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Existence of a unique quasi-stationary distribution in
stochastic reaction networks
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Abstract

In the setting of stochastic dynamical systems that eventually go extinct, the quasi-
stationary distributions are useful to understand the long-term behavior of a system
before evanescence. For a broad class of applicable continuous-time Markov processes
on countably infinite state spaces, known as reaction networks, we introduce the
inferred notion of absorbing and endorsed sets, and obtain sufficient conditions for
the existence and uniqueness of a quasi-stationary distribution within each such
endorsed set. In particular, we obtain sufficient conditions for the existence of a
globally attracting quasi-stationary distribution in the space of probability measures
on the set of endorsed states. Furthermore, under these conditions, the convergence
from any initial distribution to the quasi-stationary distribution is exponential in the
total variation norm.

Keywords: quasi-stationary distribution; reaction network; continuous time Markov process.
AMS MSC 2010: 60J27; 60J28; 60B10; 80A30; 92C42; 92E20.

Submitted to EJP on April 9, 2019, final version accepted on March 9, 2020.

Supersedes arXiv:1808.06833.

1 Introduction

We may think of reaction networks in generality as a natural framework for rep-
resenting systems of transformational interactions of entities [48]. The set of entities
(species) may in principle be of any nature, and specifying not just which ones interact
(stoichiometry and reactions) but also quantifying how frequent they interact (kinetics),
we obtain the dynamical system of a reaction network. Examples abound in biochemistry,
where the language originated, however the true power of this approach is the ability
to model diverse processes such as found in biological [5, 7], medical [4], social [15],
computational [13], economical [49], ecological [43] or epidemiological [36] contexts.

Lack of complete information in complex systems often introduces, at least for
modeling purposes, some degree of stochasticity. A stochastic description can thus be
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Existence of a unique QSD in stochastic reaction networks

seen not as an alternative to the deterministic approach, but as a more complete one
[41]. Indeed, the deterministic model solution is an approximation of the solution for the
stochastic model, improving with the system size, and in general only remaining valid
on finite time intervals [28]. Thus, the long-term behavior of a given reaction network
may depend crucially on whether it is modeled deterministically or stochastically [23].
In particular, the possibility of extinction, which is a widely occurring phenomenon
in nature, may sometimes only be captured by the latter [26]. As a consequence, the
counterpart to a stable stationary solution in the deterministically modeled system is
not generally a stationary distribution of the corresponding stochastic model. Instead, a
so-called quasi-stationary distribution, which is a stationary measure when conditioned
on the process not going extinct, has shown to be the natural object of study. A concise
overview of the history and current state of this field can be found in [46], while [40]
contains a comprehensive bibliography on quasi-stationary distributions and related
work.

From a modeling standpoint, when the copy-numbers of interacting entities are low
and reaction rates are slow, it is important to recognize that the individual reaction
steps occur discretely and are separated by time intervals of random length [5]. This is
for example the case at the cellular level [17], where stochastic effects resulting from
these small numbers may be physiologically significant [13]. Furthermore, stochastic
variations inherent to the system may in general be beneficial for identifying system
parameters [35]. If the system under study has been running for a long time, and if the
only available knowledge about the system is that it has not reached extinction, then
we can often interpret the quasi-stationary distribution, if it exists and is unique, as the
likely distribution of the state variable [36].

Consider a right-continuous time-homogenous Markov process (X;: ¢ > 0) [42], that
evolves in a domain D C R, wherein there is a set of absorbing states, a “trap”, A C D.
The process is absorbed, also referred to as being killed, when it hits the set of absorbing
states, implying X; € A for all ¢t > 74, where 74 = inf{t > 0: X; € A} is the hitting time
of A. As we are interested in the process before reaching A, there is no loss of generality
in assuming X; = X;x,,. We refer to the complement,

E = D\A,

as the set of endorsed states. For any probability distribution, x, on E, we let P,, and E,,
be the probability and expectation respectively, associated with the process (X;: t > 0),
initially distributed with respect to y. For any x € E, we let P, = Ps, and E, = Es,.
Under suitable conditions, the process hits the absorbing set almost surely (a.s.), that
is P,(74 < 00) =1 for all x € E, and we investigate the behavior of the process before
being absorbed [12].

Definition 1.1. A probability measure v on E is called a quasi-stationary distribution
(QSD) for the process (X;: t > 0) absorbed at A, if for every measurable set B C E

P,(X: € B|t <T4) =v(B), t>0,
or equivalently, if there exists a probability measure p on E such that
tlim P.(X: € B|t <Ta) =v(B),
— 00

in which case we also say that v is a quasi-limiting distribution.

We refer to [30] for a proof of the equivalence of quasi-limiting and quasi-stationary
distributions. Existence and uniqueness of a QSD on a finite state space is well known
[12, Chapter 3], and it is given by the normalized left Perron-Frobenius eigenvector of
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the transition rates matrix restricted to E£. For the infinite dimensional case, most work
has been carried out for birth-death processes in one dimension [46], where classification
results yielding information about the set of QSDs exist [44].

In the present paper, we will focus on a special case of multidimensional processes
on countable infinite state spaces which can be viewed as reaction networks. We will
prove as the main result in Theorem 5.1 and Corollary 5.2 sufficient conditions for the
existence of a unique globally attracting QSD in the space of probability distributions on
E, equipped with the total variation norm, || - ||7y. Recall that this norm may be defined
as [39]

[pellry = 2 sup |u(B)|.
BCE

Thus, informally, the metric associated to this norm is the largest possible difference
between the probabilities that two probability distributions can assign to the same event.
Our result and approach is based on [9] which in turn relies on the following recent main
discovery [8, Theorem 2.1].

Theorem 1.2. The following are equivalent

e There exists a probability measure v on E and two constants C,~ > 0 such that,
for all initial distributions y on E,

P (Xt €[t <Ta)—v()|rv <Ce ™,  Vt>0.
e There exists a probability measure v on E such that

(A1) there exists ty,cqy > 0 such that for all x € E,

Pw(Xto c - | ty < TA) > Cly(-),

(A2) there exists co > 0 such that forall x € £ andt > 0,
P,(t <7a) > coP.(t < 7Ta).

More precisely, using Foster-Lyapunov theory [31, 32], a series of assumptions on
the process (X;: t > 0) was shown in [9, Cor. 2.8] to be sufficient for (A1) and (A2) to
hold. This result was then applied to a particular case of multidimensional birth-death
processes, giving sufficient conditions, in terms of the parameters of the process, for
the existence and uniqueness of a QSD [9, Theorem 3.1]. Here, we extend this latter
part of the approach of [9], not just to a larger set of parameter values in the birth-death
process case, but to the much broader class of stochastic processes known as stochastic
reaction networks.

The outset of the paper is as follows. In Section 2, we introduce the setup and
notation of reaction network theory, and define the central inferred notions of endorsed
and absorbing states for this class of processes. Section 3 contains the terminology and
main assumptions that we shall use throughout the paper. We then move on in Section 4,
to prove that the processes associated with stochastic reaction networks do indeed
satisfy all the required assumptions made by [9, Corollary 2.8]. Section 5 contains the
main result, Theorem 5.1. Finally, we give some examples in Section 6, illustrating the
applicability of the results.

2 Reaction network setup

Denote the real numbers by R, the integers by Z, the natural numbers by N =
{1,2,...} and the nonnegative integers by Ny = {0,1,2,... }. Further, for any set, B, let
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| B| denote its cardinality and denote by 15: D — {0, 1} the indicator function of a subset
BCD.

A reaction network is a triple N = (S,C, R), where S is a finite ordered set of species?,
C is a finite set of complexes, consisting of linear combinations over IN; of the species,
and R C C xC is an irreflexive relation on C, referred to as the set of reactions [3, 19, 22].

