since f is bounded, it is enough to prove the result for n = n’d. We start by
writing

n M M
£ (zﬂzk)) - Y wE|[[rz)] .
k=1 1<m1<--<my<n Jj=1

where c,,, is the number of (r1,--- ,7y) € {1,--- ,n} such that ry,--- ,rp; and my, - - -,
ms contain the same values with the same multiplicities.

Let 6y € (0, ﬁ) Given a sequence 1 < mj < --- < my; < n with convention mg = 0,
we consider p € {0,--- , M} such that nom;—m;_; (for j = 1,--- ,M)isin (nL"" 0 pLP0o],
Set § = LP0y. We write k1 = m; and, inductively, if k; = m,;), we set kj 1 = myj41)
for the smallest integer m, such that m, > k; + n’, s; = u(j + 1) — u(j) — 1 and then
s = Mu(j)+s = Mu(s)-

Thus each m = (my, - ,mp) with 1 < m; < ... < my; < n can be represented by at
least one

M M
koel)U U FoLotg.m,sn . s » (44)
p=0m=1 SjEOIJVI:Z;-nzl(l‘FSj)

with F, 9.m, s, 5., the set of M-uple (k, £) of nonnegative integers with k = (k;)j=1,... .m,
€= ({}s)j=1, mis=1,s; Such that, forall j = 1,--- ,m, k; > k;_ +n’ (with convention
ko = 0) and, forall j = 1,--- ,mand all s = 1,---,s;, 0 < {;; < n'? and, with this
representation,

M m Sj
EN[[f(Zm,)| =E H(f(zkj)Hf(Zkﬁéj,s)) : (45)

s=1

We first study separately the following sums

> > C(k,0) 12 H(f(zkj)l_][f(zkﬁej,s)) ,

(m,s)GGM (kwe)an,B,m,,sl,--- j=1 s=1

»Sm

with G the set of (m,s) withm € {1,--- ,M} and s = (s1,--- , Smm) With s; > 0 for all
j=1,---,mand such that M = 377" | (s; + 1), and With c(xe) = C(hy - k. (ks +£;.);.)-
Let us fix for the moment (m, s) € G,;. With the notation (35), we wish to study

m Sj
> E|]] (f(ij) 11 f(Zkﬁej,s)) = > Bre. (46)
(kve)EFn,e,‘m,sl,---,sm j=1 s=1 (k,l)EFn,e,m,Sl,...,Sm
Recall 7 :={j =1,---,m : s; = 0}. We say that (k,£) and (k’,£') belong to the same
block if
vreJ, k. =k. VjeJ, |k;/d] = \_k;/dJ, L=10.
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A block is an equivalence class for this equivalence relation. We write Fy , . . for
the set of (k,£) such that their block is contained in F, g s, ... 5., - We will see that the
contribution of the sum over F, g m.s;, s, \ I 6.m.s, ... s, 1S D€Gligeable in (46). Indeed,

observe that if (k,£) € Fy0.m.s1, - sm \ 'y 6.m.s,.-- s, then at least one of the following
conditions holds true

(a) ij/djd*kj_l < TLG < (Lk]/dJ +1)d*1*k’j_1 lfj*l gj (or ij/def(Lk'J_l/dJ +
)d—d<n® <(lkj/d] +1)d—1— |kj_1/d|difj—1€ T)
(b) m € J and d|ky,/d| + maxs lp, s < n < d(|k;/d] + 1) + max, £y, o

Let us fix 7" C J. Due to the first point of Lemma 21, the contribution to (46) of blocks
having a type (a) or (b) problem at indices 7" is in

e

> o \IIw > I

(ki) gzt T'C{l, m}: # T >#(T\T")/25€T’
n m 3 1
_ LM6 -7 -1+
=0|n > |1 > I~
(nj)jggmn=nf \J=l1 T'C{l,- m}: # T 2#(T\T")/25€T"

Analogously (up to taking J" = (), it follows from (34) that

>, Bk,e)

,0,m,81, 0 ,8m

ofwe 3 (1) SRR | Era
J'Cq{1,-

ni, - Mm=nd \i=1 omYy #T'>(#T)/25€T’!

(k,£)EF),

The above quantity is in

o | nEre Z Z (an—i> H n;%—n
T #T ZH#(T) /2, nm=nf \i=1 reJ!
_0 Z P LMO+%(m—[#(7)/21)= (3 —n)o[#(T)/2]
T #T 2 #(T)/2
_0 (nLJ\le-i-%(m—[#J/Q])—%f#~7/21+9J’Y) ,

where we used the fact that )" r~1 = O (ni) and that ) -, i =0 (n_%).

Observe moreover that M = Z;”Zl(sj +1)>2(m—#J)+#J = 2m — #J, with equality
if and only if s; € {0,1} forall j = 1,--- ,m. It follows that

> E ] (f(ij) f[f(zkj%,,;))

(k£)EFn 6,m,s1, sm j=1 s=1

O (o [ o))

In particular this is in o(n¥ ) as soon as M > 2m — #J or J # 0.
This ends the proof of the first point of Corollary 23 (since, when M is odd, we cannot
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have M = 2m — #J and J = 0)) and ensures that, for M even,
n M
n"FE <Z f(Zk>>
k=1
M "
=n"s Z Clk0) B H F(Zk;14;))
. j=1

(k,£)€UNLo Fn,Lrog,a/2,1,

Assume from now on that 6 = 6, and that M is even, J = 0 and M = 2m, which means
that s; = 1 for every j = 1,--- ,m and let us estimate the following quantity

