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Abstract

In this paper, existence and uniqueness are proved for path-dependent McKean-Vlasov
type SDEs with integrability conditions. Gradient estimates and the Harnack type
inequalities are derived in the case that the drifts are Dini continuous in the space
variable. These generalize the corresponding results derived for classical functional
SDEs with singular coefficients.
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1 Introduction

The distribution dependent SDEs can be used to characterize nonlinear Fokker-Planck
equations, see [3, 4, 14, 17] and references within for McKean-Vlasov type SDEs, and
[2, 5, 6] and references therein for Landau type equations. One can also refer to [8] for
the path-distribution dependent SDEs with regular conditions.

Recently, [10] studied the existence and uniqueness of distribution dependent SDEs
with singular coefficients. The Harnack inequalities, shift Harnack inequalities and
gradient estimates are also investigated in [10]. [16] also obtains the existence and
uniqueness, estimate of heat kernel for singular distribution dependent SDEs. For
more results on distribution independent SDEs with singular coefficients, one can see
[7, 13, 24, 21] and references therein, where Zvonkin’s transform in [25] plays an
important role.

The purpose of this paper is to extend results in [10] to path-distribution dependent
SDEs with singular drift. Firstly, due to the distribution dependence, Girsanov’s trans-
form, which is a useful tool to prove the existence of weak solution for the classical
SDEs is unavailable, especially in the case with distribution dependent diffusion coef-
ficients. Thus, compared to the classical SDEs with singular drift, we will pay more
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attention to the proof of existence of weak solution. More precisely, we will apply an
approximation technique similar to that in [10, 16] to obtain existence of weak solution.
However, the path-distribution dependent drift will generate new difficulty, see the proof
of Theorem 2.1(1) below. Next, by Lemma 3.4, the weak existence together with the
strong uniqueness of the de-coupled SDEs implies the strong existence for SDE (1.1). To
prove the strong uniqueness, we will use the technique in [10, Section 4.2], i.e. we first
identify the distributions of two given solutions from the same initial value, so that these
solutions solve the common reduced classical SDE, and thus, the strong uniqueness
follows from existing argument developed for the classical SDEs. The essential difficulty
lies in identifying the distributions of two solutions of (1.1). Finally, gradient estimates
and the Harnack type inequalities can be proved by Zvonkin’s transform combined with
the existing result in [8].

Let d > 1 and fix a constant > 0. Define C([—r, 0]; RY)(C([-r, 0); RY)) as the set of
R4-valued continuous functions on [—r,0]([—r, 00)). Let € = C([-r,0]; R%) be equipped
with the uniform norm [|£[& =: sup,c(_, ¢ [£(s)],§ € €. Forany f € C([-r,0); R9), t >0,
define f; € € as fi(s) = f(t + s),s € [-r, 0], which is called the segment process.

Let #(%¢) be the Borelian o-field on ¢ and & be the set of all probability measures
on (¢, %(%)) equipped with the weak topology. Consider the following path-distribution
dependent SDE on R%:

dX(t) = B(t, Xy, Lx,)dt + b(t, X (1), Lx,)dt + o (t, X (t), Lx,)dW (t), (1.1)

where W (¢) is a d-dimensional Brownian motion on a complete filtration probability
space (Q,{Z; }1>0,P), L, is the law of X, and

b:Ry xRixZ 5RY B:Ryx€x2P?—-RY 0:Ry xRYx 2 - RE@R?

are measurable.

Throughout the paper, we use || - ||, to denote the uniform norm, and $5|]l~3 to denote
the law of a random variable ¢ under the probability P. Let %, (¢)(%,(%)) denote the
set of all bounded and non-negative(bounded) measurable functions on 4. We will use
the letter C or ¢ to denote a positive constant, and C(«a) or ¢(«) stands for a constant
depending on «. The values of the constants may change from one appearance to
another.

The remainder of the paper is organized as follows. In Section 2, we summarize the
main results of the paper. To prove these results, some preparations are addressed in
Section 3, including a new Krylov’s estimate, one lemma on convergence of stochastic
processes, and a result on the relationship between existence of strong solutions and
weak ones for path-distribution dependent SDEs. Finally, the main results are proved in
Sections 4 and 5.

2 Main Results
Let 6 € [1,00). We will consider the SDE (1.1) with initial distributions in the class
Poi={ne P u(]-|%) < o).

According to [18, Theorem 6.18], & is a Polish space under the Wasserstein distance

W ;= inf —
o1, v) weé%,m([gwlg n

where C(u, v) is the set of all couplings of x and v. Moreover, the topology induced by
Wy coincides with the weak topology on &, see [18, Definition 6.8, Theorem 6.9] for

1
6

%W(d&dn)> . v € Py,

EJP 26 (2021), paper 71. https://www.imstat.org/ejp
Page 2/21


https://doi.org/10.1214/21-EJP630
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Path-distribution dependent SDEs with singular coefficients

more details, where we can find that the weak convergence in &y is equivalent to that
in & together with uniform integrability.

In the following three subsections, we state our main results on the existence, unique-
ness and Harnack type inequalities respectively for the path-distribution dependent SDE
(1.1).

2.1 Existence and Uniqueness

Fix a constant 7" > 0, and we will only consider solutions of (1.1) up to time 7. For a
measurable function f defined on [0, 7] x RY, let

1
t L q
IfIILz<s,t>=</ (Adlf(v7w>pdm> dv) , g >1,0<s<t<T.

When s = 0, we simply denote | f|[12(0,s) = || fllL2(+)- A key step in the study of SDEs with
integrable drift is to establish the Krylov type estimate (see for instance [10, 13, 24]).
For later use we introduce the following class of number pairs (p, q):

H = {(p,q) € (1,00) x (1,00) : %—&-2 <2}.

To construct a weak solution of (1.1) by using approximation argument as in [7, 10, 14,
16], we need the following conditions.

(H?) The following assumptions hold for some 6 > 1.
(1) Foranyt € [0,T],z € R%, & € €, b(t,x,-), B(t,&,-) and o(t,z, ) are continuous in Z.
There exists a constant L > 0 such that

lo(t, z, u) —o(t,x,v)|| + |b(t, z, 1) — b(t,x,v)| < LWy(u,v), (2.1)

and
|B(t7£aﬂ)_B(ta€7V)| SLWO(:U',V) (22)
hold for all pu,v € &y and (t,x) € [0,T] x R4, ¢ € €.

