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Abstract

This paper is devoted to two different two-time-scale stochastic approximation al-
gorithms for superquantile, also known as conditional value-at-risk, estimation. We
shall investigate the asymptotic behavior of a Robbins-Monro estimator and its con-
vexified version. Our main contribution is to establish the almost sure convergence,
the quadratic strong law and the law of iterated logarithm for our estimates via a
martingale approach. A joint asymptotic normality is also provided. Our theoretical
analysis is illustrated by numerical experiments on real datasets.

Keywords: stochastic approximation; quantile and superquantile; conditional value-at-risk; limit
theorems.

MSC2020 subject classifications: Primary 62120, Secondary 60F05; 62P05.

Submitted to EJP on July 28, 2020, final version accepted on May 22, 2021.

1 Introduction

Estimating quantiles has a longstanding history in statistics and probability. Except in
parametric models where explicit formula are available, the estimation of quantiles is a
real issue. The most common way to estimate quantiles is to make use of order statistics,
see among other references [1, 13]. Another strategy is to make use of stochastic
approximation algorithms and the pioneering work in this vein is the celebrated paper
by Robbins and Monro [23].

Let X be an integrable continuous random variable with cumulative distribution
function F and probability density function f. For some « €]0, 1], the quantile ,, of order
« of F' is the smallest solution of the equation

F(GQ)ZIP(XSQQ):Q, (1.1)
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Stochastic algorithms for superquantiles estimation

whereas the superquantile 9, of order « is defined by

o = B[X | X > 0,] = EXTix>0,)] ]E[XI{Xzem}]. (1.2)
P(X >0,) 1—a

One can observe that the superquantile provides more information on the tail of
the distribution of the random variable X. Our goal in this paper is to simultaneously
estimate quantiles and superquantiles, also respectively known as value-at-risk and
conditional value-at-risk, which have become increasingly popular as measures of risk in
finance [25, 26].

The paper is organized as follows. Section 2 is devoted to a brief overview of the
previous literature on the recursive estimation of quantiles and superquantiles. The main
results of the paper are given in Section 3. We propose the almost sure convergence of
two-time-scale stochastic approximation algorithms for superquantile estimation. The
quadratic strong law (QSL) as well as the law of iterated logarithm (LIL) of our stochastic
algorithms are also provided. Moreover, we establish the joint asymptotic normality of
our estimates. Numerical experiments on real data are given in Section 7. All technical
proofs are postponed to Sections 5 and 6.

2 Overview of existing literature

A wide range of literature exists already on the recursive estimation of quantiles
[23]. However, to the best of our knowledge, only a single paper is available on the
recursive estimation of superquantiles [2]. In many practical situations where the data
are recorded online with relatively high speed, or when the data are simply too numerous
to be handled in batch systems, it is more suitable to implement a recursive strategy
where quantiles and superquantiles are sequentially estimated with the help of stochastic
approximation algorithms [9], [18]. We also refer the reader to [6, 7, 14, 15] for the
online estimation of geometric medians and variances.

Bardou et al. [2] have previously studied the averaged version [22, 27] of a one-
time-scale stochastic algorithm in order to estimate 6, and ¢¥,. Here, we have chosen
to investigate a two-time-scale stochastic algorithm [5, 11, 17, 20] which performs
pretty well and offers more flexibility than the one-time-scale algorithm. Let (X,,) be
a sequence of independent and identically distributed random variables sharing the
same distribution as X. We shall extend the statistical analysis of [2] by studying the
two-time-scale stochastic algorithm given, for all n > 1, by

en—i-l =0nh —an (I{Xnﬂgen} - Oé),

2.1)

o x _ (
19n+1 =, + by (ﬁI{Xn+1>0n} - 1971)’

where the initial values ¢; and 31 are deterministic real numbers that can be arbitrarily

chosen and the steps (a,,) and (b,,) are two positive sequences of real numbers strictly

smaller than one, decreasing towards zero such that

i an = +00, i b, = +00 and i afl < +00, i bi < 4o00. (2.2)
n=1 n=1

n=1 n=1

We shall also investigate the asymptotic behavior of the convexified version of algo-
rithm (2.1), based on the Rockafellar-Uryasev’s identity [25] and given, for all n > 1,
by

Ont1=0n —an (I{Xn+1§6n} - CY)
2.3)
q q (Xn 1 — en q (
19n+1 = 1971 + bn (Hn + %CY)I{XTL+1>GH} - 1971)7
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where as before the initial values 6; and 51 are deterministic real numbers that can be
arbitrarily chosen. We also refer the reader to the original contribution [3] where this
convexification first appeared. The almost sure convergence
lim 6,, =46, a.s. (2.4)
n—oo
is a famous result that was established by Robbins and Monro [23], Robbins and Sieg-
mund [24]. Moreover, the asymptotic normality is due to Sacks, see Theorem 1 in
[28]. It requires the additional assumption that the probability density function f is
differentiable with bounded derivative in every neighborhood of the quantile 6,,. More
precisely, if the step a,, = a1 /n where a; > 0 and 2a; f(0,) > 1, we have the asymptotic
normality

L ata(l — a)
0, — b, —>N(0,7). 2.5
\/ﬁ( ) 2a1f(0a) -1 ( )
One can observe that in the special case where the value f(6,) > 0 is known, it is
possible to minimise the previous limiting variance by choosing a; = 1/f(f,) and to

obtain from (2.5) the asymptotic efficiency

L a(l —a)
NGO HN(O, 7)
(B = 6c) 7200)
Moreover, if the steps a,, = a;/n where 2a; f(0,) = 1, we have from Theorem 2 in
[19] the asymptotic normality

1 /%(% “0.) L N (0,201 - a). (2.6)

Some useful refinements on the asymptotic behavior of the sequence (6,,) are also
well-known. The LIL was first proved by Gaposhkin and Krasulina, see Theorem 1 in
[12] and Corollary 1 in [16]. More precisely, if the step a,, = a1/n where 2a; f(6,) > 1,
we have the LIL

n 1/2 n 1/2
lims _ 0, —0, = -—liminf|——7-— 0,, — 0,
lnm_?olip (2log 10gn> ( ) s (210g logn) ( )
2 1/2
aja(l — a)
= Nk S .S. 2.7
(et 1) o @7
In particular, it follows from (2.7) that
2
. n 2 ajo(l—a)

1 — (0, -0,) = ——— .S. 2.8
l,rbn_ilip (210g 10gn) ( ) 2a1f(0,) — 1 as (2.8)

which is the limiting variance in (2.5). The QSL is due to Lai and Robbins, see Lemma 1
and Theorem 2 in [19] as well as Theorem 3 in [21]. More precisely, they proved that

n

2 ajo(l— )
;(ek —0s)" = S () 1 as. (2.9)

lim
n—oo logn

Besides the classical choice a,, = a;/n where a; > 0, slower step-size a,, = a;/n®
where a; > 0 and 1/2 < a < 1 have been studied in depth. We refer the reader to pioneer
work of Chung [8] and to Fabian [10] who obtained that the asymptotic normality still
holds for the Robbins-Monro algorithm. More precisely, if f(6,) > 0, they showed that

- L ara(l — )
Ve (6, — 6,) HN(O,W). (2.10)
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In addition, it follows from Lai and Robbins [19] or Pelletier [21] that

o 1/2 - 1/2
lim sup (2(> (6, —0,) = —limint <2(> (6, — 04)

N 00 1— a) logn n—oo 1-— a) logn
ara(l —a 1/2
— <12;w))> a.s. (2.11)
In particular,
. ne 2 ara(l—a)
1 - — = ———— S, 2.12
i sup (2(1 —a) 1ogn> (O =) = 550, o @12

Moreover, we also have from [19], [21] that

§(Gk —0,)° = m as. (2.13)

lim ——
n—oo N
The restrictive assumption 2a; f(6,) > 1, which involves the knowledge of f(6,), is
no longer needed. However, the convergence rate n® is always slower than n, which
means that the choice a,, = a1/n theoretically outperforms the one of a,, = a1/n%, at
least asymptotically.

