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Recurrence of direct products of diffusion processes
in random media having zero potentials

Daehong Kim* Seiichiro Kusuoka'’

Abstract

In this paper, we consider the recurrence of some multi-dimensional diffusion pro-
cesses in random environments including zero potentials. Previous methods on
diffusion processes in random environments are not applicable to the case of such
environments. In main theorems, we obtain a sufficient condition to be recurrent
for the product of a multi-dimensional diffusion process in semi-selfsimilar random
environments and one-dimensional Brownian motion, and also more explicit sufficient
conditions in the case of Gaussian random environments and random environments
generated by Lévy processes. To prove them, we introduce an index which measures
the strength of recurrence of symmetric Markov processes, and give some sufficient
conditions for recurrence of direct products of symmetric diffusion processes. The
index is given by the Dirichlet forms of the Markov processes.
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1 Introduction

Global properties of stochastic processes as well as related problems are important
topics in both probability and potential theories. Among those, recurrence and transience
of Markov processes have been studied by many authors under various probabilistic and
analytic aspects in discrete and in continuous time. For instance, it is well-known that a
d-dimensional Brownian motion consisting of d independent one-dimensional standard
Brownian motions is recurrent if d = 1,2, and transient otherwise. For more general
diffusion processes, we have also many criteria for their recurrence and transience,
but the criteria are not always so easy to be checked. In general, whether diffusion
processes are recurrent or transient depends on their generators (see [5], [6], [7]). In
this spirit, Ichihara [6] gave elegant criteria for the recurrence and transience of the

*Kumamoto University, Japan. E-mail: daehong@gpo. kumamoto-u.ac.jp
TKyoto University, Japan. E-mail: kusuoka@math.kyoto-u.ac.jp


https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/20-EJP540
https://ams.org/mathscinet/msc/msc2020.html
mailto:daehong@gpo.kumamoto-u.ac.jp
mailto:kusuoka@math.kyoto-u.ac.jp

Direct products of diffusion processes in random media

diffusion process associated with a second order elliptic partial differential operator L

on R? defined by
d

L= Z a% <aij(x)aij) , (1.1)
i,j=1
where a;;(z) is a symmetric coefficient function such that the matrix A(z) := (a;;(2))1<i,j<d
is strictly positive definite on R¢.

Let W be the space of locally bounded Borel measurable functions on R? vanishing at
the origin and let O be a probability measure on W. In the present paper, an element of
W is called an environment. Given an environment w, consider Y* = (Y,,(t), P¥,x € R%),
the diffusion process with generator

d
1 1 Z 0 0
- A_V .V — _pw - —w_ 7 .
2( w-V) 2°¢ — oxy, <e E)xk>

It is well-known that Y;, (¢) can be constructed from the diffusion process X,,(¢) associated
with (1.1) provided a;; = %&je‘“’ through a random time change of X, (t). We call a
stochastic process V¥ = (Y,,(t),Q ® P¥,x € R?) the diffusion process in a random
environment. In the case where d = 1 and (w, Q) is a Brownian environment, Brox [1]
noticed that the process Y" is a continuous version of Sinai’s walk (see [16]) and showed
that Y,,(t) moves very slowly in some sense by the effect of the environment. Later,
Brox’s result was extended to a multi-dimensional diffusion process in a non-negative
Lévy’s Brownian environment (see [8], [12]).

Recurrence and transience of multi-dimensional diffusion processes in various ran-
dom environments have been studied by many authors, in combining Ichihara’s criteria
with the ergodic aspects of measure preserving transformations on the random en-
vironments. The first result on this problem was obtained by Fukushima et al. in a
one-dimensional Brownian environment (see [3]). Tanaka considered the diffusion pro-
cess Y" in a Lévy’s Brownian environment and proved that it is to be recurrent for
almost all environments in any dimension (see [19]), which made the effect of random en-
vironments on this problem quite transparent. After that, Tanaka’s result was extended
to a large class of multi-dimensional random environments (see [9], [11], [17], [18]). In
[11], the authors considered multi-dimensional diffusion processes in multi-parameter
random environments and studied their recurrence and transience. More precisely, the
authors obtained some conditions for the dichotomy of recurrence and transience for
d-dimensional diffusion process Y, (t) = (Y,}(t),Y2(t),--- ,Y2(t)) corresponding to the
generator

d
1 o) 0
- w(zg) Y —w(zg) Y 1.2
2 () o

where w is a one-dimensional (semi-)stable Lévy process whose values at different d
points are regarded as constituting a multi-parameter environment. In their proof, the
following property of the environments was crucial: for any ag > 0and 0§ > 1

d
o inf w(foj;) >ag | >0, (1.3)
oeSd-1
j=1
where S9! denotes the unit sphere in R?. It turned out that the property (1.3) works
well with Ichihara’s test in studying the recurrence and transience of Y,,(¢). However, the
property (1.3) does not hold if one component of w takes value identically zero. Indeed,
for the two-dimensional direct product of diffusion process (Y} (¢), B(t)) given by the pair
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of the Brox’s diffusion Y,! (¢) and a one-dimensional Brownian motion B(t) independent
of Y,1(¢), let w be the environment relative to (Y,1(¢), B(t)). Then w(x1,z2) = w(x;) and
hence w(o) = w(0) = 0 for o := (0,1) € S'. In this sense, a (d + 1)-dimensional diffusion
process in d-parameter random environments

(Yo (t), B(t)) := (Y (1), Y (1), -+, Y (1), B(1)) (1.4)

with a one-dimensional Brownian motion B(t) independent of {Y,J(t),j = 1,2,--- ,d} is
out of the framework of [11] (also of [18]).

The purpose of this paper is to study the recurrence of some multi-dimensional
diffusion processes in random environments including zero potentials. For this, we
introduce a criterion for the recurrence of direct products of symmetric Markov processes
motivated by Okura [13]. In the criterion, the index induced by the Dirichlet forms
plays an important role as representing the strength of recurrence of the associated
Markov processes. The criterion works well in the case of diffusion processes in random
environments, and we are able to show that the diffusion processes in semi-selfsimilar
random environments have very strong recurrence in sense of the index. As a result, we
can show the recurrence of direct products of Markov processes given by the pair of a
d-dimensional diffusion process in almost all environments having usual randomness,
and a one-dimensional Brownian motion (see Theorems 2.1, 2.2 and 2.4).

2 Main results

Now, we state our framework and the main results of the present paper.