(2) o(t,z,p) is uniformly continuous in x € R? uniformly with respect to (t,u) €
[0,T] x &. There exist K > 1, (p,q) € # and nonnegative F' € L{(T') such that

lb(t, 2, 1) < F(t,z) + K, K 'I < (00")(t,z,n) < KI

forall (¢,z,u) € [0,7] x RY x 2.
(3) B is bounded. Moreover, there exists a constant Ly > 0 such that

‘B(tagaﬂ) - B(tvga ,LL)| < LO”fff_”(@”a te [O,T],f,ﬁ_e ‘f’lu € @9, (2.3)

Recall that a continuous function f on R¢ is called weakly differentiable, if there exists
(hence unique) h € L} (R?) such that

loc

/ (fAg)(x)dz = — / (h, Vg)(@)dz, g CF(RY).
R R4

In this case, we write h = V f and call it the weak gradient of f.
The main result in this part is the following theorem.

Theorem 2.1. Assume (HY) for some constant § > 1. Then the following assertions
hold.
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(1) For any uo € &, the SDE (1.1) has a weak solution (X, W) on some complete
filtration probability space {2, {-Z}:c0, 17, P} with initial distribution i, satisfying
Lz [P € C([0,T]; Zs).

(2) Let X, be an .%)-measurable ¢-valued random variable with .%x, € Py. If in
addition, for any u(-) € C([0,T); %) and (t,z) € [0,T] x R%, b*(t, ) = b(t, x, 1)
and o#(t,x) := o(t,z, i) satisfy [b"|*> + ||Vo*||* € LL(T) for some (p,q) € 4, where
V is the weak gradient in the space variable x© € R%, then the SDE (1.1) has a
unique strong solution with initial value X, satisfying Zx € C([0,T]; Py).

When B, b and o do not depend on the distribution, Theorem 2.1 reduces back to the
corresponding results derived for classical functional SDEs with singular coefficients
and bounded B, see for instance [1] and references within.

2.2 Harnack Inequality

In this subsection, we investigate the dimension-free Harnack inequality introduced
in [15] for SDE (1.1), see [20] and references within for general results on these type
Harnack inequalities and applications. We establish Harnack inequalities using coupling
by change of measures (see for instance [20, §1.1]).

To characterize the singularity of b(¢, x, ;1) with respect to z, we introduce

1
9 = {(;5 : [0,00) — [0, 00) is increasing, ¢? is concave,/ ®ds < oo}.
0 S

Remark 2.2. The condition fol 9(5) 45 < oo is known as the Dini condition. Obviously, 2

S

contains ¢(s) = s* for any o € (0, 3). Moreover, it also contains ¢(s) := W for
constants § > 0 and large enough ¢ > 0 such that ¢? is concave.
Let || - ||ms denote the usual Hilbert-Schmidt norm of a matrix. We will need the

following assumption.

(H) Foranyt € [0,T],2 € R, & € €, b(t,x,-), B(t,,-) and o(t, z,-) are continuous in 2.
16lloc + || B|loo < oo and there exist a constant K > 1 and ¢ € & such that

K7 <(o0")(t,z,u) < KI, t€[0,T],z € R, pc 2,
and forany t € [0,7], z,y € R, and p,v € Py, £,£ € F,

||O'(t,l‘,/L) - U(t7yvy)”§18 < K(|l’ - y|2 + WZ(.UJ’V)Q)7
[b(t, 2, 1) = b(t, y, V)| < o(|z — y|) + KW (p,v),
|B(t7§7:u) - B(t7g7 V)| < K(H§ - g”(g + W?(M7”))'

According to Lemma 5.1 below, (1.1) is well-posed under (H). Let X, () solve (1.1) with
Lx, = o, and P 1o be the distribution of X;(10). Define

(Pof) (o) = L FA(P? 1) = Ef(X(p0), | € By(),t € [0, pio € P

Theorem 2.3. Assume (H) and that o(t, x, ) does not depend on n. Then the following
assertions hold.
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(1) There exists a constant C' > 0 such that

(Pilog f)(vo) < log(P:f)(ro) + W (o, 110)?

(t—r)Al

for any t € (r,T),no,v0 € Po,f € %’;’(%) with f > 1. Consequently, for any
different g, vy € Pa, t € (r,T], and any f € B,(¥), it holds

|(Ptf)(:u0)_(Ptf)<V0)| < 2C {(Pth)(l/)—(Ptf)Q(Z/)},

= sup
Wa(po, 1/0)2 (t—r)nl vEB (110, W2 (110,0))

where B (1o, Wa(puo,v0)) 1= {v € P, Wa(po,v) < Wa(po,10)}-
(2) There exist constants py > 1, such that for any p > po, t € (r,T), f € %, (¢) and
1o, Yo S y?/

(Pef)P(vo) < (Ptf”)(uo)(EeH2<m>(1+"‘w%’>‘2+uxo—mu%))p (2.4)
holds for Hy : (pg,o0) x (r,T] — (0,00) and .%#y-measurable ¢ -valued random
variables Xy, Yy satisfying Lx, = o, Ly, = -

The proof of Theorem 2.3 is given in Section 5.1.

2.3 Shift Harnack Inequality

In this section, we establish the shift Harnack inequality introduced in [19] for P;. To
this end, we assume that o (¢, z, ) does not depend on z. So SDE (1.1) becomes

dX(t) = B(t, Xy, Lx,)dt + b(t, X (), Lx,)dt + o(t, Lx,)dW(t), t€[0,T].  (2.5)

Theorem 2.4. Assume (H) and that o(t,z,u) does not depend on x. Then for any
p>1,te (rT),u € P2,m € CH[-r,0],RY) and f € B, (¢), it holds

p

mﬁ(ﬂ )|

(Puf)P(10) <(Pof(n + ) (o) X exp [
where

—r)? 0
5. = o [t s)as + o162 (Clnle) + €T,

—-r

and C > 0 is a constant. Moreover, for any f € %’Zr(%) with f > 1,

(Prlog f)(po) <log(Pif(n+-))(po) + B(T,m,7)

holds.
The proof of Theorem 2.4 will be given in Section 5.2.