Eno = Z C(k,0) B H f(Ziy4e,.))
(k8)EFy, 9,01/2,1,.- 1 Jj=1

Note that, when (k,€) € F, g r1/2.1,...,1, then ¢ ¢) = 2#527% Using this and applying
Proposition 16 combined with the dominated convergence theorem, we obtain that

—_m
n 4Cn M0

Lo

2m)! _m < . "
- G > S o0 | ] F(20)f(Zeys0,)
OSkl<-~<km§n:k,;+1—ki>ng Ly, Ly =0 j=1
' m
- > e

0<k; <~~~<km,§7z/d:k1;+1 —k;>nf

X Z Z 2#Uts>0l g Hf(dej+k;)f(dej+k;+ej) +o(1)

K =001, L =0 Jj=1
m 2m
o) o [det Dy: |
- ! m) / o] gyt + o(1).
2" Jo<ti<o<tm<1/d (2mog) 2

Indeed, we transform the first sum in an integral by making the change of variable
k; = [nt;] and, for the domination, it follows from the second point of Proposition 16
that there exists C such that, for every 0 =t < t; < --- < t,, < 1/d and every positive
integer n such that

,;;

m m
_3
Livj=t1,m, [nt;o1]—nt;1>n0} B H (Zarnt; 1+, f (Zarne )45 425) H 41— tj)

Therefore we have proved that

_1
(2m) 03" [det Dy, 2.

lim n 2&, yg = /
) M, o
n—+oo 2m 0<51 < <8y <1 (27T0‘E)

- m] dsy---ds,,

(Qm)'af 1
- —7/ E [detDsl‘f.,.,sm} dsy - dsm
m'2m(27f—0’f) 2 [0,1)m

It remains now to prove that we can neglect the contribution of the (k,£) €
Ugil Fo roo,m/2,1,-1 \ Frooo,m/2,1,..1. Fix some p = 1,--- M. It follows from (34)
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that
m
’Il_% Z C(kyg)E H Zk L5, 1))
(k€)EF,, Lrog,m/2,1,--,1\Fn 09, M/2,1,- 1 Jj=1
n o\ % 3
o\t Y (II75“> S im0
n1,"-,nm_1:an90 N =1
=0 (nf%r%o“"m“e") =o(1). O

The last part of Theorem 5 corresponds to the particular case f = §g — d,. In this case

0']2c = 0'37(1 = Z [QIP(Z“C‘ = 0) - IP(Z“C‘ = a) - IP(Z‘M = —a)} .
keZ

A Proofs of technical lemmas for Theorem 5

Recall the context. Let M > 1, 0 € (0,1), n € (0,155). L = 1% Recall that
= k; — k;j_1 (with convention ky = 0). Assume n’ <n; <nandletly, - b, =
anj with 377% (14 s5) = M.

Proof of Lemma 17. We start by writing
1 ST ((gs—as . %3 C—a.)o
pk,l(aa b) = W/ ]]W e Z]:l[( J ]71)91“1’25:1(171,5 J)G_],s]sok’e(a’ 0/) d(@, 0/) .

But, due to the definition of d, for any u,v € Z, p¢(u + 22) = (¢ (2F))? ¢ (u) and so, for
any u € RM and v € ZM,

wke(uﬂLfv E|]] e Z

2mv; i 2MV; ¢
(w4 2 ) Wy + 3 (e + ;)Mgﬂ

YeEZ Jj=1 s=1
o1 Z] 1[”1N (Zl)‘f'zg L v, N f <] m ) S /
=11 <<p5 (d)) e | D [N () + D uys N ()
YEZ j=1 s=1
I ST [vims+ 320l £svs.s)
= | ¥¢ j @k,g(u).
and so

d—1
1
pk,i(aab) = /[ Z e ZJ (aj—aj_1)

I x [, m]M—m =0

™oy
2 j=1Timj
(wg (;)) 01.0(0,60)d(0,0) .

Moreover, for any a € Z, then 37—} e~ @ (p¢ (25))"" = 0 except if e~ *&* (¢ (21))" =
1 (i.e. if vae—a € dZ) and then this sum is equal to d. This ends the proof of Lemma 17. O

M)+ (bj,e—a)6)

alx
ald

Proof of Lemma 18. Due to [14, Lemma 16], ]P(Qg)) = 1—o(n;") for any p > 1 and

so, since n; > nf, it follows that for all p > 1, IP(chj)) = 1— o(n~P?). Moreover, since
9" €(0,%), due to [14, Lemma 21],

Vp>1, P (detDk <n? Hn?) =o(n7?),

=1

uniformly on k as above. O
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Proof of Lemma 19. Recall that F = {y € Z : ¥(j,s), Nj,(y) = 0}. Due to (40), Lemma
19 follows from the following estimate

Je > 0, / J1y E H Pe ZGJNJ/(y) 1g,| dd=o0 (e_nc) ’ 47)
{3imn, ? <101} j=1

yeF

uniformly on k, £ as in Proposition 16. To this end, we follow and slightly adapt the proof
of [13, Proposition 10] as explained below. Observe that, up to conditioning with respect
to (Sk4+1 — Sk)ke{kj,l,m .k;,—1}, this will be a consequence of

E | IT lve (ut6N] ()| 10, | 8 =0 (e),

Vi=1,---,m, YueR, /7l+n
nj2 <|9‘<% yeF

(48)
uniformly on k;, /; , as above. Recall that #(Z \ F) < 327" 3707, £ < Mn?. As in [13,
after Lemma 16], we observe that, for n large enough,

