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Level-set percolation of the Gaussian free field on
regular graphs I: regular trees
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Abstract

We study level-set percolation of the Gaussian free field on the infinite d-regular tree
for fixed d > 3. Denoting by h, the critical value, we obtain the following results:
for h > h, we derive estimates on conditional exponential moments of the size of
a fixed connected component of the level set above level h; for h < h, we prove
that the number of vertices connected over distance k£ above level h to a fixed vertex
grows exponentially in k£ with positive probability. Furthermore, we show that the
percolation probability is a continuous function of the level h, at least away from the
critical value h,. Along the way we also obtain matching upper and lower bounds
on the eigenfunctions involved in the spectral characterisation of the critical value
h, and link the probability of a non-vanishing limit of the martingale used therein to
the percolation probability. A number of the results derived here are applied in the
accompanying paper [1].
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1 Introduction

In this article we investigate the Gaussian free field on d-regular trees with d > 3.
We focus in particular on the level sets and their behaviour in connection with level-set
percolation. The goal is to obtain a good description of the nature of the level sets for
levels away from the critical value of level-set percolation.

Level-set percolation of the Gaussian free field is a significant representative of a
percolation model with long-range dependencies and it has attracted attention for a
long time, dating back to [10], [9] and [3]. More recent developments can be found for
instance in [13], [12], [14], [7], [6], [11] and [5]. The particular case of Gaussian free
field on regular trees was studied before in [15] and [16], and on general transient trees
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in [2]. Compared to the present article, the emphasis in these three papers is put on
a different aspect of the Gaussian free field, namely its connection with the model of
random interlacements.

Studying level-set percolation of the Gaussian free field on regular trees specifically is
of intrinsic interest. The case of the regular tree comes along with strong tools based on
the structure and symmetry of the graph. These allow for often very exact computations
which potentially lead to especially explicit, though not at all trivial, results. They also
make it one of the most promising setups for understanding level-set percolation of the
Gaussian free field near criticality.

Besides the fact that the results obtained in this article are interesting in their own
right, our prime motivation comes from a concrete application: in the accompanying
paper [1] we prove a phase transition in the behaviour of the level sets of the zero-
average Gaussian free field on a certain class of finite d-regular graphs that are locally
(almost) tree-like. This class includes d-regular expanders of large girth and typical
realisations of random d-regular graphs. In a certain sense, the Gaussian free field on
the d-regular tree provides the local picture of the zero-average Gaussian free field on
these finite graphs, and its detailed understanding developed in the present article is a
key ingredient for [1].

We now describe our results more precisely. Let d > 3 and denote by T, the infinite
d-regular tree. On T; we consider the Gaussian free field with law P"¢ on RT¢ and
canonical coordinate process (¢r,(x))zeT, SO that,

under PT¢, (o1, (x))zeT, is a centred Gaussian field on T, with covariance
ET[or, (z)¢T,(y)] = 91,(7,y) for =,y € T4, where gr,(-,-) is the Green  (1.1)
function of simple random walk on T (see (2.3)).

Our main interest lies in investigating properties of the level sets of ¢, i.e. of
>h .
EZ. = {r € Ty|er,(x) > h} forheR.

In particular, we are interested in the connected component of E%: containing a fixed
vertex o € Ty (called root) and denoted by

Co = {a € T4z is connected to o in EZ" }. (1.2)

With this notation at hand we can define the critical value of level-set percolation of
the Gaussian free field via

h. = inf {h € R|P"¢[|C}| = 00] = 0}. (1.3)

We point out that there is no explicit formula for h,, even though we consider the
Gaussian free field on a regular tree. However, the special structure of the underlying
graph allows for a crucial spectral characterisation of the critical value, as derived in [15].
We recall it in details in Section 2.2. Very roughly, in this spectral characterisation one
associates to any level h € R a self-adjoint, non-negative operator L, on L?(R, B(R),v),
where v is a certain centred Gaussian measure. The operator L; is naturally linked to
the distribution of pr, at a vertex conditioned on the value of ¢, at a neighbouring
vertex and truncated below level h (see (2.12) and below it). One then considers the
operator norms (A )ner of the operators (L, )ner and finds that (see [15], Section 3)

the map h — A, is a decreasing homeomorphism from R to (0,d — 1) and h,

is the unique value in R such that A\, = 1. (1.4)

Additionally, for h € R one has that )\, is a simple eigenvalue of L; which is associated
to a unique, non-negative eigenfunction x; with unit Z2-norm, vanishing on (—oc, h) and
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positive elsewhere. So far one very important aspect of the eigenfunctions (x;,)rer was
unknown, namely the precise understanding of their asymptotic behaviour. Some care
is applied in [15] to circumvent this lack of control (see Remark 3.4 and Remark 4.4
therein).

As a first result in this paper, we close this gap and we obtain matching upper and
lower bounds on the eigenfunctions (xn)rer. In essence, we show in Proposition 3.1 that
for every h € R there exist ¢, ¢j, > 0 such that

0 < cpal™08a-10n) < v, (a) < ¢, al7'%8a-1(n) forall a € [h, c0) (1.5)

(see also Remark 3.2 (i)). Presumably, such exact bounds might be helpful when tackling
level-set percolation questions of 1, near the critical value h,. In this paper we will use
the upper bound to show the exponential growth of |C”| for h < h, (see (1.10)).

We obtain another result related to the spectral characterisation of level-set perco-
lation of ¢1,. It concerns the non-negative martingale (M kzh) k>0 for h € R on which
the proof of the spectral characterisation of h, in [15] heavily relies and in which the
eigenfunction y; and the associated eigenvalue )\, appear (see (2.16) for the definition).
We show in the present paper that for all h € R\ {h.} the probability of a non-vanishing
martingale limit is equal to the ‘forward percolation probability’ (see Proposition 5.2)

PTe[|cl N T} | = oo] =P [MZ" > 0], (1.6)

where Tj C T is the ‘forward tree’, that is, the subtree of T; containing the root o
and in which each vertex except for the root o has d neighbours and the root o has d — 1
neighbours (the precise definition is given below (2.1)).

We moreover investigate the continuity properties in h of percolation probabilities
like on the left hand side of (1.6) and as a third result we show in Theorem 5.1 that

the percolation probability n(h) = PT4[|C| = o] for h € R and the for-
ward percolation probability 5+ (k) = PT¢[|C} N T} | = oo] for h € R are  (1.7)
continuous functions on R \ {h,}.

We then turn to C" and we obtain rather precise estimates of its cardinality in both
the subcritical (h > h,) and supercritical (2 < h,) phase.

We show that if h > h,, then there is some ¢ > 0 such that for all v > 0 we can find
Chyvys cﬁw > ( satisfying (see Theorem 6.1)

ETa {(1 + 5)‘Cgmrd+| | o1, (0) = a} < Ch,y exp(cﬁwal'w) for all a > h. (1.8)

In particular, this will imply that |C? N T | has exponential moments. Incidentally, it also
implies conditional exponential-tail estimates of |C”| of the form

PLe[|Ch] > k| pn,(0) = a] < cpqae”F forallk >1anda > h, (1.9)

with a control of the dependence of the constant ¢, , > 0 on the value a = ¢, (0) of the
field at the root (see Remark 6.2).

Finally, for h < h, we prove that the number of vertices connected over distance k
above level h to the root o € T; grows exponentially in k£ with positive probability. This
can be shown by using our first result (1.5) in combination with (1.6). More precisely,
with St, (o, k) denoting the sphere of radius & > 0 around o in T4, we prove that (see
Theorem 5.3)

lim PT(ICE N 0 S, (0, k)] = AT =t (h) > 0. (1.10)
—00

We remind that here A\, > 1 is the eigenvalue from (1.4).
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As explained earlier, we will see in the accompanying paper [1] that the Gaussian free
field ¢, on T in essence plays the role of the local picture of the zero-average Gaussian
free field on a specific class of finite d-regular graphs that are locally (almost) tree-like.
By exploiting this feature, we establish in [1] a phase transition for level-set percolation
of the zero-average Gaussian free field on the finite graphs which is characterised by
the critical value h, on the infinite tree. Roughly, the strategy of [1] is to use the local
picture to transfer the problem from the finite graphs to T; and then to use the new
results developed in the present article. Specifically, we apply the estimate (1.8) in the
proof of the subcritical phase ([1], Theorem 4.1) and the two results (1.7) and (1.10) in
the proof of the supercritical phase ([1], Theorem 5.1). As an aside, let us mention that
for the application in [1] it is crucial that the exponent « on the right hand side of (1.8)
can be chosen strictly smaller than 2.

