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Abstract

We equip the edges of a deterministic graph H with independent but not necessarily
identically distributed weights and study a generalized version of matchings (i.e. a
set of vertex disjoint edges) in H satisfying the property that end-vertices of any two
distinct edges are at least a minimum distance apart. We call such matchings as strong
matchings and determine bounds on the expectation and variance of the minimum
weight of a maximum strong matching. Next, we consider an inhomogenous random
graph whose edge probabilities are not necessarily the same and determine bounds
on the maximum size of a strong matching in terms of the averaged edge probability.
We use local vertex neighbourhoods, the martingale difference method and iterative
exploration techniques to obtain our desired estimates.
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1 Introduction

Matchings in graphs is an important object of study from both theoretical and applica-
tion perspectives. One of the most well-studied aspect of matchings from the probabilistic
perspective is that of minimum weight matchings [1]: Given a complete bipartite graph
on n + n vertices and equipping each edge with an independent exponential weight,
the problem is to determine the minimum weight C'(n) of a perfect matching. It is well
known [10, 11] that EC(n) = ZZ:1 k% and later [12] obtained estimates for the expected
minimum weight of a matching of given size. Recently [7] studied minimum weight
matchings in random graphs and used the Talagrand concentration inequalities to get
the corresponding deviation estimates.

In the first part of our paper, we study minimum weight of a strong matchings where
end-vertices of distinct edges are at a given minimum distance apart. We equip the edges
of a deterministic graph H with independent but not necessarily identically distributed
weights and use local neighbourhood estimates to obtain bounds on the expectation and
variance of the minimum weight of a maximum strong matching. We also determine
sufficient conditions so that the minimum weight grows linearly with the strong matching
number.

The second main result of our paper is regarding the strong matching number of
inhomogenous random graphs where the edge probabilities need not be the same.
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Strong and weighted matchings

Matchings in homogenous random graphs where edge probabilities are the same, have
been studied extensively and bounds for the matching number are known for a wide range
of the edge probability [4]. Any lower bound on the matching number for homogenous
graphs can be extended to inhomogenous graphs whose edge probabilities are bounded
from below, by the following monotonicity property: If H; C Hs are two graphs, then a
matching in H; is also a matching in Hs.

Induced matchings have been studied in [5] (see also references therein) under the
name of strong matchings where estimates for the expected size of a maximum induced
matching in homogenous graphs with constant edge probability is obtained. Recently [6]
used a combination of second moment method along with concentration inequalities
to estimate the largest possible size of induced matchings in homogenous graphs and
obtained deviation bounds for a wide range of edge probabilities. A main bottleneck in
directly extending the above results to inhomogenous graphs is that induced matchings
do not satisfy the monotonicity property enjoyed by the ordinary matchings described
in the previous paragraph. In this paper, we study generalized strong matchings in
inhomogenous random graphs and use local neighbourhood bounds described earlier, to
estimate the strong matching number in terms of the averaged edge probabilities.

The paper is organized as follows: In Section 2, we define strong matchings in graphs
and state and prove our first main result, Theorem 2.2, regarding the minimum weight
of a strong matching in a graph equipped with inhomogenous weights. Next in Section 3,
we state and prove Theorem 3.1 regarding the maximum size of a strong matching in
inhomogenous random graphs.

2 Weighted strong matchings

Let H = (V,E) be any graph containing at least one edge. A path 7 in H is a
sequence of edges (ey,...,¢;) such that ¢; = (a;,b;) and e;11 = (a;4+1,b;+1) share a
common endvertex b; = a,4+1 for 1 <7 <1 — 1. The length of 7 is equal to [/, the number of
edges in 7 and the vertices a; and b; are said to be connected by the path «. The distance
between two vertices a and b is defined to be the minimum length of a path connecting a
and b.

A set of vertex disjoint edges W = {e1,...,e;} in H is said to be a matching of size I.