Let W be the space of locally bounded and Borel measurable functions on R? with
the topology generated by the uniform convergence on compact sets. Let (W) be the
Borel o-field of W and Q be a probability measure on (W, #(W)). We call an element
w € W an environment and assume that Q(w(0) = 0) = 1. For given w € W, let
XY = (X,(t), P¥, 2 € RY) be the diffusion process associated with the generator (1.1)
provided a;; = %6@‘3‘ e~ ", equivalently, associated with the strongly local Dirichlet form
(&*,F") defined by

of
ox?

EY(f,g) = %/Rd Vi(x) Vg(x) e @) dg, f,ge Fv,

F¥ = {f € L*(R% e vdx) : € L*(R%: e vde),i=1,2,... ,d} ,

(2.1)

where the derivatives 0f/Jz; are taken in the sense of Schwartz distributions.
For r > 1 and o > 0, let T be a mapping from W to W defined by Tw(z) = r~*w(rz)
for x € R%. We assume that

Q4) = Q(T4), AezBW), (2.2)

which implies that 7" is a measure preserving transformation of Q. We call a space
(W, B(W), Q) satisfying the condition (2.2) an a-semi-selfsimilar random environment.

Our first result concerns a sufficient condition to be recurrent for the direct product
of a d-dimensional diffusion process in semi-selfsimilar random environments and a
one-dimensional Brownian motion.

Theorem 2.1. Assume that T' is weakly mixing and
Q (w(1,7%) — w(0,1) < 2w(1,r?)) >0, (2.3)
where w and w are given by

w = ;= inf
w(a,b) ags\l;?gbw(z)’ w(a,b) a§1|1;|§bw(x)
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fora,b > 0. Then, the (d+1)-dimensional direct product of diffusion process (X, (t), B(t))
given by the pair of the d-dimensional diffusion process X, (t) and a one-dimensional
Brownian motion B(t) independent of X,,(t) is recurrent for almost all environments.

It is known that random environments make a strong effect for the recurrence of
the diffusion process in random environments. Indeed, diffusion processes in various
random environments are recurrent in any dimension under some natural conditions (cf.
[9], [11], [17], [18]). However, we cannot apply the previous methods to prove Theorem
2.1, because the component B(t) of the product process (X, (t), B(t)) has no effect of
environments. As an alternative to the previous method, we employ a new criterion for
the recurrence of direct products of symmetric Markov processes based on the theory
of Dirichlet forms (Proposition 3.1 below). The criterion will be applied to diffusion
processes in random environments together with Proposition 4.2, which plays a key role
for the proof of Theorem 2.1.

We remark that the (d + d’')-dimensional direct product process

(Xw(t), B\(t),...,B¥ (t))

given by the pair of X,,(t) and a d’-dimensional Brownian motion (B'(t), ..., B (t)) inde-
pendent of X,,(t), is transient whenever d’ > 3, because the marginal (B(t), ..., B% (t))
is transient. To our best knowledge, the case d’ = 2 is an open problem but we be-
lieve that it will be transient in view of the result in discrete cases. In fact, a similar
problem was already concerned in discrete cases. In [2], the authors considered d + d’
independent walks on Z, d of them performing Sinai’s walk and d’ of them performing
simple symmetric random walk, and proved that the direct product is recurrent almost
all environments if and only if ' <1, ord =2 and d’ = 0.

Next, we consider specific laws of random environments. Precisely, we show some
sufficient conditions in the cases that Gaussian random environments and random
environments generated by Lévy processes. Such environments are concerned in [9]
and [11], respectively. By giving some assumptions on laws of environments we are able
to discuss clearer sufficient conditions for the recurrence as follows, while the sufficient
condition given in Theorem 2.1 is somewhat abstract.

Let us consider a probability measure Q on (W, %Z(W)) as a Gaussian measure.
We assume that Q(w(0) = 0) = 1 and E9[w(x)] = 0 for x € R%. Here E© stands
for the expectation with respect to @. Let K be the covariance kernel of Q, that is,
K(z,y) = E€lw(x)w(y)] for =,y € R?. Since Q is a probability measure on (W, Z(W)),
K is a measurable function on R¢ x R¢.

Theorem 2.2. Assume that

sup / K(z,y)dy — inf/ K(z,y)dy <2 inf / K(z,y)dy, (2.4)
ly|<r? lyl<r2 ly|<r?

1<|z|<r? |z|<1 1<|z|<r?
lim r=*" sup K(r"z,y) =0. (2.5)
n—oo :c,yEDl

Then, the (d 4 1)-dimensional direct product of diffusion process (X,,(t), B(t)) given by
the pair of X,,(t) and a one-dimensional Brownian motion B(t) independent of X,,(t) is
recurrent for almost all environments.

Note that the condition (2.4) above is stronger than those in Theorem 3.5 in [9],
because we need the strength of the recurrence for X, (t) to show the recurrence of the
direct product process.

As a direct consequence of Theorem 2.2, we have the following corollary.

Corollary 2.3. The two-dimensional direct product of diffusion process (Y, (t), B(t))
given by the pair of the Brox’s diffusion process Y, (t) and a one-dimensional Brownian
motion B(t) independent of Y,,(t) is recurrent for almost all environments.
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A similar problem was concerned in Proposition 3.1 in [11], but the absolute value
of the Brownian environment was taken in the component of the diffusion process in
random environment. The advantage of the method in the present paper is that we are
able to show the recurrence without taking the absolute value. Proofs of Theorem 2.2
and Corollary 2.3 are given in Section 5.1.

Finally, we give the result on the case that random environments generated by
Lévy processes. Let W be the space of functions w on R satisfying the following:
w(0) = 0, w is right (resp. left) continuous with left (resp. right) limits on [0, co) (resp.
(—00,0)). Fori =1,2,...,d, we set a probability measure Q; on (W, Z(W)) such that
(w(z),z € [0,00),Q;) and (w(—x),z € [0,00), Q;) are independent semi-selfsimilar Lévy
processes with an exponent a; € (0, 2] (see Definitions 13.4 and 13.12 in [14]). Define
the probability measure Q on (W9, Z(W)%4) by

d
Q= ® Q;.
i=1

Denote the i th component of w € W* by w' and write w’_(t) := w'(t) and w’ (¢) := w’(—t)
for ¢t € [0, 00).