A similar approach as explained in the previous paragraph was carried out in [4] to
describe a phase transition for the vacant set of simple random walk on the same class
of finite graphs as considered in the accompanying paper [1]. As shown in [4], the local
picture in that case is given by the vacant set of random interlacements on T;. Thanks
to the detailed understanding of random interlacements in the infinite model, the phase
transition in the finite model can be established. An advantage of random interlacements
on a tree is that the connected components of its vacant set can be described rather
easily. Indeed, as observed in [17], they are distributed as Galton-Watson trees with a
binomial offspring distribution. Thus, properties like (1.9) or (1.10) are classical.

In contrast, the connected components of the level sets of ¢r,, which play the
corresponding role in our setup, are not Galton-Watson trees. The situation is more
complicated and obtaining results like (1.9) and (1.10) is not straightforward. Instead,
by the domain Markov property of the Gaussian free field, one can view ij for h € R as
a certain multi-type branching process with an uncountable type space. Some of the
results in this paper are similar to classical results about branching processes, though
to our knowledge they are not covered by the literature. We would like to stress that
our arguments rely on the special structure of the Gaussian free field on regular trees.
Let us also mention that, despite the connection between the Gaussian free field and
random interlacements via isomorphism theorems, we are not aware of any technique
allowing to transfer the results of [17] and [4] directly to our context.

The structure of the article is as follows. In Section 2 we collect the main part of
the notation and some known results about the Gaussian free field on T,. In particular,
in Section 2.2 we recall the spectral description of the critical value h, obtained in
[15]. In Section 3 we derive asymptotic bounds on the eigenfunctions appearing in the
spectral description of h,. In Section 4 we give a recursive equation for the conditional
non-percolation probability. Subsequently, we analyse the behaviour of the level sets
of the Gaussian free field in the supercritical phase in Section 5. This includes the
continuity of the percolation probability (Section 5.1) and the geometrical growth of
level sets (Section 5.3). Finally, in Section 6 we investigate the subcritical phase and
show that the cardinality of the connected component of the level set containing the root
has exponential moments (and more).

2 Notation and useful results

We start by introducing the notation and recalling known properties of the Green
function and the Gaussian free field on T;. These include a recursive construction of
o1, (Section 2.1) and the spectral characterisation of &, (Section 2.2).

As mentioned earlier, we consider for fixed d > 3 the d-regular tree T, with root o.
We endow Ty with the usual graph distance dr,(-,-). For any R > 0 and z € T, we let
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Bry,(z,R) = {y € Tq|dr,(z,y) < R} and St,(z,R) = {y € T4|dr,(z,y) = R} denote
the ball and the sphere of radius R around =z, respectively. For x, z € T; a path from x to
z is a sequence of vertices © = yg,y1,...,ym = 2 in T4 for some m > 0 such that y; and
y;_1 are neighbours for alli = 1,...,m (if m > 1). It is a geodesic path from z to z if it is
the path of shortest length.

For z € T, \ {o} let T be the unique neighbour of = on the geodesic path from z to o.
Moreover, let 6 € T; denote an arbitrary fixed neighbour of o € T,. For x € T; we define

U, = {z € T4|the geodesic path from z to « does not contain z}. (2.1)

In particular Ty = {o} U Ule U,,, where {z1,...,z4} denote the neighbours of o. In the
special case of z = o we write T} := U,. We also set Bf (o, R) := {y € T, |dr,(0,y) < R}
and similarly Si (o, R) := {y € T | dr,(0,y) = R} for R > 0.

We write Pg[‘,T ¢ for the canonical law of the simple random walk (X})x>o on Ty starting
at x as well as ET¢ for the corresponding expectation. Given U C T, we write Ty =
inf{k > 0| X, ¢ U} for the exit time from U and Hy = inf{k > 0| X, € U} for the
entrance time in U (here we set inf () := c0). In the special case of U = {z} we use H, in
place of H{Z}. Recall that (see e.g. [18], proof of Lemma 1.24)

1 dr, (2,y)
) for z,y € Ty. 2.2)

T
The Green function gr,(-,-) of simple random walk on T, is given by (see [18],
Lemma 1.24, for the explicit computation)

d— 1( 1 )drd(ﬂ?»y)
d—1

gr, (‘Tay) = E:z:Td [Z ]l{Xk:y}i| = m for z, (BS Ty. (2.3)
k=0

For U C T, the Green function g%d (+,-) of simple random walk on T, killed when exiting
Uis
g%d(ac,y) = Elfd[ Z ]l{szy}} forz,y € Ty.
0<k<Ty

The functions gr, (-, -) and g¥ (-,-) are symmetric and finite, and g¥ (-,-) vanishes when-
ever x ¢ U or y ¢ U. They are related by the identity

gr, (LL', y) = g%d (l‘, y) —+ E:I:Td [gTd (XTU7y)]l{TU<oo}] for T,y € Td7 (24)

which is an easy consequence of the strong Markov property of simple random walk at
time Ty . In the particular case of U = U, this implies that (by using (2.2), (2.3) and that

X7, =7 on {Ty < oo} under Plv)

U, . _gTd(f,l‘)_d—l _ 1 _d
gr:(z,z) = gr,(z, ) yh _d—2(1 (d—l)Q)_d—l' (2.5)

Recall from (1.1) that (¢1,(x))zer, is the centred Gaussian field with covariance
given by gr, (-, -). It satisfies the following domain Markov property: for U C T, define
the new field

SD’][{d ({E) =Ty ((E) - Egd [‘pTd, (XTU)]I{TU<OO}] for x € Ty.
Then,

under the measure PT¢, (¢¥ (z))ser, is a centred Gaussian field on
Ty which is independent from (¢r,(z))zer,\v and has covariance (2.6)
ET (o, (2)eF, (v)] = g%, (z,y) forall .y € Ty,

The proof of this fact follows by an easy computation of covariances and (2.4).
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2.1 Recursive construction of the Gaussian free field

Property (2.6) can be applied to obtain a useful recursive representation of the
Gaussian free field on T, that we introduce now. We point out that this description
crucially relies on the special features of the Gaussian free field when considered on a
(regular) tree.

Let z € Ty and let {z1,...,2;} be the neighbours of  not contained in the geodesic
path from z to o. In particular, I = d if x = o and I = d — 1 otherwise. We set
U = Ule U,,. Since T is a tree, it can be easily seen that

Us, .
. g%d(xi,xi) = gp, (v, 7;) fori € {1,...,1},
* 9%, (y,y) =0fory e U,, vy € U, wherei,j e {1,...,I} withi# j,
« forany y € U, one has X7, = = on {Tyy < oo} under P,

Hence (2.6) together with (2.2) and (2.5) yields that

under PT4, conditionally on ¢r, (), (¢1,(2:))1<i<s are i.i.d. Gaussian ran-
dom variables with mean -5 ¢r,(2) and variance ;4. Furthermore, they ~ (2.7)
are independent of (¢T,(¥))yer,\v-

Let now (Y,)zeT, be a collection of independent centred Gaussian variables defined
on some auxiliary probability space (€2, 4, P) such that Y, ~ N(0, gr,(0,0)) = N(0, 4=3)

and Y, ~ N(0, g%; (z,z)) = N(0, 7%47) for x # o. Define recursively

_ ~ 1 _

p(0) =Y, and g(z):= ﬁcp(f) +Y, forzeTy\{o}. (2.8)
Then, by applying (2.7) iteratively, we see that

under P, the law of ($(x))zer, is PTe, (2.9)

so that (2.8) can serve as an alternative construction of the Gaussian free field on T .

The recursive representation (2.8) has many useful consequences and it will be
used repeatedly throughout the paper. In particular, it gives a representation of the
conditional distribution of o1, given pr,(0) =a € R,

Py (o1, ())yery € -] =P [(or, (¥))yer, € - | @r1.(0) = a], (2.10)

with corresponding expectation EX<. Moreover, if we let 21, . . ., 4 denote the neighbours
of the root o € Ty, then from (2.8) and (2.9) it follows that for every a € R,

under P4, the random fields (o, (¥))yeuv,, fori=1,...,d are independent.

Also, for any event A € o(p1,(2),2 € T}) and i =1,...,d one furthermore

has the equality PT* (¢, (y))yev,, € A] = EY {]Pq%ﬁ, [(‘PTd(y))yeT; € AH
where Y ~ N(0, 7%;) and EY is the expectation with respect to Y.

(2.11)

(In the equality in (2.11) we also use that the law of ¢, on U,, equals the law of ¢, on
T}.)