3 Preparations

We first recall Krylov’s estimate of SDEs.

Definition 3.1 (Krylov's Estimate). An .#;-adapted process { X (s)}o<s<7 is said to satisfy
Krylov’s estimate, if for any (p, ¢) € ¢, there exist constants ¢ € (0,1) and C > 0 such
that for any non-negative measurable function f on [0,7] x RY,

t
B( [ fnxar|#.) <ot 9 W lya, 0<s<esT @D
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We note that (3.1) implies the following Khasminskii type estimate, see for instance
[23, Lemma 3.5] and its proof: there exists a constant ¢ > 0 such that for any n > 1,

t n
E((/ f(r,X(r))dr) ]9) <enl(t— )" flkyry 0<s<t<T,  (3.2)
and for any A > 0 there exists a constant A = A(), J,¢) > 0 such that

E(eA T f(T’X(r))dr|ys) < eA(lJerHLg(T))’ se [O,T}. (3.3)

We first present a new result on Krylov’s estimate, then recall one lemma from [12]
for the construction of weak solution, and finally introduce another lemma on the relation
between existence of strong and weak solutions.

3.1 Krylov’'s Estimate
Consider the following SDE on R¢:

dX(t) = B(t, X;)dt + b(t, X (£))dt + o(t, X (£))AW (1), t € [0,T]. (3.4)

Lemma 3.2. Let T > 0 and p, q € (1, 00) with % + % < 1. Assume that o(t, z) is uniformly
continuous in x € R uniformly with respect tot € [0,T], and that for a constant K > 1
and some non-negative function F' € L{(T') such that

K= 'I <(00*)(t,2) < KI, (t,x)€[0,T] x RY,
b(t,z)| < K + F(t,x), (t,x)€[0,T] x R%
|B(t,&)| < K, (t,£) €[0,T] xE.

Then for any («,f) € J, there exist constants C = C(0,K, o, B3,[|F| 1)) > 0 and
0 =0(a, B) € (0,1), such that for any sy € [0,T), F,,-measurable and € -valued random
variable X, and any solution (X (so;t)):c[s,,r) Of (3.4) with initial value X, and initial
time sg, it holds

IE[/ |f|(U,X(so;v))dv‘fs} < C’(t—s)(stHLQ(T), so<s<t<T, fe€ LQ(T).

Proof. Let {X(s0)}se[s,,7) b€ the segment process of X (so; s) and

W) = W()+ / B(v, X, (s0))dv.

Since B is bounded, by Girsanov’s theorem, W is a d-dimensional Brownian motion on
[0,T] under Q = R(T)P, where

T T
R(T) = exp [/ (B(v, X4(s0)),dW (v)) — %/ |B(1},Xv(50))|2dv .

S0 S0

Moreover, the boundedness of B implies ER(T)~! < co. Thus, under probability measure
Q, ({X(50;v) }velso, ), W) is @ weak solution to the SDE

AX(£) = b(t, X (£))dt + o(t, X (£))dW (2).
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By [10, Lemma 3.1], there exist constants C' = C(6, K, «, 3, || F||Ls(r)) > 0 and 6§ =
0(a, B) € (0,1) such that

e | 1, X (s00)) o

fis} <C(t - 5)5\\f||L§(T), so<s<t<T,felLlT).

This together with (3.2) and Hoélder’s inequality implies

2

(E[/: f|(v7X(so;v))dv’ysD2 = ER(T)"! x E® { (/t |f|(v,X(sO;v))dv) ’9’}

e ([ t |f|<v,X<so;v>>dv)2 7]

<SC(t=8)"fl55 0y s0<s <t < T, feLiD).
Then the proof is finished. O

3.2 Convergence of Stochastic Processes
To prove Theorem 2.1(1), we will use the following lemma due to [12, Theorem 4.3].

Lemma 3.3. Let {{¢}' }+cjo,7]}n>1 be a sequence of d-dimensional continuous processes
on (Q,.#,P). Assume that there exist constants «, 5 > 0 such that

sup sup K[y} < oo, (3.5)
n>1t€[0,T]

and there exists a constant Mt > 0 such that

sup By —m|® < M|t —s|'P, t,5 € [0,T7. (3.6)
n>1

Then there exist a subsequence {ny}r>1, a probability space (Q, Z, P) and d-dimensi-
onal continuous processes {X; }ieo, 17, {{X{ }rejo,r) }e>1, such that Lyni |P = Ly |P, and
P-a.s. X* converges to X as k — co.
Proof. By [12, Theorem 4.2, Theorem 4.3], (3.5) and (3.6) imply that {¢"},>1 is tight.
Then there exists a subsequence {m;};>1 such that {¢""};>; is weakly convergent. For
{¥™};>1, by [12, Theorem 4.3], there exists a subsequence {ng}y>1 of {m;};>1, a
probability space (£, Z, P) and stochastic processes {Xt}epo, {{Xf}te[o,T]}kzL such
that Zyn, |P = Zxx|P, and P-a.s. X* converges to X as k — oc. The proof is completed.
O

3.3 Relation between Existence of Strong and Weak Solutions

We present a result on the existence of strong solutions deduced from weak solutions.
Consider the following SDE

dX(t) = B(t, Xy, Lx,) dt + 3(t, Xy, Lx,) AW (t), 0<t<T, (3.7)

where B: [0,T]x € x Z - R%and £: [0,T] x € x 2 — R%® R are measurable.

Lemma 3.4. Let (Q, %, (X;, W(t)),P) be a weak solution to (3.7) with p; := L%, |P. If
the SDE

dX (t) = B(t, Xy, pe) dt + 3(t, Xy, ) dW (), 0<t<T (3.8)
has a unique strong solution X, up to life time with Lx, = uo, then (3.7) has a strong

solution with initial value Xg.
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Proof. Since pu; = .ZXt |]P, X, is a weak solution to (3.8). By Yamada-Watanabe principle,
the strong uniqueness of (3.8) implies the weak uniqueness, so that X; is nonexplosive
with Zx, = u,t > 0. Therefore, X, is a strong solution to (3.7). O

With the above preparations in hand, we are now in the position to prove Theorem
2.1.