In the special case of the one-time-scale stochastic algorithm where a,, = b,,, Bardou
et al. [2] proved the almost sure convergences

limé,, = 6, and limd,, = 9, a.s. (2.14)
n— n—

using an extended version of Robbins-Monro theorem together with Cesaro and Kro-
necker lemmas, see e.g. Theorem 1.4.26 in [9]. They also state without proof that

lim d,, = Vg a.s. (2.15)
n—

Yet, other almost sure asymptotic properties for the sequences (5,1) and (1%) such as
the LIL and the QSL, are still missing. Bardou et al. also established in Theorem 2.4 of
[2] the joint asymptotic normality of the averaged version [22, 27] of their one-time-scale
stochastic algorithm

0, —0,\ L
Vn (ﬁn B 9a> = N(0,%) (2.16)
where the asymptotic covariance matrix ¥ is explicitly calculated,
0, = 1 z": 0 and - 1 z": v,
n_nk—1k n_nk—l "

We will show that our two-time-scale stochastic algorithms given by (2.1) and (2.3)
allow us to avoid the Ruppert and Polyak-Juditsky averaging principle. Moreover, they
perform pretty well both from a theoretical and a practical point of view and offer more
flexibility than the one-time-scale stochastic algorithm.

3 Main results

In order to state our main results, it is necessary to introduce some assumptions.

(A;) The probability density function f is differentiable with bounded derivative in
every neighborhood of 6, and such that f(6,) > 0.
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(A2) The function ® defined, for all § € R, by ®(0) = f(0) + 6f'(9) is bounded in
every neighborhood of 6.

Our first result concerns the basic almost sure convergence of the two-time-scale
stochastic algorithms (2.1) and (2.3) to the superquantile ¥,,.

Theorem 3.1. Assume that (.A;) holds and that the random variable X is square inte-
grable. Then, we have the almost sure convergences

lim 9, = 9, a.s. (3.1)
n—oo
lim 9, = 9, a.s. (3.2)
n—o0

Our proof is slightly different from that of Bardou et al. [2] established for the one-
time-scale stochastic algorithm where a,, = b,. It can be found in Section 5.1 for sake
of completeness. We now focus our attention on the almost sure rates of convergence
of the sequences (577) and (1%) We divide our analysis into two parts depending on the
step size (b,,) in the superquantile recursive procedure. First of all, we shall consider the
optimal step b,, = by /n. Then, we shall study the case where b,, = bl/nb with 1/2 < b < 1.

For all 8 € R, denote

1 1
o2(9) = m\/ar(XI{X>9}) and 72(0) = mVar((X —O)I{xse}). (3.3)
It follows from straightforward calculation that
9 9 B b, B
r2(02) = 2(02) = ({7 ) (200 — b).

Consequently, as soon as 0, > 0, we always have 72(0,) < 02(6,) since U, > 0.

Theorem 3.2. Assume that (A;) and (Az) hold and that the random variable X has a
moment of order strictly greater than 2. Moreover, suppose that the step sequences (a,,)
and (b,) are given by

ay bl

and b, = —

Ay =
no n

where a; >0, b; > 1/2 and 1/2 < a < 1. Then, (ﬁn) and (¥,,) share the same QSL

n . 9 b2
I Ty —04)° = (71) 2(0, 5. 3.4
nggolognl;( emva) = (g5 o1 )7alle) A (3-4)
In addition, they also share the same LIL
1/2 1/2
. n ~ A n ~
limsup (| —— (19n — 19a) = —liminf [ ———— (19” — ﬂa)
n—oo \ 2loglogn n—oo \ 2loglogn
b% 1/2
(0o .S. 3.5
<2b1 — 1) Ta(0a) a.s (3.5)
In particular,
n ~ 2 b?
I ) (@ - Y :( I )2% 5.
I,Ilisolip (210g10gn> ( ) 20y — 1 Ta(fa) a-s
EJP 26 (2021), paper 84. https://www.imstat.org/ejp
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Remark 3.1. In the special case where the step sequence (b,,) is given by

it is easy to see that 1% and 571 both reduce to

N 1 n Xk
A DI I
k=1

>
|
\

and
- 1 & 1 & Xp — 0,1
9, = — 0 - <7)I .
" ]?:1 k=1 ;;:1 o {Xp>05 1}

In this setting, we immediately obtain from Theorem 3.2 that

n

Z(@k - 19&)2 = 72(04) a.s.

k=1

lim
n—oo logn

and
lim sup (n) (1% - ﬁa)2 =72(0,) a.s.

n—oo \ 2loglogn
Theorem 3.3. Assume that (A;) and (Az) hold and that the random variable X has a
moment of order strictly greater than 2. Moreover, suppose that the step sequences (a,,)
and (b,) are given by
o b1

and b, = —

ap =
ne nb

~ ~

wherea; > 0,b; >0and1/2 < a < b < 1. Then, (¥,) and (¢,,) share the same QSL

. NN 2 b )
nll)n;o nl—b ;(ﬁk — 1904) = (m)’ra(ea) a.s. (36)

In addition, they also share the same LIL

b /2 b 12
lim s _ —  _liminf _
ey (2(1 ~b) 10gn> (Vn = Do) imin (2(1 ) logn) (Vn =)
by 1/2
_ <2> 0 as (3.7)
In particular,
lim sup nib (?/9\71 — ﬁa)g = (b—1)72(9a) a.s.
n—oo \2(1—10)logn 2/«

Remark 3.2. Similar computations in the case where 1/2 < b < a < 1 would lead to the
same results for the convexified algorithm (v,,). However, for the standard algorithm
(ﬁn) it is necessary to replace the asymptotic variance 72(6,) by 02 (). This emphasizes
the interest of using the convexified algorithm.

We now focus our attention on the asymptotic normality of our two-time-scale stochas-

tic algorithms (2.1) and (2.3).
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Theorem 3.4. Assume that (A;) and (Az) hold and that the random variable X has a
moment of order strictly greater than 2. Moreover, suppose that the step sequences (a,,)
and (b,,) are given by

ay by
ay, = — and b, = —
na n

wherea; > 0, b1 > 0and 1/2 < a <b <1 withb > 1/2ifb= 1. Then, (1%) and (9,,)
share the same joint asymptotic normality

() Lo 2))

where the asymptotic variances are given by

r ara(l —a)
Pe T 2f(0,)
and -
hralla) jp 1y,
2, — 1
P =9 200
”“T(a) if b<l1.