Due to (2.8) and (2.9), the Gaussian free field on T, can be related to a multi-type
branching process with type space R. Indeed, we can view every = € St,(0,k) as
an individual in the k-th generation of the branching process with an attached type
or,(z) € R. In this perspective (2.7) can be rephrased as: every individual x has
d — 1 children (d children if z = o) whose types, conditionally on ¢r,(x), are chosen
independently according to the distribution NV (251, (2), 7%47).
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This point of view can easily be adapted to C/ from (1.2) as well, namely by consid-
ering the same multi-type branching process but instantly killing all individuals whose
type does not exceed h. In other words, C” can be viewed as a multi-type branching
process with a barrier and the percolation of C* corresponds to the non-extinction of this
branching process. However, while some of the results in this paper are reminiscent of
classical results about branching processes, we would like to emphasise that the proofs
make heavy use of the special structure of the Gaussian free field on a regular tree. We
are going to recall one of the special features in the next section.

2.2 Spectral characterisation of the critical value

We now recall the spectral characterisation of the critical value h, from [15], which
is central for our paper. Note that our d-regular tree T, corresponds in the notation of
[15] to the (d + 1)-regular tree T with d := d — 1. Moreover in [15], in the definition of
the Green function gy, (-, ) on the tree, there is an extra normalising factor equal to the
degree of the tree (see [15], (3.1)). This explains the differences between the formulas
to come and the formulas in [15].

d—1 (2.3)

Let v = N(0, 4=1) be the centred Gaussian measure of variance 4= =" gy, (0,0). For

h € R define the operator

(th)(a) = (d - 1)]1[h,,oo)(a) EY [f(ﬁ + Y)]l[h,oo)(ﬁ + Y)} 2 12)

for f € L?(v) == L*(R,B(R),v) and a € R, .
where Y ~ N(0, d%"l) and EY is the expectation with respect to Y. The operator Ly, is
closely linked to the Gaussian free field and its level set above level h. Indeed, one has

(Lnf)(@) = B3 [Xoecnnsy (o) f(#ra(2))] fora = h by (2.8).
The following proposition summarises the known properties of the operators (L )ner
and characterises the critical value h,.

Proposition 2.1 ([15], Propositions 3.1 and 3.3). For every h € R the operator L; is
self-adjoint, non-negative and its operator norm

Ah = ||Lh||L2(V)~>L2(V) (213)

is a simple eigenvalue of L;,. Moreover, there is a unique, non-negative eigenfunction
xn € L?(v) of Ly, corresponding to the eigenvalue \j,, with ||xs||12(,) = 1. The function
Xn is continuous and positive on [h, o0), and vanishing on (—oo, h). Additionally, the map
h — Ay is a decreasing homeomorphism from R to (0,d — 1) and h,, is the unique value
in R such that A\, = 1.

In Proposition 3.1 in Section 3 we will give matching upper and lower bounds on the
eigenfunctions yy.

On the way, we recall the following hypercontractivity estimate which is a direct
consequence of the hypercontractivity property of the Ornstein-Uhlenbeck semigroup
(see [15], (3.14)): for 1 < p < oo and setting ¢ = (p — 1)(d — 1)2 + 1 one has (with
Y ~ N(0, %))

[E¥ G+ 00| < Uflley for £ € 22G). 2.14)

La(v)

We will use the estimate (2.14), with its precise relation between the parameters p and g,
several times. Especially, it will be applied to prove Proposition 4.6 which computes the
Fréchet derivative of a certain operator. This will be a key ingredient for showing the
existence of conditional exponential moments of |C”| in the subcritical phase in Section 6.
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Furthermore, for every h € R there is a martingale (M Eh)kzo closely related to Lj,.
Indeed, if we set

Zp=ClnSf (0,k) fork >0, (2.15)
then (see [15], (3.31) and (3.35))
ME" =X > xnler,(y) fork >0 (2.16)
yeEZP

defines a non-negative martingale under PT¢ with respect to the filtration (F}) k>0 given
by
Fi = o(er,(y),y € Bf (0,k)). (2.17)

In particular, M" converges P-almost surely to some MZ" > 0 as k — oo and (see
[15], proof of Proposition 3.3)

for h < h, one has PT¢[MZ" > 0] > 0. (2.18)

Note that there is a direct relation between the probability of a non-vanishing martingale
limit MZ" and the forward percolation probability

nt(h) =P [|ChNT]| =o0c] forheR (2.19)
from (1.7). We only need to observe that
{IChNT}| < 0o} C {2} = 0 for k large enough} C {Mz" = 0}.

Therefore PTe[MZ" > 0] < n*(h). In Section 5 we will see that this inequality is actually
an equality, at least when h # h, (Proposition 5.2). As a last observation, note that by
a union bound and the symmetry of T, we obtain that n*(h) < n(h) < d-n*(h) for the
percolation probability n from (1.7). Hence by (1.3) one has n*(h) =0for h > h, and
nt(h) > 0 for h < h,.

A final word on the convention followed concerning constants: by ¢, c/, ... we denote
positive constants with values changing from place to place and which only depend on
the dimension d. The dependence of constants on additional parameters appears in the
notation.

3 Asymptotic behaviour of the eigenfunctions

The main result of this section are the matching bounds on the eigenfunctions (xx)ner
from Proposition 2.1 collected in Proposition 3.1 below (corresponding to (1.5)). The
upper bound will be used later to show that connected components of supercritical
level sets grow exponentially with positive probability (Theorem 5.3 in Section 5). The
corresponding lower bound is not used further but it is included for completeness.

Proposition 3.1. (i) There exists ¢ > 0 (see in (3.7) below) such that for all h € R one
has
xn(a) < cat™8a-1 () foralla>d— 1. (3.1)

(ii) For every h € R there exists c;, > 0 such that
xn(a) > cpat™102a-1n) - foralla > h. (3.2)

Remark 3.2. (i) From Proposition 2.1 recall that y} is continuous and strictly positive
on [h,00). Therefore, by adjusting the constant ¢, Proposition 3.1 implies (1.5).

(ii) By Proposition 2.1 one has \;, € (0,d—1). Hence, the exponent kj, := 1—log,_;(\p)
in (3.1) and (3.2) is positive for all h € R. Moreover, x;, € (0,1) for h < h,, x, = 1 for
h=h, and x5, > 1 for h > h,. O
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Proof of Proposition 3.1. (i) Let (Y;);>1 be i.i.d. N(0, ;= —4-)-distributed random variables.
By iteratively using (2.12) and the fact that x; is the eigenfunction of L, with eigenvalue
A, we obtain fora € Rand k > 1

(@) = 3 (L)@ < (s + 1) = d;} = B (L) (7% + 1)
< ( ) EY [E™ [xa (it + 2 Y1 + 72)]] (3.3)
<...< (d/\_hl) E[xh((d_“l)k + e it Ve +Y,€)},

where the expectation on the right hand side of (3.3) is taken with respect to Y7,...,Y%.
Note that for any k£ > 1 the random variable Wiﬁ + -+ + 25Ys 1 + Y}, appearing
on the right hand side of (3.3) is centred Gaussian with variance

1 d—1 1 d—1
— - = — < = . .4:
d—14=(d—1)% d—2( (d—l)%)—d—Q 7 (3.4

Hence, if we denote by f, ,» the density of the normal distribution N (y, 72) and ay, =
ﬁ for k > 1, then (recall from above (2.12) that v = N(0, 0?))

E[Xh((d_al)k + (d_ll)k—l Yi+.. .+ ﬁykfl + Yk:)}

far.o2(¥) (%) 2 () 3 (3.5)
= ) kT y(d < Al 2200 ML 7
/]R, xn(y) fo,gz(y) vdy) < M,f&( R fO,gz(y) Y

where in (%) we apply the Cauchy-Schwarz inequality. Note that for all £ > 1

f2k 2 (y) o2 ( — 2 2

ag,02 vV Yy — ag) y o az

k = ex <77+ )< - C—5 ex (—),
f0$o'2 (y) /72 O"% p 0_]2C 2 2 f2ak; 2(y) U% p 0.2

where we use o} < o7 < o2 (see (3.4)). By combining this with (3.3) and (3.5) we obtain

foranya € Rand k > 1
d—1\k |02 a2
< (= —k ), )
xnle) < ( An ) o? P (202) (3:6)

Ifa > d—1, we can apply (3.6) for k = k(a) := |log,_;(a)], that is, for the unique k > 1
with (d —1)¥ < a < (d - 1)"*'. Since =1 > 1 by Proposition 2.1 and az(,) < d — 1, we
obtain from (3.6)

d— 1\logg_(a) o2 (d - 1)2 1-1
< o? _ cal-loga () 3.7
Xh (a) ~ ( )\h ) \/:%exp ( 20_2 ca ) ( )

=:¢c>0

which concludes the proof of part (i).
(ii) Let K = K}, > 0 be the smallest non-negative integer such that (d — 1)X — 14 > h.
Define the intervals

Io = [h,(d— )"t +4.2],

3.8
I = [(d = D)X*F —4(k +2),(d — 1) 4 4(k +2)] fork > 1, 58
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which form a non-disjoint decomposition of [h, c0). (To see that all left boundaries of the
intervals are larger than h use the assumption on K as well as d > 3.) The intervals are
such that a
ﬁi(k+1) €l,_, foracl k>1. (3.9)
Indeed, for £ > 1 and d > 3 one has 4’“*% + (k4 1) <4(k +1) and hence for every a € I,

Cot(k+1) < (d—1)FF 422 4 (k1) < (d—1)FTF + 4k + 1),
2 = (k+1)> (d—1)FTh T — 482 (p 1) > (d— )RR — 4k + 1).

