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We are interested in the nearly supercritical regime in a family of max-
type recursive models studied by Collet, Eckman, Glaser and Martin (Comim.
Math. Phys. 94 (1984) 353-370) and by Derrida and Retaux (J. Stat. Phys.
156 (2014) 268-290) and prove that, under a suitable integrability assump-
tion on the initial distribution, the free energy vanishes at the transition with
an essential singularity with exponent % This gives a weaker answer to a
conjecture of Derrida and Retaux (J. Stat. Phys. 156 (2014) 268-290). Other
behaviours are obtained when the integrability condition is not satisfied.

1. Introduction.

1.1. The model and main results. Let m > 2 be an integer. Let Xo > 0 be a random
variable taking values in Z := {0, 1, 2, .. .}; to avoid triviality, it is assumed, throughout the
paper that P(Xo > 2) > 0. Consider the following recurrence relation: for all n > 0,

(1-1) Xn+1:(Xn,1+"'+Xn,m_1)+,

where X, ;, i > 1, are independent copies of X,,. Notation: x ™ := max{x, 0} for all x € R.
From (1.1) we get mE(X,,) — 1 < E(X,+1) < mE(X,,) which enables us to define the free

energy

E(X E(X,) — -1

(1.2) Foo:= lim | Xn) _ i ¢M20.

=1
n—o00 mn n—00 mn

We now recall a conjecture of Derrida and Retaux [8]. For any random variable X we write
Py for its law. Assume

Pxy = (= p)do+ pPx;.

where 8o denotes the Dirac measure at 0, X a (strictly) positive integer-valued random vari-
able satisfying P(Xj > 2) > 0, and p € [0, 1] a parameter. Since p > Foo =: Foo(p) is
nondecreasing, there exists p, = pc(X(’)") € [0, 1] such that F(p) > 0 for p > p. and that
Fso(p) =0 for p < p..! The Derrida—Retaux conjecture says that if p. > 0 (and possibly
under some additional integrability conditions on Xy), then

C +o(1)

(13) Footp) = exp( 20

>, P pe
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IWe are going to see that p, < 1.
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for some constant C € (0, o). When p. = 0, it is possible to have other exponents than % in
(1.3); see [15]. In [4] we have presented several open questions concerning the critical regime
p = pc when p. > 0.

The model with recursion defined in (1.1) is known to have a phase transition (Collet et al.
[6]), recalled in Theorem A below. It is expected to have many universal properties at or near
criticality, though few of these predicted properties have been rigorously proved so far. The
model was introduced by Derrida and Retaux [8] as a simplified hierarchical renormalization
model to understand the depinning transition of a line in presence of strong disorder [7]. The
exponent % in the Derrida—Retaux conjecture (1.3) was already predicted in [19], while an-
other exponent 1 was predicted in [18]. For the mathematical literature of pinning models,
see [2, 9-12]. The same exponent 1 was found for a copolymer model in [3] with additional
precision. The recursion (1.1) has appeared in another context, as a spin glass toy-model in
Collet et al. [5, 6], and is moreover connected to a parking scheme investigated by Gold-
schmidt and Przykucki [13]; it was studied from the point of view of iterations of random
functions (Li and Rogers [17], Jordan [16]) and also figured as a special case in the family
of max-type recursive models analyzed in the seminal paper of Aldous and Bandyopadhyay
[1]. See Hu and Shi [15] for an extension to the case when m is random and Hu, Mallein and
Pain [14] for an exactly solvable version in continuous time.

The aim of this paper is to study the Derrida—Retaux conjecture. Let us first recall the
following characterisation of the critical regime:

THEOREM A (Collet et al. [6]). We have
1

= — <0, 1).
1 +E{[(m — DX} — 1lm*o} <[0.)

(1.4) pe(X7)

In words, assuming E(X5m*0) < 0o, then p = p, means E(m*0) = (m — 1)E(Xom*?), and,
more precisely, Foo > 0if p > pc, while Foo =0 if p < p,.

It is natural to say that the system is subcritical if p < p., critical if p = p. and super-
critical if p > p.. Note from Theorem A that the assumption p. > 0 in the Derrida—Retaux
conjecture is equivalent to saying that E(Xf)‘mxg ) < o0.

We give a partial answer to the Derrida—Retaux conjecture by showing that, under suitable
general assumptions on the initial distribution, % is the correct exponent, in the exponential
scale, for the free energy.

THEOREM 1.1.  Assume E[(X})3m*0] < 0o. Then,

1
m), P Pe.

Feo(p) = exp(—
(p— pe)

It is possible to obtain some information about o(1) in Theorem 1.1; see (3.1) and (7.1).
A similar remark applies to Theorem 1.2 below.

It turns out that our argument in the proof of the lower bound (for the free energy) in
Theorem 1.1 is quite robust. With some additional minor effort it can be adapted to deal
with systems that do not satisfy the condition E[(X 8‘)3mX3] < 00. Although this integrability
condition might look exotic, it is optimal for the validity of the Derrida—Retaux conjecture.
In the next theorem we assume? P(X* = k) ~ com *k=*, k — oo, for some constant 0 <
co < oo and some parameter 2 < o < 4. The inequality @ > 2 ensures p. > 0, which is

2Notation: By ai ~ by, k — 00, we mean limg_, oo g—i =1.
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the basic condition in the Derrida—Retaux conjecture, whereas the inequality o < 4 implies
E[(X’O*)3mX0] = oo. It turns out that, in this case, the behaviour of the free energy differs
from the prediction in the Derrida—Retaux conjecture.

THEOREM 1.2.  Assume P(X§ = k) ~ com %k~ k — 00, for some 0 < co < 0o and
2 <a <4.Then,

1

(p— pc)”+0“>>’ P pe.

Foo(p) = eXP(-

where v =v(a) 1= ﬁ

Let us keep considering the situation P(X¥ = k) ~ com *k=*, k — oo, for some 0 <
co < 00. The case 2 < o < 4 was considered in Theorem 1.2. When —oo < o < 2, we have
E(Xa‘mXO) = oo which violates the basic condition p. > 0 in the Derrida—Retaux conjecture;
so the conjecture does not apply to this situation. In [15] it was proved that if —oo <« < 2,
then Fo(p) = exp(—m) when p | p. =0, with vi = v (a) = ﬁ This leaves us with
the case o = 2.

THEOREM 1.3.  Assume P(X§=k) ~ com_kk_z, k — oo, for some 0 < cg < oo. Then,
Foo(p) = exp(—eCtoW/P) - p | p. =0,

. 1
where C = m

1.2. Description of the proof. Having in mind both the supercritical system (in Theo-
rem 1.1) and the system with initial distribution satisfying P(X§ = k) ~ com ¥k with
2 <a <4 or a=2 (in Theorems 1.2 and 1.3, respectively), we introduce in Section 2 a
notion of regularity for systems. It is immediately seen that supercritical systems are regular
(Lemma 2.4) and so are appropriately truncated systems in Theorems 1.2 and 1.3 (Lemma 8.4
in Section 8.2). Most of forthcoming technical results are formulated for regular systems in
view of applications in the proof of Theorem 1.1 on the one hand and of Theorems 1.2 and 1.3
on the other hand.

To study the free energy F,, we make the simple observation that, by (1.2), for all n > 0,

E(X,) — 5 E(X,)
—— o = Fos——, =0

(1.5)

So in order to bound F, from above, we only need to find a sufficiently large n such that
E(X,) < 3 (say), whereas to bound F, from below, it suffices to find another n not too large,
for which E(X,,) > 2.

Upper bound: the upper bound in the theorems is proved by studying the moment gener-
ating function. In the literature the moment generating function is a commonly used tool to
study the recursive system [4, 6, 8]. In Section 3 we obtain a general upper bound (Proposi-
tion 3.1) for E(X,,) for regular systems. Applying Proposition 3.1 to the supercritical system
yields the upper bound in Theorem 1.1.

Lower bound: the proof of the lower bound in Theorem 1.1 requires some preparation.
In Section 4 an elementary coupling, called the XY -coupling in Theorem 4.1, is presented
for the supercritical system (X,) and a critical system (Y},,) in such a way that ¥, < X,
for all n. We then use a natural hierarchical representation of the systems and study N,EO), the
number of open paths (the paths on the genealogical tree along which the operation x > x T is
unnecessary) up to generation n with initial zero value. The most important result in Section 4
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is the following inequality: if E(Xo — Yp) > nP(Yy = 0) for some n > 0, then for suitable
nonnegative r, n, k and ¢,

k+¢

m-n
(4.3) E(Xptite) = E[N1 0, y,=k];

see Theorem 4.2. This inequality serves as a bridge connecting, on the one hand, the expected
value of the supercritical system (X,), and, on the other hand, the expected number of open
paths in the critical system (¥7).

Using (4.3) and the upper bound for E(X,,) established in Proposition 3.1, we obtain an up-
per bound for E[m " N,EO) 1 (NO5 ) 1y,
This application of (4.3) is referred to as the first crossing of the bridge and is, relatively,
effortless.

We intend to cross the bridge for a second time but in the opposite direction. To prepare for

<ny] for all n and suitable r = r(n); see Corollary 4.3.

the second crossing, we prove a recursive formula for E[m Yu(1 4 Yn)N,EO)] in Proposition 5.1,

n—
E[m" (1 + Y,)NO =P¥o=0) [J[E(m™)]"".
k=0
Since the asymptotics of [;_ E(m Yey"=1 are known, this formula gives useful upper and
lower bounds for E[mY" (1 4+ Yn)N,,(O)], stated in (5.15).

We are now ready to establish a good upper bound for E(m " N,EO)) (see Lemma 6.2): on
the event {N,EO) >r, Y, <n}, the expectation was already handled by Corollary 4.3; on the
complementary of this event (which needs to be split into two subcases), an application of the
Markov inequality does the job thanks to the upper bound for E[mY" (1 + Y, n)N,SO) ]in (5.15).
[Actually, Lemma 6.2 states slightly less: it gives an upper bound only for the Cesaro sum of
E(m"» N,EO) ) which, nonetheless, suffices for our needs.]

The next step is to write a recursion formula for E[(1 + Y,)3m¥n N,§°>] in the same spirit as
Proposition 5.1; together with the upper bound for E(m ' Nn(o)) in Lemma 6.2, the formula
gives an upper bound for E[(1 + Yn)3mY" N,(,O)]: this is Proposition 6.3. [The power 3 in
(1 4+ Y,) is important, as we are going to see soon.]

Let us write, for positive integers r and K,

E[(L+ Ym " NP1y Ly, <x)]
> E[(1 + Y)m"" NOT - E[(1 + Y)m"" NOLyy - )]
— rE[(1 4 Y,)m™™].

We can bound E[(1 + Y,,)m¥» N,EO)] from below by means of Proposition 5.1 (or rather its
consequence (5.15)) and bound E[(1 + Y,)m¥n N,go)l{ynz k)] from above by the Markov in-
equality and Proposition 6.3 (which is why the factor (14 Y,,)? in the proposition is important,
otherwise the bound would not be good enough), whereas E[(1 + Y,,)mY n] is smaller than a
constant depending only on m. Consequently, we can choose appropriate values for r and K
(both depending on n) and obtain a lower bound for E[(1 + Y,,)mY”N,gO)l{N}EO)N}l{yn<K}].
Since

1+ kym*E[N1 1y _
ke[r(gl%mz( +kym E[ (N >r) (¥u=k1]

E [(1+Y)mYnN(O)I{N,(Lo)zr}l{Y”<K}]’
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there exists an integer k € [0, K) for which we have a lower bound for E[N,go)l (V05 X
1{y,=k)]. The parameters are chosen such that, when using the bridge inequality (4.3) for
the second time, we get E(X;,4x+¢) > 2 for convenient n, k and £. Together with the first
inequality in (1.5), this yields the lower bound in Theorem 1.1.