4 Proof of Theorem 2.1

4.1 Proof of Theorem 2.1(1)

Set a(t,z, u) := (00*)(¢,z,u) for t € [0,T]. Define b(t,z,u) := 0, a(t,z,u) := I and
F(t,z):=0fort € R\ [0,7]. Let 0 < p € C§°(R x R?) with support contained in {(s, ) :
|(s,2)] <1} such that [, . p(s, #)dsdz = 1. For any n > 1, let p,(s, z) = n*p(ns, nx)
and define

a™(t,x,pu) = / a(s, o', p)pp(t — 5,0 — 2')dsda’,
RxR4
b (t,z, 1) = / b(s, ', w)pn(t — s,x — x’)dsda’, (4.1)
RxR?
F*(t,x) = / F(s,2)pn(t — 8,2 — 2')dsda’, (t,x,pu) € R x R? x 2.
RxR?
Let 6™ = v/a™ and ¢ = y/a. Consider the following SDE:
AX(8) = b(t, X (1), Lx,)dt + B(t, X;, Lx,)dt + 6(t, X (1), Lx,)AW (1),  (4.2)
According to [8, Proof of Theorem 2.1-2.3], if (4 2) has a weak solutlon (X;,W(t)) ona

probability space (2,.%, P), then i, := =%, Planck
equation

Auu(t) = (LY ,,)" e

where u(t) is the marginal distribution of y; at v = 0; i.e.

{n()}(dz) := p({§ € € : £(0) € dz}),
and for any f € C§°(RY),

(T80l = [ 5 Z )i €00), 10 (03,1 €(0) e (0)

b S 600 ) + Bl ] OO ().

Noting that oo* = 66*, u; is also a martingale solution to

Op(t) = (L ,,)" -

This together with [8, Proof of Theorem 2.1-2.3] implies that (1.1) has a weak solution.
Thus, in order to prove that (1.1) has a weak solution, it is sufficient to prove the same
claim for SDE (4.2), which will be completed according to the following procedure.

As in [7, Proof of Theorem 2.1], there exist subsequence {n;}1>1 and G' € L{(T') such
that

P < K4+G, k>1. (4.3)
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In fact, for any k£ > 1, we can choose n; > 1 such that
Nk 1
|F'—F 'HL;(T) < ok

Taking G = Y2, |F — F™| + F, we have ||G||pz(r) <1+ ||F|s(r). Moreover, Jensen’s
inequality, (H?)(2) and (4.1) imply that

L R Y N R L
X

<K+ F™(t,z,u) < K+ G(ta,n), k>1.

Below, we use the subsequence b™* replacing b". For simplicity, we still denote 0"* by
b™. Moreover, it follows from (H 9)(2) and (4.1) that 6" (¢, z, 1) is uniformly continuous in
x € R uniformly with respect to (¢, ) € [0,7T] x & and

K71 <é"(6™)* < KI, (t,z,n) €[0,T] x R? x 2. (4.4)

According to (4.1), (2.1) and (H?)(2), for any n > 1 there exists a constant ¢,, > 0
such that

6" (t, 2, 1) — 0" (s, 2, V)| + |6"(t, 2, 1) — 6" (s, 2", V)|
< (|t = sl + |z —2'|) + (KL + L) Wy (u, v)

holds for all s,t € R, 2,2’ € R? and i, v € &y. This combined with (2.2) and (2.3) implies
that the SDE

dX"(t) = B(t, X{', Lxp)dt + 0" (t, X" (t), Lxp)dt + 6" (t, X" (t), Lxp )dW (1) (4.5)
with X = X, has a unique strong solution (X{');cjo,7]. In fact, this is standard by

repeating the proof of [8, Theorem 3.1(1)], where # = 2 is considered. Applying Lemma
3.2 for X", we derive that for any («, 3) € %,

B( [ 10X 0] 2. ) < 0= 9l 05 FELUDNZ1 @0

holds for some constants C > 0 and ¢ € (0,1).

We first show that Lemma 3.3 holds for (X™, W) replacing ¢", for which it suffices to
verify conditions (3.5) and (3.6) with )™ := X™. By (4.3), (4.4), (H‘))(S) and (3.2) for X"
replacing X implied by (4.6), there exist constants c1,ce > 0 such that

0
ar)

EX7 (1)) < q{EX(oW +E( | e xn.20)

T 6
+ ]E(/ IB(t, X}, Zx)] dt)
0

T 3
+E</0 ||&”(t,X”(t)7$th)2dt> }

< (E|X(O)\0 +1° JFTMHG”@L;J,(T) JFT%) <oo, n=1,t€[0,T]

Thus, (3.5) holds for ¥ = X".
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Next, let §p =
any 0 <s<t<T,

3\ 3 by the same reason, there exists a constant c3 > 0 such that for

M

E|X" (1) — X" (s)|"
{]E (/ b (0, X" (0), Zxz)|d )50 B (/:B(U,Xﬁ,fxg) dv>50
+E(/ X"(0), L)1 d)}
< es((t - — )00 G1% oy + (£ = 5)F),

Hence, (3.6) holds for )™ = X". According to Lemma 3.3, there exists a subsequence
of (X ,W)n>1, denoted again by (X" W)n>1, stochastic processes (X“ W“)n>1 and
(X, W) on a complete probability space (£2,.%, P) such that Lixnw) [P =L 5n yim) |P for
any n > 1, and P-a.s. lim, o (X™ W) = (X, W). As in [7, Proof of Theorem 2.2], letting
3‘}" and .%; be the completions of the o- -algebra generated by {X n(s),W"(s) : s < t}
and {X(s),W(s) : s < t} respectively, X"( ) is .#/'-adapted and continuous (since
X™ is continuous and Zx-|P = %5 n\]P), W™ is a d-dimensional Brownian motion on
(Q, {jtn}te[QT]JP)' and due to (4.5), (X"(t), W"(t))te[o,:r] solves the SDE

dX"(t) = b"(t, X" (), Lg, [P) dt

) - ) - 4.7)
+ B(t, X', L, [P dt + 6" (1, X" (t), L, [P) AW (1)

with £, P = Zx,|P. Simply denote Lsn P = Ly and Ly, P = L, and let IE be the
expectation under P.
For any n > 1 and s € [0,7], we have

