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Abstract

We consider a family of stochastic models of evolving two-dimensional Young diagrams,
given in terms of certain energies, with Gibbs invariant measures. ‘Static’ scaling
limits of the shape functions, under these Gibbs measures, have been shown in the
literature. The purpose of this article is to study corresponding, but less understood,
‘dynamical’ limits. We show that the hydrodynamic scaling limits of the diagram shape
functions may be described by different types of parabolic PDEs, depending on the
energy structure.
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1 Introduction

Young diagrams or tableaux, originally introduced in the context of combinatorics and
representation theory (cf.[11], [29]), have proved to be useful in a variety of disciplines
ranging from mathematical physics to genetics. In particular, language involving Young
diagrams and their shape functions may be used to describe phenomena such as Bose-
Einstein condensation [8], polymerization and molecular assembly [5], [17], and random
partitions in coagulation-fragmentation processes [2], [23], and references therein,
among others.

In this paper, we present a family of stochastic evolutions of two-dimensional Young
diagrams, with invariant Gibbs measures given in terms of certain energy structures,
and show that the hydrodynamic scaling limits of the associated shape functions obey
different types of parabolic PDEs, reflecting the type of the energy formulation. Pre-
viously, there seems to be only a small literature studying dynamical Young diagrams,
for instance [7], [13] and [14], which treat processes where there is birth and death
evolution of squares in the diagrams. See also the monograph [12] which reviews some
of this work. The purpose of this article is to analyze a natural, but different class of
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Hydrodynamic limits of Young diagrams

4—r

3p---- b—e

2t----

1p-------- -%—9 *
i , i . ° .
R R —
1 2 3 4 1 2 3 4
U(x) £=1(1,2,0,1,0,...)

Figure 1: The Young diagram and particle description associated with the partition
(4,2,2,1).

models, through new techniques which might be of use in other settings. Later, we give
a brief comparison with the results in [12], [13], and as well as those in [7], [14], the
former pair however closest to ours in spirit.

To describe our results, we first discuss certain ‘static’ limits, which set the stage.
Let ¢ = (p1,p2, ..., Py) With p,, > p,,iq be a partition of the integer M(¢) :==>"" _| pm.
For example, ¢ = (4,2,2,1) corresponds to 9 =4+ 2+ 2+ 1. We call £ = (£(k; ¢))ken,
where ¢(k; o) = #{m : p,, = k}, the size density of the partition ¢. Vice versa, given
&, one can reconstruct ¢, and so in a sense they are interchangeable. In terms of ¢,
M(p) =>4~ k&(k; ). Denote by ¢(x) the associated shape (height) function:

P(a) = &(kip).

k>x

The graph of ¢ is the Young diagram of ¢. Since £(k; p) = (k) — ¥ (k + 1), the numbers
¢ can be viewed as the gradient particle description of the associated partition ¢. See
Figure 1.

Let &), be the uniform probability measure on all partitions of an integer M. A
classical result of A. Vershik [26] states that in the limit as M — oo, the rescaled shape
functions vy () := 1 (2v/M)/v/M converge in probability with respect to the canonical
measure &), to the curve

w(x):f?m (176*”/“5). (1.1)

Namely, for every ¢ > 0 and a > 0,

lim Py <sup |ar (@) — ()| > e) =0.
M — o0 z>a

Such results have a long history, and limits and phenomena different than the one
above may appear if other ensembles, such as those with respect to Haar statistics, the
Plancherel measure or Ewens measure are employed: see [3], [6], [9], [22], [18], [24],
[25], [26], [27], [28], and references therein.

In this article, we will consider grand canonical ensembles of sizes {£(k) : k > 1},
including those prescribed in [9]:

1 —
PsN(E) = Z5 Ne_ﬁ st ER)ER—NTIM

where &£, > 0 is the energy of a summand of size k, total size M =3, ., k{(k), inverse
temperature § > 0, Zg y is the normalizing factor, and N is a scaling parameter. When
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Figure 2: Young diagrams before and after rescaling. yi, = 1/N, pu, = N/Rg n(M) in the
rescaling from 1 to 15 .

B8 = 0, the canonical, or conditional measures, with size M, are of course ;. As
discussed in [9], such ensembles may be understood to govern the size distributions of
structures in polymeric melts. In this ‘melt’, a ‘polymer’ of size k£ has an energy &;.

The scaled shape function v y(z) := N¢(Nz)/Rs n, where Rg y = N2e %, as
shown in [9], is of the order of the expected value of M = Y, k&(k) = [~ ¢ (z)dx
with respect to &3 . This scaling is such that the expected area of the rescaled Young
diagrams, Eg, [ [~ ¥ ~n(x)dz] is of order 1; see Figure 2. As N — oo, 1 n(z) will
converge with respect to &3 y to different limits, depending on the choice of the energy
Ek.

Following [9], we assume that the energy function & is in form &, = u(In k), where
u is a positive function diverging at infinity. In particular, we consider two cases in
this work: (1) v/(z) — 1, and (2) v/'(z) — 0. We refer to these cases as & ~ Ink, and
1 < & < Ink respectively. The precise specification later given in Condition 2.1 provides
a large, varied class of energies, amenable to the scaling limits that we will take.

We remark, if £, is not in this form, for instance the case &£, > Ink, there will be
a finite number of particles, uniform over NN, in the system (cf. Proposition 2.1 in [9]),
and so the associated scaling limits will be trivial. Also, if £ is constant, the situation
is tantamount to taking S = 0, and so we do not distinguish this case. Furthermore,
when &, ~ Ink and 8 > 1, the variance of the scaled shape function 3 y diverges, and
does not vanish for 8 = 1 (cf. Proposition 2.4 in [9]). There are also other interesting
‘boundary’ energy scenarios discussed in [9], including condensation regimes, which we
do not pursue here.

The following convergences follow from Propositions 2.1 and 2.2 of [9]: For e > 0,

1. g=0: @B,N(W)@N —In(1 —eim)| > 6) —0;
2. & ~Ink, 0< B <1: Py n(|tsN —/ uPe"du| > €) = 0;
3. 1< & < nk, 3> 0: gZB,N(WB,N —e“"" >€) = 0.

We remark, the limit when § = 0, is similar to Vershik’s result, and in some sense, a
reflection of the equivalence of ensembles between the canonical measures &), and
Py~ as M and N diverge.

With this background, the purpose of the article is to consider a natural dynamics of
these varied shapes and to understand their hydrodynamic limits. Consider the gradient
particle system associated with the Young diagrams with generator

oo

Lf(€) :Z {X [f (€57 = FO] Xqery >0y

k=1

+ [f (€751 = £O] xgewy>0,m>11 |
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Figure 3: Gradient particle system: Particles at sites k£ > 2 move to the left with rate 1,
to the right with rate \; particles at £k = 1, move only to the right with rate \;.

where \, = e #(E+1-E)=1/N (cf. Figure 3). Here, £#*%! is the configuration obtained by
moving a particle from k to k + 1.

The interpretation of this dynamics, which preserves particle mass, in the ‘language
of polymers’ is as follows: A monomer is added to a polymer of size k with rate \; and
removed with rate 1. In this dynamics, the gradients £ qualitatively tend to states of
lower energy £.. This dynamics is spatially inhomogeneous when 5 > 0 in that Ay, # Ag+1,
and is not translation-invariant in general, being limited to Z™, rather than Z. An
important feature is that the grand canonical measures &3 y are invariant under L.
In fact, as A; and the generator L depend only on the energy difference 5E;+1 — 5k,
all grand canonical ensembles characterized by energies which differ from €. by a
constant are invariant under the same dynamics. Thus, for a given L, there will be a
family of invariant measures indexed in terms of these constants (cf. Section 2.1).

Moreover, in terms of the associated Young diagrams, an ‘empty’ lower left corner,
adjacent to three squares, with vertex at (k, -) is filled with a square with rate )\, and a
square, with an upper right corner not adjacent to any other square, is removed with rate
1; for instance, in Figure 1, turning the empty corner at (1, 3) into a square corresponds
with the particle at £ = 1 moving to location k = 2, and removing the square with corner
(2,3) means a particle at k = 2 moves to k = 1.

From a more applied view, motivating our study are various polymeric melts which
exhibit aggregation, or condensation behaviors. In particular, rod assembly in chromonic
liquid crystals has attracted significant attention in recent years. In these systems
disc-shaped monomers with flat hydrophobic faces form stacks (rods) to minimize the
total (free) energy penalty. Much of the physics literature, for instance [4], [5], [10],
[17], describes models of varying degrees of complexity, however, most of them are
kinetic or thermodynamic in nature, that is they describe evolution of various averaged
quantities and do not deal with specific microscopic statistical ensembles. In this view,
the dynamics generated by L provides a microscopic description grounded on Gibbs
grand canonical ensembles &5 y and specific monomer association and dissociation
rates. In particular, we consider simple linear polymers (or aggregates) which may ab-
sorb or release monomers from or into solution at certain rates related to the energies of
aggregates, which remain essentially constant (or growing slowly, that is logarithmically
or sub-logarithmically) with size, reflecting that the principal contribution into the aggre-
gate energy comes from the hydrophobic edge length of a linear structure (cf. Figure 3
in [9]). In this context, our work provides a rigorous mathematical connection between
the microscopic model and the macroscopic equations for a class of evolutions of the
aggregate sizes in the form of a hydrodynamic limit.

Let & denote the associated Markov process. We will be interested in the process
ne = En2¢ seen in diffusive scale, where time is speeded up by N? and space by N. Since
1: is viewed as the negative gradient of its corresponding height function ), the scaling
from % to 1g n (cf. Figure 2) motivates the following definition of the empirical measure

i (da) = 3 S 495
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Here, N = €%~ is a choice so that the total mass of 7’ under %5 y is of O(1).

We will show (Theorems 2.4, 2.5, and 2.6), under diffusive scalings, for a large class
of initial conditions supported on configurations with O(NN 5 1) expected number of
particles at level N, that the empirical measures th converge weakly to a delta mass
supported on the unique weak solution of a macroscopic equation, depending on the
structure of the energy £., as N — oo:

p P
1. B=0:0p=0>—""— +0,——;

2.0<B<1, & ~Ink: Op= 0%+ 0, ('B+$p);
xr
3. 3>0,1 <& < Ink: dp=2p+ Orp.

Since the particle density is related to the shape function by ¢ (z) = [ > p(u)du, we

x
obtain (Corollary 2.7) the macroscopic equations for :

- B (o0 Oz
(1)6O‘atwaf<1—aww>+1—azw’
(2) 0<B <1, & ~Ink: at¢:a§¢+ﬁzmam¢;

(3) B>0,1< & < Ink: Oy = 02 + 0.

To shed light on these limits, the drift N(\; — 1) is quite informative. When 3 = 0,
or when 1 <« &, < Ink, this drift tends to —1, but when &£, ~ Ink, it converges to a
function of the scaled position. The function p/(1 + p) is in a sense the macroscopic
average value of x, (x)>0} With respect to the grand canonical ensemble. When 3 = 0,
the scaling limit recovers this form. But, when § > 0, as there is an additional scaling
factor involved to obtain a nontrivial limit, what needs to be replaced is Ngx(y,x)>01,
which is close to the linearization of p/(1 + p), namely p; see Step 1 of Section 5 for a
more technical discussion. From a physical perspective, the linear PDE limits reflect an
effective transport of mass, which was a surprise to us.

The proof strategy is to consider the evolution of the empirical measure 7' acting
on test functions through It6’s formula with respect to the zero-range process 7;. In
calculating the generator action, nonlinear functions of . emerge. However, because
of non translation-invariance and inhomogeneity, standard methods such as ‘entropy’
or ‘relative entropy’ do not apply immediately to replace these terms with averaged
expressions in terms of w,f\’ . We leave open the possibility to adapt these methods with
non-trivial modifications to serve our purposes in this model.

The idea we adopt here is to formulate certain ‘local’ hydrodynamic 1 and 2-block
replacement estimates suitable to the current setting. These not so well-known ‘local’
replacements were originally introduced in [15] to study the ‘tagged’ particles. In partic-
ular, the replacements combine spectral gap estimates that we provide and Feynman-Kac
and Rayleigh formulas for certain eigenvalues. Interestingly, only when 5 = 0, does one
need both ‘local’ 1 and 2-block replacements. Otherwise, when 8 > 0, a ‘local’ 1-block
replacement suffices. In the proof of the 1 and 2-block estimates, we use that the process
is ‘attractive’, a feature which allows a certain coupling to be employed, facilitating
truncation and other estimates. Then, with tightness of the empirical measures, and
uniqueness of weak solutions in appropriate classes that we provide and define, the
limits follow. See Sections 4, 5, and 6 for more detailed proof outlines and remarks.

Previously, in [13], Funaki and Sasada studied an evolutional model of the Young
diagrams, with respect to the ‘uniform’ grand ensembles #, n, as well as certain
‘restricted’ uniform ensembles when g = 0, providing a dynamical interpretation with
respect to the Vershik curve ¢ (1.1). We note, although equations (1), (1) when 8 =0
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match that in [13], up to a constant in front of the first order derivative term, our results
are different in several ways. Here, the dynamics that we work with is weakly asymmetric
zero-range process (WAZRP) on Z*, which is in general spatially inhomogeneous, and
one whose evolution preserves the total number of particles. However, the model in [13]
is a different WAZRP on Z™, one which does not conserve particle mass, with a weakly
asymmetric reservoir at site 0. Importantly, the proofin [13] relies on the presence of this
reservoir. Also, [13] considers initial profiles ¢(0, z) where lim,_, %(0, ) = co and obtain
scaling limits ¢ (¢, z) such that also lim,_, 9 (¢, 2) = oo and the hydrodynamic equation
when S = 0 holds. However, the initial conditions are different in our case: We consider
initial profiles, finite at time 0 and for all later times ¢, that is ¢(¢,0) = ¢(0,0) < oo,
by conservation of particles in the dynamics. Moreover, it seems such profiles are not
admissible with respect to the proof in [13], nor it seems are diverging profiles (0, z)
amenable to our arguments, which make use that there are a finite number of particles
at each level N.

