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Abstract. We consider the free energy of the bipartite spherical Sherrington—Kirkpatrick model and determine the limiting free energy
at every temperature. We also prove the convergence of the law of the fluctuations of the free energy at non-critical temperature. The
limit is given by the Gaussian distribution for all high temperatures and by the GOE Tracy—Widom distribution for all low temperatures.
The result is universal and the analysis is applicable to a more general setting including the case where the disorders are non-identically
distributed.

Résumé. Nous considérons 1’énergie libre du modele sphérique bipartite de Sherrington—Kirkpatrick et déterminons 1’énergie libre
limite a chaque température. Nous prouvons également la convergence de la loi des fluctuations de 1’énergie libre a température non
critique. La limite est donnée par la distribution Gaussienne pour toutes les températures élevées et par la distribution de Tracy—Widom
GOE pour toutes les températures basses. Le résultat est universel et 1’analyse est applicable a un cadre plus général, y compris le cas
ou le désordre est distribué de maniere non identique.
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1. Introduction
1.1. Bipartite SSK

The Sherrington—Kirkpatrick (SK) model and the spherical Sherrington—Kirkpatrick (SSK) model are disordered systems
in which the spin variables are subject to Gibbs probability measures defined by random Hamiltonians. They can be
thought of as finite-temperature versions of the problem of finding the maximum of a random function on either a hyper-
cube (SK model) or a sphere (SSK model). As such, there is significant interest in these models and their generalizations
in probability and statistical physics, as well as computer science and social science. There is a long history to the subject
with many important results. We refer to [24] and references therein.

A natural variation is the case when the spins are divided into two (or more) groups such that the spins in different
groups interact, but those within the same group do not interact. When there are two groups, we are led to the bipartite
system.

The bipartite spherical Sherrington—Kirkpatrick model (SSK) model is defined as follows. Let

Sn_lz{ueR”:||u||=ﬁ} (1.1)
be a sphere in R". Let N1 and N, be two positive integers and consider two types of spin variables 0 = (o1, ..., on,) and
T = (71, ..., Tn,) on two different spheres,

O'ESNl_l, TGSNz_l. (1.2)

Define the Hamiltonian

N1 N2

1
H(a,r):WZZJijairj, N :=Nj + Na, (1.3)

i=1 j=1
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where J;; are independent random variables of mean O and variance 1. The bipartite SSK model is defined, for each
B > 0, by the Gibbs probability measure

P(o,7)= PHOD - (0,7) € Sy -1 X Shy-1 (1.4)

Ni,N»

where B is called the inverse temperature and Zy, y, is the normalization constant, which is also known as the partition
function. Note that the probability measure depends on the random variables J;;.

The goal of this paper is to study the free energy Fy, n,(B) = N~!log ZpN,,N,(B) as N1, No — oo. For small enough
B, Auffinger and Chen obtained a minimization formula for the limiting free energy in [3]. We mention that their work
applies to more general mixed (p, ¢)-spin Hamiltonians with external fields. One of the contributions of this paper is the
computation of the limiting free energy for the Hamiltonian (1.3) for all B except a critical value B, which we determine
explicitly. When 8 is small, our formula agrees with the result of Auffinger and Chen.

Moreover, in this paper we evaluate the next order term. We obtain the limiting law of the fluctuations, again for all
B # B.. We show that the fluctuations are Gaussian for 8 < ., and are given by the Tracy—Widom distribution of random
matrix theory for 8 > B.. The disorder parameters J;; are not restricted to Gaussian variables.

For the usual SK and SSK models, the limiting free energy is given by the Parisi formula [36] and Crisanti—-Sommers
formula [18], which were rigorously proved by Talagrand in [41,42]. The fluctuations were obtained for 8 below a critical
value by first Aizenman, Lebowitz, and Ruelle in [1] and subsequently in [14,17,23]. There are several recent results for
large B and and also for the case with the presence of the external field in [7,8,15,16,40].

1.2. Multi-species SK

The bipartite Sherrington—Kirkpatrick (SK) model is defined by the same Hamiltonian (1.3) but the spins are now assumed
to be on a hypercube,

(,7)e{—1, "M x (=1, 1}V2 = {—1, 1} N2, (1.5)

Note that for the spheres, Sy, -1 x Sy,—1 is not equal to Sy, +n,—1-
The bipartite SK model is a special case of the multi-species Sherrington—Kirkpatrick model. The multi-species SK
model was introduced in [10], and it is defined as follows. Let

N
1
HYS(0)=—= Y gijoioj, o=(01.....on) € {1, 1}" (1.6)
\/Ni,jzl

be the usual SK Hamiltonian. The disorder parameters g;; are independent centered random variables. However, we
assume that the variances of g;; are not uniform but they depend on the “species” of the index i and j. Let S be a finite
set independent of N and call the elements of S species. Fix a map

s:{l,...,N}—> 8. (1.7)

The value s(i) assigns a species to the index i. Now we assume that the variance of g;; depends only on the species of i
and j: Let
AL = A (1.8)

A= (Azt)s,teS’

be a symmetric matrix with non-negative entries and we assume that
27 _ A2
Elgii] = 850500 (1.9)

Setting Ny = |{i : s(i) = s}|, the interesting case is when % —rg€(0,1)as N - oo foreachs € S.

The bipartite SK model is the multi-species SK model when |S| =2 and A% = JT(? (1)). Note that in this case A? is not
positive-semidefinite.

The liming free energy of the multi-species model was studied in [10] and [35]. In [10], Barra, Contucci, Mingione,
and Tantari obtained a lower bound of the limiting free energy assuming that A2 is positive-semidefinite. On the other
hand, Panchenko obtained an upper bound in [35] for general A>. When A? is positive-semidefinite, the upper bound
matches with the lower bound, and hence one obtains the limiting free energy. The general case, including the bipartite
case, remains an open question; see [11,12] for some conjectural formulas for the bipartite SK model.
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1.3. Two multi-species SSK models

Let us consider a spherical version of multi-species SK model. We take the same Hamiltonian as (1.6) with same disorder
parameters g;; satisfying (1.9). Note that if o € {—1, 1}V, then ||o'|| = v/N. There are two different natural ways of
embedding the hypercube. One way is that

O’GSN_l. (1.]0)
The other way is that
O'GSN”—IX"'XSNSM—I (1.11)

where m is the number of species, the set of species is denoted by S = {s1, ..., s»}, and Ny, is the number of indices
corresponding to the species si satisfying Y ;- Ny, = N. In both cases, [|o || = V/N. Therefore, we have two different
multi-species spherical Sherrington—Kirkpatrick models, one with spins on one sphere and the other with spins on a
product space of spheres.

The bipartite SSK model we introduced earlier corresponds to a special case of (1.11). In this paper, we focus only
on this model. However, using a method similar to this paper, one can study the model with (1.10) for bipartite case and
also some multi-species cases (possibly not positive-semidefinite A2). This “one-sphere multi-species SSK” model will
be considered in a separate paper.

1.4. Connection to random matrices

We use a special structure of the Hamiltonian (1.3) to study its limiting free energy and the fluctuations. Setting the matrix
J = (Jij) and considering ¢ and T as column vectors, the critical points of the function f (o, ) = o T Jt (which is a
constant multiple of the Hamiltonian) subject to the constraints ||o ||> = N; and |7 ||> = N, satisfy the equations

JT=A0, JTeo =, (1.12)

where A; and A, are Lagrange multipliers. These equations imply that ¢ is an eigenvector of the matrix JJT, 7 is an
eigenvector of JTJ, and AqAg is an eigenvalue of JTJ (and also JJT).

The matrix J is a random matrix with independent and identically distributed entries. The matrix J7 J is called a
(constant multiple of) sample covariance matrix (with null covariance) in statistics and also is said to belong to the
Laguerre orthogonal ensemble in random matrix theory [5,22,32]. It is one of the fundamental matrices in random matrix
theory. The behavior of the eigenvalues of J7 J (the squared singular values of J) in the large dimension limit is well-
studied.

There is a more direct connection between the random matrices and the free energy. In [7,27], it was shown that the
partition function of the usual SSK model can be expressed as a random single integral. In this paper, we obtain a similar
result for the bipartite SSK model, but this time the random integral is a double integral; see Lemma 2.7. This random
double integral involves the eigenvalues of J7 J. We analyze the double integral asymptotically using the method of
steepest-descent. The reason that we can apply the method of steepest-descent to the random integral is that even though
the eigenvalues are random, their fluctuations about their classical locations are small. Precise estimates for the locations
of the eigenvalues were obtained recently in random matrix theory. The “rigidity” estimates for the eigenvalues of J7 J
were proved by Pillai and Yin in 2014 [37] for the case N1 # N,. The estimates for the case N; = N, follow from [2].
Similar rigidity results were proved for other classes of random matrices starting with the Wigner matrices [21] and also
various random matrix models including invariant ensembles [13] and sparse random matrices [20]. Rigidity estimates
are obtained from the local laws such as local semicircle law or local Marchenko—Pastur law, and they are also crucial a
priori estimates for the proof of bulk and edge universality of random matrices. Our analysis is applicable to a large class
of random double integrals under certain general conditions (including the rigidity condition) on a sequence of random
variables. We obtain the results for the bipartite SSK model as a special case of a more general asymptotic result for
random double integrals. We remark that the double integral representations also appear in the analysis of the overlap in
the spherical SK model [28,34].

