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Time regularity of Lévy-type evolution in Hilbert spaces and
of some a-stable processes.*!
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Abstract

In this paper we consider the cylindrical cadlag property of a solution to a linear
equation in a Hilbert space H, driven by a Levy process taking values in a possibly
larger Hilbert space U. In particular, we are interested in diagonal type processes,
where processes on coordinates are functionals of independent a-stable symmetric
processes. We give the equivalent characterization in this case. We apply the same
techniques to obtain a sufficient condition for existence of a cadlag version of stable
processes described as integrals of deterministic functions with respect to symmetric
a-stable random measures with o € [1,2).
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1 Introduction

We first consider a linear equation in a Hilbert space H given by dX; = AX;dt,
Xo = x, where A is a generator of a Cy semigroup (S(t))¢>o on H. Obviously, the solution
can be represented as X; = S(¢)x. We may perturb the linear equation by a Lévy process
7 = (Z:)ter which takes values in U, where U is a Hilbert space H C U. It leads to the
following equation of evolution with Lévy noise

dXy = AXydt +dZ,, te€ T =[0,a], Xo=0, a>0. (1.1)

Note that if U = H, then once again (1.1) can be easily solved
t
X = / S(t—s)dZs, Xo=0. (1.2)
0

If H C U then the solution exists in a weaker form which we discuss in a special case
below. The equations of the form (1.1) were considered e.g. in [8], [10], [9], [6], [7]. One
may wonder whether there exists a cadlag version of X = (X;)ecr in H. This problem is
described in Liu Zhai [6] and the answer is that if such a modification exists, then Z takes
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Time regularity of Lévy-type evolution

values in H. However, in some cases X may take values in H, even though the space,
in which the noise lives, is larger. One may wonder what other kinds of regularity one
may expect. In [9] several other notions of cadlag property have been introduced, which
are weaker than cadlag in H. In the present paper we focus on the cylindrical cadlag
property. We consider the case when both Z and the equation (1.1) is of a diagonal form.

In the this paper we consider only the diagonal case with negative diagonal operator A
and diagonal Lévy-type process Z, which is a much simpler question. Namely, let (e, )22

n=1
be an orthonormal and complete basis in H, we assume that for any n = 1,2, ... vector
en belongs to the domain of A and Ae,, = —v,e, with 7, > 0. Moreover, assume that

Zy=3% Zt(")en, where Z(") are real-valued independent symmetric Lévy processes
without Gaussian part and with Lévy measures u,,, respectively. Note that, in general
the sum defining Z may not converge in H, but in some larger space Hilbert U. By the
solution to the diagonal type evolution equation we mean the process

X, = ZXt(n)en, t €[0,al,
n=1

where
dx{" =~y XMdt +dz;", X{V =0, n=1,2,.... (1.3)

The process X takes values in H if and only if the series ZZ‘;I(XE"))Q converges in

probability (and therefore almost surely, thanks to independence). One can express
this condition in terms of Lévy measures p,, (see Proposition 2.6 in [9]). An important
example considered in literature is when Z(™ = ¢, L("), where L(™ are independent
standard symmetric a-stable Lévy processes and o, > 0. This will be referred to as the
a-stable case. In this case, the condition for X to take values in H is

oo O_a
" < oo, (1.4)

The proof of the fact can be also found in [10]. Note that in [10] it was assumed that
v — 00, hence condition (1.4) was written with ~, in the denominator, instead of our
1 + ~,, but the proof without the assumption that ~,, tend to infinity is essentially the
same (cf. Proposition 4.2 in [10]).

Moreover, by the Liu Zhai result [6] we know that in the a-stable case, there exists a
cadlag version of X = (X;)ter in H if and only if Z takes values in H, which is equivalent
to

iag < 0. (1.5)
n=1

However, the intriguing situation is when (1.5) fails — which means that Z has values
beyond the space H. The question is whether we can still expect some regularity of
X. The regularity we analyze in this paper is the existence of a cylindrical cadlag
modification.