Definition 2.1. Let W = {ey,...,e;} be a matching of a graph H. For integer k > 0,
we say that W is a k—strong matching if the following property holds for any pair of
edges e; # e; : There does not exist a path 7 in H containing | < k edges that connects
an endvertex of e; with an endvertex of e;.

The k—strong matching number v (H) of the graph H is the size of a maximum
k—strong matching in H.

For k = 0 the above definition reduces to the usual definition of matching as described
prior to Definition 2.1 and for k£ = 1 this coincides with the concept of induced/strong
matchings described in the introduction. We retain the terminology strong matchings
and introduce the term k as a further generalization.

We now equip each edge of H with random weights and estimate the minimum weight
of a strong matching. Let w(e) > 0 be the random weight assigned to the edge e € H.
The edge weights are independent but not necessarily identically distributed and we
define My (H) to be the minimum weight of a maximum k—strong matching of H. We have
the following properties regarding the mean and variance of the minimum weight My, (H).
We say that an edge e = (u,v) of a graph H is isolated if no other edge in H shares an
endvertex with H.

Theorem 2.2. Suppose the graph H has no isolated edges.
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(a) Letting

N o 2
W= Ieréaé(IEw(e) and pg := glea}é(Ew (e), (2.1)
we have that
EMy(H) < pvi(H) and var(My(H)) < 4psvi(H), (2.2)

(b) Suppose the edge weights are stochastically dominated by distributions F; and F» in
the sense that

0 < Fi(x) < P(w(e) <) < Fy(x) for each x > 0 and each edge e (2.3)
and Fy(x) — 0 as x — 0. If A is the maximum degree of a vertex in H, then

where C' > 0 is a positive constant that depends only on A, k, I} and F5.

We have the following remarks:

Remark 1: The condition (2.3) in (b) is satisfied if for example, the weights are exponen-
tially distributed with unit mean. The estimate (2.4) then implies that if H is a bounded
degree graph, then the expected minimum weight of a strong matching grows linearly
with the strong matching number. Moreover, from the variance estimate in (2.2) we see
that the minimum weight of a strong matching is concentrated around its mean.

Remark 2: The bounded degree condition is important since in the proof of (2.4) below,
we see that the constant C' is such that C' — 0 as the maximum vertex degree A — oc.

Proof of Theorem 2.2

Proof of Theorem 2.2 (a): Let W be any deterministic maximum k—strong matching
of H containing v, (H) edges and let M, (W) = " ., w(e) be the weight of WW. We then
have that EMy(H) < > .y, Ew(e) < - v (H) where p is as in the statement of the
Theorem. This proves the first bound in (2.2).

For the variance bound, we use the martingale difference method analogous to [9].
Letes,...,eq be the set of edges of the graph H and for 1 <j<q,let F; =0 ({w(ex) }1<k<;)
denote the sigma field generated by the weights of the edges {ej }1<k<;. We define the
martingale difference

G =E(Mp(H) | Fj) — E(Mp(H) | Fj-1),
and get that M, (H) — EM,(H) = Z‘;Zl ¢;. By the martingale property we then have

2

q q
var(Mp(H)) =B [ Y ¢ | => EC. (2.5)
j=1 j=1

To evaluate [EC} we rewrite (; = E(Q(e;) | F;), where Q(e;) := My.(w(e;)) — My(t(e;))
has the following terminology: the random variable t(e;) is an independent copy of w(e;)
which is also independent of {w(e;)}1<ixj<q and My (w(e;)) and My(t(e;)) are the weights
of the minimum weight maximum k—strong matchings ¥V and 7 obtained respectively
with edge weights {w(ex)}1<k<q and {w(exr) bi<rzj<q U {t(e;)}.