By using once more that xy is the eigenfunction of L, we have for every a € I, with
k > 1 that by (2.12)

1 d—1
xn(a)=~=(Laxn)(a) > —— L 00)(a) EY[Xh(ﬁ + Y)]l{|Y\§k+1}} ~ (3.10)
——

Ah An
=1

From (3.9) we have that on {|Y| < %k + 1} it holds ;%5 +Y € I;_;. Hence,

(3.10) d — 1
Xn(a) >

" belgflxh() P[lY|<k+1] forael k>1. (3.11)

The repeated application of (3.11) implies that fora € I, and k > 1

k
d—1
xn(a) > ( " ) inf x(®) [T (1= B[Y]> £+ 1). (3.12)
) =1
By the exponential Markov inequality
b b a1,z 423 22 L
H PlY|>¢+1]) > J[J(Q -2 ) > [T -2 ) >¢ (3.13)
=1 =1 =

with ¢ € (0,1) independent of & > 1.

The inequality (3.2) is now an easy consequence of (3.12) and (3.13). First note that
xn(a) > infpeg, xn(b) > 0fora € [h, (d—1)K+1) since xy, is continuous and strictly positive
on [h,c0) by Proposition 2.1, and Iy C [h,c0) is compact. Now, for a > (d — 1)5+! let
k(a) == |log,;_,(a)— K| > 1 be the unique integer with (d—1)X*#) < g < (d—1)K+k@)+1,
In particular a € Ik(a) and therefore from (3.12) and (3.13) we obtain that

10%}171(‘1)\;,11)

@) 2 (LD i )2 o )

f b
- f inf x5 (b)

bely

=:cp>0

This shows (3.2) and concludes the proof of Proposition 3.1. O

4 Recursive equation for the non-percolation probability

In this section we adopt the perspective of multi-type branching processes and show
that a certain function (see (4.1)) closely related to the forward percolation probability
from (2.19) is the unique solution to a recursive equation (Theorem 4.1). This fact will
be used to derive the results on the supercritical behaviour of the level sets of o1, in
Section 5, in particular the continuity of the percolation probability and its equality with
the probability of a non-vanishing martingale limit (Theorem 5.1 and Proposition 5.2). At
the end of the section we compute the Fréchet derivative of the operator involved in the
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recursive equation (Proposition 4.6). This will be an important ingredient to estimate
exponential moments of \C(’}| in Section 6 (Theorem 6.1). The proofs in this section
partially follow the lines from multi-type branching processes (see e.g. [8], Chapter III).
However, a lot depends on the special structure of the Gaussian free field on regular
trees.
We introduce for every h € R the conditional forward extinction probability (see
(2.10) for notation)
an(a) =Pr[ICE N T}| < o] foraeR. (4.1)
The function ¢y, is closely related to the value of the forward percolation probability from

(2.19) at h. Indeed, since the distribution v above (2.12) is the distribution of ¢, (0)
under PT<¢, one has

/R‘Ma) dv(a) = E% (g, (pr,(0))] = 1 — 5% (h). (4.2)

In particular, this shows by the comment at the end of Section 2 that ¢;, is identically 1 if
h > h, and is not identically 1 if h < h,.

Now, recall the space Lg(u) defined in (2.12) and let us define for every h € R the
(non-linear) operator R, on L?(v) through:

(Rhf)(a’) = ]l(foo,h) (a) + ]l[h,oo)(a)EY [f(ﬁ + Y)]

(4.3)
for f € L?(v) and a € R,

where Y ~ N( ,797) as in (2.12). To see that indeed Ry, f € L*(v), abbreviate f(a) =
EY[f f(3%5 +Y)] for a € R and apply the hypercontractivity estimate (2.14) with p = 2
and q = ( —1)2 4 1 to find that || f?~ 1HLq/d 1) = ||f||Lq(V ||f||L2(V < oo and thus

fi=1 e L7 (v). Since L =(d—1)+ 72 > 2, this implies that R, f € L?(v).
We are actually only interested in the operator Ry, for h € R on the subset

Sp={feLl?v)|0< f<land f=1o0n(-o0,h)}.

By definition we directly have Ry, : S, — Sn. In Theorem 4.1 we prove that ¢, is
essentially the unique solution in S, to the equation Ry f = f.

From the multi-type branching process perspective, the operator R;, can be used to
write recurrence relations for generating functionals related to C(’j, cf. for example [8],
Section III.7. In particular, by using the notation from (2.10), (2.15) and by applying (2.7),
we see that

(Buf)(@) = BF[ T] f(era)] forfeSiandacR,

yeZ

where the empty product is interpreted as being equal to 1. This identity can be extended:
define iteratively

RVf:=f and R}f:=RIY(R,f) for fec L*(v)andk > 1.
Then one can prove by induction on k£ > 0 and using (2.7) that

(B f)@) = BE[ T] flera(w))] for f € Spk>0,a€R, (4.9)

h
YyeZ,

We come to the main result of this section.
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Theorem 4.1. For every h € R the function q; is the smallest solution in S}, to the
equation f = Ry f. More precisely, the only solutions in Sy, to Ry, f = f are the function
qn, and the constant 1 function. These two functions coincide if h > h, and are distinct if
h < hy.

The proof of the theorem is broken into several steps stated as Lemmas 4.2-4.5. The
first one is a classical observation from the theory of multi-type branching processes.

Lemma 4.2. Let h € R. The function q; satisfies q;, € S; and solves the equation

Rnf=1f.
Proof. The fact that ¢;, € Sj, is clear. To prove the second statement, denote S;{d (0,1) =
{z1,...,24-1} and recall the notation from (2.1). Then, for every a € R,

gn(a) = IPE“‘“C(}} ﬁ']l’j| < 00, pr,(0) < h] —|—IPlrd [|Cf; ﬂTLﬂ < 00, pr,(0) > h]
= Loon(a) + Ao (a)Pre[|ICl N Uy, | <oofori=1,...,d—1]

d—1
(2. 11)
L—oony (@) + Ly 00y (@) EY [IPFS“%-{-Y [l NTy| < OOH = (Rnan)(a),
where the last equality follows by definition of ¢, and Rj,. O

Next, we give various necessary properties of solutions to R, f = f.

Lemma 4.3. Let h € R. Assume that f € S}, solves R,f = f. Then f is continuous
and positive on [h, o). If additionally f is not identically 1, then sup,,c(; o f(a) < 1 and
lim,, f(a) =0.

Proof. For the continuity and positivity we note that for a > h one can write

R d—1
(6) = (R f)(a) ( / f(ﬁw)%e—“?;y )

d—1
(iemtin [ g

The right hand side is continuous in a by the dominated convergence theorem and it is
also positive since f is non-negative and equal to 1 on (—oo, h).

If f is not identically 1, then there is some b > h with f(b) < 1. Hence, by the
continuity of f on [h,c0) previously shown, there is an interval of positive Lebesgue
measure in [h, c0) on which f is strictly smaller than 1. Due to f = R, fand 0 < f <1,
this implies that f(a) < 1 for all a > h by the definition (4.3) of Ry,.