According to the Definition 1.1 in [9] an H-valued process X is cylindrical cadlag if
for any z € H the real valued process

(oo}
Yi=(2,X) =Y (zen)X(™,  t>0. (1.6)

n=1

has a cadlag modification. Note that if X is a cylindrical cadlag, then for any finite set of
vectors 21, 29, ...,2, € H the process

({21, X), (22, X), ..., (20, X))
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has a cadlag modification and hence the property indicates weak regularity of X as
of a process in high dimensions. There are some partial results towards the question
discussed in the extensive paper [9] (note that there are discussed many forms of
regularity). However, the results in [9] do not completely cover even the basic question
of Z(") that are a-stable, where o € (1,2). We do propose an approach which in particular
covers the question formulated as Question 4 in [9]. It should be mentioned that the
case of a € (0, 1] was completely solved in [7].

As it will be proved, our approach works in the much more general setting of diagonal
type evolution equations implying a nice sufficient condition for the cylindrical cadlag
property for all diagonal type equations.

The process Y of (1.6) clearly depends on z € H, however since z will be fixed we
do not stress this dependence in the notation. Moreover, even though X does not take
values in H, it is possible that the process Y is well defined and we may consider the
problem of the existence of its cadlag modification.

The key idea in the proof is to use the Poissonian representation of Lévy processes
and an application of a result of [3] concerning suprema of Bernoulli processes. In this
approach it is important that the Lévy processes are symmetric.

In the last part of the paper we show the usefulness of our method beyond the
evolution equations. Namely, we give sufficient conditions for existence of cadlag
modifications of stable processes of the form

X = /Ef(t,m)M(dx) t €10,al, (1.7)

where M is a symmetric a-stable random measure and f is a deterministic function
satisfying appropriate integrability conditions. See Section 5 and Theorem 5.1 below. It
is worth stressing that our condition also works in the case « € (1,2), which seems to be
a difficult one.

The paper is organized as follows. In Section 2 we introduce some notation and
representations of the process Y given by (1.6). In Section 3 we discuss a necessary
condition for existence of a cadlag modification of the process Y. In Section 4 we provide
a sufficient condition. Finally, in Section 5 we discuss the problem of cadlag modification
of stable processes of the form (1.7).

2 Representation of solution

For the sake of simplicity we assume that 7' = [0, 1]. As we have explained the solution
to the evolution equation has the form (1.2). Suppose that Z(") = ¢, L"), where o,, > 0
and L™, n = 1,2,... are independent symmetric Lévy processes without Gaussian
component and with Lévy measures v, respectively. That is, Li”) has characteristic
function of the form

EeifL" — exp {_t/]R(l - cos(Gy))Vn(dy)} )

where v, is a symmetric Borel measure on R, satisfying v,,({0}) = 0 and

/ (4 A Lvn(dy) < .
R

Such processes have a cadlag modification, and in the sequel we will always assume
that L™, n = 1,2, ... are cadlag. As described in the introduction we assume that 4 is a
diagonal operator, and for an orthonormal basis (e,),, of H we have Ae,, = —v,e,, with
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¥n > 0. Then (1.3) reads as
t
xM = / exp (—yn(t — 8)) opd L. (2.1)
0

It is well known that the jump times and sizes of L(™ are points of a Poisson random
measure, with intensity measure ¢ ® v,,, where ¢ is the Lebesgue measure on R,. We
denote this random measure by 7,,. Thus

t
£ =t [ [ yma(ds.dy)
0=0Jo Jiy|=6

where the limit is a.s. Moreover, on a subsequence J,, \, 0 fast enough the convergence
is a.s. uniform on bounded intervals (see e.g. Theorem 6.8 in[8]). Note that here we do
not need to compensate, since v,, are symmetric.

Also, due to symmetry 7, can be represented as a sum of Dirac measures

T = : :6(tn,k7(én,kyn.k))’
k

where (¢, 1, Yn i) are points of a Poisson random measure with intensity ¢ ® p,, with
pn(B) = 2v,(B N R;), which will be denoted here by 7', and &, k = 1,2,... are i.i.d.
Rademacher random variables. In this setting the process L") at time tn 1 has a jump of
absolute value y,, ;, and sign &, , i.e.

ALE:L = €~n,kyn,k .

Forn = 1,2, ... the corresponding Poisson random measures 7," and random signs are
independent.

