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Power-Expected-Posterior Priors as Mixtures of
g-Priors in Normal Linear Models

Dimitris Fouskakis* and Toannis Ntzoufras'

Abstract. One of the main approaches used to construct prior distributions for
objective Bayes methods is the concept of random imaginary observations. Under
this setup, the expected-posterior prior (EPP) offers several advantages, among
which it has a nice and simple interpretation and provides an effective way to
establish compatibility of priors among models. In this paper, we study the power-
expected-posterior prior as a generalization to the EPP in objective Bayesian
model selection under normal linear models. We prove that it can be represented
as a mixture of g-prior, like a wide range of prior distributions under normal linear
models, and thus posterior distributions and Bayes factors are derived in closed
form, keeping therefore its computational tractability. Following this result, we can
naturally prove that desiderata (criteria for objective Bayesian model comparison)
hold for the PEP prior. Comparisons with other mixtures of g-prior are made and
results are presented in simulated and real-life datasets.

Keywords: Bayesian model comparison, expected-posterior priors, imaginary
training samples, mixtures of g-priors, objective priors.

1 Introduction

Let y = (y1,...,yn)T denote some available observations. Under the objective Bayesian
perspective, suppose we wish to compare the following two models (or hypotheses):

model Mo : f(y|6o, Mo), 6o € O,
model M; : f(y|01,M1), 0, € @1, (1)

where 6y and 6; are unknown, model specific, parameters. Let further suppose that
My is nested in M. By 7V (6,), for £ € {0,1}, we denote the baseline prior of 6,
under model M,. Here, as a baseline prior we consider any prior that will express low
information, for example the reference prior; see Berger et al. (2009). These reference
priors are typically improper, resulting in a Bayes factor when comparing My to M;
which typically cannot be determined due to the unknown normalizing constants of
these improper priors.

In order to specify these unknown normalizing constants, Pérez and Berger (2002)
developed priors through utilization of the device of “imaginary training samples”. If
we denote by y* the imaginary training sample, of size n*, they defined the expected-
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posterior prior (EPP) for the parameter vector 8y, of model My, as
7EPP00) = [ Ouly" () dy @)

where 7 (8|y*) is the posterior of 6, for model M, using the baseline prior ¥ (6,) and
data y* and m*(y*) is a reference predictive distribution generating sets of imaginary
data. A usual choice of m* is m*(y*) = m}’ (y*) = f(y*|Mo), i.e. the marginal likeli-
hood, evaluated at y*, for the simplest model My under the baseline prior 7}’ (6p). Then
model My is called the reference model. EPP offers several advantages, among which
it has a nice interpretation and also provides an effective way to establish compatibil-
ity of priors among models (Consonni and Veronese, 2008). Furthermore this selection
makes the EPP approach essentially equivalent to the arithmetic intrinsic Bayes factor
approach of Berger and Pericchi (1996) since it is straightforward to prove that the EPP
can be written equivalently as

mN * mN *
REPP(0,) = (0B [%} =) [ m;—g*;f(y*we,Mndy*.

When information on covariates is also available, under the EPP methodology, imag-
inary design matrices X* with n* rows should also be introduced. The selection of a
minimal training sample size n* has been proposed by Berger and Pericchi (2004), to
make the information content of the prior as small as possible, and this is an appeal-
ing idea. Then X* can be extracted from the original design matrix X, by randomly
selecting n* from the n rows.

To diminish the effect of training samples, Fouskakis et al. (2015), generalized
the EPP approach, by introducing the power-expected-posterior (PEP) priors, com-
bining ideas from the power-prior approach of Ibrahim and Chen (2000) and the unit-
information-prior approach of Kass and Wasserman (1995). As a first step, the likeli-
hoods involved in the EPP formula are raised to the power 1/6 (§ > 1) and then are
density-normalized; for a discussion on the density-normalization and different versions
of the PEP priors when this normalization leads to no standard forms see Fouskakis
et al. (2018). This power parameter ¢ could be then set equal to the size of the training
sample n*, to represent information equal to one data point. In Fouskakis et al. (2015)
the authors further set n* = n; this choice gives rise to significant advantages, for exam-
ple when covariates are available it results in the automatic choice X* = X and therefore
the selection of a training sample and its effects on the posterior model comparison is
avoided, while still holding the prior information content at one data point.

Specifically, for the model selection problem (1), the PEP prior is defined as

FEP(0,16) = TP (8,) = / 7 (Bely*, 6)m* (y°[6)dy", (3)
with

T (Bely*,8) o f(y*|6c. 6, M) (6,), (4)
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f(y*16, My)'/°
J fy*10g, M) ody*

f(y* ‘057 57 Mz)
As before we choose
m(y'18) = (5°18) = [ F(0"160,6 Mo (60)0 (6)

where f(y*|0o, 0, M) is given by (5) for £ = 0 (i.e. the null/reference model).

In this work we show, using sufficient statistics (see Fouskakis, 2019 for the equiv-
alent definitions of EPP and PEP prior using sufficient statistics), that the PEP prior
(and therefore also the EPP), in normal linear model comparison, can be expressed as
a mixture of g-priors, centred around null models. This has the advantage that pos-
terior distributions, as well as, marginal likelihoods are available in closed form and
desiderata (criteria for objective Bayesian model comparison), see Bayarri et al. (2012),
hold. We compare the PEP prior with other scale normal mixture priors, we present
prior summaries for model parameters and we derive posterior distributions as well
as marginal likelihoods. Emphasis is given to the Bayesian inference of the shrinkage
parameter which is also involved in Bayesian model averaging estimation. Finally we
present results from a simulation study, as well as from a real-life dataset.

2 PEP Prior as a Mixture of Normal Distribution in
Normal Linear Model Comparison

Let y = (y1,...,9yn)” be a random sample. We would like to compare the nested models:

Hy : model M : Normal(y[Xo8y,02), 7 (8o, 70) = coml (8o, 00) = coog T4

vs. Hy:model M : Normal(y|Xi8,,0%), n1 (By,01) = il (By,01) = ey~ T

where cg and ¢; are the unknown normalizing constants of 7§ (8, 00) and 7 (83;,01)
respectively, Xg is an (n x kg) design matrix under model My, X; is an (n X k1) design
matrix under model My, ko < k1 < n and My is nested in M;. Furthermore let 8; =

T -1 -1
(87.8%) " X1 = XolXa), Po = Xo (Xo"Xo) " Xo and Py = X1 (Xa7X1) " Xy
All matrices are assumed to be of full rank. Usual choices for dy and d; are dg = d; =0

(resulting to the reference prior) or dg = kg and d; = k; (resulting to the dependence
Jeffreys prior).

In the above comparison we assume that model My is nested in model M7, so that

T
ko < k1 and thus we henceforth assume that 3, = (,BOT, ﬁng) , so that 3, is a parameter

“common” between the two models, where 3, is model specific. The use of a “common”
parameter 3, in nested model comparison is often made to justify the employment of the
same, potentially improper, prior on 3, across models. This usage is becoming standard,
see for example Bayarri et al. (2012) and Consonni et al. (2018). It can be justified if,
without essential loss of generality, we assume that the model has been parametrized
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in an orthogonal fashion, so that X2 X; = 0. In the special case where My is the “null”
model, with only the intercept, this assumption can be justified, if we assume, again
without loss of generality, that the columns of the design matrix of the full model have
been centred on their corresponding means, which makes the covariates orthogonal to
the intercept, and gives the intercept an interpretation that is “common” to all models.
Regarding the error variance, although it is also standard to be treated as a “common”
parameter across models, in this paper we follow the “intrinsic prior methodology” (see
for example Moreno and Girén, 2008) and we treat it as a model specific parameter. As
we will see later in this Section, this causes no issues about the indeterminacy of Bayes
factors due to the “intrinsification”.

In variable selection problems we are interested in posterior model probabilities,
which, nevertheless, are functions of posterior odds (and the corresponding Bayes fac-
tors) of pairwise model comparisons. Under the usual case where the reference model
My is the null (with only the intercept), we could perform all pairwise comparisons
between any model M; and the null model My, in order to derive the corresponding
posterior model probabilities under the null based approach; see for example in Liang
et al. (2008). Moreover, the posterior odds of any two non-nested models is simply the
ratio of the null based posterior odds.