We define the dimension of the reaction network, d = |S|. Any species S; € S can be
identified with the unit vector e; € IN¢, thus any complex 5 € C can be identified with a
vector in INg. It is customary to denote an element (yx,y}) € R by yx — v}, € R in which
case we refer to y;, as the source complex and to y;, as the product complex of reaction
k. We may thus write R = {yx — y;.: k = 1,...,r}. Employing a standard, although
slight abuse of, notation, we identify S = {51, ..., S} with the set {1,...,d} and R with
{1,...,7}. We write the k’'th reaction with the notation

D UkiSi = Y UhiSi,

€S €S

where y; = (yx); and y;,; = (v}, ): are the stoichiometric coefficients associated with the
source and product complexes of reaction k, respectively. Define the reaction vectors
&k =y, — yr and the stoichiometric matrix

E=(&4& ... &) e NPT,

The order of reaction £ is the sum of the stoichiometric coefficients of the source complex,
Eie s Yki- Finally, we define the maximum of a vector over the set R, x = maxyer yi, as
the entry-wise maximum, x; = maxgcr Yii-

A set of reactions R induces a set of complexes and a set of species, namely the
complexes and species that appear in the reactions. We will assume that a reaction
network is always given in this way by R, and one may then completely describe a
reaction network in terms of its reaction graph, whose nodes are the complexes and
whose directed edges are the reactions. This concise description will be employed in the
rest of the paper. To avoid trivialities, we assume R # ().

For each reaction we specify an intensity function \;: IN¢ — [0,00), k& € R, which
satisfies the stoichiometric admissibility condition:

() >0 & x>y,

where we use the usual vector inequality notation; = > y if x; > y; for all ¢ € S§. Thus,
reactions are only allowed to take place whenever the copy-numbers of each species
in the current state is at least as great as those of the corresponding source complex.
A widely used example is stochastic mass-action kinetics given by

d . a
)=« ;! = 0
Ak () kilzl1 Yk <yk) kiI:I1 @ ]

'7
i~ Yki):

for some reaction rate constants ay > 0 [3]. The idea is that the rate is proportional to
the number of distinct subsets of the molecules present that can form the input of the
reaction. It reflects the assumption that the system is well-stirred [3]. Other examples
include power law Kkinetics or generalized mass-action kinetics [2, 25, 34]. A particular
choice of such rate functions constitute a stochastic kinetics A = (\1,...,\,.) for the
reaction network A/, and the pair (A, \) is referred to as a stochastic reaction system, or
simply a reaction network with kinetics .

IThe terminology “species” is standard, although one may equally think of them as general entities or
agents.
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We may then specify the stochastic process (X;: t > 0) on the state space D := IN¢
related to the reaction system (A, \). Let X; be the vector in IN¢ whose entries are the
species counts at time ¢. If reaction y; — y;, occurs at time ¢, then the new state is
X=X + y}c —yr = X¢_ + &, where X;_ denotes the previous state. The stochastic
process then follows,

t
Xy = Xo + Z Yi (/ )\k(Xs)dS) &k (2.1)
0

kER

where Y} are independent and identically distributed unit-rate Poisson processes [3, 18,
37]. This stochastic equation is referred to as a random time change representation. We
assume throughout the paper that the process is non-explosive, so that the process is
well defined. Assumption 3.4, though, will imply non-explosiveness.

2.1 The state space

To define the set of endorsed states and absorbing states in the setting of stochastic
reaction networks, we recall some terminology from stochastic processes. We say that
there is a path from x to y, denoted = + y, if there exists ¢ > 0 such that P, (X; = y) > 0.
We extend this notion to sets as follows; By — Bs if there exists x € B; and y € B, such
that x — y. Finally, we introduce the region of large copy numbers, where all reactions
may take place, defined as

R={zx € N¢| \p(z) > OVE € R}.

Any network satisfies R # (). Indeed, by the stoichiometric compatibility condition,
{r € D|x > M'} C R where M’ = maxycr yx € N&. Letting Dg = {z € D|z — R}, we
may decompose the state space into a disjoint union

D=DglUDy.

A state space D is irreducible if for all z,y € D we have P, (X;, =y) > 0 and P, (X,, =
x) > 0 for some t1,t2 > 0[23]. Thus, D is irreducible if for all z,y € D there exists a path
x — y. Irreducibility induces a class structure on the state space [37], and we denote
the classes by 71,7, ... (potentially infinitely many). Let .# denote the set of irreducible
classes. Obviously, either Z; C DgorZ; C D4, 1+ > 1.

Lemma 2.1. The pair (.#, <), where < is given by
Ijj:Zz@Iz*—)Iﬁ Z,jZl,
is a well defined poset. The irreflexive kernel (.#, <) gives a well defined strict poset.

Proof. Since all elements 7 € . are irreducible, there exists a path between any two
points in 7 hence Z < 7 yielding the relation reflexive.

Suppose Z; X 7; and Z; <X 7, for some i,j > 1. Let x € Z; and y € Z; be given. By
assumption, we may find a path from x to some 2, € Z;, and by irreducibility of Z; there
is a path from 25 to y. Similarly, we may by assumption find a path from y to some z; € Z;
and by irreducibility of Z; a path from z; to x. As x,y were arbitrary, we conclude that
there exists a path between any two points in Z; UZ; hence Z; = Z;, yielding the relation
antisymmetric.

Finally, suppose Z;, X Z; and Z; = Z; for some ¢,j,k > 1. Then there exists a path
from some z € Z; to some z; € Z; and a path from some z; € Z; to some y € 7. By
irreducibility of Z; there is a path from z; to 23, and concatenation of the three paths
yield one from z to y. We conclude that 7 < 7;, hence the relation is transitive. O
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A similar ordering has been considered in [45]. However, their further analysis
rests on the setting of discrete time, rendering the approach insufficient for stochastic
reaction networks. To exploit the graphical structure induced by =, define the marked
directed acyclic graph D = (.#, &) as follows. The set of directed edges is

while the marking .# = .4 Ll g is given by

Let 71, 75,... denote the vertex set of the respective connected components of the
induced subgraph D[.#g], the graph with vertex set .#r and edges from & with start and
end nodes in 5.

Definition 2.2. The endorsed sets and absorbing sets are defined, respectively, by

E, = UI, A, = U 7z, n>1.

eV, Ie€Fp: Epn—T

The corresponding state space is defined by D,, = E, Ll A,,.

So
251 |
/ |
S1+ 25, B
\ b o
352 4 ° [ ] [ ] [ ] [ ]
g

Figure 1: Left: The reaction graph of a stochastic reaction network. Right: The state
space with the region R in shaded grey. Points in D 4 are marked red.

As Dpg is non-empty, the existence of at least one endorsed set is guaranteed. By
construction, the endorsed sets are disjoint, their union is Dg and their number, Ng,
may in general be countable infinite. Furthermore, any absorbing set is confined to a
subset of {x € N |z # M}, lying “close” to the boundary of IN¢. If extinction is possible
from an endorsed class FE, then this absorption will take place in A,,. Note, however,
that the set .#4 may in general be empty, in which case no absorbing set exist. To further
illuminate the structure of the endorsed sets, we provide the following classification
result.

Proposition 2.3. For M € IN¢ sufficiently large, the set {z € D |z > M} intersects

(i) finitely many endorsed sets if and only if rank = = d.
(ii) a single endorsed set if and only if spany = = 7.

Proof. (i) Suppose first that rank = < d. Let x € Dg. Then x € F1, say and there exists a
y € Dg such that y ¢ (z +spanp E). In particular, y € E> where E; # E,. This procedure
can be repeated indefinitely, yielding infinitely many endorsed sets.

Now, suppose rank(Z) = d. Then there exist a;, € Z such that ), 5 aixé is in the
interior of the ith orthant of R?, i = 1,...,2%. Write

,E: _ —
o = aikfk—ai —Q;,

kER
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where o] is the sum over the terms with sign(a;,) = +, and similarly «; is minus the

sum over the terms with sign(a;,) = —. It follows that, given = € IN? large enough, say
x > M;, then
xfa;"foai, :Efaj'»—>x,

and z — (x — «;) = a;. Hence, x — «; and x belong to the same endorsed set.

Choose K € NN such that K > 2max(|ay;]: i = 1,...,2%,j = 1,...,d) and M =
max(M;: i = 1,...,d). Define B, = {z € Z4M < x < M +k(1,...,1)}, for k > K.
Then the same finitely many endorsed sets intersect By for any k£ > K. The proof is by
induction. Clearly, the number of endorsed sets intersecting By is finite as the number
of elements of By, is finite. Assume all By, k > k' > K, are intersected by the same
finitely many endorsed sets and consider k¥’ = k + 1. Clearly, By is intersected by at
least the same endorsed sets, so we only need to check that there are not more. For any
x € Byy1 \ By there is an orthant i € {1,...,2%} such that z — a; € By, by construction
of o; (and K). (Note that the orthant will depend on « € By1 \ By and that there might
be more than one orthant with the property.) Hence, x and x — «; belong to the same
endorsed set as ¢ > M > M,.