0'2 1 2 )
I eetu+ NG ()] < exp <—4§”2+4V# {y d <u+0Nj(y)7;Z) > n4+2v}> ’

yeF

(49)
and that 07
0 —142 u .f
d<u+9N]’v(y),d)2n 1T — ngNj’v(y)GI.f Ulk., (50)
keZ
where, for all k£ € 7Z,
2km  mTAt (k4w mTat2
I, = | — + , —
df 0 db 0

In particular R\ Z = (J, .4, Jx, where for all k € Z,

J 2kr  nTITXY 2kr  poit2y
e A

Let N1 be two positive integers such that P(X; = N, )P(X; = —N_) > 0. Let C* =
(CEVh=1,.. 7 € ZT with T = N, + N_and C;” = Ny for k < N_ and C; = —N_ otherwise,
and symetrically and C,, = —N_ for k < N, and C;, = N, otherwise. It has been proved
in [13] (see Lemma 15 therein combined with the estimate P(D,,) = 1—o(e~") in Section
2.8 therein) that, for n large enough,

P(Qr \ &) =o(e™ ™), (51)

with 1oy 1oy
&= {#{y €Z : Cj(y)>n; "'} 23N N_n? } )
and where, for any y € Z,
N
Cily) == #{k =0,..., {%J -1 : Sk, 4k — Sk;_, =y and

(Xby ks Xie, 4 (k1) T—1) = Ci} :
Now, on &;, we define Y; fori =1,..., {nj%_%J, by

. %727
lezmm{yEZ:Cj(y)znj },
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and
1_
Y;i1 := min {y >Yi+3N_-N; : Cj(y) =n;? 27} fori>1.
1_ . .
Forevery ¢, =1,..., {n; 2ﬂYJ, let t] = ml(-])T be the j-th time of the form mT when a
peak of the form C* is based on the site ;. We also define N]Q(Yi + N4 N_) as the number
of visits of (Sk,_,+x — Sk,_,)rk>0 before time n; to ¥; + Ny N_, which do not occur during

1_
the time intervals [t;‘, t¥ 4+ T, for u < {n; ZWJ, We proved in [13, Lemma 16] that, for
any H >0,

u u
]P(§+N;()Q+N+N_) €&, N]Q(YiJrN+N_):H) :]P(H+5+bj ez) ,

3727 .1
J ’ 2
proved in [13, Lemmas 17 and 18] (see in particular the last formula in the proof of
Lemma 17) that

where b; is a random variable with binomial distribution B Qn ) and finally we

VH'€eR, P(H +b,€I)>

Wl =

Thus, conditionally to (Sky1 — Sk)kg{k, s, k;—1}, € and (NP(Y; + Ny N_),i > 1), the
events {§ + N;(Y; + NyN_) € T}, i > 1, are independent of each other, and all happen
with probability at least 1/3. We conclude that

P|&n #{2 : %+N;(E+N+N,)ez}g

= o(e™"9), (52)

where B; has binomial distribution B Q n QWJ ; é)

1_
Butif #{y € Z : Nj(y) €I} >n} 27/4, then, by (49) and (50) there exists a constant
"’ > 0, such that, for any n large enough,

[T le(u+ 6N} ()] < exp (—c"n} 0y 5517
yeF

1_
since #(Z\ F) < n} 27/4. This, combined with (51) and (52), ends the proof of (48) and
so of Lemma 19. O

Proof of Lemma 20. We have to estimate B uniformly on k, £ as in Proposi-

k2,17 0
tion 16, where I\” = Vj, x [, 7] ~™ and where V is the set of 8 € R™ such that for
allj=1,-- 2+" and such that there exists some j, = 1,--- , m satisfying

_1_
ng? < |9jo|- Let ep > 0 be such that

Yu € [—60760}7 |<p§(u)| < G_ET . (53)
We define the events Hy, = Qx N {Vy € Z, | 37", 0;Nj(y)| < e0/2} and

/. / @ 570 1
H;, = yeZ: ZGN 6[4,2} > ni
Due to [14, Lemma 21 and last formula of p. 2446],
m 3
3¢ >0, P(U\HeUH)=0(]]n; "] .
j=1
EJP 26 (2021), paper 128. https://www.imstat.org/ejp
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uniformly on k as above and uniformly on 6 € Vj. Thus,

B (54)

k0,1 o\ (HpUHL) — o H n; ;

where we used the fact that ka do < H;”:l n;§+77. Moreover, for n large enough, it
follows from the definition of H}, from (41) and (53) that

0252’71/%
_Zgsort
By o1® quam, = © / H be ZGN Loynmy, | dO | <e 5. (55)
Vi yeF
Finally, it remains to estimate B, £1P 0.nH, . To this end we write
[ BT e | 0N || v | a8
Ve o |yer j=1
52
< / E [ef zyef(z;"lejzv;<y>)2]151k] 10
Vi
moa) [ cE e (S i)
g/ Hnj4 E|e * Tvei\77=t77 1o, | d6”
© \j=1
m _% ~ 1 _02‘1,'2
<{II»*|E /~ . (detDj)"ze”—7 g, dv| , (56)
j=1 (D)2 vy

3 ~
with the successive changes of variable 0] = n}0; and v = (D;,)= 8", with

~ 3
Dy, = | (nin)=% 3" Ni(y)Ni( and V' = Diag(n*)Vi .
g irj
1
Note that V' is the set of (67, --- ,6;,) such that [0]| < n] ™ and such that there exists
jo=1,---,m such that |07 | > n4 -,