In the following theorem, we prove (see Section 1 of the Appendix (Fouskakis and
Ntzoufras, 2021)) that the PEP prior, for comparing models My and M, can be rep-
resented as a mixture of g-prior, in a similar way as a variety of prior distributions
under normal linear models (see Section 3), and thus posterior distributions and Bayes
factors are readily available in closed formed expressions (see Sections 4 and 5), keeping,
therefore, its computational tractability.

Theorem 1. The PEP priors (or EPPs for § = 1) for comparing models My and M
are

{7557 (Bo, 00) = 70 (Bo, 70), m1 ¥ (B, 01) }

with
1
7T{:’EP<[3170-1) = ﬂ-{DEP (160701)/ W{DEP (ﬂel7t|017/60) dt
0

1 2
s or O [ (80,5, ) fi (152 bepota, bt g,
0

O

From Theorem 1 we see that, conditionally on (8, 01), the PEP prior is a beta
mixture of a multivariate normal prior and overall can be written using the following
hierarchical structure

2 . .
1661|t’0-1”30 ~ Nlﬂ—ko (O7 &%Vel) , t|0’1 ~ Beta (n +t120—k1’ n +d1gdo—k1) ’ (7)
(Bo01) ~ P (By, 01) o oy Y,

The EPP is directly available for § = 1.
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In the above expression, 7 ¥ (8,,,t|o1,8y) = 1 ¥F (B,,|t,01,8,) i FF (t) is
proper and 7f EF (B, 01) o af(dOH); i.e. the reference prior for the baseline model M.
Therefore there are no issues about the indeterminacy of the Bayes factor, when com-
paring model M, to My, since after the “intrinsification” the unknown constants of the
imposed priors will be the same for the two competing models; see Section 2 of the

Appendix for a detailed explanation.

Under the usual case where the reference model M, is the null model (with only the
intercept), we have that the prior variance-covariance matrix of the model coefficients
is given by V., = (Z;TZ;)_I, where Z} is the matrix of the centred (at the mean)
imaginary covariates. In practice, when using the PEP prior with centred covariates and
imaginary design matrices equal to actual ones, as in Fouskakis et al. (2015), then the
induced approach results in a mixture of g-priors (Liang et al., 2008) with a different
hyper-prior on g = §/t.

— (7'2
™1 (B, 01) oc oy O [ f ﬁgl;o,aTlvel) f5 (t;b1,b) dt
V(ﬁ61 By 01) = aE[ffl]Vela1

Approx. V(B,, 18y, 01)

a by bo E[t™1] (for large n*)
EPP| PEP EPP/PEP EPP/PEP EPP/PEP EPP PEP
For any n* 1 ) n +d207k1 n +d1;d07k1 22*13(1):??17722 2V€1¢7f 20Vey o?

Minimal n*

(n* = k1 +1)

1

1)

dg+1
2

di—dg+1
3

dy
dg-1

dq 2
dg—1 Ve, 01

dq 2
4 dp—1 Vey01

Table 1: EPPs and PEP priors, under the alternative hypothesis, for the normal linear
case, for any n* and for n* = k; + 1 (minimal training sample size).

Table 1 summarizes the EPP and PEP priors, under the alternative hypothesis,
for minimal training sample size (n* = k; + 1) as well as for any training sample size
n* € [ky + 1,n]. Concerning the prior distribution of 8., |3y, o1 (after integrating out
the hyper-parameter t), for large n*, its corresponding variance will be equivalent to the
variance of a g-prior with ¢ = 2 and g = 20 for the EPP and PEP prior, respectively.
Clearly, the PEP prior is more dispersed accounting for information equivalent to n* /2§
additional data points, while EPP will account for n*/2 additional data-points. When
we consider the EPP, with the minimal training sample, that is n* = k; + 1, then
V(Be, By, 1) is similar to the variance of a g-prior with g = di/(dp — 1). This means
that it can be defined only for choices of dy > 1. On the other hand, V (8., |B¢,01)
can be defined without any problem when we consider any training sample of size
n* > ki — do + 2. Finally, under the PEP prior, the variance of 3, |8y, 01 is further
multiplied by § making larger the spread of the prior and overall the imposed prior
less informative. For this reason, the corresponding posterior summaries will be more
robust to the specific choices of dy and dy, especially when § = n* = n and n is
large.
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3 A General Framework for Scale Normal Mixtures
Priors

Generally, a wide range of prior distributions for variable selection in regression can be
written with the following form of a normal scale mixture distribution:

—+oo
—(d
Wl(ﬁelvﬁ()va'l) =04 ( 0+1)/0 kalka (/651; 0, go’%zel) ﬂ-l(g)dg7 (8)

where fn, (y; p, ¥) denotes the density of the d-dimensional Normal distribution with
mean p and covariance matrix 3, evaluated at y and 71 (¢g) denotes the prior distribution
of the parameter g under model M;. Under the PEP prior, the hyper-prior 7 (g) for g
is given by

g~ SGBP(a = ”*ﬂé‘)*kﬂ b= n*+d1;d07k1’ p=1,qg=6, s= 5),

where SGBP stands for the shifted generalized beta prime (SGBP) distribution with

density - ,
—s\ P~ —s\? e
) (1) (1 (7))

f(g;a,b,p,q,5) = Bab) , 9> s 9)

The beta prime distribution is a special case of (9) with p = ¢ = 1 and s = 0. Further-
more, the generalized beta prime distribution is a special case of (9) with s = 0.

The prior expectation of g is given by

F(af%)lj(an%) +s, if ap > 1.

E(g9) =q OR0)

Under the PEP prior, since p =1 and ¢ = s = J, the density of the hyper-prior for
g simplifies to
flgsa,b,8) o< (g —8)""1g™"", g =6, (10)
where a = % and b= % and the expectation is given by
a+b71_6 2n*+d172k172

E =0 = )
(g) % a—1 % n*+dyg— ki —2

From the above expression, it is evident that the PEP prior implements an indirect
averaging approach across all values of g > §. For the recommended setup; see Fouskakis
et al. (2015), of 6 = n* = n, this might look quite dramatic at the first sight. But in
practice, it is reasonable, under lack of prior information, to consider at most a value of g
that will correspond to one unit of information. Moreover, in such cases, the shrinkage
w given by 45 = 5%15 (see Section 5) should approach the value of one, such that
most of the posterior information comes from the data. In the case where the likelihood
mass supports values of g lower than ¢§, this means that the data do not have enough
information in order to estimate sufficiently the model coefficients. An unrestricted
prior for g leads to greater shrinkage towards the prior mean of model coefficients 3.
The truncation avoids over-shrinkage and the posterior of g will be concentrated at the
value of § ensuring a minimum value of shrinkage towards the prior.
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Parameters of the SGBP distribution

Prior hyper-prior a || b || p || q || s
PEP

(General) SGBP n ;kl n gkl 1 5 5

(Recommended) SGBP n_Tkl "_Tkl 1 n n
EPP

(General) SGBP n’—ky n’—k il 1 1

(Recommended) SGBP 1/2 1/2 1 1 1
Intrinsic SGBP 1/2 1/2 1 Iclj-l kﬂl
Robust

(General) SGBP ar 1 1 brfln bTTJrln — b,

P1,r P1.r

(Recommended) SGBP 1/2 1 1 ﬁ % -1
MG*

(General) Beta’ amg +1 bmg +1 1 1 0

(Recommended) Beta’ 1/4 %ﬁ + % 1 1 0
Hyper-g

(General) Beta/ Sk — 1 1 1 0

(Recommended) Beta/ 1/2 1 1 1 0
Hyper-g/n

(General) GBP b — 1 1 n 0

(Recommended) GBP 1/2 1 1 n 0
Benchmark™**

(General) Beta’ cp ¢, maz(n,p?) 1 1 0

(Recommended) Beta/ 0.01 0.01 maz(n,p?) || 1 1 0

* Maruyama and George (2011) prior but only for the case where gmg < n — 1; where gmg is the
dimension of an orthogonal matric which diagonalizes XTX.