/ B(t, X', Lgn)dt —/ B(t, Xy, % )dt‘ < Ii(s) + I(s),
0 ¢ 0 !
where

I(s) :=

| Begr 2 e [ B %z
0 ¢ ‘

Ir(s) :=

0
/ B(t,Xt,.,%X,tn)dt - B(t,f(t,.,%;(t)dt’ .
0 0

Below we estimate I;(s),i = 1,2 respectively.
Firstly, for any € > 0, by Markov’s inequality, we arrive at

_ 1. T - -
P( sup I(s)>¢) < f]E/ ’B(t,Xﬁ,an,) ~ B(t, X, Z5,)| dt.
O t t

s€[0,T) €

Since P-a.s. th converges to X, by (2.3) and the boundedness of B, we may apply the
dominated convergence theorem to derive

_ 1 T - -
limsupP( sup I1(s) >¢) < fE/ lim Lo|| X' — X¢||¢dt = 0.
£ o0 m—oo

n—00 s€[0,T]

Furthermore, since for any ¢ € [0,7],¢ € €, B(t,&,-) is continuous in & due to (H?)(1),
and X ' converges to X, weakly in &2, it is not difficult to see from Markov’s inequality

EJP 26 (2021), paper 71. https://www.imstat.org/ejp
Page 10/21


https://doi.org/10.1214/21-EJP630
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Path-distribution dependent SDEs with singular coefficients

and the dominated convergence theorem that

limsupINP( sup I»(s) 25)
n—o00 s€[0,T

1T . .
Slimsupf/ ]E)B(t,Xt,,fj(tn)—B(t,Xt,f)gt)’ dt = 0.
0 ,

n—oo €

Thus, for any € > 0, we have

lim P | sup / B(t,Xt",f;(n)dt—/ B(t, Xy, L% )dt‘ >e| =0.
n—00 sef0,17 /0 t 0 ‘

Similarly to the proof of [10, (4.5)-(4.6)], (H?)(1)-(2) imply
lim P [ sup / B (L, X (8), L) — b(t, X (1), L) dt > | =0,
n—oo SE[O,T] 0 t t

and

/5 57 (t, X7 (), L )W (1) - / Er(t,X(t),.ZXt)dW(t)’ > 5) ~0.
0 0

lim P ( sup

n—00 s€[0,T]
Then (X (t), W(t))sc(o,r] is @ weak solution to (4.2) by taking limit in (4.7). Thus, (1.1) has
a weak solution, and for simplicity, we still denote it by (X (¢), W (t)) on (Q,.%;, P). Let
. = L5 |P. According to (H?) and Lemma 3.2, (4.6) and (3.2) hold for (X, ) replacing
(X" ) and (X, E) respectively. Combining this with (H?)(2), we get

T %
E(/ |b(t7X(t),$)~(t)dt> gc<T9+T59||FH§g(T)) 4.8)
0

for some ¢ > 0 and 6 € (0, 1). This together with (H?)(2)-(3) and the Burkerholder-Davis-
Gundy inequality leads to

T 0
B sup [X(s+ o)l < BIol +cB( [ e X0, 25,)|at)
veE[—7,0] 0

6
0 2

T T
+cfE(/ |B(t,)~(t,$)~(1)|dt> v (/ ||a(t,)~((t)7$)~(f)|2dt>
0 ) 0 )
A
< enoll- 1) +¢(T* + TPy ) +T%), 5 €[0,7]

for some ¢ > 0 and ¢ € (0,1). Thus, us € Py, s € [0,T]. In the following, we will prove
p. € C([0,T), P,). Noting that Wo(uy, 1s)? < || Xy — X,||%,s',s € [0,T], it is sufficient
to prove limy _,, E|| X, — X,[|% = 0,s € [0,T]. Fix s € [0,T]. For any s’ € [0,7] with
|s" — s| < r, we arrive at

E sup |X(s' +v)— X(s+v)|’

v€[—7,0]
<cE sup |X(|s'—s|+v)-X@)|+cE  sup |X(]s' —s|+v)— X(0)°
v€E[0,5A8’] vE[—]|s’—s],0]
+cE  sup  |X(0)— X()|? +cE sup IX(|s" —s| +v) — X(v)]°
ve[—[s’~s],0] vE[—r,—|s’—s]]

=Ji+Jo+ J3+ Js.
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In what follows, we will prove limy _,, J; = 0, ¢ = 1,2, 3,4 respectively. Firstly, it is not
difficult to see that

5 |8’ —s|+v B 0
St il <eB s ( / b(t,x<t>,xx>|dt)

v€E[0,sAs’]

_ |8 —s|+v 5 0
+caE  sup (/ |B(t7Xt,-$j()dt>
v€E[0,5As’] v '

0
+011E sup

v€E[0,8As’]
+al sup  |[X(v) - X(0)"
ve[0,]s’ —s|]

<k sup (/ b(t7)~((t),$)~(t)|dt>

0<v<v’'<T v —v<|s'—s|

/ls R (1), L5, ) dW (1)

0

’

v 6
+ sup (/ |B(t7)~(ta-$j(t)|dt>

0<v<v’'<T,w' —v<|s’—s|
0

’

+ o sup / o(t, X(t), L5,) AW (t)| =: Ji1 + Jio + Jis.

0<v<v’'<T, v —v<]|s'—s|

Since B is bounded, it holds lim, _,, J;2 = 0. Noting that P-a.s. Jyo(t, X (1), Z%,) dw (t)
is continuous and hence uniformly continuous on [0, T, we derive P-a.s.