Finally, in Section 8 we prove Theorems 1.2 and 1.3 by means of a truncation argument.

The rest of the paper is as follows:

Section 2: A notion of regularity for systems;

Section 3: Proof of the upper bound in Theorem 1.1;

Section 4: XY -coupling, open paths, a lower bound via open paths;

Section 5: A formula for the number of open paths and other preparatory work;
Section 6: A general lower bound for free energy;

Section 7: Proof of the lower bound in Theorem 1.1;

Section 8: Proof of Theorems 1.2 and 1.3.

Notation: We often write P, instead of P in order to stress dependence on the parameter
p (accordingly, the corresponding expectation is denoted by E,) and P, 1 if p = p. + ¢.
When we take p = p. + ¢, it is implicitly assumed that ¢ € (0, 1 — p.). Moreover, % := 0 for
A=occandaeR.

2. A notion of regularity for systems. Consider a generic Z, -valued system (X,,n >
0), defined by (1.1), with E(Xom*X0) < oo (which is equivalent to p, > 0) and P(Xy > 2) > 0.

In several situations we will assume that the system satisfies a certain additional regularity
condition which is, actually, satisfied if the system is critical or supercritical or if it is suitably
truncated.

DEFINITION 2.1. Let ¢ be a Z-valued random variable, with E(¢m®) < co and P(¢ >
2) > 0.Let 8 €[0,2] and x € (0, 1]. Write

2.1) A(2) :=E(¢3m®) € (0, 00,
2.2) Ec(2) :=E[(C AR)[(m — 1) — 1]m¢] € (0,00), k=1,

where a A b := min{a, b}.
We say that the random variable ¢ is B-regular with coefficient y if for all integers k£ > 1,

(2.3) Er(¢) = x min{A(¢), k7).

Furthermore, we say that a system (X,,n > 0) is S-regular with coefficient yx, if Xo is
B-regular with coefficient .

REMARK 2.2. It is immediately seen that if the Z-valued random variable ¢ is 2-
regular, then A(¢) < oo (otherwise, (2.3) would become: E(¢) > sz for all integers k > 1,
which would lead to a contradiction, because limg_, E’]‘ng) = 0 by the dominated conver-
gence theorem).

REMARK 2.3. Let us say a few words about our interest in the notion of the system’s
regularity. Part of our concern is to obtain an upper bound for the moment generating function
(the forthcoming Proposition 3.1 for supercritical systems) which plays a crucial role in both
upper and lower bounds in Theorems 1.1, 1.2 and 1.3. In this regard the notion of regularity
can be seen as a kind of (stochastic) lower bound for X when the system is supercritical.
The notion of regularity, however, is more frequently used in Sections 4-6 and 8, where it is
applied to critical systems. These critical systems either have a finite value of the correspond-
ing A(-) (and they will be applied to prove Theorem 1.1) or are truncated critical systems
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whose values of A(-) are finite but depending on the level of truncation (and will be applied
to prove Theorems 1.2 and 1.3). In these cases the notion of regularity should not be viewed
as any kind of lower bound for (the initial distribution of) the system.

Recall that, under the integrability condition E(Xom*0) < oo, p > p. means (m —
DE(Xom*0) > E(m*%0).

LEMMA 2.4. Ifp €lpc, 1), then (X, n > 0) is O-regular with coefficient x =1 — p.

PROOF. Let k > 1 be an integer. By definition,
Ex(X0) = E[(Xo A k)2 [(m — 1) X0 — 1]m*01x,=1].
Since (Xo A k)2 > 1 on {Xo > 1}, this yields
Ex(X0) = E[[(m — )Xo — 1]m* 1 xy=1)]
=E[[(m — 1)Xo — 1Jm**] + P(X( = 0).
Recall that p > p. means E{[(m — 1)Xq — 11m*0} > 0, whereas P(Xg=0)=1 — p. This

implies Ex(Xo) > 1 — p which is greater than or equal to (1 — p) min{A (Xp), 1}. The lemma
is proved. [

REMARK 2.5. Leta € [2,4]. Assume P(X§ = k) ~ com %k, k — oo, for some 0 <
co < 00. We are going to see in Lemma 8.4 that a critical system started at a conveniently
truncated version of X is (4 — a)-regular. This will allow to use a truncation argument in
Section 8 to prove Theorems 1.2 and 1.3.

3. Proof of Theorem 1.1: Upper bound. The upper bound in Theorem 1.1 does not
require the full assumption in the theorem. In particular, here we do not need the assumption
E(X3m*v) < c0.

Throughout the section we assume p > p. > 0, that is, E(m*0) < (m— DHE(Xom*0) < co.
The upper bound in Theorem 1.1 is as follows: there exists a constant c; > 0 such that, for
all sufficiently small & > 0,

C
3.1 Foo(pe+6) < exp(—ﬁ).

Let
A = A(Xp) == E(Xm*°) € (0, o0},

as in (2.1). When p > p., we have E(m*0) < (m — DE(Xom*°) by definition, so A >
E(Xom¥X0) > ﬁE(mXO) > ﬁ Consequently,

1
(3.2) A€ |:—, ooi| if p> pe.
m—1
The main step in the proof of (3.1) is the following proposition. We recall from Remark 2.2
that if a system is 2-regular, in the sense of (2.3), then A < co.

PROPOSITION 3.1. Let B € [0,2] and x € (0, 1]. Assume E(Xom*X0) < oo and the
system (X,,,n > 0) is B-regular with coefficient x in the sense of (2.3). Let §y := (m —
DE(Xom*0) — E(mX0). There exist constants c3 € (0, 1] and c3 € (0, 1], depending only on
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m and B, such that if 6g € (0, c3) (for B € [0, 2)) or if 59 € (0, c3x) (for B = 2), then there
exists an integer ng > Ko satisfying

(3.3) E(m*n) <3, max E(X;) <3,

0<i<ng

where Ko :=min{(£2)112, (S4)1/@=P)) for g € [0,2) and Ko := (%42)'2 for p =2.

By admitting Proposition 3.1 for the time being, we are able to prove the upper bound (3.1)
in Theorem 1.1.

PROOF OF THEOREM 1.1: UPPER BOUND. Recall from (1.5) that, for all n > 0,

1
E(Xn) — <F. < E(X,) -0
— o0 = mn k) n i .

ml’l
Lemma 2.4 says that, when p € (p., 1), the system (X, n > 0) is O-regular with coefficient

x =1 — p, so we are entitled to apply Proposition 3.1 to 8 = 0. We take p = p. + ¢ (with
0 <& <1— pc); note that

8o :=(m — I)Epﬂre (XOmXO) - Epc+e (mX())
= [(m — DE,(XomX?) — E,_(m*X0)] + e(E{[(m — )X} — 1]m*0} 4 1).

By Theorem A in the Introduction, (m — )E, (Xom*) — E, (m*0) = 0. So 8y = cae
where ¢4 := E{[(m — DX — l]mxg} + 1 € (1, 00). By Proposition 3.1 (with 8 = 0),
Ep.+¢(X|¢5/61/2)) < 3 for some constant ¢s > 0 and all sufficiently small ¢ > 0. Using the
second inequality in (1.5), we obtain the following bound for the free energy: for all suffi-
ciently small ¢ > 0,

Epc—i—s (XLCS/51/2J) cs
Foo(pc+6) < Too/e 7] 536xp<—(m— 1>logm)

which yields (3.1). O

The rest of the section is devoted to the proof of Proposition 3.1. Assume E(Xgmxg) <00
(which is equivalent to saying that p. > 0) and p > p.. For all n > 0, we write the moment
generating function

H,(s) = E(sX").
We rewrite the iteration equation (1.1) in terms of H,: for all n > 0,
(34) Hii) = Hy " + (1= ) 1O
A useful quantity in the proof is, for n > 0,
8n :=m(m — 1) H (m) — Hy,(m) = (m — DE(X,m*") — E(m*n).
By assumption, §p > O (and is small). Using the iteration relation (3.4), it is immediate that
Snt = Hy(m)" ™8,
Consequently, forn > 1,

n—1
(3.5) 8 = (]"[ H; (m)m—1>30 € (0, 00).

i=0
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[The recursion formula was known to Collet et al. [6]; see also equation (10) in [4].] We
outline the proof of Proposition 3.1 before getting into details.

OUTLINE OF THE PROOF OF PROPOSITION 3.1. Only the first inequality (saying that
E(m*") < 3 for some integer ng > Ko) in the proposition needs to be proved. Let 6 > 0 be
a constant. We choose

no:=sup{i >1:6§; <6}.
[If np = oo, the proposition is easily proved. So we assume ng < 00.] Since it is quite easy to
see that H;(m) < ml/m=Dedi for i >0, we get Hy,(m) < ml/m=Def < 3 if 9 is chosen to
satisfy ml/(m=Det <3 Consequently, E(mX”O) <3.
It remains to check that ng > K. The key ingredient is the following inequality: for all
0<n<no,’

n—1

5
(3.16) Z=[]Hm" ' <
do g

C6
Oo(sn)’

where cg > 0 is a constant depending only on m, s, :=m(1 — ncﬁ) for some constant C; €
(0, 1) depending on m, and ®;(-), for i > 0, is a positive function on (0, m) which is to be
defined soon. [It turns out that for s € (0, m), ®¢g(s) is connected to Ej(X(), defined in (2.2),
with k = k(s) := | "= ]. This helps explain, partly, the importance of the notion of regularity
for systems.]

Let us look at (3.16) with n := ng. We have 6, =

S14ng 0 .

<
T Y™ 7 Ty T Since Hy,(m) <
0

3, as we have already seen, it follows that 8, is greater than the positive constant 7= . Using
a simple lower bound for ®¢(s,) (thanks to the aforementioned connection between ©g(s)
and Ex(Xp)) as a function of n, (3.16) will yield ng > K, as desired.

We are thus left with the proof of (3.16). The idea is to study not only the function ®¢(-)
but also the sequence of functions ®,,(-), n > 0 and produce a recursion in n: for 0 < n < ny,
s € [, m) and some constant C> > 1 depending only on ,

Hn(s)M71
Opt1(s) = [Cas — (C2 — l)m]fe)n(s)-

The proof of this inequality, done in two steps (Lemmas 3.3 and 3.4), follows the lines of [4]
and [6].

It is quite easy to see that M >(1—-Cz(m— s))%)m_1 for some constant C3 > 0.
So, as long as s € [, m) satisfies Cos — (C2 — 1)m > 0 and 1 — C3(m — s) > 0 (which is the
case when we choose s :=s, =m(l — ncﬁ) later), we get

[Cos — (Co — Dm](1 — C3(m — 5))

Ony1(s) > Hy(m)" 10, (s),
m

and thus, by iteration,

[Cos — (C2 — Dm](1 — C3(m — S))>n®0(s)ﬁ H;(m)™™!
i=0

0,02 (
m
On the other hand, ®, (s) <2 for 0 <s <m and 0 < n < ng. With our choice of s = s, the

factor (128 _(Cz_l)";](l_a (m=s)yn ig greater than a positive constant independent of n. This
will imply (3.16). I

3Notation: [lg:=1.
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We now proceed to the detailed proof of Proposition 3.1. Let us start with a few elementary
properties of the moment generating functions.