From a broader point of view, random growth of Young diagrams also relates with the
much studied corner growth model in which only the addition of squares to the diagram
is allowed. Formally, in the study of hydrodynamic limits of the corner growth model,
the problem is often converted, by considering gradients, to a totally asymmetric simple
exclusion process, and the scaling is Euler, that is time and space are scaled at the
same order. See [7] which discusses such and other dynamics. In contrast, our model of
evolutional Young diagrams is studied via their gradient systems which is a WAZRP. Our
analysis is also directly on this WAZRP on Z* and no further transformation to simple
exclusion processes is employed.

We also remark that, in a different vein, in [14], a dynamical model of Young diagrams
connected with group theoretical ensembles, which keeps the Plancherel measure
invariant, is studied and a hydrodynamic limit is shown there in terms of free probability
notions.

Organization of the article. The precise description of the model and results are
given in Section 2. Then, after preliminary definitions and estimates with respect to basic
martingales in Section 3, we give the proof outlines of Theorems 2.4, 2.5, and 2.6, and
Corollary 2.7 in Sections 4, 5, and 6 respectively. Main inputs into the proof are tightness
and other estimates of the underlying measures given in Section 7. In Section 8, the
important 1 and 2-block estimates are shown. Useful properties of the initial measures
are given in Section 9. Uniqueness of weak solution to the hydrodynamic equations is
proved in Section 10. Finally, in the appendix, some remarks about boundary phenomena
of invariant measures are made.

2 Model description and results

We first specify certain Gibbs measures and their ‘static’ limits, which inform and
motivate next our dynamical model that we introduce. Then, after prescribing the initial
conditions considered, we give the hydrodynamic limit results.

2.1 Grand canonical ensembles and ‘static’ limits

Let N = {1,2,...} be the natural numbers, and 2 = {0,1,2,.. .}]N be the space of
particle configurations. A configuration § = ({(k))ren € 2 specifies that there are {(k)
particles at sites k£ > 1.

Suppose that each particle at site k carries energy &, with respect to a function
£ :{0,1,2,...} =» R* :=[0,00). Following [9], we will assume that the energy function
i has the following structure. Let RT := (0, c0).
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x

c=ce

Figure 4: Examples of ¢. in all the three regimes. The dotted curves represent ¢ = ¢y
and solid curves are for general ¢’s which are strictly less than cy.

Condition 2.1. &, = u(lnk) where u(-) : R* — R is differentiable and v'(-) is bounded,
lim, oo u(x) = 00, and lim,_, v/ (x) = 0 or 1. We will say

e ‘€, ~Ink’ denotes the case lim,_,, u/(z) = 1 and
¢ 1<« & < Ink’ stands for the case lim,_, . v'(z) = 0.

In passing, we note the constant 1 in the limit when & ~ In k is chosen to be definite,
although it could be specified as another positive constant. Also, as the derivative v’ is
bounded, that the infimum inf & /k = 0 is achieved as k 1 co, a specification important in
[9]. In addition, the condition allows a comparison, & — & = v/(Iny)In(k/l), where y is
between k and [, afforded by the mean value theorem, which will be useful in some later
estimates.

For fixed f > 0, we now introduce {Z. n}, a family of probability measures on
), which will be seen as invariant measures for the dynamics specified in the next
subsection. Let

co = min ePex

kelN

Trivially ¢g = 1 when 8 = 0 and ¢y > 1 otherwise. For fixed g and 0 < ¢ < ¢y, we define
the product measures on (2,

Ren(&) = [ Zscvn(&(k).
kEN
Here, the marginal %3 . n 1 is the Geometric distribution with parameter

ek,c = Ceiﬁgkik/Na

that is, forn > 0,
Rp,e,Nk(N) = (1= Ok,c)0f .-

Notice that 0, . < 1as 0 < c < ¢y and k € IN, For each site £, the marginal has mean

Ok.c cePEk—k/N

Phe =1 Ok.c T 1 e BE&—K/N" 2.1)

The strength of the parameter c reflects the density of the sizes {£(k)} in the system. For
example, the case ¢ = 0 is trivial: %, y puts no particles anywhere.

When 0 < ¢ < ¢y, Z., v can also be written in an exponential form which illuminates
its connection to the grand canonical ensemble &3 y introduced in Section 1:

B n(€) = Zﬁl Ne—ﬂ ot ERERFT oy In(QER)—N 1, o, kE(h)
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where Zg . n is the normalizing constant. When ¢ = 1, %, v is exactly &g y. Moreover,
Z.,n is the grand canonical ensemble associated with the shifted energy 5&; — Inc.
In the rest of this subsection, we present the associated ‘static’ limits of %, . Recall

Ng = v, (2.2)
We distinguish three regimes depending on the form of £ and 3:

(1) B=0: N5 =1,
(2) & ~Inkand 0 < 8 < 1: N3 = o(N) and limpytee Ng = 00,
(3) 1< & < Inkand 8> 0: Ng = o(N) and limy1oe Ng = 00.

When ¢ < ¢p, in Lemma 9.4, we show the following mean Eg,_ , and variance Varg, .
estimates, under %, n, for the number of particles in the system:

Eg. > &(k)=O(NNg"), and Varg, Y &(k) =o(N’N;?). (2.3)
k=1 k=1

However, when ¢ = ¢y, we show in Lemma A.1 in the Appendix that the orders of the
expected value and variance are strictly greater. In a sense, the case ¢ = ¢y represents a
boundary, avoided for the most part in the sequel, so that we may unify statements and
techniques.
In the three cases above, we now associate certain profiles ¢.:
—x
(1) ¢o = ——— when =0,
1—ce™®
(2) ¢ =cxPe *when &, ~Inkand0< B < 1,
3) ¢ =ce*when 1 < & < Ink and 8 > 0,

cf. Figure 4. When 0 < ¢ < ¢g, we observe that ¢. € L'(R"). These profiles are the
‘static’ limits of the gradients under the measures %, v.

Proposition 2.2. Suppose £ and (3 satisfy the conditions of regimes (1), (2) or (3) above.
Fix 0 < ¢ < ¢o. Then, for any test function G € C2°(R}) and 6 > 0

Jim By H@Vf > GOH/N)E() = / " G@)pela)da

> (5] =0 (2.4)

where ¢. takes the appropriate form in each regime (1), (2) or (3).

In passing, we remark, when ¢ = ¢y, the above limit still holds. See Lemma A.2 in the
Appendix for an argument.

We will state later in Subsection 2.3 that this proposition is a corollary of (2.9), which
is proved in Proposition 9.10.

2.2 Dynamics

We now define the gradient evolutions of the Young diagrams. Let 0, = 0,1 =
Okt1

e~ PE&—F/N Informally, particles at site k jump to its right site k& + 1 with rate \, := 7
k

and to its left site kK — 1 with rate 1. Particles at site 1 jump only to site 2.
For each N > 1, the evolution is a type of zero-range Markov process, & =
(&(k))>, € Q, on Z* and generator

L) =Y {0 [F (€)= FO] xgewysop + [ (€771 = FO] Xqemy>ou>13 }
k=1
EJP 25 (2020), paper 58. http://www.imstat.org/ejp/
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where
\p = @ — ¢ BEry1=E)-1/N (2.5)
Ok

Here, £5Y(k) = (k) — 1, £&(k) + 1, and £(k) when respectively k =z, k = y, and k # x, y.
We note when 8 > 0, the process has spatially inhomogeneous rates in that \; is not
constant in k. See [1] for more discussion about zero-range processes.

Under the initial measures we use, there will be a large, but finite number of particles,
of order O(NNﬁ_l), at all times in the system, and so in fact the process can be seen as a
countable state space chain.

In Lemma 9.1, we verify that %, n is a reversible measure with respect to L. There-
fore, the family of measures {Z, n} is invariant under the dynamics generated by L.

We will observe the evolution speeded up by N2, and consider in the sequel the
process 7; := n2;, generated by N2L, for times 0 < t < T, where T > 0 refers to a fixed
time horizon.

We will access the space-time structure of the process through the scaled mass
empirical measure,

N o0
) (dr) = =7 ];m(k)%/zv(dx)-

Clearly 7/ is a locally finite measure on R}. Let M be the space of locally finite

measures on R} = (0,0), and observe that 7V € M. Let also C.(R) be the space of
compactly supported continuous functions on R}, endowed with the topology of uniform
convergence on compact sets. For { fi}, . a countable dense set in C.(RY), we equip
M with the distance

=gk il — )|
dp )_;2 L+ | [ fu(dp — dv)|”

Then, (M, d) is a complete separable metric space and, for a sequence of measures in
M, convergence in the metric d is equivalent to convergence in the vague topology. Here,
the trajectories {7} : 0 < t < T} are elements of the Skorokhod space D([0,T], M),
endowed with the associated Skorokhod topology.

In the following, for G € C.(R) and 7 € M, denote (G, 7) = [;° G(u)dr(u). Also, for
a given measure u, we denote expectation and variance with respect to p by £, and
Var,,. Also, the process measure and associated expectation governing 7. starting from p
will be denoted by P, and E,,.

2.2.1 Attractiveness of the dynamics

Since x(¢(x)>0) is an increasing function in , the dynamics generated by L is ‘attractive’,
a fact that allows use of the ‘basic coupling’ in our proofs (cf.[1], Chapter II in [21]):
Let u, v be two probability measures on ). We say that u < v, that is u is stochastically
dominated by v, if for all f : & — R coordinately increasing, we have E,(f) < E,(f).
Attractiveness asserts that if 4 < v, then we have E,(f(&)) < E,(f(&)) forallt > 0.

2.3 Initial conditions

We first specify a set of natural initial conditions, which will be a case of a more
general class of initial conditions given later. Consider an initial density profile pg :
R} — R* such that pg € L'(RT). For all N,k € IN, let

k/N
Py =N po(x)da.
(k=1)/N

Define a sequence of ‘local equilibrium’ measures { 1 corresponding to pg:

N}NEJN

EJP 25 (2020), paper 58. http://www.imstat.org/ejp/
Page 9/44


https://doi.org/10.1214/20-EJP455
http://www.imstat.org/ejp/

Hydrodynamic limits of Young diagrams

1. Forall N € Nand n € Q, u™¥(n) = [1,_, # (n(k)) with 1} Geometric distributions
with parameter 0 4.

On .k
1-— GN,k

3. !V is stochastically bounded by K., n for some 0 < ¢ < cp.

1
2. limy—oo N > ret INspN .k — P x| = 0 where py i = is the mean of y}) .

We note that the last condition, given that the marginals of uN are Geometric, is
equivalent to Oy 5, < 0y . = ), = ce”FE—k/N,

As might be suspected, given the family of profiles {¢.} are the static limits when
the process is started from {Z. nx} (Proposition 2.2), we show in Lemma 9.3, that the
invariant measures %, v, for 0 < ¢ < ¢, are local equilibrium measures with 0y = 0y .
and pg = ¢e.

We now specify a more general class of initial measures v, namely those which
satisfy the following condition. In Proposition 9.5, we verify that the local equilibria u”
are in fact explicit members of this class.

Condition 2.3. For N € NN, let v~ be a sequence of probability measures on ).

1. Suppose py € L'(R*), and for each N € N, vV is a product measure, v (

[1,—, v& (n(k)) such that marginals v}’ have mean my ; where

n) =

B PR _
J\;gnooﬁ; |[Nsmnk — P il = 0.

2. We have v is stochastically bounded by Hen foral < c < .

3. The relative entropy of vV with respect to %. y is of order NNB_I: Let fo =
dvN [dR. n. Then, H(WN|%en) := [ foln fod%en = O(NNY).

When the process starts from {vV} yc, in the class satisfying Condition 2.3, we will

denote by Py := P, ~ and Ey := [E,~, the associated process measure and expectation.

Members of this class have the following properties, useful in later arguments:

e Total bound on the number of particles (Lemma 9.7): For 0 <t < T,
Ex Y ni(k) = O(NNg"). (2.6)
k=1
e Variance bound (Lemma 9.8): For 0 <t < T,
> Varp, (n:(k)) = o(N*N5?). (2.7)
k=1

e Site particle bound (Lemma 9.9): ForO<a <band 0<t < T,

sup  sup sup NgEn [ (k)] < oc. (2.8)
N aN<k<bN 0<t<T

e Initial convergence (Proposition 9.10): For any G € C2°(RZ), and § > 0,

N & >
. N 7,6 _ _
Jim N[5 I;G(k/N)n(k:) /0 Gla)po(a)da| > 5] =0 2.9)
EJP 25 (2020), paper 58. http://www.imstat.org/ejp/
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By the discussion of attractiveness in Subsection 2.2.1, and that vV < Hen and Ze N
is an invariant measure, we have

En [f(n)] < Bz n [f00)) = Bz [f ()] (2.10)

for all functions f increasing coordinatewise, and all ¢ > 0.

In addition, we see that Proposition 2.2 is a corollary of (2.9), since the invariant
measures %, n, for ¢ < ¢y, are local equilibrium measures, and in fact satisfy Condition
2.3.

We note as a consequence of the attractiveness and (2.9), that fooo G(x)po(x)dx <
fo x)dx for nonnegative G, and so necessarily py < ..

2.4 Results

Following on the discussion of ‘static’ limits, we now arrive at our main results on the
evolution of macroscopic density. These separate into three limits depending on which
of the three regimes are in force.

Let ¢ be the space of functions p : [0,7] x R* — R* such that the map ¢ € [0,7] —

p(t, z)da: € M is vaguely continuous; that is, for each G € C>*°(RY), the map ¢ € [0,T] —
Io° G(x)p(t, x)dx is continuous.

A standlng assumption in the sequel is that the process n. begins from initial measures
{vN} nen satisfying Condition 2.3.