’

lim sup / ot, X(t), Zs,)dW(t)| = 0.

s/ —s=0 0<v<v’'<T,w' —v<|s'—s|

It follows from the Burkerholder-Davis-Gundy inequality and (H?)(2) that
0

’

/v o(t, X(t), Ls,) dW (t)

E sup
0<v<v/'<T v —v<|s’' —s|

’

<27E sup / o(t, X(t), Ls,) dW (t)
0

0<v<v’<T,w' —v<|s'—s|

+ 2071k sup
0<v<v’<T,w' —v<|s'—s|

/OU o(t, X(t), Ly,) dW (1)

0

’

<2°E sup / o(t, X(t), Ls,) dW (t)
0

0<v’'<T

[MEY

T
< </ ||a(t,)~((t),$)~(t)||2dt> < Tt
0

for some constant ¢ > 0. Therefore, the dominated convergence theorem implies that
limy s J13 = 0. Moreover, (4.8) yields that P-a.s. I |b(t,)~((t),.$)~(t)\ dt is continuous
and thus uniformly continuous on [0, T]. This together with the dominated convergence
theorem implies limy s J13 = 0. Consequently, it holds limy —,4(J; + J2) = 0. In addition,
it is clear that
Js+ Jy < B sup X (') — X ()’
v,v' €[—r,0],|v —v|<|s' —s]|

This together with ]Esupve[_r,o] |X (v)]? < oo due to $X0|IP = po € Py, the fact that
any component in € is uniformly continuous on [—r, 0] and the dominated convergence
theorem leads to limy _,4(J3 + J4) = 0. Therefore, we conclude that u. € C([0,T]; P).
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4.2 Proof of Theorem 2.1(2)

According to [1, Theorem 1.4], the SDE (3.8) for B=B+band ¥ =0 has a unique
strong solution under the conditions in Theorem 2.1(2). So, Theorem 2.1(1) and Lemma
34for B=B+band ¥ = o imply that for any .%#;-measurable %-valued random
variable Xy with Zyx, € %, SDE (1.1) has a strong solution {X;}c[o,7] satisfying
Zx. € C([0,T]; Py). As a result, to prove Theorem 2.1(2), it suffices to prove the
uniqueness of strong solutions of (1.1), which will be finished in Lemma 4.2 below by
Zvonkin’s transform.

Consider the maximal operator:

A h(x) := sup !

. — h(y)dy, he Li.(R?),z e RY,
v>0 |B($,U)| B(z,v) !

where B(z,v) := {y : |y — z| < v}. The next result comes from [3, Appendix A].

Lemma 4.1. There exists a constant C' > 0 such that for any continuous and weak
differentiable function f,

f(x) = f(W)| < Clz —y[(A|V fI(x) + 4|V f|(y)), ae x,yeR" (4.9)
Moreover, for any p > 1, there exists a constant C}, > 0 such that
12 flle < CpllfllLe, f € LP(RY). (4.10)

The following lemma gives the uniqueness of strong solutions of (1.1).

Lemma 4.2. Assume the conditions in Theorem 2.1(2) hold. Let X and Y be two strong
solutions to (1.1) with Xy =Y, and Lx, € Y. ThenP-a.s. X =Y.

Proof. Set uy = Zx,, vt = %,,t €[0,T]. Let
VAt x) = btz me), of(t,x) = olt,x,p), (t,z)€[0,T]x RY,
and define 0¥, 0" in the same way using v; replacing u:. Then it is clear that

AX(£) = b(t, X () dt + B(t, Xy, ) dt + o (¢, X (£)) dW (1),

(4.11)
Ay () = b7 (t, Y (£)) At + B(t, Yy, vp) At + o (£, Y (£)) AW (2).

For any A > 0, consider the following partial differential equation for « : [0, 7] x R — R4

% + %Tr(o'“(o'#)*VQu)(t7 Y4 (Vpuw)(t, ) +04(t, ) = Mu(t,-), u(T,-)=0, (4.12)

here (Vyuu) stands for the direction derivative of v along b* defined as

(V) (t, @) := lim u(t, x + ebh(t, x)) — u(t,x)

, t€0,T],z € RY
e—0 g

By [24, Theorem 5.1] and [22, Theorem 3.1, (2.5), (3.2)], when ) is large enough, (4.12)
has a unique solution u™* satisfying

1
||Vu>"” oo < = (4.13)
and
Hv?u*’“lngg(T) < 0. (4.14)
EJP 26 (2021), paper 71. https://www.imstat.org/ejp
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Let OM(t,x) = = + uMH(t,z). By (4.11), (4.12), and using the It6 formula and an
approximation technique (see [24, Lemma 4.3] for more details), we derive

doM(t, X (1)) = du™(t, X (t))dt + VOV (¢, X (1)) B(t, Xy, jus)dt
+ (VOMFol) (L, X (1)) AW (1), (+19)
and
dOM (1, Y (1) = MaME(t, Y (1) dt + (VOMo¥) (¢, Y (t)) dW (1)
+ VONH(L, Y (1) B(t, Yy, vp)dt
+ VO — 0)(1, Y (1)dt (4.16)

+ %’H[(a”(a”)* — oM (")) VRN (4, Y (8))dt.

Let & = OME(t, X (1)) — 0N (¢, Y (t)),t € [0, T). Tt follows from (4.13) that
X() - V()] < §|gt|, te[0,7). 4.17)
By (4.15), (4.16) and It6’s formula, we obtain
dl&|® =2X (&, uM (8, X (t)) —uM(t, Y (t))) dt
+2(&, VO, X (8))B(t, Xy, i) — VOO (£, Y (1)) B(t, Yz, 1)) dt
+2(&, [(VOMFar)(t, X (1) — (VOMa¥) (¢, Y () ]dW (t))
+ (VO o) (1, X (1) — (VOM0¥) (1, Y (1)) 5,4 dt
—2(&, VoMY — b)(t, Y (1)) dt
— (&, Tr[(0”(a")* — o™ (a")*)VZuMH](L, Y (1)) dt.
So, for any m > 1, it holds
&P =2mA& P (&, uMH (L X (1) —uMH (Y (2)) dt
+2m& 2D (&, VON(t, X (8)) B(t, Xy, j1e) — VON(8,Y (1) B(t, Ve, 1)) dt
+2m|& P (&, [(VOMHor) (8, X (1) — (VOMa¥) (8, Y (1))]dW (1))
&2 (|[(VOM ) (1, X (£) — (VOM0V) (8, Y (1)) 5 A
+ 2m(m — 1)[&[207 (VoMo (8, X (1) — (VO™ (8, Y (1)]°&,| dt
= 2m|& PN (&, VO (B — b (£, Y (1)) dt
—m|& 2TV (&, Tr](a¥ (0¥)* — 0¥ (a"))VAuMH (8, Y (1)) dt.
Firstly, applying (4.9), (4.13), (H%)(3), (2.2), (4.17) and Young’s inequality aPb!~? <
pa + (1 —p)b,a,b>0,p € (0,1) with p = 221 there exists a constant ¢ > 0 such that