** Under the Benchmark prior, p =k — 1 denotes the total number of regressors.

SGBP: Shifted generalized beta prime distribution.

GBP: Generalized beta prime distribution.

Betad: Beta prime distribution.

Table 2: Mixing distributions of g under different prior setups (g > s).

3.1 Comparisons

Most of the known priors used for variable selection assume that ' = X:l (I,—Po)Xe,
in (8). This is also the case for the PEP prior if we consider X} = X, as in Fouskakis
et al. (2015). Similarly, the benchmark prior (Ley and Steel, 2012), the robust prior
(Bayarri et al., 2012), the hyper-g and hyper-g/n priors (Liang et al., 2008) can be
written as in (8) with the hyper-prior for g to be as in (9); details are provided in
Table 2, under the usual choice of d; = dy = 0 for simplicity reasons. Additionally,
the EPP, as shown above (and also in Womack et al., 2014) can be written as in (8),
but using imaginary design matrices in 2;17 with number of rows usually equal to the
minimal training sample (n* = k1 + 1). Also, the intrinsic prior of Casella and Moreno
(2006) can be viewed as an EPP. In their approach, as an approximation, using ideas
from the arithmetic intrinsic Bayes factor approach, they used the original design matrix
in E;l, with all n rows, using an additional multiplicator in the covariance matrix of
the normal component in (8) given by 7"7; see for example Womack et al. (2014).
Therefore, this intrinsic prior can be viewed as a PEP prior, with (a) X} = X.; (b)
n* = k; + 1 (minimal training sample) and (c¢) a model dependent power parameter
0 = #; in the rest of the paper will call this prior intrinsic. Finally the prior by
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Maruyama and George (2011) is also closely related, where in the normal component
in (8) the rotated coordinates are used, while the Zellner and Siow prior (Zellner and
Siow, 1980) is as in (8) with the hyper-prior for g to be an inverted Gamma distribution
with parameters 1/2 and n/2.

3.2 Criteria

Bayarri et al. (2012) developed criteria (desiderata) to be satisfied by objective prior
distributions for Bayesian model choice. Obviously PEP prior satisfies the basic cri-
terion (C1). Furthermore Fouskakis and Ntzoufras (2016) proved that the PEP prior
leads to a consistent model selection procedure (criterion C2). Fouskakis and Ntzoufras
(2017) showed that the PEP prior satisfies the information consistency criterion (C3).
Additionally, as shown here, for dy = 0, the PEP prior belongs to a more general class
of conditional priors

—1=(F1—=K ﬁe
’/Tl(/Bela:Ban—l) X 04 1-(k kO)hl(g_ll)v (11)

where hy(-) is a proper density with support R¥1=%o_ Bayarri et al. (2012) prove that the
group invariance criterion (C7) hold if and only if 71 (8., , By, 01) has the form of (11).
Additionally, if hq(-) is symmetric around zero, which is the case under the PEP prior,
predictive matching criterion (C5) also holds. When, finally X} = X, the conditional

scale matrix has the form Ze_ll = X; (I, — Pg)X,, and then null predictive matching,
dimensional predictive matching and the measurement invariance criterion (C6) hold,
according to Bayarri et al. (2012).

3.3 Effective Sample Size

The effective sample size of the prior distribution of a mixture prior of type (8), with
Ye, = (2L 7.,)7", is given by ESS = n/E(g) or alternatively by the expected ESS =
nE(g~1); see Section 3 of the Appendix for details.

For the PEP prior we have

n n n*+dy— ki —2
E = = — .
S =SB T8 2t dy — 2k =2

For the default choices, d =n, n* =n and dy =dy =0

ESS = 2:2_];7]1{1_22 ~ 1/2, for large n/ky.
Hence, the PEP prior’s effective sample size will be approximately equal to 1/2 data
point, as n goes to infinity and for fixed k;. This means that the PEP prior is on average
less informative than the unit information prior and this justifies why PEP supports
slightly more parsimonious solutions than other competitive methods (see for example
Section 7). Similar are the results if we consider the expression for the expected effective
sample size.
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Table 3 presents the asymptotic values of the effective sample size, under the PEP
prior (with n* = n and d; = dy = 0), for various choices of the parameter § and for
ki =0O(1) or k1 = O(n) (such that r = lim 2 >1).

n,k1—00

Asymptotic behavior of ESS, as n — oo
Prior parameter ESS(r) k1 =0(Q) k1 =0O(n)

T — 00 1<r<oo
d=n No(r, k1) % %
S=n—k 1 No(r, k1) 3 -2
5=k TNo(r, k1) s 3
0 = do (fixed) (%N()(T‘, k1) (9) 00

—1-2/k
T = % and ]V()(?“7 kl) = 2(;7”472/21

Table 3: Asymptotic values of the effective sample size (ESS), under the PEP prior,
for various choices of the parameter 4.

4 Posterior Distributions of Model Parameters

In this Section we the present posterior distributions of model parameters, under the
PEP approach. For compatibility with the mixtures of g-prior, we work with the hyper-
parameter g = 4 /t.

4.1 Full Conditional Posteriors and Gibbs Sampling

Under the PEP approach, the full conditional posterior distribution of 3, is a multi-
variate normal distribution of the form

ﬂe1|g7‘71a1607y7M1 ~ Nkel (W61ae1aWe1(X£Xe1)_10%) ) (12)

where k., = k1 — ko and

/561 = (ngel)_lxg (y - Xgﬁo) = 361 - (Xaxel)_lxaxgﬁ07
W, = WXTX, +01-w)V;) ' (wxTX,,),
g 1)
v g+1 R ¢

for) =1= EPP; ford>1= PEP.

The matrix W,, plays the role of a multivariate shrinkage factor which penalizes each
coefficient locally, while w is a global shrinkage factor which affects uniformly the pos-
terior mean and posterior variance-covariance matrix. For example, if w — 0 all the
conditional posterior information is taken from the prior, while for w — 1 the condi-
tional posterior information will be derived from the data.
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Similarly we can obtain the full conditional posterior distributions of B3,, o7 and g
by

/80|/331701797y7M1 ~ Nko (BO - (ngo)_IXgXZ;Bel» (XgXO)_laf) ) (13)
n+ ke, +dy RSSi+BLVB,, )

(14)

U%|/607ﬁelvgvyaM1 ~ IG( 9 ) 9

k1 — ko
2

u|ﬂ07ﬂ615017y7M1 ~ CH (b,a—l—
g = 5/(1—11,),

where CH (p, g, s) is the confluent hypergeometric distribution with density function

1 T xr—1
+2, —m,ﬁelvel el) ,

for(x;p,q,8) occ P~ 1 —2)7 e ™ for 0 < < 1.

The above conditional distributions can be easily used to implement a full Gibbs sampler
in order to obtain any posterior estimates of interest for any specific model. Similarly,
it can be used to build a Gibbs based variable selection sampler; see for example in
Dellaportas et al. (2002), to obtain estimates of the posterior model weights. We can
further simplify the Gibbs sampler by combining the posterior distributions of 3, and
B., given in (12) and (13). Finally, the full conditional posterior distribution of BT =

(B(:)F,BZI) is given by
Bilor,g,y, My~ Ni, (Wlﬁlawl(x{xl)il(jﬁ) ;
Wy o= (wXTXy 4+ (1—w)Ty) " wXTXy,
Okoxko  Okoxk
T — 0 0 0 a e ,
! ( 0k61 xko Vell
where 0p, x4, is a matrix of dimension ¢; x f5 with zeros, w = g/(g + 1) is the shrinkage
parameter while 31 is the MLE for 3; of model M; given by 8, = (X} X;)"!XTy.