Remark 3.3. One can observe that the asymptotic covariance matrix in (3.8) is diagonal.
It means that, at the limit, the two algorithms for quantile and superquantile estimation
are no longer correlated. This is due to the fact that we use two different time scales
contrary to Bardou et al. [2]. Moreover, in the special case where b = 1, we also recover
the same asymptotic variance as the one obtained in [2] for the averaged version of their
one-time-scale stochastic algorithm.

Remark 3.4. The asymptotic variance 72(f,,) can be estimated by

1 e~/ Xp —0p_1\2 1 e~/ Xp — 051 2
= 2 (Frma) Tweeon - ( X (Fr=a lnencn) -

Via the same lines as in the proof of the almost sure convergences (3.1) and (3.2),
one can verify that 72 — 72(0s) a.s. Therefore, using Slutsky’s Theorem, we deduce
from (3.8) that (9,,) and (¥,,) share the same asymptotic normality

371 - 19(1
\/nb(i) £, No,02) (3.9)
TTL
where
b? .
55 1 if b=1,
v: = 1b_
51 if b<1.

Convergence (3.9) allows us to construct asymptotic confidence intervals for the
superquantile 9,,.

4 Our martingale approach

All our analysis relies on a decomposition of our estimates as sum of a martingale
increment and a drift term. More precisely, it follows from (2.1) and (2.3) that for all
n>1,

~

n+l = (1 - bn){g\n + bn}/n-i-l
4.1)

1971+1 = (1 - bn)gn + annJrl
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where X
n+1
YTL+1 = 1_ nt1>60n}
and
(Xn+1 - Hn)

Znt1 =00+ ————lix, 050,
Let H,(¢) and L, (#) be the functions defined, for all § € R, by

1 1
Ha(ﬁ) = EE[XI{X>9}] and La(ﬁ) =60+ EE[(X — 9)1{X>9}] (42)
Denote by F,, the o-algebra generated by the random variables X, ..., X,,. It follows
from the fact 0,, is F,,-measurable together with the fact that X, is independent of 7,
that almost surely

E[Y, 1| Fn] = Ha(6,) and E[Zpi1|Fn] = La(6,).

It allows us to split Y,,4; and Z,,4; as sum of a martingale increment and a drift
term, Y,11 = epy1 + Hy (Gn) and Zn+1 = &1 + Lo(6,). One can also verify that
El2, | F.] = 02(0,) and E[¢2 | F,] = 72(6,) where the two variances are given by (3.3).
Then, we immediately deduce from (4.1) that for all n > 1,

o~

’19n+1 = (]- - bn);’\n + bn(EnJrl + Ha(en))
(4.3)

Onpr = (1=02)00 + bu(Eni1 + La(6,)).

Hereafter, assume for the sake of simplicity that for all n > 1, b,, < 1, since this is
true for n large enough. Let (P,,) be the increasing sequence of positive real numbers
defined by

— [ -6 (4.4)
k=1
with the convention that Py=1. Since (1 — b,,)P, = P,,_1, we obtain from (4.3) that
PnanJrl = Pnfl{g\n + Pnbn(5n+1 + Hoc(en))
Pn5n+1 = Pn—l{gn + Pnbn(£n+1 + La(gn))

which implies the martingale decomposition

. 1 /o~
Ung1 = F(§1 + My +Hn+1)
_ s (4.5)
Vg1 = B (191 + Npt1 + Ln+1)
where .
M1 = bpPreria, Npy1 = Z b Pr€r+1 (4.6)
k=1 k=1
n n
Hyp1 = Z br P Ho (0), Lyt = Z be Py Lo (6). (4.7)
k=1 =1

Our strategy is to establish the asymptotic behavior of the two martingales (},,) and
(N,,) as well as to determine the crucial role played by the two drift terms (H,,) and (L,,).
Several results in our analysis rely on the following keystone lemma which concerns the
convexity properties of the functions H, and L, defined in (4.2).
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Lemma 4.1. Assume that (A;) and (Az) hold. Then, L, is a convex function such that
Lo(0s) = VY4, L (0,) = 0 and that for all § € R,

0 < La(0) = La(0a) < ||f'°‘3(6 —6,)" (4.8)

In addition, we also have H,(0,) = ¥, and that for all § € R,

0o f(0a) || @[] 2
- e (= <% (- , .
Hy(0) — Hy(04) + T (0 —0,)| < 21— a) (60— 65) (4.9)
Proof. It follows from (4.2) that for all 0 € R,
/ _F(Q)—O{ 1 _f(a)
L,(0)= —a and L7(8) = T

Consequently, L, is a convex function such that L/ (6,) = 0. Hence, we deduce from
a Taylor expansion with integral remainder that for all 6 € R,

1
Lo(0) = Lo(0a) + (6 — 9@2/ (1 — )L (6,)dt
0

where 6; = 6, + t(0 — 0,,), which immediately leads to (4.8) using (.4;). Unfortunately,
H,, is not a convex function. However, we obtain from (4.2) that for all § € IR,
0f(0) ®(0)

/ _ " —
H,(0) = 1o and H(0) T

where ®(0) = f(0) + 6f'(0). Finally, (4.9) follows once again from a Taylor expansion
with integral remainder together with (A5). O

We have just seen that the function H,, is not convex. Consequently, in order to prove
sharp asymptotic properties for the sequence (#¢,,), it is necessary to slightly modify the
first martingale decomposition in (4.5). For all 8 € R, let

Ga(0) = F(0) —a—f(0a)(0—0a),

(4.10)
R,(0) = Hy(0) —9q+ Cq(0—0,)
where 0uf(00)
_ g _ [e% @
Co=—-H,(6,) 1o
We deduce from (2.1), (4.3) and (4.10) that for all n > 1,
9n+1 - ea - (1 - anf(ea))(en - 9(1) - an(Vn+1 + Ga(en))a

(4.11)

o~

19n+1 - ﬁa = (1 - bn)(q/g\n - 7904) + bn (5n+1+Ro¢(9n)_C&(9n - 004))

with V.11 = Iyx,,,<¢,) — F(0,). Hereafter, we shall consider a tailor-made weighted
sum of our estimates given by A; = 0 and, forall n > 2,

Ap = (0 = Va) — 60 (0, — 6a) (4.12)

where (6,) is a deterministic sequence, depending on (a,) and (b,), which will be
explicitly given below. It follows from (4.11) together with straightforward calculation
that for all n > 2,

AnJrl = (1 - bn)An + bn (Wn+1 + Ra(en) + Zién+lGa(9n) + VnJrl(en - ea)) (413)
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where “
Wit = €ng1 + Fnén+1Vn+1 (4.14)
and
1
Vi1 = b—((l — b)0n — Caby — i1 (1 — anf(Ga))>. (4.15)

n
We have several strategies in order to simplify the expression of v,,4;. A first possibil-
ity that cancels several terms in (4.15) is to choose

6 _ C(xbn
T fla)an

It clearly reduces v, to
(1 —=0,)0n — Ot

VUn+1 =

by
Another more sophisticated choice, which only works if a,, f(0,) — b, # 0, is to take
Cuby,
Gpyg = ———aon 4.16
+ anf(aa) - bn ( )
It implies that
1—-5,)(0, —
R ( I 1), (4.17)

by,

The two choices are quite similar in the special case where b,, = b; /n. However, in the
case where the step b,, = b; /n” with a < b < 1, the second choice outperforms the first
one as v, goes faster towards zero as n grows to infinity. Throughout the sequel, we
shall make use of the second choice given by (4.16). We deduce from (4.13) the new
martingale decomposition

1
Auir = 5 (Musr + Hosr + R ) (4.18)
where . .
Mpt1 = ZkakaH’ Hit1 = Z bi Peviq1 (01 — 04 (4.19)
k=1 k=1
and N
Rpt+1 = Z b Py (Ra (Hk) + %6k+1Ga(9k)>. (4.20)
k=1 b

5 Proofs of the almost sure convergence results

5.1 The basic almost sure properties.
The starting point in our analysis of the almost sure convergence of our estimates is
the following lemma.