From the above paragraph we get that

¢ < (B(Q(ey) | Fy)* < E(A%(e) | Fy) (2.6)
and in what follows we estimate |Q(e;)|. If the weight of the edge e; is decreased

from w(e;) to t(e;) < w(e;), then the corresponding minimum weight Mj(t(e;)) <
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My (w(e;)) and the difference My (w(e;)) — Mg(t(e;)) < w(e;j) — te;) < w(e;). Also we
have that M (w(e;)) — My (t(e;)) is non-zero if and only if ¢; € 7 or e; € W. But be-
cause t(e;) < w(e;) we have that {e; € W} C {e; € T}. Summarizing we have

|Q(e;) [t (e;) <wle;)) < wle;)l(e; € T)
and arguing similarly for the case t(e;) > w(e;), we get that
1Q(e;)| < w(ej)li(e; € T) + t(e;)l(e; € W). (2.7)
Using (a + b)? < 2(a? + b?) we get from (2.7) that
Q(e)” < 2(w?(e)le; € T) +t%(e;)Ue; € W))

and taking conditional expectations with respect to the sigma field F; we get

E (1Q(ej)I* | F5) < 2(11 + Iz) (2.8)
where
I == E(w?(ej)le; € T) | Fj) = w(e;)P (e; € T | Fj-1) (2.9)
and
I = E(t*(e;)l(e; € W) | F;) = Et*(ej)P (e; € W | F;). (2.10)

The final equality in (2.9) is true since the random variable w(e;) is independent of the
event e¢; € 7, which is determined by the edge weights {w(ey)}x2; Ut(e;). Similarly the
final relation in (2.10) follows from the fact that the event {ej e W}t e F; is independent
of t(ej).

Taking conditional expectations with respect to F;_; in (2.9) and (2.10) we get that

E(Il ‘ ]:jfl) =E(l | ]:3;1) = sz(ej)IP (ej eT ‘ .7:]'71)

(
and so from (2.8) we have E (|Q(e;)|? | Fj—1) < 4Ew?(e;)P (e; € T | Fj—1) . From (2.6)
we therefore have E(C} | F;-1) < E (|Q(e;)* | Fj-1) < 4Ew?(e;)P (e; € T | Fj-1) and
taking expectations we get E(¢?) < 4Ew?(e;)P (ej € T) < 4uzlP (e; € T) where p; is as
in the statement of the Theorem. Summing over j and using (2.5) we then get

var(Mi(H)) < 4pz Y P (ej € T) = dpavi(H), (2.11)
J

since the expected number of edges in any maximum k—strong matching is v (H). O
Proof of Theorem 2.2 (b): We first show that there are positive constants v; and o
depending only on A, k, u, F1 and F; such that

P(My(H) >y -ve(H) >1—e 7™, (2.12)
where m = m(H) is the number of edges in H. From (2.12) we get that
EMy(H) > 1 - vp(H) - (1= e7#™) > 91 - (1= 772 - e (H)

since m > 1 and this obtains the desired lower bound in (2.4).

To prove (2.12), we use a combinatorial result (Lemma 3.2 in Appendix) that obtains
bounds for the strong matching number in terms of size of local neighbourhoods. Say
that e € H is a bad edge if its weight w(e) < 7 for some constant v > 0 to be determined
later. Letting 7, = ) _1(w(e) < 7) be the total number of bad edges, we have that
m - Biow < 0 = ETy, <m - By, where

Biow = minP(w(e) <) = F1(y) and fyp := maxP(w(e) <v) < Fa(7) (2.13)
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by (2.3). Consequently, using the deviation estimate (A.4) of Lemma 3.3 in Appendix
with e = 1, we get that P (T, > 3 - m - Bup) < 2exp (—mf%) and therefore that

P (TL > gm : F2(7)> < 2exp (—m'fgm) . (2.14)

Suppose now that the event 77, < %m - F5(7) occurs and let U be a maximum k—strong
matching of minimum weight. There are at most 77, bad edges in i/ and so