4.2 Marginal Likelihoods

The marginal likelihood conditionally on a value of g is given by the usual marginal
likelihood of the normal inverse gamma prior. Thus

ntdo—ky _ntdo—ko
fylg, Mi) =Cix(g+1) 2 (1+gRw) 2 (15)
with Rig = t—gg; where R? is the coefficient of determination of model M, (¢ € {0,1}),

and C7 being constant for all models (assuming that the covariates of Xy are included
in all models) given by

n—+d,

e do — k —k gk
€1 =2 e X (TR 1 Ry
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The full marginal likelihood f(y|M;) is given by

f(y|My)
Ci

= 6B< YL*+C£(J—I€1 , 7L*+d15d0—]€1)

ntdg—kg

& ntdo—k 1 —a— _ntdg—Fko
><<51‘b<5“+b/(s (149 2 (9-06)" g * " (1+gRio)” > dg

= c 1-bsa+bs—a ndg =k _ntdo—ko
- (;B(n“rdrkl :z*+d1—dofk1> X666+ 1) = [1+ 0 Ry 2
2 g 2

1 b—1 ki=ko o % 1—R2 _w

x/ou (1—u) 2 (1—5+1) (17uw(10_}%§)) du
B (faghke o a, b ntdg—k _ntdg—k -

:CIX%W“) 4 0Rg)T X B() (16)
with F(0) = i (5, 22848, —stihs b o o)

where in the above k., = k1 — ko, a = %, b = % (reminder from
10) and Fi(a’,b],bh,c;x,y) is the hypergeometric function of two variables or Appell
hypergeometric function given by

1 1 a/f lealf _ ! _ /
Fy(a’, by, b5, sz, y) = B(a’c’—a')/o (1 1) YL —at) ™" (1 — yt)~"2dt.

Note that the marginal likelihood of the reference model My is f(y|My) = C;.

4.3 Marginal Posterior Distribution of g

The marginal posterior distribution of g, under model M, is given by

n+dg—kj ntdg—kq

mi(gly) = 7lgly, Mi) = Cax (1+9)" = (L+gRio)” = (9-0)"g7*" (17)

for g > 0 with the normalizing constant Cy given by

n+do—k1 n+do—ko
6“(6—|— 1)7 2 (1+(5R10) 2

ke do—k do—ks k .1 1)
B (b %5 ta) By (b mbgte, —nbloh S ot b e s

Cy = (18)

The x posterior moment of g is given by

B(b, k§1 +a—/~@) Fl(ﬁ)

B (b, % +a) Fi0)

E(g"y, My) = 0"

i

where

v

Fi(k) = F <b7 nde—ho _ntdel k% +a+b—k

. 1 1
Y 14+0R107 6+1
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for € {0,1,2,...}. Note that Fy(0) = F}(0).

The posterior expectation and variance of g are now given by

a+bF1(1)
E(gly, M) = §—
(gly, My) i B0)
a+b 1 a+b—1. a+0bF(1)2
Vigly, M) = 02050 L (A0 ) GEOAITY
a F1(0) a—1 a  Fy(0)

~ ke
wherea:f+a71.

5 Bayesian Inference of the Shrinkage Parameter

5.1 Prior distribution of w

Under model My, the imposed hyper-prior (or mixing) distribution for w = §/(6 +1t) =
g/(g + 1) is induced via the beta hyper-prior for ¢ (see 7) with parameters given in
Table 1. Hence, the resulted prior for w is

. ; 1)
n*+do—k n*+di—do—k
w~BTPD<a: tdoky = nbdi—d 1,9:5+1>\:1,1€:1),

where BT PD(a,b,0,\, k) is the Beta truncated Pareto distribution (Lourenzutti et al.,
2014) with parameters a, b, 6, A, k and density function

PR il S 3 0 PO 3 B
T b0 = By T ) L—(% ] [1 OGN I
E(w) = oF(1,a,a+b; —1/6), and

for & < w < A. The prior mean and variance of w are now given by
Var(w) = oF1(2,a,a+b; —1/8) — oFi(1, a, a+b; —1/6)2,

>o(g |

where 5 F (ag, by, ¢o; 2) is the Gauss hyper-geometric function (Abramowitz and Stegun,
1970) given by

1 1
QFl(CLQ, bo, Co; Z) = bo) /O Ib071(1 — I)coiboil(l — Zl‘)iaodI.

B(ao, Co —

Equivalently we can show that the complementary shrinkage factor u = 1 — w =
1/(1 + g) follows the truncated Compound Confluent Hypergeometric distribution; i.e.

uNtCCH(t:a=”+d° ki og = b:”"’d1 do=kir =0, r=a+b, s=0,

v=34+1, n—%)
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with density expressed as

vt exp(s/v) u' (1 — vu)? ! exp(—su) 1
B(t,q)®1(q,r t+q,s/v,1—K) [k + (1 — K)vu)" {0<u<y)

f(u;taQ7TasvvaK‘):

where ®4() is the Humbert series (Humbert, 1920). Thus the PEP prior is a type of
a “Confluent Hypergeometric Information Criterion” (CHIC) g-prior introduced by Li
and Clyde (2018). For a comparison with other CHIC g-priors, that have been appeared
in literature, see Li and Clyde (2018, Table 1).

In order to get more insight about the behavior of the prior distribution of w, we
can obtain approximations of the prior mean and variance by using the first terms of a
Taylor expansion given by

Efu(t)] ~ wipr) + - L) 52

5 gz Ot and V[w(t)] = [M] o7, (19)

dt

where y; and o? are the prior mean and variance of the hyper-parameter t. By im-
plementing the above approach, we obtain the approximations summarized in Table 4;
for the PEP prior we restrict attention on the choice of § = n*. Note that for small
training samples, the dimensions ky and k; may influence the imposed prior, making it
sometimes more informative than intended.

Prior Mean of w Prior St. Deviation of w
EPP | PEP (§ = n*) EPP || PEP (§ = n*)
2n* —2k,+d 1 2 1
For large n* Tnr 3k, iy o L= o= s 207372

Minimal n* (n* = k1 + 1)
Reference (dg = d; = 0) 0.704 1 0.158 1/+/8k1
(for all k1) (for large k1) || (for all ki) || (for large k1)

Jeffreys (do = ko, d1 = k1)

ko=1,k1 =2 0.691 0.86 0.128 0.071
kE+1 2(k 4 1)
L ko, fixed k = k1 — k 1/2 1
arge ko, hxe 1 0 / \/ 8k8 \/ k?j
. 2(ko +1 2(ko +1
Fixed ko, large k = k1 — ko 1 1 \/ ( 22 ) \/ ( (';4 )

Table 4: Approximate prior means and variances of the shrinkage parameter w.

From Table 4 it is evident that when considering the usual EPP setup with the
minimal training sample, then the prior mean of the shrinkage is far away from the
value of one for specific cases (e.g. for the reference prior or for the Jeffreys’ dependence
prior when kg = 1 and k; = 2). This is not the case for the PEP prior for which the prior
mean of the shrinkage is close to one even for models of small dimension; for example,
under the reference prior and for ky = 1 and k; = 2 we obtain a prior mean of the
shrinkage equal to 0.86 and a prior standard deviation of the shrinkage equal to 0.071.
Generally the global shrinkage parameter w under the PEP prior is close to the value of
one implying that the prior is generally non-informative since most of the information
is taken from the data.
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5.2 Marginal Posterior Distribution of w

Under model Mj, the marginal posterior distribution of the shrinkage parameter w can
directly derived by (17) resulting in

m(wly) = m(wly, My)
= 02 X (1 + 5)1)71

=

o b—1 ntdo—ko
X (1 —w)2 ta—ly—a—b (wf L) {1*11)(1*310)} 2 )

[
formSIUSl,

where the constant Cs given by (18).
The posterior x moment is given by

_ ntdo—ko ntdo—kl1 k -
E(wt|y,My) = Co x (1+6R10)” 2 69" @E+1) 2 "B (b,%qta)Fl(n)

(7)< R =

where

-~ _ n+do—ko _n+d0*k1 kel . 1 1
Fi(k) =F (b» 2 2 +h, S tatb; 1+6R10° 5+1>’

for k € {0,1,2,...}. Therefore the posterior expectation and variance of w are directly
derived as