LEMMA 3.2. Assume E(X(’)kaS) <ooand p > p.. Letn > 0:

(m—1)sH, ()= Hy(s)
N

(i) The functions s — (m — 1)sH, (s) — Hy,(s) and s
creasing on (0, m].
(i) We have H,(m) <m!'/m=Dedn,
(ii1) Fors e[1,m],
Hy ()"~ Hy(m)"™!
s - m

are nonde-

[1 —m(m — 5)8,e™ 1],

PROOF. (i) Write
(3.6) @n(s) i= (m — 1)s H, (s) — Hy(s).
[So ¢, (m) = §,.] For all s € (0, m),
@n(s) = (m—2)H,(s)+ (m — 1)sH, (s) >0
which implies the monotonicity of ¢,. In particular,
(3.7) on(s) <8,, s€(0,m).

on(s)
N

To prove the monotonicity of s — , we note that

E(MS)) 5@ (s) —@u(s) _ (m—Ds?H)/(s) + Hy(s) — sH, (s)
ds - 52 - S2 .

S

On the right-hand side the numerator is greater than or equal to s>H/ (s) + H,(s) — s H, (s),
which is E{[X,,(X, — )+ 1 — X,,]s%} = E{(X,, — 1)2s%»} > 0, so the desired result follows:
(i1) For s € [1, m),

d Hn( )m—l , Hn( )m—2
32 (P ) = [on = st - Ha(0))

By (i), (m — 1)sH, (s) — Hn(s) < (m — 1)mH,(m) — H,(m) = §,. On the other hand,
m—2 m—1
H"(S% < " (hecause s > 1 and H,(s) > 1). Hence,

Ky - S
i(Hn(S)m_l) <3, Hn(s)m_l
ds

(3.8)

3.9 , sell,m).

N N

When s =1, % equals 1, so solving the differential equation yields that, for s € [1, m),

-1
(310) M Se‘sn(S—l).
s
Taking s = m yields the desired inequality.
For further use we also observe that our proof yields the following inequality in the critical
case: if (m — DE(Yom'0) = E(m"°) < oo, then

(3.11) E(m") <m"/™=VD " pn>o.
(iii) For s € [1,m), we have, by (3.9) and (3.10), %(M) < 8,e™m=d 8o for s €
[1,m],

H, (S)m_l > Hn(m)m_l

> — (m — 5)8,em Do,
s m
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Since H,(m)™~! > 1, we have (m — 5)8,e™ Do < %)mqm(m — 58,6~ D% implying
the desired conclusion. [J

Define

On(s) :=[Hu(s) —s(s — DH, (s)] —

n = DU =) 1 it (5) 4+ 52H (5)] + 6.
m

[In the critical regime, §,, = 0 for all n, so ®,(-) is the function A, (-) studied in [4].] Follow-
ing the lines of [4] and [6], we first prove two preliminary inequalities for ®,,.

LEMMA 3.3. Assume E(Xémxg) <ooand p > p.. Letn > 0:

(i) We have ©,(s) € [0,1 4 6§,] for all s € [0, m).
(i) If 8, <1, then for all s € [, m),

k(m—s)

Opi1(s) > ?&1 (5) Hy ()" ™! — (80 — @u()]? Hn ()" 2,

where k :=3""2+ 1, and @n(s) :=(m — 1)sH, (s) — Hy(s), as in (3.6).

PROOF. (i) By definition, for s € (0, m),

m—s

Q) (s) = [2(m —2)H, (s) + (4m — 5)sH,/(s) + (m — l)szH,;”(s)] <0,

s0 s > ©,(s) is nonincreasing on (0, m). Since lim;_,,,— ©,(s) =0 and ©,(0) = H,(0) +
8n <1+ 6,, the result follows:
(ii) Let s € [%, m). The iteration (3.4) yields

Oni1(s) = ?@)n(s)Hn(s)m—‘ - ?wn(s)an(sW—z

G-12) I"In(m)m_l Hn(s)m_l
+ m( — )(Sn.
m s
For the last term on the right-hand side, we recall from (3.8) that %(M) = @, (s) X
%, s0, by the mean-value theorem, there exists y € [s, m) such that
Hy(m)" ' Hy(s)" ! on(Y) Ha ()" > ¢n(s) Hy(y)"
- = (m —s) > (m —s) ,
m s y y s y

the last inequality being a consequence of Lemma 3.2(i). Going back to (3.12), we see that
the proof will be finished if we are able to check that for all u € [s, m), with k := 3241,

(3.13) @n ()2 Hy(s)" 2 — ﬂgon(s)Hn(u)’"—z(sn < [8n — @ ()] Ha ()" 2.
u

We prove (3.13) by distinguishing two possible situations. We write LHS 3 13, for the ex-
pression on the left-hand side of (3.13) and RHS3 13y for the expression on the right-hand
side.

First situation: ¢, (s) > 0. We use the trivial inequalities ’L”—l > 1and H,(u)" 2> H,(s)" 2
to see that

LHS(.13) < 00 (8)2 Hy ()™ ™% — 0u (s) Hy (5)™ 28,

which is nonpositive (because ¢, (s) < §,; see (3.7)). This yields (3.13) since RHS3 13) > 0.
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Second (and last) situation: ¢, (s) < 0. We write |¢, (s)| instead of —¢,, (s) in this situation.
We have

, H,(m) 46,
H,(m) < Hy(s) + (m — s)H,(m) = Hy(s) + (m —s) ————.
m(m — 1)
For s €[5, m), we have m;',’n__sl) <P < %, SO
H )
Ham) = Hy(s) + 220

Consequently,
(3.14) Hy(m) <2H,(s)+ 8, <2H,(s) +1 <3H,(s),

where we used the assumption §,, < 1 in the second inequality and the trivial relation H, (s) >
1 in the last inequality.
We now look at the second expression on the left-hand side of (3.13). The factor % is

easy to deal with: we have % <2 (using u >s > %). For the factor H, (u)m_z, since u <m,
we have H, (u) < H,(m) < 3H,(s) (by means of (3.14)), so H,(u)" "2 < 3" 2H,(s)" 2.
Consequently,

LHS(3.13) < gn ()| Ha(5)" > + 20 gn ()| 3" 72 Ha ()" 2.

We look at the two terms on the right-hand side. For the first term we argue that |¢;, )% <
(len ()] + 8»)%. For the second term we use 2|00 (8160 < (Jn(s)| + 8n)%. Hence,

LHS(3.13) < (|@n ()| + 82) > Hu ()" 2 + (|@u(5)| + 82)>3" 2 Hy, (5)" 2

= (3" 2+ 1)(|gn(s)| + 82)* Hu(s)" 2,

which yields (3.13) again, as [§, — ¢, ()]* = (Jon($)] + 8,)? in this case. [Note that this case
is very easy to handle when m = 2: all we need is to observe that 7+ <2.] [J

LEMMA 3.4. Assume E(Xom*°) < 0o and p > pc. Let n > 0. Then,

[80 = @n ()]’ < 2(Ha(0) +8,)Ou(s), s € (0,m),
where ¢, (s) := (m — 1)sH) (s) — H,(s), as in (3.6).
PROOF. The lemma in the critical regime was already proved in [4], proof of Lemma 7.
The argument remains valid in our situation if we replace G, (s) and A, (s) there (notation of
[4]D by H, (s) + 6, and ®,(s), respectively. It is reproduced here for the sakes of clarity and

self-containedness.
By definition, with ¢ := > € (0, 1),

O, () = [Hy(s) —s(s — D H, (s)] — [Hy(m) —m(m — 1) H, (m)]
_(m=1)(m —s)

[25H(s) + s> H/(5)]
(3.15) m
=E{m*[(m — D)Xy — 1][1 = (14 Xo) ™ + Xyt 5]
=E{m*[(m — )X, — 1][1 = (1 + X)t*" + X, ¥ ]1x, 1)},
and

8y — @n(s) = E{m™ (1 — t*")[(m — DX, — 1]11x, 21}
Hy(0) + 8, = E{m* [(m — DX, — 1|x,>1}}.
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By the Cauchy—Schwarz inequality,

[80 — 9n ()] < (Hy (0) 4 8,)E{m*" (1 — 1) [(m — 1) X,, — 1]1ix,=1)}.

So the proof of the lemma is reduced to showing the following: for ¢ € (0, 1) and integer
k>1,

(1= %) <2[1 = (1 +k)ek + ke '],

This is equivalent to saying that 2krX(1 — 1) < 1 — t>*, which is obviously true, because

L ’ =141+---412%71 > 2kt* (noting that 2% < 2¢%— 1/2<tk+€+tk ~=lfor0 <t <k).
Il

We have now all the ingredients for the proof of Proposition 3.1.

PROOF OF PROPOSITION 3.1. Assume 8¢ := (m — 1)E(Xom*0) — E(m*°) > 0. If we
are able to prove the first inequality (saying that E(m*m) < 3 for some integer ng > Ko),
then E(X,,,) < E(m*™0) < 3. Since mE(X,) — 1 < E(X,11), thatis, E(X,,) < "2 Xal) (for
all n > 0), the second inequality in Proposition 3.1 follows immediately.

It remains to prove the first inequality. Fix a constant 0 < 6 < 1 such that m!/"~Def < 3,
Let us define

ng =nop(0, 8p) :==sup{i >0:4; <6}.

We may assume that &y € (0, %), so by Lemma 3.2(ii), 81 = Ho(m)™ '8¢ < [m!/"—1D x
e%]10m=D§y < 6. This implies ng > 1.

If ng = oo, then §; < @ for all i > 0, and, by Lemma 3.2(ii), E(m*) < m!/m=Debn <
m!/m=Def < 3 for all n > 0: there is nothing to prove in the proposition. In the following
we assume that ng < 0o.

Let 0 <n < ng (hence, §, <60 <1) and 5 € (-5 m m), where k :=3""2 4+ 1 as in
Lemma 3.3. We reproduce the conclusion of Lemma 3 3(ii) in its notation,

Kk(m —s)
s

e

Oni1(s) = ?can(s)ﬁn(s)m—1 - [80 — @n(s)]> Hy(s)™ 2,

By Lemma 3.4, [8, — ¢n(s)]*> < 2(H,(0) + 8,)0,(s); since H,(0) <1 and 8, <6 < 1 (for
0 <n <nygp), we have [§,, — (pn(s)]2 <40,(s) <40,(s)H,(s) (because H,(s) > 1 fors > 1);
this implies that, for 0 < n < ny,

O, (s) Hy (5)™ !

m m—1 dic(m — )
Ont1(s) = ?®n(s)H,,(s) -

_ 4ks — (4 — )m Hy(5)" 10, (s).

4/(

Iterating the procedure, we see that, for 0 <n <ng and s € (=5 Lm, m),

— m—1
On(s) > Og(s)[dkcs — (4 — Hm]" 1—[ ' Hi (s)

By Lemma 3.2(iii),

H, (S)m_l > H, (m)m_l
5 =

[1—m(m — 5)8,e™ D],
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M[l —m(m — s)Qe(’"_l)g] for 0 <n < ng. Hence, for

m, m) satisfying m(m — s)9e™~D? < 1,

which is greater than or equal to
0<n<noands€(4" !

m— ] @ (S) mn 1
l_[ Hi(m) - @0(5) [4ks — (46 — Dm]" [1 — m(m — s5)@em—DOn"

ym € (4 L ,m) from now on. The requirement m(m —

We take s = s, := (1 — o K(n+1)
s,,)Ge(m*I)e < 1 is met with our choice: since 6 < 1 and e? < 3, we have
Qe(m 1o 3m—1

8k(n+1) 8(3’" 241D+ 1)

By Lemma 3.3(1), ®,(s,) <1+, <1+6 <2 (for 0 <n <np). This yields the existence of
a constant cg > 0, depending only on m, such that, for 0 <n < ny,

m(m — s,)0em D0 =

n—1

C6
(3.16) Hi(m)" ! <
1_!) ®O(Sn)
Let us have a closer look at ®q(s,). Recall from (3.15) that, for s € (1, m) and ¢ := % €

0, 1),
Oo(s) =E{m*°[(m — )Xo — 1][1 = (1 + X0)tX0 4+ Xot ' TX0]11x,=1)).