3
MyU) = (vi(H) = TL) -y = (Vk(H) - 2mF2(’Y)> vZu(H) oy (112 AR By (y),
(2.15)
using the maximum degree bound for v, (H) (see (A.1) of Lemma 3.2 in Appendix).
Since F»(y) — 0 as v — 0 (see statement of Theorem 2.2), we choose v > 0 small so

that F3(7) < 5;arr- For such a y we get from (2.15) that Mj,(U) > % and so we get

from (2.14) that P (Mk(H) > Lf”) >1-—2exp (—%@S(A’)) . This proves (2.12). O

3 Inhomogenous random graphs

In this section, we study strong matching numbers of random graphs obtained as
follows. Let K,, be the complete graph on n vertices and let {X.}.ck, be independent
random variables indexed by the edge set of K,, and having distribution

P(X.=1)=p(e) =1 —P(X, =0) (3.1)

for the edge e. Let G be the random graph formed by the set of all edges e satisfy-
ing X, = 1. Because the edge probabilities p(e) need not all be the same, we define G
to be an inhomogenous random graph. If p(e) = p for all e, then G is said to be a
homogenous random graph with edge probability p.

We have the following result regarding the strong matching number of inhomogenous
random graphs. Throughout constants do not depend on n.

Theorem 3.1. Let £ > 3 an integer and suppose the edge probabilities are of the

form p(e) = ’jf;) where 0 < 8 < 1 is a constant and {h(e)}.ck, are “weights” satisfying

1
1 - ndtew < h(e) < g - n’ and <;> Z hE+2(e) < g - nkH20a (3.2)
eeK,

for some constants 0 < 6oy < dgy < dyp < f and v;,1 =0, 1,2. Suppose

Orow =1 — k(1 — B+ 6u) — 2000 — S1ow) > 0 and ki(1— B+ 6,) < 1 (3.3)

strictly where ki = 3! if k is odd and ki := %52 otherwise. There are positive

constants D;,1 < i < 3 such that

D3
nelow

P (D; - n”o» < vp(G) < Dy -nf) > 11— (3.4)

for all n large, where 0.,,;, := 1 — k1(1 — 8 + d10w)-

In words, we get that with high probability, i.e. with probability converging to one
asn — oo, the maximum size of a k—strong matching grows as a power of n. Moreover,
our bounds for the strong matching are in terms of the averaged edge probability
parameter d,, and ;... In particular if §;,,, = b4y = 6, then % <1(Q) < %
with high probability, where we recall that k; is roughly equal to g Extrapolating the
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results of [6] for induced matchings where k = 1, we conjecture that v4(G) is in fact of
the order of % with high probability, for some constant a > 0.

The proof outline for Theorem 3.1 is as follows. We use local vertex neighbourhood
bounds for the strong matching number obtained in Lemma 3.2 of Appendix together
with variance estimates for weighted random graphs described in Theorem 2.2, to obtain
our lower bound in Theorem 3.1. For the upper bound on the strong matching number in
Theorem 3.1, we use iterative exploration techniques analogous to [3] to first estimate
the size of local neighbourhoods of vertices. We then employ an upper bound for the
strong matching number again based on local neighbourhoods, obtained in Lemma 3.2
of Appendix, to complete the proof of Theorem 3.1.

Proof of Theorem 3.1

Proof of the lower bound in (3.4): We use the estimate (A.1) of Lemma 3.2 which

states that

m2

) 2 I @ () (3:5)

provided G contains no isolated edge. Here d,;(u) is the number of vertices at a distance
at most j from u. The expected number of neighbours of any vertex in G is at least W};Lgliu)
and so from the deviation estimate (A.4) of Lemma 3.3 in Appendix, we see that each

vertex has degree at least %- - nl—A+dow with probability at least

1 — e20n"77™v 41 some constant C' > 0. Therefore if Fj., denotes the event that G
contains no isolated edge, then by the union bound we have that

—20nt— P 10w

IP(Eiso) >1—n-e >1-— e—Cnl’ﬁ+5low (36)

for all n large.
To lower bound the number of edges m, we use the lower bound for i(e) in (3.2) to get

that the expected number of edges in the graph G is at least ( ) [ﬂi%w > %
for all n large. Setting ¢ = 5 in the deviation estimate (A.4), we get that the number of
edges m in G satisfies
2—B+010w o aas
P <m > 71718) >1— 6fcnz [3+élow’ (3.7)

for some constant C' > 0.