Let us prove that, in the above formula, we can approximate the determinant of lND’
by the one of Dy, := ((n,;nj)*% > yez Ni(W)N;(y )) . To this end, writing X,, for the set
(2y]

of permutations of the set {1,--- ,m} and (o) for the signature of o € ¥,,,, we observe
that, on Qp,

’det D}, — det 5k’

m m

= (IIn % )| X 0T X NiwNgg, )
j=1 TESm j=1 \yeF
S SIEIREN [ PIRHOIAND
OCEX ., Jj=1 YEZ
m m
<(TIn ) 223 3 Mg IT |2 M Nog) )
j=1 0EL, J=1 2€Z\F j'#j \YEZ
m 3 m
<(TIn 7| X S #@ mn, ngg) T Vivew
j=1 oED, j=1 J'#5
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where we used the Cauchy-Schwarz inequality together with the notations and estimates
given after Lemma 18. Using (39) and (41), it follows that, on (g,

m

3 1427 142y 3042y) 301427)
detD,c detDk‘<< Hn 2 LGZn O Hn, onggn
j=1 J'#3
1 / n—(M—-1)L6 -
< inmfyf%qLLO < n-0—(M-1)Lo < fdet Dy,

since ¢ < g —2MLO < % — my — MLO and where we used the fact that det Dy =

det Dy, HJ 1y -3 together with the definition of ;. Therefore, on §, det l~?§c > % det IN)k.
Thus, due to (56),

/ E T e [ S 0:50) || 10y, | 6
Ve =1

yeF

<0 E

H::]

~ . o2lv|?
/ . (det Dy)"z1q,e” S dv
(D)2 vy

~ . 2lv1?
(det Dg)~ 1, /~ e dv] . (57)
(D) by

=0

|::]S
Q|
N[N

By definition of V}/, for any v € (D},)3 V!, |v]2 > (X;,) 2n(i~?, where X, is the smallest
eigenvalue of D’ Since all the eigenvalues of D’ are nonnegative (Dk being symmetric
and nonnegatlve) it follows that all the elgenvalues of D’ are smaller than tmce(D’ ) <
S Vi < mn3 (on Q). Thus, on Q,

j=1 n?
) det(D})z n(%_n)g_%_w
(Np)2n(i—m0 > Wg’;?ﬂ_ln(i_n)a > - - .
since 716, %, and w are all strictly smaller . Hence
~ 202
(det D) 21g, /N 1 il dv]
(D;C)EV”

~ 2|v?

<E {(det Dk)*%]lgk] / . S dv=0 (n7?),
\'v\2>nﬁ

for any p > 0. This combined with (54), (55) and (57) ends the proof of tlle lemma. It will

be worthwhile to note that the previous estimate also holds true when A, is replaced by

the smallest eigenvalue Xk of 5k O

Before proving Lemma 21, we state a useful coupling lemma allowing us to replace
det Dy, by a copy independent of (N} ); s.
Up to enlarging the probability space if necessary, we consider X’ = (X} )x>1 an inde-
pendent copy of the increments X = (X} )x>0 of the random walk S. We then define the
random walk S as follows: S;, = > | X/ with X}/ = X}, if k;_y +¢;_1 < k < k; and
Xy =X} ifk; <k <kj+4;, with {; := maxs—1,... 5, {;s. We define Oy, N} and Dy, for the
space as we have defined Q, N}, Di (up to replacing S by 5”).
Lemma 24 (Replacing a part of the RW by an independent copy). There exists ), C
QN QY such that

Vp >0, P((QNQ)\Q) =007 (59)
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and such that, on Q},

‘(det Dy)"7 — (det DY) 2| < —§L0(det D,;% + (det D})™ %)

Moreover

E H(dewk)*% ~ (det D)%

] < 777L0Hn*% (60)
Jj=1
Proof of Lemma 24. Observe that
hy = Si, = Sk, = ) (SLJ,HJ, = Sy = (Skyrey — Sk,.,))
J'<j
and, on Qg N QY,

i+3

[N} (2) = N (2)] = N} (2) = Nj(z + hy)| < i 2 |yl 2,

forall z € Z\ U2} 7 {S,0, I .

We will prove that det Dy, is close enough to det D}, = det ((Zyez N/ (y )NJ'-’(y)) 4 ) Due
3
to the Markov inequality,

P
2

L o
>0, P(IS|>h) <0 (2] =0(nr),

where we set h = nY' T 3087 > n“’lﬁjé. Thus we set
D =N n{Vi=1,---,m, |hj| <h}

and we observe that P (2, N QL) \ Q) = O(n~?) for all p > 0. Moreover, on €},

KkOn

INj(z) = N/ (2)] < 2¢; —|—n4+2h2 <3n4+W Tt

R

Moreover
V= SN W) < (NG ) 26 < T
YyEZ YEZ

This allows us to observe that, on Q;Q,

|det Dy, — det Dj|
— / / x(o " "
S DIXEIRER § § DIRTIOICANEN R SRSICEh | | DIRA AN
o€, J=1 \y€eZ S Jj=1 \y€ezZ
<> ZZ |7 (2) N3 5 (2) = N (NG (2)|
oc€EYX, =1 2€Z
x [T max | Y NG )NGy (). D NJ ()N ) (v)
J'#j YEZ yEZ
o eon m 1L 1
<gnF i NN [VZ B (Vi) ng T } [ ] max (V Vo), V"V"m)z
oY, j=1 J'#J
+ | kén m 343 o1y L Nt
< 3n7 T0M ) H n’ Wan 17 ¢ H n’ an sp Lo
i=1 i=1 i=1 =1
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since L +3my — ¢ + 2 < —¢ — L6, and so, on (2},

‘(det Di)~¥ — (det D})~¥| < n=8L0(det D * + (det D}/)~3) .