An important example is when L(") are symmetric a-stable processes with « € (0,2).
In this case it is well known that

Ca
vn(dy) = |y‘a+1dy. (2.2)

Here C,, > 0 is a constant that standardizes LM so that

EeieLﬁ") — otlo

We fix z € H and consider existence of a cadlag modification of

(o9} oo

Yi=(Xe2) =Y V" =3z e)X,  telo1]. (2.3)

n=1 n=1

where X are given by (2.1), and ¥, = (2, e, ) X™.

Under a weak assumption the sum ) Yt(")

(

converges a.s. forallt € T = [0,1], we
explain it below. Each of the variables Y, ", t e T can be represented in terms of the

Poisson random measure 7,, as

Yt(n) = lim Z bnan kYn ke_(t_tn’k)’yn lt" <ty (24)
5§—0+ B T
k:yn,k>6
where b, = |0,,(2, en)|, €nk = Enksgn({(z,ey)) and ty g, Ynks Enk, n=1,2,...,i=1,2,...
are as above.
ECP 26 (2021), paper 42. https://www.imstat.org/ecp
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Proposition 2.1. For any t¢ € [0, 1] the sum on the right hand side of (2.3) converges
almost surely if and only if

0ot
Y(0) = Z/O /]R (1 — cos (6b,ye™ ")) vy (dy)ds < oo, R (2.5)

n=1
and the function v is continuous at 0.

Proof. By (2.4), using the form of the characteristic function of integrals with respect to
a Poisson random measure (see e.g. Theorem 6.6 in [8]) we have

t
B e {~ [ [ (1= costObupe i, oew
0 R

Yt(”) are independent, hence almost sure convergence of the series (2.3) is equivalent to
its convergence in law and the result follows. O

In particular, if L(") are standard symmetric a-stable Lévy processes, then recalling
(2.2) we have

e—a'ynt

t t _
/ / (1 — cos (0bpye™™*)) vy (dy)ds = / 0% (bpe™ )" ds = |0]* bgli
0 JR 0 [e%

n

Since 1=¢— for z > 0 is bounded from above and below by 1 multiplied by a constant,
we see that the series (2.3) converges almost surely for any ¢ € [0, 1] if and only if

;1+7n < 00

It is clear that each of the processes Y (" is cadlag. Thus, using (2.4) we can use the
following representation of Y

Y:f = <Z7Xt> - ZY;(’”) = Zangn)kyn,kB_(t_t”‘k)’yn 1tn,k§t’ te T, (26)
n n k
The sum over k is understood as lims_,g Zk:yn W36 We are ready to discuss the

convergence of 3, V™, t € T.

The main idea we follow is that (Y;):cr can be split into two parts according to
whether b,y, > 1 or b,y, 1 < 1. The first part is a finite sum of cadlag processes and
in the second the series with respect to n, converges uniformly in L', thus there is a
subsequence on which the convergence is a.s. uniform on 7, hence the limit is cadlag.

3 Necessary condition

Recall (2.6) and (2.5). The next theorem provides a necessary condition for Y to have
a cadlag modification. This result follows from Theorem 3.4 of [7], but, as it is short, we
will also present its proof, to have a full picture of our problem.

Theorem 3.1. IfY has a cadlag modification, then for any ¢ > 0 we have
= €
ZV”([Z ,oo)) < 00. (3.1)
n=1 "

Example 3.1. (Cf. Corollary 3.5 in [7]). If L(") are independent standard symmetric
a-stable Lévy processes and the process Y has a cadlag modification, then

> by < oo (3.2)
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Proof of Theorem 3.1. We argue by contradiction. Suppose that (3.1) does not hold for
some ¢ > 0 and that Y has a cadlag modification Y. Fix any n and denote:

Y;(n,a) = Z bnsn,k’yn,kei(titn’k),yn 1tn,k<t; t > 0.
k:yn k=€

Then the processes
V,—v,"™9 t>0, and Y™, t>0 (3.3)

are cadlag and they are independent (independence follows from the fact that =, is
independently scattered). Moreover, Y (") has jumps at jump times of the Poisson
process m,([0,t] x {y : |y| = €}), t > 0. Therefore, with probability one, the sample paths
of the two processes defined in (3.3) must have jumps at different times. Hence, with
probability one, whenever Y (") has a jump of size > ¢, then Y has a jump of equal size
and sign. Notice also, that

‘ AY™

_ ‘AL@

)

where, for a cadlag process Z we denote AZ, = Z, — Z,_.