The strategy above is an extension to our previous works [7,8] for the SSK model. A similar idea was also used in an
earlier physics paper [27] for a non-rigorous analysis for the limiting free energy. An important change from our previous
work is that the random integral is a double integral this time. This change adds significant technical difficulties. Even in
[7,8], the asymptotic analysis for large 8 (the low temperature regime) was subtle due to the fact that the critical point in
the method of steepest-descent is close to a branch point. While we could use a certain symmetry to simplify the situation
in the SSK model, we lose the symmetry for the double integral in this paper. This leads us to a more involved analysis;
see Section 5 for more discussions.
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1.5. Organization of the paper

The paper is organized as follows. We state the precise definition of the model and state the main results in Section 2.
The main fluctuation results are Theorem 2.3 and Theorem 2.6. We also state the double integral formula of the partition
function. The asymptotic analysis of the double integral can be carried out under certain general conditions. In Section 3,
we state these conditions and discuss the critical point for the steepest-descent analysis. The asymptotic analysis of the
general random double integrals is performed for the high temperature regime in Section 4 and for the low temperature
regime in Section 5. Section 5 is the most technical part of the paper. In Section 6, we prove Theorem 2.6 using the results
of Sections 4 and 5. In Section 7, we derive Theorem 2.3 from Theorem 2.6 using results from random matrix theory. In
Section 8, we briefly discuss the case where the disorders are non-identically distributed.

2. Results
In this section, we define the model precisely and state the results.
2.1. Definitions
Let

Sio1={ueR": u| = yn] @1
be a sphere of radius /7 in R". Let N1 and N, be positive integers and set

N =N+ M. 2.2)
Let J = (Jij)i=1,..,.Ny,j=1,..,N, be an N1 x N matrix with i.i.d. entries of mean 0 and variance 1. Define the Hamiltonian

Ni N,

1 1
H(o,7)= T DY dijoiti = ﬁw, JT), (0,7) € Snj—1 X Sny—1. (2.3)

i=1 j=1

The free energy of the bipartite SSK model at inverse temperature § is defined by

1
FN],Nz(,B) = ﬁ IOg ZN],NZ (ﬂ)v (24)

where the partition function Zy, v, is defined by
Zn, N, (B) =/ / PHED duy, (1) doy, (0). 2.5)
SNy =1 Y SNy—1

Here, dw, (u) is the uniform probability measure on the sphere S,,_1.
We assume the following for J. Let J;; be independent random variables such that:

o The entries are centered with unit variance, i.e., E[J;;] = 0 and IE[JI%] =1.

e Foranyi, j, E[ij] = W3 and ]E[Ji‘}] = W, for some constants W3, Wy.
o All moments of J;; are finite.

We consider the limit as N, N, N» — o0. Define

— vy = — vy =2 2.6)
P1 = pP1 =N P2= P2 =N .
Assume that
pr=ri+O(N7"), p2=r,+O0(N") .7)

for some N-independent constants
ri,rp >0 satisfying ri+r=1. (2.8)

(See Remark 2.4 for more detail on the assumption.)
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2.2. Limiting free energy
We first state the limiting free energy.
Theorem 2.1. Set

Be 1= (rir) 4. 2.9)

Define, for 0 < g < B,

F(B) = m;ﬂz (2.10)
and for B > B,

F(B) = (\/ﬁ+«/r_z)x/2§—M—1

_n-rn log(\/§+\/ﬁ_ﬁ)—r—zlogr1—r—llogrg—llogﬁ (2.11)
4 VS — J+ 4 4 2

where

S=S(B,r1,12) == (V11 — /1) +drirp>. (2.12)
Then,

Fyy v, (B) = F(B) (2.13)
as N — o0 in probability for every 8 # Be.
Proof. This result is a simple consequence of Theorem 2.3 below for the fluctuations. a

Note that F () in Theorem 2.1 is continuous if we define F'(8;) = —Vr21r2 As a corollary to Theorem 2.1, we have the
following convergence result for § = f,.

Corollary 2.2. For B =8, = (rlrz)_%, set

F(Be) = —”2”2 . 2.14)
Then,
Fr, v, (Be) = F(Be) 2.15)

as N — o0 in probability.

Proof. Since the free energy Fi, n,(B) is a convex function of g for any finite N, we can find the upper bound and the
lower bound of the free energy at 8. for finite N, where the two bounds converge to the same value in the large N limit.
This proves that Fy, n,(Bc) = F(B¢) as N — oo in probability. (]

Auffinger and Chen obtained the limiting free energy when S is small enough in [3] in terms of a minimization
problem. Their result applies to general mixed (p, g)-spin Hamiltonians with the presence of the external field. The spe-
cialization to the (p, g) = (1, 1) case (we also set hy =hy =0 and B1| = ,/r1r2p in Theorem 1 of [3]) is the following:
There is a small constant 89 > 0 (which is not explicitly determined) such that for 8 < Sy,

lim F, = min P(a,b 2.16
im NN (B) a’grel%(r)l,l) (a,b) (2.16)
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where

2
Pa,b) = %‘(1% +log(1 —a)) n %(% +log(1 —b)) + r‘r;ﬁ (1 — ab). 2.17)

It is easy to find the minimum explicitly. It is straightforward to check that the minimum occurs on the boundary of
domain [0, 1) x [0, 1) when 8 < (r1r2)~'/# and inside the domain [0, 1) x [0, 1) when B > (r1r2)~/*. The minimizers
are (a, b) = (0,0) when B < (r1r2)~/* and

_ VS—r+yr VS+ /-y
b= (1 BN Y SR W T2 ) 219
—1/4

when 8 > (r1r2) , where S is (2.12). From this, we find that the minimum is equal to F(8) in Theorem 2.1 and
Corollary 2.2 for all 8. Hence, Theorem 2.1 and Corollary 2.2 imply that the result (2.16) of Auffinger and Chen actually
holds for all g for the (1, 1)-spin Hamiltonian.

2.3. Fluctuations of the free energy

Next result is about the fluctuations of the free energy. In the high temperature regime 0 < 8 < 8. = (r 1r2)_41T , define

2
P1P2
FN(ﬁ)zT'B. (2.19)
Theorem 2.3. We have the following convergence in distribution.
(1) In the high temperature regime 0 < § < (rlrz)_%,
N(Fny.v, — Fn(B)) = N (1, 0%), (2.20)
where N (u, 02) is the Gaussian distribution with mean
1 4 rirp?
;L:Zlog(l —rirnp )—log2—(W4—3) 1 (2.21)
and variance
2 1 4 r 72ﬂ4
o =—§log(1 —rinp )+(W4—3) 1 (2.22)
(i1) In the low temperature regime B > (r]rz)_%,
N3
— (Frninv, = F(B) = TW (2.23)
where
1
3(J/S — —
A=AB,r, )= (Vi + V)3 (VS — i = ) (2.24)

4(r1rz)%

with 8 = ({/r1 — ﬁ)z + 4r; r2,32 defined in (2.12) and TW denotes the GOE Tracy—Widom distribution.

We remark that the limiting free energy F(8) and the constants /., o2, and A are all symmetric in 7| and r;.
The above change from the Gaussian distribution for high temperature to the Tracy—Widom distribution for low tem-
perature also occurs in the usual SSK model [7].

Remark 2.4. When r| and r; are given, it is natural to choose N and N, so that [N — riN| < N~ 1land [N, — nN| <
N~L.In such a case, lp1 —r1l < N—L.
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Note that in the high temperature regime, the difference

2 2
Fn(B)—F(B)= %(mpz —rir) = '37((1 —2r1)(p1 —r1) — (p1 — r1)?) (2.25)

is of order (p; — ry) if r1 # % Thus, the fluctuation of the free energy N(Fn, n, — F(B)) can be decomposed into
two terms, the Gaussian fluctuation N (i, 2) in Theorem 2.3 and the deterministic shift Fiy (8) — F(B), which are of
comparable order.

It is a classical result (Dirichlet’s approximation theorem) in number theory that for any irrational r, there are infinitely

many integers p and ¢ such that [r — £| < g2. Hence, for some ¢ > 0, we can find infinitely many N’s such that

q
riN — |riN] = O(N~°¢). The deterministic shift can be ignored by letting N — oo with such N’s.

If |pr —r1| > N~ ! (and r| %), then the deterministic shift is not negligible since it is much larger than the fluctuation
of the free energy. Note that such a phenomenon does not happen in the low temperature regime as long as |p; — 71| K

N~ since the fluctuation of the free energy, which is given by the GOE Tracy—Widom distribution, is much larger than
lo1 —r1l.

2.4. Free energy and eigenvalues

Assume, without loss of generality, that
N1 > Nj. (2.26)
The matrix of the disorder parameters J = (J;;) is an N1 x N matrix. We consider the N x N, square random matrix

1
s=—JTyJ. (2.27)
Ny

In statistics, S is known as a sample covariance matrix (with null covariance). In random matrix theory, S is also known
to belong to the Laguerre orthogonal ensemble [5,22,32]. Let

> > >y, >0 (2.28)

. - . ;
be the eigenvalues of S. We note that ,/ui; are the singular values of TN J.

The eigenvalues of S are well studied in the random matrix theory. For example, the empirical spectral distribution
(ESD) of S converges to the Marchenko—Pastur distribution [31]:

| &
- D 84, (x) dx — dump(x) (2.29)
2

i=1

weakly in probability as Ny, No — oo with % — % € (0, 1], where

2/(ay —x)(x —a-)

dump(x) := w(Jar — Ja s Ty ,a)(x)dx (2.30)
with
L Wni-vn? YRy’ 231)
1 ’ T r ' '

When the small order correction of the Marchenko—Pastur distribution is not negligible as in the central limit theorem
for linear statistics of the eigenvalues, it is necessary to modify the Marchenko—Pastur distribution by plugging o1 and p2
instead of r| and ry, respectively, in (2.30) as

2/ — ) —d)
w(Jdy — Jd-)x

diimp (x) == L ,a.)(x)dx (2.32)
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with
2 2
VP — A/ VP11
d+:M’ d_:M' (2.33)
P1 P1
The next theorem relates the second leading term of the free energy with the eigenvalues of S. We begin by introducing

a suitable notion for the estimates.