We conclude thanks to [14, Lemma 21] which ensures that I |(det Dg)~21q,| =
_9
o (H;’;l n; ! ) O

The proof of Lemma 21 will also use the following result. Recall that we set 7 = {j =

1,---,m :s; =0} and that J' is a subset contained in J.

Lemma 25 (An estimate using the “centering” assumption). Under the assumptions of
Lemma 21,

35 B = [ B (10, (6,0)G(6,0)] d(6,0'),

(3)
Rtk OL 0 T (2mM [
K,=0,,d—1, VjET' k

with k' € Z™ such that k} = 0 for all j ¢ J’, with

co.n=111 > 3 T (ﬁf(%,ﬁ) R
v=1

JET" \a;€ak;+dZb; s, bj ;€L

m

< ] e Z(ezv' 29’ N} ( ) ,

YEZ\S' j=1

with &’ = UJEJ’ 3/ SJ/ = {Skj,--- 7Skj+d_l}' so that {Skj, S 7Sk:j+d—1} and with F
satisfying

Feo,0)=0 > II 1+105+1D1n, ,.5) ] -

J//Cj/jejl j//
uniformly on k, £ and on Q, with B; = {S; N U, c 7 ;3 Sjr # 0}
IfY .z f(b+ad) = 0forallb € Z (true if d = 1), then F(0, 0’) =0 (Hjej,(wj\ + |9j+1|)>

(with convention 6,, 1 = 0).

Proof. We start by writing

dm ! ! /
Z 4 By w L1 = @m)M /1(3) E [1o,F(0,0')G(6,6')] d(6,6),
k;=0,-,d—1, VjeJ’ k

where we set

F(0,0) = Z H Z (f(aj)efiaj(%*%ﬂ))

K,=0,,d—1,Yj€T’ jET' \aj€(k;+k})a+dZ
< ]I e (Z (Wv:.,k/ () + Ze;,szv;,sw)))) ,
yes’ r=1 s=1
with B
;,k’(y) = #{u: kT—l +k;~—1v"' ak7'+k; -1: Su = y}
If Y cutaz f(a) =0 for all u € Z, the proof of Lemma 25 ends by noticing that

Z (f(aj)efiaj(ej*0j+1)) — Z (f((lj) (efia_,»(ejfejﬂ) . 1)) ’

a; €(k;+k})a+dZ a;j€(kj+k})atdz
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which is in O (|0;] + [0;11]) since }_ ., |af(a)] < co. Since we just assume here that
> wcz f(a) =0, we need a more delicate approach. We rewrite I as follows

F(6,0") = > I1 = k(05 = 0j41) | T(K)
k=0, ,d—1,Vj€T’ \j€T’
with
Hj e (0) := > (fa)e"?)
ajE(kJ—i-kj’v)a—i-dZ
= I e (Z (ﬂﬁék/(y) + Z%,ﬁl,s(?/))» :
yeSs’ r=1 s=1

recalling that J\NZ; o) = #u=Fk_1+k._y,-- k-+Fk —1: 8, =y} Note that
N;k,( ) = N/(y) except maybe if r € J'andy € Sl orifr—1¢€ J andy € S/_,. We
order the elements of 7’ as follows: ji < --- < j/, and write

F(07 9/) = FO(Oa 0/) + F1(97 9/)

with
d—1 d—1
Fi(0,6)= Y HJ;,k/ (0) 11 Hjp (05— 0j41) | U(K)
k=0 oy =0 \jeT\{j}}
1 J!
and
FO(aa 0/)
d—1 d—1
= Z (H Lk (0]{ - 9j{+1) - Hji.,k.;, (0)> Z H Hj,k; (QJ - 9j+1) \I/(k/)
kyy =0 b ke =0 \GeT ()

Note that H} W, (0, — 0j:11) — Hyy g, (0) is in O(|0;1] + (07 41]). Since Y,y f(a) =0, I
satisfies '

d—1
ZHa;,k' > I Hin (65 —0500) | Ay 0(K)
kjéwwkyj,:o J€T\Gi}

with Aj¢(k') = ¢(k') — ¢(k}), where k) € IN™ is such that (k}); = kj for i # j, and
(K}); = 0. Indeed

d—1 d—1
> (W) = Ay (k) Hy o, (0) = W(kj,) > H
k7 =0 kjr =0

d—1

= W(k;,) Y >, flay)=0.
k:ji =0 aj/l e(kji -f—k}ji )a+dZ

Proceding iteratively on 7/, we obtain

FO,0)= Y Fue, (6.0, (61)

€1, ,e;€{0,1}
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with
Fepoe, (0, 0')

= II (Hj{,k;i(ajiaj{—k) Hj, '1(0)> H AL ALK,

j’:e;=0 ;=1

with convention A}, = Id. The first part will be easily dominated by O ( [, —o(05] +
|65/ 41 |)> . Let us study the second part of the formula exploiting the fact that ), f(a) =

0. The difficulty here is that kK’ appears both in H. ;. (0)) and in A..U(k'). The
7> J

value of (e1,--- ,€y) being fixed, we consider the set 7" of the j' € J' such that ¢;; = 1.
Observe that, if S}, N S} = (0, then

Jre;j=1

Ay AU(K) = (A5 Wsns (k) (850, (k)
with
Us, (k') = [] e (Z <erﬁ;k, +Ze’ N/ ( )) ,
yeS, =1 /

and where we set E; for the vector of Z™ with j-th coordinate equal to k’ all the other
coordinates being null. Let Jj' be the set of j € J” such that S N J
Then