Lemma 5.1. Assume that (A;) holds and that the random variable X is square inte-
grable. Then, we have the almost sure convergences

M, . N,
lim =2+ — ¢ and lim —2* — a.s. (5.1)
n—oo P, n—oo P,

Proof. Let (¥¢) and (X)) be the two locally square integrable martingales
n—1 n—1
Efl = Z bk5k+1, Ei = Z bkfk-i—l-
k=1 k=1

EJP 26 (2021), paper 84. https://www.imstat.org/ejp
Page 10/29


https://doi.org/10.1214/21-EJP648
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Stochastic algorithms for superquantiles estimation

Their predictable quadratic variations [9] are respectively given by
n—1 n—1
(50 =Y bioa(6r) and (5600 = > bi7a(0)-
k=1 k=1

It follows from convergence (2.4) and the continuity of the variances o2 () and 72(6)
given by (3.3) that 02 (0,) — 02(0.) and 72(0,,) — 72(0.) a.s. Consequently, we get
from the right-hand side of (2.2) that

lim (X¢),, < 400 and lim (%%),, < 400 a.s (5.2)
n—oo n—oo

Therefore, we obtain from the strong law of large numbers for martingales given e.g.
by theorem 1.3.24 in [9] that (X¢) and (%) both converge almost surely. The rest of
the proof proceeds in a standard way with the help of Kronecker’s lemma. As a matter
of fact, we can deduce from the left-hand side of (2.2) that the sequence (P,), defined
in (4.4), is strictly increasing to infinity. In addition, we just showed the almost sure
convergence of the series

[eS) )
g bn5n+1 and g bn,fn+1-
n=1 n=1

Consequently, we immediately deduce from Kronecker’s lemma that

o1& 1
lim 7 > biPregsr =0 and lim_ 7 > bPrbrar =0 a.s.
k=1 k=1
which is exactly what we wanted to prove. O

Proof of Theorem 3.1. We recall from (4.5) that foralln > 1,

Dpy1 = Pin (31 + Mp1 + Hn+1)
Opy1 = %ﬂ (51 + Npy1 + Ln+1)~
We have from (2.4) together with the continuity of the functions H,, and L, that
nh~>nolo H,(0,) = Hy(0,) a.s (5.3)
and
nlgr;o L.(6,) = La(6,) a.s (5.4)

One can observe that H,(0,) = L.(0,) = ¥,. Moreover, it is easy to see that for all
n>1,b,P, =P, — P,_1. Hence, we obtain by a telescoping argument that

> bPy =P, - P, (5.5)
k=1

which leads to
1 n

n—oo P,

" k=1
Therefore, it follows from Toeplitz’s lemma that
Hy, . Ly,
lim —t =y, and lim =2 =y, a.s. (5.6)
n—oo n n—oo n
Finally, we find from (4.5), (5.1) and (5.6) that
lim 9, = ¥ and lim 9, = U a.s. (5.7)
n— o0 n—oo
which completes the proof of Theorem 3.1. [l
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5.2 A keystone lemma.

The QSL as well as the LIL for our estimates require the sharp asymptotic behavior
of the sequence (P,) defined in (4.4). Surprisingly, to the best of our knowledge, the
following keystone lemma is new. It involves the famous Euler-Riemann zeta function.

Lemma 5.2. Assume that for some 0 < by < 1,

n bl 1
P, = (1 - Z) . (5.8)
k=1
Then, we have

where I' stands for the Euler gamma function. Moreover, suppose that 0 < b; < 1 and

that
n byy 1
P.=1] (1 — E) (5.10)
k=1
where 1/2 < b < 1. Then, we have
1
lim —— P, = exp(A) (5.11)

n—oo exp(cnt=?)

with ¢ = b1 /(1 — b) and the limiting value

AZCbn

where ( stands for the Riemann zeta function.

Remark 5.1. The link between the first case b = 1 and the second case 1/2 < b < 1is
given the following formula due to Euler. For all |z| < 1,

logT'(1 —z) = vz + Z %C(n)

where v is the Euler-Mascheroni constant.

Remark 5.2. The case by > 1 can be treated in the same way. For example, concerning
the first part of Lemma 5.2, it is only necessary to replace P,, defined in (5.8) by

. .
ro= I (-3)
k=1+b1 |

where |b1 | is the integer part of b,. Then, we obtain that

1 (L —{b})
M P = ST )

where {b1} = by — |b1] stands for the fractional part of b;.

Proof. In the first case b = 1, we clearly have

(1 _ b;)*l _ D+ )P —by)

Fn+1-01) (5-12)

n

k=1
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It is well-known that for any ¢ > 0,

. T(n+c)

Hence, we obtain from (5.12) and (5.13) that

lim — P =T(1—b). (5.14)

n
n—00 nbl

The second case 1/2 < b < 1 is much more difficult to handle. It follows from the
Taylor expansion of the natural logarithm given for all |z| < 1 by

=1
that
n b n oo 1 b ¢ oo n 1 b ¢
log(P,) = —Zlog(l—k—i): ZZ(/?D :Z Z(}?i) ’
k=1 k=1 =1 £=1 k=1
- blZﬁJrZ?zjw- (5.15)

It is well-known that
, 1 1 1
A 2 T T

In addition, as b > 1/2, we always have for all ¢ > 2, b/ > 1. Consequently,

R
Jim 2 g = <00
k=1
where ( is the Riemann zeta function. Therefore, we obtain from (5.15) that

. 1

where ¢ = b1 /(1 — b) and the limiting value
A=) —=((e). O
; 7 <(00)

5.3 The fast step size case.
The proof of Theorem 3.2 relies on the following lemma which provides the QSL and
the LIL for the martingales (M,,) and (IV,).