(i) Finally, if there is one endoresed class only, then it must be that spany = = Z<.
Oppositely, if spany, = = Z, then there are b;;, € Z such that

Giizbikﬁkiej—*ff;»

kER

where e; is the ith unit vector, i = 1,...,d, and ¢; ,e; are defined similarly to o], o
above. By choosing M large enough it follows that for z > M, the elements x and x — ¢;
are in the same endorsed class. O

Note that, in particular, a reaction network whose associated stochastic process is
a birth-death process, that is, a process where for each i = 1,...,d either ¢; € R or
—e; € R, have a single endorsed set for x sufficiently large. In practice, one may find
the endorsed sets by picking = € R and adding states by a backtracking algorithm [38].
Verification of spany = = Z? can be done by calculation of the Hermite normal form [38].

One may suspect that Proposition 2.3 could be strengthened to hold on the entire set
Dp. This is only partially true. Consider as an example the three-dimensional reaction
network given by the reaction graph

351

/

S1+ So + 53— 25

T~

255

It follows that rank= = 3. However, Dy = IN3, D4, = IN3 \ IN3, and each singleton
{(1,m,1)}, m > 1, constitutes its own endorsed set. Thus, in the generic picture, close
to the absorbing set, there may be infinitely many endorsed sets. We do, however, have
the following corollary.

Corollary 2.4. If d < 2, there are finitely many endorsed sets if and only if rank = = d.

Proof. We only need to prove that if rank = = d then there are finitely many endorsed
sets. For this, it suffices to prove that at most finitely many € Dg do not have an
undirected walk to a point z > M, where M is as in Proposition 2.3. Indeed, if such a
path exists, then by definition = belongs to one of finitely many endorsed sets. With the
remaining set being finite, the total number of endorsed sets is therefore finite.
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Now, let x € Dg be given. By the definition of endorsed sets, there exists a path
x — y with M\g(y) > 0 for all kK € R. As rank= = d, for each 1 < j < d, there exists
k(j) € R such that (e;,{(;)) # 0. Keeping the jth coordinate fixed and increasing the
possible other if necessary, thus arriving at a point y’ with y; =y and y; < y; fori # j, by
the stoichiometric compatibility condition we may by repeated use of reaction k(j) find a
path ¢/ — z or z — ¢’ with z > M. Repeating the argument for the possible remaining
coordinate, we conclude that there exists an M’ € IN? such that if £ M’ then z has an
undirected walk to a point z > M. As the set {x € Dg |z < M’} is finite, this concludes
the proof. O

One may easily verify, that the second part of Proposition 2.3 can also be extended
for d = 1. Indeed, for any point « € Dy there exists a reaction k € R such that A\;(z) > 0
and either z + &, > x or = + & < x. Otherwise x € D 4. Consequently, there is a point
z > M for any M € Dpg such that either x — z or z — x. However, note that the network
in Figure 1 shows that this result does not hold in the case d = 2.

An endorsed set, F,,, n > 1, is only irreducible if it consists of a single irreducible
class. If there is more than one irreducible class in F,,, then we need that there is a
smallest one to ensure uniqueness of a QSD.

Assumption 2.5. For a given endorsed class F,, n > 1, we assume:

(i) E,, contains a unique minimal irreducible class, 17}, .
(i) if A, # 0 then 7, — A,.

m

We shall see that Assumption 2.5(i) is equivalent to a more technical property of the
state space, which is necessary for our results to hold. Thus no generality is lost in
having Assumption 2.5(i).

Networks without any minimal class exists, for example () — S7, which does not have
an absorbing set either. Furthermore, networks with more than one minimal class also
exist, for example, S; + .55 — 0, So — (. Thus Assumption 2.5(i) is indeed not superfluous.
We believe Assumption 2.5(ii) is always met if Assumption 2.5(i) is. It ensures that one
may always reach the absorbing set, if it is non-empty.

Definition 2.2 accommodates the general case where uniqueness of a QSD does not
necessarily hold, in which case the support of the QSD may stretch the entire endorsed
set rather than, as we shall see, the unique minimal irreducible class. We remark that
rather than investigating an entire endorsed set, one may be interested in a particular
irreducible component, say Z. Letting the state space be D = E LI A where

E:I, A: U j7
TJEFLA: E=T

the theory to be developed in this paper applies to this case as well.

As an illuminating example consider the generalized death process mS; — () with
m € IN, where each point in the state space D = Ny constitutes its own irreducible
class. Here, the endorsed and absorbing sets are E,, = {n 4+ pm — 1|p € N} and
A, = {n — 1} respectively, for n = 1,...,m, and Assumption 2.5 is satisfied for all n.
Thus, D = {m,m+1,...} and D4 = {0,...,m —1}. It is known that in the simple death
case, m = 1, uniqueness does not hold on D = IN. Indeed, there is a continuum of QSDs
with support larger than {1}, the unique minimal class [20].

—_————— —— ——

—
S1
Figure 2: State space of the reaction network 25; — (). There are two endorsed sets.
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In the setting of birth-death processes in one dimension, which has an infinite state
space, it is known that there will be either none, a unique or a continuum of QSDs [44].
Consider the two reaction networks

0 s B as,, 0 s, 2:2251, (2.2)

endowed with mass-action kinetics. In both cases we conclude, according to Definition
2.2, that the set of absorbing states and the set of endorsed states are

Da=A ={0}, Dp=E ={12..}

respectively. For the network on the left in (2.2), assuming a1 > as, there is a continuum
of QSDs on E1, while for the network on the right, there is a unique QSD on FE1, for all
parameter values [30]. This fits well with our result — the necessity of having reactions
of order higher than one to ensure uniqueness permeates to higher dimensions.

3 Extension of arguments

In this and the following sections, we shall simply use the notation E to refer to a
single endorsed set, with corresponding non-empty absorbing set A, when there is no
ambiguity. Further, as existence and uniqueness is known on finite state spaces, we shall
assume without loss of generality that F is countably infinite. We make the following
definitions inspired by [9] and [31].

Definition 3.1. For any vectorv € IN%, we define a corresponding function (v, -): Z* — 7
given by the standard inner product

(v,2) =2 - v.

This function may in general take negative values, however, when restricting (v, -)
to E, one obtains a norm-like function, [31]. Choosing v = (1,...,1) we recover the
function used in [9]. In general, we shall choose v € IN? based on the particular reaction
network at hand, and will in the following consider it fixed. For n € IN, define the sets

Op,={x€E: (v,z) <n}.

which, irrespectively of v, are compact subsets of F, satisfying O,, C O, 41 and E =
U,hew On- We denote the first hitting time of A, the first hitting time of O,, and the first
exit time of O,, by

T4 = inf{t > 0: X; € A}, T, = inf{t > 0: X; € O0,}, T, =inf{t > 0: X; ¢ O, },

respectively. Note that all of these are stopping times and might be infinite. As we
will be concerned with the application of unbounded functions serving the purpose of a
Lyapunov function, we introduce the weakened generator, L, for the Markov process
[31, 8].

Definition 3.2. A measurable function W: D — R belongs to the domain D(L) of the
weakened generator L of (X;: ¢t > 0) if there exists a measurable functionU: E — R
such that, foralln € N,t > 0andx € E

tAT,
B, W(Xinr,) = W(z) + B, ( / U(X.) ds) ,

0

and
tAT,
E, / U(X;)ds| < oo, (3.1)
0
and we define LW = U on E and LW =0 on A.
EJP 25 (2020), paper 45. http://www.imstat.org/ejp/
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As the state space of interest is always countable, all functions f: D — R are
measurable. Moreover, as the state space is discrete and O,, is finite for all n € NN,
all functions f: D — R are in the domain of the weakened generator, D(L) [31]. In
particular, E,W (X;ar,) is well-defined and finite. Generally, the weakened and the
infinitesimal generator need not agree, and the infinitesimal generator may not exist
[31].