We will now show that one even has supy, . f(a) < 1. Consider the intervals
I C [h,o0), k > 0, from (3.8). Since f < 1 and f is continuous on [h,o0) and Ij is
compact, we have A = max{},sup,¢;, f(a)} < 1. If we show by induction on k > 0
that sup,e,,..ur, f(a) < A for all & > 0, then supy, ) f(a) < A < 1 follows since
Ui I, = [h, 00). Now for k = 0 the claim is true by definition of A. So assume it holds
for k > 0. Let Y ~ N(0, 74;) and define ¢ := PY[|Y'| > 2]. Observe that ¢ < 1 because
d > 3. For a € I;4+1 we can estimate

fla) = (Ruf)(@) B [f(;%5 + V)] <EY[f(3% + Y)]
< (B [f(g%5 +Y)gvican] + B [Liypsa) ) (1-¢)+e)’
——
€I} by (3.9)

by induction hypothesis. Therefore,

sup fla)—A<(A-(1—e)+e)’ —A=(A-1)(A-(1—-¢)? =) <.
a€lpi1 N——
<0 > E(ErRo(h)220
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This shows that sup,c Tots f(a) < A, which together with the induction hypothesis implies
SUPgcIoU.. Ul ss f(a) < A and completes the proof of SUPgch,00) fla) < 1.
It remains to show lim,_, f(a) = 0. The assumption Ry f = f implies that

limsup f(a) = limsup(Ry f)(a) @ (limsup EY [f(5% + Y)])

a— o0 a—r o0 a— o0

=1 (4.5)

Since by Fatou’s lemma (using 0 < f < 1)

limsupIE)Y[f(Ulf1 —|—Y)] < Ey[limsupf( a —|—Y)],
a—r o0

d—1
a—00

we have found
. @ oy a d-1 Ypd—1 d—1
¢:=limsup f(a) < EY[limsup f(3% +Y)]"  =E"[¢ " =~
a— o0 a—r 00
However, ¢ € [0,1) since sup,¢(, ) f(a) < 1. Therefore, the only possibility is ¢ = 0.
Hence lim,_,~ f(a) = 0 because f is non-negative. O
The third step of the proof of Theorem 5.1 is the following statement of ‘transience’.

Lemma 4.4. For K > 1 and A > h let (see (2.15) for the notation)
AN =11< |2} < K,pr,(y) <Aforally € 2} fork > 0. (4.6)
Then for everya € R, K > 1 and A > h one has

PY4(lim sup AkK’A] =0.

k—o0

Proof. Observe that the events By = AkK’A N ﬂn>k+1(Aff’A)c for £ > 0 are disjoint.

Furthermore, denoting S (0,k+ 1) N Uy, =: {y1,...,ya—1} for y € Z}" and recalling the
definition of Fj, from (2.17), it holds that fora € R and £ > 0

PIBY > PE[A", 2Ly, = 0] = BE 100 PR 2], = 0] 7] |

d—1
= EF 1o PR () (era ) < h}| A

hoj=
yeZh i 1

DELgen [T P[5 4y <n]"
yeZh

> BT yen PY [ +Y < )TV = o A R4,
k

=ICK,A

Thus for a € R we have

> 1 & 1
PrajAKA < pra[p,] = IPTd[ B } < 0.
kZ:O a [ k ] — CK,A kz:o a [ k] CK,A a kL>JO k

The claim then follows by the Borel-Cantelli lemma. O

The next lemma proves Theorem 4.1. Before that, we introduce for every h € R the
functions

gf(a) = PTa[Z] = 0] = PTe ||Ct N S (0, k)| = o] fora € R, k > 0. 4.7)

It can be easily seen that ¢} € S, for k > 0 and 1(_o, 5)(a) = ) (a) < ¢.(a) < ¢?(a) <.

for a € R. In particular, limy_, ¢7(a) = gx(a) for all a € R by (4.1). In addition, applying
(4.4) to the function f = 1(_ ) implies that

af = Rf1(_oopy fork >0. (4.8)
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Lemma 4.5. Let h € R. The only solutions in Sy, to Ry, f = f are the function q;, and the
constant 1 function. These two functions coincide if h > h, and are distinct if h < h,.

Proof. From Lemma 4.2 we know that ¢, € S, and Ry q, = qn. The same is of course true
for the constant 1 function. We first claim that every solution in Sy, to Ry, f = f satisfies
f > qn. Indeed, if f € S}, is such a solution, then R} f = f for all k > 0. Also, the fact
that f € S;, implies f > 1(_oo 5. Hence f = REf > R} 1(_oop) = ¢f forall k > 0 by (4.3)
and (4.8). By letting £ tend to infinity we find f > ¢, proving the claim. In particular, if
qn =1 (e.g. when h > h,, see below (4.2)), then we have f =1 and thus R, f = f has a
unique solution.

Now assume that ¢g;, # 1 (e.g. when h < h,, see below (4.2)) and that f # 1 is
a solution to R,f = f. We claim that f = ¢5. As we have already shown f > ¢,
it remains to prove f < ¢;. To see this, observe that by Lemma 4.3 we know that
§ = SUPue(h o0y f(a) € (0,1). Let m > 0 be such that § = sup,c(, o) f(a) € [5m7r, 37)-
Then for a € R and k& > 0 one has

fla) = (Ryf)(a)

yezh yezh (4.9)

dhia) + 30 o PTe 2t £0, T] Flon,) € [, )]

nzm yez)

4.7)
<

Note that for the events appearing on the right hand side of (4.9) one has
{Z{CL #0, Hyez,g fler,(y) € [ﬁ, 2%)}
c{lzk =1, 8% > At flor(y) = Qn% forally € Z}'}
c {12k = 1,27 = (1/8)%] f(pr,(y) = 54 forall y € 2}
C{1<|2!| <Ky, or,(y) <A, forally e z,’;} @A gKn e

(4.10)

with K,, = log1/5(2”+1) and A,, == sup{a € R| f(a) > 52~ }. We observe that for n > m
it holds K,, > 1 since then 1/§ < 2m+! < 27+l Moreover, h < A,, < oo since f € Sy, (so
f=1on (—o0,h)) and lim,_,+ f(a) = 0 by Lemma 4.3. As a consequence, Lemma 4.4
and Fatou’s lemma imply limj_,, P14 [AfA] = 0. Therefore, by using the dominated
convergence theorem, for a € R one has

(4.10) k—00 2n
n>m

This implies that f = ¢;, completing the proof. O

As last result of Section 4 we compute the Fréchet derivative of the operators (Rp,)ner
defined in (4.3). This technical result is one of the main ingredients for proving the
existence of exponential moments of |C”| in the subcritical phase (Section 6). Incidentally,
let us mention that its proof is based on the hypercontractivity estimate (2.14) and that
the precise relation between p and ¢ in the estimate is vital (for p = 2).

Proposition 4.6. Let h € R and consider the operator Ry, : L*(v) — L*(v) from (4.3).
Then the Fréchet derivative of Ry, at f € L?(v) is given by A] : L*(v) — L*(v) with

Alg =Ny - (d = DEY [f(75 + V)2 EY [g(551 + V). (4.11)
In particular, if g € L?(v) vanishes on (—oo, h), then A} g = Ly g, where A} is the Fréchet

derivative of Ry, at the constant function 1 and Ly, is given in (2.12). Furthermore, for
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all ¢ > 0 there exists r > 0 such that ||A 92wy < (An+¢) llgll 2y if g € L?(v) vanishes
on (—oo,h) and ||f — 1|20 < 7.

Proof. We start with some observations. For u € L?(v) let us abbreviate (a) =
2

EY [u(7%7 +Y)], a € R. We further set p; := M >2fori=1,...,d— 1. Then for

u € L*(v) one has

. . .14) .
1@ iy = 0l @mnziagy < Nullzag) < oo (4.12)

Now if u,v,w € L?(v) and 4,4,k € {0,...,d — 1} with i + j + k < d — 1, then one has
it € LPi(v), v € LPi(v) and w* € LP*(v) by (4.12), where we put pg := oo, and therefore
(using 2 < pitjtr)

o o () , ,
13707 ¥ |2y < 1800 @ | prisirny <A Lo @) 107 ] es o 10 [ o o)

(4.13)
||u||sz(y)||UHJLZ(,,)||7UHIZ2(V) < o0,
where in (%) we use the generalised Holder inequality.
To compute the Fréchet derivative of R, note that for f,g € L?(v) one has
43 4 P and— rd—
Ru(f+9) = Ruf = 1oy (f+ 9 = f71)
= (1) findo1—i f (4.14)
= ]l[h,oo)’Z( S fgt Ah9+Eh97

=0

where Aig = Ljp,o0) - (d — 1)f42§ is the function defined in (4.11) and the operator
Ef : L*(v) - L?(v) is given by

d—3

E}{g = ]l[h,oo) . Z (dzl)figdilii- (4.15)

1=0
Note that the map A£ is linear and also bounded since by (4.13) one has

sup | Afgllrew) < (d—1) sup  [[f472g]| 12 < oo
llgll 2y <1 llgll 2y <1

To conclude that A,{ is the Fréchet derivative of Ry, at f it remains to show that

IR(f +9) — Ruf — Algllree) @in |ELgllzzw)  lollozq,—0

= 0. (4.16)
HQHL%/) ||9||L2(y)
This is the case because
) d=3
||EhguLz<,, Z I F e gl
)izo

implying (4.16). Thus A is the Fréchet derivative of Ry, at f.