Bluly M) = 5oy p (1)
5\ F(2)Fi(0) - (1)
V(wly, M) (5 +1) ARO-R0

6 Bayesian Model Averaging, Computation and Model
Search

Details about the implementation of Bayesian model averaging (BMA) for PEP priors
using the mixture representation are provided in Section 4 of the Appendix. Moreover,
in Section 5 of the Appendix we present three alternative MCMC schemes for imple-
menting model search, model averaging and computation of the parameters of interest
under the PEP prior using the mixture representation. Specifically, we provide details
about: (a) a vanilla MC? algorithm (Madigan and York, 1995); (b) an MC3 algorithm
conditional on g; and (c) an MCMC variable selection scheme based on the Gibbs vari-
able selection of Dellaportas et al. (2002). All these three schemes are summarized in
Algorithms 2—4 at Section 5 of the Appendix.
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7 Simulation Study

In this Section we illustrate the proposed methodology in simulated data. We compare
the performance of PEP prior and the intrinsic prior, the latest as presented in Section 3.
We consider 100 data sets of n = 50 observations with p = 15 covariates. We run two
different scenarios. Under Scenario 1 (independence) all covariates are generated from a
multivariate Normal distribution with mean vector 0 and covariance matrix I;5, while
the response is generated from

Vi ~ N(4+2X51 — Xis + 1.5X7 + X 11 + 05X 13, 2.5%), (22)

for ¢ = 1,...,50. Under Scenario 2 (collinearity), the response is generated again
from (22), but this time only the first 10 covariates are generated from a multivari-
ate Normal distribution with mean vector 0 and covariance matrix 1o, while

X;j ~ N(0.3X;1 4+ 0.5X;2 + 0.7X;5 + 0.9X;4 + 1.1X;5, 1), (23)

for j =11,...,15; i=1,...,50.

With p = 15 covariates there are only 32,768 models to compare; we were able to
conduct a full enumeration of the model space, obviating the need for a model-search
algorithm in this example.

Regarding the prior on model space we consider the uniform prior on model space
(uni), as well as the uniform prior on model size (BB), as a special case of the beta-
binomial prior (Scott and Berger, 2010); thus in what follows we compare the following
methods: PEP-BB, PEP-Uni, I-BB and I-Uni; the first two names denote the PEP prior
under the uniform prior on model space and the uniform prior on model size respectively
and the last two names the intrinsic prior under the uniform prior on model space and
the uniform prior on model size respectively.

Under Scenario 1, the size of the posterior covariate inclusion probabilities for the
non-zero effects (see Figure 1), for each method, is in agreement with the size each co-
variate’s effect as expected. Hence the posterior inclusion probabilities for X; (51 = 2)
are equal to one, with almost zero sampling variability, followed by X7 (87 = 1.5) with
posterior inclusion probabilities close to one, but with almost all values over 80%. For
covariates X5 and Xy1, the picture for their posterior inclusion probabilities is almost
identical due to the same magnitude of the effects in absolute values (equal to one).
Moreover, we observe large sampling variability within and across methods. Finally,
all methods fail to identify X33 (5135 = 0.5) as an important covariate of the model,
with the intrinsic approaches giving higher inclusion probabilities on average (around
40%). Nevertheless, the posterior inclusion probabilities for X3 are slightly higher on
average and more dispersed across different samples, than the zero effects (see Figure 2
for a representative example). Due to the independence of the covariates, we get sim-
ilar results as the ones presented in Figure 2 for the remaining zero effect covariates,
and therefore plots are omitted for brevity reasons. Concerning the comparison of the
different methods we observe that: (a) PEP is systematically more parsimonious than
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Posterior Inclusion Probabilities for non-zero Effects
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PEP-BB: PEP prior with Beta-binomial on model space; PEP-Uni: PEP prior with uniform prior on model space

I-BB: Intrinsic prior with Beta-binomial on model space; I-Uni: Intrinsic prior with uniform prior on model space

Figure 1: Simulation Scenario 1: Marginal Inclusion Probabilities for Non-Zero Effects.

intrinsic, as previously reported in bibliography (see for example Fouskakis et al., 2020);
(b) PEP-BB is more parsimonious than PEP-Uni; (¢) I-BB supports slightly more par-
simonious solutions than I-Uni. The last finding seems, at a first glance, surprising since
the BB prior on model space is promoted in bibliography as a multiplicity adjustment
prior. Nevertheless, in this example, the mean of the inclusion probabilities, under the
uniform prior, in each data set is around 0.46, which is slightly reduced after the BB
implementation to 0.44, leaving the results virtually unchanged. This is in accordance
with what is expected by this prior, since it places a U shaped distribution on the prior
probabilities of each model depending on its dimensionality. This results in: (a) shrink-
age of the inclusion probabilities when the observed proportion of variables and the
average of posterior inclusion probabilities under the uniform prior is small (resulting
in good sparsity properties in large p problems); (b) inflation of the inclusion probabil-
ities when the observed proportion of variables and the average of posterior inclusion
probabilities under the uniform prior is high (leading to posterior support of over-fitted
models; a case which is largely neglected in the bibliography); and finally (c) leaving
virtually unchanged the posterior inclusion probabilities when the observed proportion
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Posterior Inclusion Probabilities for zero Effects (Variable X2)
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PEP-BB: PEP prior with Beta-binomial on model space; PEP-Uni: PEP prior with uniform prior on model space

I-BB: Intrinsic prior with Beta-binomial on model space; I-Uni: Intrinsic prior with uniform prior on model space

Figure 2: Simulation Scenario 1: Marginal Inclusion Probabilities for X5 representing
Covariates with Zero Effects.

of variables and the average of posterior inclusion probabilities under the uniform prior
are close to 0.5. The latter is the case here, where the number of true effects is 5 out
of 15 (33%) and the average of the posterior inclusion probabilities under the uniform
prior on the model space is equal to 0.46.

Under Scenario 2, the posterior inclusion probabilities for X; and X3 (see Figure 3),
have similar picture as the ones in Scenario 1. For variable X7 we observe again high
inclusion probabilities, but this time with higher uncertainty. Due to collinearity, the
posterior inclusion probabilities for covariates X5 and X7, are not longer similar, with
the later being close to one (similar picture with the posterior inclusion probabilities
for covariate X7 with true effect equal to 1.5), while the first one (X5) demonstrates
posterior inclusion probabilities around 0.4, or lower, depending on the method. In
Figure 4, the posterior inclusion probabilities for all the zero effects are presented. In
all cases those are lower under the PEP prior, with the PEP-BB to behave the best.
Moreover, they are differences across covariates, depending on collinearities, mainly in
the variability across samples.
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Posterior Inclusion Probabilities for non-zero Effects
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Figure 3: Simulation Scenario 2: Marginal Inclusion Probabilities for non-zero Effects.

8 SDM Dataset

In this Section we consider the SDM data that contains p = 67 potential regressors for
modelling annual GDP growth per capita between 1960 and 1996 for n = 88 countries.
More details about this dataset can be found in Ley and Steel (2012).

We compare the performance of the PEP prior (with § = n* = n) with that of other
scale normal mixtures priors, as presented in Table 2. Specifically, we implement the
methods based on: (a) the PEP prior with 6 = n* = n; (b) the intrinsic prior (Womack
et al., 2014); (c) the hyper-g and the hyper-g/n priors (Liang et al., 2008) with aj, = 3;
(d) the robust prior (Bayarri et al., 2012) with a, = 0.5; (e) the benchmark prior (Ley
and Steel, 2012) with ¢, = 0.01. For comparative reasons we have also included the
g-prior (Zellner, 1976) with g = n.

All methods have been implemented in MultiBUGS and R2MultiBUGS (Goudie et al.,
2020), using the Gibbs variable selection sampler (Dellaportas et al., 2002); see Section 5
of the Appendix for details (Algorithm 4). The obtained results have been generated
using 100K MCMC iterations and a 10K burnin period and were additionally compared
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Posterior Inclusion Probabilities for zero Effects
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PEP-BB: PEP prior with Beta-binomial on model space; PEP-Uni: PEP prior with uniform prior on model space

I-BB: Intrinsic prior with Beta-binomial on model space; I-Uni: Intrinsic prior with uniform prior on model space

Figure 4: Simulation Scenario 2: Marginal Inclusion Probabilities for Covariates with

Zero Effects.

and validated using an M C? based algorithm, as described in Section 5 of the Appendix,

for the PEP and the intrinsic priors, the BAS package in R (Clyde, 2020) for the g, hyper-
g and hyper-g/n priors and the BayesVarSel package in R (Garcia-Donato and Forte,

2018) for the robust prior.