Fort € (0,1) and k > 1, we have tX <e=(=% 'so 1 — (1 +k)tk + ke Th > 1 — (1 +u)e™,
where u := (1 — t)k > 0. Observe that 1 — (1 +v)e ™" > 1 — % for v > 1 (because v +—
1 — (14 v)e™V is increasing on (0, c0)) and that 1 — (1 +v)e™" > g—z for v € (0, 1] (because

v>1—(4v)e™ — g—z is increasing on (0, 1]). Hence,
1— (1 + k) + ke > cymin{(1 = %31}, 1€(0,1),k>1,

with ¢7 := min{1 — g 2e} > 0. Consequently, for all s € (0, m),

Op(s) > C7E{mX0[(m — )Xo — l]min{ (1 — i) X3, 1}1{X021}}
m

- C7(1 - i>2E{mX0[(m — )Xo — l]min{XS, #}}

m

Let Ex(Xo) := E{(Xo A k)?[(m — 1) Xo — 1]m*0} be as in (2.2). Then, this gives

2
N
00(s) 2 e7(1= ) By (Ko,

. L 1
We now come back to our choice of s =5, := (1 — 78"1 co D = S D)

and || = o = = 8m?2k (n + 1). By assumption, the system (X, n > 0) is S-regular with
coefficient x in the sense of (2.3), that is, Bx(Xo) = x min{A, kP} for all integers k > 1.
Consequently, for n > 0, with cg :

ym, so 1 —

(8m2/<)2’
s X .
Op(s,) > TENIE min{A, (n + 1)’3}.
Combining with (3.16), we get, for 0 <n < ng and with c9 := i—g,
n—1 2
1

X mm{A (n+ DAY
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Recall from (3.5) that §,, = (]_[;:01 H;(m)™ 18y, which yields, for 0 <n < ny,
¢ 1280

~ x min{A, (n + 1B}’

We take n = ng. Then, on the one hand, we have

) (no + 1)%89
"= x min{A, (ng + )P}’

n

(3.17)

On the other hand,

8n0+1 - 0
Hno(m)m_l - Hno(m)m_l ’

Sy =

By Lemma 3.2(ii), Hy,(m) < m 1/ m=1)edng < m/m=Def which is bounded by 3 by the
choice of 6; hence,
E(m*m) < 3.

0 0
>
Hno(m)m_1 — mem=D¢"*

We have §,,, > Combining this with (3.17), we get

(mo+1* _ ciox
min{A, (no+ 1} = &

with c1g := C9me(+‘)9' The proposition is proved (recalling from Remark 2.2 that A < 0o in
case § =2). [

4. Open paths, XY -coupling, and the first crossing. The proof of the lower bound
in Theorems 1.1, 1.2 and 1.3 requires deep probabilistic understanding of the model in the
supercritical regime. It is made possible via a coupling argument, called XY -coupling, by
means of a comparison between the supercritical system and an appropriate critical system.
The coupling is quite elementary if we use the hierarchical representation of recursive sys-
tems.

The organization of this section is as follows. Section 4.1 introduces the hierarchical repre-
sentation of recursive systems, regardless of whether they are supercritical or critical (or even
subcritical, though we do not deal with subcritical systems in this paper). Section 4.2 gives
the XY -coupling between the supercritical system and an appropriate critical system. In the
brief but crucial Section 4.3, we introduce an important quantity for the critical system—the
number of open paths. Section 4.4 is a bridge connecting the expected value in a supercritical
system and the expected number of open paths in a critical system. This bridge is crossed a
first time in Section 4.5 to study a critical system by means of an appropriate supercritical
system. [In Section 6, this bridge will be crossed a second time, in the opposite direction, to
study a supercritical system by means of an appropriate critical system. Both crossings need
much preparation: the first crossing relies on technical notions (hierarchical representation,
open paths and the XY -coupling), whereas the preparation for the second crossing involves
some technical estimates in Sections 5 and 6.]

4.1. The hierarchical representation. Let (X,,n > 0) be a system as defined in (1.1),
that is, such that each X, has the law of (X, 1 + -+ X, ;un — 1)*, where Xni,1<k<m
are independent copies of X,,. In order to introduce the XY -coupling between a supercritical
system and a critical system, it turns out to be convenient to use a simple hierarchical repre-
sentation of the system. As a matter of fact, it is in the form of the hierarchical representation
that the system appeared in Collet et al. [5] and in Derrida and Retaux [8].
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FI1G. 1. An example of hierarchical representation (the first four generations) with m = 2. Each vertex is repre-
sented by a circle; the number in the circle is the value of the system at the vertex.

We define a family of random variables (X (x), x € T), indexed by a (reversed) m-ary tree
T, in the following way. For any vertex x in the genealogical tree T, we use |x| to denote
the generation of x; so |x| = 0 if x is in the initial generation. We assume that X (x), for
x € T with |x| =0 (i.e., in the initial generation of T), are i.i.d. having the distribution of Xg.
For any vertex x € T with |x| > 1, let xM ..., x™ denote the m parents of x in generation
|x| — 1, and set

X = (XED) + -+ X (™) —1)7,

See Figure 1.

As such, for any given n > 0, the sequence of random variables X (x), for x € T with
|x| = n, are i.i.d. having the distribution of X,.

The hierarchical representation is valid for any system satisfying the recursion (1.1), re-
gardless of whether the system is supercritical, critical or subcritical.

4.2. The XY -coupling. Let (X,,n > 0) be a system, as defined in (1.1). We are going to
make a coupling, called XY -coupling, for (X,, n > 0) and an appropriate system (Y¥,,, n > 0)
such that the first system is always greater than or equal to the second in their hierarchical
representation.

Assume P(Xo = k) > P(Yy = k) for all integers £k > 1 and P(Yy = 0) > 0. We can couple
the random variables X¢ and Yy in a same probability space such that Xy > Yy a.s. and that
PXo=Yy|Yo>0)=12

For each n > 0, let ¥, | be a random variable having the law of (¥, 1 4+ -4+ Yy ;m — DT,
where Y, 1, ..., Yy n are independent copies of Y,.

As in Section 4.1, let T be the common genealogical m-ary tree associated with systems
(X,,n>0) and (Y,,n > 0). Let (X(x), Y(x)), for x € T with |x] =0, be i.i.d. random
variables having the distribution of (Xg, Yp), where X and Yy are already coupled such that
Xo > Yp a.s. and that P(Xg =Yg | Yo > 0) = 1. For any vertex x € T with |x| > 1, let

X(x) = (X(xD) 4+ 4+ X (x™) - l)+,
Y(x) =Y (D) +-- +yEm)-1)*,

where x( ... x™ denote as before the parents of x. It follows that, for any given n > 0,
the sequence of random variables X (x), indexed by x € T with |x| = n, are i.i.d. having the
distribution of X, whereas the sequence of random variables Y (x), also indexed by x € T
with |x| = n, are i.i.d. having the distribution of Y,,. Moreover, for all x € T, X (x) > Y (x)
a.s.

YLet Zbea Z-valued random variable, independent of Y(y, such that P(Z = k) := PXo=k)—Po=k) fo >1

P(Yo=0)
and P(Z = 0) := ‘I’,((’;gjg)) . Then, the pair Y + Z1{y,=0) and ¥, will do the job.
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We observe that since X > Yy a.s. and P(Xg =Yy | Yy > 0) = 1, we have

E[(Xo — Y0)1{vy=0;] _ E(Xo — Y0)

E(Xo—Yo|Yo=0)= P(Yo =0) - P(Yo=0)

Here is a summary of the XY -coupling.

THEOREM 4.1 (The XY-coupling). Assume P(Xo = k) > P(Yg = k) for all integers
k>1, and P(Yo =0) > 0. We can couple two systems (X (x),x € T) and (Y(x),x € T)
with initial distributions Xo and Yy, respectively, such that X (x) > Y (x) for all x € T; in
particular, we can couple two systems (X, n > 0) and (Y, n > 0) such that X, > Y, a.s. for
all n > 0. Moreover, the coupling satisfies

4.1) E(Xo— Yo | Yo = 0) = X0 Y0)
P(Yo=0)
We are going to apply the XY -coupling several times. Each time, (Y,, n > 0) is critical (so
the condition P(Yy = 0) > 0 is automatically satisfied), and (X,,, n > 0) supercritical.

4.3. Open paths. Let (Y,,n > 0) denote a system satisfying (1.1). For any vertex x € T,
we call (xg,0 < k < |x|) a path leading to x if each x;41 is the (unique) child of x; and
|xx| = k. [Degenerate case: When |x| = 0, the path leading to x is reduced to the singleton x.]
A path is said to be open if for any vertex x on the path with |x| > 1, we have Y(x) =
Y(xD)y + oo 4 Y (&™) — 1 (or, equivalently, ¥ (x(D) 4+ ... + Y (x") > 1). [Degenerate
case: When |x| = 0, the path is considered as open.]

For x € T and integer i > 0, let N*(x) denote the number of open paths leading to x and
N®(x) the number of open paths leading to x such that ¥ (xo) = i; note that an open path
can start with a vertex xg in the initial generation with Y (xg) = 0 if it receives enough support
from neighbouring vertices along the path. By definition, 0 < N @ (x) < N*(x) < m™! for all
x € T and integers i > 0, and N*(y) = 1 and N©(y) = 1{y(y)=;; for y € T with |y| =0.

For n > 0, let ¢, denote the first lexicographic vertex in the nth generation of T; see
Figure 2. We write

(4.2) NF=N¥e,),  ND:=ND(,),  Y,:=Y(e).

[In the paper, only the law of each Y,, individually, is concerned; since Y (¢,) has the same
distribution as Y, the abuse of notation Y}, := Y (¢,,), which has the advantage of making for-
mulae and discussions more compact, should not be source of any confusion.] See Figure 2.

FIG. 2. The same example, as in Figure 1, with open paths marked in bqld (and coloured in red). For this
example, N =6, N\*' =2, NV =1, NP =0, N? =2, N\Y =1 and N = 0ifi = 5.
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4.4. A bridge connecting two banks. Assume P(Xg = k) > P(Yy = k) for all integers
k>1and P(Yp =0) > 0. Let (X,,,n > 0) and (Y,,, n > 0) be systems coupled via the XY -
coupling (see Theorem 4.1). Thanks to the notion of the number of open paths N,EO) for (Y},)
introduced in (4.2), we are now able to give a lower bound for E(X},) in terms of the number
of open paths of (¥,).