Theorem 2.4. Suppose 3 = 0 and py € L*(R"). Then, for any t > 0, test function
GeCX(RY), and d >0,

limIPN th /G txdx'>5]

N—o00

where p(t, x) is the unique weak solution in the class ¢ of the equation

p
) 62— +0,——

RPN PR N
p0.9=p(), [ plto)iz= [ pola)ds 2.11)

0
p(t,") < ¢c(-) € LY(RT) forallt € [0, 7).

Theorem 2.5. Suppose £, ~Ink, 0 < 3 < 1 and py € L*(R*). Then, for anyt > 0, test
function G € C°(RY), and § > 0,

J\}@MPN (G, 7N / Gz txdx’>5]

where p(t, x) is the unique weak solution in the class € of the equation

= 02p+ By (5“%)

3 = oo iz = [ po(a)da (2.12)
p0.) =m0 [ otz = [ poa)a
p(t,) < ¢e(-) € LY(RT) forallt € [0,T].

Theorem 2.6. Suppose 1 < &, < Ink, 3> 0 and pg € L*(R"). Then, for anyt > 0, test
function G € C*(RY), and 6 > 0,

lim ]PN (G, 7N / G(z tmdm’>5}

N —oo

EJP 25 (2020), paper 58. http://www.imstat.org/ejp/
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where p(t, x) is the unique weak solution in the class € of the equation

Op=02p+ Oup

p0.9=p() [ pltaddo= [ po(a)ds 2.13)
0 0

p(t,") < ¢c(-) € LY(RY) forallt € [0,7).

We now go back to the Young diagrams and explain the results in this context. For
each particle configuration 7, the corresponding shape function of the diagram is

Yn(t, ) = % > mlk). (2.14)

k>xN

The hydrodynamic limits for the diagrams will follow from the hydrodynamic limits of
the density profiles.

Let W be the class of continuous functions ¢ : [0,7] x Rt — R™* such that, for each
t €[0,7], ¥(t,-) : RT — RT is absolutely continuous.

Corollary 2.7. With respect to the shape functions, the following limits hold.
1. Consider the assumptions of Theorem 2.4. Then, for any t > 0, test function
G eCX(RYF), andd > 0,

lim Py H /OOO G(z)n (¢, )da — /OOO G(2)Y(t, :v)dx‘ > 5] —0, (2.15)

N—o0

where ¢ (t, z) is the unique weak solution in the class VW of the equation

O = 8“’(1 - am) Tz Y,
$(0,2) = [ po(u)du, lim, oo tp(t,2) =0 (2.16)

¢(t70) - 1/1(0,0)7 0< 78&7/‘#@7 ) < ¢C() for allt € [OaT}

2. Consider the assumptions of Theorem 2.5. Then, for any t > 0, test function
GeCX(RYF), and § >0,

lim Py H /0 " Gl (1, ) — /0 h G(w)w(t,x)dac‘ > 5} =0,

N —oc0
where ¥ (t, z) is the unique weak solution in the class VV of the equation

o =020+ 0,0

$(0,2) = [ po(w)du, lim, o t(t,z) =0 (2.17)
Y(t,0) =1(0,0), 0< —8,4(t,-) < ¢e(:) forall t € [0,T].

3. Consider the assumptions of Theorem 2.6. Then, for any t > 0, test function
G e Cx(RY), andd >0,

lim || /Ooo G(2) b (b, )dz — /OOO Gla)y(t,2)da] > 8] =0,

N—o00
where 9 (t, z) is the unique weak solution in the class YV of the equation

P(0,2) = [ po(u)du, limg_ oo tp(t,x) =0 (2.18)
Y(t,0) = 1(0,0), 0< —0,9(t,-) < ¢(-) forallt € [0,T).
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3 Martingale framework

The proofs of the main results make use of the stochastic differential of (G, 7}),

written in terms of certain martingales. Let G be a compactly supported smooth function

n [0,7] x RT, and let us write G¢(x) := G(t,z), for t > 0. Consider the mean zero
martingale,

MNC = (G wN) — (Goy ) — / (0.6, 7)) + N°L(GxY) Vs,
0
Define the discrete Laplacian Ay and discrete gradient Vy as
EN o k+1 k—1 _ E
av6(5) =V (6() + () - 26 ().
k k+1 k
v6(5) =N (e () (7))
Then, we may compute
> A k
N2L<G577TS Z_:(ANG ( )+ f/N VNG ( ))Nﬁx{ns(k)>0} o)
+ NAM VNG (N>N5X{ns(1)>o}~
Since G, is compactly supported on R}, we note that the last term vanishes for all N

large.
For later reference, we will call

Dy = ANGS(%) + Af/zvl VNGS(%). (3.2)
Define also A -1
ofe.f) = Jim S
k/N—zx
Observing

A = e BE1=EN=T/N _ o= Blu(nk+1)=u(ink)=1/N

we have for all x > 0 that

B -1 whenf=0o0rl< & <Ink
o, ) = { 76% when &, ~ Ink. (3:3)
Moreover, for 0 < a < b < oo, N large, and aN < k < bN, we conclude
+b
]D +— B [VG|[oo- (3.4)

The quadratic variation of M, NG g given by

t
(MNC), :/ (ML ((Goml)?) = 2(Gayml) N2L (G ) } s
0
Straightforward calculation shows that

Ng

t 1 o
(MN-G), =N, {Nz)\k (VNG (k/N))? NaX (. (k)>0}
k=1

1 oo
TN > (VNG (k/N))? NﬁX{nS(k)>0}} ds.
k=2
A useful bound on this variation is as follows. Recall the estimates on Ng (cf. (2.2)).

EJP 25 (2020), paper 58. http://www.imstat.org/ejp/
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Lemma 3.1. For smooth G with compact support in [0, T] x RT, there is a constant Cg
such that for large N,
sup Ex (MM, < CoTNzN~L.
0<t<T

Proof. Suppose that G; is supported on [a,b] with 0 < a < b < oo for all ¢. For N large,
we have

t 1 bN R

Ex (MY, =NsN'Ey {/ N > DﬁZZNﬂX{ns(k»o}ds}
0 k=aN
bN

t
<CGNsN™'En [/O % > NBX{ns(k)>0}d5]v
k=aN
where D} = A (VNG (k/N)* + (VNG (k/N))? and | D3| < CL.
For the case 3 = 0, since Ng = 1, we bound x>0y by 1. Then, Ey (M%), <
CLN~1(b— a)t, from which the lemma follows.
For the other two cases of 3 > 0, we bound X, ()0} by 7(k). Then,

t 1 o
0 % k=1

CLNsN~tEy {% 3 Nﬂno(k)} .
k=1

We have used that total number of particles is conserved in the last equality. Then, by

1
(2.6), we obtain supy En [N Sy Nﬁno(k)} < 0o, thereby finishing the argument. O

4 Proof outline: Hydrodynamic limits when 5 =0

We give the proof of Theorem 2.4 in outline form, referring to estimates proved in
later sections. Since Ng =1 for 5 = 0, we have

¥ (dx) = % Z N¢(k)0k /N (d).
k=1

We denote by Q” the probability measure on the trajectory space D([0, 7], M) gov-
erning 7V when the process starts from »". By Lemma 7.1 the family of measures
{QN } Nen 1S tight with respect to the uniform topology, stronger than the Skorokhod
topology, and all limit measures are supported on vaguely continuous trajectories .,
that is for each test function G € C°(R/), the map ¢t — (G, m;) is continuous.

Let now @ be any limit measure. We show that @ is supported on weak solutions to
the nonlinear PDE (2.11).

Step 1. Take any smooth G with compact support in [0, 7] x R, say in [0, 7] X [a, b]
such that 0 < @ < b < co. To obtain the form of the limit equation, recall the martingale
MtN’G and its quadratic variation (M”-¢); introduced in the last section.

Since G is smooth and with compact support, by Lemma 3.1, we have E (M:]FV ’G)Q =

Ey ((M™N:%)r) vanishes as N — co. Then, by Doob’s inequality, for each § > 0,
t
Py ( sup [(Groal) — (Go,mll) - / ((8:Gs ) + N2L(Gy, 7)) ds| > 5)
0

EN(<MN’G>T) — 0 as N — oo.
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Recall the computation of N2L (G, 7)) in (3.1). Then,

t
Lo By N )
N k:za:N (ANGS(N) + 1/N VNG (N)) X{’qs(]c)>0}> ds| > 5) —0.

Step 2. We would like to replace the nonlinear term x,_ (x>0} by a function of the
empirical density of particles within a macroscopically small box. To be precise, let
n'(x) = ST Z|y*1\§l 7(y), that is the average density of particles in the box centered

at x with length 27 4 1.
Recall the coefficient DJC\'; » in (3.2). By the triangle inequality, the 1 and 2-block
estimates (Lemmas 8.2 and 8.4) give immediately the following replacement lemma.

Lemma 4.1 (Replacement Lemma). For each§ > 0 and 0 < a < b < oo,

1 EN(k,
lim sup lim sup IPN Z / Nk X{m(k)>0} EN )dt‘ > (5} = 0.
e—0 N—00 aN<k<bN +

Step 3. For each € > 0, take ¢t = (2¢) " *x|_. . The average density n;" (k) is written
as a function of the empirical measure 7"

2eN

m@e(' - k/N)ﬂTfo

i (k) =
Also, as A\, = ¢ /N when 8 = 0, we have N(A\ —1) ~ —1 (cf. (3.3)).
Then, noting the form of DJC\;, Z we get from (4.1) in terms of the induced distribution
Q" that

T
lim sup lim sup Q™ (‘ <GT,7T7]Y> — <G0,7rév> — / <<3SGS,7T£V>
0

e—0 N—oc0

bN . -
+% g;N (AGS(]];) - VGS(]];)) <L€<(. (, k/%i[;% J>r 1) ds‘ > 6) -

Notice that we replaced Vy and Ay by V and A, respectively.
The error in replacing the Riemann sum by an integral is o(1). We get

T
lim sup lim sup QY (‘ <GT,7T11Y> — <G0,7rév> — / <<8SG5,775>
0

e—0 N—o0

= [ 06 @) - v ) el ) dm>d8’>5>:0

(te(- =), ) +1

(4.2)

Taking N — oo, along a subsequence, as the set of trajectories in (4.2) is open with
respect to the uniform topology, we obtain

lim sup Q (‘ (Gr,m7) — (Go, 7o) — /OT (<8SGS,7TS>

e—0

v /0 T (AG, (1) - VG, (2) <L<é(;)x;7>ri 1dm> ds‘ > 5) _
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Step 4. We show in Lemma 7.2 that @) is supported on trajectories m4(dz) = p(s, z)dz
where p € L!([0,7] x R*). To replace (t.(- — z),7s) by p(s, ), it is enough to show, for

all 6 > 0, that
[’E( —{E) s> p(S,LL’)
D¢ — dxd 0| =
/ ¢ < (—ahm) 1 T+psa)) 7070

where D¢ s = AG; (x) — VG, (z). In fact, considering the Lebesgue points of p, almost
surely with respect to Q,

. Ls - ) )
glg%)// DG& (te(- — ), ms) dds—// Gbl—i— sx)dmds

Now, we have

lim sup @ (

e—0

Q (\ (G T.0) = o p0.0) ~ [(0.Gpts,2)

+/O°° (AG, (z) — VG (2)) mczx) ds‘ - 0) -

Step 5. Hence, each p(t, ) solves weakly the equation 9;p = 82? +0; + 7 . Aswe
have already remarked that () is supported on vaguely continuous traJectorles (Lemma

7.1), we have that p belongs to %.

We claim now that p(t, z) satisfies the initial value problem (2.11): Indeed, the initial
condition p(0,z) = po(z) holds by (2.9). By Lemma 7.2, we have p(t,z) < ¢.(x) for all
0 < ¢ < T. The conservation of mass [, p(t,x)dz = [, po(z)da is proved in Lemma 7.3.

We show in Subsection 10.1 that there is at most one weak solution p to (2.11),
subject to these constraints. We conclude then that the sequence of QY converges
weakly to the Dirac measure on p(-, z)dz. Finally, as Q" converges to () with respect to
the uniform topology, we have for each 0 < ¢t < T that (G, 7)) weakly converges to the
constant [ G(z)p(t,z)dz, and therefore convergence in probability as stated in Theorem
2.4. O

5 Proof outline: Hydrodynamic limits when 5 > 0

In this section, we sketch a proof of both Theorems 2.5 and 2.6, following the
argument for the g = 0 case.

Step 1. The replacement lemma we need here is simpler than for the case 8 = 0, as it
relies only on a 1-block estimate. Because of the form of the function Ngx(y, x)>0}, from
the 1-block estimate, it is close to Ngnk(k)/(1 + ni(k)). However, as Ngnt(k) is of order
O(1), and therefore n;(k) = o(1), we may replace Ngn;(k)/(1+ ni(k)) by its linearization
Ngnl(k). Then, using smoothness of the test function, 5. (k) may be replaced by 7;(k), so
that a 2-blocks estimate is not needed. Moreover, we see as a consequence that a linear
PDE arises in the hydrodynamic limit.

Recall the expression DJC\*V,Z in (3.2).