Lemma 5.3. Assume that the step sequences (a,) and (b,) are given by

Gp = a and b, = —
ne n
where a; > 0,b; > 1/2 and 1/2 < a < 1. Then, (M,,) and (N,,) share the same QSL

n

. 1 Mg \2 b3
nh—>ngo logn ;(Pkl) - (2[)11—1)7—2(9“) a.s. (517)
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In addition, they also share the same LIL

1/2 1/2
n M, L. n M,
i = -1 f
hrrlnﬁsogp<210glogn) (Pn_1> lnnllog (210glogn) (Pn_l)
b2 1/2
<2b ! 1) T (00 a.s. (5.18)
| —

Proof. We first focus our attention on the martingale (M,,) defined by

Moir = b PiWiis
k=1

where

(ll
bn,
with V.11 = Irx, .. <6, — F(0n). We clearly have K[V, 1| F,] = 0, E[W,;|F,] =0, and
E[V2 | Fn] = F(0,)(1 — F(6,)), E[W2,,|F,] = 72(6,) where for all § € R,

Wn+1 =€pt1+ 57L+1Vn+1

nvn 2 2 77.577.
2(0) = o2(0) + (22 0) Fo)1 - F (o) - (20L) P61, (0). (5.19)
We obtain from (4.16) that
. an5n+1 ea
—_ = . 5.20
A 1—a (5.20)
Consequently, we infer from (2.4), (5.19) and (5.20) that
O
lim 72(6,) = 02 (6a) — ( a )(2% —0,) = 2(6.) a.s (5.21)
n—oo 11—«

Hereafter, assume for the sake of simplicity that 1/2 < b; < 1 inasmuch as the proof
follows exactly the same lines for b; > 1. On the one hand, the predictable quadratic
variation of (M,,) is given by

n—1
(M)n = brPET (01).
k=1

On the other hand, as b; >1/2, we obtain from convergence (5.9) in Lemma 5.2 that

n— o0 n2b1_1

lim zn:bip,f - (Qbf%_ 1)F2(1 ~b).
k=1

Then, we deduce from (5.21) and Toeplitz’s lemma that

lim #<M> — ( b? >F2(1 —b )7'2(9 ) a.s (5.22)
n—oo n2bi—1 n 20, — 1 1)Ta\Va .S. .

Denote by f,, the explosion coefficient associated with the martingale (M,,),

f _ <M>n - <M>n—1
‘ (M
We obtain from (5.22) that
lim nf, =2b; — 1 a.s. (5.23)
n—oo
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It means that f,, converges to zero almost surely at rate n. In addition, we already
saw from (5.21) that
lim EW?2,,|F.] = 72(0) a.s.

n—oo
Furthermore, we assume that the random variable X has a moment of order p strictly
greater than 2. It implies that

sup E[|[W,,+1|P|F,] < o0 a.s.
n>0

Consequently, we deduce from the QSL for martingales given in theorem 3 of [4] that

nlggo log(M ;

’I’L

2
’; = a.s. (5.24)

Hence, we obtain from the conjunction of (5.22) and (5.24) that

1 = M2 b2
li ko — L 2(0,, S. 5.25
nro0 lognZP]€271 (2b1—1)7‘1( ) as 629

We shall now proceed to the proof of the LIL given by (5.18). We find from (5.23) that
the explosion coefficient f,, satisfies

Z 2% < oo a.s.

n=1

Therefore, we deduce from the LIL for martingales [29], see also corollary 6.4.25 in
[9] that

1 1/2 1 1/2
hffolip(2</\/l>nloglog</\/l>n) Mu = hn“ilo%f<2<M>nloglog<M>n> M
=1 a.s. (5.26)

Hence, it follows from the conjunction of (5.14), (5.22) and (5.26) that
lim su i 1/2< Mo ) — lim inf n 1/2( Mo )
n_mop 2loglogn P, n—oo \ 2loglogn P,

b% 1/2
= <2b1—1> Ta(0n) a.s.

which is exactly what we wanted to prove. Finally, concerning the martingale (V,,) given
by

Npy1 = Z br Pr&r1,

k=1
the only minor change is that E[¢Z,,|F,] = 72(6,). However, we already saw that
72(0,) — 72(0,) a.s. Consequently, (M,,) and ( N,,) share the same QSL and the same
LIL, which completes the proof of Lemma 5.3. O

Proof of Theorem 3.2. We shall only prove Theorem 3.2 in the special case where
b, = by/n with 1/2 < b; < 1 inasmuch as the proof in the case b; > 1 follows essentially
the same lines. First of all, we focus our attention on the standard estimator 57,,.

e Our strategy is first to establish the QSL for the sequence (A,,) given by (4.12) and
then to come back to 371 We recall from (4.18) that for all n > 2,

Apy1 = € (Mn+1 + Hpp1 + Rn+1).

P,
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We claim that the weighted sequence (A,,) satisfies the QSL

: 1 = 2 _ b% 2
Jim ;Ak - (%1 L 1)Ta(0a) a.s. (5.27)

As a matter of fact, we already saw from (5.17) that

n

2
A 10;71 ;(1/3\:_1@1)2 = (lebl_ 1>T§(9a) a.s.

Hence, in order to prove (5.27), it suffices to show that

n n

. 1 Hi \2 . 1 Ri \?2
] ( ) =0 d 1 ( ) —0 s, (5.28
dim 10gnk§ P and  lim 1ognk§ P as.  (5.28)

On the one hand, it follows from (2.12) that for n large enough and for all £ > n,

(0 — 00)" < 2Da(%k) as. (5.29)
where 20,1 ol )
a1(l—a)a(l —«a
D, =
f(6a)

Consequently, we obtain from (4.19) and (5.29) that

Hpin| = O (Z bl ]v logk> a.s. (5.30)

a/2
k=1 k/

Furthermore, one can easily check from (4.16) and (4.17) that

1—a)C,
lim n' %, = %

n—00 alf(aa) .

In addition, we also recall from convergence (5.9) in Lemma 5.2 that

lim — P, = T(1 = by).

n—o0 nbl n

Hence, we deduce from (5.30) that

" Vogk
Hoir| = O (Z k“g/z> as. (5.31)
k=1
It follows from (5.31) that
[e'e) Hn 2
Z(PH) < 400 as. (5.32)

n=1

As a matter of fact, let d = 2 —b; —a/2. If d > 1 thatis b; < 1 — a/2, we obtain
from (5.31) that |#,| = O(1) a.s. Consequently, as b; > 1/2, (5.32) holds true. In
addition, if d = 1 that is b; = 1 — a/2, we deduce from (5.31) that |H,| = O((logn)*/?)
a.s. which implies that
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Moreover, if d < 1 thatis b; > 1—a/2, we get from (5.31) that |H,,| = O((logn)'/?n'~9)
a.s. leading to

o~ Hn )2 = (logn >, (logn
>(5 )O<an(blff2d)_2>0<z(nf_a)>0(1) as.

n=1 n—1 n=1 n=1

On the other hand, (4.20) together with (4.9) and (4.10) imply that

Rpsr| = O (Z by, Py (61, — ea)2> as. (5.33)
k=1
It follows from (5.29) and (5.33) that
" logk
‘R71+1| =0 ( kl-i—a—bl> a.s. (534)
k=1
which clearly leads to
o Rn 2
Z( ) < +oo as. (5.35)
n—1 Pn—l

Therefore, we obtain from (5.32) and (5.35) that the two convergences in (5.28) hold
true, which immediately implies (5.27). Hereafter, one can notice from (4.12) that

Z ﬁk* :ZAi‘i’Zéi(ek*aa)2+225kAk(6k*0a)- (5.36)
k=1 k=1 k=1

k=1

Hence, in order to prove (3.4), it suffices to show that

lim Zé,% (6r — Ga)z =0 a.s.

n—oo logn
g k=1

and to make use of the Cauchy-Schwarz inequality. Denote

n

A =" (0 —6.)"