We will show that if (3.1) does not hold then, with probability one, there are infinitely
many n, such that L™ has a jump of size > ¢/b,,. Moreover, all L™ are independent,
hence they jump at different times. Consequently, by the argument above, this implies
that Y must have an infinite number of jumps of size > ¢ on [0,1], and therefore cannot
be cadlag. This is a contradiction.

Let (™ denote the maximal jump of L™ on [0,1]; (™ = sup,, |AL,|. Clearly, for
u >0

P <u) =P@™([0,1] x {y: |yl >u}) =0)=exp(—va({y: |yl >u})).

Hence

n n €
D Pbat™ =) = ;P(S( 'z )

o 3 (1 - eXp(—ZVn([bi,oo))) (3.4)

>e ! z:min{Ql/n([bi7 00), 1} = oo,

where the last equality is a consequence of the assumption of the opposite of (3.1). As
¢ are independent, the Borel Cantelli lemma implies that with probability 1 there are
infinitely many n such that (™) has a jump of size at least ¢ /b O

4 Sufficient condition

We now discuss sufficient conditions for existence of cadlag modification of Y.

Theorem 4.1. Assume that there exists ¢ > 0 such that (3.1) is satisfied, and additionally
that

Z bi/ ly|? v (dy) < oo. 4.1)
n=1 b

nlyl<e

Then Y has a cadlag modification.

Before we go to the proof of the theorem we make several observations:

ECP 26 (2021), paper 42. https://www.imstat.org/ecp
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Remark 4.1. The assumptions of Theorem 4.1 may be also written in the form

S [ (b n 1w () < o0

thus our result is stronger than Theorem 3.8 in [7], where |b,y| appeared with power 1
instead of the square.

Example 4.2. If L(™ are independent standard symmetric o-stable Lévy processes with
a € (0,2) then (3.1) and (4.1) both reduce to

> b < oo (4.2)

Hence by Theorems 3.1 and 4.1 (4.2) is a necessary and sufficient condition for Y to
have a cadlag modification. This strengthens the result of [7] (Theorem 3.9) which was
only proved there for a < 1.

Corollary 4.3. Assume (1.4). Then X = (Xi)ier, T = [0,1] has cylindrical cadlag
property if and only if

o 20
Z on Y < 00. (4.3)
n=1
Proof. Recalling the definition of b,,, (4.2) is equivalent to
> [z en)on|™ < 0. (4.4)
For X to have the cylindrical cadlag property, (4.2) has to be satisfied for any z € H. If

(4.3) holds then (4.4) is satisfied by Holder’s inequality. In order to prove that (4.3) must
hold we first use Baire’s theorem. For N > 1 we define

Dy={z€eH: Z|(z,en>an|“ < N}

Since clearly (4.4) implies that | J ~ D~ = H, we derive from Baire’s theorem that there
must exist N and a ball B(z,r) in H such that B(z,r) C Dy. Consequently,

sup Z (2, en)on|® < o0
2€B(0,1) <

On the other hand, considering equality in Holder’s inequality one can find a sequence
of zy € B(0,1) such that

N 2
2a
Z (2, en)on|™ = (Z |022a>
n n=1

If (4.3) fails, the latter expression tends to co, when N — oo. This is contradiction. O

2

Note that it is possible that (1.4) is satisfied and Zn oo = oo but (4.3) is satisfied.
This means that in this case the process X is not H-cadlag but it is cylindrically cadlag,
and for which the process Z of (1.1) does not have values in H.