Lemma 5.1 (Replacement Lemma). For each smooth, compactly supported function G
on [0,T] x R}, we have

limsup Exn Z / DN k (NBX{nt(k)>0} Nﬁnt(k)) dt| =
N—oo N
k=aN
EJP 25 (2020), paper 58. http://www.imstat.org/ejp/
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Proof. By smoothness of the test function G, it suffices to show

lim sup lim sup IEN
00 N—oo

/ DN v (NaX (. (0>01 — Nemi(k)) dt| =
k aN
and in turn enough to show that

limsuplimsup sup Ey (5.1)

o0 N—oo aN<k<bN

T
/0 Dgﬁc (N X . (k)>0y — Ngni(k)) dt| =

By the 1-block estimate (Lemma 8.2),

T !
. . Ngn, (k)
lim sup lim su su E / D& (N _ B ) | =
p p p N 0 N,k BX{n:(k)>0} 1+77£(k)

00  N—oo aN<k<bN

Adding and subtracting NV, 5175(/{), noting the uniform bound on DJC\;,Z after (3.2), (5.1) will
follow if we have

TN k
limsuplimsup sup EN/ m dt = 0.
ls00 N—oo aN<k<bN 0 14 ni(k)

In fact, by attractiveness (2.10), noting that %, y is an invariant measure, it will be
enough to verify that

limsuplimsup sup Eg, , M =0.
I N—soo aN<k<bN 14 n'(k)

To this end, for any I, N, aN < k < bN, noting that %, y is a product measure, we
have

1+ n'(k)

Ega, x <W> < Eg, « (NB (nl(k))2) (5.2)

2l + 1 Z E%C v ’ ) (21]}(—%)2 Z E%C,N (n(j))Eﬂc,N (n(m))

[i—k|<I J#m,|j—k|<l
jm = k|<I

Recall, under Z%. y, that {n(j)} is a sequence of Geometric variables with parameters
0;.=ce P ~i/N We may calculate that (5.2) equals

Ns Z 2 Ns Z
21 +1)2 [ he . 21 +1)2 7 ’
(20 +1) li—k|<l (20 +1) J’?flm,ljkf‘i\lﬁl

By the site particle bound (2.8), we have

sup sup Ngpjc < o0.
N aN—I<j<bN+l

Also, as 3 > 0, we have N = %V — 0.
Hence, we see that (5.3) is of order O(N;'1=' +1~'+ N '), which vanishes as N — oo
and then [ — oo. O
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Step 2. Now, with the help of this replacement lemma and following Steps 1 and 2 in
the proof of Theorem 2.4, we readily have

T
]\}E)noo QN ( <GT77T]]Y> — <G0,7Tév> —A <<85G5,7T£V>

5 3 (396 () < 2w (5)) wnin) as =) <o

k=aN

(5.4)

A —1
Recall a(z, 8) = lim yeo 2k~ equals —(8 + x)/x when &, ~ Ink and equals —1
k/Noz 1/N
when 1 « &, < Ink (cf. (3.3)). Then, we may replace Vy, Ay, and N(A\; — 1) by V, A,
and a(z, §) respectively, in (5.4). We obtain

lim QY U <GT,7T¥> - <Go,7rév> — /OT (<3SG577T£V>

N—o00

+ <AGS + a(x, 5)VGS,7r£V>) d5| > (5] =0.

Step 3. Now, the sequence {QN } is tight with respect to the uniform topology by
Lemma 7.1. Let Q be a limit point. Then,

Q[(Gr.mr) — (o, ) —/OT (0.Gom) + (AG. +a(e, VG, m)) ds = 0] = 1.

Since @ is supported on absolutely continuous trajectories 7;(dx) = p(t,x)dx, where
p € L1([0,T] x RT) by Lemma 7.2, we have that each p(t, ) is a weak solution of (2.12)
or (2.13), depending on the choice of energy £;. Using the uniqueness results when
B > 0 shown in Subsection 10.2, we now follow exactly Step 5 of the proof given in 5 = 0
case, to obtain the full statements of Theorems 2.5 and 2.6. O

6 Proof outline: Hydrodynamic limits for the diagrams

In this section, we prove Corollary 2.7. We will only prove the § = 0 case where
Ng = 1. The other two cases follow from similar arguments carrying through an
additional factor Ng.

Step 1. We will assume the hydrodynamic limit result Theorem 2.4 holds. First, we
show that we may extend the limit

Nli_r}rloo Py H% ig(%)m(k) = /000 g(x)p(t,x)dm’ > 5} =0 (6.1)
k=1

to all g € C*°(RY) supported on [a, c0) and satisfying g(z) = g(b) for all z > b for some
0 < a < b < co. Indeed, fix such a g and take g, € C°(RY) such that g, = g on (0, n).
Then,

Pl 3 o( X Ymii - [ stepte.araa) > ]

<Py| %i%(%)m(kz) - /UOO on()olt, )| > 5]
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Since g,, is compactly supported, by Theorem 2.4, the first term vanishes as N — oc.
As p < ¢. and ¢. € L'(R™T), for n large enough, the second term is bounded from
above by

Pl 5 o) ()] > 8] <ol 5 i 1],

By attractiveness (2.10) and the Markov inequality, the right-hand side probability
is bounded by (8||gllcc /O)N ™" >4, n B, n ((k)). By (2.3), we note 3, -, Ez,  (n(k)) =
O(N). Hence, the above display vanishes as n — oo uniformly for N > 1, and (6.1) is
proved.

Step 2. Define ¢(t,z) = f;c p(t,u)du. Then, (¢, z) belongs to W and is the unique
weak solution of (2.16) as shown in Subsection 10.1. Now, fix any G € CDO(IRJ“) and define

fo u)du for all # € RY. By integration by parts, we have [~ G(z)i(t, z)dx =
fo p(t,x) da:

Recall ¥y from (2.14). Using summation by parts, we have

/OOOG(xWN(t,x)dzi {g(%) 7g(k )}d’N(t E/)

1 /k
N Z g(ﬁ)"?t(kj)
k=1
Then, we obtain (2.15) from (6.1) and Corollary 2.7 is proved. O

7 Tightness and properties of limit measures

In this section, we obtain tightness of the family of probability measures {QN } Nen On
the trajectory space D([0,T], M). Then, we show some properties of the limit measures

Q.

7.1 Tightness

We show that {QN } is tight with respect to the uniform topology, stronger than the
Skorokhod topology on D([0, 7], M).
Lemma 7.1. {QN}NG]N is relatively compact with respect to the uniform topology. As a

consequence, all limit points () are supported on vaguely continuous trajectories 7, that
is for G € C°(RY}) we have t € [0,T] — (G, ) is continuous.

Proof. Recall the distance d and space of measures M in Section 2. To show that {QV}
is relatively compact with respect to uniform topology, we show the following items
(cf.p.51 [16]).

1. Foreacht € [0,T], € > 0, there exists a compact set K; . C M such that

sup QY [ﬂ'N : wiv ¢ Km] <e. (7.1)
N
2. For every € > 0,
lim lim sup Q™ [W,N: sup d(rN,7N) > 5} =0. (7.2)
70 Nooo [t—s|<~v

We now argue the first condition (7.1). Indeed, since the dynamics is attractive (cf. (2.10)),
we have

QN[<1 ™) >A} <%CN[ “INg > (k) >A]

k>1
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Applying Markov’s inequality and using the mean particle estimate (2.3), we obtain

Q" [y > 4] < &
for some constant C independent of N and A. Notice that the set {y € M : (1,u) < A}
is compact in M, then the first condition (7.1) is checked by taking A large.
To show the second condition (7.2), it is enough to show a counterpart of the condition
for the distributions of (G, 7VV) where G is any smooth test function with compact support
in R} (cf.p. 54, [16]). In other words, we need to show, for every € > 0,

lim lim QY [TFN : sup ‘(G, vy — <G,7T£V>’ > 8} = 0. (7.3)
¥—0 N—oo [t—s|<vy

We now show the condition (7.3). Since

t
<G,7rgV>:<G,7TgV>+/ N2L(G, 7Y ds + MM
0

t
we only need to consider the oscillations of N?L <G, wi,v > ds and MtN G respectively.

0
Suppose that G has support [a, b] with 0 < a < b < co. Recall the generator computa-
tion (3.1). For N large, we have

t
/ NL (G, ) dr|

sup
[t—s|<v

t bN _
/ {Jz\& > (AnG (r/N) + Af/NlVNG(/f/J\/'))><{m<k>>0}}dT‘
s k=aN

= sup
[t—s|<v

t N bN
<Cg sup / {Z\f Z X{7}T(k)>0}}d7—~

[t—s|<vy k=aN

t
When 8 = 0, we have Ny = 1. Since x>0} < 1, then sup ’/ N?L <G77riv>d7’ <
[t—s|<y ' Js
Cg (b — a)v vanishes as v — 0.
For other case 3 > 0, we bound x{,x)>0} < (k). Then, by conservation of mass,

t 1 oo
< Cg sup / {N ZN@nT(k)} dr
s k=1

[t—s|<vy

t
/ N2L{(G,xY)dr

S

sup
[t—s|<y

1 o0
=Cary > Ngno(k).
k=1

Recall the total expected number of particles is of order NN 5 L (cf. (2.6)). By Markov in-

t
C
equality, QN[SupIFSKV ’/ N2L(G, 7Y dr| > 5} < %VEN (N—IE;;NMO(/@)), van-
S

ishesas N 1t oo and v | 0. (
Next, we treat the martingale A/"°C. Trivially, by |M;V" — MN-G| < | M]S|+ |MN:¢
we have

’

IPN( sup ‘MtN’G—M;V’G‘ >5) < QIPN( sup ’MtNG’ >s/2)
[t—s|<vy 0<t=T

which, by Chebychev and Doob’s inequality, is bounded by

o[, )] < Fow 062 = Zonias
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Now, by Lemma 3.1, ]EN<MN’G>T is of order O(NgN*I) = 0(1) (cf. (2.2)). Then, we
conclude

lim lim IPN( sup ‘MtNG - Ms{VG‘ > 5) =0. O
~y—0 N—oo [t—s|<y
7.2 Properties of limit measures.

By Lemma 7.1, the sequence {QN } is relatively compact with respect to the uniform
topology. Consider any convergent subsequence of QV and relabel so that QV = Q.
We now show some properties of ().

Lemma 7.2. () is supported on absolutely continuous trajectories whose densities satisfy
certain bounds:

Qr. : m(de) = n(t,x)dx with w(t,-) < ¢.(-) forall0 <t <T|=1.

Proof. Let C(R/}) be the space of nonnegative continuous functions with compact
support on RF and we equip it with the topology of uniform convergence on compact

sets. Take {G,}, oy be a dense sequence of C(R{). The lemma is equivalent to

Q[(Gn,m> < / Gn(@)o(z)dz forall 0 < t < T and n € ]N] =1
RS

Let {¢x }rew be a dense subset of [0, T]. Assume for this moment, for any n,k € IN and
e >0, that

Q[(Gn,mk> < /w G (2)o(z)da + e] —1. (7.4)

Since (@ is supported on vaguely continuous trajectories by Lemma 7.1, we obtain for all
e>0,

Q[<Gn,m> < /+ G(@)po(z)dz +c forall 0 <t < T,n € ]N] -
Rs

Then, we conclude the lemma by taking € — 0.
It remains to prove (7.4). Fix k,n, and € and observe

oo

QN[<G”,7T££> < /1R+ Gn¢cdm+€} :]PN{WﬂZ n (G /N, (4 / Gn¢cdx+5}

=1

By attractiveness (cf. Subsection 2.2.1) and the assumption vV < %, y, the above display
is bounded from below by

{NW i w(J/N)n / Gpocdr + 5}

which approaches 1 as N — oo by Proposition 2.2. Then, we have

N—o00

lim sup QY [(Gn,wgb g/ Gnqbcdx—i—a] = 1.
R

As compactness of {QV} was shown in the uniform topology in Lemma 7.1, the dis-
tribution of (G,,7}") under Q" converges weakly to (G,,m,) under Q. Hence, (7.4)
follows. O

Lemma 7.3. @ is supported on trajectories with constant total mass:

(o)
Q[F.Z<1,7‘f‘t>:/ podx forall0 <t <T| =1.
0

EJP 25 (2020), paper 58. http://www.imstat.org/ejp/
Page 21/44


https://doi.org/10.1214/20-EJP455
http://www.imstat.org/ejp/

Hydrodynamic limits of Young diagrams

Proof. Let {t;}ren be a dense subset of [0, 7). By compactness in the uniform topology,
we have that as N — oo, the distribution of 7Y under QV converges weakly to 7; under
Q. We will show that there exists an increasing sequence of {G,},~,; C C.(R}) such
that lim G,(z) =1 and for all n, k, -

1}£i£onNH<Gn,ng> - /OOO podac‘ > %} —0. (7.5)

Since @V converges to @ with respect to the uniform topolgy (cf. Lemma 7.1), we
have W{Z converges weakly to 7, . Then, assuming (7.5), we conclude that

Q| (Gur)~ [ pots] > 1] =0

for all n, k. Therefore
o 1
QH(GR,M> - poda?‘ < =, foralln, k] — 1.
0 n
Since also @ is supported on vaguely continuous 7., we have
> 1
QH(Gn,m> —/ podx‘ < —, foralln,0<t< T} =1,
0 n

which clearly implies the lemma.
Now, we focus on the proof of (7.5). For G > 0

Q" [|ie. 7 —/Ooo poda] > 1]
(7.6)

<V [(1 —G,m,) > %} +QNH<1,7TO> - /Ooopoda:‘ > %}

N2
By (2.7), the variance limy _, o N—i > peq Var,~ (n(k)) = 0. Also, by part (1) of Condition

2.3, imy_ o0 % Zk>1 |N5mNJC — PNkl = 0. Therefore, by adding and subtracting the
mean my,; inside the absolute value, the second term on the right-hand side of (7.6)
vanishes as N — oo.

We now specify G,, € C.(RZ) as follows:

1
0<G,<1, G,=1on]a,b] where / pedr < .
(0,a)U(b,00) 3n

Since vV < .. N, by attractiveness (cf. Subsection 2.2.1), for each ¢t € [0,T], we have

1

QV (1= Guy ) > %] <Aev[x 3 Nenh) > %} 7.7)

£ €[0,a)uU(b,00)

Recall that py, . = Eg, yn(k) (cf. (2.1)). In Lemma 9.3, it is shown that + kst |Nspr,c —

_ _ k/N
PN.k|, where py . = Nf(k/,l
1/(3n%) < 2/n, for all n > 1. Then, by subtracting and adding the mean Ngpj, ., we
conclude by Markov inequality and straightforward manipulation that (7.7) vanishes as

N — co. O

VN ¢c(x)dz, vanishes as N — oco. Also, f(o )U(b,00) podr <
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8 1- and 2-blocks estimates

In this section, we prove the 1- and 2-block estimate. The statement and proof for
the 1-block estimate is written for all three cases of 5 and &, while the 2-block estimate
assumes 3 = 0. In passing, although it is not consequential in this work, we remark that
the 2-block estimate may not hold for the other cases; see the beginning of Subsection
8.3 for more comments.