Definition 2.5 (High probability event). We say that an N-dependent event 2 holds with high probability if, for any
given D > 0, there exists Ny > 0 such that

P(Q§) <NP
for all N > Np.
Theorem 2.6. Without loss of generality, assume that r1 > ry. The following hold with high probability for any fixed
O<e< ﬁ.
(1) In the high temperature regime 0 < 8 < f.,

N>

1 —~
Fra(B) = Fn(B) = 7 [Zlog(zc — i) = Na f log(zc — x) duw(x)}
i=1

N %[%log(l rrpY) - logZ] LoV (2.34)
where
1+ B2+ pimp?
=— " 2.35
‘ o182 (239
(1) In the low temperature regime B > B,
(ﬁ+ﬁ)2>r1(«/§—ﬁ—ﬁ) e
F, =F — O(N 2.36
NN (B) = F(B) + (m . sy gm oW (2.36)

with high probability where S = (\/71 — /12)? + 4r1r2 2 as in (2.12).

Theorem 2.6 shows that the difference Fy, n,(B) — F(B) is governed by the top eigenvalue 1| when 8 > . and by a
certain combination of all eigenvalues when B < .. The behaviors of the top eigenvalue and the special combination of
all the eigenvalues appearing in the theorem are well-known in random matrix theory. In Section 7, we prove Theorem 2.3
by combining Theorem 2.6 and the results from random matrix theory.

2.5. Special case

Whenri =r = %, the formulas are particularly simple. We will compare the formulas with the usual SSK model:

SSK, o | B for g < 3.
F (ﬂ)_{2,3—%—%log(2,3) for B> 1. (2.37)

Whenri =r = % we find that the limiting free energy of the bipartite SSK models satisfies

FPSSK(2V2p) = F¥%(p), B # %

For general r| # >, we have

V rir 2

but this relationship is not true in low temperature regime f > %
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For the fluctuations, when r; =r, and 8 > %, A(Zﬁﬂ) =p- % This is the same constant appearing for the low
temperature fluctuations of the usual SSK model [7] (see (iv) of Section 3.1). However, when r{ = r; and § < %, the
constants ,u(Z«/ZB) and 0’2(2«/23 ) are not same as the constants for the high temperature fluctuations of the usual SSK
model ((3.12) and (3.13) of [7]).

We note that the limiting distribution of the eigenvalues associated to the bipartite SSK and the usual SSK are related
when r{ = rp. When r| = rp, then the Marchenko—Pastur distribution (2.30) is

/x4 —
ump(x) = %1(0,4) (x)dx. (2.38)

After a simple change of variables x = y?, this distribution is equal to the semicircle distribution,

/ y2
— L2 dy, (2.39)

usc(y) = o

which is the limiting distribution for the random symmetric matrix associated to the usual SSK model.
2.6. Double integral representation
As mentioned in Introduction, the starting point of our analysis for Theorem 2.6 is an explicit double integral formula for
the partition function. In this subsection, we state and prove the formula. Recall that we assume, without loss of generality,
that Ny > N,. Let

"l ={ueR": |u| =1} (2.40)

and 2, (u) is the surface measure (which is not normalized) on the unit sphere s After setting 0 = +/N1x and
T = /N>y, the partition function (2.5) satisfies

~ L 1
Zn, . N,(NIN; N728)
|SN1_1||SN2_1|

Zny N, (B) = (2.41)

where

N J
Znn (b) = /S - fs o M 4R () 40 @), M= (242)

Let g > pa > --- > uy, > 0 be the eigenvalues of the Ny x N, matrix S = MT M = NLIJTJ. The following formula is
a variation of a result in [7].

Lemma 2.7. For N1 > N, we have

N{+N.

~ & 2 22 syj4ico pyatico eP1+22)
Zn, Ny (b) =22 (—) / f — dzp dzy (2.43)
b yi—ico Jy,—ioo ZENI N2/ ]_[;V:z1 VAz122 — Wi

where y| and y, are any real positive constants satisfying 4y1y» > 1.

Proof. From the singular value decomposition, M = U DV where U and V are orthogonal matrices (of size N1 and Ny,
respectively) and D = (D;;) is an N1 x N, matrix with D;; = ,/u; and D;; = 0 for i # j. Hence, after changing the
variables x and y to Ux and V7 y, respectively, we have

~ N
ZN,,N, (b) = / / b LiZi VHixii dQ, (y) dQ, (x). (2.44)
SNl_l SNZ_I
Consier

1(z1,22) ::/ T2 VXY g2 X P22 Y I gNy gM x| (2.45)
RN JRN2
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We evaluate this integral in two ways. First, by computing the Gaussian integrals,

N|+N2 N
2N27[ = 2 1

I(z1,22) = Sy I1 (2.46)
s VA — i

Zl

for z; and z; satisfying Rez; > 0, Rezz > 0 and Re(4z1z2) > 1. Second, using polar coordinates X = /ux, Y = /vy
withu,v>0and x € $M—1, ye SM2—1 we find that

'] 1 Ny
I(z1,22) = / / uzr! __IZNl N, (W uv)e 172 dy du. (2.47)
By taking the inverse Laplace transform twice, we find
1A y1+ico  pyrtico
W F N 2y (Vi) = —— [ e (2.48)
yi—ico Jyr—
for any y1, y2 > O satisfying 4y > . Setting u = v = b, we obtain the result. ]

3. Random double integral

The main technical part of this paper is the asymptotic analysis of the double integral in Lemma 2.7. The integrand
contains the random eigenvalues u; = u; (N2), 1 <i < N,. We use the method of steepest-descent to evaluate the double
integral asymptotically. This is possible since the eigenvalues satisfy certain rigidity estimates [2,37] with high probability.
Since the analysis depends only on the rigidity estimates and a few other properties of u;, we present the analysis for
a general sequence of random double integrals. In this section, we define general random double integrals and state the
conditions for the parameters and random variables of the integrals. The asymptotic analysis is carried out in the next
two sections, Sections 4 and 5. Section 5 is the most technical part of the analysis. We then discuss in Section 6 that the
eigenvalues of the matrix NLI JTJ for the bipartite SSK model satisfy the conditions (with high probability) and derive
Theorem 2.6 from the general asymptotic results, Proposition 4.4 and 5.8 for the double integrals.

3.1. General conditions for random double integrals
Let us define a sequence of general random double integrals.

Definition 3.1. Suppose that for each positive integer n, there are n non-negative numbers (t1(n) > --- > u,(n) > 0. Let
o, > 0 and B, > 0 be real numbers. For each positive integer n, define

y1+ico  pyp+ico " Bn(z1+22)

Q, =Q(n, oy, By) := —/ o dzpdz; 3.1
Y

1—ico  Jyy—ioco Zrll 1_[7:1 4z122 — i (n)

where y1 and y» are any real positive constants satisfying 4y1y2 > u1(n).
We consider large n asymptotics of Q, under the following three conditions.
Condition 3.2. There is 0 < < 1 such that
an=a+0(n"?), B,=B+0(n>) (3.2)
for some o >0 and B > 0.

Condition 3.3 (Regularity of measure). The empirical spectral distribution satisfies

1 N
- > S (x) dx — dfi(x) —> 0 (3.3)
i=l1

weakly for a sequence of measures [t which depend on n and satisfy the following properties:
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o 11 is supported on a closed interval [d_, d.].
o /L has a density that is positive on (d_, d.).
o The density of [t exhibits square-root decay at the upper edge, i.e., for some cg > 0,

j—it(x):cg,/d+—x(l +o(1)) as(dy—x)10. (3.4)

Condition 3.4 (Rigidity). For a positive integer k € [1,n], let k= min{k,n + 1 — k}. Let g denote the “classical
location” defined by the quantiles,

© 1 1
dp=—-{k—=). (3.5)
8k n 2
Then, for any € > 0,
| (n) — ge| < k=13n =23 (3.6)
forall 1 <k <n and for all n.
Note that the last two conditions imply that
ui(n) —dy — 0. 3.7
Remark 3.5 (Notational Remark 1). Throughout the paper we use C or ¢ in order to denote a constant that is indepen-
dent of n. Even if the constant is different from one place to another, we may use the same notation C or ¢ as long as it
does not depend on n for the convenience of the presentation.

Remark 3.6 (Notational Remark 2). We use standard notations O (-), o(-), <, and >> as n — 00.

In terms of the above notation, the partition function is given by (see Lemma 2.7)

Zn,N,(B) =

Ny, N=No - Ny 2 (N—4)/4
Q> Wﬂ)2N2< - ) (3.8)

|SN=j SN2 NIN2B?

for Ny > Np, where N = Ny 4+ Ny and | > --- > uy, are the eigenvalues of N%J TJ.The eigenvalues satisfy Condi-
tion 3.3 and 3.4 with high probability; see Section 6.