Regarding the prior on model space we consider, as before, the uniform prior on
model space (uni), as well as the uniform prior on model size (BB), as a special case of

the beta-binomial prior (Scott and Berger, 2010).

Posterior variable inclusion probabilities and posterior distributions of the model
dimension across all visited models are presented in Figures 1-2, respectively, at Section
6.1 of the Appendix, along with detailed discussion and comparison of the related results

obtained by all competing methods under consideration using the two prior distributions

on the model space.

An interesting point of discussion is the fact that the lower bound imposed on g
seems to drive the final results, under the PEP prior. For the recommended PEP prior
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Uniform Prior on Model Space Uniform on Model Dimension
1

Intrinsic

Prior Distribution

0 2 4 6 0 2 4 6
Log(g)

Figure 5: SDM Dataset: Posterior densities of log(g) for each method (100K MCMC
iterations).

specification (6 = n), the posterior density function of g is zero if g < § = n. Of course
we can still specify the PEP prior with smaller values of § in order to consider different
weighting of the imaginary data. By this way, the bound (via the choice of §) can be
lower and thus we might leave g to take values in a wider range. In Figure 5 we present
the posterior densities of log(g) for each competing method (except the g-prior, where
g is fixed and equal to n), under both priors on model space, based on the MCMC runs.
The vertical dashed lines are referring to the vertical line of * = log(n). We do not
observe any noticeable differences when we move from the uniform prior on the model
space to the uniform prior on model size; in the latter case the posterior densities, under
each competing method, have a slightly larger variance. On the other hand, there are
differences on the posterior distributions of log(g) when applying different priors on the
model parameters. The posterior distributions of log(g) for all priors, except for the
ones under the PEP prior, look similar, with the ones under the hyper-g/n and the
benchmark priors to be slightly shifted to the right. Under the PEP prior the posterior
distributions of log(g) are centred on larger values and have smaller standard deviations.
Still, the mode of the posterior distribution of log(g), under the PEP prior, is away from
the lower bound, while the posterior standard deviations are high enough to allow for a
satisfactorily posterior uncertainty for g. On the other hand, using other hyper-priors for
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g without restricting the range of values, like the hyper-g and hyper-g/n, results on high
posterior standard deviations of g, which in combination with low posterior modes, may
result in a “waste” of valuable posterior probability in informative prior choices (within
each model) and to the inflation of the posterior probability of irrelevant models with
low practical usefulness. This behaviour has two side effects: (a) the posterior probability
of the MAP model is considerably lower than the one obtained by methods with fixed
prior choices for g, and (b) the posterior inclusion probabilities for the non-important
covariates will be inflated towards 0.5; see Dellaportas et al. (2012) for an empirical
illustration within the hyper-g setup.

Uniform Prior on Model Space Uniform Prior on Model Dimension

—

PEP In(rlﬁsx: g-p‘nnr Hy;;er—g Hype‘r-g’n Roﬁus( Elenct.u'nark PEP lnm;\swc g-p‘nor Hyp‘er—g Hypé(-g/n Rot;us( Bem:l:\mark
Prior Distribution

Figure 6: SDM Dataset: BMA posterior boxplots of R>(Y) ¢ =1,..., T, for each method
(T = 100K MCMC iterations).

In the following, we further focus on the implementation of a selection of measures
concerning the fit and the predictive ability of the models. Figure 6 presents boxplots
of the Bayesian version of the coefficient of determination, for each model M,, given
by R% =1- al? / Sf, , where Sg is the unbiased sample variance, while Figure 7 presents
boxplots of the root mean square error of the predictive values, of each model My, given
by RMSE, = 13" (V; — )ﬁpg/zd), where Ylpf\jf were generated from the predictive
distribution of each model M,. These quantities have been calculated for each iteration
t of our Gibbs based variable selection algorithm. Therefore, Figures 6 and 7 present
the BMA posterior distribution of these quantities; see also Tables 1-2, at Section 6.2
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Uniform Prior on Model Space Uniform Prior on Model Dimension

PEP lntrlﬁs\c g-ﬁvlov Hyp;ev—g Hypév—g/n Rot;usl Benc?‘mavk F’éF’ Inmr‘vswc g-p‘nur Hyp’er-g Hypév—g/n Roéust Bencf\mark
Prior Distribution

Figure 7: SDM Dataset: BMA posterior boxplots of RMSE®, t = 1,....T, for each
method (T' = 100K MCMC iterations).

of the Appendix, respectively, for the BMA point estimate of these quantities based
on the posterior mean. Both of these quantities evaluate the in-sample overall fit of
the models supported by each method. Overall we observe that the PEP and the g-
prior under the uniform prior on model space achieve higher posterior R? values. On
the other hand, all methods when combined with the beta-binomial (uniform on model
dimension) prior support models with lower R? values. It is notable, that under the
BB setup, the PEP prior supports models with lower R? values compared to other
competing methods, which suggests that the BB prior in combination with PEP over-
penalize the inclusion of covariates in sparse problems. Similar is the picture for the
RMSE with the inverted relations between methods since lower RMSE values indicate
better fitted models. Moreover, the variances of RMSE are now higher since the results
are based on the predictive distribution rather than the posterior distribution of the
error variance parameter.

Additionally we calculate the BMA-log predictive score (BMA-LPS); see for example
Fernandez et al. (2001). Specifically, we perform rk-fold cross-validation with k = 8,
placing 11 randomly selected observations in each fold. We select K — 1 = 7 of the
folds to form the modelling subsample and the remaining fold to form the validation
subsample. We denote by M = {y™ X"} the modelling subsample, of size n™ = 77,
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and by V = {y", X"} the validation subsample, of size n" = 11, where n = n™ + n".
The BMA-LPS then is given by

v
1 n
BMA LPS = —— > "log f(y/ [y X"), (24)
=1

where
ZMeeM f(yy7yM|M£)7T(MZ)

ZMZGM f(yM‘MZ)W(MZ)

with 7(M;) denoting the prior probabilities of model M,. Smaller values of BMA-LPS
indicate better performance.

iyl g™, XY) =

(25)

In this section we estimate f(y|y™,X") from the output of the Gibbs variable
selection sampler (see Algorithm 4 at Section 5 of the Appendix) using as an estimate
the posterior mean of the normal density evaluated at the model parameter values over
the visited model at iteration t; for t = 1,...,T. This automatically averages across all
visited models.

Prior on models Prior on model parameters

Uniform PEP Intrinsic g-prior Hyper-g Hyper-g/n  Robust Benchmark
on models 1.89 (0.31) 1.95 (0.71) 1.75 (0.40) 1.69 (0.25) 1.70 (0.27) 1.70 (0.14) 1.94 (0.35)
on dimension 1.75 (0.37) 1.70 (0.31) 1.84 (0.45) 1.72 (0.31) 1.82 (0.31) 1.75 (0.28) 1.80 (0.40)

Table 5: SDM Dataset: Mean (Standard Deviations) over 8-fold CV of BMA estimates
of log-predictive scores obtained using Gibbs based variable selection samplers.