Proof of Theorem 4.1. As in the proof of Theorem 3.1 let £(™) denote the maximal size of
a jump of L™ on [0,1]. Then, by (3.4) and an elementary estimate 1 — e~* < z we have
that

ZP(bnf(") >e) < oo.
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Borel Cantelli lemma and the fact that each L(™ is cadlag imply that there are only a
finite number of y,, ;, such that by, , > €.
Instead of Y it is therefore enough to consider the process

}/’t(a) = Z Y;(”ve), t> 0’ (45)
n=1
where
v = Jim > bngnynre TR, (4.6)
:0<Yn, k<€

since the difference between Y and Y (") is a finite sum of cadlag processes. Note that
t
}/t(n,s) _ 0'n<Z, €n> / e—'yn(26—s)dLgn,s)7
0

where L™ = I, — > o<ty |a.L|ze ALs. Each of the processes Y (<) is cadlag.
Moreover, observe that thanks to (4.1) the process

L(E) = Z O'n<z’ en>L(n’€)
n=1

is well defined and the sum converges in L? in the supremum norm on [0, 1], since L("*)
are independent martingales and

SR =38 / Iyl va(dy) < oo,
n=1 n=1

nly|<e

by assumption (4.1). Therefore LG is cadlag.
The problem thus reduces to showing that

Lgf) _ Y't(g) _ Z (Lgnvf) _ Y;(”ﬁ)) , ¢

n

WV
o

(4.7)

has a cadlag modification.

We will show that with probability one the series in (4.7) converges a.s. in the
supremum norm and in the topology J;. The property implies the existence of a cadlag
modification of the limit. Since we could not find the right reference we give a short
proof below for the sake of completeness.

Lemma 4.4. Suppose that real processes (n,ﬁ”))tg, T = [0,1] are independent and

cadlag. Moreover, suppose that for any € > 0

n

Z n*)

k=m

lim  sup P(

> E) =0. (4.8)

Then, for any t € [0,1] the process n, = ., nﬁ") has a cadlag modification. More

precisely, >, n™ converges a.s. in the Skorohod J; topology to some 7j which is the
cadlag modification of . Moreover, the series 220:1 n™ also converges uniformly.

Remark 4.5. Note that the space D([0,1]) equipped with the supremum norm is not
separable, so we cannot follow the usual approach for separable Banach spaces. In fact
we even do not know whether w — 3" 5{" is a random variable with values in D([0, 1])
with respect to the o-field generated by the supremum norm.
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Proof of Lemma 4.4. For z,y € D([0,1]) let

(o SO0 o).

d(z,y) = inf max
0<s<t<1 t—

A€A
where A is the set of nondecreasing continuous functions from [0, 1] onto itself. It is
known that d is a metric on D(]0, 1]) inducing the Skorohod .J; topology and such that
the space D([0,1]) with this metric is a Polish space (see [2]). Clearly, d(z,y) < ||z — ¥||oo,

hence
SLGI ) .
k=m )

The space (D([0,1]),d) is complete and that is why the series >°° , 7™ converges in
probability in this space. By Theorem 1 [5] it also converges almost surely in the metric
d to some 7 which is cadlag. Moreover, a simple consequence of (4.8) is that ||n(™ ||
converges in probability to 0 as n — oco. Therefore, by Theorem 2 of [5], the series
n= fo:l n(™ also converges a.s. in the uniform norm. Therefore, for any fixed t € [0,1]
variables 7, = 7; a.s. It completes the proof. O

n m—1
sup P (d(z 7, Z 7)) > 5) < sup P (

n>m>N 1 1 n>m>N

The processes 77(") = L™¢ — Y("9) are independent for n = 1,2,... and cadlag,
therefore by Lemma 4.4 it suffices to prove that the supremum norms converge in L.
We will prove the following lemma

Lemma 4.6. There exists a universal positive constant C such that for any k < m we
have
2

<C\E

m

3 ( LEms)_th,e))

n=~k

E sup
te[0,1]

2 m
<G Y B[ P,

n==k bnly‘SE
(4.9)

Zm: ( L) _Y1<n,e>)

n=~k

By assumption (4.1) this implies the Cauchy condition for the series in (4.7). The
proof of the theorem will be complete provided that we show Lemma 4.6, which we do
presently. O

Proof of Lemma 4.6. Denote
(1) = b (1 — €100

Then for fixed k < m

m

(n,e) (ne)\ _ 1
; (Lt — % ) = s, A, (4.10)

where for é < e
m

A =3 N cnkann() (4.11)

n=k k:6<bpyn,r<e

In (4.10) the limit is in L? for any fixed ¢ € [0, 1] moreover, it is a.s. uniform on [0,1] on a
subsequence §,, \, 0 fast enough.