J”EJ”\{]} // — @-

> [T Hiw0) ) A5 A5 O(R)

kj=0,--,d—1, VjeJ} \jeJy
~/ ’
JETY k_/—o

with k'7, € IN™ such that (k}); = &/ for i ¢ Jy/, the other coordinates being null, the
notation A 7.\ 7 standing for the composition of all the operators A; for j € J"\ Jy'.
We conclude by using (61) and by noticing that

11 (Hj',k;,(ej'—9j'+1)—Hj',k;,(0)> =o( JI 6rl+1055aD ] .

jIEJ’\J” j/ej/\J//
I (S 0 )89, (k) | =0 TT (651 + 1041
]ej(;/ k/_o Jlejo//
and that
jeI"\Tg = Ssn |J S)#0. O
3'eI"\{5}

The following lemma will be useful to estimate the term F' appearing in Lemma 25. It
is not needed when ), f(b+ad) = 0 for all b € Z.

Lemma 26. For any J’' C J,

P Qkﬂmlgj =0 Z anYH(k/’j_kji)_ ’

JjET! J”CJ’\{minJ’}, #J//Z#j//Q jeT!

Nl

where k; = max{ks < k;, s € J'} and with the notation B; introduced in Lemma 25.
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Proof. It is enough to study

P& n ﬂ {Skj+7"j = S’“m(a‘)‘*‘sj}
jeJ’

for any m(j) € J'\ {j}. rj,s; € {0,--- ,d — 1}. This probability is dominated by

P (Qn{VjeJ' Sk, — [ <n"}) +o(n™),

m(J)

for all p,v > 0. We partition the set 7' by the equivalence relation generated by the
relation j ~ m(j). We write R(j) for the class of j and R for the set of these equivalence
classes. Observe that the number of equivalent classes is at most |#.7'/2|. We order the
set J'in ji < --- < j%. We wish to estimate

Z P (Qka Vi = 17 e 7J/ - 1? Sk’j{ _kj/_ = AR(J;+1) - AR(J;/) + O(nv)> ’
A,m eR i+1 i

where the sum is over (A,),cr € Z* such that Ag() =0, ARt ) — Argy = Ok, —

kjg)%Jr%). Due to the local limit theorem and the independence of the increments of .S,
the above probability is in

S TLw (0t k)

Ap, TeR i=1

Now let us control the cardinal of the admissible (A4,, » € R). To this end, consider the
set J’ of the smallest representants of R. Then the above quantity is smaller than

n? O T (k= k)72 O
JETN\T

Proof of Lemma 21. All the estimates below are uniformly in k. For the first estimate,
we have to estimate the following integral

/vj,|9,-|<n,.‘5‘” 11 D, flaperttmn G)H Z (f jus)e i “”QN)

JE€T’ \ajcak;+dZ s=1bj,
x B |10,F(0,0") J[ 2, d6, (62)
YEZ\S’
where we set
Ay = e | Y (@-N’ +Za’ N} ( )
j=1

Let us study

Ere0.0):= [[ 2 [ %

YyEZ\S' YyeEZ\S'
with
2
0? m m 5
By =exp |~ | D OGN | e [ DD 05N (W)
j=1 j=1s=1
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_1_
But, on Qf, we have |6;| < n; "forall j=1,---,m, and so

m
on

m m
_n
Yy € Z, ZﬁjN]{(y) < Z 0;|N; < an > <mn” 2 <ego,
— =

j=1
as soon as n is large enough (uniformly on n; € [n%, n]). Thus |E.(6,0')| is dominated
by
o2 R
Z |2, — B, e+ S eervsiugun (271 055 (2)
YEZ

for n large enough. Now, on 2, according to (41),

m

wer y (Sone) =3 (Sonen) s

zeF\(S'U{y}) \J=1 2'€Z \j=1

It follows that

2 m
‘Ek e(@ o’ )| < (A+ B exp —I& Z ZGJN]/(Z/) -0 (’/7,7 10677) , (63)
z' €L
with

A= Y e [Somw) | - FERN0) | < TS )| on 6

yeEF\S’ Jj=1 yeZ |j=1

where we used the fact that

aZlul?
Wﬁ(u) — €xp T

since ¢ admits a moment of order 2 + x and there exists Cy > 0 such that

< |ul*™* forallueR,

Bi= > |pe i(GN’ +Za’ N o ( )
YyEZ\F Jj=1
L N S S
Jj=1s=1
SC() Z zm:ngJ/ <C()ZZ€j sh 67" = (nlgx{_%}) :O(TL—%’) s (65)
YEZ\F |j=1 j=1s=1

11/2 . . . . .
since ¢¢ and u +— e~ 2 are Lipschitz continuous. Recall that it has been proved in [14,
Lemma 21] that

m _3
E |detDk\_%1Qk} =0 (]~ *|. (66)
uniformly on k.
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Combining Lemmas 25 and 26 with (63), (64), (65), (66) and using the change of
variable v = (Dj)%6 with Dy, = (Zyez N (y)NJ'-(y)) it follows that there exists Cy > 0
2,7
such that

/H<  E[|F(0,0)Ee(60,6))|10,] d(6.0)
7, n;

§|v|2

<G [ (nF B+ 0w ®)) e aw
SOOI (" +n ") B[l det DilFayen, )]

JoCT' jeT'"\Jo

N

m
_ oy -
n 4 H’I’l] @kg(j/) 9
j=1
with
Cr(T")
_1_ _1_ o’ —\— L1
=> I ("1‘2 n+”j+21n) > n/E T k= k)
J"CT jeT\T" JoCT"\{min T}, #To>#T" /2 Jj€Jo