k=1
We have from (2.13) that as soon as f(6,) > 0,

1 ara(l — )
I A, = s. 5.37
T I 8 B 637

Furthermore, we obtain from a simple Abel transform that

n n—1
> 676k — =02 A+ > (6 — 6741 Ak (5.38)
k=1 k=1
We obtain from (4.16) that
b1C,
lim n'=%, = : (5.39)
n—oo alf(eoc)
Then, we deduce from (5.37) that
b2C%a(1 — a)
li 1—a52 = 1Yo s.
nae Ot = 5 T =) A (00) a-s
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which implies that

lim 62, = a.s. (5.40)

n—00 logn

In addition, we also have from (4.16) that

nh—>Holo n® 72 (65 — 0n4a) =2(1 - a) (af}%};))z
It clearly ensures via (5.37) that
n—1
lim Togn ;(5,% — 62, 1)AL =0 a.s. (5.41)

Then, it follows from (5.38) together with (5.40) and (5.41) that

lim
n—00 log n

Z 03 (0r — 00)” = as. (5.42)

Consequently, we obtgin from (5.27) together with (5.36), (5.42) and the Cauchy-
Schwarz inequality that (¢,,) satisfies the QSL

lim 1 i(@k - 19&)2 = (leb% 1)72(9(,) a.s.

n—oo logn
& k=1

e The proof of the QSL for the convexified estimator (19 ) is much more easier. We
infer from (4.5), (4.7), (5.5) and the identity L, (6,) = 9, that for all n > 1,

- 1 /~
Ypt1 —Va = Fn (191 + Npt1+ Lpnt1 — Prﬁa),
1 _
= P—n(NnH + o) (5.43)
where
Ry =01 — a0 + Zkak a(Ok) — La(0))- (5.44)
k=1

It follows from Lemma 5.3 that

, 1~y N 2 b?
nh—>Holo logn ;(Pk—l) - (2b1 17 1)72(9a) a.s. (545)

Hence, in order to prove (3.4), it suffices to show that

lim — zn:( By )2 —0 as. (5.46)

n—oo logn Pt P._4

We shall prove the stronger result

i(Pf’“l)Q < 400 as. (5.47)

We obtain from (4.8) and (5.44) that for all n > 1,

n

~ 2
B2y <2(0 = 02)" + My (D2 b Pe (0 — 6a)”) (5.48)
k=1
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where [HTE
My = =,
I 7 21— a)
As before, we obtain from a simple Abel transform that
n n—1
2

> 0kP(0k = 0a)” = buPuls+ D (0k Py — b1 Par)Ax. (5.49)

k=1 k=1

It is easy to see that
1-b;
bn P — bpi1 Py = b, P, (7) .
+1 +1 n + ]. — bl

It implies that 0 < n(b, P, — bpy1Pny1) < (1 — b1)b, P,. Hence, as 1/2 < a < 1 and
1/2 < by < 1, we find from (5.14) and (5.37) that (5.47) holds true. Consequently, we
deduce from (5.43) together with (5.45) and (5.46) that

. I & 2 [ b )
nll—{rgo logn ;(016_1906) _(lefl)/ra(ea) a.s.

which is exactly the QSL given by (3.4). B
e It only remains to establish the LIL for our estimates (¢,,) and (9,,). We start by
proving the LIL for the sequence (4, ). We immediately obtain from (4.18) that

n 1/2A B n 1/2<M7,,+7-[n+72") (5.50)
2loglogn "\ 2loglogn P, ’ ’

We already saw in Lemma 5.3 that the martingale (M,,) satisfies the LIL given
by (5.18). In addition, it is easy to see from (5.14), (5.31) and (5.34) that

2 2
nlgr;()n(})?::) =0 and nlgr;(}n(}jji) =0 a.s.
It clearly implies that
1/2
lim i ( Hn ) =0 a.s.
n—oo \ 2loglogn P,
and
lim i 1/2( R ) =0 a.s
n—oo \ 2loglogn P,/ o
Therefore, we deduce from (5.18) and (5.50) that (A,,) satisfies the LIL
1/2 1/2
n n
lims _— A, = —liminf|——+— A,
lflbolip <2 log logn) s (2 log 10gn>
b% 1/2
= a(fa S. 5.51
<2b1 - 1) Ta(0u) a.s ( )

Hereafter, one can observe from (4.12) that

n 1z n 1/2 n 1/2
(moglogn) (ﬁn_ﬁa):(ﬂoglogn) An+(210glogn) 6n(0n —04).  (5.52)

It follows from (2.11) and (5.39) that

n 2 logn
——— ||0n(Op —0n)| =0 ————— .S.
(210glogn>| ( ) (nl—aloglogn> a-s
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which clearly leads to

1/2
. n

Consequently, we optain (3.5) from (5.51), (5.52) and (5.53). The proof for the
convexified estimator (¢,,) is straightforward. We obtain from (5.43) that

1/2 1/2 >

n ~ n N, + R,
—_— Up — Vo) = . 5.54
(210g10gn> ( ) (210glogn) ( P, ) ( )

We already saw in Lemma 5.3 that the martingale (XV,) satisfies the LIL given
by (5.18). In addition, it is easy to see from (5.14), (5.48) and (5.49) that

R 2
lim n( R ) =0 a.s.
n—o00 n—1
which clearly implies
12 3
n R
li ( n ) - s. 5
00 <210g logn> P, 0 a-s (5.55)
Finally, we deduce (3.5) from (5.18), (5.54) and (5.55), which completes the proof of
Theorem 3.2. 0

5.4 The slow step size case.

In order to prove Theorem 3.3, it is necessary to establish the following QSL and LIL
for the martingales (M,,) and (N,,).

Lemma 5.4. Assume that the step sequences (a,) and (b,,) are given by

ay by

nb

and by,

n = e

wherea; > 0,b; >0and1/2 <a < b< 1. Then, (M,,) and (N,,) share the same QSL

, I G~y M2 by 9
AT ;<Pk_1) - (2(1 - b))Ta(ea) a.s (5.56)
In addition, they also share the same LIL
lim su n’ 1/2< Mo ) = —liminf n’ 1/2( Mo )
P\ 21 —b)logn ) \B,/) T TERR\201 —blogn) \B,_,
by \ /2
_ <2> (0 as. (5.57)

Proof. We recall that the martingale (M,,) and its predictable quadratic variation are
given by

n n
Mo = bpPiWipa and (M)ni1 =D bprPEr(6k)
k=1 k=1
where, thanks to (5.21),
lim 72(6,) = 72(0,) a.s
n—oo
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It is not hard to see via a comparison series integral together with convergence (5.11)
in Lemma 5.2 that

2
lim s i Pg ;b 2p2 = 5 (5.58)
Hence, we deduce from (5.58) and Toeplitz’s lemma that
. 7a(0a)
7}1_}11;.10 ang <M>n+1 = T a.s. (559)

Denote by f,, the explosion coefficient associated with the martingale (M,,),

fr = <M>n - <M>n71
(M)n
It follows from the very definition of P,, given by (4.4) together with (5.59) that
lim n f = 2h; a.s. (5.60)
n—oo

It means that f, converges to zero almost surely at rate n® where 1/2 < b < 1.
Furthermore, we assume that the random variable X has a moment of order p strictly
greater than 2. It implies that

sup E[|W,,11|P|F] < o0 a.s.
n>0

Consequently, we deduce from the QSL for martingales given in theorem 3 of [4] that

lim_ log Z fk =1 a.s. (5.61)
Therefore, we obtain from (5.16) and (5.59) together with (5.60) and (5.61) that
lim Z - ( b ) 72(6,,) as. (5.62)
n—00 nl b 2(1-b)

Hereafter, we focus our attention on the proof of the LIL given by (5.57). Since
b > 1/2, we obtain from (5.60) that the explosion coefficient f,, satisfies

Z 7% < 40 a.s.

n=1

Therefore, we deduce from the LIL for martingales [29], see also corollary 6.4.25 in

[9] that
1 1/2 1 1/2
hﬂi‘ip(z<M>nloglog<M>n) Mn = ‘I%Hilo%f<2<M>nloglog<M>n> M
=1 a.s. (5.63)

Hence, we find from (5.16), (5.59) and (5.63) that
nb 1/2 M nb 12 M
ap (2(1 —b) logn) (Pn_l) Frts (2(1 ~b) logn) (Pn,_l)

by 1/2
= <2> Ta(0a) a.s.