3.2. Critical point

We write
y1+ico  pyrtioco
Q== [ ecaman (3.9)
y1—ico Jy,—ioco
with
1 n
GQiz2) =Bula1+22) — o~ > log(4z122 — pi(n)) — oy logzi. (3.10)

i=1

To evaluate the integral in (3.9) using the method of steepest-descent, we find the critical points of G(z1, z2). We have

22 1 oty 221 - 1
hG=8B,—— _ 0G=8B,— — S EE——— (3.11)
noAnn—win) oz n = 4z122 — pi(n)
Hence the critical points satisfy the equations
n
o b4 1 B
n-—n=—, 2 i (3.12)

B, n iz 4z1z2 — i (n) B 7
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Taking the imaginary parts, we find that at the critical points,

Imz; =Imz _Z4|Z1|zlm12+m(n)lm21 _
A Az — P

Since u;(n) >0, Imz; =Imz, = 0 at the critical points. Hence, all critical points, if they exist, are real-valued.

We now look for real critical points. Due to the branch cut of G, we look only for real critical points (y1, y») satisfying
4y1y2 > u1(n), y1 > 0, and y» > 0. We set 4y1y2 = y and express the equations in terms of y; and y instead of y; and
V2!

o 1 & 1 B
n-=t Sy = (3.13)
41 By nig vy — i) 2p

where y > w1(n). The first equation is a quadratic equation of y; for given y, and hence there are two solutions. Only
one of them is positive given by

an + Ve +y B} (3.14)

V1= 2B,

This implies that

—ay + /o2 +yB?
— . (3.15)
” 2B,

Inserting (3.14) into the second equation of (3.13), we obtain an equation for y given by (3.16) below. The next lemma
proves the existence and the uniqueness of the solution.

Lemma 3.7. The equation

BZ

_Z n (3.16)

Y — Mz(”) oy ++/al +yB2

has a unique solution in the interval (ju1(n), 00).

Proof. Let L(y) and R(y) be the left-hand side and right-hand side of (3.16), respectively. We observe that the function
c1t+4/c2+y
14

— i

fly)=

has the derivative

—2ci/Jer+yY —2c0—y — 1
2JarFyly —mw?

'y =

Hence, if ¢, ¢ > 0 and u > 0, then h(y) is a decreasing function of y € (i, 00). This shows that % is a decreasing
function of y € (u1(n), 00). Since the equation (3.16) is equivalent to % =1, if the solution exists in the interval

(n1(n), 00), it is unique in the same interval.
We now prove the existence. We first notice that L(y) — oo as y | p1(n) and R(y) is bounded above. Furthermore,

Ly)=0(y"asy — ooand R(y) > Cy’% for some C > 0 independent of y. Thus,

L L
im £ _ lim 29 o, (3.17)
yim R(y) y—= R(y)
Therefore, (—) 1 has a unique solution in the interval (©(n), 00). U

In conclusion,

(i) there are no critical values of G with Imz; # 0 or Imzy #0,
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(ii) there is a unique critical value (y1, y2) such that y| and y, are real and positive, and 4y1y» > ui(n),
(iii) the critical value (y1, y») is given by the formulas (3.14) and (3.15) where y € (u1(n), 0o) satisfies the equation
(3.16).

Note that (y1, y2) = (y1(n), y2(n)) depends on n since G depends on n.

3.3. Critical temperature

We discuss how we find the critical temperature formally from the critical point.
Recall Condition 3.2 and Condition 3.3. Recall that d. denotes the rightmost point of the support of ii. If y in (3.16)
is O (1) distance to the right of d, then we may approximate the equation (3.16) by the equation

~ B,
/ i) = —=n
RZ—X o, + /) + zB?

(3.18)

Call the left-hand side and right-hand side by L (z) and R (z), respectively. Note that L, (z) is well-defined for all

real-valued z > d; (and also non-real z). In particular, the integral converges when z = d due to Condition 3.3. By the

same calculation of the proof of Lemma 3.7, feig is a decreasing function of z € (d4, 00). As before, ﬁzg; — 0 as

z — 00. However, unlike the previous lemma, the limit

Loo(z) Loo(dy)
m =
zldy Roo(z)  Roo(dy)

is finite. Hence the solution z to the equation (3.18) exists in (d4, 00) only if Lo (dy) > Ro(dy), i.e., if

Votu +di By —an. (3.20)

1
"
/R T 4 > A

Note that the left integral is a finite positive number due to the square-root vanishing assumption in Condition 3.3.
Considered as a function of B, the right-hand side f(B) is an increasing function of B, f(0) =0, and f(B) — 400 as
B — oo. Hence the above inequality holds for all B < B, where B, is defined by the equation

/ 1 Jai+diB? —a, (321)
R

(3.19)

du =
4 —x w(x) a4

Thus, we define the following critical value of B,,.

Definition 3.8. Define

B, = \/ di(s(dy))” +2a,s(dy)  where s(z) = b di(x). (3.22)
RZ—X

The above discussion implies the following:

(a) For 0 < B < B, there is a unique solution z. in (d, 00) to the equation (3.18).
(b) For B > B, there are no solutions to the equation (3.18) in (dy, 00), and

we will show in Section 4 that for the case (a), y in Lemma 3.7 is indeed close to z.. On the other hand, we will see
in Section 5 that for the case (b), the assumption that the point y in Lemma 3.7 is O (1) away from d is not true. This
means that (3.18) is not a good approximation to the equation (3.16).

3.4. Truncation of the double integral

The following lemma gives an estimate on the double integral (3.9) outside a small disk of radius N —y+e

(v1, y2). This result is used in later sections. The lemma does not require that (y1, y»2) is the critical point.

about the point

Lemma 3.9. Let y| = y1(n), y2 = y2(n) be any positive real numbers such that 4y1(n)y2(n) > 1 (n) for all n. Suppose
that there is a constant C' > 0 such that 4y, (n)y>(n) — u, (n) < C’ for all n. Then, for any € > 0 and any Q C {(y1, y2) €
R2:y2 432 > p 142
YTz ’
f exp[nRe(G (y1 +iy1, y2 +iy2) — G(¥1,12))]dyady < Ce™ (3.23)
Q

with high probability.
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Proof. We write u; (n) = w; in this proof for a notational convenience. For y{, y» € R, from the definition of G,

Re[G(y1 +iyr, y2+1iy2) — G(1, 12)]
12 4 2 2 2
=——Zlog[<l— y1y2 ) +16<J/2y1+3/1y2> }—a—"log(ler—lz).
4n — dy1y2 — Wi dy1ys — Wi 2 ¥i
Consider the case y;y, > 0. Then
dyiyr \? vyt + vy \ 8y1y2 v+ 2\
(1—7> +16<7> >1-— +16< )
dy1y2 — Wi dy1y2 — Wi dy1y2 — Wi dyiys — i
Yyt
dyrya — i

2
zl+8< ) > 1+c(yf +3).

where we used the fact that

8(y2y1 + 132)? = 32p112y12 = 8y1y2(4y1v2 — 44)

for the second inequality and that |4y1y> — ;| < C uniformly for all ;i in the third inequality.
For the case y;y» < 0, we consider the following sub-cases:

(@) If y2ly1l > 2y1ly2|, then 2|y2y1 + y1y2| = |y2y1l, and hence

4 2 + 2 2
<] _Aim ) +16<sz1 y1y2> 21+4( Y2y ) S L4 e(y? +3)).
4y1y2 — Wi 4y1y2 — Wi dyrya — i

(i) If y2|y1| < 3¥11y2l, then 2]y2y1 + y1y2| > |y1y2], and hence

4 2 n 2 2
<1 A ) +16<)/2y1 V1y2> 21+4( Yiy2 ) > 1+ c(2+).
4y1y2 — i dy1y2 — i Ay1y2 — i

(iii) If 3y11y2] < »2ly1] < 2y11y2l, then

4 2 2 8
(1——”2 >+16(—m‘+y‘”) 21— 2 =1} +3),
dy1y2 — i dy1y2 — i dy1ys — Wi

since —y1y2 = |y1y2| > c’(y% + y%) for some ¢’ > 0.
Thus, for all yq, y; € R,

1
Re[G(y1 +iyi.ya +iv2) = Gy, y)] = = log(1 +¢ (57 +3))- (3.24)

Now note that
1

log(1 +¢(y7 +3)) = log(1 +en™ ") = Zen™ "2 fory} 433 € [, n] (3.25)
and

log(1+ c(y2 +y2)) = log(c(y? +y2)) for y? +y2 > n. (3.26)
Hence,

/QeXp[n Re(G(y1 +iy1, v2 +iy2) — G(y1, 1)) dy2dy;
c . 2€ nl/z o0 4 7. 2€e
< Ce™ 8" / rdr+ c/ (er?) " *rdr=0(e=" )+ 0(n /4. (3.27)
n—1/2+€ n

12

This proves the lemma. U
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4. High temperature

We consider the asymptotics of the double integral Q,, in (3.9) when B < B., where B, is defined in (3.22). We assume
Conditions 3.2, 3.3 and 3.4 throughout this section. Recall that

1 n
G(z1,22) = Bz +22) = > “log(4ziz2 — ui(n)) — e logzy. (4.1)

i=1

As in our previous works [7,8], we show that when B < B,, the critical point of the random function G is close to the
critical point of a deterministic function.

Define
Goo(z1,22) = B, (21 +22) — % 410;;(42112 —x)diu(x) —aylogzy. 4.2)
Then
91Goo = By — fR %dﬁ(x) - Z—l G oo = B, — fR # dfi(x). 43)

When B < B, the critical point of G, is given by

e _ Ot og+ 2By ¢~ tyortzcBy 44
Zl = ) ZZ = ) ( * )
2B, 2B,

where z, is the solution to the equation

1 B?
— di) = ——n (4.5)
RZ—X an + /a2 +zB?

satisfying z. € (d+, 00). We discussed in Section 3.3 that when B, < B,, there is unique such z.
We start with the following lemma on the differences between the derivatives of G and G, which is analogous to
Lemma 5.1 of [7].