However, if f is bounded, then they do agree. In particular, E,|f(X:)| < co and it
follows that as ¢ — 0,

(Z f(@ + €GP (X, _x+gk>) T F(@)Pu (X, = 2) + (1)

kER
<Z fla+ &) M(2)t + ot )) + f(z) (1 -y /\k(x)t+0(t)> + o(t)
kER kER
=D (@) (f@+ &) = f@)t+ f(w) +o(t).
kER

Hence E, f(X;) is differentiable and from the fundamental theorem of calculus we
conclude that the weakened generator coincides with the (weak) infinitesimal generator
[31],

L) = tim P IO ZIE 5 a0+ 60— @)

kER

forx € E.
Moreover, setting W(xz) = (v,z) as in Definition 3.1, it follows from the Poisson
characterization of the process (2.1), that

tAT,
E. W (Xiat,) = Ex (v, Xinr,) = Egp{v, Xo) + E( Z Yi (/ )\k(Xs)ds> &)
kER

tAT,
= W(Hf) + Ex </ Z Ak(Xs)<’Uv £k> dS) )
0 kER
such that
=Y M@)(v,&),  zeE. (3.2)
keR

Note that (3.1) is fulfilled as O,, is finite.
Definition 3.3. Define the functions d,,d": N — R by

dy(n) = erma); Z)‘k (v, &) E(x + &),
d’(n) = rEEH(lg); nZ)\k V1a(z + &)

All networks, for which extinction is possible, have the property that there exists a
v € IN? such that (v, &) < 0 for some reaction k£ € R. Indeed, suppose that (v, &) > 0
for all v € IN¢ and k € R. Then &, € INg for all kK € R, hence z + &, > x for any = € D.
In particular, if x € E then x + £ € E and we conclude, from the observation that any
absorbing set is confined to a subset of {z € IN¢ |z # M} for some M sufficiently large,
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that the process is not absorbed. By contraposition the desired claim holds. Note that
for fixed n € IN, the set {z € E, (v,z) = n} might be empty, thus we define

A ={neN|JzeFE: (v,x) =n},

and make the following central assumption.

Assumption 3.4. There exists v € IN? and n >0, N € N, such that, forn > N,
dy(n) > nd’(n), )

and, with the limit being taken over .4 C NN,

= o0. (i1)

We note that, as d”(n) is always non-negative, this assumption assures that d,(n) is
non-negative for n sufficiently large. We shall see that this assumption further ensures
the ability to “come down from infinity” in finite time.

4 Verifying assumptions

We start by introducing some notation and definitions from [9] for ease of reference.

Definition 4.1. A couple (V, ¢) of measurable functions V and ¢ from D = EU A to R is
an admissible couple of functions if

(i) V and ¢ are bounded and nonnegative on D, positive on E, satisfy V(x) = p(x) =0
for all x € A, and further

inf V(=)

> 0.
w€B p(x)

(ii) For all sequences (z,)p>1 in E such that {p € N: z, € O,,} is finite for alln > 1,

lim = 00, and lim V(Xr,) =0 P,-as.forallz € E.

pP—00 (P xp) n—oo
(iii) LV is bounded from above and Ly is bounded from below.

The definition of a couple of admissible functions in [9] further requires that V'
and ¢ belong to the domain of the weakened infinitesimal generator of (X;: ¢ > 0).
However, since any function f: IN¢ — R is in this domain for discrete state spaces
[31], the requirement is automatically satisfied. Furthermore, as V, ¢ are bounded, the
infinitesimal generator L is defined hereon and agrees with the weakened generator L.

The question of extinction has recently attracted much attention on its own [26].
Therefore, we provide the following proposition which renders an explicit criterion for
when the stochastic process associated to a stochastic reaction network goes extinct
almost surely. The assumption in the proposition is weaker than Assumption 3.4.

Proposition 4.2. Under Assumption 2.5, with A # (), the process (X;: t > 0) is absorbed
P.-a.s. forallz € E ifd,(n) > CdT(”) for n sufficiently large, where

C:kné%):(v,@% Ra={keR:(E+&)NA#D}.

Proof. Define the norm-like function W (z) = (v, z) on IN¢ as in Definition 3.1, and let
L be the weakened infinitesimal generator of (X;: ¢ > 0). It follows from (3.2) and

EJP 25 (2020), paper 45. http://www.imstat.org/ejp/
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the assumption that d,(n) > Cd ) for n sufficiently large that for each 2 € E with
(v,x) =n,

Zxk (v,&)

_Z)\k (v,6:) 15 (7 + &) +Z)\k (0,60)1a( + &)

k=1

max ZAk (0, &) 1E (2" + &)+ max/> HZA;C (0, &)L (' +&)

LEE(UJL) n z'€E,(v,x

<—-dy(n)+¢ max Z)\k Vla(z' + &) = —d, (n)+%

' €E,(v,x’)=n

d’(n) <0,  (4.1)

for n sufficiently large. In particular, there exists an N € IN such that for n = (v,z) > N,
we have LW (x) < 0, hence, setting M = max,cp. 1<(v,z)<n10, LW ()}, yields

LW(x) < M -1o,(2), x e k.

Since Oy is compact, we may apply [31, Theorem 3.1] to conclude that the process
(X;: t > 0) is non-evanescent, that is,

P, (<v X,) 2, oo) -0, z¢ck. 4.2)

Define the discrete time jump chain (Y,,: n € Ny) by Y,, = X;, , where Jy, J1,... denote
the jump times of (X;: ¢t > 0) given by

Jo = 0, Jn+1 = inf{t Z Jn : Xt 7é Xjn}.

Let B,,, ={Y, € O, i.0.} and F = {Y,, € Ai.o.} = {Y, € A for some n}, where the last
equality follows from A being an absorbing set. By Assumption 2.5, all states in O,,, C E
have a shortest path to A (there is a path to the minimal irreducible class, and then to
A, for any = € O,,), which has some positive probability. For each state = € O,,, let b,

be the probability of this shortest path, and define 3,, = min,co . b,. As O,, is compact,

m

B > 0. It follows that for each n € INg the conditioned process fulfils

IP(E](YWAHCGA) n m>>ﬁm>0~

k=1

By [16, Theorem 2.3] we get
Py (Bm\F) =0, (4.3)

with y = Yy = Xy = z, for any m € IN. Now, the complement of the event UOC_O B,, is the
event G U F, where G = {(v Yy) 4, oo} As B,, is an increasing sequence of events
in m, we obtain by monotone convergence and (4.3) that

m— o0

1= y<GUFUUBm> = lim P,(GUFUB,) = lim Py(GUF)=P,(GUF).

Thus, (Y,,: n € INy) either tends to infinity or is eventually absorbed in A. The same
holds for the full process (X;: ¢ > 0), and by (4.2) we conclude that P,(G) = 0 hence
P,(t4 < 00) = P,(X; € A for some t) = 1. In particular, we also have that

lim T, = 74,
n— oo

thus the process is regularly absorbed, by definition. O

EJP 25 (2020), paper 45. http://www.imstat.org/ejp/
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Note that ¢ in Proposition 4.2 may be negative thus Assumption 3.4(i) is stronger
and immediately provides the same conclusion of almost sure absorption of the process.
Further, as we shall see in the next proposition, Assumption 3.4(ii) assures that the
expected magnitude of X, in the form of (v, X;) given X, = z, is uniformly bounded in
x € E for any ¢t > 0. This, in turn, implies that the time of “coming down from infinity” is
finite, which is closely related to the uniqueness of QSDs. This is where 1 > 0 is required.

Proposition 4.3. Under Assumptions 2.5-3.4 with A # (, the process (X;,t > 0) satisfies

T4a= lim T, < > P,-a.s. forallx € E,
n—oo

in particular, the process is absorbed P,-a.s. Further, sup,.p E; (v, X;) < oo for any
t>0.

Proof. By Assumption 3.4(i), it follows, applying the same notation as in Proposition 4.2,
that

d(n)

)
n

dy(n) = nd"(n) > ¢

for n sufficiently large and ( as in the proposition. Thus by Proposition 4.2, the process
(X¢: t > 0) satisfies

T4 = lim T, < oo,
n— o0

P.-a.s. for all x € E. Hence the process is regularly absorbed.

The second claim is apparently a ‘classical result’ [8] but we are not aware of a proof
in the literature, hence we provide one here. Let W (z) = (v, ) on IN¢ as in Definition
3.1. It follows from (4.1) of Proposition 4.2 and Assumption 3.4(i) that with (v, x) = n,

LW(%‘) < —dv(n) +¢ /GEHélaX/> Z )\k(x')]lA(aj/ + gk)
T (val)=n—

< —dy(n) + C%d”(n) < —dy(n) + nindv(n) _ (1 _ C) dy(n).