The plan is now to show in the succeeding subsections, a spectral gap bound, and
then the 1 and 2-block estimates.

8.1 Spectral gap bound for 1-block estimate
We obtain now a spectral gap bound to prepare for the 1-block estimate. Define,
for k,l > 1 such thatk -1 > 1, theset Ay, = {k—1,k—1+1,...,k+1} C N. Recall

0
that 0, = e PE—k/N and \;, = % (cf. (2.5)). Consider the process restricted to Ay
&

generated by Lj ; where

Liif(n) = Z {Ne [f () = F)] X )0

z,x+1€AL
+[f (") = F()] Xn(ar1)>01 ) -

We will obtain the spectral gap estimate by showing a Poincaré inequality. To state
this bound, we need a few more definitions. With respect to product measure p := %, n,
let pu; be its restriction to Q. ; = {0,1,2, .. .}A"'*l, that is

pea(n) = [ (1=020)07), where 0, . = ce” P&~/ (8.1)

TEAL,

Let u,,; be the associated reversible canonical measure on

Qs ={neQs: Y nlx) =i},

€A1

that is p1,; is conditioned so that there are exactly j particles counted in Q ;.
The corresponding Dirichlet form is written as

Epp, [f(=Lgif)] = Z Eup; {X{n(w+1)>0} [f (WIH’I) - f(n)ﬂ . (8.2)

T, x+1€AL

The primary method will be to compare with the spectral gap for the standard
translation-invariant localized process. Consider the generator L; on (), ; given by

Lif(n) :% S A ) = )] Xy >0y

z,o+1€AL (83)
+ [f (") = )] Xn(e+1y>0 ) -

Let v, be the product measure on (2 with common Geometric marginal on each site k¥ € IN
with mean p, and let ulp be its restriction to ;.

Consider v, ;, the associated canonical measure on {2 ; ;, with respect to j particles
in Ay, which does not depend on p. It is well-known that ulp and v ; are both invariant
measures with respect to the localized L; (cf. [1]). The corresponding Dirichlet form is
given by

By, [f(=Luf)] = % >, Eu, [X{n(m+1)>0} Lf (n™*h7) = f(??)ﬂ - (8.4)

z,x+1€AL

EJP 25 (2020), paper 58. http://www.imstat.org/ejp/
Page 23/44


https://doi.org/10.1214/20-EJP455
http://www.imstat.org/ejp/

Hydrodynamic limits of Young diagrams

Finally, let x; = argmax,.,, , £, and ry = argmin,,, , & Also, for convenience, let
e=e N '

Lemma 8.1. We have the following estimates:
1. Uniform bound: For all € €, ;, we have

—1 o M)

T < TR 8.5
klje = v(n) k,lje (8.5)

1 — ce™Pler ghtl

2041 )
—B(Exy—Ex —21\J
1_Ceﬁfw25k—l> (6 B(Exy 1)8 ) .

where ry, 1 ;. == (

2. Poincaré inequality: We have

Var#k,z,g (f) < Ck'vlajE;Ufk,l,j [f(_Lk,lf)]

C i\ 2
where Cy ; = 5(2l +1)? (1 + %]ﬁ) 771, bounds the inverse of the spectral

gap of =Ly ; on ) ; and C is a universal constant.
3. Foreach(0 <a <b< o, ! and j, we have

lim  sup 7Tk =1,
Ntoo g N<E<bN

and hence SupN>1 SupaN<k<bN Ck,l,j < Q.

Proof. First, the spectral gap for one dimensional localized symmetric zero range process
with rate function X{->0} is well known (cf. [20]): For all j, with respect to an universal
constant C, ‘ )

Varm,j (f) < C(Ql + 1)2 (1 + ﬁ) Eul,j [f(lef)] (8.6)

; 24 -1
Therefore, the inverse of the spectral gap is bounded below by {C (20+1)2 (1+ 21]?) } .

To get an estimate with respect to —Lj;, we will compare puy;; with v;;. The
canonical measure v;; is the measure v, conditioned on j particles in A, ; for any p.

It will be convenient now to choose p such that % = ¢, that is, ¢ is the common
P
parameter of the Geometric marginals of v,.

For n € €, ;, we have

P () () v ()
vi,5(n) vl (n) e (Q,0,5)

Recall that 0y . = ce PE—k/N Since tx, (cf. (8.1)) and z/f are product measures,

()
Mk,l(n) _ HmGAk‘l(l - ew,c)eg,c
) Tleea,,(1—€)e®

Now, for n € € ;, recalling the definitions of z; and x, given above, we have

(8.7)

(1 — ce Pxs sk*l)glﬂ (cefﬁgzl skH)j
< pan) < (1= ce~PErncbH) T (e bty

Inputting into (8.7), we obtain

(1 — cePlaagh=)2t1cie=BEdg(kti 1 () (1 — ce=PEnr )21l o= BEryig(k=1)j

(1 —g)2tled —vi(n) T (1 —e)?tled
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Noting /i1 (Q.15) = Yyea, ., [He1(m)/v] ()] (1), we have

(1 — ce=Bez gh=1)2041 ) o=BExyj (k+D)
(1 —¢)2tlei
MkJ(QkJ,j) - (1 _ 06—6811Ek+l)2l+1cje—/38x2j€(k—l)j
= Q) T (1 —g)2ties '

Then, rearranging the formulas establishes (8.5): r;; l G = < () /s ()] < Tt je-
Turning now to the Poincaré inequality, from (8. 4) and (8.2), using (8 5), we have

By [F(-Li) € 2552 By (= Liaf)). (8.8)
Now, since
Var, ,(f) =inf By, [(f = a)’] < rpggeinf B, [(f - a)?]
= 71,5, Vary, ; (f),

the desired Poincaré inequality follows from (8.6) and (8.8).
For the last item, recall that, for fixed [ and j,

_ 20+1 .

1 — co—BEr, gkt e Y

- B(Eny —Ery) —2

Thigje = —— e e
1 — cePeargh—l

where ¢ = ¢~/ and &, = u(Ink) (cf. Condition 2.1). We observe that ¢ 1 1 as N 1 co.
Also, &;, = u(In(x;)) — oo as N 1 oo given that aN — I < z; < bN + [ for i = 1, 2. Notice
now &, — &, = u(In(z2)) — u(ln(x1)) = v/(y) In(xe/x1) where y is between In(xs) and
In(z,) and so v/(y) — 0 or 1 as N 1 oo (cf. Condition 2.1). Also, as k — I < x1,22 < k+1, 1
is fixed, and aN < k < bN, we have that In(z2/21) — 0 as N 1 co. All these comments
lead to the claim that r; ;. — 1, uniformly over aN < k < bN, as N 1 oo. Moreover, by
the form of C ; ;, we see that C}, ; ; is uniformly bounded foraN <k <bNand N > 1. O

8.2 1-block estimate
Recall Df,z from (3.2). Define

Via(s,n) i= DGk (R(n(k) = By, 1))

p
where h(r) := x{z>0} and E, [h] := E, [h(n(k))] = ——.
The 1-block estimate is the following limit.

Lemma 8.2 (1-block estimate). We have

T
limsuplimsup  sup ENH/ NBVk,g(s,ns)dsH:O
w00 N—oo aN<k<bON 0

Proof. We separate the argument into 7 steps.

Step 1. We first introduce a cutoff of large densities: For any [/ and ¢ > 0, we may find
an A such that for all ¢ > 0, large N, and aN < k < bN, we have Ex(x{t(x)>a}) < eNgl
Indeed, as vV < 2. N, by attractiveness (2.10), EN(X{ng(k»A}) < E@C_N(X{nl(k)>A}). By
Markov’s inequality,

k+1

Ez. v (X{nt()>ay) < 2l+1 > Eaq (0
j=k—l1
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Since NgEg, (n(k)) is uniformly bounded for all aN < k < bN and N € IN by (2.8), it
suffices to take A large enough.
Note that | D3| < C(a,b,G) (cf. (3.4)). Then,

/T Viea (s, ns)dsH

T T
/O (8,M5)X {nt (k) <A} dS +ENH/O Vie 1 (8, M5 )Xt (k) > 4y 48

En

<En

}

S

T
/ Vk,l S 773 X {nt (k)<A}dS + C(a7 b, G)EN [/0 X{ni(k)>A}dS}

0

T
=Ex / Vie 1 (8, M) X {1 (k)< 4} S +C(a7b,G)/ EN [X {51 (k)>a}] ds
0

(e}

<En

[
|
<En|
[
|

~
[E—1 [— — [E—

T
/ Vie1(8, M) X (L (k)< A} 5

+C(a,b,G)TeNg .
0

Hence,

T
limsup sup Ey H/ Nngyl(s,ns)dsH
N—oo aN<k<bN 0

T
<limsup sup Ep H/ NﬂVk,l(SzUs)X{ng(lc)<A}d3H + C(a,b,G)Te
N—oo aN<k<bN 0 B

For convenience, we write
Vier,a(8,m) := Vi (8, )X (1 (k) <A}

Then, to prove the lemma, it will be enough to show

T
limsuplimsup sup Ey H/ N/BVk,l,A(Sans)dSH =0,
o0 N—oo aN<k<bN 0

and then at the end let ¢ — 0.

Step 2. Define Ay (1) be the number of particles in Ay, that is Ay ;(n) = (21 +1)n' (k).
We would like to replace Vi ; 4(s,n) by its recentered version:

Vk,l,A(Sﬂl) = DJC\;[:Z (h(ﬂ(k)) - E#k,z,/\k,l(n) [h(n(k))])X{nl(k)gA}

The advantage of working with Vj,; 4 isthat £, , [Vieial = 0forall k,1, j. The difference
in making such a replacement is less than

T
En {/O NﬁX{o<né(k)gA}‘Euk,l,%l(ns)[h(n(k))] - E%g<k)[h]‘ds]- (8.9)

In the above, we replaced X, (x)<a} DY X{o<y!(k)<4}, Since h vanishes when n'(k) = 0.
By adding and subtracting, (8.9) is bounded by

T
Ey| / Nx (o< 9243 B s BOI0D] = B0 1 1(0))] s

T
HEN[/O NBX{o<ng(k)§A}’Ew,z.Ak,ms)[h(n(k))] - B, h|ds

} — Ay + A

Step 3. Now, by (8.5) and 0 < h < 1, we have

‘Eltk,z,/\kwl@,) [h(n(k))] - EVk,l,Ak’L(-q) [h(n(k))]
< EVk,L,Akvl(n) [h(n(k))](rk7l,j75 -1)< Tklje = 1.
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Then, by vV < %, n and attractiveness (cf. Subsection 2.2.1), and X{nt(k)>0p < n'(k), the
term A; is bounded by

T
(kg —DEN / NgXio<nt (k)<A}d8] (Tktg,e — VEz, « [/ Nox(nt (k)>0yds
0
< (rhge — DT NgEz, [0 (K)].

By (2.8), NgEg, » [n' (k)] < Ngsup,_;<j<iii pj. is uniformly bounded for each / > 1, and
alN < k < bN for all N large. Hence, for each [, sup, y<r<pn A1 vanishes as NV 1 oo, as
T4 — 1 by item (3) in Lemma 8.1. -

On the other hand, by equivalence of ensembles (cf. p.355, [16]), the absolute value
in A vanishes as [ — oo, uniformly in k as vy ; and v/, are translation-invariant and
do not depend on k. Therefore, the term A, vanishes as well as we take N — oo, [ — c©
in order.

Step 4. Now, the proof of the lemma is reduced to prove

T
limsuplimsup Ng sup Ey H/ Vk,l,A(s,nS)dsH =0
l—o0 N—oo aN<k<bN 0

By the entropy inequality E,[f] < H(u|v) + log E, [e/] (cf.p.338 [16]) and the assump-
tion H(vN|Z%. ) < CNN;', we have

T o .
]ENH ; Vieg,a(s, m)dsH 77N5+77N1HE%N[€XP 7N‘A Vk,z,A(S»Tls)dS‘ }

The absolute value in the right hand side of last inequality can be dropped by using
el*l < e* 4+ ¢~*. By Feynman-Kac formula (cf. p.336, [16]),

1 T 1 7
— InEg, [exp ny/ Vii,4(8,ms)ds } < — An,i(s)ds

where Ay (s) is the largest eigenvalue of N2L + YNV} 1 a(s, 7).

Step 5. Fix s € [0,7T]; we will omit the argument s to simplify notation. Note the
variational formula for Ay ;:

(YN) A, = bup{ ~ WVipafl =7 'NEg, {\/J?(—L\/J?)}},
f

where the supremum is over all f which are densities with respect to %Z. n (cf.[16],
p.377).

Let fr; = Ez. [f|le} be the conditional expectation of f given the variables on
Ar;. Recall that py, is the restriction of %,y to Ay, and that L;; is the localized
generator. Since the Dirichlet form Ez,_ , [v/f(—L+/f)] is convex, we have

(YN) ' An, < sup {Euk,l Vig,afedl =7 "NE,,, {\/ Jra(=Lri/ fk,l)} }

fr

Step 6. We now decompose f}, ;djui,; with respect to sets €1, ; ; of configurations with
total particle number j on Ay ;:

Eu o Vegafen = ch 1 (f /Vk,l,Afk,l,jdﬂk,l,j7 (8.10)

7>0
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where ci i (f) = [o, . frading, and fro; = ki (£) " peg (Q.,5) fras in this expression,
>_j>0Ckt,; = 1 and fi ; is a density with respect to 14,
Straightforwardly, on ), ; ;, we have

L/ fea _ Lia/Frij
V ko NI

Using (8.10), we write
B, [\/ Jei (=L fk,l)} => i (/)Eu,,, {\/ fi (=L fk,l,j)] :
>0

Then, we get
(/YN)_I)\N,I < sup sup {Euk,z,j [Vk,l,Af] - ’y_lNEH'k,L,]‘ {\/?(_Lk,l\/?)} } )

0<j<A(2l+1) f
where the second supremum is on densities f with respect to j ;.