Theorem 2.4, Leti=1,2,...,d. Ifa; = 2 or both wi and w! have positive jumps with
positive probabilities, then the (d + 1)-dimensional direct product process (X, (t), B(t))
given by the pair of X,,(t) and a one-dimensional Brownian motion B(t) independent of
X (t) is recurrent for almost all environments.

This result can be regarded as an extension of Theorem 1.2 (i) in [11]. Theorem 2.4
implies that diffusion processes in random environments generated by Lévy processes
with positive jumps have very strong recurrence, and even taking a direct product of the
diffusion process and a one-dimensional Brownian motion, the direct product process is
still recurrent. Proof of Theorem 2.4 is given in Section 5.2.

The rest of the present paper is organized as follows. In Section 3, we give criteria
for the recurrence of direct products of general symmetric Markov processes including
a random time changed version, and prove some lemmas on diffusion processes in
non-random environments. In Section 4, we give some sufficient conditions on the
random environment for the recurrence of a multi-dimensional direct product process in
an ergodic random environment. In Section 5, we consider concrete examples for the
result obtained in Section 4 with Gaussian and stable Lévy environments. For notational
convenience, we let a A b := min{a, b} for any a,b € R.

3 Recurrence of products of Dirichlet forms and some lemmas on
diffusion processes in non-random environments

3.1 Recurrence of products of Dirichlet forms

In this section, we give some analytic recurrence criteria for direct products of
symmetric Dirichlet forms (or, of symmetric Markov processes). The result will be
obtained by a simple obsevation for the recurrence of direct products of symmetric
Markov processes due to [4] and [13].

Fori = 1,2,...,N, let E® be a locally compact separable metric space and m(®
be a positive Radon measure on E(Y) with full support. Let (£(), F7(¥)) be a symmetric
regular Dirichlet form on L?(E(® m()) possessing C*) as its core. It is well-known that
(& ), F (i)) generates a strongly continuous Markovian semigroup (Tt(i))tzo of symmetric
operators on L?(E® m®). Let X = (Q(i),M(i),X(i)(t)7P£f2>) be the m(")-symmetric
Hunt process associated to (£, F()). We say that (£, F®) (or X)) is irreducible if
any (T\"),>¢-invariant set B satisfiess m()(B) = 0 or m® (E® \ B) = 0.
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Let X = (2, M, X(t), P,) be the process on E defined by the product of X(9), where

Q=00 0@ .. 0™ M= MO oM g o M),
E=FED « 5p®? w« ... xE(N)
P, = P(l)) ® P((Qz)) P(fYV))5 T = (56(1)71‘(2), o ’x(N)) cE

X(t,w) = (X< )(t,wr), X )(t,wQ),...,X(N)(t,wN)> , w=(Wi,wa,...,wy) €.

)

We note that the marginal processes {(X()(t),t > 0),i = 1,2,..., N} are independent
under P,. Let m be the product measure of {m(i)ﬂ' =1,2,...,N}. Assume that X i
irreducible for any ¢ = 1,2,..., N. Then, X is also to be an m-symmetric irreducible
Markov process on E ([4, Proposition 3.1], [13, Theorem 2.6]). Let (£,F) be the as-
sociated Dirichlet form of X on L?(E,m). Then (£, F) possesses the linear span of
CH @ @C™) =MV e ..M . ¢p® cCc® j=172.. N} asits core, where
(M @@ ¢ (2) := M (D)@ (23 ... ¢(N) (x(N)), Thus the Dirichlet form (&, F)
is to be regular and also admits the following expressions: for u() € F) (i =1,2,..., N),
vwi=u @ . - @u) ¢ Fand

N

£ (uyu) =Y € (u“ ) ﬂ (U) )m(j) 3.1)

i=1 j=1,j#1¢

where (-, ), denotes the inner product on L2(E(i), m(i)) ([13, Theorems 1.3 and 1.4]).

Let X be a locally compact separable metric space and p a positive Radon measure
on X with full support. A regular Dirichlet form (A, V) on L?(X, p) (or the corresponding
Markov process M) is non-transient if and only if the following property holds:

(R) There exists a sequence {u,},>1 C V such that 0 < w,, <1 p-a.e, lim, oo u, =1
p-a.e. and A(u,,u,) — 0asn — oo

(see [5, Theorem 1.6.3]). In particular, it is known that (A4, V) (or M) is to be recurrent if
it is irreducible and possesses the property (R) ([5, Lemma 1.6.4]).
Now we give some simple criteria for the non-transience of X through the marginal

processes {X(* i =1,2,..., N} in an analytic way.
Proposition 3.1. Let {(£(, ]-'(i) i = 1,2,---,N} and (£,F) be as above. Assume
that there exist sequences {un ta>1 C F ) such that 0 < u(lm(k) < 1 m@-ae.,
limg_s o0 ufl()w(k) =1m-ace., u(oo) =1mW-ae. (i=1,2,...,N) and
| N
Jm g H( W U)o = 0 (3.2)

for the index
n® (k) = 1nf{ne]N 5<>( @)) < k( o, g:)) (,)}, ke 3.3)
i

Then the Dirichlet form (€, F) (or the direct product process X of {X(® i =1,2,...,N})
is non-transient.

Proof. Let
1 N
Up(k) = Up L. N) () = ufm()l)(k) R R ufl(13>(k)
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It is then easy to see that 0 < u, ;) < 1 m-a.e. and u, ) — 1 as k — oo m-a.e. Moreover,
by (3.1) and the assumption (3.2), we have

N
& (Un(ky, Un(k)) Zg 7)( Up() () n(> ) H ( S<)7> nJ<)7'>(k))m<j>

Jj=1,j#i

N N
S?H( n(z)(k)a n(z)(k)> ; — 0 as k — oo.

m (9

Hence (€, F) (or X) is non-transient. O

For a strictly positive continuous function g(* on E®, let {Y() i =1,2 ... N} be the

time changed processes of {X(V) i =1,2,... N} defined by
Y(i)(t) = X (Tt(i)) ,

where Tf(i) is the right continuous inverse of the positive continuous additive functional
A = [T (X0 (s))ds of X, that is, 7. = inf{s > 0 : AV >t} (i = 1,2,...,N).
Then, since the fine support of g)m() equals to E®, {Y® i=1,2,... N} are g®m()-
symmetric Humt processes on E(*). Note that the irreducibility and non-transience are
stable under time-changed transform (see [5, Theorem 6.2.3] and [15, Theorems 8.2
and 8.5]). Hence {Y®,i = 1,2,..., N} are irreducible and non-transient if {X(*) i =
1,2,...,N} are so. Let {(£®), F®) i =1,2,... N} be the associated Dirichlet forms of
{(Y® i=1,2,...,N}on L2(E®W ¢@)m®), Then (£0), F) is given by

FO = {(p € L* (EW, gMWm() : there exists f € ]-}(i) such that ¢ = f g(”m(i)-a.e.}
ED(p,p) =ED(f,f) forpe FD and f € F with ¢ = f gDmD-ae.,

where F'” is the extended Dirichlet space of F() (see [5] for the definition). Then we
can obtain the following corollary as a consequence of Proposition 3.1.