Table 5 presents the means and the standard deviations of the BMA log-predictive
score over the eight different modelling and validation combinations of subsamples
(folds); see also Figure 3 at Section 6.3 of the Appendix for boxplots of these BMA
predictive log-scores. BMA based on hyper-g, hyper-g/n and the robust priors outper-
form the rest of the methods under the uniform prior on model space for this example.
The rest of the methods (g-prior, PEP, intrinsic and the benchmark prior) have higher
means and medians (see Figure 3 at Section 6.3 of the Appendix) of log-predictive
scores under the uniform prior on model space. Nevertheless, standard deviations do
not support important differences between the log-predictive scores of all methods un-
der comparison; note that the log-predictive score for the robust prior has much smaller
variability than the corresponding scores for the rest of the methods while for the in-
trinsic prior the corresponding standard deviation is much higher due to the presence of
one outlier. The picture is different when the uniform prior on model dimension is used.
In this case, the intrinsic prior seems to perform better than the rest of the methods,
followed by the hyper-g prior while the PEP and the robust priors are tied performing
slightly worse on average than the two previously mentioned methods. Note that, in
terms of medians, the PEP prior performs better than all methods under consideration
when the uniform prior on the model dimension is used; see Figure 3 at Section 6.3 of
the Appendix. The rest of the methods (g-prior, hyper-g/n and robust) perform slightly
worse in terms of mean log-predictive score. The variability of the log-predictive scores
is similar for all methods and does not clearly suggest one of the methods as the best.
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O Discussion

In this article we have shown that the power-expected posterior prior, a generalization
of the expected-posterior prior in objective Bayesian model selection, under normal
linear models can be represented as a mixture of g-prior. This has the great advantage
of being able to derive posterior distributions and marginal likelihoods in closed form,
permitting fast calculations even when exploring high-dimensional model spaces.

Our results imply that the PEP prior is more parsimonious than its competitors.
We do not claim that this property is always the best practice in variable selection
problems. The choice of parsimony or sparsity depends on the problem at hand. When
we have a sparse dataset, where the important covariates are very few, then the PEP
prior will act probably in a better way than other competitors, which may spend a big
portion of the posterior probability to models that are impractical in terms of dimension
and sparsity.

Additional future extensions of our method include the introduction of two different
power parameters in order to derive a family of prior distributions, with members all
the prior distributions for variable selection in regression that are written as mixtures of
g-priors, that can be derived using either fixed or random imaginary data. Furthermore,
we plan to extend the applicability of PEP prior in cases where k£ > n. This can be done
by (a) using shrinkage type of baseline priors, such as Lasso or Ridge; (b) assigning zero
prior probability to models with dimension larger than n; and (c) mimicking formal
approaches to use g-priors in situations where & > n, such as Maruyama and George
(2011), based on different ways of generalizing the notion of inverse matrices.

Supplementary Material

Electronic Appendix of the “Power-Expected-Posterior Priors as Mixtures of g-Priors
in Normal Linear Models”. (DOI: 10.1214/21-BA1288SUPP; .pdf).

References

Abramowitz, M. and Stegun, I. (1970). Handbook of Mathematical Functions. New York:
Dover. MR0208797. 1084

Bayarri, M. J., Berger, J., Forte, A., and Garcia-Donato, G. (2012). “Criteria for
Bayesian Model Choice with Application to Variable Selection.” Annals of Statistics,
40: 1550-1577. MR3015035. doi: https://doi.org/10.1214/12-A0S1013. 1075,
1079, 1080, 1090

Berger, J., Bernardo, J., and Sun, D. (2009). “The Formal Definition of Reference
Priors.” The Annals of Statistics, 37: 905-938. MR2502655. doi: https://doi.org/
10.1214/07-A08587. 1073

Berger, J. and Pericchi, L. (1996). “The Intrinsic Bayes Factor for Model Selec-
tion and Prediction.” Journal of the American Statistical Association, 91: 109-122.
MR1394065. doi: https://doi.org/10.2307/2291387. 1074


https://doi.org/10.1214/21-BA1288SUPP
https://www.ams.org/mathscinet-getitem?mr=0208797
https://www.ams.org/mathscinet-getitem?mr=3015035
https://doi.org/10.1214/12-AOS1013
https://www.ams.org/mathscinet-getitem?mr=2502655
https://doi.org/10.1214/07-AOS587
https://doi.org/10.1214/07-AOS587
https://www.ams.org/mathscinet-getitem?mr=1394065
https://doi.org/10.2307/2291387

D. Fouskakis and I. Ntzoufras 1097

Berger, J. and Pericchi, L. (2004). “Training Samples in Objective Model Selection.”
Annals of Statistics, 32: 841-869. MR2065191. doi: https://doi.org/10.1214/
009053604000000238. 1074

Casella, G. and Moreno, E. (2006). “Objective Bayesian Variable Selection.” Journal of
the American Statistical Association, 101: 157-167. MR2268035. doi: https://doi.
org/10.1198/016214505000000646. 1079

Clyde, M. (2020). BAS: Bayesian Variable Selection and Model Averaging using
Bayesian Adaptive Sampling. R package version 1.5.5. 1091

Consonni, G., Fouskakis, D., Liseo, B., and Ntzoufras, I. (2018). “Prior Distribu-
tions for Objective Bayesian Analysis.” Bayesian Analysis, 13: 627-679. MR3807861.
doi: https://doi.org/10.1214/18-BA1103. 1075

Consonni, G. and Veronese, P. (2008). “Compatibility of Prior Specifications Across
Linear Models.” Statistical Science, 23: 332-353. MR2483907. doi: https://doi.
org/10.1214/08-STS258. 1074

Dellaportas, P., Forster, J., and Ntzoufras, I. (2002). “On Bayesian Model and Vari-
able Selection Using MCMC.” Statistics and Computing, 12: 27-36. MR1877577.
doi: https://doi.org/10.1023/A:1013164120801. 1082, 1086, 1090

Dellaportas, P., Forster, J., and Ntzoufras, I. (2012). “Joint Specification of Model
Space and Parameter Space Prior Distributions.” Statistical Science, 27: 232-246.
MR2963994. doi: https://doi.org/10.1214/11-STS369. 1093

Fernandez, C., Ley, E., and Steel, M. (2001). “Benchmark Priors For Bayesian Model
Averaging.” Journal of Econometrics, 100: 381-427. MR1820410. doi: https://doi.
org/10.1016/50304-4076(00)00076-2. 1094

Fouskakis, D. (2019). “Priors via Imaginary Training Samples of Sufficient Statis-
tics for Objective Bayesian Hypothesis Testing.” Metron, 77: 179-199. MR4033581.
doi: https://doi.org/10.1007/s40300-019-00159-0. 1075

Fouskakis, D. and Ntzoufras, I. (2016). “Limiting Behavior of the Jeffreys Power-
Expected-Posterior Bayes Factor in Gaussian Linear Models.” Brazilian Journal of
Probability and Statistics, 30: 299-320. MR3481105. doi: https://doi.org/10.1214/
15-BJPS281. 1080

Fouskakis, D. and Ntzoufras, I. (2017). “Information Consistency of the Jeffreys
Power-Expected-Posterior Prior in Gaussian Linear Models.” Metron, 75: 371-380.
MR3736668. doi: https://doi.org/10.1007/s40300-017-0110-6. 1080

Fouskakis, D. and Ntzoufras, I. (2021). “Supplementary material for: Power-Expected-
Posterior Priors as Mixtures of g-Priors in Normal Linear Models.” Bayesian Analysis.
doi: https://doi.org/10.1214/21-BA1288SUPP. 1076

Fouskakis, D., Ntzoufras, I., and Draper, D. (2015). “Power-Expected-Posterior Priors
for variable selection in Gaussian Linear Models.” Bayesian Analysis, 10: 75-107.
MR3420898. doi: https://doi.org/10.1214/14-BA887. 1074, 1077, 1078, 1079


https://www.ams.org/mathscinet-getitem?mr=2065191
https://doi.org/10.1214/009053604000000238
https://doi.org/10.1214/009053604000000238
https://www.ams.org/mathscinet-getitem?mr=2268035
https://doi.org/10.1198/016214505000000646
https://doi.org/10.1198/016214505000000646
https://www.ams.org/mathscinet-getitem?mr=3807861
https://doi.org/10.1214/18-BA1103
https://www.ams.org/mathscinet-getitem?mr=2483907
https://doi.org/10.1214/08-STS258
https://doi.org/10.1214/08-STS258
https://www.ams.org/mathscinet-getitem?mr=1877577
https://doi.org/10.1023/A:1013164120801
https://www.ams.org/mathscinet-getitem?mr=2963994
https://doi.org/10.1214/11-STS369
https://www.ams.org/mathscinet-getitem?mr=1820410
https://doi.org/10.1016/S0304-4076(00)00076-2
https://doi.org/10.1016/S0304-4076(00)00076-2
https://www.ams.org/mathscinet-getitem?mr=4033581
https://doi.org/10.1007/s40300-019-00159-0
https://www.ams.org/mathscinet-getitem?mr=3481105
https://doi.org/10.1214/15-BJPS281
https://doi.org/10.1214/15-BJPS281
https://www.ams.org/mathscinet-getitem?mr=3736668
https://doi.org/10.1007/s40300-017-0110-6
https://doi.org/10.1214/21-BA1288SUPP
https://www.ams.org/mathscinet-getitem?mr=3420898
https://doi.org/10.1214/14-BA887