Step 7. We now use the Rayleigh expansion (cf.[16], pp.375-376, Appendix 3,
Theorem 1.1), where Cy; ; is the uniformly bounded inverse spectral gap estimate of
Ly (cf. Lemma 8.1) and || Vi1, allcc < |Dg;\ < C(a,b,@). We have

Eﬂk,z,J [Vk,l,Af] - '7_1NE;L1@,1,,¢ {\/?(_Lk,l\/?)]
- (8.11)
YN -
ST 20(a b, G Oy N1 D Vita(= L) Vesa]

The spectral gap estimate of L;; in Lemma 8.1 also implies that ||L,;}

2, the L*(pu.1,5)
norm of the operator L,;j on mean zero functions, is less than or equal to Cj, ; ;.
-1
Ly
-1 2
Eppry [Viaa(=Lea) " "Vapa] < CrtjEpe,, [Viiral -

Accordingly, retracing our steps, noting (8.11), we have

T —1
OO T’yNﬂN Cklj 2
Exn H/ N, [/kal714 s dSH < —+ sup — E, .|V .
o 7 (1e) Y o<jcactn) L —2C(a,b,G)ClyjyN—1 100 [Vei,a]

Now, by Cauchy-Schwarz and the estimate of

2, we have

The last expression vanishes uniformly as N — oo for aN < k < bN and j < A(20 4 1).
The lemma now is proved by letting v — oo. O

8.3 2-block estimate

In this subsection, we will restrict to the case 3 = 0 where Ng = 0, since a 2-block
estimate is not needed for the other cases. As remarked earlier, the 2-block estimate
may not hold when g > 0. In particular, it is problematic to carry through the factor Ng
in the estimates of Step 8 in the proof of Lemma 8.4 below; more technically, our bound
of the Dirichlet form with respect to the bond connecting the two blocks at a distance
7N cannot absorb the extra factor Ng.

Recall the notation Ay ; from the 1-block estimate. For! > 1l and [ < k < K/, let
Ap g = A UAg  for |k—K'| > 21. We introduce the following localized generator Ly, ;-
governing the coordinates Q ,; = {0,1,2,.. .}A’*‘”““‘. Inside each block, the process
moves as before, but we add an extra bond interaction between sites k + [ and &’ — [:

Li w1 f(n)
= > G = F)] X0 + [F (07T) = F)] X1y o0 }
z,x+1€AY 1/
O —1 KLk 1) K Lk4l)
+ ben [f(ﬁ ) f(fl)} X{n(k+1)>0} + [f(ﬁ ) f(fl)} X{n(k'—1)>0}-
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Here, as 3 = 0, we have 0, = e */N and )\, = e */V. As before, the localized measure
pr i defined by p = %, n limited to sites in Ay 5 ;, as well as the canonical measure
Mk k1,5 O Qk,k',l,j = {1’} S Qk,k’,l : ZzeAk,k’.l n(w) = ]}, that is Mk, k1 is conditioned so
that there are exactly j particles counted in {2y 5/ ;, are both invariant and reversible for
the dynamics.

The corresponding Dirichlet form, with measure « given by p 1/ ; or pg i 1,5, is given
by

K, [f(_Lk,k’,lf)] = Z E, {X{n(m+l)>0} [.f (nerl,I) - f(ﬂ)] 2}

m,a:+1€A,cy,€/1,,

+ E, {X{n<kuz>>o} [f ("k/_l’w) N f<77>]2]

Recall also the generator of symmetric zero-range process L; with respect to Ay ; (cf.
(8.3)). Let L; be the same generator with respect to Ay ;. Define, noting 1 <! < k < k',
the generator L;; with respect to A;; given by

Liyf(n) = Lif(n) + Ly f(n)
+ % [f(leH’k’*l) - f(n)] X{n(k+1)>0} + % [f(ﬂkl*l’k“) - f(ﬁ)} X{n(k'—1)>0} -

When |k — k/| is large, the process governed by L; ; in effect treats the blocks as adjacent,
with a connecting bond.

Recall now that ¢ = e~'/V. Corresponding to the set-up of the gap bound Lemma
8.1, let v/, be the product of 4/ + 2 Geometric distributions with common parameter ¢

and mean p such that ¢ = % One may inspect that v/, is invariant to the dynamics
P ;

generated by L;;. Let now v;; ; be l/l” , conditioned on that the total number of particles
in the 41 + 2 sites is j. Note that v;; ; is independent of p. This canonical measure v ; is
also invariant to the dynamics. The corresponding Dirichlet form is given by

EVL,l,j [f(_Ll,lf)] = % Z EVl,l,j |:X{77(w)>0} [f (Ux’mﬂ) - f(ﬁ)} 2}

x,x+1€Ak1k/‘l

+ %Euw [X{n(kuz»o} [f (nk/_l’kﬂ) - f(ﬁ)T}-

Lemma 8.3. We have the following estimates:

1. Uniform bound: For alln € Qi1 ;, we have

1 fire k1,5 (1)
Tk Lje = < TRk L, (8.12)
k.k'.l.j,€ Vl,l,j(n) J,€
, 41+2
1 — cgh i , N
— —2lj (k—k
where i 1/ 1.5, == Fppsy g 2iglk—kTj
2. Poincaré inequality: For 1 <[ < k < k' and fixed j > 0, we have
Varﬂk,k’,z,j (f) S Ckvk/alvjEﬂk,k’,l,j [f(_kak/Jf)jI (813)
; 2
where Cj; 1.5 = 5(4[ + 2)? (1 + 4”]?) T} k1.5, for an universal constant C.
3. For fixed j, |, and 0 < a < b < 0o, we have
lim sup lim sup sup Thd' dge < 1, (8.14)
710 N1too aN<k<k/<bN

2+1< |k —k|<TN
and so limsup, | o imsup 1o, SUP on<per'<on Ok 1 < 00
A+1<|K —k|<TN
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Proof. We will compare py, 1, ; wWith v, ; and make use of the known Poincaré bound, as
in the proof of Lemma 8.1:

Vaty,,, () < O+ 22 (14 520 ) B (- L) 8.15)

where C' is some universal constant.

For n € Q0 1,5, we have

fraekr g (1) g 1 (1) Via (b 1,5)
vi,5(n) vl () ek 1 (Qn1,5)

Since g kv, and Vﬁl are product measures, and 3 = 0, that is,

,Ufk,k’,l('r}) = H (1 — Cax)cn(m)sxn(x)’ and I/{jl(’l’}) = H (1 — 5)67’/(1)7 (816)

T€AL 11 TEA 1/

we have o
o R A 1 )
T—o™% = i)

(1- cgk/+l>4l+20j€(k—l)j

< (1 —g)i+2¢7

Consequently,

(1= e 20T g i g) (L= ceP U 2iel0d
(1—e)t+2es T Q) T (1—e)t+2es

ke ke 1,5 (1)

T ()
From (8.12), we have

Therefore, Tl;k’,l < 7rk 1,5, and (8.12) holds.

1
By L) < Griw e B oy [F(=Liw i f)]- (8.17)
Also, in turn,

Var“k,k’,l,j (f) = lgf Eﬂk,k’,z,j [(f - a)Q] Srk7k'717j75 H;f EVl,L,j [(f - a)2]
:Tk>k',l,j,€varw,z,j (f)

The spectral gap estimate (8.13) now follows from (8.15) and (8.17).
To complete the proof of the lemma, noting that ¢ = e~ /¥, for any fixed [, j, we see
straightforwardly that

: o TR, S
lim sup sup Thk' lje < SUp ((l—ce Te ") /(1 —ce ””)) e,
Ntoo  aN<k<k'<bN a<z<b

A+1<|k —k|<TN

which converges to 1 as 7 | 0. Hence, the limit (8.14) and the desired uniform bounded-
ness of Cj, x,;,; both follow. a

We now state and show a 2-blocks estimate. The scheme is similar to that of the
1-block estimate. Recall D]C\;,:Z and its bound for aN < k < bN that |D]C\;,:2| < C(a,b,QG) (cf.
(3.4)).

Lemma 8.4 (2-block estimate). We have
15 (k) ng" (k)

T
limsuplimsuplimsup sup IE}N‘/ DG’S( - )ds‘ =0.
lsoo 720 N—soo aN<k<bN o N1 4ql(k)  14+n7N(k)
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Proof. We separate the argument into 9 steps.

Step 1. Since 1 i is Lipschitz on R and Dgz is bounded, it is enough to show
T ;

T
limsuplimsuplimsup sup EN/ ’n;N(k) - ni(k)| ds = 0.
lso0 70 N—oo aN<k<bN 0

By the triangle inequality, it will be enough to show that as N — oo, 7 — 0, and
[ — o0,

1

2 = T o N 1 lx’ds—>0 and
uNSkI;bN N/O 27N + 1 wkZ;Tan( )

T
1
sup E ’7 g lga:fik’ds%().
aNSkI%bN N/o 2TN+1\x—k\<7—Nn(( ) = ms(k)

T
ni™ (k)

(8.18)

Step 2. We now show that the first limit in (8.18). Note that

1 1
TN !
E)— —— ’< -
7R - N >, 1@ =9 N+1 > @)
|lz—k|<TN |z—k—7N|<I
or [z—k+7N|<I
A+1 l
= =1 (y(k—7N k+7N)).
srv 1 1 (k=TN) 40 (k+7N))

Then, the expectation in the first limit in (8.18), given that N o< .~ and that the
process is attractive (cf. Subsection 2.2.1), is bounded from above by

20+1

T
—_— Ey Lk — TN Lk+7N))d
27—N+1A Re,N (773( T )Jrns( —+ 7 )) S

For fixed / and 7 < a, since k > aNN and 3 = 0, we have Eg_ [n(k)] = pr,c = ce ¥/ /(1 -
ce #/N) <1 (cf. (2.1)). Hence, the above display vanishes uniformly in k as N — oc.

Step 3. By a similar argument as in Step 2, we can restrict the x in the summation
of the second limit in (8.18) to be &’ such that 21 + 1 < |k’ — k| < 7N. Then, the second
limit will follow if we show that

T
lim sup lim sup lim sup sup IEN/ ‘né(k) - ni(k")’ ds = 0.
lsoo 720  N-ooo aN<k<k'<bN 0
2A+1<|K —K|<TN

Step 4. We will apply a cutoff of large densities first. Let

(b, K") = (k) + 1 (K).

For any A,
T T
]EN/ (k) = nk(K')| ds = EN/ b (k) = nk(K")| X gt (k1)< ayds
0 0

T
+ ENA |ni(k) - nls(k/)| X{ﬁi(k,k/)>,4}ds — Il 4 12'

As vV < Z%.,n and the process is attractive (cf. Subsection 2.2.1), we may bound the
second expectation I5 by

T
T 2
EN/ 0L (ks K )X gt oy > 4y ds < T B (' (k. K))". (8.19)
0
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Recall pi . = ce /N /(1 — ce */N) when = 0 (cf. (2.1)). Trivially, py. < ¢/(1 — ¢) for
all k. Note that Z. y has Geometric marginals, therefore, Eg, . [1(k)?] = 29} . + pi.c is
uniformly bounded. Then, as

(' (e, K))” <2(( (02 + (P (K <22+ 170 Y (@),

TENE 1UALs

we have that (8.19) is of order O(A~!) and that the second expectation I is negligible.
Hence, it remains to show that

T

sup EN/ |77i(k) - Ui(k/ﬂ X{nt (k,k")<A}dS
aN<k<k'<bN 0

A+1< |k —K|<TN

vanishes as we take N — oo, 7 — 0, and then [ — oo.
Step 5. Let
Vier 1,4(n) :== W(k’) - Ul(k/)| X{nt(k,k")<A}+
Following the proof of Lemma 8.2, for fixed I, 7, N, k, k¥, in order to estimate

T
Eyx / Viewr 1, 4(ns)ds
0
it suffices to bound

(YN) M Any = Sl}p {EA@C,N Wik af) =7 'NEg, [\/f(*L\/f)]} (8.20)

where the supremum is over all f which are densities with respect to Z. .

Step 6. Recall the generator Ly, ;/; and its Dirichlet form defined in the beginning of
this subsection. Recall also p i ; is the restriction of %Z. x to Aj ;. The Dirichlet form
with respect to the full generator L under %, y is given by

B [F(-LD) = Y Bare o [Xntesny0) (FOFH) = ()]

z>1

We now argue the following Dirichlet form inequality:

Ez. n [\/f(—Lk,k/,z\/f)} <(Q+7N)Eg, [\/f(—L\/f)} : (8.21)

First, we observe that

Eg, y[f(~Lew i)=Y Eaz., [X{n(:c+1)>o} [f (" F17) = f(m)] 2}

T, x+1€A
, 2
+Ez, » {X{n(k'—lbo} [f (n’“ *“““) - f(n)] ] :

Next, by adding and subtracting at most 7N terms, we have

[ (=) )]
kK —k—21—1

<(K — k —21) Z [f (nk’fl,k+l+q) —f (nk’fl,k+l+q+1)] 2

q=0

Also, when n(k’ — ) > 0, by applying the change of variables ¢ = n* ~L*+i+a+1 which
takes away a particle at ¥’ — [ and adds one at k + [ + ¢ + 1, we have (cf. (8.16))

p(n) = ¥ F2amlgp N (€) < p(f).
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Then, as X {y(k'—1)>0} = X{&(k+I+q+1)>0}, We have

e {X{WM [ (¥ tiea) — (nk'—z,k+l+q+1)r]

= (M X e (ktigrny>0p [ (EFFHHaTTRTIG) — f (5)]2
§

2
<Egz, x [X{n(k+z+q+1)>0} [f (pFtiratbhritay g ()] } :

From these observations, (8.21) follows.