Corollary 3.2. Fori = 1,2...,N, let ¢) be a strictly positive continuous function
on E®. Assume that the marginal processes {X(i),i = 1,2,...,N} are irreducible
and non-transient. If there exist sequences {u$},>1 C F& 0 L2(E®, ¢®Dm®) such

that 0 < us()i) <1¢DmD-ae, u’) ~—1ask—ocog®PmDae. (i=1,2,...,N)and

(k) n® (k)
1 :
klg{)lo E ];[( n(z) (k)’ n(L)( ))g(i)m(ﬂ = 0, (34)
for the index
) ) ) 1 )
n® (k) = inf{n EN:ED (u5;>, <>) < E( §;>,ugl>) . m}, (3.5)
gVm

then the direct product process Y of {Y(i),z‘ =1,2,...,N} is recurrent.

3.2 Some lemmas on diffusion processes in non-random environments

Let w be a locally bounded and Borel measurable function on R?. Consider the
strongly local Dirichlet form (£¥, F*) defined by (2.1). Denote C5°(R%) by the set of all
smooth functions with compact support in R¢. Note that the local boundedness of w im-
plies that C5°(R?) is dense in F*, in particular (€%, F¥) is regular. Let X% = (X,,(t), P¥)
be the diffusion process associated with (£, F*). The d-dimensional Brownian motion
is associated to (£, F°), the Dirichlet form (£¥, F*) with w = 0.
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For r € (1,00), let ¢ € C§°(R?) such that 0 < p(z) <1 on RY, ¢(z) =1on |z| <1, and
o(x) =0on |z| > r. For fixed r and ¢, define the sequence {u,} C F* by

un(z) == ¢ (r"z), zeR% neNU{0} (3.6)
It is clear that lim,, o, u,(x) = 1 for x € R?. We let

w(a,b) := ags‘lilli)gbw(r), w(a,b) := agillilfgbw(x)

for a,b > 0 as in Theorem 2.1. Then, it is easy to see by the definition of u,, and the
assumption on ¢ that for n € N,

C17%" exp (—E(O,T”Jrl)) < / \un(x)\Qe*w(m)dx < Cyr®™exp (—M(O,r”+1)) , (3.7)
R4
where C; := Cy(d,r,¢) = f\x\gr ¢ (2)? dz. Moreover, since

/ Jun (2)|?e @ dz > rd”/ e W) dg
R4

z|<r—t

for any ¢ € IN, it also follows that for n € IN

/d |t (z)[2e @ dg > Vyrd =0 exp (—E(O,r”_e)) . (3.8)
R
In particular

/ [un ()2~ @ de > Vyexp (—w(0,1)), (3.9)

R4
where V; denotes the volume of the unit ball in R?. On the other hand, the relation
/ |Vun(x)\26_w(x)dx = T(d_Q)”/ [V (x) |26_“’(’0"’”)daﬁ
R 1<]z|<r

implies that for n € NN,

Corl4=2" exp (—E(r”,r”“)) < / \VU,L(z)|267w(1)dz < Cor(d=2m oxp (—Q(r", r”“)) ,
IR’d

(3.10)
where Cy := Ca(d,1,9) = [\, <, [V (2) Pda.
Define a number n(k) € NU {co} by

1 .
n(k) := inf {n eEN: EY(up,up) < E/ |un(:c)|2e_“’(“)dx} , kel
Rd
Lemma 3.3. Let k € IN such that n(k) < oo and £ (up 1), un(r)) 7 0. Then we have
2 —w(x) Ca (d—2)(n(k)—1) n(k)—1 ,.n(k)
[ () ()] "€ dr < 7kr exp (—Q(r T ))
Rd

(14 (Td _ 1),rdn(k) exp (_w(rn(k)fl’ Tn(k)+1))
exp (—w(0,1))

Proof. We note that the choice of k¥ € IN and the definition of n(k) imply

_ k o
/d |'U/n(k)71($)‘26 w@)dy < §/d |vun(k)71(l’)|2€ w(@) {0,
R R
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In view of (3.7), (3.9) and (3.10), we then have

20—w(z)q
/ |Un(k)(a:)|26—w(z)dx _ Jra [tn(e) (z)]e T
R

2 —w(z)
— Up, _1(x e de
.f]Rd |un(k)71($)|2e W(w)dx /l;d | (k) 1( )|

1 f d (|un(k)|2 — |un(k)_1|2) e~ w(@)dy / 9 —wls
<= [14E E | |V — w@)q
2 ( + fRd |un(k)_1|26*w(z)dx ]Rd| Un (k) 1(96)‘ e T
<& 1+ Jrn9-1<jajgrmuota e da fr(d=2)(n(k)=1) ¢ ( (rn(®)=1 n(k)))
— r xp | —w(r r
=79 Vaexp (—@(0,1)) P ’
- @ - (’I"d _ 1),rdn(k) exp (1@(7”(@_17 ,rn(k)-i-l))
2 eXp (_w(ovl))

X kr(@=2) (k) =1) g (_Q(Tn(k)—17rwl(k))) O

Lemma 3.4. Let k € IN such that n(k) < oo and £ (uy(x), un(r)) # 0. Then we have

Uy (2)[Pe @) dy
[t (k) (2)]
Rd

< Ck? exp (—w(O,r”(k)H) —

N

w01 )y 4 ;lw(07rn(k)2)> ’
where C := (2Vd)—d/20102”l/2rd(d+2)/2‘
Proof. In view of (3.8) for ¢ = 1 and (3.10), we see that for n € IN

fRd|vu"(x)‘26_w(w)d$ Co _opia 1N, — -1
S ltn (@) Pe@dz ~ V' " exp (—w(r™, ") +w(0,r" 7)) .