Lemma 4.1. Fix 0 > 0 and set Bg = {(z1,22) : —0 < Re(4z122) < d+ + 0, —0 < Im(z122) < 6}. Then the following
hold.

(i) For every € > 0 and each every multi-index m = (m, my),
3" G(z1,22) = 8" Goo(z1,22) = O(n” ') (4.6)

uniformly on any compact subset of the region C* \ By.
(ii) For every multi-index m, 3™ G (z1, z2) = O(1) uniformly on any compact subset of C2 \ By.

Proof. (i) Let

~ 1 &
G(z1,22) = Bu(z1 +22) — n E log(4z122 — gi) — ay logzy 4.7
n

i=1
where g; is the classical location of the i-th eigenvalue defined in (3.5). Then,

il (411Z2 - Mi(n))
og| ——=———"~
i=1

~ 1
|G(Z1,22)—G(Z1,Z2)|=E prp—
— &

1 n
<o ;log(l +Clui — gil)

uniformly on a compact subset of C? \ By since |4z1z2 — gi| > c. Hence, from the rigidity, Condition 3.4,

€

C v Cn
|G(z1,22) = G(z1,22)| < %;Wd —gil =
i=
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in any compact subset of C?\ Bg. We now compare 5(@ ,22) With G (21,22). For2 <i <n —1,
8i—1 R 1 8i R

/ log(4z1z2 — x)dp(x) < o log(4z122 — gi) < / log(4z1z2 — x) die(x).

8

8i+1

Summing over the index i and using the trivial estimates
dy R 1 8n—2 R 1
/ log(42122 — x) di(x) = O (n "), / log(42122 — x) di(x) = O (n "),
& 0

and log(4z1z2 — gi) = O(1) for any compact subset of C? \ By, we find that CN;(ZI, 22) — Gool(z1,22) = O(n~1). Hence,

G(z1,22) — Goo (21, 22) = O (n~11€). For the derivatives, the function log(4z1z2 — x) is replaced by m for positive

integers k, and the proof is almost same.
(ii) can be proved in a similar manner since, for any compact subset of C2 \ By, log(4z1z2 — gi) = O(1) and

1 _ e
rre— O (1) for positive integers k. a

We now compare the critical point (y1, y2) of G and the critical point (z{, z5) of Goo. Recall that (y1, y2) depends
on n.

Lemma 4.2. For every € > 0, the following hold:
(i) We have

n-—=00"""), p-=0@n"*). (4.8)
(ii) There is a positive constant c, independent of n, such that
dy1yy —pu1(n) >c and 4y1y2 —dy >c. 4.9)
(iii) We have
Gy, y2) =G(25,25) + O (n~*7) (4.10)
and for any multi-index m = (m1, my) satisfying |m| > 0,

"Gy, 72) = "G (25, 25) + O (n~ '), 4.11)

Proof. (i) We first show that y =4y1y, and z. = 4z{z5 satisfy y — z. = O(n~'*€). The value y is determined by the
equation in (3.16), which can be written as L(x) = R(x) where

1< 1 B2
L(x) :=—27, R(x):= n

an + /a2 +xB?

Similarly, the point z. is a solution of the equation Ly (x) = R(x) where

o
Loo(x) :=/R x“_(yy).

We showed in the proof of Lemma 3.7 that F(x) := ILQEQ satisfies F’'(x) < O for all x > w1 (n). The same calculation

shows that Foo(x) := % satisfies F/ (x) < O for all x > d. Since

1 1
L) =3 (By=2G(Lx).  Loo(x) =5 (B = 02Goc(1.1)).

we find from Lemma 4.1 (i) that F(x) = Fxo(x) + O(n’”%) uniformly for x in any compact subset of the interval
(d4+, 00). Note that we used € /2 when we apply Lemma 4.1. Recall that z. > d. Hence, F(z.) = Foo(z¢) + Omn~*2)=
14+ O(n~'*72). By Taylor series,

Fze £n7 ") = Foo(ze £n717¢) + O(n_“%) =1+ F (zon "+ 0(n %) + O(n_”%).
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Since F. (z¢) <0, we find that

F(ze+n71¢) <1, F(ze —n7 M) > 1.
This implies that

y e (ze —n*]“,zc—i—n*lﬂ).

Thus, we obtain (i) since y; and y; are given in terms of y by (3.14) and (3.15), and respectively, and z{ and z5 are given
by (4.4) in terms of z.

(i1) follows from (i).

(iii) From the Taylor expansion and the bounds in Lemma 4.1 (ii),

G(5.25) =G, v2) + 0G(n. v (zf — 1) + LG (1. v2) (25 — v2) + O (n2F¢)
=G(y1, )+ 0(n~*),
since 91G (y1, y2) = 32G(y1, y2) =0, and
"G (25.25) =" G(y1. y2) + O(n~ ')
for any multi-index m satisfying |m| > 0. This completes the proof of the lemma. (|
We evaluate the integral (3.9) using the method of steepest-descent.

Lemma 4.3. Let B < B, for B, defined in (3.22). Then for any € > 0,

T
Q=" = (14 0(n e (4.12)
n«/D(Vl,yz)( ( )

where D(y1, y2) is the discriminant

2
Dy, ) =G (y1, v2) - B3G(y1, 2) — (310G (y1, 1))~

Proof. Changing the variables,

Q=" / / eXP["( (Vl +i—, +1—> - G(y1, )/2))} drodry.
"Tn —00 J—00 \/_ \/Z

Lemma 3.9 shows that, the part of the last double integral over the region R? \ [—n€, n€]? is O(e~"). On the other hand,
for |11], 12| < n®,

G<V1 +i— ,V2+1—) -G, 2)

Vn Vn

1
= —E(afG(Vl, YO+ 201G, y)tits + 3G (y1, V2)t22)

1 _
- 6—3(313G(V1, Yt + 307G (y1, )it +3013G (1, )ity + 3G (1, y)t3 ) + O (n=214€)
n?2
Xo(ty, ¢ iX3(t,1 _
_Xa(t,n)  iXs(h 2)+0(n 244c)

3
n2

n

where we used Lemma 4.2 (i) and Lemma 4.1 (ii) for the error estimate. Hence,

/;ne /_ne exp[n( <y1+1\/_7 V2+1ﬁ) —G(yl,yz))i| dr dry

=/nf e~ X200 gy dpy — f X3(”’[2) e X212) 4y diy + O (n~146¢).
7n€ 7n€ 7n6 7n€
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Since

X3(—t1, —tp)e 2T = — X531y, 1p)e 211,

. . . . . 2 2 .
the integral in the middle vanishes. On the other hand, from the estimate fnof e "dt=0m"¢e" 6), we obtain that

n¢ n¢
—Xo(11,12) — 7 —1+6€
e diydtij = ———=+0(n .
/;nE —/—nf D1, v2) ( )

Thus, we obtain the lemma.

The following is the main result for the double integral Q,, when B < B,.

Proposition 4.4 (Random double integral for high temperature). Assume Conditions 3.2, 3.3 and 3.4. Define

H(z) ::/ log(z — x) di(x).
R

4.13)

Suppose that B in Condition 3.2 satisfies 0 < B < B, where B, is defined in (3.22). Then, setting z. be the unique solution

of the equation (3.18), i.e.,

77/ _ Br%
H'(ze) = » Zc € (dy, 00),
oy + /a2 + z.B?

and setting

. O+ Jod +2.B? —ay + /ol +z.B?

[& ¢ __
Zl an I Zz - ZBn I
we have
1 ~ 1| ~ logn 1 n?
n logQ,=A— o |:i_2110g(zc — i) — nH(Zc):| - + §10g<f)
where

. 2 B2 1 ~
A= a,%'i_ZcB;%_Olnlog o an+ZC 2 __H(ZC)’
V 2B, 2

D =—8,H"(z) — 82.H'(z.) H (z) — 4(H'(z0))°.

Proof. Choose € € (0, §). From Lemma 4.3,

1 logn 1 w? -2
—1 =G > -+ -1 D1, v) o ")
- 0gQ, (1, v2) o 0g<D(y1,V2)) robT)

Using Lemma 4.2 (iii), we write
G(V] ) )/2) = G(Zi‘, ZS) + O(n_2+€) = GOO (Z{i” Z%) —+ [G(Zi, Z;) — GOO(Z{i‘y Z;)] + O(n_2+€),

We have
n
c c c c 1 -
G(zl, 12) - Goo(zl, ZQ) =5 E log(ze — i) —n | log(ze — x)dp(x) |.
Lo R

We also have

a? —l—ch,%) _3

1 . o, +
Goo(zf.25) = /a2 +z:B2 — = / log(ze — x) dji(x) — o, log| —
2 Je 2B,

4.14)

4.15)

(4.16)

4.17)



Free energy of bipartite spherical SK model 2915
It remains to compare D(yq, y») with D. Using Lemma 4.2 (iii) and Lemma 4.1 (i),
D(y1,y2) = Doo (2§, 25) + O (n™7)
where
Doo (2§, 25) 1= 8 Goo(2. 25) - 83 Goo (35 25) — (91226 (25, 25))
From direct computation,
Doo (25, 25) = =80 B (z0) — 820 H'(z) H" (z) — 4(H'(z0))* = D.

This completes the proof. (]

5. Low temperature

In this section, we consider the asymptotics of

y1+ico  pyr+ioco
e "CnnIQ, = — / f exp[n(G(z1.22) — G(y1, v2)) ] dz2dz) (5.1)
Y V:

1 —ioco n—ioco

when B > B.. We assume Conditions 3.2, 3.3 and 3.4 throughout this section.