Step 7. Inputting (8.21) into (8.20), and considering the conditional expectation of f
with respect to (), ;- ; as in the 1-block estimate proof, for N large, we have

_ 1
(YN)"'Any < sup {E,uk’k’/)l Vi ks 1,4 1] — %EMM,J {\/ Sk (_Lk,k’,l\/ fk,k’,l)}}

Trw 1

where the supremum is over densities with respect to px i ;.
Again, as in the proof of the 1-block estimate, decomposing f. i/ diix, k.1 @long config-
urations with common total number j, we need only to bound

where the supremum is over densities with respect to iy ;-
Step 8. Let
View 1.4 = Vieg 1,4 — By s Wi 1,4] -

Using the Rayleigh expansion (cf.pp.375-376, [16]) where the inverse spectral gap
Chi 1, of Ly 11 is bounded (Lemma 8.3), and ||V 1. 4(lcc < A, we have

%Eum,“ [\/f (*Lk,k’,l\/?)]

E#k,k/,l,j [Vl@kﬁl,Af} -

217y ~ ~
< Bpsons [Virtoa (=Dt Vi
ST AAC g 7y kit ko 1A= L 1) Vi 1,4
27vCx k7 15

A }—>Oas — 0.
-1 — 4Ack,k/,l,j T Hr k! 1,5 [ kK1, A T

Step 9. To finish, we still need to show that £, , [Vi,k’1,4] vanishes. In fact, by
Lemma 8.3, Euk,k/_’l’j [V;@7kr7l7,4] < T‘k)}k/J)j’gEl/l’L,j [Vk)]g/7l)A] and, for [ and j fixed,

lim sup lim sup sup Thk' 1je < 1.
0 Ntoo  aN<k<k'<bN
2A+1< |k —k[<TN

The term E,, , ; [Vi 1 ,1,4] does not depend on N or 7. By adding and subtracting j/(2(2/ +
1)), we need only bound E,, , , [|n'(k) — j/(2(2l + 1))|]. By an equivalence of ensemble

estimate (cf. p. 355 [16]), E,, [W(k) - j/(2(25+1))|2] < C(A)Var, e (1 (k)

(recall v/, defined before Lemma 8.3). This variance is of order O(I™1), since the single
site variance Var /1) (17(k)) is uniformly bounded for j/(2(2/ + 1)) < A. Hence,
1,

Ey, . ; Vkk1,4] is of order O(l*1/2), finishing the proof. O

9 Properties of the initial measures

In this section, we show key properties of the invariant measures %, y in Subsection
9.1, the local equilibria ;LN in Subsection 9.2, and also of %V in Subsection 9.3.

Recall the three regimes in Subsection 2.1: (1) 5 =0, 2) &g ~Inkand 0 < 5 < 1,
and (3) 1« &, < Ink and 8 > 0.
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9.1 Properties of the invariant measures

We first show that %, n is indeed an invariant measure. Recall ¢y = mingen ePEx
(cf. definition before equation (2.1)).

Lemma 9.1. For 0 < ¢ < ¢y, we have %, v is a reversible, invariant measure.
Proof. When ¢ = 0, there are no particles in the system and the statement is trivial. For
0 < ¢ < ¢, recall that Ay = 0x1+1/0k = k41,c/0k,, and the definition of the generator

L (cf. (2.5)). With respect to functions f and h depending only on a finite number of
occupation variables, we need to show that

Eg. 5 [ME(LF)(E)] = Eg.  [(Lh)(€) f(E)]- (9.1)

For any fixed k¥ > 1, make a change of variable = ¢¥*+! when £(k) > 0. Then,
¢ =n**1* and n(k + 1) > 0. Using that %, y is a product of Geometric marginals with
R (dE) _ X{n(k+1)

~(dn) Ak
Eg, x [Mef (€Y R(E)xiem>0y] = Eaon [FODRO M) X t41)501]

= Eg._y [FORET P ) etr>0p] »

changing notation from n back to £. With a similar analysis,

Eg, v [f (€)Y RO xiek41)501] = Eaon [MefEOREF )X (ery>01] -

>0} . Therefore,

parameters {6y, .}, we have X{E(k)>0}%

Hence,
Eg. x [Me (f (€57 = £(9) h(f)X{g(k»o}]
+Eg,  [(f (€FF1F) - (E)Xget+1)>03]
= Eg. » [(h (€FTHF) = h(©)) f(f)X{g(k+1)>oﬂ
+Eg, v [Me (h (€971 = h(©) F(E)Xgeny>or] -
from which (9.1) follows. O

To prepare to show that %, y is a local equilibrium measure, we will need the
following. Recall ), = e #~*/N and Nj = %~ (cf. (2.2)).

Lemma 9.2. For any fixed 0 < a < b < 0o, we have

bN 1 bN b
. 1 — L —ﬁ(u(lnk)—u(lnN))—k/N:
Jim, 2 NTNob = fim D € IR

where ¢ = ¢~ in regime (1), ¢ = 2 Be~ in regime (2) and ¢ = e~ 7 in regime (3).

Proof. We will show the lemma in regime (2), that is when & ~ Ink and 0 < 8 < 1.
The other regime (3), when 1 < & < Ink and 8 > 0, can be proved in a similar way.
Also regime (1), when 8 = 0 is more trivial. We will also suppose a = 0, b = oo, as the
argument is the same for any other pair a, b. Define

o0
(I)N(Jf) _ Z e—ﬁ(u(ln k)—u(lnN))—k/NX(%7%](x)
k=1
We need only show that limy_, o0 fooo Oy (z)dr = fo x)dx to finish.

k
By the mean value theorem, u(lnk) —u(In N) = u (a:k,N) In N where zj y is between
Ink and In N. Fix 7 such that § < 81 < 1. Since v/(z) — 1 as z — oo, we may find mg
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such that 0 < v/(z) < % for all z > Inmg. Therefore, ®y(z) <z Fre " for T2 <z <1

and ®y(z) < e ®forxz > 1.
By dominated convergence we obtain f:;/N Oy (z)de — [ aPe "dx. Also, the

remaining term meB/N Oy (z)dr < mﬁTNB vanishes as Ng = o(N) for 0 < 8 < 1. This
completes the argument. O

Lemma 9.3. For all ¢ such that 0 < ¢ < ¢y, we have

o

1 _
lim > | Nspre — gl =0 (9.2)

N—o00
k=1
where py j, = Nf(lz/j\g)/N ¢.(z)dz. As an immediate consequence, the product invari-

ant measures {Z.,n} ~Nens With Geometric marginals, are local equilibrium measures
corresponding to pg = ¢..

Proof. Recall that 0, . = ce #6*=*/N and Eg,  n(k) = pr,c = Ok,c/(1 — Ok.c) (cf. (2.1)). We

now verify the limit (9.2). When 8 = 0, we have N3 = 1 and ¢, = — . Since ¢. is
ce %

1 —
Cefk/N

decreasing, we have pp, . = ———
g pk,c 1 _ ce_k/N

< Py - Then, the left-hand side of (9.2) equals to

o] —x 1 St —k/N
/ 7 g gim =3
o l—ce® N—oo N &1 — ce=k/N

which clearly vanishes as N — oo by dominated convergence.

For the remaining two regimes when g > 0, we will split the summation in (9.2) into
two parts: aN < k < bN and the rest, for an 0 < a < b that we will specify. In fact, it
will be enough to show, for any ¢ > 0, that we can find a > 0 small enough and b > 0 big
enough such that

1 Nglp. _
Smoy 2 |iogn T Pea|se 93
1<k<aN ’
k>DN
and, for all b > a > 0, that
bN
1 Z\fgek7C _ _
i g 5 e o wo

1 Nﬁek,c —
N Z 1— 0. PN,k

co
1 Ngb c 1 c
N Z 8 Gk,c < G = Z Nibpo — 0 / bode.
1<k<aN 1 =Oke = co—c 1<k<aN €0 = € J(0,a)u(b,00)
k>bN E>bN
Then, (9.3) follows as ¢. € L'(R*).
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It remains to show (9.4). By adding and subtracting, for each N the left side of (9.4)
is bounded by

bN

Nge 1 0
k,c —Bu (o) —
§ : 1 ek',c BYk, N k§a BYk, C( / ) e

bN
1 —Bu’(c0) ,— —
= > ‘c(k/N) B () o=k/N _ 5 =i I+ I + I
k=aN
where v/ (00) = lim,_,o u/(z) takes value either 0 or 1.
The term I is trivially bounded by

aNSFRSbN 1 —kﬁck . - Z N0k,
k=aN
ekr,c
1- ak,c
vanishes as N — oo. Since also N~! Zk on Ngic — ff ¢cdr < oo (Lemma 9.2) is
bounded, the term I; vanishes.
For term I, we spell out Ngbj, . as

Recall that 0y . = ce #~#/N and & — oo as k — co. Then, max,y<ip<sn

ce—BE—EN)—R/N

By the mean value theorem, we have &, — Ey = ln(%)u/(yk,N), where y; v is in between
Ink and In N. Then, I is less than or equal to

bN
’ ’ 1
N B (yp,n)—u'(c0)) _ 1‘} L N .
angl?;(bN {‘(k/ ) N kZN ﬂekw
=a

We observed in estimating I; above that N ! Zk o~ gy . is bounded. Hence, I
vanishes as N — oo.
We now address the last term I3. Observe, as ¢, is decreasing, that

b 1 bN
_ _ = —Bu’(c0) ,~k/N
I = /a,i Belahdz — 1 3 elk/N) kN
Y k=aN
which vanishes as N — oo by the dominated convergence theorem. O

We now give a useful mean and variance estimate.
Lemma 9.4. For all ¢ such that 0 < ¢ < ¢y we have that

Ez. » Zn(k) = thc = O(NNﬁTl) and
k=1

k=1
2 e} N2 oo
i Z arg,  (1(k)) = N—’; [P e+ prc] — 0. (9.5)
k= k=1

Proof. We first consider the means:

o0

N B Yol = 23 e
k=1

k=1

: l k/N
By (9.2), th—WONZk:l INgpr,c — Py il = 0, where py . = Nf(k/ 1 /N¢c(1:)dx. As

]‘ o] o0 . .
~ D1 PNE = fo ¢c.dr < oo, then the estimate on the sum of means in (9.5) follows.
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Next, we consider the sum of variances. Since Ng = o(N) and N~ Y72 | Ngpi . < 00
by the first estimate in (9.5), we have that NEN‘2 > re, Pk,c vanishes as N — oo. For

the term NAN 2 357, o2, we use X(Nape.e)? < 2(5 [Nopn — i ])? +2 32 7 .- Since
. . I o
N3 INgpnk — P x| — 0, it suffices to show that limy_, o e Zk—l 2e=0.

. . _ 1
To this end, let jy = maxy>1py ;. Then, ﬁzzo VPag < N2 TS 1Py Now,
N7 Pyx = Jy ¢edx < co. The desired limit holds since, by absolute continuity of
the Lebesgue integral, N~!'jpny — 0 as N — oo. O

9.2 Properties of local equilibria ;v
We now observe that the local equilibria ;. (cf. Subsection 2.3) satisfy Condition 2.3.
Proposition 9.5. Local equilibrium measures p satisfy Condition 2.3.

Proof. First, by the definition of MN , parts (1) and (2) of Condition 2.3 are met. In Lemma
9.6 below, we show that the relative entropy estimate, part (3), holds. O

It remains to show the relative entropy estimate of V. Note that, for future use,
Lemma 9.6 is written for ;" as defined in Subsection 2.3 allowing c = cj.
Lemma 9.6. There exists a constant C such that H(u™ |%. n) < C]\/'N[;1 holds for all N.

Proof. Let ( and x be two Geometric distributions with rate p and ¢ respectively. Assum-
ing p < g we have

1—pp" 1-p P p 1
H({|x) = 1—pp"1n<)—ln<>—|—ln<ln .
(ho Z( ) I—qq" I—gq I-p ¢ l1—gq

n>0

Suppose now, for k > 1, that ( = uY and p = 01 and x = %5 .. v and q = cfy,. Note
that, by the assumption pV < %, y, we have Oy < cf), = ce”Pnk)=k/N Then, as v
and %, y is the product over {u };>1 and {Zs,c Nk }x>1 respectively, we have

> 1
H (N %.,n) < ; 1= cge Pulnh)—k/N

When 8 = 0, we have
H(MN\‘%QN)<Z — k/N < N/ n(l —e *)dx =: CN.

For the cases 8 > 0, we recall that ¢y = miny, e+, Let Ky = {ko,j}1<j<s be the indices
where ¢y is attained. Since & diverges to co as k — oo, we have that J is finite. The
contribution from each £ ; to the relative entropy H (uv .N) is bounded above by

1

In T o kN = O(In N).

This order is negligible compared with NN ' = Ne=#~ = Ne=#u(n M) in the two cases
when «/(InN) — 1and 0 < 8 < 1 or when «/(InN) — 0 and 8 > 0. We will be able to
disregard later these kg ;'s

Now, as u(lnk) — co as k — oo, find 0 < a < 1 such that 0 < ¢oe=Punk)=F/N < ¢
for all N and k ¢ K,. Using convexity of —In(1 — ), there exists ¢; > 0 such that
—In(1 —z) < ¢yz on [0, a]. Then, we have

1

Bu(lnk)—k/N
Zlnl—coe Buin k)= k/N<chOZe (k) =k/N L O(In N).
k=1 1
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Multiplying and dividing by the term NN !, we get

=1
H(pN|ZRen) < crcoNNg* Zﬁe*W“(l“’“)*“(lnN))*’“/N+ O(N"'NzInN)|. (9.6)
k=1

Now, N*1N5 In N vanishes as N — oo and by Lemma 9.2 the summation in (9.6) ap-
proaches a finite limit. The proof is now complete. O

9.3 Properties of " satisfying Condition 2.3

We will establish the items (2.6), (2.7), (2.8), and (2.9). We start with an estimate on
the number of particles in the system.

Lemma 9.7. We have that ‘the total expected particle bound’ (2.6) holds.