2m
6201 (&, VO, X (8) B(E, X, ) — VOV (LY (1) B(E, Yi, 1))
S &P (ANVEON| (8, X (1) + A |V (£, Y (1))
+ &P Xy — Yille + cl& ™ W (g, 1) (4.18)
L &P (ANVEPON (8, X (1) + ANV (2, Y (1))

+c sup &P 4+ cWo(pe, 14)*™ + || Xo — Yol |2
s€[0,t]

The other terms can be treated as in [10, (4.19)-(4.22)]. For reader’s convenience, we
give them one by one. It follows from (4.13) and (4.17) that

62D (g, w1, X (1) — w6, Y () < Gl
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Furthermore, applying (2.1), (He)(Z), (4.13), (4.14), (4.17) and Young’s inequality, we
arrive at

ml& 2D (|[(VOM) (8, X (8)) — (V007 (8, Y (5) [ 76
+2m(m — 1)[& 22 (VO oh) (¢, X (1) — (VO Mo*)(t Y ()&

< el PP Wo (s, v0)? + el P (VPO (8, X (1)) + 4|20 (1Y (1))
+ el& (A Vot | (¢ X (1)) + || Vot | (£, (1))

< W (e, v0)*™ + cl&e ™™ + clée ™ (|| V20

(8, X () + 2| V20 (8, Y (1))

+ &P (AN ot (8, X (1) + A |Vt |(5 Y (1)),

Similarly, (2.1), (H?)(2), (4.13), (4.14), 522~ < 2 and Young’s inequality imply that

&2 (&, VOMH (B — b)(8, Y (1)) < c|& P W (e, ) < c|&*™ + eWo(pe, ve) ™,
|70 (&, Trl(0" (") = o*(a#) ) V2N (E, Y (1))

< cl& VRN (L Y (1) [ W (g, v1)

< eGP VRN Y (0) 7T+ W (e, 1)

< &P (14 [VPaM (8, Y (1)) + W (e, ve) ™™
Thus, it holds

dl&)*™ < e sup €™ dt + cl& ™ d Ay + c(Wo (e, 14)*™ + [ Xo — Yol Z")dt + dM; (4.19)
s€[0,t

for some constant ¢ > 0, a local martingale M; defined by
M, = / 2m|& |2 (&, [(VOMat) (E, X (1) — (VO o) (&, Y (1)]dW (1)) ,
0
and

(5, X (5)) + AN[V20||(5,Y () + [VZut (s, Y (5))]”

t
A= / {1 + M| V2O
0

+ (V20N (s, X (s)) + ]| V20™|(5, Y (5))°

2
+ (Vo (s, X (s)) + A|V"||(5,Y (5))) }ds'
By It6’s formula and X, = Y, we have

de 1 |6,|?™ < ce™t sup |&*™dt + ce MWy (g, )™ dt + e~ Atd M.
s€[0,t]

When 2m > 6, we can take p € (0,1) such that 2mp > 6. By Holder’s inequality, (4.17)
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and the stochastic Gronwall lemma [1, Lemma A.5], we arrive at

2m

Wo (e, 0)*™ < ¢ (E sup |§s6>
s€[0,t]

2m

3
B Y
s€0,t]

2mp
) 2mp—6 8
<c (Eeisz?fe %At) "o E ( sup (e—%“s fs|0>> (420
s€0,t]

op 2m;;79 p %
c (EemAt) i E( sup (e *|&)P™)
s€0,t]

2m

=0  pt
<c (Ee%fh) ve / WQ(Usvys)desa te [OaT]
0

10

for some constants ¢ > 0. By Lemma 3.2, (4.10), (4.14) and the Khasminskii’s type
estimate (3.3), see for instance [23, Lemma 3.5], we have
Eez‘meﬁAT < 00,
so that by the Gronwall lemma we prove
Wo(ue,ve) =0, ¢€[0,T].

Combining this with (4.20), we conclude P-a.s. {; = 0,¢ € [0, T]. This again together with
(4.17) implies P-a.s. X(¢t) =Y (¢),t € [0,T]. O

5 Proofs of Theorem 2.3 and Theorem 2.4

Before giving the proofs of Theorem 2.3 and Theorem 2.4, we present a result on the
existence and uniqueness of strong solution to (1.1) under (H).

Lemma 5.1. Assume (H). Then for any .%y-measurable ¢ -valued random variable X
with Zx, € &2, (1.1) has a unique strong solution with initial value Xj.

Proof. By [11, Theorem 1.1] with H = R% and (H), SDE (3.8) for B=B+bandX =0
has a unique strong solution X; up to life time. Combining this with Theorem 2.1(1)
and Lemma 3.4, we conclude that the SDE (1.1) has a strong solution under (H). In the
following, we prove the uniqueness of strong solution. Under (H), repeating the proof of
Lemma 4.2 and using ||V2u’\’“|\oo < % from [10, (5.6)] in place of (4.14), we arrive at

dA; < Cdt

for some constant C' > 0. Taking § = 2 and m = 1 in (4.18) and (4.19), it follows from
Burkerholder-Davis-Gundy’s inequality, (H) and W1 (Zy,, . %,)? < E||X; — Y;||Z that

t
E sup [6,[2 < C(T) / E sup |6[2dv + C(T)E|Xo — Yoll%, ¢ € [0,7]
v€E[0,t] 0 s€[0,v]

for some constant C(T") > 0. Thus, Gronwall’s lemma and (4.17) imply there exists a
constant I'(T") > 0 such that

25
Wi (ZLx,, 2)? <E||X: - Yill% < =E sup [& )7 +2E[| X — Yoll%
8 wvelo.y (5.1)

Thus, we complete the proof. O
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5.1 Proof of Theorem 2.3
When o(¢, x, 1) does not depend on y, (1.1) reduces to

dX(t) =b(t, X(t), Lx,)dt + B(t, X¢, Lx,)dt + o(t, X (¢))dW (). (5.2)
Proof of Theorem 2.3. For p; := P/ uo and vy := Py, we may rewrite (5.2) as
dX(t) = b(t, X (t))dt + B(t, X;)dt + o(t, X (t))dW (), Lx, = o,

where

b(t,x) == b(t,z,v;), B(t,&) := B(t,& ), AW (t) := dW (t) + 7(t)dt,
A(t) := [0*(o0™) 1 (t, X () [b(t, X (8), pe) — b(t, X (), ve) + B(t, X¢, ) — B(t, X¢, v)].-

Then by (5.1) and (H), we have
A < OWa(ue,m)? < CBIXo ~ YollZ, 1€ [0.7]. 53)
Let
_ t 1 t
Ri=ew{- [Genawe) - [ neras), rep. 5.4
0 0

By Girsanov’s theorem, {W(t)}te[O,T] is a d-dimensional Brownian motion under the
probability measure Py := RpP.