=0 > [T

T"CT'U(T'+1) : #T">#T'/2 \GJET"
where kj_ = max{ks; < k;, s € J"”}. Combining this last estimate with (62) and Lem-
mas 25 and 26,

Z Bk+k’,£71,(f),ﬂk
k}:O,w ,d—1, VjeT’
d’m
= | . E|I I b)1 de’
L > (VigJ", aschiatdZ} /[_F,W]M_m [[1(a) Ix(a, b)1q,]

(ai)jggr>(bjs)is

- ﬁ e , (67)

(72 ’
Il(a) ::/ . H e*iz_;-n:(aj*aj—l)ej ‘F(070/)677s Eyez\s/(zj’zl Oij(y))2 4o
Vi, 0;]<n 7

=0 / . F(0,8)e 7 (Suen(Cin 0N, ) - MdnT") g
v4,10;|<n; 2"

_1 ‘”'2
=0 (det D, ? sup F(0,0’)/ e d'u) : (68)
GEVk m

1
with the change of variable v = D/ 0 and

Ia,b) = | T (f(aj)Hf(bj,s)e‘iZﬂ'ys(b""“‘a“93~5> IT e | D _(05.N (v)
s=1

JgET’ YEZ\S' J»s

o[ 1] (f(aj)l_][f(bj,s)) . (©9)
s=1

JgT’
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Since Zan |f(a)] < oo, it follows from (66), (67), (68) and (69) that

_3
1

_ /
Z By 1™ 0 = O (T H”J’
j=1

ki=0, ,d—1, VjeT'

This ends the proof of the first point of Lemma 21.
Assume now that s; = 1 forall j =1,--- ,m (in particular J = (). Then

2
. ¢ m . 2
]1(a):/ . e~ i it (a5—a;-1)0; o= Lyenms (721 6, N;))° 49
— 5
Vi, 10;1<n; 27"

NI

m 4 _3 o2 _3
— - m 4 PP 7€ m 1" 1 ’ 2
— IInJ / . 6*12_7:1".7 (a; ‘7‘]*1)9]‘6 7 2yez (30721 05, * Ni(y)) do”
. I-n
- V3,104 |<n
Jj=1 Vg 1 =10

1,2 ~ 1 BT (ay—a; 1)), o2vI3
= Hnj 1 /~l (det Dy)~2e P = (1 *(a5=05-0)50) o= =57 gy |
j=1 Dy Uk
1_
where Uy, is the set of 8” = (6/,--- ,6,,) such that || < n! " forall j = 1,--- ,m and

with Dy, = ((nmj)f% ez Ng(y)N;(y)) . Moreover
2,7
12(0’7 b)

= 2m)>= 7 [ TT (@) fos0)) | P Vi, D Nja(w)éy = bja —aj| (Nf1);
j=1

J YyEZ\S'

= @0 | [T @) B F | a5+ DN | Mayrs, o v, w1 =b,03 | (N2
j=1 yeZ

Thus, it follows that, uniformly in k and on Q,

dm d m m
Ii(a) Iz(a,b) = | — f(ay)
gD () (11

b1,1, ,bm 1€EZ

~_1 _3 02 w2
(det D)% ( / ¢ iD (0 @ —a 1)) o= 5 gy 4 o(n”))

E|f{aj+> N,é& || (N]);

YEL

for all p > 0, as seen at the end of the proof of Lemma 20 (applied with 5k) and so

(;:M 2 Il(a”?(a’b):<2i> 1 #(a)) | (det Di)~2
j=1

b1, b, 1€Z
. (/m (1 o (<<5ké(”ji(% - aj—l))j77’>>2>> S O(np)>

B | f e+ Y N W& || (V)]

YEZ
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for all p. Due to (67), we obtain that

d m
Brer o, = (27r) Y. Lia—katiz) (70)
al,"',amGZ

x B | (det D) "2 1g, [] fla)f [a;+ > N, ()&, (\/:?) (71)
j=1 YeZ

3

H T4 _Nin +]E [(det Dk)_%(mjnnj)_gxklllgk] 5 (72)
o J

where Xk is the smallest eigenvalue of f)k. For the last term, we use (58) (applied for
Ek), which ensures that on €, _
~ det Dk,
e e L]
and so

(mjin nj)_%E [(det Dk)_%)\;l]lgk}

m

_s
< (mn®)™ Y mlnn] % Hn 1 {detDk) 2]19,c

—0 an% —F43(m-1)y | (73)

where we used [14, Lemma 21] which ensures that |E | (det lN)k)_%]le = O (1) uniformly
in k. This combined with (72) implies that

B =0 Hn% p~(M+1)LO

d m
+ T 3 1 1, a;=k;o
(mggn2> Lo ke

ke, I3 0,

s am€EZ
x B | (det D)~ 21, [] flan)f [+ D N w& | | (74)
j=1 YEL

since L < min (22 1) and since L(M + 1)0 < 3¢ — 3(m — 1).