Proof. Since the total number of particles is conserved we have

Ns | — No_ . — 1 1 o=
WEN Zﬁt(k) = WEN Zno(k) =N ZNBmN,k =o(1) + N ZpN,k
k=1 k=1 k=1 k=1
by Condition 2.3. However, N~ > 5y, = [; po(x)dx, which is finite. O

Lemma 9.8. We have that the ‘variance bound’ (2.7) holds.

Proof. By attractiveness (2.10),

Vare  (n:(k)) = En[; (k)] = (Exme(k))* < Eg 17 (k)] < Varz,  (n(k)) + p} .-
Then, by Lemma 9.4, we conclude that NZN 23777, Varp, (1:(k)) = 0as N - co. O
Lemma 9.9. We have that the ‘site particle bound’ (2.8) holds.

Proof. First, by attractiveness (2.10), we have that Ey [n:(k)] < Ez,  [n(k)] = pr,c (cf.
(2.1)). To bound Ngpy ., recall that ¢y = miny, e#** and ¢ < c.
When § = 0, we have ¢y) = 1 and Ng = 1. In this case, we have the desired bound,
e
Nﬁpk,c < 1

o forall k > aN.
When 5 > 0, using the definition of ¢y, and that ¢ < ¢y, we have the denominator
1 —ce B&=k/N > 1 e~ as k> aN. Write Nge P —F/N < ¢=B(E=En)=a By the mean
value theorem, £, —En = v/ (r) In(k/N) where r is between aN < k and N. By assumption,
u'(r) tends to 0 or 1, and In(k/N) < Inb for k < bN. We conclude then that Nge=#&—F/N
is uniformly bounded in /N, and the lemma follows. O

We now address initial convergence.

Proposition 9.10. We have ‘initial convergence’ (2.9) holds.

I oo ‘ .
Proof. By assumption, limy_, N > ket |Ngmn k. —Pn x| = 0. For a test function G, since
N='302, G(k/N)py , approximates [, G(x)po(x)dz, it is enough to check that

VN[ >5].

By Chebychev’s inequality, we have the upperbound of d >N;N 2377 Var,~ (n(k)),
which vanishes by the variance bound in Lemma 9.8. O

N=EY " Ng(n(k) — ma k)
k=1
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10 Uniqueness of weak solutions

In this section, we present some uniqueness results for the macroscopic equations
in Theorems 2.4, 2.5 and 2.6, governing the particle density p(¢,x) or the height func-
tion ¢(t,z) := [~ p(t, u)du. The methods are based on maximum principles for linear
parabolic equations.

We first need a lemma to relate properties of i) with those of p. Recall that % is
space of functions p : [0,7] x RT — R* such that ¢t € [0,T] — p(t,x)dz € M is vaguely
continuous: Namely, for each G € C°(RJ), the map t € [0,T] — [~ G(z)p(t, z)dx is
continuous.

Also, recall

W= {yeC(0,T] xR"): forte[0,T], ¥(t,) is absolutely continuous on R } .

Lemma 10.1. Let p(¢,z) € €. Suppose, for all ¢t € [0,T], that
p(t,) < 6o() € LR, / ot ) = / polz)da < o, (10.1)
0 0

Let(t,z) = [ p(t,u)du. Then, 1(t, ) belongs to the class W with

xlggo w(WU) = 07 0 < —&ﬂﬁ(ta ) < ¢c(')7 1/)(“)) = ¢(070). (10.2)
Proof. The absolute continuity of (¢, -) follows from definition of ¢ and it is trivial to
verify (10.2) from (10.1). To finish, we need only to check that (¢, z) is a continuous
function on [0,7] x R*.
We claim that such continuity will follow if ¢ is continuous in = and ¢ separately.
Indeed, fix any (tg,z9) € (0,7) x RT and denote v(tg, ) = ag. If z — (¢, ), for each ¢,
is continuous at g, then for any € > 0 there exists § such that

ao—ESI/J(to,LL'():l:(S) <ag+e

Suppose t — ¥ (t, z), for each z, is continuous in ¢, then we may find ¢’, such that for all ¢
where |t — tg] < §’, we have

Y(to, w0 £ ) — € < P(t, w0 £ ) < Y(to,x0 £6) + e

Since x — (¢, z), for each ¢, is monotone in x, we have, for all (¢, z) such that [t — to| < ¢’
and |z — xo| < 9, that
—2e < ¢(t, .73) — ¢(t0,l‘0 + (5) < 2e.

Hence, we deduce continuity of v at (¢g, zp). Continuity for boundary points (¢, x) on the
boundary is verified in the same way:.

Now, we focus on showing that ¢t — ¢ (t,z) and = — (t,x) are both continuous.
For any fixed t € [0,7], x — (¢, x) is continuous on R* since ¢ is in form (¢, z) =
[ p(t,u)du and [;° p(t,u)du < co.

To show continuity in ¢, we first note that (¢,0) = ¢(0,0) for all ¢ € [0,7], and
therefore ¢ — (¢,0) is continuous. Fix now any z, > 0 and ¢y € [0,7]. For any ¢ > 0,
using p(t,x) < ¢.(z) and that ¢. € L*(R™), we may find G continuous and with compact
support in RS such that for all ¢ € [0, 7],

<

/:O p(t,u)du — /000 G(u)p(t,u)du

1o
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Then, by the triangle inequality using two applications of the above inequality, we have
[ (t, o) — ¥ (o, x0)| is bounded from above by

/U G(w)p(t, u)du — / Gu)plto, u)du| +

Finally, continuity of ¢ — (¢, z¢) at to follows as p € ¥, namely from the vague continuity
of p(t,z)dz. O

10.1 Case: =0
Let p(t,z) € € with p(0,-) = po(-) be a weak solution of the equation

2 P 14
Op =0 g+
that is, for all G € C°([0,T) x RY),
o) T [ p p
/ G(0,x)podx + / / {atGp + aiG — 0y G }da:dt =0. (10.3)
0 o Jo p+1

Assume also that p(t, x) satisfies (10.1).

Proposition 10.2. We have 9(t,z) = f;o p(t,u)du belongs to W and (10.2) holds by
Lemma 10.1. In particular, v solves weakly the equation

0 Bat
Ocb = O (1— ww>+1—am’

that is, for all G € C°([0,T) x RY)

x 6.L
/G0u¢oda:+// {@Gw 8G1—iw Gl_;iw}dxdt:(), (10.4)

where () = [ po(u

Moreover Y(t, x) is the unique weak solution in the class YV of the initial-boundary
value problem (2.16). Consequently, p(t,z) is the unique weak solution in € of the
equation (2.11).

Proof. We first show (10.4). Since p(t,7) < ¢.(z) € L*(R*) (cf. (10.1)), by straightfor-
ward approximations, the test functions admissible for (10.3) may be extended to include
all functions of the form G(t, z) = [ G(t,u)du where G € C*([0,T) x RY). Then, by
integration by parts, (10.4) follows.

We now show (¢, x) is the unique weak solution to (2.16) in the space V. Suppose

there exist two such weak solutions 1, 15. Let ¢ = 1)1 — 99 and H(p) = % As (10.4)
-D

holds for %1, 15, in the new notation, we have

/OT /Ooo {atGw — 0,G(H (0,¢1) — H (0,2) ) + G(H (8p¢1) — H (azwg))}dxdt -0

1
H(Dutb1) — H(0ibn) = (Daths — Do) / H' (rdtby + (1 — 7)0ytbn)dr
0
=1 (Dgthy — Optho) H (¢, ).
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Then, 1 satisfies

T 0o N .
/ / {a.0v — 0,6 (A(t.2),0) + G (H(t.2)0,) } ddr =0,
o Jo
that is, ¢ is a weak solution in W of the linear problem

Ob = 0, (ﬁaxw) + Ho,b
¥(0,2) =0, (¢ 0) =0, (10.5)
limy oo (t,2) =0, —¢e(-) < 0pth(t,-) < be(-) forall t € [0,T7.

To show that ¥ = 0, and therefore uniqueness of weak solution. it suffices to show, for
all ¢ > 0 and all compact set D C (0,7) x RS, that |¢)| < € on D.

For such a D, we may find 0 < a < b < co where D C Qib == (0,T) x (a,b). Since
|0:0(t, )| < ¢e(-) € L*(RY) for all ¢ € [0,7], and ¢ vanishes for both z = 0 and z — o0,
we can adjust a, b so that |¢(t,a)| < € and |¢(¢,b)| < € for all ¢ € [0,T]. Then, we have
|| < € on the parabolic boundary of Qib.

Notice that, on QaTJJ, the PDE in (10.5) is uniformly parabolic and has bounded

1
coefficients: Since H'(p) = W and —¢.(a) < 991, 0,%2 < 0on QaTb, we have
—p :
-
(1+ ¢c(a))?
Then, by a maximum principle (cf. p. 188, [19]), we have |¢| < £ on Qib, and therefore
on D.

Finally, if p(t,z) were not unique with respect to (10.3), one could construct two
different weak solutions (¢, ), which is a contradiction. O

Sf[gl onQaT’b.

10.2 Case >0
Let p(t,z) € € with p(0,-) = po(-) be a weak solution of

Bip = 2p — 0, (a(m,ﬁ)p). (10.6)

where a(x,8) = —(8 + x)/x when &, ~ Ink and equals —1 when 1 < &, < Inlnk (cf.
(3.3)), and p satisfies (10.1).

Proposition 10.3. We have v(t,z) = [~ p(t,u)du belongs to W and (10.2) holds by
Lemma 10.1, and solves weakly the equation

0pp = 0% — oz, B)0, (10.7)

where ¢(0,z) = [ po(u)du.

Then, 9 (t, z) is the unique weak solution in W of the initial-boundary value problem
(2.17) when &, ~ Ink, and of (2.18) when 1 < &, < Ink. Consequently, p(t,z) is the
unique weak solution in ¢ of the equation (2.12) when &, ~ Ink and of (2.13) when
1< & < nk.

Proof. That 1) solves weakly (10.7) follows, as in the proof of Lemma 10.1, from the
assumptions p is a weak solution of (10.6) and p < ¢..

B+

Er ~Ink and equals 1 when 1 < &, < Ink. In both situations, it is bounded onxany [a, b]
with 0 < a < b < oo, even if it blows up at z = 0 when &, ~ In k. Then, the same proof of
uniqueness given for Lemma 10.1 applies to show uniqueness of weak solutions for the
equations (2.17) and (2.18). O

Notice that, in equation (10.7), the coefficient —«(z, 8) before 9,1 equals when
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A Remarks on limits when ¢ = ¢
We now make remarks, for the interested reader, on some of the behavior with
respect to measures %, y at the boundary, when c = ¢y.

1. Lemma 9.4 does not hold for invariant measure %,, v. In fact, under %, n, the
total number of particles explodes and the associated variance does not vanish in the
limit.

Lemma A.1. We have

o0 N [e’)
Z LON FBZpCO,k%ooasN—)oo. (A.1)
k=1 k=1
and
1}\1{21(1)101C —= ZVar@rU ~(mk) = hm 1nf Z o o T Prey) > 0. (A.2)
k=1

coe—BE—K/N
1 — coe=PE—k/N
When 8 =0, (A.1) and (A.2) follow from the limits,

Proof. To verify these two claims, recall that py ., = and ¢y = miny, 5.

o0

Ng & 1
FB;%, NZ =i ZZW—W@’

and
2 1 1 2
Z kco:N22< ek/N) Zﬁ(el/N*l) -l

For the other two cases, when 3 > 0, let ky be an index where c¢j is realized, that is

¢o = e°*o. Now notice, as N — oo,

1 1 e ko/N 1

Npko,co T N1_e ke/N - kT)

Then, both (A.1) and (A.2) follow from

Npg & Np N; & N2
W ;p/ﬁco > kaoycoﬂ Zpk co = N2 pkg,(’g’
and that Ng — oo as N — oo. O

2. We showed in Proposition 2.2, when ¢ < ¢y in the three regimes, that ¢. corre-
sponds in a sense to the limit shape under the measures %, y. We now state the same
happens when ¢ = ¢.

Lemma A.2. We have that the limit (2.4) holds when ¢ = c¢.

Proof. A main tool in the proof of Proposition 9.10, which applies under measures %,
when ¢ < ¢, is the variance estimate in Lemma 9.4, which as seen in Lemma A.1 above
does not hold. However, since GG has compact support, it is enough to make estimates
for k € [aN,bN], where the support of G is contained in [a,b] for 0 < a < b.
We claim that in all the three regimes,
N5
lim =2 Y Varg, (n(k)) =0. (A.3)

N—oo N2
aN<k<bN
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. , coe—BE—R/N .

Indeed, notice that Varg, . (1n(k)) = p; ., + Pk.c, Where py , = T oo FERIN Since

Ng = o(N), the claim (A.3) would follow from the bound sup y sup, y <x<pn NaPk,c, < 0.
Such a bound holds in fact by the proof of Lemma 9.9.

Hence, under %Z,, n, we conclude NgN > G(k/N)(n(k) — px.c,) — 0 in probability.

To finish, we need only show that

R s k °
lim N’;G(N)Nﬁpk,co :/0 G(2) e, (z)dz, (A.4)

N—o00

where, we note that the summation of k£ above is actually on a/N < k < bN. Recall the
formula for pi ., in (2.1).
When 8 =0, we have N3 = 1 and ¢y = 1. Then,

o—k/N
Noprco = T—=mm ~ 1

—x

e k
— = o> asN—>oo,N—>a:.

— €

Then, (A.4) follows from dominated convergence.

However, when 3 > 0, note first Ngf, o, = coe PEx=EN)=F/N and &, — Ex = u(lnk) —
u(ln N). By the mean value theorem, & — &y — In(z)lim,_ . u'(2) as N — oo and
k/N — z. Note also that Ny = e~ — oo (cf. (2.2)). Then,

Ngly, . ) / k
Niphoy = —LC0 _y e~ PIn@) limenoc v/ @)o=2 — o (1) as N — 00, — — 1.
' 1- ok,co N
Again, by dominated convergence theorem, (A.4) follows. O
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