The proof for the martingale (V,,) is left to the reader inasmuch as it follows exactly
the same lines than those for the martingale (M,,). O
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Proof of Theorem 3.3. We shall proceed as in the proof of Theorem 3.2. We already
saw from (5.56) that

T bZ(Pk ) :(2(1171—11))7-‘5(9@) as.

Our goal is to prove that the sequence (A,,) given by (4.12) satisfies the QSL

. 1 S 2 _ by 2
lim —— ]; A2 = (2(1 L b)>7'a(9a) a.s. (5.64)
On the one hand, we have from (4.19) and (5.29) that

" b P Viogk
|”H,n+1|:O<Z kPk|vi1] viog ) a.s.

a/2
k=1 ke/

In addition, one can easily check from (4.16) and (4.17) that
b—a)C
li 1—a n _ ( Ot'
nboo T G ()

Hence, we obtain from convergence (5.11) in Lemma 5.2 together with a comparison
series integral as previously done in the proof of Theorem 3.2 that

Py/log P,\/logn
|Hn+1| = <Z k1+b a/2> =0 <n1—a/2 a.s. (565)
Consequently, we deduce from (5.65) that
e 2
Z( Ttn ) < 400 as. (5.66)
n=1 Pn—l

On the other hand, we already saw from (5.33) that

Rog1| = O (Z by, Py (65, — ea)2> as.
k=1

which implies that

" P.logk P, 1
Rpi1] = O ( % -0 (";:5”) a.s. (5.67)
k=1

Then, as a > 1/2, we find from (5.67)

(oo}

Z( Rn )2 < 400 as. (5.68)

n—1 Pnfl

Therefore, we obtain from (5.66) and (5.68) that the QSL (5.64) holds true. In order
to prove (3.6), it only remains to show via (5.36) that

R 2 2
Jim k; (0 —02)" =0 as. (5.69)
We recall from (5.38) that
n 5 n—1
> 0ROk = 0a)” = 02An + D (07 = 671 Ak
= k=1
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We obtain from (4.16) that
b1C,
lim n®~%5, = .
n—ro0 a1 f(0a)
Then, it follows from (5.37) and (5.70) that

1 b2C%a (1 — a)
lim ——— %A, = ——¢ S. 5.71
R A P ey 670

Consequently, as a < b, we deduce from (5.71) that

(5.70)

lim La%\n =0 a.s. (5.72)

n—00 nl_b n
By the same token, we also find from (5.37) and (5.70) that
n—1

lim
n—,oo N,

11_b > (6 = 674 Ak =0 a.s. (5.73)
k=1

Then, we clearly obtain from (5.72) and (5.73) that convergence (5.69) holds true.
As before, the proof of the QSL for the convexified estimator (¥,,) is much more easier
and left to the reader. We now focus our attention on the LIL for our estimates (@L) and
(9,,). We start by proving the LIL for the sequence (A,,) given by (4.12). We immediately
obtain from (4.18) that

b 1/2 b 1/2
2(1 —b)logn 2(1 —b)logn P,

We already saw in Lemma 5.4 that the martingale (M,,) satisfies the LIL given
by (5.57). In addition, as b < 1 < 2a, we get from (5.65) and (5.67) that

2 2
lim nb( T ) =0 and lim nb(&> =0 a.s.
which clearly ensures that
li n’ v ( il ) 0 a.s
1m = .S.
n—oo \ 2(1 —b)logn Pr_1
and )
lim n’ 1/(R">O a.s
n300 2(1 —b)logn P,_/ o
Consequently, we find from (5.57) and (5.74) that (A,,) satisfies the LIL
b 1/2 b 1/2
li - A, = —liminf(——""+—— A,
i (2(1 —b) logn) s (2(1 —b) logn>
by 1/2
= <2> Ta () a.s. (5.75)

Hereafter, we clearly have from (4.12) that

nb vz nb 1/2
(%bMMM)(%‘%*{wp@mw>(%+%%—%» (5.76)

It follows from (2.11) and (5.70) that

(st iiga 0o =00 =0 () e

Since a < b, it clearly implies that
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b 1/2
li T T E— — = .S. .77
im (2(1 =) 10gn> 5n(9n 90) 0 a.s (5.77)

Therefore, we obtain~(3.7) from (5.75), (5.76) and (5.77). The proof of the LIL for the
convexified estimator (¢,,) is straightforward and left to the reader, which achieves the
proof of Theorem 3.3. U

6 Proofs of the asymptotic normality results

The proof of Theorem 3.4 relies on the central limit theorem for the two-time-scale
stochastic algorithm given in Theorem 1 of Mokkadem and Pelletier [20]. To be more
precise, the asymptotic normality for the couples (6,,, 1%) and (6, 5,”) is a direct applica-
tion of Theorem 1 in [20].

Proof of Theorem 3.4. We start with the proof for the standard estimator ﬁn. As it was
previously done in Section 5, our strategy is first to establish the joint asymptotic nor-
mality for the couple (6,,, A, ) where A, is given by (4.12), and then to deduce the joint
asymptotic normality for the couple (6, ﬁn). We have from (2.1) together with (4.13)
that forall n > 1,

{9n+1 =0, + aanJrl (6.1)

A1'7,-‘,-1 - An + bnyn-i-l

where
{X"H = f(0n, An) + 0 + Vi

yn+1 - 9(971,, An) + 7//£LA) + Wn+1
with f(67 A) = — F(Q), 'Sle) — 0: Vn+1 = F(Hn) — I{Xn+1S9n} and 9(97 A) — _A:

B = Ry (0,) + Ziénﬂaa(en) F U1 (0n — 02),
an
Wn+1 =ént1+ b76n+lvn+l-

By denoting A, = 0, we clearly have f(6,,A,) = 0 and g(0,,A,) = 0. To be more

precise
f(97Aa) — _f/(ea) 0 9_904 + O(HQ_QGHQ)
9(0,A,) 0 -1 A — A, 0 ’
On the one hand, it follows from the conjunction of (4.9), (4.10) and (4.16) that

P =B 1 0(|6, — a1

where rﬁlA) = nup+1(0, — 0,). On the other hand, we infer from (2.12) and (4.17) that

|r(®] = O(m) = o(\/b,) a.s.

n

Furthermore, E[V,1|F,] = 0, EV,41|F,] = 0, and we already saw in Sections 4
and 5 that EV2_,|F,| = F(6,)(1 — F(0,) and E[W?2_,|F,] = 72(,). One can also check

that a
EVy i1 W1 |Fal = F(@n)(Ha(Gn) — (1 F(@n))).