The last step of the proof of the lemma consists in studying the following quantity

Gi =T |(det D)2 1q, [[ flay)f [ a;+ > N

j=1 yEZ
Due to Lemma 24,
1 " 0 m _3
Gr=E |(det D)~ 21g; [ fla)f {aj+ Y N @& || +O |n 5 ]]n;"
)= YEZL 7j=1

m

— B[(det D)o, | [T F@)E | [0+ 3 N0 | | +0 [0 82 [0, "] .
Jj=1

YEZ j=1
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where we used the fact that D), has the same distribution as Dy, and is independent of
NJ’-’S. This combined with (74), (73), (59) and (60) ensures that

d \" i
Bye1®.a, = (%) Y i askaran B [(detDk) Zﬂnk]

a1, am€Z
H f(aj)E [f (aj + Zgj)} +0 n—L(M+1)0 H n]_%
j=1 i

Moreover [14, Lemmas 21 and 23] ensure that

E {(det Dk)ié]lgk] =0 j];‘[lnj_ )

wlw

and that 1
) . 1
E [(det Dk)_i]lﬂk} ~nTFE {det Dy, x. t}

as k;j/n — t; and n — 4o0. This ends the proof of the lemma. O

B Moment convergence in Theorem 3

Let f:Z — R be such that ) |, |f(a)| < co. In this appendix we prove that all the
moments of n~% ZZ;S f(Zy) converge to those of ), f(a)agllll(o), asn — +o0.

Due to Theorem 1, it is enough to prove the convergence of every moment. The key
result is the following proposition.

Proposition 27 (Multi-time local limit theorem for the RWRS 7). For all a1, -+ ,a; € Z,

k
d 1 s
P (Zm =a1,...,4p, = ak) ~ Il{w} a;i€n;a+dZ} (\/27‘(0’) E[det IDT12.,--- 7Tk} n—3k/4 7
13

as n — +oo and n;/n — T;, where Dy, ... 1, = ([ Lt,(x) Ly, (x) dx); j—1,... x where L is the
local time of the brownian motion B, limit of (S|,|/v/n): as n goes to infinity.
Moreover, for every k > 1 and every ¥ € (0,1), there exists C' = C(k, 0) > 0, such that

k
P(Z,, =a1,. s Znyjtgn, = ar] < C H nj_3/4,

j=1
foralln >1,allay,--- ,a; € Z and all nq,...,n; € [n?,n].
Proof. The lemma has been proved for a; = 0 in [14, Theorem 5]. The proof in the
general case is the straighforward adaptation of [14, Section 5]. For completeness, we
explain the required adaptations. The proof of the present result follows line by line
the same proof with the adjonction of a term et ¥j-a(as—a;-1)0; (with convention ag = 0)
in the integrals appearing in [14, Lemma 15] (see Lemma 17 with M = m = k and
s; = 0). Lemma 16 (definition of the good set) and Propositions 18 and 19 (estimates
of the integral of the absolute values) of [14] are unchanged. The only difference
in the proof concerns [14, Proposition 17] and more specifically [14, Lemma 23] for
which there is a multiplication by e ! 3joa(a=a5-1)0 i the integral. The only difference
in the proof of [14, Lemma 23] is that the quantity I, ... ,, considered therein (n;
corresponding to |nT;| — [nT;—1]) is slightly modified with the multiplication in the
integral by a quantity converging in probability to 1 (with the notations of the proof
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of [14, Lemma 23]. Indeed, considering the real part of the integral, this quantity is
cos(Z?zO(aj - aj,l)(A;é... n.T)j) (with the notations of [14, Lemma 23]) which is equal
to 1 up to an error in O (min (1, ! ., |r|*)) Where fi,, ... n, is the smallest eigenvalue
of A, ... n,, which is proved to converges to 0 in [14, Lemma 23], and so the asymptotic
behaviour of I,,, ... ,, is the same as when a; = 0. O

Proof of the convergence of moments in Theorem 3. Take ¥ < . Note that the last

1
point of the lemma ensures that

—3/4

PZ,, =a1,. s Znjggn, = ar] < C H n;

iy >n?

Let ag be such that aag € 1 + dZ. Then a; = g;a + dZ is equivalent to ¢; € a;a9 + dZ.
Thus

B (Z f(Zq)>

n—1
= Y Elf(Zy)-f(Zy)]
q1,+,q5=0
n—1
Z f(al).”f(ak) Z ]P(Zth =ag, - 7qu :ak)
ai,,ak€Z q1, ,qk=0

d—1
o' ™+ Y Y fa) - f@) Y PZsga=an e g = @)

1, ,7k=0a1,--ar€Z q1, 9, =0

=0 ™)+ Y fla)fla) Y. P(Zeasiqd = a1, Zarasegud = GK)

a1, ,ax €L q1,,qk=0

with Z the representant of = + dZ belonging to {0,--- ,d — 1}. It follows that

n—1 k
E (Zf(%)) =o(n®)+ Z flar) - fag)n"Hy
q=0

k
=o(ni)+ Y, flar) - flax)n"Hy,
ay ar€Z
with
Hy, = / P (Zra(ﬁ»[tlnjd =ai, -, Zagag+|ten)d = ak) dty -~ - diy,
[0,1/d]*
3k
Hj, = / n+P (Zalao+Lt1ﬂJd = a1, Zagag+|ten)d = ak)
[0,1/d]*
X Lining ; [[tin]—|t;n]|>2n0 db1 - - dbg .
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Due to the dominated convergence theorem, we conclude that

n—1 k
E (Z f(Zq)>
q=0

k
k k d .
=o(nt)+nt E f(a )...f(ak)/ EldetD, 2, ldt:---diy
ay, - ,ax€Z ' [0,1/d]* \/ﬂag trd, - tpdl ™1

k
4

e

=o(nt)+n

k
(Z f(a)) /[O N (\/%ag)fk Eldet D, 2, Jdt; - dt,

a€Z

=o(ni)+ni (Z f(a)%_l) E[(£1(0))"],

a€Z

due to [14, Theorem 3]. O
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