We will estimate the expectation of the supremum norm of A(®) on [0, 1] using a result
of [3]. Observe that the double sum in (4.11) is a.s. finite and the random processes a,, i
are nondecreasing, a, i < byYn i, moreover (&, x)n x are independent of (a, x)nx. The
latter processes depend only on 7,}, n = 1,2,.... Conditioning on 7," n =k, ..., m and

using Theorem 1 of [3] for any u > 0 we have

Pe( sup A > 8u) < 53P¢(A° > u)
t€(0,1]
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Here P¢ is the conditional probability were we condition on all variables but (¢, k)n k-
Taking expectation, using the identity E¢? = 2 f0°° uP(|¢] = u)du and also symmetry we
obtain:

E sup ‘A ' gOE‘Aﬁ‘”‘Q

te[0,1]
—oBY. Y el EY [ sy
n=k k:5<by |yn 1|<e n—k Y 0<|bny|<e
Letting 6 — 0 we obtain (4.9). O

5 Cadlag modification of processes expressed as integrals with
respect to symmetric stable random measures.

A large class of stable stochastic processes studied in literature are of the form
X :/ ft,x)M(dx)  te€]0,a (5.1)
E

where a > 0, M is an a-stable random measure defined on some measurable space
(E,%) and f :[0,a] x E — R is a measurable function on the product space, satisfying
appropriate integrability conditions. See e.g. [11] for a systematic treatment of stable
integrals and stable processes. In this section we discuss a sufficient condition for the
process of the form (5.1) to have a cadlag modification (and hence for local boundedness
of the process). Necessary and sufficient conditions for sample boundedness of processes
of the form (5.1) in the case « < 1 are known. The case a > 1 seems to be more difficult
(see Chapter 10 of [11]). Some more recent results on the cadlag property of stable
integrals of the form (5.1) can be found in [4] and [1].

It turns out that our methods used in the previous section can be applied also in this
setting in case where M is a symmetric a-stable random measure.

We assume that 0 < a < 2 and let m be a o-finite measure on a measurable space
(E,#). Let M denote a symmetric a-stable random measure on F with control measure
m. That is, if we denote by & := {4 € # : m(A4) < oo} then (M(A)) sce, is a family of
real valued random variables such that:

(i) For any A, As,... € & such that A; N A; = () for ¢ # j the random variables
M(Ay), M(As),... are independent. Moreover if we also have that m(|J)2, 4,) <

00, then . .
M({J An)=> M(A,), as.
n=1 n=1

(ii) If A € &, then M (A) is a symmetric a-stable random variable with scale parameter
(m(A))=, that is

n=1

EetfM(A) _ exp{—m(A) |9|a}7 0 € R.

If f: F — R is a measurable function such that

/ﬁﬂmwm@w<m
E

then one can define [, f(x)M(dx). This is done in the usual way, by approximating f by
simple functions and passing to the limit. It turns out that for integrals defined in this
way we have

Bexpli [ f(e)M(dn)} = exp(~ [ |f()" m(dn)).
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Therefore, if a > 0, f : [0,a] x E — R is measurable with respect to the o-fields
A([0,a]) ® B/ (R) and such that for any ¢ > 0 we have

/E £t 2)|* m(dz) < oo,

then the process (5.1) is well defined.

Recall also, that M(A) and [, f(t,z)M(dx) may be constructed using a Poisson
random measure. Assume that 7 is a Poisson random measure on R x E with intensity
measure

Ca

where C, > 0 is chosen such that

Ca
/(1 —cosz)—gdz =1
R 2|

Then, for A € &
M(A) = lim zm(dz,dx),
6—0 {z:|z|>6} x A
where the limit is in probability, and a.s.
If 0, \ 0 and E,, € # are such that m(E,) < oo, £, C E,4; foralln and J,, E,, = E,
then for fixed ¢, the stable integral with respect to the stable random measure constructed
above may be represented as

/f(t,x)M(dx): lim zf(t,x)n(dz, dz), a.s. (5.3)
E

N0 J 22| >8n} X By

A simple, but key observation in our context is that since the Lévy measure ‘Zlcﬁdz is
symmetric, the Poisson random measure 7 may be written as

= Z 5(5kyk;93k)’ (5‘4)
k
where 7" =3%".d(, ,,) is a Poisson random measure with intensity measure
%1y>odym(d:c) and €1,¢€2,... are i.i.d Rademacher random variables independent
of .