It follows, under Assumption 3.4(ii), that
LW (z) ¢\ dv (n)

asn = (v,x) — oo in .4/, in which case 1 — (/(nn) becomes positive. Hence, there exist
constants D1, Dy > 0 such that

LW (z) < Dy — DiyW(2)'™,  forallz € E. (4.4)

Since we have ), » Ax(z) < oo for each z € D, it follows from [3, p. 12] and the
equivalence of the weakened and infinitesimal generators on W that

t
W(X,) — W(0) — / LW(X,) ds
0
is a martingale. Thus, by the martingale property we find

E,W(X,) = W(z) + /Ot E.(LW(X,))ds, (4.5)
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which is a form of Dynkin’s formula [27]. Using the bound (4.4) combined with Jensen’s
inequality we obtain, upon differentiation of (4.5),

%Ezm)@) =E,(LW(X})) < Ep(Dy — DyW (X)) < Dy — Dy (E,W (X)) 7.

Define f,(t) = E,W(X,) and choose D; > D,. Consider the associated differential
equations

g:/me(t) = D;3 — Dlgwaf(t)l—i_na gw,e(o) = W(.’L‘) +e€ 4.6)
hL(t) = —D1ha ()™, hg(0) = W(x). 4.7)

Define F'(t,z) = D3 — D127, It then follows that

f2(t) < F(t, f2(1)), J2(0) = W (),
WD) < F(th(), hel0) = W(),
(t) = F(tvgm,e(t))’ gm,e(o) = W(l‘) + e

By Petrovitsch’ theorem [33, p. 316] applied twice and the fact that solutions to the
ordinary differential equations are continuous in the initial value, we conclude that

fo() < gu(t),  ha(t) <gu(t) ¢ €[0,T], (4.8)

where g;(t) = lim._,¢ g, (t). The solution to the initial value problem (4.6) cannot be
given in explicit form, however, the associated simpler differential equation (4.7) does
have an explicit solution for n > 0, given by

1
ho(t) = .10
O = Do w7

In order to use this to bound f,(t), define the function
ki(z) = D3t + hy(t).
Then, using (4.8), we have
9o (t) = D3 — D1g(t)'"" < D3 — D1hy ()" = D3 + R, (t) = kL, (t).
Since g;(0) = W(x) = k;(0) it follows that ¢, (t) < k,(¢) and we infer that

sup E, W (X;) = sup f.(t) < sup ¢.(t) < sup k. (t) < oo,
x€EFE xeFE xeFE zeFE

for all fixed ¢ > 0 as desired. O

Inspired by [9], we now make the following definition, which allows us to generalize
their method of proof for the subsequent lemma.

Definition 4.4. Let v € N? and o, 3 > 1. Define V: N¢ — R and p: N — R by

<’U,:L’> 1 (.¢]

V@S 3 g =1 3 =

Lemma 4.5. Under Assumption 3.4, for suitable choices of a, 8 > 1, the pair (V, )
satisfies

(a) V,p are bounded.
(b) There exists an integer n and a constant C' > 0, such that

—Ly < C1lp,.
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(c) There exists constants ¢, C' > 0 and C” > 0, such that

LV + C’VHG
@

S CNQD-

Proof. As v € N4, it follows that (v,z) € INy for all z € E. In particular, V(z), ¢(z) <
Z;’il %p with p > 1 which is a convergent hyperharmonic series. This proves (a).
Thinking in terms of Riemann sums, using that j — j~? is decreasing in j for 8 > 1, we

obtain the bound

> 1 < 1 v, )P
> e[ =
G=(v,z)+1 J (v,z) Y 6 -1

Exploiting the linearity of (v, -), we may now follow the method of [9]. Consider for z € F
with n = (v, z), and L the weakened generator which coincides with the infinitesimal
generator since ¢ is bounded,

ZAk pla+ &) — o(a)

—Z)\k JE(x + &) (0T + k) — +Z/\k JLa(x +&k) (p(x + &) — ¢())
—Z)\k ez + &) Z -ig_ Z ig
j=(v,z+E€k)+1 J j=(v,z)+1 J
—Z/\k Vla(z + &) Z ji,@
j= (a1
(v,€k) 1
:_Z/\k JE(@ 4 &)L (0,00) ((V, &) ; o) 1P
—1
1
+Z/\k (T + &) L(—o0,0) (v, €k>)i_%k>w
=1
—Z)\k @+&) > 77
j=(v,z)+1

| V

< Z)\k JLE(Z + &k)1L(0,00) (V5 &) (v, Ek)

= M) B(E + €L (0, 660 &) ZAk st g
( Z)\k (2 + &)(v, k) ZAk ]le—l—g)(B wi)

Z<U 1x>5 < » eEma»X Z)\k 0, &) 1e (@ + &)

max Z/\k ]1,4$—|—§)< x'>>

:vGE (v,2’) _n 5 1
_1 d"(n)
P (d“(”)_ /3—1>'
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Using Assumption 3.4(i), we can choose 8 > 1 large enough such that Ly(x) > 0 for all
n = (v, z) sufficiently large. In particular, condition (b) is satisfied.
Similarly, as V' is bounded, we find for « € E with (z,v) = n,

Zxk Ve +&) - V()

(v,x+Ek) 1 (v,x) 1 r (v,) 1
—ZAk ez + &) TX*ZTX =D Ae(@)La(@ + &) a
j=1 J j=1 J k=1 j=1 J
T <v7z+£k> 1
< (@) 1E(® + &R)L0,00) ((V, k) -
k=1 j=(v,z)+1 J
r (v,z)
—Z/\k(w)llE(ﬂf+§k) —00,0) ({V, &k)) -
k=1 j=(v,z+&)+1 J
r (v,€k) 1
=) A 1 + &)1 0.00) (v, —
2 k(2)LE(T + €k)1L(0,00) ((V; k) ; TENCEE
T -1 1
— A 1 1._ _
Z: k(T)LE(T + &)L (—00,0)((V, &) | > GrwaTi)e
k=1 J=(v.&k)
- U, Sk
<3 M@ + 60V 000 (0,661 12
2 (v,7)
- <’U7 §k>
) M@ LE(@ + &)L (—00,0) ((v,)) 0, 2)°
k=1 ’
1 ks
< A 1
< forafa 2 WO (o + 6)
1 dv(n)
< Ak ( puil .
_<'U7517>a I’EE va:’ Z k U fk E(ﬂf +€k) ne
Note that by treating V(z) as a lower Riemann sum, for z € E,
=1 =1 <1
= 7% = 7% T a—1
and similarly, treating () as an upper Riemann sum,
oo
1 <1 A+ (wa)' =P (v,2)'F
p(r) = —= 2 / —dx = > ,
j—<§>+1 ]ﬁ (v,z)+1 zh B -1 2(ﬁ - 1)
with the last inequality holding for (v, z) sufficiently large, using that for g > 1,
_ -B
(L+ (a)'=? (1 ' 1 _
i\ (o) +1 —>1>§7 for n=(v,z) = 0.
We infer that
1+e d
LV(.T)"‘ V (.T) < U(n) _'_C,nﬁ(,@_l)’
©“(z) ne
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where C = [a/(a — 1)]'T¢[2(8 — 1)]°. Note that by definition ¢(z) > 0 for x € F hence,
choosing @ =1+ n/2 and e = n/[2(5 — 1)], we get

Vite() dy(n) 2 dy(n) 2
LV(:L') + (IOE(JZ) S _n1+,,7/2 +Cn17/ = (C — n1+n> n”/ .

Using Assumption 3.4(ii), the first term becomes negative for (v, z) sufficiently large. In
1+e
other words LV (z) + ij(;;” ) <0 for x ¢ O,, with n sufficiently large. Since by definition

(z) > 0, condition (c) holds. O

Lemma 4.6. Under Assumpstions 2.5-3.4, the pair (V,y) is an admissible couple of
functions.

Proof. Choose «, € R such that the conclusions of Lemma 4.5 hold. In particular,
«, > 1 hence the functions V' and ¢ are bounded, non-negative on £ U A and positive
on E, and by definition V(z) = ¢(z) = 0 for x € A. Furthermore, inf,cg V() > 0, hence
by non-negativity of ¢,

o V(z)
bt s

>0,

and Definition 4.1(1) is fulfilled. Let (x,),>1 be any sequence in E such that the set
{peN:z, € O,} is finite for all n > 1. Then (v, z,) — oo as p — oo, hence

1~ V(xp) _ 1 Z;ifp> j%
im = lim ———+
p=ro0 p(p)  poroo Zj:<q;,m,,>+1 37

= Q.