In what follows we find an upper bound for the denominator term } ., di(u)dg11(u)
in (3.5). Letting u ~ v denote that vertex u is adjacent to vertex v, we get that the
degree of u equals di(u) = >, U(u ~ v), where 1(.) is the indicator function. To
compute dy+1(u), we use the fact that if a vertex z is at a distance [ from u, then there is
a path of length [/ containing u as an endvertex. Therefore

dy1(u) < Z Z W(u ~ w; H]l Wi ~ Wit1)

1<j<k+1 wiFwa#...Aw; 7#u

and consequently,

Ji(n) = Ezéh Ydit1(u

< ZZ Z Z Ef(v,u,w1,...,w;)

u v#Eu 1<j<k+1wi#...#w;#u

= Z ZZ Z Ef(v,u,ws,...,w,;). (3.8)

1<j<k+1 u v#uwiF..Fw;7u
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where
j—1

fi = Fwuwr,. o wy) =10 ~ w)i(u ~ wy) [ [ Ww; ~ wigs).
=1

Depending on whether v = wy or not, we split Ji(n) < Ux(n) + Vi (n) where

Ug(n) := Z Z Z Ef(v,u,ws,...,w;) (3.9)

1< <k+1 vAuFw) uFwi #...Aw;

and
Vie(n) == Z Z Ef(v,u,wr,...,w;) (3.10)
1<) <k+1 utv=w £...2w;
respectively.

Define a walk to be a sequence of edges (ey, .. ., e;) where ¢; and ¢;1; share a common
endvertex for 1 < i <t — 1. The term f; = f(v,u, w1, ..., w;) is a product of exactly j + 1
distinct terms if v # w1, since in this case the walk W = (v, u, w1, ..., w;) contains the
path (u,ws,...,w;) formed by j edges and the additional edge (v, «). The total number
of vertices in the walk W is either j 4 2 or j + 1 depending on whether

v € {wy,...,w;} or not. In any case, the expectation
[Teew 2(€) _ Xeew h ™t (e) 1 j+1 1
Ef; = nG+DB < i1 " nGTDB = Z W™ (e) nG+DB (3.11)

eeEW

where the first inequality in (3.11) is true by the AM-GM inequality. Substituting (3.11)
into (3.8) we then get that

Ur(n) < > W%)BZZM’“(@). (3.12)

1<j<k+1 W eeW

The number of walks containing any edge (u,v) and having ! < j + 2 vertices is at
most C; - n/ for some constant C; > 0 and so each edge of the complete graph K, is
counted at most C; - n/ times in the inner double summation in (3.12). Thus

Up(n) <Cy > Y WITH(f) - /7 UFDE, (3.13)
1<j<k+1 fEK,

and because j + 1 < k + 2 and the edge probability “weights” h(e) > 71 (see (3.2)), we

also have that
Z hj+1(f) < Cy- Z hk+2(f) < Cy - (Et2)8au 2
fEK, fEKR

for some positive constants Cs, C3, by the condition (3.2). Therefore

Up(n) < Cy - n(k+2)day+1 Z pUTHA=8) < o . p(k+2)(A=F+da)+1 (3.14)
1<j<k+1

for some constants Cy, C5 > 0.
Following an analogous analysis, we get that V},(n) satisfies (3.14) as well and so

Ji(n) < Cg - nF+2(=FF0au)+1 (3.15)

for some constant Cs > 0. By Markov inequality P (3", di (w)dj41(u) > 2J(n)) < 3 and
so by (3.15), the sum Y° d1 (u)dy41(u) < 2J5(n) < 2Cq - n*k+2(1=F+%)+1 with probability
at least % Together with (3.6) and (3.7), we get from (3.5) that

m2 nA=26+26100

G) > > Cy-
Vk( )_ 4Zu dl(u)dk+1(u) =T n(k+2)(1=B+dav)+

- = Oy -mfow (3.16)
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n2_ﬁ+‘slow

with probability at least %—e‘c"lfﬂé“”“ —exp (— =
isas in (3.3) and C7 > 0 is a constant.