THEOREM 4.2 (The bridge inequality). Assume P(Xo = k) > P(Yy = k) for all integers
k>1,and P(Yo=0) > 0. Let (X, n > 0) and (Y,,n > 0) be systems coupled via the XY -
coupling in Theorem 4.1. Let n > 0. If E(X¢) < o0 and E(X¢ — Yo) = nP(Yy = 0), then, for
all r > 0, all integers n > 0, k > 0 and £ € [0, 5],

mk+€77

(4.3) E(Xy1k40) =

0
E[N,E )I{N,go)zr}l{yn:k}]'

PROOF. Let A, denote the set of vertices x € T with |x| = 0 that are the beginning of an
open path leading to ¢,. [So in the notation of (4.2), the cardinality of A, is Njf .] Let

AV =[x eA,:Y(x)=0)].
The cardinality of AL is N\”', defined in (4.2). Write
£.0= ) [X()—-YW)]

xeAflo)

[Recall that X (x) > Y(x) as.and P(X(x) =Y (x) | Y(x) > 0) =1 forall x € T with |x| =0.]
The crucial observation is that, for all n > 1,

X(ey) =Y (ey) +6, as.
So for any integers k > 0 and » > 0 and any £ > 0,

(X(en) =k =07 = (Y(ea) + 60—k = O yo_, iy e)—1)

= =010 Ly en=k)-
Let
Y :=0(Y(x),xeT)=0(Y(x),x €T,|x|=0)

which is the sigma-field generated by the hierarchical system (Y (x),x € T). Since {N,§°) >
r} e % and {Y (¢e,) =k} € %, we obtain

4.4) E(X(en) =k =0T 12) =10 Iye)=nE(E - 0" %),

Conditionally on x € A,go), the random variable X (x) — Y (x) has the same law as X¢ — Yy,
conditionally on {Yy = 0}; hence,
NyVE(Xo — Yo)

B |2) = N"E(Xo = Yo | Yo=0) = =5 o=

the last equality being a consequence of (4.1). By assumption, this yields E(&, | #) > nN,,(O).
Consequently, for any £ > 0,

E((G— O |9)=E@E — €| 2) =N —¢.

Combined with (4.4) and taking expectation, it follows that, for any integers k > 0 and » > 0
and any £ > 0,

E[(X(e) — k = 0] = B[N — 01y Tve—n)-
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0) 0) Ny rn ~
On the event {N,, ” >r}, we have nN,, " — £ > S if e < > - Hence, for any integers k > 0,
r>0and0<¢<%,

1
2

If £ > 0 is taken to be an integer, then, obviously,
E(X (enxr0)) = m E[(X (en) —k — 0)T].

Consequently, for any integers k >0, r > 0 and ¢ € [0, 5],

E[(X(en) —k— £)+] > E[ Nrgo)l{N,EO)zr}l{Y(e"):k}]'

k+¢
oy

m
E(X (¢ntk40)) > E[N,EO)1{N£0>Z,}1{Y(e,,)=k}]-

Recall that X (¢, +x+¢) has the distribution of X,,4+x+¢, and that Y (¢e,,) =: Y,, by notation (see
(4.2)). This yields Theorem 4.2. [

4.5. The first crossing. Theorem 4.2 yields the following estimate for the number of open
paths in a critical system. This is our first crossing of the bridge, studying the critical system
by means of a supercritical system. In Section 6 we are going to make a second crossing of
the same bridge but in the opposite direction, studying the supercritical system by means of
a critical system.

As in (2.1), we keep using the following notation:

A = A(Yp) :=E(Ygm") € (0, 00l

associated with the critical system (Y,,), that is, satisfying (m — 1)E(Yom'0) = E(m¥) < oo.
Note that P(Yy = 0) > 0.7 Recall from (3.2) that for the critical system (Y;), we have

1
Ac [— oo]
m—1
Let g €[0,2] and x € (0, 1]. We assume the system (Y,,n > 0) is B-regular with coeffi-
cient x in the sense of (2.3). Recall from Remark 2.2 that A < 0o in case 8 = 2. Write

(4.5) An = An (Yo, B) := min|A, n}.

COROLLARY 4.3. Let B €[0,2] and x € (0, 1]. Assume (m — HE(Yom0) = E(m"0) <
oo and the system (Y,,n > 0) is B-regular with coefficient x in the sense of (2.3). Let N,(,O)
be as in (4.2). There exist constants cy1 > 0 and c1» > 0, depending only on m and B, such
that, for alln > 2,

12

Yy A7(0)
E[m'" N, I{NIEO)ZC}(—I"ZAIZ‘%"}I{Y”S"}] < —XnZ’

where Ay, is defined in (4.5).

PROOF. Fixn > 2.Letcy € (0, 1] and ¢3 € (0, 1] be the constants in Proposition 3.1. Let

ot g .
Sl Sds Then, (m — D)1 € (0,¢3x) C (0, c3).

Let (X", n > 0) be a system with P(X{” = k) = P(Yp = k) for k > 2, and

ny=10n and n =

P(X{" =0) = max{P(Yp = 0) — 7,0},
P(x\” =1) =P(Yp = 1) + min{P(Yy = 0), n}.

SRecall that we always assume P(Yy > 2) > 0 to avoid triviality.
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Then, (m — DEXmX0") — Em*0") = (m — 1> min{P(Yo = 0). n} < (m — 1)*1. More-
over, B(X")3m*") = E(¥3m") + mmin{P(Yo = 0), 7} = A + mmin{P(Yy = 0), ).

Since A > n

whereas m min{P(Yy = 0),n} < mn < (m’il—l)z < 55 < mA, we get

1
m—1°
(
E((X(()n))3mxom) < (m + 1)A. By assumption, (Y,,n > 0) is B-regular with coefficient x in
the sense of (2.3), so the supercritical system (X ,(l"), n > 0) is also B-regular with coefficient
X
m+1"

By definition of 71 and 7, we have n; <min{((jl’”+11)2 )12, ((;2"151,7)1/0 Py for B € [0,2)

and n < (2’”—+1;2)1/ 2 for B = 2. So we are entitled to apply Proposition 3.1 to get

max E(X(")) <3.
0<i<ni
On the other hand, P(X(n) =k)>P(Yyp=k) forall k > 1, and P(Yy = 0) > 0 as observed

() _ . _
previously; since ngg’, OY)0> mmg:g:)?) 1 > n, we are entitled to apply Theorem 4.2 to

obtain, for all » > 0, all integers k > 0 and £ € [0, 5],

)]
2B,

0
E[N,g )l{N,go)zr}l{Y":k}] < ikt

Hence, for all » > 0, and all integers ¢ € [0, 11 with 2n + € < ny, we have

2(n+1) 6(n+1)
Yy A7 (0 (m
E[m"" N )I{ng())Zr}l{Ynfn}] T%O<I<ME(X M) < QT
. 2
We takeﬁ leé(;g,:J, = ‘X#" ijg” and ¢y := %ﬁ;’n’;m Then, 2n+ ¢ < 10n (because

5

Toam = 10g2 < 8) and £ < 5. The corollary follows readily. [J

5. Preparation for the second crossing. Throughout the section, let (¥, n > 0) denote
a critical system, that is, satisfying (m — DE(Yom ) = E(m") < oo.

The goal of this section is to establish a recursive formula (Proposition 5.1 below) for the
weighted expected number of open paths.

The section is split into two parts. The first part gives a recursive formula for the number
of open paths in the critical regime. The second part collects some known moment estimates
for the system in the critical regime.

5.1. A recursive formula. Let (Y,,n > 0) be a system satisfying (m — l)E(YOmYO) =
E(m"0) < co. The following proposition gives a recursive formula for the weighted expected
number of open paths, where N, can be N,gi) (for any integer i > 0), or N,f , as defined in (4.2).
Note that, by definition, E[m*0 (1 + Yp) NS 1= m (1 +i)P(Yo = i) and E[m"* (1 + Yo) N1 =
E[m¥ (1 + Yy)] < oco.

In our paper, only the formula for N, = N,EO) is of interest.

PROPOSITION 5.1 (Recursive formula for number of open paths). Assume (m —
DE(YomY0) = E(m¥) < oco. Fix an integer i > 0. Let N,, denote either N,f or N,S’). Then,

n—1

E[m" (1 + Y,)N,] = E[m"(1 + Yo)No] [[[E(m™)]" ™", n=1.
k=0
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PROOF. For any vertex x € T with [x| =n > 1,let x(, ..., x" be as before its parents
in generation n — 1. By definition,
Yy =[Y( D)+ 4y (™) —1]",
N(X) = [N(X(l)) +---+ N(X(m))]I{Y(x(l))_’_,,,_’_y(x(m))z1},

where N(y) can be either N#(y) or N(i)(y). Write ¥y = Zy(x) := YD) + -+ +
Y(x™) and Ty = Zy(x) := N@xD) + .- + Nx™). Then, (Y(x),N(x)) = (Zy —
I, 231z, >1y + (0, 0)1{5,—0y. Consequently, for s > 0 and ¢ > 0 (with 00:=1),

E(s"O N = E(s® 12V 5, 21)) + P(Sy = 0)
_ E(SEY*IZ‘EN) _ SilE(Ile{Ey:O}) +P(Zy =0).

For further use, we observe that the same argument yields P(N(x) > 1,Y(x) =0) =P(Zy >
1, ¥y = 1) which is bounded by P(Xy > 1). Hence,

(5.2) P(N(x)>1,Y(x) =0) <mP(Y (x) > 1).
Define

5.1

Gu(s, 1) :=E(s"tM), §>0,t>0
which is the joint moment generating function for the pair (Y,, N,). Since (Y (x®), N(x®Y),
for 1 <i <m, are i.i.d. having the distribution of (¥;,_1, N,_1), we have E(sEY*ltEN) =
57 Gt (5.0, B PN 1z, —0)) = [E(M ' 1y, )" = Gue1(0, )" and P(Zy = 0) =
[P(Y,—1=0)]"=G,_1(0,1)™. So (5.1) reads: forn>1,s >0and t >0,

Gn—l(S, t)m _ Gn—l(O» t)m

(5.3) G,(s,t) = +G,—1(0, ™.
For further use, we also rewrite (5.2) as follows:
(5.4) P(N,>1,Y,=0) <mP(¥,—1 > 1).
Let
(5.5) L,(s) ;== E(s""N,)
which is the partial derivative of G, (s, ) with respect to ¢ at 1. Then,
(5.6) i 15) = = Ly (9)G ()"~ = =L OGO,
where
(5.7) Gu(s) :=E(s").

[So G, (s) = G,(s, 1).] Multiplying by s on both sides of (5.6), and differentiating with
respect to s, we get

(5.8) L1 (8) + I, 1 (5) = m(m — )G ()" 2 Gy () I (s) + mGp(s)" I (s).

In the critical regime we have m(m — 1)G),(m) = G, (m) (see (5.10)), which yields, for n > 0,
(5.9 Lis1(m) +ml, (m) =G, (m)m_l(ln (m) +ml,(m)).

Iterating the identity and noting that E[m™ (1 +Y,)N,] = I,(m) + ml, (m), we get

n—1
E[m"™ (14 Y,)N,] =E[m" (1 + Yo)No] [ | Gr(m)™~".
k=0

Proposition 5.1 is proved. [
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5.2. Moment estimates. The assumption (m — 1)E(Yom Y0y = E(m"0) < 00 implies (Col-
let et al. [6]) that, for all n > O,

(5.10) (m — DE(Y,m") = E(m"™) < co.

By (3.11), with c13 := (1 + /(m=1)

(5.11) E[(1+Y,)m™] <eci3, n=>0.

We keep using the notation introduced previously,
1
A = A(Yp) :=E(Ygm™) e [—1 oo:|,
An = An(Yo) :=min{A, n?)}.

The next is a collection of known useful properties concerning the moments of Y,,.

FACT 5.2 ([4]). LetB €[0,2]and x € (0, 1]. Assume (m — 1)E(Yom ) = E(m"0) < cc.
Assume the system (Y,,n > 0) is B-regular with coefficient x in the sense of (2.3). Then,
there exist constants cy4 > 0, c¢15 > 0, c16 > 0 and c¢17 > 0, depending only on m and S, such
that, foralln > 1,

n—1 2
Cl4 » yi\ym—1 _ C15 71
(5.12) —n* < [ [[E(m"™ <=
- kl:[)[ (m™)] e
An 1/2
5.13 E(Y2m") < <__> ,
(5.13) ( ) <ci6 e
A n?
(5.14) E(Y,m™) < e 5.