Furthermore, since the process is regularly absorbed by Proposition 4.3, we have
lim V(Xp,)=V(X;,) =0 Pga.s,
n—oo

hence Definition 4.1(2) is fulfilled. Finally, from Lemma 4.5 and the fact that V and ¢ are
both bounded functions, it follows that LV is bounded from above and L¢ is bounded
from below. This concludes the proof. O

4.1 Lemmas

Lemma 4.7. Assumption 2.5(i) is equivalent to the following: There exists ng € N,
0o,01,a1 > 0 and a probability measure v on E such that, for all x € O,, and all
s € [90,60 + 91},

P,.(Xs €:) > av, (4.9)
and in addition, for all n > ng, there exists s,, > 0 such that

inf P,(X,, €Opn,)>0. (4.10)
wEOn

Proof. We first prove that Assumption 2.5 implies the existence of such constants and
probability measure. Let Z,,;,, be the unique minimal irreducible class contained in FE.
Set

no = inf{n € N: O, N Zyin # 0} < occ.
Pick z € Ziyin N Oy, arbitrarily and let v = §,. Pick arbitrary 6y, 6; > 0 and let
a1 = inf P.(Xs = 2).

36[90,90+01],I€O710

EJP 25 (2020), paper 45. http://www.imstat.org/ejp/
Page 17/30


https://doi.org/10.1214/20-EJP445
http://www.imstat.org/ejp/

Existence of a unique QSD in stochastic reaction networks

Note that for all n € IN the set O, is finite and any = € O,, C F has a path to Z,,;, and
thus, by irreducibility, to z. By continuity of P,(X. = z), we conclude that a; > 0 and
choosing s,, = 6y > 0 for all n, the desired holds.

For the reverse direction, we first prove uniqueness of the minimal irreducible class
in the endorsed set E. Suppose for contradiction that Z; # Z; are irreducible minimal
classes in E. Let 21 € Z; and w3 € Z;. Then there is a path z; — y; and a path x3 —
with y1, y2 € Oy, . Indeed, if Z,NO,,, # 0 for | = i, j we may simply choose y;, = xy, £ = 1,2.
Otherwise, x1, 29 are in some O,,, and O,,, respectively with nq,no > ng, hence by (4.10),
there exist paths as described. By (4.9), there exist 6y,6:,a; > 0 and a probability
measure v on E such that, forall y € O,,, and all s € [61,61 + 6],

P, (X, €-) > av.

As v is a probability measure on a countable space, there exists some z € E such that
v({z}) > 0. But then P, (X, = z) > 0 for all y € O,,,. We conclude that there exist paths
y1 + z and yp — z. By minimality of Z; and Z;, we conclude that z € Z; N Z; which is a
contradiction. This proves the uniqueness in Assumption 2.5(i).

We now prove existence. Suppose for contradiction that no minimal class exists.
Then, for all Z C FE there exists J C E such that 7 — J. Repeating the argument results
in an infinite path

Jh—=To—= T3 — ... (4.11)

In the case where there are only finitely many irreducible classes in F, there must exist
an ¢ € IN such that J; — J; = J1 which contradicts the lack of cycles in D.

Suppose therefore that there are infinitely many classes. Given ng, the set O, is
finite. Thus it intersects at most finitely many irreducible classes. We conclude that in
the infinite path (4.11), there are infinitely many ¢ € IN such that

I%rHQnU::@, Iim()m,#:&

for some n; > ng. However, by (4.10) each of these classes have a path to O,,,. This im-
plies the existence of at least one irreducible class intersecting O,,, which appears more
than once in the infinite path (4.11). This creates a cycle in D which is a contradiction. O

Lemma 4.8. Under Assumpstions 2.5-3.4, for all A > 0, there exists n > 1 such that

waxGM“Nm»<<ux (4.12)
zeE

Proof. It follows from Proposition 4.3 that for all ¢ > 0 there exists a constant M > 0
such that sup, ¢ E; (v, X¢) < M. Let 7,4 = 7, A 7a. Then, for e > 0

o0

B, (v, Xe) = > Po((v,Xe) >n) > > Py(rpa > e).
n=0 n=0

Suppose for contradiction that P, (7, 4 > €) does not converge uniformly in = to 0
as n — oo. Then for any § > 0, sup,cp Py(7,,4 > €) > § for infinitely many n € IN.
Thus, choosing ¢ = ¢, there exists a sequence (z;,n;);>1 with (v,z;) > n; such that
P.,(Th; 4 > €) > € and n; > n;_1. But then, noting that P, (7,,—1,4 > €) > P, (75,4 > €) for
all n € IN, we obtain

o0

E,, (v, X) > ZIPM (Th,a >€) > ZIPL, (Tn,a > €) > 1Py, (T, 4 > €) > nje.

n=0 n=0
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Letting ¢ — oo we would have M > lim; ,o Eg, (v, X¢) > lim;_,o n;e = oo, which is a
contradiction. We conclude that sup,cp P, (7,4 > €) < e for n > N(e).

Now, given ¢t > 0 we can choose 0 < € < 1 such that ¢t = pe for some p € IN. Applying
the Markov property we get, for n > N(e),

IP:E(Tn,A > t) = IP:E(Tn,A > pﬁ)

= Z ]PJZ(TTL7A > pe | Tn,A > (p - 1)€7X(p71)e = y)IPw(Tn,A > (p - 1)€7X(p71)e = y)
yeD

= Z IPy(Tn,A > 6)IP-%(TH,A > (p - 1)67X(p—1)6 = y) < G]Pr(Tn,A > (p - 1)5) <€,
yeD

hence we conclude, as t < p, that

sup Py (1.4 >t) < €.
zeFE

Since e*™74) is non-negative, by choosing € < e~ < 1 we get

AT ATA) > AT ATA) > Int
supEgE(e " “):sup IP$<6 n/ATA Zt) dt <1+ sup P, Tn,AZT dt
0 1

z€FE z€E zeE
oo oo 1
<1+/ elnt//\dtzlJr/ e/ Vdu=1+-—"—— < 0,
- 1 0 ( ) 1+ 1In(e)/A
thus (4.12) holds as desired. O

Lemma 4.9. For all n > 0, there exists a constant C,, such that, for allt > 0,

sup P,(t <74) < C, inf P,(t < 7Ta).
z€0,, €0,

Further, with V' from Definition 4.4, there exist constants rq,py > 0 such that for n
sufficiently large,

P,(ro < 74) < poV(x), for all x € E\O,,.

Proof. Let n > 0 be given. If O, is empty, then the statement is vacuously true for any
Chn. If Oy, is non-empty, then as sup,.o P.(t < 74) < 1 and inf,co, P.(t < 74) > 0 since
O,, is finite, we may simply choose

o - SUp,co, Pe(t < 7a) c o
" infyeo, Po(t < 7a) .

To see the second claim, note that letting

1

—— >0
infyep V(x) -

Po =
we have for any ro > 0,

Py(ro <7a) <1=po ingEV(x) < poV(z),
xr
for all x € F, and the desired holds. O
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5 The main result

We are now ready to state and prove the main result of the paper. In the case where
only a single endorsed set, F, is considered, we find that the unique QSD hereon is in
fact globally attracting in the space of probability measures on F.

Theorem 5.1. A reaction network (N, \) with associated stochastic process (X;: ¢ > 0)
onD = E U A, with A # () and satisfying Assumption 2.5-3.4, admits a unique quasi-
stationary distribution v. Further, there exist constants C,~v > 0 such that, for all
probability measures (i on F,

P (X €[t <7a)—vl|rv <Ce M, t>0.

Proof. By Proposition 4.3, the process is regularly absorbed, and by Lemma 4.6 the pair
(V, ) given in Definition 4.4 is admissible, satisfying conditions (a) and (b) from Lemma
4.5. The result now follows from Lemma 4.7-4.9 together with [9, Cor. 2.8]. O

In the case where A = (), and hence d’(n) = 0, this indicates that Assumption 3.4(ii)
might be sufficient for uniform exponential ergodicity. Note that this assumption implies
that

)\ )\ < _ 14+n — _ 14+n
Z &(2) (v, &) ermg);/)_nZ k() (v, &) =—dy(n) < —cn c(v, )",

for n larger than some N € IN and n > 0. It has been claimed that the weaker assumption
corresponding to n > 0 is sufficient [23, Proposition 4], however, this is not the case
(the proof in [23] only implies exponential ergodicity). Indeed, the subcritical linear
birth-death process is exponentially ergodic but not uniformly so [1].