From (4.11) and (2. 12) we directly see that A g = Lpgif g € L2( ) vanishes on
(—o0, h). It remains to show the second part of the statement. We have HAhQHL?(V) <
|ALg — Ahgllzoy + |1ALgllL2(y. For g € L*(v) with ¢ = 0 on (—oo,h) one obtains
||AthL2(u = HthHLZ(V < )‘hHgHLz(V) by (2.13). Moreover, the formula bd_2 -1 =
(b—1)(1+b+...+b%3) and the triangle inequality imply

¥
w

Afg— A @y d—1) g (f42 = 1), < (d—1 g(f —1)f
1479 — Ajgllrzey < ( ) g (f ey < ( ) g (f =D f ez

i

I\
o

EJP 25 (2020), paper 65. http://www.imstat.org/ejp/
Page 15/24


https://doi.org/10.1214/20-EJP468
http://www.imstat.org/ejp/

Level-set percolation of the GFF on regular trees

and therefore [|A}g — Abgll 2y < (d—Dlgllz2llf — 1lz2w) iz 11z, by (4.13). All
in all we showed

-3
1A] gll 22 < (/\h +(d=D)f = U2y ||f|\22(u)) gllz2(v)- (4.17)
=0

Now let £ > 0 and take r > 0 such that (d—1)((1+7)?"2—1) < e. Thenif ||f — 1 z2¢) < 7,

and hence also || f||z2(,) < 1+ 7, we have ||A£g||L2(l,) < (An +¢)llgll2 ) by (4.17). This
concludes the proof. O

5 Behaviour of the level sets in the supercritical phase

In this section we study the behaviour of the level sets of the Gaussian free field on
T, for h < h,. The main goal is to show that the percolation probabilities n and n* are
continuous functions of the level i on the interval (—oo, h,) (Theorem 5.1, corresponding
to (1.7)) and to prove that |C"| grows exponentially in the radius with probability bounded
away from zero when h < h, (Theorem 5.3, corresponding to (1.10)). Along the way
we also show the equivalence of the probabilities of forward percolation and of a non-
vanishing martingale limit (Proposition 5.2, corresponding to (1.6)). These results
essentially come as an application of Theorem 4.1 from Section 4. For this section recall
the measure v defined above (2.12).

5.1 Continuity of the percolation probability

In this section we analyse the continuity properties of the percolation probabilities
n and n*, and show (1.7) in Theorem 5.1. Recall the functions ¢;, h € R, introduced
in (4.1) and their relation with * reported in (4.2).

Theorem 5.1. The functions n and 1" are left-continuous on R and continuous on

R {h.}.

Proof. Note that

i (h) = PTe [ N{ckn 5, (0.k) # @}} = lim P™4[C2 1S, (0, k) # 0. (5.1)
E>1

Under P*“ the vector (¢t,(y)),cp+ (o) has a density and so /1 - P [ChNSE (0,k) # 0]
yeBy (o,

is a continuous function. Therefore by (5.1), " is a decreasing limit of continuous
functions and hence upper semicontinuous. As n™ is a non-increasing function, it is thus
left-continuous. With the obvious changes in (5.1) one can also show the left-continuity
of n.

To show the right-continuity on R \ {h.} observe first that if h > h,, then n(h) =
nT(h) = 0 by definition and the comment at the end of Section 2. So it remains to
prove the right-continuity on (—oo, h,). Fix h < h, and assume (h¢)¢>0 is a sequence
satisfying h, | h and hy < hy for all £ > 0. We will show that limy_,.. " (h¢) = 57 (h) and
limy_, o 7(he) = n(h). Observe that by (4.2) and the dominated convergence theorem the
former follows from the claim

Zlim qn,(a) = gp(a) fora e R\ {h}. (5.2)
—00
Actually, also limy_,o, n(h¢) = n(h) follows from (5.2) by a double application of the
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dominated convergence theorem since
(2.10) , )
o) 27 [ () = ocl dv(e) = | (1= PICL < 06 i o (0) ()
R R

_ / (1—PPa[ICh N U,,| < oo foralli = 1,...,d)) 1, (@) dia)
R

2.11) u
S [0 B (a4 V) i ) ),
D Jr
Hence it remains to show (5.2).
Define the two auxiliary functions g, and ¢j, on R by

gn(a) = lim qp,(a) = inf gp,(a) fora e R (5.3)
L—00 £>0
and

(a) = {W“} ae R\ {h) (5.4)
(thh)(h), ifa=h.

We will now apply Theorem 4.1 to show ¢}, = ¢;. From this the claim (5.2) follows by
(5.4) and (5.3).

Since hy < h,, one has g5, # 1 for all / > 0 (see below (4.2)). This implies g, # 1
by (5.3) (being a decreasing limit) and hence also q}L # 1 by (5.4). Moreover if a < h,
then a < hy for all ¢ > 0, which yields gp,(a) = 1 for all £ > 0. This implies ¢} (a) = 1
for a < h by (5.3) and (5.4). Thus ¢, € Sj. Finally, for ¢ > h and ¢ > 0 such that
h¢ < a, one finds by Lemma 4.2 and (4.3) that gy, (a) = EY [g, (7% + Y)}d_l. If we let /
tend to infinity on both sides, then (5.3) and the dominated convergence theorem give
an(a) =EY [qn (5% + Y)]d_1 for all @ > h. This together with (5.4) shows ¢, = Ryq),. By
Theorem 4.1 we conclude that ¢j, = g,. The proof is complete. O

5.2 Percolation probability and nontriviality of the martingale limit

Recall the martingale (Mkzh)kzo from (2.16). We now apply Theorem 4.1 from Sec-
tion 4 to show in Proposition 5.2 the equivalence (1.6) between the probability of
non-vanishing of the martingale limit and n*(h). From the discussion at the end of
Section 2.2 we already know that PT¢[M2Z" > 0] = 5™ (h) = 0 for h > h,. We now prove
that the first equality remains true also if h < h,.

Proposition 5.2. One has
nt(h) =PT[MZ" > 0] forallhe R\ {h.}. (5.5)

Proof. For every h € R we introduce the function my(a) == PL¢[Mz" = 0] for a € R,
where ]Plrd is the conditional probability defined in (2.10). We note that

/ mp(a) dv(a) = B [my,(¢1,(0)))] @19 pry [Mozoh =0]. (5.6)
R

By (4.2) and (5.6) it is enough to show that for A # h, one has ¢, = my. This will
follow from Theorem 4.1. Note that mj, € Sj, since my(a) > PY[Z] = 0] = 1o p)(a)
by (2.16) and (2.10). We also have that Rym; = m;. Indeed, recall (2.1) and denote
ST—P: (0,1) = {x1,...,24-1}. Let us write Mkzth =\, " ZyeZ,’:ﬂUwi Xn(pr,(y)) for k> 1 and

i=1,...,d—1,sothat M" ="} M for k > 1. Then fora € R

ma(a) = P*[pr,(0) <h, MZ" = 0] + P [¢r,(0) > h, MZ" =0
P20 o (@) + Ly 0 (@) PTa [lim Mz =0fori=1,....d~1]

d—1

(2.11) (4.3)
= (oo (@) + L ooy (@) BY [P%w/ (M = OH =" (Rpmn)(a).
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Now if A > h,, then by Theorem 4.1 we find m;, = g, = 1. On the other hand, if h < h,,
then (5.6) and (2.18) imply that my is not the constant 1 function and so m, = qn by
Theorem 4.1 again. The proof is complete. O

5.3 Geometrical growth of |C"| in the supercritical phase

We come to the proof of (1.10), essentially that for A < h, the number of vertices in
']Pj{ connected over distance k above level h to the root o € T; grows exponentially in &
with positive probability. Recall the notation from (2.15).

Theorem 5.3. Let h < h, (so that A\, > 1, see Proposition 2.1). Then
T h A +
. B S M) _ .
fim P(l2k) 2 33 ] = >0
Proof. Note that one directly has
: Tal| 2h| < M : Taph ~ ot 2.19) 4
lim sup P*¢ [|Zk| > ] <limsup P*¢[C} N ST (0, k) # 0] =" n*(h).

k— o0 kQ k—o0

Thus we only have to find a corresponding lower bound. By Fatou’s lemma

nt(h) 2 pre [MZ" > 0] < PT<[M" > 1 for all k large enough]

< 3 Ta >h > 1
hkn_lgéfIP [Mk > k] (5.7)

o T >h 1 4k T h

< tminf (PT[MF" > £ 4] + PR (4])]),

where we introduced the event

Al = { sup  xn(er,(y)) < k} for k > 0.

yGS,]T‘d(o,k)
On the event A} the inequality Mkzh > 1 implies |Z]| > 2—’2 by (2.16). Hence
T >ho 1 gh T < M
PT[ME" >}, 4] < P |2} = 2. (5.8)

To deal with the event (A7) note that by Proposition 3.1 and Remark 3.2 (here h < h,)
one has xx(a) < cpa for a > h and xp,(a) = 0 for a < h. Thus, fory € T4 and for k£ > 0

P [xn(or, (v) > k| = PT [xn(er,(v) > k, o1,(y) > h]

< PpTa k >h (1<1) e
< [ener, (y) >k, or,(y) > h] < eXp(_m)’

where in the last step we use the exponential Markov inequality. Hence, by a union
bound, for k > 0

k2 k—
PTa[(AD)] < |8+ (0, k)| ex (— ) <, 0. (5.9)
(407 < S0 Blew |~ 5255
=(d—1)*
From (5.7), (5.8) and (5.9) we have that liminf,_,., PT¢[|Z}}| > 2—2] > n*(h) and the
proof of Theorem 5.3 follows. O
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6 Exponential moments of |C"| in the subcritical phase

This section proves that for every h > h, the cardinality of the connected component
of the level set of ¢, above level h in ’]l“j containing the root o € T; has exponential
moments and actually, as a function of the value of ¢r,(0), these exponential moments
do not grow too fast. This is the content of Theorem 6.1 (corresponding to (1.8)). In its
proof we will use Proposition 4.6 from Section 4.