The first inequality in (5.12) follows from Proposition 2 in [4], whereas the second in-
equality follows from the proof of Proposition 1 in [4] but by replacing the last displayed
inequality in the proof (saying that Ag(m — +2) P((XO 2)02) in the notation of [4]) by the
assumption of the B-regularity in the sense of (2.3). Inequality (5.14) follows from (19) in
[4] and the second inequality in (5.12). Finally, (5.13) is a consequence of (5.11), (5.14) and

the Cauchy—Schwarz inequality. All the inequalities are valid, even in case A = oo.

REMARK 5.3. Consider a system (Y, n > 0) satisfying (m — 1)E(Yom?0) = E(m"0) <
00. Assume (Y, n > 0) is B-regular (for some 8 € [0, 2]) with coefficient x € (0, 1] in the
sense of (2.3).

Combining Proposition 5.1 with (5.12) yields that there exist constants cig > 0 and c19 >
0, depending only on m, such that

n*P(Yy = 0)

(5.15) clg———— =< E[m"™ (14 7¥,)N©] <

c19 n*P(Yo = 0)
X An

’

for all n > 1. This is valid without assuming A to be finite.

About the factor P(Yy = 0) on both sides of (5.15): The assumption (m — 1)E(Yom Yoy
E(m"0) < oo implies P(Yy = 0) > 0; in case m > 3, we have, moreover, P(Yy = 0) > =
(Lemma 3 in [4]).

—‘N I
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6. The second crossing and a general lower bound. In Section 4.5 we crossed the
bridge (Theorem 4.2) for the first time to obtain an upper bound for the number of open paths
in a critical system. Now, when the recursive formula in Proposition 5.1 is established, we
are going to cross the bridge again, but in the opposite direction, to obtain a lower bound for
the expected value in a supercritical system. The second crossing will lead to a general lower
bound for the free energy of certain systems that are not necessarily integer-valued.

Let B €[0,2] and x € (0, 1]. Let (Y, n > 0) be a system satisfying (m — 1)E(Yom¥0) =
E(mY0) < oo and is B-regular with coefficient x in the sense of (2.3). Let, as before,

A = A(Yp) :=E(Ygm") e [%1 oo]

An = An(Yo) :=min{A, n?}.
By Remark 2.2, we have A < oo in case = 2.

We start with a couple of lemmas.

LEMMA 6.1. Let B €[0,2] and x € (0, 1]. Assume (m — 1)E(Yom¥0) = E(m¥0) < o0
and the system (Y,,n > 0) is B-regular with coefficient x in the sense of (2.3). Let N,§°) be
as in (4.2). There exists a constant coo > 0, depending only on m and B, such that, for all
integer n > 2,

con? /1
(6.1) E(mY"N,EO))E%A—(;HlOgn)[ (m" 1y, 1)) + E(m™ 1y, _ 1>1})]>

n

PROOF. Let cq1 > 0 be the constant in Corollary 4.3. Write
E(m" N) < J1(n) + J2(n) + J3(n),
where

Jl (n) = E[mYn N,EO)I{N(O)>L‘1_1 nz)}ogn }I{Yn <n}]’
n X n

D) :=E[m" N1y, =m],
cl1 nzlogn

J3(n) :=E[m""NO1
[ " X M

E[m™1

<
N(O)_l_ 2lx)gn}] — {NVEO)ZI}]‘

X An

By Corollary 4.3, Ji(n) < C;lz < %nl B

For J>(n), things are simple, because mY"N,E )1 (Yo>n) < 1Y mY"Nr(L ), so by (5.15), for

n>1,
P(Yo=0
Jz(n)_cwn (Yo )§_9£'
X An X An

For J3(n), we argue that Eim"1 yo_ 1 < P(N,” > 1,¥, = 0) + Elm"1jy,>1)]. Re-
call from (5.4) that P(N” > 1, ¥, = 0) < mP(Y,_; > 1) which is bounded by E[mY-1 x
1{y, ,>1;]. Hence,

cin logn

J3(n) < — p [E(m"" 1y,>1)) + E(m" ' 1y,_ >1))].

n

Assembling these pieces yields the desired result. [

For the next lemma, let us write 7,,(s) := E(s*» N,EO)) as in (5.5).
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LEMMA 6.2. Let 8 €[0,2] and x € (0, 1]. Assume (m — 1)E(Yom¥0) = E(m¥0) < oo
and the system (Y, n > 0) is B-regular with coefficient x in the sense of (2.3). There exists
a constant cy1 > 0, depending only on m and B, such that, for all integer n > 2,

n 2 2
cp1 n-(logn)
S fpmy < R
=0 X An

PROOF. By Lemma 6.1,

n
> Ie(m) <E(mN) +Em" N)
£=0

Ay A¢

¢ %logt
( 4% [E(myélmzl}HE(mY[‘lm_lzl})])

by

X
=2
On the right-hand side, N\ < 1 and N*' < m, so En"oN") + E(n"' N{?) < E(m"0) +
mE(m"") < (m + 1)c13 (by (5.11)). On the other hand, £ < . Hence,

n c 2 n 1
207
Zlé(m)f(m+1)cl3+—k— 7
=0 X Any2
2 n
cron-logn
6.2) AL S (B  yzn) +E(n 11y, 21)]
X r5
2 2 n
con-logn  2cyon“logn
< (m+ Depz + 2B 080 20T O S B e 1yy,2 ).

On the other hand, noting that G, (m) < m!/m=1 (see (3.11)) and there exists ¢22 = 22 (m) <
oo such that logx > coo(x — 1) for x € [1, mY/ =D we get

2
E(m 1iyz) < 2E[(n™ = 1)ljy,zn] =2[E(m™) — 1] = —log[Ge(m)].
22

Hence,

n 2 n
Y E(m"y,z1) < — ) log[G(m)]
=0 €22 42

- (m —1)ca

log<1_[ Ge(m)m_l)
£=0
2 <c£ (n + 1)2)

S -
(m —1)cxn X Antl

2
the last inequality being a consequence of (5.12). Note that log(cxi %) <3 10% for some
constant c¢»3 > 0, depending only on m, 8 and c15 (thus only on m and g once c15 is chosen

in (5.12)). Substituting this into (6.2), we get the desired result. [

PROPOSITION 6.3. Let 8 €[0,2]and x € (0, 1]. Assume (m — 1)E(Yom'0) = E(mY0) <
oo and the system (Y,,n > 0) is B-regular with coefficient y in the sense of (2.3). Let N,§°)
be as in (4.2). Then, there exists a constant cr4 > 0, depending only on m and B, such that,
foralln > 2,

A n*(logn)?
I O e
n
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PROOF. Let Gy (s) := E(s¥), as in (5.7). Let I, (s) := E(s?"N\*), as in (5.5). [In par-
ticular, Io(s) = P(Yp = 0).] Recall the iteration formula (5.8),
Lis1 () + 81,41 () =m(m — )G ()" 2 Gy (s) I (s) +mGp(s)" 1 (s5).

Differentiating twice on both sides with respect to s and taking s = m, and, using the iden-
tity (m — 1)mG/,(m) = G, (m) in the critical regime (see (5.10)), we deduce that for some
unimportant positive constants c¢p5s >0, ...,c9 > 0and all n > 1,

(6.3) 310, (m) +ml) (m) = Gy (m)" 10, + G (m)" " [31) (m) + m1) (m)],

where
G//(m) Gl//(m)
Y, =51, L I, A I,
c251,(m) + c26 G, (m) (m) + c27 G o) (m)
G//
+ oIl (m) + e29 GZEZ; 1) (m)

< c25Iy(m) + c26G, (m) Iy (m) + c¢27G,) (m) I, (m)
+ ca8l, (m) + 290G, (m) 1, (m).
At this stage it is convenient to introduce
2(m —2)
m2(m — 1)

Obviously, D, (m) > c30(1 + G)/(m) + G/'(m)) for some constant c39 > 0, depending only
on m, so that, with c¢31 := c30 max{css, ¢26, c27} and ¢3; := c28 + )9,

Y, < c311,(m)D,(m) + cxx max{1, G, (m)}1, (m)
< c311,(m)Dy, (m) + c3p max{1, G, (m)}[1,(m) + ml, (m)].

Dy (m) :=m(m — )G, (m) + (4m — 5)G. (m) + G,(m).

The interest of D,,(m) lies in its recursive relation D, 41 (m) = D, (m)G, (m)"~! (see [4]),
which leads to

n—1 n—1
Dy (m) =Do(m) [ | Gi(m)" ™" <esA ] Gim)™ ™",
i=0 i=0

where ¢33 > 0 is a constant depending only on m. On the other hand, by (5.9),
n—1
In(m) +m1,(m) = (Io(m) +mIy(m)) [ T Gimy"~".
i=0
Since Io(s) =P(Yy = 0) for all s, we have Io(m) + mIj(m) =P(Yo =0) < 1 which implies
I,(m) +ml (m) < I—[;’:_O1 G;(m)™~!. Consequently,

n—1
Yo < (c3a AL (m) + czamax{1, G, (m)}) [ ] Gi(m)™~",
i=0

with ¢34 := max{c3ic33, ¢32}. So we can rewrite (6.3) as
31y (m) +m1, (m)
n
< c3a(A Ly (m) + max{1, Gjj(m)}) [ Gi (m)™™"!
i=0
+ G ()" Y31 (m) +mlI (m)).
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Iterating the inequality and noting that Ij(m) = I)"(m) = 0 (because Iy(s) = P(Yp = 0) for
all s), we obtain

n—1 n—1
31/ (m) +mlI) (m) < C34<]"[ Gk(m)ml) > (AlLe(m) + max{1, G} (m)}).
k=0 =0

By (5.12), l_[';:;(l) Gr(m)™~ ! < C)'(s 22 whereas by Lemma 6.2, Y }_ élg(m) < ﬁ”z(log”)z;

X2
hence,
2 2 2 n—1
I
317 (m) +mI! (m) < BT A—szl n”(logn)” + 3 max{1, G/ (m)} ).
X An X An =0

By (5.13), G{(m) <+ S(EA)2 = At max{e, AP < Ao (n + AP0 =E);
thus,

n—1

51+ 2 s 212010

n—1
> max{l,G{(m)} <
£=0 =0

—n+ W( 24 AV22- 812

< e
X/

n2 + A1/2n27(,3/2)).

Since n? + A/2p2-B/2) < 2max{A1/2n2_(ﬂ/2),n2} < 2max{An2_5,n2} = Z%A, this
yields

n—1 2
21

5" max{1, Gj(m)} < (%02‘6)”—1\

=0 X )\'I’l

Consequently,

3 (m) +ml) (m) <

C34C15 ﬁ(Acﬂnz(lognﬂ 2(1 + c16) ﬁ )
X An X2 An X1/2 An '

proving Proposition 6.3 (recalling that y <1). [

PROPOSITION 6.4. Let B €[0,2] and x € (0, 1]. Assume A := E(ngYO) < 00. Assume
(m — DEYomY0) = E(mY) and the system (Y, n > 0) is B-regular with coefficient x in the
sense of (2.3). Let N,EO) be as in (4.2). There exist positive constants c3s, cz¢ and c37, which
depend only on (m, B) such that, for alln > 2,

1 Y Y”N(O)l _ 1 nAlogn
E[(1+Y,)m N> 35 2P00=04 Ty, < 3/2W(1;(:W}]
(6.4)
_ P =0)
cy]——————.
= C37 A

Consequently, there exist a constant czg > 0, depending only on (m, B), and an integer k with

36 nAlogn
0<k< I P (Y= 172 such that

3052 =0))?
x> AM[P(Yo=0)]
—o Ny, =k}| =
"2P(+_O)} Fn k}]_c38mkA3 (logn)?