Corollary 5.2. Let v be the unique quasi-stationary distribution on E and Z;, the unique
minimal class of E. Then supp v = Zpin.

Proof. Suppose for contradiction that supp v € Znyin. Then there exists a point y € Z #
Tnin for which v({y}) > 0, where 7 is an irreducible class of E. As v is globally attracting
in P(E), the space of probability distributions on F, it follows by definition that

tlim P,(X: € B|t <Ta) =v(B),

for any p € P(E) and any measurable set B C E. In particular, letting p = ¢, with
2z € Tnin yields, by minimality

0= lim Ps (X; =y[t<7a)=v({y}) >0

which is a contradiction. We conclude that supp v C Zi,. In particular, there exists
a' € Tmin such that v({z'}) > 0. Further, since Z, is irreducible, P, (X; = y) > 0 for all
Z,Y € Imin- As v is a QSD, it follows from [12, p. 48] that

euly) =) v@Po(Xe=y) = Y v(@)Pu(Xe =y) > v(@)Pu(Xe =y) > 0.

zeE TE€Lmin

for some § > 0 and allt > 0, y € Zpnin. Consequently, supp v O Zyi, which in turn implies
supp v = Znin as desired. O

We remark that if A = () for an endorsed set E, then the definitions of quasi-stationary
distribution and stationary distribution on E are equal, 74 = oo and all the previous
proofs go through without changes. In particular, it follows from Corollary 5.2 that any
stationary distribution is supported by the unique minimal irreducible class (which exists
by assumption) as well.
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Corollary 5.3. A one-species reaction network (N, \) has ged(&1,. .., &) < oo endorsed
sets with countable infinite number of states. If, in addition, the kinetics )\ is stochastic
mass-action, the highest order of a reaction R > 2, and

Z k()& <0, for x sufficiently large,
keR: max(yy;|i=1,....,d)=R

then each endorsed set has a unique QSD.

Proof. It follows similarly to the proof of Proposition 2.3 that for x large enough z=
and z + z are in the same endorsed set if and only if z = kg, k € Z, is a multiple of
9= ng(§1, cee 751“)‘

As there is only one species, we may without loss of generality take v = 1. It follows
that d,(n) = — >, cr Ak(n)éx > 0 for n sufficiently large and d,(n) = O(n®) with a > 2
by assumption. Furthermore, d”(n) = 0 for n sufficiently large. Thus Assumption 3.4 is
satisfied. We infer the desired by Theorem 5.1. O

6 Examples
In this section, the main theorems and their applicability are illustrated through a

series of examples. In particular, we show explicitly how the results of [9] are extended.

Example 6.1.
mS; 3 0 B

S1
As discussed in Section 2, the endorsed sets and corresponding absorbing sets are

E,={i+pm—1|pe N}, A ={i—1}, fori=1,...,m,

respectively. These endorsed sets are evidently not irreducible. However, {i + m — 1} is
the unique minimal irreducible class in E; from which one may jump directly to A;, thus
Assumption 2.5 is satisfied. Further, assuming mass-action kinetics,

dv(n> = aln(n — 1) - (n —m + 1)m]lE(’I'L _ m) — O(’I’Lm)’

for n sufficiently large, hence we conclude by Theorem 5.1 that there exists a unique
QSD on each E; if m > 2. Further, in this case, for any initial distribution, x, on the full
set of endorsed states, Dg = {m, m +1,...}, the measure P,(X; € - |t < 74) tends to v,
exponentially fast for ¢ — oo.

Example 6.2 (Lotka-Volterra).

% ]
Sy 228,
S1+ Sy Og 255 W
Sy %0 W
* ° e o—>
S1
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The Lotka-Volterra system describing competitive and predator-prey interactions has
been of interest for approximately a century [29, 51]. In the stochastic description of
the model, we find R = IN? hence it follows that the state space can be divided into the
endorsed and absorbing sets given by

Dp=E=N?  Dyu=A=N3\N?

respectively. Using mass-action kinetics, it follows that for v = (v, v,) € IN?,

z€E,(v,z)=

do(n) == _ max D Aw(@) (v, &) 1p (@ + &)
k=1

—  max  (oquiry + (v2 —v1)onz1Tall(a 3, 3 (21) — vasxalia s (22)).
z€E,(v,x)=n

Letting (vi,v2) = (¢,1) yields d,(n) = —lai(n — 1) + (£ — 1)az(n — 1). Thus, choosing
¢ sufficiently large, d,(n) = O(n) and d,(n) > 0 for n sufficiently large, provided that
as > ap. Note also that maxger, (v,&;) < 0 hence by Proposition 4.2 the process is
P,-a.s. absorbed for all x € E if ay > ;. However, d’(n) = O(n?), hence Assumption
3.4(i) is not satisfied, and one can not apply Theorem 5.1.

Using generalized mass-action [34] for the same standard Lotka-Volterra network,
we may obtain a different result. Suppose for example that

)\1(1’) = 1T1T2, )\g(z) = 01213411%%, Ag(lﬁ) = Oégl’g.
Choosing v = (2, 1), say, we find

dy(n) = — EGEI?((I'?};):TL (2a1x1m2 - agx%xgﬂ{gyg,“_}(xg) - agxgﬂ{g’gw }(ch)) = 0(n?),

and likewise

d’(n) = max n(azizdlay(z) + azzilyy) (z2) = O(n®).
z€E,(v,x)=n

Thus Assumption 3.4 is satisfied. As F is irreducible, Assumption 2.5 is also satisfied
and we conclude by Theorem 5.1 that there is a unique QSD on F.

o

S1 =25 ;
S+ 82 2 28, (6.1) |
Sy 280 jHT
TS

Let us now consider the slightly altered version of the original Lotka-Volterra system
using mass-action kinetics, obtained by addition of the reactions 25; — 57 and 255 —
S1 + S5. In this case, there is still one endorsed set with corresponding absorbing set
given by

E =Ny x N\{(0,1)}, A= IN%\Ev

respectively.
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For a general v = (v1,v2) € IN? it follows that d¥(n) = O(n) and

z€EE,(v,x

dy(n) = — max)znZ/\k(x)@,fk)]lE(x—i—fk)
k=1

= min  (—ajz1v1 + viexi(x; — 1) — (v — v1)agziae
z€E (v,z)=n

+ (Uz — ’01)0[4$2(5172 — ].) -+ 'UQOL5.’E21{2737_“ }(%2))
We need vy > v; for the coefficient of the 4th reaction to be positive. Further, by the
second derivative test, d,(n) = O(n?) exactly when

dvrag(ve — v1)ay > (v — v1)2a§.

The set of possible v-vectors, V, is therefore

4
1 < vy < U1 (l—i— a22a4>}7
Qasz

which is non-empty for any positive reaction rates. A particular choice would be v =
(£,¢+ 1), for ¢ sufficiently large. As E is irreducible, Assumption 2.5 is satisfied and we
conclude by Theorem 5.1 that the modified Lotka-Volterra system has a unique QSD on
E for any reaction rates.

V:{UEIN2

Figure 3: Two realizations of the process (X;: ¢t > 0), associated with the reaction
network (6.1), with differing X,. Left: a3 = 30, a2 = 0.3, a3 = 2,4 = 0.7, 5 = 1. Right:
a1 =20,a0 =07, 03 =1,04 = 0.7, 5 = 1.

Example 6.3.

Sa
{ 2 { 2
S, 439, g g
25, %3 () T $ $
25, + S 22 29, T * *

T ® ®
T s

There are two endorsed sets given by

Ey={rcN*:2;=1 mod 2},
Ey={recN?:2;, =0 mod 2}.
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The corresponding set of absorbing sets are given by

Alz{:cE]Ngl:xQ:O,xl:I mod 2}
Ay ={z e Nd: 25 =0,21 =0 mod 2} U{z € N&: 2; = 0}.