From this inequality and the definition of n(k), we have

1 G onwyrate exp (_M(Tn(k)—17rn(k)) +E(077,7L(k)—2))
ko 2Vy

for k € IN such that n(k) < co and £" (uy, k), un(k)) 7 0. Hence

az(pir20,\ Y d d
dn(k) _ 2n(k) 2 d/2 el n(k)—1 ,.n(k) w— n(k)—2
r (r ) << oV, > k exp( 2w(7‘ ,T )—|—2w(0,7‘ ))

Applying this inequality to the upper estimate in (3.7), we can obtain the assertion. O

The condition n(k) < oo for any k € IN is guaranteed in the case of d-dimensional
Brownian motion (or the Dirichlet form (50, F 0)). Therefore, by virtue of Lemma 3.4, we
have the following fact.

Corollary 3.5. For any k € N, it holds that
/2 / iy (2) |2z < C,
]Rd

where C is the constant which appeared in Lemma 3.4.
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4 Recurrence of diffusion processes in random environments

Let W be the space of locally bounded and Borel measurable functions on R with
the topology generated by the uniform convergence on compact sets. Let (V) be the
Borel o-field of W and Q be a probability measure on (W, #(W)). We call an element
w € W an environment and assume that Q(w(0) = 0) = 1. For given w € W, we define
the Dirichlet form (€%, F%¥) by (2.1) and let X" = (X,,(¢), P’) be the associated diffusion
process of (£¥, FY).

For r > 1 and « > 0, let T’ be a mapping from W to W defined by Tw(x) = r~*w(rx)
for x € R?. We assume the a-semi-selfsimilarity of (W, Z(W), Q) by (2.2). We say that a
mapping T is weakly mixing if

n—1

1 ,
Jim = 7O (TF41 1 Ag) — Q(A41)Q(A2)] =0

k=0
for Ay, As € B(W).
As in the proof of Theorem 2.2 in [9], we can prove the following lemma.

Lemma 4.1. Assume that T is weakly mixing. If A € (W) satisfies Q(A) > 0, then, for
Q-almost every w € W, {n € N : T"w € A} is an infinite set.

Let ¢ and {u, } be the functions defined as in Section 3. For given IN-valued increasing
sequence {n,},>1, define ¢(k) € NU {oo} by

1 ,
0(k) = L(k,w) = inf {e €N : E(tUp,, Un,) < E/ |, ()] e_w(’“)dac} , keN.
]Rd
By using Lemma 4.1 above, we have the estimate as follows.
Proposition 4.2. Assume that T is a weakly mixing and

Q (w(1,7%) > a, w(1,r*) —w(0,1) < b) >0 (4.1)
for 0 < a < b < 0. Then, for Q-almost every w € W, there exists an IN-valued increasing
sequence {nj} },>1 such that

1

2
k"/ R4 ’

U"}”m(x) e V@ dg = o (exp ((b(l —y)—a+ E)Ta(nz’”_l))) (k= 0)

for anye > 0 and v € [0,1].

Remark 4.3. The assumption (4.1) implies that the probability that w looks like in Figure
1 is positive.

Proof. Set
A={weW: wlr ™ r)>a™ w(l,r)—w0,1) <br *}.

Then we see

Q(A) =9 (w(l,r2) > a, wW(r,r?) — w(

> Q (w(1,7?) > a, W(1,r?*) — w(

71")<b)
1) <b) >0

in view of (2.2). In view of Lemma 4.1, there exists N' € Z(W) such that Q(N) = 0, and
forw e W\ N, w(0) =0and {n € N: T"w € A} is an infinite set. For w € W\ N, let
{n} : £ € IN} be a strictly increasing sequence in {n € IN : T"w € A}. Then we have

1 (77, ) (g4 5 et
w (7“7L7,7“n'7+1) —w (0, ,,JL}“) < bra(né”—l) 4.2)
w(0,7™) = w(0, ™).
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Figure 1: For Remark 4.3

For the last equality above, we used the fact that w(0) = 0 implies

w(0,7™) = min {M(O, r), a,ra(ng—l)}
< min {w(0, ™), w(r 7))

= w(0,r™h).

On the other hand, by applying the first inequality in (4.2) to Lemma 3.3, it holds that

U
R4

e (:r)’ e~ @)y < Oy kr =20 =1 exp (—ar“(”zm_l))

(rd — 1)rdmie exp (fara("z’“)_lv
x |1
’ exp (~(0.1)

for k£ € IN. From this, one can get for sufficiently large k € IN that

u
Ra

")

(x)‘ e @ dy < Ckrld=2mw exp (—aro‘("}l’(krl) +w(0, 1)) ,

(4.3)
where C'is a constant depending on d, 7, o, ¢ and a. Moreover, since
1 2
£ (un“’ y Unw ) < 7/ Upw () eiw(z)dzy ke,
(k) (k) k R (k)
we have by (3.7) and (3.10) that for Kk € IN
—onu Y RS | 2 7wt
Cor™“™u® exp (—w (r k) (=) )) < %Cl exp (—w (O,r £(=) )) (4.4)
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Then, by virtue of the second and third relations in (4.2), and (4.4)

w w
200 exp (_bra("zu(k)*l)) < o 2nee) exp (M (0’ Tn"l(w)) - ( nEk) T ”/z(x) ))
+

opw w 1
= p 2w exp (m (O,rn"am)"r ) - w( (k) r "/(r ))

< 2017
— kCy
hence, for v € [0,1] and k € IN

2 1—v
7,_2(1 )7 we(k) ex )( b(]- ) a( o )) <kgz>

From this inequality, we see that the right-hand side of (4.3) is dominated by

201\ ez a(np—1) |
C o kYo 20w exp ((b(l — ) —a)r®"m T 4+ 75(0, 1)) .
2
The proof is completed. O
Now we prove Theorem 2.1 by applying Propositions 3.1 and 4.2.