Summarizing,

) > 1 forall nlarge, where 0,,,,

Cr
1

for all n large and we use (3.17) as a bootstrap to obtain the lower bound in (3.4). The
key ingredient is the following variance estimate:

1
P (vx(G) > C’7n9’°“’) > 1 and so Ev,(G) > . pliow (3.17)

var (v (Q)) < 4Evg(G). (3.18)

To prove (3.18), we use Theorem 2.2 and let {Z,.}.ck, be independent uniformly dis-
tributed random variables in the interval [0, 1]. Set the weight of edge e as w(e) =1(Z, <
p(e)), where p(e) is the edge probability as defined in (3.1). The maximum weight of
any edge is at most 1 and so the second moment condition in Theorem 2.2 is satisfied
with uo = 1. Consequently, from the first inequality in (2.11) we get that the variance
of v;(G) is bounded above by the product of 415 < 4 and the expected number of edges
in a maximum k—strong matching of GG. This proves (3.18).
From (3.18) and Chebychev’s inequality we then get for ¢ > 0 that

var(vg(Q)) < 4
(eEvk(G))? ~ Evg(G)

P (jun(G) — Evy(G)] > eBuy(G)) <

and setting ¢ = 1 we get that P (I/k(G) > E”’“T(G)) >1- ﬁ?@. Plugging the bound
for Evi(G) from (3.17), we get the lower bound in (3.4). O

Proof of the upper bound in (3.4): The outline is as follows. We first show that
min, di(v) > C- nk(=F+dow) for some constant C' > 0 with high probability and then plug
this into (A.2) in Proposition 3.2 to get the upper bound in (3.4).

We use an exploration technique analogous to [3]. Let S = {1} and fori > 1 let S;
be the set of vertices that are at a distance i from the vertex 1. Given Sy, Sy, ...,8;-1 =
{v1,...,vr}, we would like to estimate the size of S;. Let 7o = U;;t S, and define
the sets 7;,1 < [ < L iteratively as follows. Let N; be the set of neighbours of v;
in {1,2,...,n}\ 7o and set 7; = To UN;. Iteratively, let \V; be the set of neighbours of v,
in the set {1,2,...,n} \ 7,_1 and set 7; = T;_1 UN;.

Define

Plow = nﬁfﬁ and p,, = nﬁ% (3.19)
where the constants v;,% = 1,2 and d;o., dup are as in (3.2). Each edge probability lies
between p;.,, and p,, and so if E; denotes the event that

(n— #Tj-1)
2 )
then using the standard Binomial deviation estimate (A.4) in Lemma 3.3 of Appendix

with e = 1, we get that P(E; | Tj_1) > 1 — e-¢(=#7-0riow for some absolute con-

stant C' > 0 not depending on the choice of 7;_;. Thus

J j—1
P (ﬂ E| 7;-1> > (1 - e*C<"*#Ta‘fl)Plow) 1 <ﬂ El> ) (3.21)
=1 =1

If ﬂ{:—f E; occurs, then 7,_; has size at most #7g + 2npy,(j — 1) < #7o + 2np,,L and
so from (3.21) we get that

J j—1
P (m E | 7}_1> > (1 _ e—C(n—#%—2npu,pL)plow) 1 (ﬂ El>
=1

=1

2pup(n — #Tj-1) > #Nj > prow - (3.20)

ECP 26 (2021), paper 39. https://www.imstat.org/ecp
Page 8/12


https://doi.org/10.1214/21-ECP408
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Strong and weighted matchings

and taking expectations and setting j = L, we get that

L L—1
Cpiow ~
v (zq = 76) - <1 S <_ p‘i (n=#To - QW)W)L))) 'IP <1_1 F 76) - 52

If ﬂlL:l FE,; occurs, then from (3.20) we see that the number of vertices S; at a distance ¢
from the vertex 1 satisfies