Unlike the previous section, when B > B, the critical point (y1, y2) of G is not approximated by the critical point
of G . Indeed, we showed in Sections 3.2 and 3.3 that G« has no critical point when B > B, while (y1, y») exists for
all B. We show in Lemma 5.3 below that y = 4y;y» is actually close to the branch point @ (n). Due to this fact, the
control of the double integral becomes subtle. We had a similar situation for a random single integral in [7] for the usual
SSK model. In this paper, we have a double integral, and this brings an additional difficulty. In particular, the symmetry
we used in [7], which simplified the analysis, is no longer valid. In the below, we will choose the integration contours in a
certain explicit way and show that it is possible to reduce the double integral to the product of two single integrals plus an
error. One of the single integral is trivial and the other single integral has a certain symmetry that can be used to simplify
the method of steepest-descent in a manner similar to the analysis of [7].

In Sections 5.1-5.4, we prove the following lemma. The conclusion of this section is given in Section 5.5.

Lemma 5.1. Assume Conditions 3.2, 3.3 and 3.4. Suppose that B in Condition 3.2 satisfies B > B.. Let (y1, y2) be the
critical point of G given by (3.14) and (3.15). Then, for every € > 0, there is a constant C > 0 such that

Cudoe <6, < ot o

Remark 5.2 (Notational Remark). In order to lighten up the notations, we will write u; for u;(n) in the rest of this
section. It should be understood that p; depends on 7.

5.1. A priori estimate on y
We begin by approximating y = 4y1y» and introducing a priori estimates that will be used in this section.

Lemma 5.3. For any 0 < € < 1, the solution y in Lemma 3.7,

L DL y > (5.3)
nAly — K @y + /a2 +yB2 '

satisfies the inequality
djr/z Sy —pmr = ﬁ (5.4)
2B,n — T n
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Proof. We follow the proof of Lemma 6.1 in [7]. Define L(y) and R(y) to be the left-hand side and the right-hand side

of (5.3), respectively. The equation (5.3) is equivalent to the equation REZ; =1. Since u; —dy — 0,

1/2
d; d+
> —.
Mt B = 2
Since L(y) > m for y > w1, we find that
+ d]/z > 2Bx > B, > R + d'li'/z (5.5)
KT B di/z - e =T 2B ) ’

(11 + 555) B}

Since L(x)/R(x) is a decreasing function of x (see the proof of Lemma 3.7), this implies the lower bound of (5.4).
The upper bound is proved if we show that L (i1 +n —lH4ey — Ry +n~114€) for any0<e <y L From Condition 3.4,
lwi — gil <n~23 for n*¢ <i <n —n>. For such i, we note that d, — g; > cn™2/3*2¢_ Since | = d+ + O(n=23+e),

3e

1 n—n- 1 n—. n
- == 14+ 0(n™)).
1_2;6 p1 +n=e — an;G dy — 8: ()

Approximating the last sum by an integral as in the proof of Lemma 4.1, we find that

L5 ! . /"+ d(x)
no— a7 — o Jg dy—x

(See also Equations (6.6) and (6.7) in [7].) For 1 <i < n3€, since 1 > wi,

— 0(}1_1/3+6).

1" &< 1 P
TR

i=

3e

Finally, for n — n°¢ <i <n, since u; — i > ¢ >0,

n

l 1 _ —143¢
" Z = O(n )

—1+4e _ ;.
1+n
i=n—n3¢+1 K Hi

Combining the estimates, we find that

d o~
L(p1 +n~"7%) =/d : ;“(xl +0(n™). (5.6)
=

On the other hand, since j; +n~ 1% —d, — 0,

BZ
R(py +n114€) - 2 = — 0. (5.7)
o+ o +d+Bn

From the definition of B, in (3.21),

Je2+diB2—a, Joi+d Bl —a, . a2 +dyB?—ay _/d+ di(x)
d+ d d+—x'

Hence
R(u1 —|—n71+4€) > L(p1 —|—n71+46) +c (5.8)

for some ¢ > 0 for all large enough n. This proves the lemma. ([
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Since y is well approximaed by w1 and p1 is close to d, heuristically,

1 & 1 ¢ y—d ~ ~

> log(y —ui) ~ ~ Z[log(@ — i) A } ~ H(dy) + (1 —d) H'(dy). (5.9)

mia g dy =t
In the following lemma, we describe the approximation above rigorously and also estimate Y &, (y — i)t for £ =
2,3, .... Since the following lemma can be proved in a similar manner to the proof of Lemma 6.2 of [7], we omit the
proof.

Lemma 5.4. Recall the definition of H (2) in Proposition 4.3. Then, for any 0 <€ < 1,

1 o ~ ~
= log(y —pi) = Hdy) + (1 = d)H'(dy) + 0 (n 1) (5.10)
i=1

Furthermore, for any 0 < € < 1 there is a constant Cy > 0 such that

pt-o < 6 ntte (5.11)
Z(V oyt =0

forallt=2,3,.... Here, Co does not depend on £.
Proof. See Lemma 6.2 of [7]. t
5.2. Truncation and deformation of the coutour

In Sections 5.2-5.4, we fix 0 < € < ﬁ and prove Lemma 5.1.
Lemma 3.9 implies that the part of the double integral (5.1) with |[Imz;| > n’%“ is O(e’”e ).

1 . . . . L~

For the part |Imz;| < n~27¢, we deform the z-integral to a different vertical contour passing through a new point y»
such that the difference |G (y1, y2) — G(y1 +1iy1, ¥2)| is sufficiently small. Intuitively, since the main contribution to the
change of G(z1, z2) near the critical point comes from the term m, it must be very sensitive to the change of the
product z1z; but not to the change of the individual variable z; or z> while z;z5 is fixed. Thus, for y; € R, we define
Y12

_— 5.12
y1 +iy1 ©-12)

V=)=

and analyze the double integral in (5.1) with the deformed contour that passes through 7, for the z;-integral.
Before we peform the analysis, we check that it is possible to deform the contour y, + iR to 7 + iR for given
z1 € y1 +1iR. For fixed z1 = y1 + iy1, the branch cut I'; of the logarithmic function in G(z1, z2) as a function of z; is

Ie={z2€C:4z120 — ui e R U{0}}.
If zp € T', then there exists » > 0 such that

= nr—r [ _r)/2
4y +iy) A

Since 4y1y2 > 1, this implies that Re z, < Re ), and hence ' does not intersect the half plane {z € C: Rez > Re ;).
Therefore, we can deform the z;-contour and obtain

yi+in 2 y2+ioco
—/ 1L / exp[n(G(z1,22) = G(y1, y2)) | dzadzy
yi—in 2 y2—ioco
_1

o0
=/ _l+€f exp[n(G(y1 +iy1, 72 +iy2) = G(y1, y2)) | dy2 dy. (5.13)
-n 2 —00

Recall that p, = p,(y1) depends on yj.
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We now truncate the y;-integral. From the definition of 3, and G, for all y;, y; € R,

Y2y1
y1 +iy

. 1 n 4 4.
_an10g<1+1y_l)—ZZIOg<l ny2 Ny > (5.14)

Vi — dviva — i Ayiya — i

Gy +iy1, 12 +iy2) = G(y1, v2) =iB,(y1 + y2) —iB,

Lemma 5.5. Uniformly for |y| < n_%+f,

1
_n*7+26

( f + / ) exp[n(G(y +iy1, %o +iy2) — G(y1, y2)) ] dy2 = O (™) (5.15)
—00 n 2

Proof. The proof is similar to Lemma 3.9, but easier. Taking the real part of (5.14),

Re(G(y1 +iyi, 2 +1iy2) — G(y1, v2))
B 2 2 1 n 4 2 4 2
=— ;J/zylz - a—"log(l + y_]2> —— Zlog[(] S A ) + (7y1y2 ) :| (5.16)
ity 2 vi/) 4nio 4yiy2 — 1 4y172 — Wi
If y1y2 <0, then

4 2 4 2 4 2
(1_&> +<&) zl+<—y1y2 ) > 14yl
dy1y2 — 1 4y1y2 — wi dy1yr — i

If y1y2 >0, then

21+cy§

(1_ 4y1y2 )2+( 4y1yn >2>1_ 8y1y2 167y
dy1yr — dyiyo—wi) T Aviv—m o Gyiye — wi)?

—1+42¢

. 1 . .
since y1y2 < y%n’E for [yi| <n~2%€and |y»| > n . The above estimates imply that

o~ 1
Re(G(y1 +iyi, ;2 +iv2) — Gy, 1)) = —c'yt - I log(1 +Cy§)

and hence, the left-hand side of (5.15) is bounded above by

- — 2 log(14cy2)
2e M e 4108UT) qy,,
n—1/2+2¢

Since the integral is bounded by e_"’,"zg, we obtain the lemma. O

. . . _2
The above truncation is not enough. The next lemma shows that we can truncate further to the interval |y;| <n™3 +2€,
Here we use the fact that (y1, ) is the critical point. Note that this y,-interval is smaller than the interval |y;| <n~27¢.