To state the result, we define for every h € R and 6 > 0 the (potentially infinite)
function

gn.s(a) =T [(1 + wcﬁmrjq fora € R, (6.1)

where we use the notation for the conditional distribution of ¢y, given ¢r,(0) = a
defined in (2.10). Observe that (recall v from above (2.12))

[ onsla) dvia) = E™[gn s(or, ()] 7 BT 1+ 8) Tl 6.2)
R

Note that if g, (a) < 1 for g from (4.1) (in particular this is the case in the supercritical
phase h < h, for a > h), then g, s(a) is infinite. The main goal of this section is to show
that in the subcritical phase i > h, there exists § > 0 such that the right hand side of
(6.2) is finite and such that g s(a) does not grow too fast as a tends to infinity. Recall
the space L?(v) defined in (2.12).

Theorem 6.1. Let h > h,. Then there exists §;, > 0 such that
s, € L*(v). (6.3)

Moreover, gy, 5, equals 1 on (—oo, h) and gy, s, (a) is finite for all « € R. Finally, gy s, is
continuous on [h, c0) and for all v > 0 there exist s, > 0 and ¢), ., > 0 such that

Gn.s, (@) < ch exp(cﬁwa“r“’) forall a > h. (6.4)

In particular; (6.2) and (6.3) imply E™¢[(1 + §,)/¢"Til] < co.

Remark 6.2. Note that (1.9) follows from Theorem 6.1 by the exponential Markov
inequality. More precisely, for h < h, and a € R take say v = 1 in (6.4). Then
PTa[|Ch| > k| ¢r,(0) = a] <PY[|CENTS| > k] < (14 6,) *cnexp(cya?), thus (1.9). O

The proof of Theorem 6.1 is split into various lemmas. The first one characterises g, s
as a monotone limit of functions in L?(v) which are obtained via iterated applications
of a certain operator R, s (see (6.5)) to the constant 1 function (Lemma 6.3). The
second lemma shows that for & > h, we can choose ¢ > 0 such that the operator R}, s
is a strict contraction on a closed subset of L?(v) including the constant 1 function
(Lemma 6.4). This is an application of the technical Proposition 4.6 from Section 4. The
combination of these two results will quickly lead to (6.3) via the Banach-Caccioppoli
fixed-point theorem and to the other properties of g, ; stated in Theorem 6.1 except
for (6.4). This is the content of Corollary 6.5. It then remains to prove (6.4). We first
show a weaker statement in which v = 1 on the right hand side (Lemma 6.6). It implies
a recursive bound on g, s (Lemma 6.7) which subsequently can be used to show the
stronger statement (Lemma 6.8).

Let us introduce for every h € R and § > 0 the operator R), s on L?(v) through:

(Rns)(@) = 1 oop)(@) + Lppoo) (@) - (1+ OB [f(52 + V)]

(6.5)
for f € L*(v)and a € R,

2

where, as usual, Y ~ AM(0

) o7 ). By the same observations as below (4.3) one can check
that indeed Ry, sf € L*(v)

or f € L*(v). Note also that Ry, s for § > 0 can be expressed

o
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in terms of the operator Ry, from (4.3) via Ry 5 = (1(—oo,n) + Ljn,00) - (1 +6))Rs. The role
of Ry, s can be seen from the following lemma.

Lemma 6.3. Let h € R, § > 0 and define the (bounded) functions
gh s(a) = BE[(148) <" PLEP] oraer, k>0, (6.6)
Then one has
L<ghs<0hs<Grs<---<gns and  lim gis=g; (6.7)
Moreover, for every k > 0 one has
grs=Ri5'1  and  g}5' = Rusgy 5. (6.8)

Proof. The first part of (6.7) is clear by definition and the second part follows by the
monotone convergence theorem. Claim (6.8) can be seen via induction on £ > 0. Indeed,
for k = 0 it holds Ry 51 = 1(_oon) + Ljp,00) - (14+0) = 9276 by (6.5) and (2.10). Furthermore,
for k > 0 and a € R one has (recall (2.1) and denote Sf (0,1) = {z1,...,24-1})
crnBt (o0,k+1
gﬁigl(a) = E?zrd |:(]}‘{4P’][‘d(0)<h} + ]l{‘pTd(O)Zh}) (]_ + 6)' o N Td(O + )l}
d—1
h + o .
PO Loy (@) + Ly (@) (1 O)ET T 1+ )70

=1
d—1
(2.11) chnBy (o,k

=7 (oo (@) + Do) (a) (1 4 6)EY [Efng [(1 +8)/ B, ”H
(6.6)

()
9 (Rns gk s)la) C (BED ()

where in (%) we use the induction hypothesis. This shows the first half of (6.8), which
implies the second half. O

For the next lemma we define for h € Rand r > 0
By, ={f € L*(v)|f >1, f equals 1 on (—oo, h) and ||f — U2y <7}

Since By, , is a closed subset of L?(v), it is a complete metric space.

Lemma 6.4. Let h > h,. Then there exists §;, > 0 and r;, > 0 such that R}, 5, is a (strict)
contraction on the complete metric space B}, ., . In particular, by the Banach-Caccioppoli
fixed-point theorem there exists a unique f* € By,, with Ry, ;, f* = f* and for all
f € Buy, one has |Ry 5 f— f*llr2) — 0 as k — occ.

Proof. Let § > 0 and consider f,g € L?(v). By the relationship between R), 5 and R,
explained below (6.5) one has

|Rhs9 — Rusflleze) = l(L(—oon) FLin,00) (14 6))(Rhg — Ruf)l L2
< (1498)-|Rng — Ruflleewy) = (L +6)-|Ru(f+9—f) — Bufllz) (6.9)
(4.14) ¥ ¥
< 1+ (14{(9 = Nllzzey + 1B (9 = Dllzzw)-

Since h > h, (and thus )\, < 1 by Proposition 2.1), we can choose ¢; > 0 such that
An 4+ 2e, < 1. Now on the one hand, by Proposition 4.6 there exists s;, > 0 such that
||A£(g — f)HLz(,,) < (An+en)llg— f||Lz(,,) for f,g € By, because then f — g vanishes

on (—oo,h) and || f — 1|[z2(,) < sx. On the other hand, by (4.16) there exists s}, > 0 such
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that ||E}{(g — f)HL2(V) < EhHg — fHL2(V) if ||g — fHL2(V) < S;L. Hence if f,g S Bh,rh with
rp = %min{sh, sy, }, then both conditions are simultaneously satisfied and one has

(6.9)
IRns9 — Rnsfllreey < (L+0)(An+2¢en)llg — fllzz)- (6.10)

Moreover, since Ry, 51 =1 + ]l[;wo)é by (6.5), one also has for f € By, ,, that

Rnsf—Urzw)y < [Rnsf— Ruslllcew) + 1Bl —1|L20)

(6.10

) (6.11)
< (T4 68) (A + 2ep)rn + 6.

Due to A\, + 2¢, < 1, we can choose § = d;, > 0 such that (1 + 05,)(Ap + 2ep)rn + 0 < 7.
This also implies (1 + 0,)(Ap, + 2¢,) = A, < 1. Then Ry, maps the space By,
to itself. Indeed, for f € By, one has Ry, f > 1 and Rys,f = 1 on (—oo,h) by
definition of Ry, ;5,, and furthermore ||R; 5, f — 1|12y < v by (6.11). Finally, (6.10)
shows || Rps,9 — Rus, fllL2w) < Aullg — fllz2) for f,g € By, i.e. that Ry 5, is a strict
contraction. O

With Lemma 6.3 and Lemma 6.4 at hand, we can readily show the first half of
Theorem 6.1.