It clearly implies that

EV2 | EVn+1 Wht1|Fal

“h_{go (E[Vn+lwn+1|-7:n] E[Wngl‘fn} > a(¥a — ba) TQ(HQ)

(03

_ ( a(l—a)  a(@s - ea)) s
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Consequently, all the conditions of Theorem 1 in [20] are satisfied with

a(l —a)
Y. = ——— -
T 2f(0a)
and )
braa) e g
20 — 1
ST 2.
TQTQ if b< 1.
Therefore, as A, = 0, we obtain from [20] the joint asymptotic normality
Vne (0, — 0,
( ) £>/\/<O, (F‘% 0 >) (6.2)
VnblA,, 0 Ty,

where I'g, = a1Xp, and I'y, = b1Xy, . Hereafter, in order to prove the joint asymptotic
normality for the couple (6,,,7,,), it is only necessary to show from the very definition of
A,, given in (4.12) that

lim Vn®s, (0, —6a) =0 a.s. (6.3)

n—oo

We already saw from (5.39) and (5.70) that

_ blca
lim n®~%5, = . (6.4)
n—00 alf(eoc)

Hence, we deduce from (2.12) and (6.4) that
vn®logn
/b _ _

which ensures that (6.3) holds true. Consequeni:ly, (3.8) clearly follows from (6.2)
and (6.3). The proof for the convexified estimator (¢,,) is much more easy to handle. We
have from (2.3) that foralln > 1,

Ops1 = 0, +anXy,
{ +1 +1 6.5)

5n+1 - 577, + bnyn+1

where _
{XnJrl = f(enﬂgn) + wff) + Vn+1
ynJrl = g(env 'bvn) + wy(:?) + Wn+1

with f(0,9) = a — F(0), ¢ = 0, Vuy1 = F(0,) — Iix,,,<0,1 and g(6,9) = 0o — 0,
7(119) = La(en) - ﬁal Wn—i—l = Zn+1 - La(en)l where we recall that E[ZTL+1|‘7:”] = La(en)
with L, (6) given by (4.2). We clearly have f(6,,%,) = 0 and g(6,, %) = 0. To be more

precise,
(f(a,m) _ (f’(ea) 0 > (eoa) N (O(lleeaw))
9(0,9) o —1)\w-u, 0 '

In addition, we deduce from (4.8) that ¢\ = Lo (6,) — La(6,) = O(]|6n — 04?).
Furthermore, E[V, +1|F,] = 0, E[W, +1|F,] = 0, and we already saw in Sections 4 and 5
that E[VZ, || F,] = F(0,)(1 — F(0,) and EW2,|F,] = 72(6,). One can also verify that
EVt1Wyi1|Fo] = F(0,)(La(6,) — 6,,). It clearly implies that

lim ( E[Vi 1| Fn] E[Vn+1Wn+1|]:n}> — ( all—a) (e — 96‘)) a.s.
n— oo E[Vn+1wn+1|-7:n] E[Wngl‘fn] a(ﬁ‘)‘ - 60‘) Tg(aa)
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Consequently, our two-time-scale stochastic algorithm satisfies all the conditions of
Theorem 1 in [20] where the asymptotic variances Xy and Xy, have been previously
defined. Finally, we obtain the joint asymptotic normality (3.8) where I'y, = a1%p,_, and
'y, = b1y, , which completes the proof of Theorem 3.4. 0

7 Numerical experiments on real data

Simulated data. We briefly illustrate the asymptotic behavior of our two stochastic
algorithms (371) and (¥,,) with different tuning of parameters. Since we have several
elements of variability in the parameters, we have chosen typical setups even if our
presentation is not exhaustive. In our synthetic benchmark, we shall consider Exponen-
tial and Gamma distributions, even though explicit formula may be found for the pair
(0u, V). First of all, we wish to point out that our recursive procedure is very fast for
both algorithms since a set of 1000 observations is handled in less than 0.1 second with a
standard laptop. Next, Figure 1 illustrates the good almost sure behavior of the standard
and convexified algorithms both on Exponential and Gamma distributions. Here, we
consider the £(1/10) and G(4, 3) distributions.

Exponential distribution Gamma distribution
S <«
—— Convexified algorithm —— Convexified algorithm

ﬁ - —— Standard algorithm —— Standard algorithm
o

8 -

et
ey T

Estimation of the CVaR
10 15
| |
Estimation of the CVaR

T T T T T T T T T T T T
200 400 600 800 1000 0 200 400 600 800 1000

o

Iterations n Iterations n

Figure 1: Almost sure convergence of our algorithms for a = 0.5 and b,, = 1/n.

Second, one can verify and compare the limiting variance of the asymptotic nor-
mality involved in Theorem 3.4 for several values of a and b. Figure 2 represents the
histogram of the rescaled algorithms for several values of ¢ and b. One can check that
the convexified algorithm outperforms the standard algorithm as soon as b < a.

| Algorithm
i\ Convexifed algoritim Algorithm

1 K | y O ! WH\ oy

Figure 2: Distribution of the rescaled algorithms in different situations: left (a = 2/3 <
b=4/5<1),center b =2/3<a=4/5<1), right(@a=2/3<b=1).

One can also use our method to estimate online 95% confidence intervals for the
superquantile ¥, as explained in Remark 3.4. This is illustrated in Figure 3 with the
Exponential and Gamma distributions with ¢« = 2/3 and b = 1.

Real data. We finally illustrate, as a proof of concept, the use of our two algorithms on
financial real-data that are freely available on the R-package tseries (EuStockMarkets
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Confidence Interval for the convexified algorithm Confidence Interval for the convexified algorithm

T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000

Iterations n Iterations n

Figure 3: Online confidence interval with the convexified algorithm for the Exponential
and Gamma distributions.

dataset). Some more recent ressources may also be downloaded on the Yahoo! Finance
website. We consider the four time series of the financial stock-markets DAX, CAC40,
SMI, FTSE between 2014 and 2018 and compute the CVaR of the weekly log-returns,
that are common indicators in the analysis of financial markets. It is commonly admitted
as a reasonnable approximation that in non-exceptionnal situations, the log-returns
are not far from an independent and identically distributed set of observations. As a
major interest in finance, we compute the negative CVaR at the level 10% and some 95%
confidence intervals as well. Our results are presented in Figure 4 for the convexified
algorithm tuned with the parameters a = 2/3, a; =5and b =1, b; = 3/4.

7000
I

CAC 40
6000
I
DAX
12000
| |

5000

9000 10000

4000
L

T T T T
2014 2015 2016 2017

T T T T T
2014 2015 2016 2017 2018 Year

CVaR Weeky Log Return - CAC40 CVaR Weeky Log Return - DAX

-10 -08 0.6 -04 02 00

-0 -08 0.6 -04 02 00

2014 2015 2016 2017 2018 2014 2015 2016 2017 2018

Year Year

Figure 4: Convexified algorithm on Yahoo! Finance datasets.
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