L—-1
ow L ow
2npupL > #8 > Y ”2 C(n—#T;) > pTl - (n — #T5 — 2npupL). (3.23)
=0

Now define the event J,, := {#Sw_l PR S, < H#Swo1- 2npup} . If the event
Ni<w<i_1 Jw Occurs, then by iteration we get for 1 <w <+ — 1 that

(nplow

- ) < Su < (2npuy)” (3.24)

and so #75 = S0 L #8w < 0 (2npuyp)? ! < i(2npy,)' !, Therefore using the fact
that #8i-1 = L < # (Uw:0 Su) = #To, we get

#T0 4 2npupL < (2npyp + 1)#To < i(4npup)i <k (4npup)k1 (3.25)

for all n large, since i < k;. Using the fact that (np,,)" < C - nF1(1=F+%uw) for some
constant C' > 0 by (3.19) and k(1 — 8 + dup) < 1 strictly (see (3.3)), we get the fi-
nal term in (3.25) is bounded above by for all n large and so from (3.21) we see

that P (ﬂl B 75) (nz - J) is bounded below by

C np L—1 i—1
(1—exp< T é"“’))-l?(ﬂ El|76>]l<ﬂ Jw>. (3.26)
=1 =

w=1

Using the bound (3.26) iteratively, we then get that

(e ({) ) e

and because L < n we also have that (1 — 2)* > 1—La > 1—nz with z = exp (-¢- MPlow)
Thus

P <lé E; | 75) 1 (r_j ) (1 —nx) (;ﬁi Ju,> . (3.28)

Now if ﬂle EN ﬂ:;:ll Jw occurs, then from (3.25) and (3.23) we get

2npup “H#Sio1 = 2npupL > #S8;

and
nplow

#S; > #Si-1 - plgw - (n—#To — 2npypL) > “#S, 1.

In other words, the event J; occurs. From the estimate (3.28) we therefore get that

i i—1
P (ﬂ Jw> > (1—n-e?Pmpew). P (ﬂ Jw>
w=1 w=1
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for some constant D > 0 not dependent on the choice of . Proceeding iteratively, we
therefore get

k1
P <n Jw> Z (1 —_n - 672anlnu))k1 Z 1— klne*QDn;Dsz Z 1— G*Dlnl_ﬁ*ﬂslow (329)
w=1

for all n large and some constant D; > 0.
If ﬂ’f;:l J., occurs, then from (3.24) we get that dy, (1) > Zﬁj:l (%‘j“’)w > (%‘jw)kl )
and so from (3.29) and the union bound, we get that

k
min dy, (v) > (npiow> ! > C - pkr(1=F+d0w) (3.30)
for some constant C' > 0 with probability at least 1 —n - e~Din' 7 7lew > 1 g=Dan' =7 00w
for all n large and some constant D, > 0. Plugging (3.30) into the upper bound (A.1) in
Lemma 3.2 of Appendix, we get the upper bound in (3.4). O

Appendix

The following result obtains bounds on the strong matching number of any graph H
in terms of local vertex neighbourhood sizes.

Lemma 3.2. Let H = (V, E) be any graph containing no isolated edge and for j > 1,
let d;j(u) denote the number of vertices that are at a distance at most j from the
vertex u € V and let A = A(H) := maxycy di(u) be the maximum degree of a vertex
in H, respectively. If H contains n vertices and m edges, then for k > 0 we have

-1
m2 m

ueV
and for k > 3 we have that n

Vk(H) <

~ miny, dg, (u)’ (A.2)

where k; = 551 if ki is odd and k; = %52 otherwise.

The first expression of (A.1), which we call the average degree bound, provides a
lower bound in terms of average neighbourhood size of vertices and is particularly useful
in the context of inhomogenous random graphs, (see Section 3). From the second bound
in (A.1), which we call the maximum degree bound, we see that graphs with bounded
maximum degree have a k—strong matching number that grows at least linearly with
the number of edges. The upper bound in (A.2) implies that the strong matching number
is low for graphs with large minimum degree, since in such graphs, the edges are
connected to each other through paths of small lengths.