We have the following theorem.
Theorem 5.1. Assume that (X;);c[o,q is of the form (5.2) and f = fi; — fo, where the
functions fi, fo : [0,a] x E— Ry, i =1,2 are #([0, a]) ® B/ #(R) measurable and such
that there exists a set N € %, m(N) = 0 such that for any x € E\N the functions
t — fi(t,x) are cadlag and nondecreasing, i = 1,2. Moreover, assume that

/|f¢(a,x)|am(dx)<oo, i=1,2. (5.5)
E

Then the process (Xt).c[o,q) defined by (5.1) has a cadlag modification.

Remark 5.1. Assumptions of Theorem 5.1 essentially mean that for any € E\N the
function t — f(¢, z) is cadlag and has finite variation on [0, a]. Moreover, this variation as
a function of z is in L*(E,m).

Proof of Theorem 5.1. Let m be a Poisson random measure of the form (5.4) and let §,,
and E, be as in (5.3). Note that 7 restricted to the set {|z| : z > §,,} X E,, is such that the
number of points (exyx, xx) in this set is Poisson with parameter f{y:y>5 ) y%“%;ﬁ,dy m(Ey,)
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and then all random variables e, yx, xx k = 1,2, .. are independent, ¢, are Rademacher

random variables, y; have law with the density proportional to 1(s, o) (y);rr= and zy,

have the law ﬁm
Let us denote

Xt(”) = / zf(t,x)m(dz, dx) = Z exyr f (L, o).
{|z[>6n}x En

k:yx>6n,zk EEy

E,"

(n))

Clearly the process (X, te[0,qa) is cadlag since the sum is finite and the function ¢

f(t,z) is cadlag for any = € E\N. For any ¢ € [0, d] Xt(") converges pointwise to X;.
Therefore, to prove the theorem it suffices to show that the processes X (") converge a.s.
uniformly on [0, a]. Moreover, writing

Xt(n) :/ zf1(t, x)w(dz, dx) —/ zfa(t, x)m(dz, dzx)
{|z|>6,}xEn, {|z|>6n} X En

it suffices to show that each of the two processes on the right hand side converges a.s.
uniformly on [0, a].

Hence, without loss of generality in what follows we will assume that f = fi, i.e. fis
nonnegative, t — f(t,x) is cadlag and nondecreasing for any « € F\N and f satisfies
(5.5).

Let us denote

B, ={(z,y) e Rx E:|zf(a,z)| < 1}.

Thanks to the assumption (5.5) it is immediate to see that
C
/ — 1 dzm(dr) < oo,
Bg |2
Hence 7 has a finite number of points in B{. It is therefore enough to consider only the
part of X (™ which is an integral over the set A4, := ({|z| > §,,} x E,) N B,.
Denote

Yt(n) ::/ z2f(t, x)w(dz, dz).
A

n

We will show that )

lim E sup
MmO 4e(0,a]
This will imply that Y(") converges in probability in the supremum norm, but since
y®#) —y(#-1 k=12 ... are independent we can once again use Lemma 4.4, which
implies that Y (") converge a.s. in the supremum norm, thus the limit is cadlag.
Hence to complete the proof of the theorem it suffices to show (5.6). This is similar
to the proof of Lemma 4.6. Suppose that n > m, then

Y _ym _ > ewyrf(t vk)
k:(Yk,xk)E(An\Am)

Integrating out first with respect to ¢; and applying Theorem 1 of [3] we have that

2
Eswp [ -y <cE Y )
t€[0.al k:(yr,xr) EAR\Am

2c
2 r2 (%
= vy f(a,x dym(dx) — 0.
/ﬂ\ i ( )ya+1 ( )

The last convergence follows from the fact that

2c 2c
. 2 2 o _ 2 2 a
Jim. LY f (a,fc)yaﬂdym(dx) = /By f (a,x)yaﬂdym(dw)
which is finite by assumption (5.5). O
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