1098 PEP Priors as Mixtures of g-Priors

Fouskakis, D., Ntzoufras, I., and Perrakis, K. (2018). “Power-Expected-Posterior Pri-
ors for Generalized Linear Models.” Bayesian Analysis, 13: 721-748. MR3807864.
doi: https://doi.org/10.1214/17-BA1066. 1074

Fouskakis, D., Ntzoufras, I., and Perrakis, K. (2020). “Variations of Power-Expected-
Posterior Priors in Normal Regression Models.” Computational Statistics and Data
Analysis, 143: 106836; https://doi.org/10.1016/j.csda.2019.106836. 1088

Garcia-Donato, G. and Forte, A. (2018). “Bayesian Testing, Variable Selection and
Model Averaging in Linear Models using R with BayesVarSel.” The R Journal, 10:
155-174. 1091

Goudie, R. J. B, Turner, R. M., De Angelis, D., and Thomas, A. (2020). “MultiBUGS:
A parallel implementation of the BUGS modelling framework for faster Bayesian
inference.” arXiv:1704.03216. 1090

Humbert, P. (1920). “Some Extensions of Pincherles Polynomials.” volume 39 of Pro-
ceedings of the Edinburgh Mathematical Society, 21-24. 1085

Ibrahim, J. and Chen, M. (2000). “Power Prior Distributions for Regression Mod-
els.” Statistical Science, 15: 46-60. MR1842236. doi: https://doi.org/10.1214/
ss/1009212673. 1074

Kass, R. and Wasserman, L. (1995). “A Reference Bayesian Test for Nested Hypotheses
and its Relationship to the Schwarz Criterion.” Journal of the American Statistical
Association, 90: 928-934. MR1354008. 1074

Ley, E. and Steel, M. (2012). “Mixtures of g-Priors for Bayesian Model Averaging
with Economic Applications.” Journal of Econometrics, 171: 251-266. MR2991863.
doi: https://doi.org/10.1016/j.jeconom.2012.06.009. 1079, 1090

Li, Y. and Clyde, M. (2018). “Mixtures of g-Priors in Generalized Linear Mod-
els.” Journal of the American Statistical Association, 113: 1828-1845. MR3902249.
doi: https://doi.org/10.1080/01621459.2018.1469992. 1085

Liang, F., Paulo, R., Molina, G., Clyde, M., and Berger, J. (2008). “Mixtures of g Priors
for Bayesian Variable Selection.” Journal of the American Statistical Association,
103: 410-423. MR2420243. doi: https://doi.org/10.1198/016214507000001337.
1076, 1077, 1079, 1090

Lourenzutti, R., Duarte, D., and Azevedo, M. (2014). The Beta Truncated Pareto Dis-
tribution. Technical Report. Universidade Federal de Minas Gerais, Belo Horizonte,
MG, Brazil. 1084

Madigan, D. and York, J. (1995). “Bayesian Graphical Models for Discrete Data.” In-
ternational Statistical Review, 63: 215-232. 1086

Maruyama, Y. and George, E. (2011). “Fully Bayes Factors with a Generalized g-Prior.”
The Annals of Statistics, 39: 2740-2765. MR2906885. doi: https://doi.org/10.
1214/11-A0S917. 1079, 1080, 1096

Moreno, E. and Girén, F. (2008). “Comparison of Bayesian Objective Procedures


https://www.ams.org/mathscinet-getitem?mr=3807864
https://doi.org/10.1214/17-BA1066
https://doi.org/10.1016/j.csda.2019.106836
https://arxiv.org/abs/arXiv:1704.03216\/
https://www.ams.org/mathscinet-getitem?mr=1842236
https://doi.org/10.1214/ss/1009212673
https://doi.org/10.1214/ss/1009212673
https://www.ams.org/mathscinet-getitem?mr=1354008
https://www.ams.org/mathscinet-getitem?mr=2991863
https://doi.org/10.1016/j.jeconom.2012.06.009
https://www.ams.org/mathscinet-getitem?mr=3902249
https://doi.org/10.1080/01621459.2018.1469992
https://www.ams.org/mathscinet-getitem?mr=2420243
https://doi.org/10.1198/016214507000001337
https://www.ams.org/mathscinet-getitem?mr=2906885
https://doi.org/10.1214/11-AOS917
https://doi.org/10.1214/11-AOS917

D. Fouskakis and I. Ntzoufras 1099

for Variable Selection in Linear Regression.” Test, 17: 472-490. MR2470092.
doi: https://doi.org/10.1007/s11749-006-0039-1. 1076

Pérez, J. and Berger, J. (2002). “Expected-posterior Prior Distributions for Model
Selection.” Biometrika, 89: 491-511. MR1929158. doi: https://doi.org/10.1093/
biomet/89.3.491. 1073

Scott, J. and Berger, J. (2010). “Bayes and Empirical-Bayes Multiplicity Adjust-
ment in the Variable-Selection Problem.” The Annals of Statistics, 38: 2587-2619.
MR2722450. doi: https://doi.org/10.1214/10-A0S792. 1087, 1091

Womack, A., Leon-Novelo, L., and Casella, G. (2014). “Inference from Intrinsic Bayes
Procedures Under Model Selection and Uncertainty.” Journal of the American Sta-
tistical Association, 109: 1040-1053. MR3265679. doi: https://doi.org/10.1080/
01621459.2014.880348. 1079, 1090

Zellner, A. (1976). “Bayesian and Non-Bayesian Analysis of the Regression Model with
Multivariate Student-t Error Terms.” Journal of the American Statistical Association,
71: 400-405. MR0405699. 1090

Zellner, A. and Siow, A. (1980). “Posterior Odds Ratios for Selected Regression Hy-
pothesis (with discussion).” In J. M. Bernardo, M. H. DeGroot, D. V. Lindley and
A.F.M. Smith, eds., Bayesian Statistics, Vol. 1, 585-606 & 618-647 (discussion). Ox-
ford University Press. MR0862503. 1080


https://www.ams.org/mathscinet-getitem?mr=2470092
https://doi.org/10.1007/s11749-006-0039-1
https://www.ams.org/mathscinet-getitem?mr=1929158
https://doi.org/10.1093/biomet/89.3.491
https://doi.org/10.1093/biomet/89.3.491
https://www.ams.org/mathscinet-getitem?mr=2722450
https://doi.org/10.1214/10-AOS792
https://www.ams.org/mathscinet-getitem?mr=3265679
https://doi.org/10.1080/01621459.2014.880348
https://doi.org/10.1080/01621459.2014.880348
https://www.ams.org/mathscinet-getitem?mr=0405699
https://www.ams.org/mathscinet-getitem?mr=0862503

	Introduction
	PEP Prior as a Mixture of Normal Distribution in Normal Linear Model Comparison
	A General Framework for Scale Normal Mixtures Priors
	Comparisons
	Criteria
	Effective Sample Size

	Posterior Distributions of Model Parameters
	Full Conditional Posteriors and Gibbs Sampling
	Marginal Likelihoods
	Marginal Posterior Distribution of g

	Bayesian Inference of the Shrinkage Parameter
	Prior distribution of w
	Marginal Posterior Distribution of w

	Bayesian Model Averaging, Computation and Model Search
	Simulation Study
	SDM Dataset
	Discussion
	Supplementary Material
	References