We prove the upper and lower bounds for v;(H) in Lemma 3.2 in that order.

Proof of (A.2) in Lemma 3.2: Let F = {(u1,v1),...,(us,v¢)},t = vp(H) be a maxi-
mum k—strong matching in H. Let N;(u) be the set of all vertices at a distance at
most j from u in the graph H and so letting k; be as defined in the statement of the
Theorem, we have that | J,_, NV, (u;) C V(H). For any two vertices u; and u; belonging
to distinct edges of the matching F, we must have that Ny, (u;) (N, (u;) = 0; because
otherwise, there would be a path of length at most 2k; < k£ — 1 connecting u; and u;.
Therefore t - min, #Nj, (u) < #V(H) = n and this obtains (A.2). O

Proof of (A.1) in Lemma 3.2: Let H, be the line graph (pp. 71, [8]) of H obtained by
assigning a vertex v, for each edge e € H and connecting v, and v; by an edge in Hy, if
and only if the edges e and f share a common endvertex in H. If 7 = {vy,,..., vz, } isa

ECP 26 (2021), paper 39. https://www.imstat.org/ecp
Page 10/12


https://doi.org/10.1214/21-ECP408
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Strong and weighted matchings

€
1
es e,
€ 2 5
e 3 4
H H

Figure 1: A graph H (left) and its corresponding line graph H;j, (right) where vertex ¢
in Hy, corresponds to the edge ¢; in H. The edges e; and e5 form a matching in H and
the corresponding vertices 1 and 5 form a stable set in Hy .

stable vertex set in Hy, i.e. no two vertices in Z are adjacent to each other in H;, then
the corresponding edges f1, ..., f; form a matching in H. In Figure 1 we have illustrated
the above reasoning with an example, where the edges e; and e5 form a matching. The
corresponding vertices 1 and 5 in Hy, form a stable set.

Let H f“ be the (k + 1)** power of the line graph H, obtained as follows: The vertex
set of Hi ! is the same as that of H,. If the distance between the vertices v. and v; is at

most k + 1 in Hy, then v, and v; are adjacent in HF"'. By construction, if {v.,, ..., v, }
is a stable set in Hf“, then the set of edges {ey,...,e,} form a k—strong matching in
the graph H.

The number of vertices in H ]’f“ equals m, the number of edges in H. Moreover
if d,, denotes the average degree of a vertex in H 5“7 then using the fact that no edge
of H is isolated, we get that d,, > 1. From Theorem 3.2.1, pp. 29, [2], we therefore get
that there exists a stable set in HF™' of size at least 34— To estimate dq,, let N (u)
denote the set of vertices at a distance at most j from the vertex u € H. The degree

of the vertex v. in the graph Hf“ corresponding to the edge e = (u,v) € H is at

most # (Neq1(u) \ {v}) U Net1(v) \ {u})) and so

d < o 3 # (W@ \ ) U Wina () ()

e=(u,v)€EH

< =Y ENe@\ o)+ # Ve @)\ ()
e=(u,v)EH

= 25 Y #Na\ )
ueV veNy (u)\{u}

= 23 i)y () - 1) (A.3)
ueV

This obtains the first lower bound in (A.1).
Finally, if A is the maximum degree of a vertex in H, then d;.(u) < A**! and so
from (A.3) we get that dg, < 2A7Z+1 > uey d1(u) = 4A*TL This proves the second lower

bound in (A.1). O
Also, throughout we use the following standard deviation estimate.

Lemma 3.3. Let {X;}1<;<r be independent Bernoulli random variables with P(X; =
1)=1-P(X; =0) > 0. IfT}, = Zle X;,0;, =ET; and 0 < € < 3, then

2
P(|Ty, —0r] > 0re) < 2exp (—19L> . (A.4)

For a proof of Lemma 3.3, we refer to Corollary A.1.14, pp. 312 of [2].
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