Proof of Theorem 2.1. We note that

Q (w(1,7%) — w(0,1) < 2w(1,7%))

o U {fwr?)>a w1, -w0,1) < 2}

a€e(0,00)NQ

< Y Qw1 >a w1, r?) —w(0,1) < 2a).

a€(0,00)NQ
In view of this fact, the assumption (2.3) implies that there exists a > 0 such that
Q (w(1,7*) > a, w(1,7%) —w(0,1) < 2a — 4¢) >0 (4.5)

for a sufficiently small ¢ > 0. Thus, by applying Proposition 4.2 with v = 1/2 and
b= 2a — ¢, we see that

k_l/Z /
Rd

Then, by Corollary 3.5 and (4.6),
v
k \Jra
_ 2C
— k1/2 ]Rd un

as k — co. Moreover, (4.5) implies Q(w(1,7) > a) > 0 and therefore, X,,(t) is recurrent
for almost all environments in view of [9, Theorem 2.2]. Hence, by virtue of Proposition
3.1, we can conclude that (X,,(t), B(t)) is recurrent for almost all environments. O

2
(ac)‘ e @ dy — 0 as k — oo. (4.6)

26“’(“7)(11') (/ |un(k) (I’)’de)
R!

2 P .
w (;C)‘ e v @dr — 0
o(k)

Uniy,)

tng,, ()

5 Applications to explicit random environments

In this section, as applications of a random environment appeared in Section 4, we
consider the recurrence of the product of diffusion processes in semi-selfsimilar Gaussian
and Lévy random environments, and show Theorems 2.2 and 2.4, and Corollary 2.3.
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5.1 Gaussian random environments

Let W be the space of locally bounded Borel measurable functions w on R¢, with the
topology generated by the uniform convergence on compact sets. We define a probability
measure Q on (W, #(W)) by a Gaussian measure, that is, (w(z1),w(zs2),...w(x,)) has
an n-dimensional Gaussian distribution under Q, where z1,zs,...,z, € R? for n € IN.
We assume that Q(w(0) = 0) = 1 and E9[w(z)] = 0 for € R?. Here E© stands
for the expectation with respect to Q. Let K be the covariance kernel of Q, that is,
K(z,y) = E€[w(z)w(y)] for z,y € R?. Since Q is a probability measure on (W, Z(W)),
K is a measurable function on R x R<.

It is well-known that the law of a Gaussian measure is determined by the mean and
the covariance kernel. First, we are going to consider a sufficient condition for (2.3) in
Theorem 2.1.

Lemma 5.1. Assume that forr > 1

sup / K(x,y)dy — inf K(z,y)dy <2 inf / K(z,y)dy.
ly|<r? ly|<r?

1<|a|<r? 2= jy|<r2 1<]z|<r?
Then the assumption (2.3) holds.
Proof. The proof is similar to that of [9, Lemma 3.1]. So, we omit the detail and see only
the sketch of the proof. By the general theory of the Gaussian system, for f € L?(R%, dz)

with compact support, f]Rd K(-,y)f(y)dy is in the Cameron-Martin space H associated to
Q on (W, #(W)). In particular,

/ K(,y)dy € H. (5.1)
ly|<r?
On the other hand, since H is dense in the support of Q, for any g € H

Q <sup lw(z) —g(z)| < 5) >0 forany ¢ >0.

z€R4

This inequality and (5.1) imply

Q| sup
r€R4

w(x) 7/ K(z,y)dy| < 5) > 0. (5.2)
ly|<r?

Let

6:=2 inf / K(z,y)dy — sup / K(z,y)dy — inf/ K(z,y)dy
Lslelsr® Jiy| < 1<fe|<r2 Jiy|<r2 l2I<1 Jjy|<r2

and choose ¢ € (0,6/4). Then, if

sup |w(x) — / K(z,y)dy| <e,
z€R? ly|<r2
we have
sup w(z)— inf w(x) <2 inf w(x)+4e—-5<2 inf w(x).
1<|z|<r? |z|<1 1<|z|<r? 1<z <r?
Therefore, by (5.2) we have the assertion. O
EJP 25 (2020), paper 139. https://www.imstat.org/ejp
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Next we consider a sufficient condition for the mixing condition. In the sequel, let
r > 1, a >0 and T be a mapping from W to W defined by Tw(z) = r~“w(rx) for x € R4
satisfying (2.2). We say that T is strongly mixing if
lim Q(T"A;1 N Ay) = Q(A1)Q(As), Ay, Az € BW).

n—oo

It is well known that every strongly mixing transformation is weakly mixing, hence is
ergodic (see [20]). Set D; := {x € R% 1 < |z| < r}. Then, we see the following.
Lemma 5.2 (Lemma 3.3 in [9]). If

lim r=*" sup K(r"x,y) =0,

n—oo z,y€Dy
then T is strongly mixing.

Now we prove Theorem 2.2 and Corollary 2.3.

Proof of Theorem 2.2. For w € W, let X" = (X,,(t), P}) be the d-dimensional diffusion
process associated to (€%, F") defined by (2.1). Note that the condition (2.3) implies
Q(w(1,7) > ag) > 0 for some ag > 0. Thus, if T on W is weakly mixing, X" is recurrent
for almost all environment ([9, Theorem 2.2]). From this fact with Theorem 2.1, Lemmas
5.1 and 5.2, we have Theorem 2.2. O

Proof of Corollary 2.3. Let w be the two-sided Brownian motion on R under Q. In this
case, w and r~ /2w (r -) have the same law. Furthermore, the covariance kernel K (z, y)
is given by

K(z,y) = (|2 Alyl)Lo,00)(zy), 2,y €R.

Choose r satisfying 1 < r < /2 + v/2. Then, since

1
sup / K(z,y)dy = =r*, inf / K(z,y)dy =0,
Jyl<r 2 lyl<r2

1<|z|<r? |z|<1
1
inf / K(z,y)dy =% — =,
1<|z|<r? ly|<r2 2

(2.4) is satisfied. Moreover, it is easy to see that (2.5) is satisfied. On the other
hand, we note that the Brox’s diffusion process Y,,(¢) is a time changed process of the
one-dimensional diffusion process X,,(t) by the positive continuous additive functional
J e w&w(=)ds. Then the Dirichlet form (£, ") corresponding to Y, (t) is given by
(2.1) replacing the underlying measure e~ *®)dz with e 2%(*)dz. It is well-known that
X (t) is recurrent (see [19]). Hence, by Corollary 3.2 and Theorem 2.2, we obtain the
assertion. O

5.2 Products of environments generated by Lévy processes

Let W be the space of functions w on R satisfying the following: w(0) = 0, w is right
(resp. left) continuous with left (resp. right) limits on [0, 00) (resp. (—o0,0)). For i =
1,2,...,d we set a probability measure Q; on (W, Z(W)) such that (w(z),z € [0,00), Q;)
and (w(—z),z € [0,00),Q;) are independent semi-selfsimilar Lévy processes with an
exponent «; € (0,2] (see Definitions 13.4 and 13.12 in [14]). Define the probability
measure Q on (W9, Z(W)®4) by

d
Q2:=) 9.
i=1

Denote the ith component of w € W9 by w' and denote w’, (t) := w'(t) and w (t) := w'(—t)
for ¢ € [0, 00).
By a similar argument to the proof of Proposition 2.1 in [10], we have the following.
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Lemma 5.3. Leti = 1,2,...,d. Ifo; = 2 or both v’ and w". have positive jumps with
positive probabilities, then there exists a positive constant M such that for any a > 0

Q ({w'(0,1) > —M} N {(w' (1) Aw'(1)) > a}) > 0.