(0)
(6.5) ENT o
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PROOF. Only (6.4) needs to be proved. Let c39 > 0, and let K > 1 be an integer; their
values will be chosen later. By Proposition 6.3,
E[(1+Y,)°m" N,"] _ coa n*Adlogn)?

Y )
E[(1+Y)m" N1y, > k)] < X2 =K2 T a2

0) 2P (¥y=0)
On the other hand, N, "1 NO <y "ZP(XO:O)} < C39n+’ so, by (5.11),

2
Yn 0 n P(YO = 0) Yn
B[+ Xm™ NI o evagen | < 39— ——E[(1 4 Y)m']
n*P(Yy = 0)
=< 613639T-

Recall from (5.15) that E[(1 + Y,,)m " N,go)] > w. Hence,

E[(1 + Yn)mY"N,EO)l{ 20 (Y, <K)]
A

)
> E[(1 + Y)m"" NO] —E[(1 + Y)m"" NP1y, > x1]

]

N,ﬁo) >C39

—E[(1 + Y,)m" N1

(N <c3 17121)(/{0:0) }
2 — 4 2 2 —
cish P(Yo = 0) C4 N A(logn) n P(Yo = 0)
> ~ 322 2 — C13C39—— .
A XK A2 A

) _ 1 ) )
Choosing c39 := {Cl—i and K := L(%)l/zx 3”&)%] + 1 yields (6.4). Proposi-

tion 6.4 is proved. [J

We are now ready for the second crossing of the bridge which is Theorem 4.2. It implies a
general lower bound for the free energy of certain supercritical systems (X,,n > 0). We are
also going to apply this general result to prove the lower bounds in Theorem 1.1 (Section 7)
and in Theorems 1.2 and 1.3 (Section 8).

Assume (m — 1)E(YomY0) = E(m'°) < oo. In particular, P(Yy = 0) > 0. Assume P(X( =
k) > P(Yy = k) for all integers k > 1. We can couple two systems (X, n > 0) and (Y,,, n > 0)
via the XY-coupling in Theorem 4.1.

THEOREM 6.5. Let B €[0,2] and x € (0, 1]. Assume A = A(Yp) := E(YO3mY0) < 00.
Assume (m — DE(Yom¥0) = E(m¥) and the system (Y,,, n > 0) is B-regular with coefficient
X in the sense of (2.3). Assume P(Xo = k) > P(Yyo = k) for all integers k > 1. Let (X,,,n >
0) and (Y, n > 0) be systems coupled via the XY -coupling in Theorem 4.1. There exists
a constant cqo > 0, depending only on m and B, such that, if E(Xo — Yo) > n for some
n € (0, ﬁ],ﬁ then

(6.6) max E(X;) > 2,
0<j<ng
where ng = Lm;+onl/zmax{A(RlogR)(l_ﬂ)/2,(RlogR)l/z}logRJ with R =

m; in particular, the free energy Fgg of the system (X, n > 0) satisfies

c41
[x3P(Yo =0)]'/2

where c41 > 0 is a constant whose value depends only on m and f3.

(6.7) FX > exp|:— max{A(Rlog R)!=P/2 (Rlog R)!/?} log R:|,

5The choice of S(Tl—l) is to ensure R := m > 3.
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PROOF. Only (6.6) needs proving, because (6.7) follows immediately from (6.6) by
means of (1.5).

Let ((X(x),Y(x)),x € T) be the pair of systems in the XY -coupling in Theorem 4.1,
satisfying E(Xo — Yo) > n. Recall from Theorem 4.2 that, for all r > 0, all integers n > 3,

k>0and £ € [0, yp7=p; 1,

k+¢

" (0)
E(X,41+0) > (T = O)E[N” I{Ny)zr}l{Yn:k}]
By (6.5) in Proposition 6.4, there exists an integer k with 0 < k < ‘3/62 %’ such
that
3 2 2
o x> R2APY=0)]
E[Nn 1{N£0)>C35w}1{yn=k}] Z C38mkA3 (logn)2
which implies that, for some 0 < k < % % and all ¢ € [0, 63251(:z .
k+¢ 3 2 _ 2
m-n X~ A [PYo=0)]
E(X >
_cgx® min AZP(Yo =0)
2 A3 (log n)2
Since A% =min{AZ2, n*#} 27 )2 (recalling that A > —— for critical systems), this yields,
. e
with C4p ‘= ﬁ,

sm‘nP(Yp = 0)
A3(logn)?

- cpm® <77XP(Y0=0)>3
~ (logn)? A

caom®

~ R3(logn)?’
We take ¢ := |c43(log R + loglogn) ], where c43 > 0 is a constant depending only on m and

14 2
B, such that Rfazm 7= 2. On the other hand, the condition £ < -1 is respected if we take

= |ca4(R1log R)'/?| for some appropriate constant c44 > 1 Whose value depends only on
m and B; moreover, cq44 > 1 is taken to be sufficiently large so that log R < n. Accordingly,

E(Xyqx4¢) > caox

E(Xy+ik+0) = 2.

—3/2nAlogn nAlogn

By definition, n < ’)‘\A <x ; also, logR < n and loglogn < n, thus logR +

loglogn < 2n < 2X_3/2”A1°gn Wthh yields € := [ca3(log R + loglogn)] < 2c43 X
X_3/2nAlogn —3/2 nAlogn
An

. And of course, k < c36x T P(To=0)]172
c45 := 1 + 2¢43 + 36, we have

by definition. As a result, with

C45 nAlogn _ C45
X323 P(Yo = 0)]1/2 — [}3P(Yo =0)]1/2

with 7 := | c44(R log R)'/?|. This yields (6.6). [

n+k+4£<

max{Anlfﬂ, n}logn,

TTheorem 4.2 only requires n > 0; we take n > 3 so that logn > log3 > 1.
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7. Proof of Theorem 1.1: Lower bound. Let (X,,n > 0) be a system satisfying
E[(X(’)k)3mxg] < 00, and let p = p. + ¢. Let (¥, n > 0) be the critical system coupled with
(X,,n > 0), as in the XY-coupling in Theorem 4.1. Then, X¢ > Yy a.s., E(Xg — Yp) =
(p — POE(XY) = eE(XE), A = A(Yp) := E(Ygm"0) = pE[(X})?m*0] < 0o and P(Yy =
0) =1- p.. By Lemma 2.4, (Y,,, n > 0) is O-regular with coefficient x := 1 — p. in the sense
of (2.3). It follows from Theorem 6.5 that there exists a constant c46 > O such that, for all
sufficiently small ¢ > 0, the free energy Foo(p. + €) of the system (X, n > 0) satisfies

1 1\93/2
.1 Fao(pe +) = expf —cie- 2 55— |
&

which readily yields the lower bound in Theorem 1.1.

8. Proof of Theorems 1.2 and 1.3. We start with a simple comparison result which is
useful in the proof of the upper bound in Theorems 1.2 and 1.3.

LEMMA 8.1. Let (U,,n > 0) and (V,,n > 0) be two recursive systems. If Uy > Vj a.s.
and if E(Up) < o0, then, for alln > 0,

0 <E(U,) — E(V;) < m"[E(Up) — E(Vo)].

PROOF. Since Uy > Vj a.s., we can couple the two systems so that U, > V,, a.s. for all
n > 0; in particular, E(U,) — E(V,) > 0.

Let (X,, n > 0) be an arbitrary recursive system. Recall from the recurrence relation (3.4)
that E(sXn+1) = H[E(s*)" + (1 — 1)[P(X,, = 0)]". Differentiating with respect to s and
taking s = 1, this yields E(X, 1) = mE(X,) — 1 4+ [P(X,, =0)]" for all n > 0. Iterating the
identity yields that, for n > 0,

n—1 )
E(X,) =m"E(Xo) — Y_m" "1 - [P(X; =0)]"}.
i=0
Applying the identity to X, = U,, and to X,, = V,, and taking the difference, we obtain
n—1

EU,) —E(V,) =m"[EUp) —E(Vp)]+ Y_m" " "H[PW; =0)]" — [P(V; =0)]"}.

i=0

By the coupling, U; > V; a.s. so [P(U; = 0)]" — [P(V; =0)]" <0. The lemma follows. [J
Theorems 1.2 and 1.3 are proved by means of a truncation argument. Let X§ be a random

variable taking values in {1, 2, ...} and satisfying

(8.1) P(X§ =k)~com™ k™, k— oo,

for some 0 < ¢y < o0 and 2 < a <4 (in Theorem 1.2 we assume 2 < o < 4, whereas in
Theorem 1.3 we assume o = 2). Let £y > 1 be the smallest integer k > 1 such that P(X} =
k) > 0. Let M > £o be an integer (which will ultimately tend to infinity). Let o = o(M, )
be a random variable taking values in {0, £o}; we are going to give the distribution of o later.
Consider the truncated random variable

M
8.2) X = 01xs 2y + X3 i< xz<m)-
Let Y(gM) be a random variable whose distribution is given by

PY0<M) = PMPX(()M) + (1 = pm)do,
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where pjr € (0, 1) is such that
(M) (M)
Epy (myo )=(m—DE,, (Y(gM)mYO ).

[The subscript pys is to indicate the weight pys of X (()M) in the distribution of YO(M).] The
existence of pys € (0, 1) is simple; actually, the value of pjs can be explicitly computed

1

(8.3) M= € (0,1).
1+ E([m — DX — 13m X"
Hence,
1
— 1 =E{[m - DX — 1]m %0}
(8.4) 2%
=E{[(m — DX§ — Im™ 1y pr)} — P(X5 > M) —au,
where
(8.5) ay :=E[{[(m — 1)eo — 1]m" —[(m — Do — 1]m° x;—¢y)]-
In case 2 < a <4, we have p.(Xj) > 0, and, by (1.4),
1 .
—1=E{[m — DX} — 1]m*0},
which, in view of (8.4), yields that, for 2 < o <4,
1 1 .
(8.6) —— =P(X} > M) +ay +E{[m — DX} — 1lm*01 ey ).
XD P (X5 > M) {[ 0 — Um 01y}

8.1. Proof of Theorems 1.2 and 1.3: Upper bound. To prove the upper bound, the choice

of ¢ in (8.2) is simple: we choose o0 = X (so the truncated random variable X(()M) in (8.2) is
simply Xf)kl{xggsM})- As such, ay =0 1in (8.5).

The next lemma gives the asymptotic behaviour of py — p.(Xj) when M — oo. Note
that p.(X) =0in case o = 2.

LEMMA 8.2. Assume P(X} =k) ~ com_kk_“’, k — 00, for some 0 < cy < 00 and 2 <
o <4. When M — o0,
(m — Deope(Xg)* 1
(8.7) pu—pe(Xg)~1 4T, M
(m —1)cologM’

if2 <a <4,

ifa=2.

PROOF OF LEMMA 8.2. We first treat the case 2 < o < 4. Since aj; = 0, (8.6) becomes
m — PLM =P(X5>M)+E{[((m—-1)X;— l]mXOI{Xb«>M}}; using the asymptotics of X,
given in (8.1), we obtain
1 1 -1 1

-~ (m = e , M— .
pc'(XE)k) Pm a—2 M2
This yields (8.7) in case 2 < o < 4.
We now treat the case o = 2. By the asymptotics of Xj given in (8.1), we have, in case
2
a=2,

(8.8)

E{[(n — DX§ — 1m™ Ly <y} ~ (m — DeglogM, M — oo.
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In view of (8.4) (and using the fact ay; = 0, as well as the trivial inequality P(X§ > M) < 1),
this implies

1
(8.9) —~(m—1cologM, M — oo,
Pm

which, in turn, yields (8.7) incase « =2. [J

We have now all the ingredients for the proof of the upper bound in Theorems 1.2 and 1.3.