According to the proof of [9, Lemma 3.2], we can construct an adapted process 7(t)
on R? such that

Romen{- [e.ave) -5 [(Rera). e

is a martingale under the probability measure P;. Thus, under probability measure
]PT = RTI_PT = RTRTIP:

t t
W) =Wo)+ [ G6ds =W+ [ () +39)ds, tel0.7]
0 0
is a d-dimensional Brownian motion. Moreover, there exists C'(T) > 0 such that

T J—
B, [ hPas < oe(EOTO0 e yipe), 5.5

Meanwhile, we can construct a family of homeomorphism {ét}te[O,T] on ¢ and an %-
valued continuous stochastic process {f@}te[oﬂ such that gg;l(yt)“’PT =14, t €10,7T] and
I@T—a.s. Xr = é;l(YT) Let Y = é;l(YT)

Thus, we obtain

(Prf)(wvo) =Ep, f(Y7) = Bp f(Xr) =E[RrRr f(X1)], f€ B ().

Letting Ry = RrRr, by Young’s inequality and Holder’s inequality respectively, we
obtain

(Prlog f)(v) < E[Rrlog Rr] 4+ logEf(Xr) = E[Rr log Rr] + log(Pr f)(1o), (5.6)

and

(Prf(vg))P < (]ER{;pj)p_lEfp(XT) = (]ER{;pj)p_lPTf”(uo), p> 1. (5.7)
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By (5.3) and (5.5),

1 T .
ElRrlog Fr] < 5Fp, [ 1) +3(s)ds

T T
SE]@T/O w(s)PdHEfPT/O 15(s)[2ds

T T
<Bp, [ P+ [ COWalumar
0 0

[ X(0) = Y(0)]?

SH1(T)E( T

FlXo- Yol ), 7>
holds for some H; € C(Ry;R.). Combining this with (5.6) we obtain the log-Harnack
inequality.

Finally, according to the proof of [8, Theorem 4.1], there exists pg > 1 and H, €
C([po,00) x (r,00), R4 ) such that for any p > po,

(Bp, RET)5 < Bt (X020 ixo-wal) o,
T — ’ :
By applying this estimate for p; := %(p + po) and combining with Ry = RrRr, (5.3) and

(5.4), we arrive at

p 21 _ b __1\\ 2L __p1 o\ 2zl __r1 2P
(]ER;*I) . (EPT (R;IR;:I)) "< (EPTR;A*) ” (E]pTR:ii"’l)
p—P1

< Betotn (1 B 1) ()

X (0=Y(0)|2 2
< EeHz(PaT) (1+ﬁ+‘IXD_Y0H‘€)7 T>r

for some Hy € C([pg,00) X (r,00),R). Therefore, (2.4) follows from (5.7). O

5.2 Proof of Theorem 2.4

Proof of Theorem 2.4. By the semigroup property for P and Jensen’s inequality, we
only need to consider T'— r € (0, 1]. Define

o sjrn(—r), ifse[-rT-r],
s) = {;(s -T), ifse(T—rT).

Next, we construct coupling by change of measure. For fixed pug € 9, let X(t) solve
(2.5) with .Zx, = po, and let u; = Lx,. Assume that X (t) solves

AX(t) = {b(t, X (1), pe) + B(t, X¢, pue) At + o (¢, 10 )AW (£) + ~ (¢)dt (5.8)

with X, = X,. Then it is not difficult to see that

X(s) = X(s)+~(s), se[-rT).

In particular, it holds that X = X + 7. By the definition of v, there exists a constant
C > 0 such that for any s € [0, 7],

/ |77<_T)| /
1Y (s)| < Cl[O,Tfr](S)ﬁ + Clir—r11 ()0’ (s = T, (5.9)

1v(s)l < Cln(=r) + Clinlle < Clin

@ |slle < Clinlls.
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Let

B(s) = (0%(00™) 1) (5, 115) [b(5, X (5), 1) — b(s, X (5), 1)
+ B(s, X, pus) — B(s X7M8)+'7( )] s €[0,7].

From (H) and (5.9), we obtain

/ B |ds<0/ D+ el + 17/(5))° ds

o (5.10)

- CM +C [ (s)ds + CT¢2 (Clln

T_r ) + CT|nll%

-r

for some constant C' > 0. Set
_ s _ 1 /5 _
Ris) = exp | - [t@t.aw) - 5 [ @)
0 0

and

Girsanov’s theorem implies that W is a Brownian motion on [0,7] under Qr = R(T)P.
Then (5.8) reduces to

dX (t) = {b(t, X (1), pue) + B(t, X¢, pue) Ydt + o (t, e )dW ().

Thus, the distribution of X, under Qr coincides with that of X, under P.
Furthermore, by Young’s inequality and Holder’s inequality, we get

Prlog f(po) = Eq, log f(X7)
= Eq, log f(X7 +n)
< log Prf(-+n)(po) + E (R(T)log R(T)) ,

and

Prf(po) = Eq, f(Xr)
— Bq, /(X1 +1) < (Prf?(- + )7 (o) {ER(T) 77} 7.

Since W is a Brownian motion under Qr, by the definition of R(T), it is easy to see that

T
E (R(T)log R(T)) = Eg, log R(T) = %]EQT/O |®(uw)|*du < B(T,n,r),

and
ER(T)7 1
T 2 T
—p = 1 p 2
<E exp{/ P(u),dW(u)) — = / d(u du}
{ S e, aw ) - P | je)
1 2 T B 1 T B
X exp [ r__ / [T ——— <I>(u)|2du]
2(p—1)%2 ), 2p—1Jo
p o 2
< es _— d .
< ebssgpexp 3 —1)° /0 |®(u)|“du
Combining this with (5.10), the shift Harnack inequality holds. O
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