Lemma 5.6. Uniformly for |y;| < n_%+f,

2 1
_n*§+2€ —gte

n
| +/ 2
/;n7§+e n—j+25

Proof. We start with (5.16). From the fact that (y, y») is a critical point, we showed in (3.12) that

) exp[n(Gyi +iyi, 72 +iy2) — G(ri, y2) ] dy2 = O (™). G.17)

an = By(y1 — v2). (5.18)
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Inserting this into (5.16) to remove «;,, and then expanding the terms involving Bj, in terms of powers of y;, we find that

Re(G(y1 +iy1, ¥2 +iy2) — G(y1,12))

2 2
__ By ();mzLVz) %__Zlo [( 4y1y2 ) +<M> }_,_O(y‘l‘), (5.19)

dy1yr — Wi 4y1y2 — i

From the rigidity, Condition 3.4, it is easy to check that

I\)

3 g — e K nT 3T (5.20)

The upper bound implies that 4y y2 — 4 K n—3+2, Hence, for |y;| > n_%+2€,

ne 2 2
1 ZIOg[<1 __Am ) N ( 4y1y2 ) }
an — 4yiya — Wi 4y1ys — i

4e
1 < 4
L Zlog<M> S Cn-1He, (5.21)
2ni T\4ny2 = i

The lower bound of (5.20) implies that 471> — e 3> |y1y2] for [ya] <n~37€ and |y1| < n=3+. Hence,

- 4 2 4 2 - 4
Loy log[<1 __4m > N ( V1y2 ) ] LS log<1 4 )
4n 4y1y2 — i 4y1v2 — i 2n i Ay1yr — Wi

i=n%+1 nde 1
C < [y1y2] 143¢
>—— E ————— > —C|y1y2| = =C'n=" ¢,
no = Ayiys — i
i=n*+1

Note that the exponent (—1 + 3¢) is smaller than (—1 + 4€) in (5.21). Therefore, we obtain for n—3+2 <Iym| < n=h+e
that

Re(G(y1 +iyi, P2 +iy2) — G(y1,12)) < —Cn '€,
This implies the lemma. .

5.3. Decomposition of the double integral

We consider the part of the double integral (5.13) with |y;| < n_%+5 and |y;2| < n_%”f. From (5.14) and (5.18), using
the Taylor series,

Gy +iy1, 2 +iy2) = G(y1, v2)

: Bn(y1 + yz) ( 4y1y2 diy1y2 > 3
=iB AN + +0(y?). 5.22
Ty, 2 ; dviva— i Avive — i O1) 622

Hence,

exp[n(G(y1 +iy1, 2 +iy2) = G(n1, )]

. By(y1+y2) 1 4iy1y2
=exp 1Bnny2—# 12——2 ( L)
2)/l 2 P

dyryr — Wi

X exp|:—% Zlog(l — 12 - ) + O(yf):| (5.23)
i=1

Ayryr — i +4iy1y2
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Applying Lemma 5.4,

n n
1 1
; [4y172 — wi +4iniylt ; riys — il ~ 70
for ¢ =2,3,..., where Cy is the constant in Lemma 5.4. For £ = 1, we use the bound
n n
! 1 n nB,
iyl =—(B.— %G(n. 1) = — = O(n).
; [4y1y2 — i +4iy1y2| ; dyiyo — i 2y ( n ) o

This implies that, from the conditions on y1, y2,

n

Z( 2 )K _ o(n‘%“““l)é)
i=1 ‘

dy1yr — i +4iyiyn

for=2,3,...and

n

Z yiy2 : =0(n_%+36).

= 4viva — i +4iyin

Thus, expanding the last exponential function in (5.23), we obtain

exp[n(G(y1 +iy1. 72 +iy2) = G(y1. 1)) ]

. Bi(yi+v) o 1 ( diy1ys
=exp|iByny; — —————ny; — = » log( 14+ —"——
|: " 2y 2 ; dy1yr — Wi

dyryr — i +4iyiy2

(1 ~|—2y1y22 0(n_§+6€)>

We thus have

n 2+2€

/ +/ , &xP[n(G(v +iy1, 72 +iy2) = G v2)) [dy2dyr =t [1 + b + I3,
26

where I, I, and I3 are given as follows: First,

dyiyo —

n 3+25 3
B, 4
I = / / eXp|:iBnny2 - % P - ZIO ( &)} dy2 dy.
i

1

This is equal to the product of two single integrals /1 and /1. The y;-integral is

1
7+e

I = /_r;éﬂ exp[—M?T;mny%} dy;.
This is real-valued and we have
c’
7 <Ii = N
The y,-integral is

—242

n 3 n .
: 1 diy1y2
I» :=/ exp| iB,nys — = E 10g<1 + ——] |dy
_nm 32 ! 24 4y1y2 — i

i=1

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)
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This is also real-valued since the imaginary part of the integrand is an odd function of y,. We have

* 1 ¢ 4yiya \?
112§|112|§/ exp| —— 10g(1+<7) ) dy>
NS 4; dy1ys — Wi

o0
< / exp[—% log(l + Cy%)] dy; <C. (5.34)

—0o0

On the other hand, we will show the following lower bound in Section 5.4:
I1p > Cn~ 173, (5.35)

Assuming this is true and using (5.34), we find that

1

_3_5¢ 1
Cn™2 <) <Cn 2. (5.36)
Second,

n 3+2€

. (y1 +72) 2 _ 4iy1y2
Iz—f / exp|iB nyz—"4 Ty
e ! 22 ; T —m

2 dy2dy.
( y1y224y]y2_ﬂl+41y1y2> y2dyi

Since the integrand is an odd function of y;, we find that I, = 0.
Finally, I3 satisfies

B,(y1 +2) 1. < 4iy1y,
I <Cn™ 3+6€ / R v “Re log| 1 + ————— ) |dy»d
|13] TR I 27 T3 ;:1 g - ) | dy2dy

dy1yr — i
—2+2€
5 e 1 dy1y2
< C’n_€+6€f exp|:——10g<7 dy»
e 2 "\ —
s n %+2€ S
< C”n75+6€ dyz < C//n—§+8€'

——+2e \/ﬁ

Note that this upper bound is smaller than the lower bound of (5.36) if € < %
Combining all estimates of Sections 5.2 and 5.3, we obtain

3 s yi4ioo  pya-ico .
Cn 277¢ < —/ / exp[n(G(z1.22) — G(y1.12))]dzadzy <Cn™ 2, (5.37)
Y Y2—

1 —ioco
thus prove Lemma 5.1, assuming that (5.35) is true.

5.4. Analysis of 112

To complete the proof of Lemma 5.1, it remains to show the lower bound 715 > Cn~'7¢ in (5.35). We note by checking
directly from the definition of G that,

—2+26
n

3
o= / o, ep[n(G y2 +iv2) = Gyt ) | dya. (5.38)
—n 3

Define

n+100
K := —i/ exp[n(G(y1.2) — G(y1, )] dz. (5.39)
»

—i00
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Then 11> is the same integral as K where the contour is restricted to the part [z — y2| <n™ %+2€. Note that K is real-valued
since G (y1,z22) = G(y1, z2). The lower bound (5.35) follows if we show that

(2) 1K — 12| < e~ and
(b) K >Cn~17.

Since K is real-valued,
K —I12| < (/ / 2, )eXP nRe(G(y1, y2 +1iy2) — G(y1. v2)) | dya.
_n 3t

We have

. 4 I 2
nRe(G(y1,y2 +iy2) = G(y1, y2)) = —~ § :10 [ (4),1;:21{2”) }
1

2
Using (5.21), for n-3t2e < |y2| < n, we have the estimate

_Zlog[l+( 4712 )2} Zlog[l+( dy1y2 T)zCn“e.

dyrys — i dyrya — i
For |y>| > n,
Sl (2225 ot <ot
n og — = —log cy;) =z —loglclyzl).
4= 4y1ya — i 4 oo
Hence
C 4e o0 n c’ 4e
|K — 12| <2ne " +2/ (cy))"4dy, <e =" . (5.40)
n

We thus obtained property (a).

We now prove the property (b), K > Cn~'7%¢. We follow the proof of Lemma 6.3 in [7] closely. Observe that y; is a
critical point of the function G(y1, z). Let I' be the curve of steepest-descent that passes through the point y,. It satisfies
Im G(y1, z) = 0. It is straightforward to check from the formula of G that

(1) T is symmetric about the real axis,
(i) TNCTisaC! curve,
(iii) T lies in the half plane Rez < y»,
@iv) T intersects with R only at y»,
(v) the tangent line of I" at y» is parallel to the imaginary axis,
(vi) the asymptote of I is the negative real axis.

For example, the property (iii) can be checked by noting that for z = x + iy with x > y»,

I ¢ 4ny
F(y):=ImG(y;,x +iy) =B,y — — arctan( )
m ; @y1x — )2 + @y1y)?

has the global minimum at y = 0 by computing its derivative.
Since Re(G(y1,2) — G(y1, ¥2)) < Byyr — % log(R/2) for |z| = R with Re(z) < y», we can deform the contour so that

K= —i/F exp[n(G(y1.2) — G(y1,y2)) ] dz

Forz eI, weletx =Rez and y =Imz. Then, dz =dx +idy and

K=—i /F exp[n(G(y1,2) — G(y1. v2))] dx + /F exp[n(G(y1,2) — G(y1. v2))] dy
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Let 't =T NC*. By symmetry,
K= 2/+ exp[n(G(y1,2) — G(y1,y2))] dy. (5.41)
r

In [7], the lower bound of K was obtained by restricting the integral to a small ball of radius n~2. In the current work,
however, we need to refine the argument further to prove (5.39). We let D be the disk of radius n—17¢ centered at y2, and
similarly, D; be the disk of radius n~'~2¢ centered at y. The rest of the contour is controlled by the following lemma.