Let (Y(M) n > 0) be a recursive system with initial distribution YéM). Then, the system is
critical; in fact, (8.3) is a rewriting of (1.4). By Theorem A (see the Introduction), the free
energy of the system is 0. It follows from the first inequality in (1.5) that E,,, (Y(M)) < ml i
for all n > 0.

Consider also the system (Xn,n > 0) under P,,,, that is, with initial law Px, = py PX* +

(1 — pa)do. Since Xg > Y0 M) P,,-a.s., we are entitled to apply Lemma 8.1 to see that, for
alln >0,

B10) 0SBy (X~ By (1) " [Bpy (X0) ~ By (1))

We take n = M. On the right-hand side, note that E,, (Xo) — EPM(Y(;M)) = puE(X{ x
Lixesmy) = EXGLixg=my), s0

mM[E,, (Xo) — E,,, (Y")] <m™ Z kP(X
k=M+1
which tends to 0, as M — oo (by (8.1)). Consequently, (8.10) yields that, for all M suf-
ficiently large (say M > My), we have 0 <E,, (Xy) — E,, (YZE,[M)) < 1. We have already
seen that EpM(YZE,[M)) < ﬁ Hence, E,,, (Xy) <1+ ﬁ = % (for M > My). By the
second inequality in (1.5), we obtain that the free energy of the system (X,,n > 0) with
p = pu satisfies

E, (Xu) m
(8.11) Foo(pu) < ””,;MM <

Let p € [pym+1, pm]. When p is sufficiently close to p, (X ) (which is equivalent to saying
that M is sufficiently large), we have, by (8.11),

(8.12) Foo(p) = Foo(pu) < —

e~Mlogm a1 > .

e—Mlogm.

1

cq740(1)

—M logm = eXp(— (pMipC(Xac))l/(afz) )9

In case 2 < o <4, Lemma 8.2 yields that -"se

where c47 := (%)1/(“ 2) logm. Note that as p | p(Xp)

a—2
1+o(1) - 1+o(1)
(Py+1=Pe (XN @2 = (p—pe(XgH/@=D "

1 _
> (pM—pc(XINV/@=D

Hence,

cq7 +0(1)
(p = pe(Xg) /@
This yields the upper bound in Theorem 1.2.

In case o =2, Lemma 8.2 says that e~ M08 = exp(—e(!+o(D)/lm=Dcorly ', | 0. The
upper bound in Theorem 1.3 follows immediately from (8.12).

(8.13) Feo(p) 5exp<— ) P pe(X§)-

8The proof of (8.13) does not require & < 4. In other words, (8.13) holds for all « > 2; however, the exponent

ﬁ is not optimal when « > 4, as we have seen in Theorem 1.1.
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8.2. Proof of Theorems 1.2 and 1.3: Lower bound. To prove the lower bound, here is our
choice of g in (8.2): for @ = 2, g is simply 0; for 2 < o <4, g is chosen to be independent of

Xg, with P(o =0) = - = 1 — P(o = o).

LEMMA 8.3. Assume P(X} =k) ~ com_kk_“, k — 00, for some 0 < cy < o0 and 2 <
o <4. When M — o0,

T if2<a<4,
(8.14) pm — pe(Xg) ~ 1 1 . )
m—Deglogm® 14T%
where, in case 2 <o <4, c48 := [pc(XE)k)]ZC49 > 0, with
m — 1)c
8.15) cg 1= ((XT)O +{[0m = 1)y — 1]m + 11P(X3 = o).

PROOF OF LEMMA 8.3. The proof is as in the proof of Lemma 8.2, except that this time
we need to evaluate ap; with our new choice of g. Let us only point out the difference.
In case 2 < o < 4, we have, by definition of a,s in (8.5),

€50
Ma—2’

where ¢s50 := {[(m — 1)€o — 11m% +1}P(X; = £¢) > 0. Then, (8.8) in the proof of Lemma 8.2
becomes

ay =E{[(m — 1)ty — l]mg0 —[m = Do — 1]m®}P(X§ = Lo) =

1 1 (m—1)cg 1 + C49
_ — ~ a = —F,
X))  pu a—2 Moz M7 a2

M — o0,

with c49 > 0 being in (8.15). This yields Lemma 8.3 in case 2 < o <4.
Assume now o =2 (S0 p, (XE';) = (). We have chosen o = 0 in this case. By definition of
ay in (8.5),

ay = {[(m — Do — 1Jm" + 1}P(X§ = o) = cs0 > 0.
Then, (8.9) in the proof of Lemma 8.2 becomes
1
— ~(m — Dco(logM) — c50 ~ (m — )cglogM, M — oo.
Pm

This yields Lemma 8.3 incase « =2. [J

Recall from (2.3) that a system with initial value X is said to be B-regular with coefficient
x if for all integers j > 1,

2,(Xo) := E[(Xo A j)*[(m — 1) Xo — 1]m*] > x min[E(X3m*?), jP}.

LEMMA 8.4. Let o € [2,4]. There exists a constant cs51 € (0, 1] whose value depends
only on m, a and the distribution of X, such that, for all sufficiently large M, the critical

system (Y,gM), n > 0) is (4 — a)-regular with coefficient cs.

PROOF. When o =4, Lemma 2.4 says that (Yn(M), n > 0) is O-regular with coefficient
1 — pm, which goes to 1 — p.(X§) > 0 when M — o0, so the result follows immediately.



668 X.CHENET AL.

Let o € [2,4) now. By assumption (8.1), P(X} = k) ~ com %k~ k — 00, so there exist
constants c5» > 0 and c53 > 0 and an integer ko > 2 (for further use we take kg to satisfy also
ko > %), all depending only on m, @ and the law of X, such that, for M > ko,

(8.16) P(Y\™ =k) <cmm™ k@ V1<k<M,
(8.17) P(Y™ =k) > cssm™ k™% Vko <k < M.

So for all integer M > 2ko and real number b € [k, %], we have, by (8.17),

g™ v (M) k —kp—
E[ Yo Y, l{bfY(gM)§2b}] > Z m*kcszm k™
kel[b,2b]NZ

(8.18) >3y, (2p)'
ke[b,2bINZ

> csab> e,

with ¢s4 := 27%c53. Furthermore, recalling that we only care about the case « € [2,4), we
have, by (8.16),

M
(M)
(8.19) E((rs")’m10) < 3 k3mFesom ™k < essm*,
k=1
4— 4—a —a
where cs5 = 2 —2 0M+1x3_°‘ dx = (MI_I()X = Aﬁa 1+

_ 4—a
%)4 o < M 24 01)
Let j > 1 be an integer. We distinguish two possible situations.
First situation: M > 2koj. We use

(M) M M
> E[mYO [(m DY, yg" - ](Y( "A )l{kOJSYéM)SZkoj}]'

On the event {kgj < YéM) <2koj} (so YéM) > %), we have (m — l)YéM) —1> mTY(gM)
and Y™ A j = j, s0

m—1

(M)
{kost5M>§2koj}] Ty

—1
(") = =5 Sl @i,

v

the last inequality being a consequence of (8.18).
Second (and last) situation: M < 2koj (and M > 2kg). This time we start with

o o M M
E;(Yg") = E[m® [(m — DY — 1](vs" A )1{%§Y0(M)5M}]'

On the event {4 < ¥ < M} (SO v™ > —20), we have again (m — DY — 1>
= 1Y () , whereas (Y(M) T~ Consequently,
—1M? (M)
= (yv(M) “ Y, (M)
=] (YO ) = 2 4k2E[ YO 1{%5Y(§M)§M}]

m—1M> (M\>
Z 5 5 4k254 )
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- ~ - - (M)\3 v 4—a
the last inequality following agaln from (8.18). By (8.19), E((Yy ")"m"0 ) <cssM™™%, so

= (M) (M)\3yM 1
E;j(Yy ) =cseE((Yy" ') m"o '), with ¢s6 = 7247251%@5'

In both situations we see that, for all M > 2k and all integers j > 1,

) M.,
E;(Ys") = esymin{E((Yg") m¥ ), j4=e),

with c57 := mm{ 054k %, cse}. In other words, for all M > 2k, the system (Y(M)

is (4 — a)-regular w1th coefficient min{cs7, 1}. Lemma 8.4 is proved. [

n=>0)

We now proceed to the proof of the lower bound in Theorems 1.2 and 1.3. Again, we
consider the system (X,,n > 0) under P, that is, with initial law Px, = py PX:; + (1 —

pum)do and couple it with the critical system (Y,EM), n>0).
By definition, P, (Xo = k) > P(Y," = k) for all integers k > 1. We intend to apply

Theorem 6.5 to (X, n > 0) under P),,, so let us estimate E[(YéM))3mY(§M)] and E,,, (Xo) —
E Y(M)
Yy ).
Since X(()M) < XSI{ngM}, we have
E[(Y M3 0,%""1 = o B D)3, X6 El(X*)3mXi1
[(Yo")'m'o ]=puE[(Xy ') 'm™0 | < puE[(X() m 01 ixs<pny]-
By the tail behaviour of X{ given in (8.1), we know that, for M — oo, E[(X(’)‘)3mX5kl{X35M}]
is equivalent to fTOaM“_“ if 2 <o <4, and to colog M if & = 4. So, in both cases,
(M)
(8.20) E[(Y ™) m"0" ] < pumt=eto® M oo,
Let us now estimate E,, (Xo) — E(YéM)). By definition,
M M
E,, (Xo) —E(Ys™) = pu[E(XE) — E(XS™)]
> pulE(X51xz<a) — E(X5)]
= pmE[(o — 0)1(xz=¢0)]
= pm[lo — E(0)|P(X5 = €o).

>=1—P(o= Eo) so £y — E(o) =

For2 <o <4,P(o=0)= 1o Fora=2,0=0

Moz2

so £y — E(0) = £p. In both cases, £y — E(0) = MO‘ —3-; hence,
LoP(XE = £p)
M 0 0
(8.21) E,, (Xo) —E(Y™) > %m-

Lemma 8.4 says the system (Yn(M), n > 0) is (4 — «)-regular in the sense of (2.3), with
coefficient y := c51. Now that (8.20) and (8.21) are established and since P(YéM) =0) >
1—py> % > 0 (for all sufficiently large M), we are entitled to apply Theorem 6.5 to
(Xn,n > 0) under P, , to see that, for M — oo, the free energy of (X,,n > 0) under P,
satisfies

Foo(pum) > exp(_MH-O(l)[log(M2+o(1))]maX{(Ot/Z),Z}) _ exp(—M1+0(1)),

By Lemma 8.3, for M — oo, M o) = T (Xoi)l/(“ s if 2 <a <4, and MIToD =
1+o(1)

exp((m oo Par Ly if @ = 2. This yields the lower bound in Theorems 1.2 and 1.3 along the
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pym—pe(Xp)
Pu+1—pe(Xg) — 1
(if 2 <o <4)and p’];—"frl — 1 (if & = 2; both properties are consequences of Lemma 8.3)
allow us, exactly as in the proof of the upper bound in Theorems 1.2 and 1.3, to get rid of the
restriction to the sequence (pyy).

sequence p = pp. The monotonicity of p — Fs(p) and the properties
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