Assuming mass-action kinetics, it follows that for a general v = (v1, v2) € IN?> we obtain
for F; and F, respectively,

dv(n) = —IEErIg?}I():n (21}10[11'1 — 21)20421’2(.’E2 — ].)]].{3747“_ }(IEQ)
+(—2v1 + vo)azzy (1 — 1)w2),

dv(n) = 7IEE1’I<13}LE(>:TL (2’()10[11'1 — 2U2()42£L'2(.’£2 — 1)]]_{3747“_ }(IEQ)

+(=2v1 + v2)agzy(z1 — Daolyg a3 (21))
which are both O(n?) exactly if v, < 2v;. A particular choice would be v = (1,1). Further,

d’(n) = xe,ﬂn(lg)gi):nn(agxz(zg — 1)1y (w2) + agzi(z1 — Daaliay(z1)) = 2a3n° = O(n?).

We conclude that there exists an 0 < 1 < 1 such that Assumption 3.4 holds. Since both F;
and FEs are irreducible, Assumption 2.5 is satisfied hence Theorem 5.1 applies regardless
of the rate constants - there exists a unique QSD, v,,, on each FE,,.

Figure 4: Left: Two realizations of (X;: t > 0) with a3 = 300, a2 = 1,3 = 0.5. Xy =
(70,200) in grey and X, = (100, 100) in red. Right: Approximate density of the QSD on
one of the two endorsed sets.

Note that if we had modeled the network using deterministic mass-action [22], we
would have found the attracting? fixed point

o) = [ G2 ol
73/ - a§/3 7(2&2@3)1/3 bl

20ne can calculate the trace of the Jacobin matrix to be —2a; — (2a1a2)2/3a;1/3 < 0, making the fixed
point attracting for all parameter values.
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which seems to lie near the peak of the quasi-stationary distribution for the parameter

values used in Figure 4. Indeed, we find the fixed point (13.39,44.81) which is a stable
spiral.

Example 6.4 (Birth-death).

Sg(ﬂsl-f—SQOgQSl-FSQ 51?—3514-52%)51-‘1-252
Sy £228; %8 35, Sy 7285, 28 39,
SQI
|
¢
|
]

—— o —o—o—>
‘ S1

The full set of endorsed states is found to be Dy = IN2 which is irreducible, and the full
set of absorbing states is D4 = IN2\IN2. Thus Assumption 2.5 is satisfied. For a general
v € IN? we have, with as — ag = P1, 07 — Qg = Pa, ] — o = p3 and az — ag = py,

dy(n) = min  (v1p3 + vops)r1T2 — Vv1p121 (21 — 1) — vopaxa (e — 1).
z€E,(v,z)=n

The second derivative test gives the sufficient and necessary criteria for d,(n) to be
O(n?),

4v1v9p1p2 — (Ulpg + 02p4)2 > 0.

Solving for v, we find the set of possible v-vectors,
2 — — 24/ p2p2 —

Y {U c IN2 P1P2 — P3P4 > P1P2 — P1P2P3P4 vy < s

4

2p1p2 — papa + 27/ p2P3 — pLpapspa }
< p2 U1 ¢y
4

which is non-empty exactly when p;ps > p3ps. Choosing parameter values as, say,

Xy & X1+ Xy 52X, + X, X, %X 4+ Xy B X 42X,
X, &2x, 5 3x, Xy & 2X, 53X,

we find

V= {v e N?|1.373v; < vy < 46.6270v; }.

Note that v = (1,1) ¢ V, and Theorem 5.1 would not be applicable with this choice. We
have therefore extended the result of [9].
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Example 6.5. g \
2
b ® [ ]
S, 238, - g ‘
S1 + 35, g 255 [ A\ g
35, (3 251 + 385> o ¢ ¢
S

The stoichiometric matrix is in this example given by

(2 -1 -1
—\o -1 3 )"

It follows that rank = = 2 = d hence by Proposition 2.3, there is a finite number endorsed
sets for z sufficiently large. Indeed, upon inspection, we find two endorsed sets given by

[1]

Elz{:pelNz:xgzO,xl+x2:0 mod 2},
Ey={xcN?:20>0,2y +22 =1 mod 2},

and these each have a unique minimal irreducible class hence Assumption 2.5 is satisfied.
Note, however, that the sets F; and E» are not irreducible. Here Dg = {z € ]N(Q) cxp > 1}
and Dy = {z € N3 : z; = 0}. Taking v = (4, 1), it follows that for both classes

dy(n)=— weEH<13>;>:n(8041I1—5012561@(962—1)(502—2)]1{273,... y (1) —azzi (21 — 1) (21 — 2)),

which is O(1). Furthermore,

d’(n) = IeEHgg};):nnxlzg(asg —1)(x2 — 21y (71) = O(n*).

Thus, Assumption 3.4 is not satisfied and we can not apply Theorem 5.1.

Example 6.6. s
2
St + 59 ka 0
S 3328, + S,
251 +25, 8 81+ S,
—_———
S1

Asrank = =1 < d, there are infinitely many endorsed sets. These are each irreducible.
Indeed, upon inspection, we find the endorsed sets

Ei={zeNj:a > 1Lz =21+ (-1)"[i/2]}, i>1,

and the full set of absorbing states D4 = {z € IN3 : 2; = 0}. Furthermore, some sets
(E; with 4 =1 mod 2) have no corresponding absorbing set while all others do. For all
classes however, we find
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hence, by Theorem 5.1, we conclude that for any initial distribution p with support
contained in a finite subset of the endorsed sets, the measure P,(X; € |t < 74)
converges exponentially fast in ¢ to v,. Had we instead looked at the slightly altered
network

So
51+Szg®
S 3328, + S,
251-1-2520351-‘1-52
381 + 82 24 351
Y o o o o+ »
S

then Assumption 2.5 would no longer be satisfied as no minimal irreducible class exists.

7 Conclusions

In this paper, we have provided sufficient conditions for the existence and uniqueness
of a quasi-stationary distribution, within each endorsed set, for general stochastic
reaction networks. In particular, we have provided sufficient conditions for the existence
and uniqueness of a globally attracting quasi-stationary distribution in the space of
probability distributions.

The requirement that for mass-action reaction systems there exists a stoichiometric
coefficient strictly greater than one for each species is strong, however, it seems to be
intrinsic to the problem of guaranteeing uniqueness of the QSD. Indeed, this can be seen
already in 1-dimensional systems, and one can imagine that getting stuck near one of the
axes would approximately reduce the multi-dimensional system to such a 1-dimensional
case. It is an important question to determine sufficient conditions for just the existence
of a QSD, in which case one would expect much weaker conditions to be satisfied. This
is still an open problem.

The application of our results depends on the existence of a vector v € IN?, such
that Assumption 3.4 holds. One would like to have easy graphical ways of guaranteeing
this existence or an explicit algorithmic way of constructing such a vector. This may
not be possible in general, since the problem is equivalent to determining the sign of a
multivariate polynomial in a certain region of the positive orthant. However, the specific
network at hand is often prone to analytical ad hoc methods, and even in lack of this,
one may rely on numerical methods to find a suitable candidate for v. Another caveat
is the exact calculation of the endorsed sets. Methods for finding these numerically, in
the case where the intensity functions are positive in the positive orthant, exist [24, 38].
However, the problem becomes more complicated in the general case [23].

Knowing the existence of a unique QSD, one would of course like to know the explicit
analytical expression for this distribution on each endorsed set. However, this seems to
be a very hard problem to solve in general, and even for 1-dimensional systems it has
not yet been fully resolved. Thus, so far, one is forced to apply numerical methods or
rely on analytical approximations, see [21, 50].

Another problem which is important for applications, is the question of observability.
Indeed, the relative sizes of the time to extinction, 74, versus the time to reach the mean
of the QSD, 7, determines whether we are likely to observe the QSD or not. Only if
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T4 > T, would we expect the process to behave according to the QSD [47]. Few recent
results on this matter exist for limited scenarios [23], while methods exploiting the WKB
approximation [6] are more general although not yet fully rigorous [10].

Finally, numerical evidence seems to suggest a strong connection between the
deterministic and stochastic models of the same underlying reaction network. Indeed,
for systems close to thermodynamic equilibrium, also referred to as the fluid limit [28],
the modes of the QSD appear to be located near the deterministic steady states. However,
far from equilibrium, the picture may be radically different. Our result can be seen as a
stochastic analogue to the deterministic case of having an equilibrium point within each
stoichiometric compatibility class. In this light, the QSD bridges the gap between the
knowledge of extinction in the stochastic description and the existence of a stationary
steady state in the deterministic setting. Future work lies in analyzing what can be
inferred about the QSD from the corresponding deterministic dynamical system.
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