Corollary 6.5. Let h > h,. Then there exists §;, > 0 such that g s, € L?(v). Moreover,
gn.s, equals 1 on (—oo, h), satisfies Ry, 5, gn.s, = 9n,s, and is continuous. Finally, gy, s, (a)
is finite for all a € R.

Proof. Consider §;, > 0, r, > 0 and f* € L?(v) from Lemma 6.4. We start by showing
that v-almost everywhere f* = g, 5, and hence g, 5, € L?>(v). Note that by Lemma 6.4
one has 1 < f* and thus by (6.8) also g ;, = Ry %1 < RZJg}l f* = f*forall k > 0. By (6.7)
and the monotone convergence theorem this shows

: k o k (6.8) .. k
I im ghs, = Flle2w) = Mm llgns, = flleee) =" Im ([R5, 1= fllrz0)-

Now since 1 € By, ,, we know from Lemma 6.4 that limy o | R 5, 1—f*||12(,) = 0. Hence
[ limg— o0 g,’f’(;h — f*llz2(v) = 0 by the computation above and so v-almost everywhere
f* = gns, by (6.7). By (6.1) and (2.10) it is obvious that g, 5, equals 1 on (—oo, h). Now
if we take k to infinity on both sides of the equation g, }' = Rs, ngf 5, from (6.8), we
obtain

9,6, = Bn.5,9n,6), (6.12)

by (6.7) and the monotone convergence theorem. The right hand side of (6.12) satisfies
(Rh,5, 9,5, )(a) < oo for all @ € R by (6.5) and (6.3). Hence g, 4, (a) < oo for all a € R.
With (6.12) established, we can show the continuity of g; 5, on [h, o) in the same way as
the continuity of f in Lemma 4.3. Hence the proof of Corollary 6.5 is complete. O

It remains to prove (6.4). In the next lemma we show a weaker statement by applying
results from Corollary 6.5.
Lemma 6.6. Let h > h, and consider the function g, 5, € L*(v) from Corollary 6.5. For
all ¢ > 0 there exists cj, ¢ > 0 such that
gn.s,(a) < cncexp(Ca®) fora > h. (6.13)

Proof. We will first show that g3 5, € L(v) for all ¢ > 1, which will then imply (6.13). Let
us define

po:=2 and pjy1:=(p; —1)(d—1)+ 7 fori>0,

(6.14)
¢i = (p; —1)(d—1)>4+1 fori>0.
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We prove by induction that g, 5, € LP*(v) for all ¢ > 0 by using the hypercontractivity
estimate (2.14). For i = 0 we have py = 2 and hence g; 5, € L (v) as seen in Corol-
lary 6.5. Now assume g, 5, € LPi(v) for i > 0. Since g5, = Rh.5, gn,s, by Corollary 6.5,
it follows that to prove g 5, € LP*+'(v) it is enough to show gg,g}{ € LP#+1(v), where we
abbreviated gy, (a) = E¥ [gn.s, (3% +Y)]. And indeed we have, using (6.14), (2.14) and
the induction hypothesis, that HQZEHLMH(,) = thﬁh”%;l(u) < th75h||°£;il(y) < 0co0. Next
we show that the sequence (p;);>o diverges to infinity as i tends to infinity. To see this,
note that r; := %(d —1)'+ dil +1, ¢ > 0, solves the recursion for (p;);>o given in (6.14)

and clearly r; —— co. This implies that gj, 5, € LI(v) for all ¢ > 1 since we can take
i > 0 such that ¢ < p;. Then g, 5, € LPi(v) C L(v).

We turn to show the claim (6.13). Let ( > 0 and take q > 1 large enough such that
2q > %. Since g5, € L9(v) as just shown and v = N(0, =) from above (2.12), one

¢
has lim, 00 g5, (@)? exp(— ((dd__Ql))a;) = 0, which implies lim,_,; gp,5, (@ )exp(——) = 0. But

this shows the statement of the lemma by the choice of ¢ (use that gy, 5, is contlnuous on
[h, o0) by Corollary 6.5). O

The estimate obtained in the previous lemma can be used to derive the following
recursive bound on g, 5, which is the final ingredient for the proof of (6.4).

Lemma 6.7. Let h > h, and consider the function gy, s, € L*(v) from Corollary 6.5. For
all n > 0 there exists cy, , > 0 such that

(1+n)"" foralla> cp,. (6.15)

gns, (@) < (14 260)gn.5, (7%

Proof. Letn > 0. Because gy s, = Rh,s, gn.s, as obtained in (6.12), one has for a > h that

Insn (@) = (14 6,)(EY [ghs, (725 + Y)})d_1 where Y ~ N(0, 74;). By considering the
cases Y < 4% and Y > J!% and by recalling that g 5, is a non-decreasing function (see
(6.1) and (2 10)) this 1mp11es that fora > h
d—1
=))
-1

)

gn.s,(a) < (1+ 5h)(9h o (751 +n) +EY [gh,ah( - +Y)1 v

< (1+6n) (1 +EY {gh,éh (7% + Y)]I{YZnﬁ}D Ih,s,

where in the second inequality we use that g5, 5, > 1. To bound the expectation on

the right hand side we will apply (6.13) for some ( > 0 depending on 7. Choose
2

0< (< dTQIQ-ZW' so that in particular ( < %= and ¢(1 + n)? — 41n? < 0. Then

2 ((1+2)? — 222 = ((— 4)2% + 2¢z + ( is a parabola with negative leading

coefficient and two zeros of opposite sign. As the parabola is negative at z = n > 0, this

shows that ¢(1 4 2)? — %122 < 0 for all z > 5. Hence there exists c¢,, = ¢}, > 0 such that

(142 - 412 < —cz forall z > 1. (6.16)

Since Z = 4= 1Y satisfies Z ~ N(0,02) for o2 = (d;21)2 %, we get the following bound
fora > (d — l)h

1 .
E [gh.s, (75 Yy oy | = / g (721 (14 2) oxp(— ) d=
n

(6.13) ¢ o0
< h,n

EJP 25 (2020), paper 65. http://www.imstat.org/ejp/
Page 22/24


https://doi.org/10.1214/20-EJP468
http://www.imstat.org/ejp/

Level-set percolation of the GFF on regular trees

which tends to zero as a tends to infinity. Hence there is ¢, > 0 such that (1 + 63) (1 +
a d-1 . .
EY [gh’éh (%5 + Y)]I{YZTI . }]) < (1+26;) for all a > ¢, ,,. This, together with the

bound on gy, 5, (a) for a > h from above, concludes the proof of Lemma 6.7. O

The next and final lemma shows (6.4) and hence concludes the proof of Theorem 6.1.

Lemma 6.8. Let h > h, and consider the function g, 5, € L*(v) from Corollary 6.5. For
all v > 0 there exist c, > 0 and ¢j, > 0 such that gy, 5, (a) < ¢, exp(c}, ,a'*7) for all
a>h.

d—1
i > L
We abbreviate K := ¢, for the constant from (6.15). Since g s, is continuous on [, c0)
by Corollary 6.5, it is enough to find the requested bound on g s, for all « > K. Define
the intervals

Proof. Let v > 0 and take n > 0 such that 1 +~ = log% (d — 1), in particular

Je= (2" K(E)™) foral k>0,

which form a disjoint decomposition of [K,c0). For a > K let k(a) > 0 be the unique
k > 0with a € Ji, that is, k(a) := |loga—: (§)]. For such a one can apply (6.15) iteratively
0

k(a) times to obtain

" d—1
Ghon (@) < (1 +261)gn.s, (7551 + 1))

14(d—1) a 2 (d—1)?
< (1+20) Ih,sn (W(l +1) )
b1 g )i (d—1)*(®
<. <(1+ 25h)2i:0 (d-1) Ih.s, ( m(l + n)k(a)) (6.17)
eJo
(d—1)*)
< ((1 + 263,) sup gn,s, (b)) .
be o
k loga—1 (%) log g1 (d—1) 14y

Note that (d — 1)¥@) < (d — 1) T = (&) T = (&) and therefore

(6.17) implies that for every a > K

1
gnin(@) < exp ()7 (14 2680) sup 90,5, () ) < sy exp(ch 0 7).
0

As explained above, this proves the lemma. O

We end with some concluding remarks. One might naturally wonder what can be
said about level-set percolation of the Gaussian free field on T; near criticality. For
example: can the result from Theorem 5.1 be extended to h,, i.e. are the functions n and
n* continuous or not at h,? Or also: does the equality (5.5) hold for h = h,, too?

Independently from that, and as remarked in the introduction, we apply a number of
the results obtained here in the accompanying paper [1] to establish a phase transition
for level-set percolation of the zero-average Gaussian free field on a class of finite regular
expanders.
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