Proof. First we prove that there exists M > 0 such that for any a > 0

Q ({ inf w’ (t) > —M} N {w’ (1) > a}) >0, i=1,2,...,d (5.3)

te[0,1]

If o; = 2, then wi is a Brownian motion and hence (5.3) holds. Assume that «; € (0,2). In
this case, we note that the Lévy measure v of wi is not trivial and its Gaussian part is to
be 0. Since wi has positive jumps with a positive probability, we can choose ¢ € (0, 1] such
that v((g,00)) > 0. Fori = 1,2,....,d, let v}, v} and v} be independent Lévy processes
associated to the triplets (0, (- N (g,00)),0), (0,v(-N[—1,¢]),0) and (0, v(- N (—o0, —1)),0),
respectively. Then, the equality in law

lav

(wj_(t),t € [0,00)) = (vi(t) + vy (t) + vi(t) + et t €0, 00)) (5.4)

holds for a constant ¢ € R. Note that v} is right-continuous with left limits almost surely.
So there exists M > 0 such that

Q ( sup |vy(t)| < M — |c> > 0. (5.5)

t€(0,1]
Also, since v((g,00)) > 0, v > 0 almost surely and we have
Q(vi(1) >a+M+lc[) >0 (5.6)

for any @ > 0. On the other hand, the definition of the Lévy measure implies
v((—o0, —1)) < oo, and hence

Q (vi(t) =0fort € [0,1]) > 0. (5.7)

From (5.4), (5.5), (5.7), (5.6) and the independence of v, v} and v}, we then obtain

Q ({ inf W’ (t) > —M} N {w’ (1) > a})

te0,1]

>Q ({vi(l) >a+ M+ |c]}n {tei[%fl] v (t) > —M + c|} N {vi(t) =0fort € 0, 1]}>

)

=Q(vi(l)>a+M+|c]) Q <t€i[r(1)f1] vh(t) > —M + c|) Q (vi(t) =0fort € [0,1]) > 0.

Thus, we obtain (5.3). Similarly to above, we also have
Q ({ inf w' (t) > —M} N{w’ (1) > a}) > 0. (5.8)
Now, on account of (5.3) and (5.8)
Q ({w'(0,1) > —M} N {w'(-1) Aw'(1) > a})
= Q({ inf w’ (z) > —M} N {w' (1) > a})Q({ inf w’ (t) > —M} N {w’ (1) > a})

t€[0,1] t€[0,1]
>0
foranya >0andi=1,2,...,d. O
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From this lemma, we have the following.

Lemma 5.4. Leti =1,2,...,d. If a; = 2 or both w@ and w® have positive jumps with
positive probabilities, then there exists a > 0 such that for any ¢ > 0

Q (w'(1,7*) >a, w'(1,r*) —w'(0,1) <a(l+¢)) > 0.

Proof. 1t is sufficient to show that there exists @ > 0 such that for any ¢ > 0 and
i1=1,2,....d,

O 0> g whlo— i) <a0+9) >0 @9

because the proof of (5.9) for (v’ (z),z € (—o0,0)) is almost same. Since w’, is a Lévy
process, (v’ (t) — w’ (1),t € [1,00)) and (v’ (t),¢ € [0,1]) are independent. Then, for any
a>0andi=1,2,...,d, we have

inf w' (t)>a P(t) — inf w' (t) <a(l
< (tel[rll,TQ]w+( ) > tes[lll,rr)z]w—’—( ) tel%,l] ’LU+( ) <al +E)>

— (a—wiu) <wi(t) —w' (1) <a(l+¢e) —w' (1) +fi%fu w' (t) forte [1,r2])
te|o,

2 Q ({—Ea <wi(t) —wi(l) < % fort € [1,7«2]}
g Fjo {8 <257

t€[0,1]

=9 (— <wi(t) —wi(1) < ? fort € [1,7«2])
oS5 <255

t€[0,1] 4

x Q ({ inf w’ (t) > —Za} N {M—ZE)E <wi (1)< W}) .

t€[0,1]
Let M be the constant appeared in Lemma 5.3 and let M > 0 be a constant satisfying

Q < sup |w (t) — w’ (1)] < M) > 0.

te(l,r?]
Then, by taking @ € [4(M V M) /e, c0), we have

Q( sup |wi () — wi (1)] < if) > 0. (5.10)

tell,r?]

On the other hand, by noting the fact that (5.3) holds for any a > 0, we can take a > 0
such that

({0 ) {520 <o < 250))

inf w’ 4+e)a _ 2+e)a
> Q({telf(lfl]w-y—(t)>—M}ﬂ{4 <w+(1)<2}> > 0. (5.11)

Therefore, we can conclude the assertion for @ > 0 satisfying both (5.10) and (5.11). O
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Now we prove Theorem 2.4 by applying Propositions 3.1 and 4.2, and Lemma 5.4.

Proof of Theorem 2.4. Let define a random function w by

w(z) = Zwi (:c(i)) , T = (m(l),x(z), . ,z(d)) e R4

=1

For this w, let X" = (X, (t), P) be the diffusion process associated to the Dirichlet
form (£, F“) given by (2.1). Then, it is the d-dimensional direct products of diffusion
processes in products of random environments generated by one-dimensional semi-
selfsimilar Lévy processes {(w'(x),z € R),i = 1,2,...,d}, that is,

X)) = (XL (1), X22(t),..., X2u(1)) .
We remark that the components of Xt(w) are independent for each environment w,

because
d

e_“’(m)da: — H e—wi(m(i))dx(i)

i=1

for z = (M, 2, ... z(®) € R%. In view of Propositions 3.1 and 4.2, and Lemma 5.4 we
obtain the assertion. O

Acknowledgments. The authors would like to thank the referee for his/her valuable
comments and suggestions. This work was supported by JSPS KAKENHI Grant number
17K05304 and 17K14204.

References

[1] Th. Brox, A one-dimensional diffusion process in a Wiener medium, Ann. Probab. 14, no.
4 (1986), 1206-1218. MR-0866343

[2] A. Devulder, N. Gantert and F. Péne, Collisions of several walkers in recurrent random
environments, Electron. J. Probab. 23, no. 90 (2018), 1-34. MR-3858918

[3] M. Fukushima, S. Nakao and M. Takeda, On Dirichlet form with random data - recurrence
and homogenization, Stochastic Processes — Mathematics and Physics II (Bielefeld, 1985),
(eds. S. Albeverio, Ph. Blanchard and L. Streit), Lect. Notes in Math. 1250, Springer-Verlag
(1987), 87-97. MR-0897799

[4] M. Fukushima and Y. Oshima, On the skew product of symmetric diffusion processes, Forum
Math. 1, no. 2 (1989), 103-142. MR-0990139

[5] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet forms and symmetric Markov processes,
Second revised and extended edition. de Gruyter Studies in Mathematics 19. Walter de
Gruyter & Co., Berlin, 2011. MR-2778606

[6] K. Ichihara, Some global properties of symmetric diffusion processes, Publ. Res. Inst. Math.
Sci. 14, no. 2 (1978), 441-486. MR-0509198

[7]1 N. Ikeda and S. Watanabe, Stochastic differential equations and diffusion processes, 2nd edn.
North Holland, Amsterdam, 1989. MR-1011252

[8] D. Kim, Some limit theorems related to multi-dimensional diffusions in a random environment,
J. Korean Math. Soc. 48, no. 1 (2011), 147-158. MR-2778014

[9] S. Kusuoka, H. Takahashi and Y. Tamura, Recurrence of the Brownian motion in multidimen-
sional semi-selfsimilar environments and Gaussian environments, Potential Anal. 43 (2015),
695-705. MR-3432455

[10] S. Kusuoka, H. Takahashi and Y. Tamura, Topics on multi-dimensional Brox’s diffusions, In

harmonic analysis and nonlinear partial differential equations, RIMS Kéky{iroku Bessatsu,
B59, 31-44. Res. Inst. Math. Sci. (RIMS), Kyoto, 2016. MR-3675922

EJP 25 (2020), paper 139. https://www.imstat.org/ejp
Page 17/18


https://mathscinet.ams.org/mathscinet-getitem?mr=0866343
https://mathscinet.ams.org/mathscinet-getitem?mr=3858918
https://mathscinet.ams.org/mathscinet-getitem?mr=0897799
https://mathscinet.ams.org/mathscinet-getitem?mr=0990139
https://mathscinet.ams.org/mathscinet-getitem?mr=2778606
https://mathscinet.ams.org/mathscinet-getitem?mr=0509198
https://mathscinet.ams.org/mathscinet-getitem?mr=1011252
https://mathscinet.ams.org/mathscinet-getitem?mr=2778014
https://mathscinet.ams.org/mathscinet-getitem?mr=3432455
https://mathscinet.ams.org/mathscinet-getitem?mr=3675922
https://doi.org/10.1214/20-EJP540
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Direct products of diffusion processes in random media

[11] S. Kusuoka, H. Takahashi and Y. Tamura, Recurrence and transience properties of multi-
dimensional diffusion processes in selfsimilar and semi-selfsimilar random environments,
Electron. Commun. Probab. 22, no. 4 (2017), 1-11. MR-3607799

[12] P. Mathieu, Zero white noise limit through Dirichlet forms, with application to diffusions in a
random environment, Probab. Th. Related Fields 99 (1994), 549-580. MR-1288070

[13] H. Okura, Recurrence criteria for skew products of symmetric Markov processes, Forum
Math. 1, no. 4 (1989), 331-357. MR-1016677

[14] K. Sato, Lévy processes and infinitely divisible distributions, Cambridge Studies in Advanced
Mathematics 68, Cambridge University Press, Cambridge, 2013. MR-3185174

[15] M. L. Silverstein, Symmetric Markov Processes, Lect. Note in Math. 426, Springer Berlin,
1974. MR-0386032

[16] Y. G. Sinai, The limiting behavior of a one-dimensional random walk in a random medium,
Theor. Probab. Appl. 27 (1982), 256-268. MR-0657919

[17] H. Takahashi, Recurrence and transience of multi-dimensional diffusion processes in reflected
Brownian environments, Statist. Probab. Lett. 69, no. 2 (2004), 171-174. MR-2086903

[18] H. Takahashi and Y. Tamura, Recurrence of multi-dimensional diffusion processes in Brownian
environments, Discrete Contin. Dyn. Syst. 2015, Dynamical systems, differential equations
and applications. 10th AIMS Conference. Suppl., 1034-1040. MR-3462539

[19] H. Tanaka, Recurrence of a diffusion process in a multidimensional Brownian environment,
Proc. Japan Acad. Ser. A Math. Sci. 69, no. 9 (1993), 377-381. MR-1261617

[20] P. Walters, An introduction to ergodic theory, graduate texts in mathematics 79. Springer,
New York, 1982. MR-0648108

EJP 25 (2020), paper 139. https://www.imstat.org/ejp
Page 18/18


https://mathscinet.ams.org/mathscinet-getitem?mr=3607799
https://mathscinet.ams.org/mathscinet-getitem?mr=1288070
https://mathscinet.ams.org/mathscinet-getitem?mr=1016677
https://mathscinet.ams.org/mathscinet-getitem?mr=3185174
https://mathscinet.ams.org/mathscinet-getitem?mr=0386032
https://mathscinet.ams.org/mathscinet-getitem?mr=0657919
https://mathscinet.ams.org/mathscinet-getitem?mr=2086903
https://mathscinet.ams.org/mathscinet-getitem?mr=3462539
https://mathscinet.ams.org/mathscinet-getitem?mr=1261617
https://mathscinet.ams.org/mathscinet-getitem?mr=0648108
https://doi.org/10.1214/20-EJP540
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	Introduction
	Main results
	Recurrence of products of Dirichlet forms and some lemmas on diffusion processes in non-random environments
	Recurrence of products of Dirichlet forms
	Some lemmas on diffusion processes in non-random environments

	Recurrence of diffusion processes in random environments
	Applications to explicit random environments
	Gaussian random environments
	Products of environments generated by Lévy processes

	References