Lemma 5.7 (Lemma 6.4 of [7]). Suppose that f is a real-valued function defined on ' and f(z) is decreasing along
the curve T'" as z moves from the point y» to the point —oo. Then,

/ e/ @ dy > 0. (5.42)
r+

Since G (yy, z) is analytic for z; in Dy, the series expansion

[e.0]

1 . .
Gy, =G, )= Z F%G(m, y2)(z = y2)’ (5.43)
="

converges for z € ' N D;. Set X =Re(z — ») and ¥ = Imz = Im(z — y»). Comparing the imaginary parts of the both
sides of (5.43) by using Lemma 5.4, we find that

1 1 _
0=3G0n XY + EBSG(V“ »XY - gagG()/l, )Y+ Q (5.44)
with
Q= 2‘; ﬁaéG(m, y2) Im((X +iY)7).
J=

Note that Im((X +iY)/) isa homogeneous polynomial of X and ¥ with degree j. In the polynomial, every term contains
both X and Y, possibly except the term Y/ when j is odd. In any case,

1, , 8y1Co) , 4y1Co)/ . ,
‘732]G(J/1,)/2)1m((x+iY)/) 5Mnj—lﬁk_yﬂj—zwﬂ_i_MnJ—HeYJ’
J: J: J:
hence
12| < Cn' ¢ (IXY |+ Y2). (5.45)
Define

BG (1,
- oy
5G(y1,72)

From Lemma 5.4 (by putting €/4 instead of €), we find that 822G(y1, ) > Cn'~% and

T (5.46)
Thus, dividing both sides of (5.44) by 822G(y1, y2)Y, we obtain that

X(1+0(h) + £¥2(140(1) =0,
and thus,

X =—2¥2(1+o0(D). (5.47)

We also see that '™ N Dy is a graph, dy = dY is positive on 't N Dy, and I'" intersects 9 Dy at exactly one point.
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Let ¢; (resp. &) be the point where I'™ and 9Dy (resp. 3.D») intersect. Then,

1 S ,
Gy = G a) = 193Gl —nl =) ;cénf g =yl

=37
>Cnm' 7 (5.48)
and
%
Gy, y2) — Gy, 8) < %BZZG(W, Il —ml* + 2; %Cén'/_lJr% 182 — ol
=
<cn ' F, (5.49)

We introduce the function

f)= nG(yi, &) — G(yi,y2) ifzeI'tN Dy,
nG(y1,2) — G(y1,¥2) ifZEF"‘ﬁDT.

It is obvious that f(z) is a decreasing function of z along the curve I'" as z moves from y; to —oo. Thus, applying
Lemma 5.7 to the function f,

_exp[n(G(r1.2) — G(y1.y2))]dy 2 0. (5.50)

1

/ exp[n(G(Vl,fl)—G(Vl’VZ))]dy"'f
r+np;

r+np

Since dy is positive on 't N Dy,
K
> =f exp[n(G(y1,2) — G(y1, )] dy
r+
= / exp[n(G(y1,2) — G(y1.72))]dy +/ exp[n(G(y1,2) — G(y1, v2)) ] dy
r+nbD, l"‘*’ﬂDg

> /1“+mD exp[n(G(y1,82) — G(y1. v2)) ] dy +./r exp[n(G(y1.2) — Gy, y2)) ] dy. (5.51)
2 2

Subtracting (5.50) from (5.51), we find that

K
5z /r+mD (exp[n(G(y1,22) — G(y1,12))] — exp[n(G (1, 1) — G(y1, ¥2))]) dy
2

+ / (exp[n(G(r1. 2) — G v)] — exp[n(G 1. &1) — G, y2))]) dy
r+ND;NDS

> /F (eln(G 012~ G y)] ~ex[n(G .t — G ) . (5.52)
2

From (5.47), we find that Im &, > Re ¢, hence Im ¢ > Cn—172¢_ Since fr+m)2 dy =Im¢ > Cn—172¢ we find from
the estimates (5.48) and (5.49) that

Te Se

K s

5z Cn~'"*[exp(~Cn~2) —exp(—=Cn~2)] > Cn~ 7. (5.53)
This proves the desired lower bound of K. Thus, Lemma 5.1 is proved.
5.5. Double integral in the low temperature regime

The following is the main result for the random double integral in the low temperature regime.
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Proposition 5.8 (Random double integral for low temperature). Assume Conditions 3.2, 3.3 and 3.4. Suppose that B
in Condition 3.2 satisfies B > B. where B, is defined in (3.22). Then, for every € > 0,

1 ~ —~
SlogQu = E+ (1 —d )L+ 0(n™'") (5.54)
where
= ay +/o% +dy B2 1 ~
E=\/a,%+d+B,%—anlog( S ) - sH@.).
(5.55)
~ B? 1,
L —H'(dy).

2w+ a2 +dyBY) 2

Proof. From Lemma 5.1,

1 logn
;1Oan=G(y1,yz)+0( ff )

We have

1 @ oy + /ol +y B2
Gy, y2) =z +vB; — o > log(y — i) —an 10g<nT1yn>~ (5.56)
i=1 "

From Lemma 5.4,

1 ¢ R R
= logly — i) = Hid:) + (1 = d) H'(dy) + 0 (n™'7).

i=1

We replace y by 11 and introduce an error term O (n~ 7€) due to Lemma 5.3. Writing 11 =d + (i1 — d.) and using
the Taylor expansion up to the first order using (11 — d1)? = O (n~*/3+%¢), we find that

2 32
fo2 5y B2 —a 10%%)
n

oy + /a2 +d,B? B? _
=.Ja2+d. B2 —a,l " n n n —d O (n~17¢).
Vo2 +diB} —ay og( 35 )+2(an+m)(m 1)+ 0 )

This completes the proof. O

6. Proof of Theorem 2.6

Recall that we assume N| > N and N = N + N». We take the limit as N, Nj, N» — 0o satisfying

N1 _ N2 —
W=p1=r1+0(1v ", W=p2=r2+0(N D) 6.1)

forri > rp > 0and ri +rp, = 1. From (3.8), we have

Ni—N, N
2N, ' J/NoN
where Q is defined with the eigenvalues u;, 1 <i < N3, of the random matrix Nil JT J.Here J is an N| x N, matrix with

independent and identically distributed entries of mean O and variance 1 satisfying the assumptions in Section 2.1. The
constant

| v TN\
R(N1, N2, B) = 2 ( ) . 6.3)
ST sVT "\ V2N, p2

ZNl,Nz(ﬁ)=Q<N2, ﬂ)R(Nl,Nz,ﬂ) (6.2)

We use the results of the previous two sections on Q,,. To do that, we need to check Conditions 3.2, 3.3 and 3.4:
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e Conditions 3.2 holds with

N N — N B Mg (6.4)
n=N,, oy = ———, = .
2 n 2N, n ,—NZN

where o = ”2:2” and B = \;—;_2;3.

e Condition 3.3 follows from the well-known Marchenko—Pastur law [31] in random matrix theory. The limiting empiri-
cal measure is given by (2.32),

2/(dy —x)(x —d_)

AR = dpae () i= oy Sl () d 6.5)
where
_ 2 2
g = W=V Pt 6.6)

L1 L1

e Condition 3.4 holds with high probability for the eigenvalues. With the classical location with respect to the
Marchenko—Pastur distribution in (2.30), this is proved recently by Pillai and Yin in [37] for r; > r;. For the case
r1 = rp, Condition 3.4 with high probability follows from Corollary 1.3 of [2] and the fact that dupmp (x) = dusc (/%)
where ugc is the Wigner semicircle distribution. (See also Equation (1.12) of [2].) Even if we consider the classical
location with respect to the modified law in (2.32), the change is smaller than the right-hand side of (3.6), and hence
we can see that Condition 3.4 holds with high probability.

Before we deduce the limit of Q, we first state the asymptotics of R(N1, N3, §).

Lemma 6.1. We have

1 1 1 Pl 02
NIOg(R(NLNz, B)) = 5 + p2log2 — 5 log(2p1/028) + > log p1 + = log p2

2
logN 1 < T 2) -
N N ¢ P14/P102 (N)
Proof. The area of unit sphere satisfies
2m"/? n 2me 1 n
log(|$"~ ') =1 =—log[ =— )+ =log( = |+ O(n™"). 6.8
oe(|s") °g<r<n/2)) 2 °g< n )+2 °g<n>+ ) ©8
Hence,
1 _ _ 1 2me o1 02 1 JP1p2N _
L oa(lsVi=1]1sM=1]) = Lo ZZ€) _ P14 _ P2y —log[ Y22 ) + o(N D).
¥ og(| I ) 5 log — > logpi = - log pr + - log| — +0(N7?)
On the other hand,
1 2N N 12
—10g<2N2<77; ) ) =prlog2 + (— — —) 1og<7n >
N N{N,B? 2 N p1/P2BN
We thus obtain the lemma. O

6.1. Transforms of the Marchenko—Pastur distribution and critical temperature
We need the following formulas of the log transform and the Stieltjes transform of the Marchenko—Pastur distribution.

Lemma 6.2. Set

R(z):=+/(z—d-)(z —dy). (6.9)
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We have

Hwp(2) == /Rlog(z—X)dﬁMP(x)

2
= W[Z_mng—R(Z)-i-(tu—i-d)log(\/z—d+\/Z_d+)
+_ —

Vdi(z—d-) —\/d_(z— d+))}

Vdi(z—d_) +/d_(z —dy)

+dyd- log<

for z ¢ (—o0,d) and

2(Z - R(Z) — d+d+)
Wy —Vd)z

|
smp(2) := Hyp(z) = / —— diimp(x) = (6.10)
RZI—X

forz ¢ (d_,d;).

Proof. The computation of the Stieltjes transform (6.10) is a standard exercise in complex analysis. The log transform
Hyp(z) can be obtained from (6.10) by taking an anti-derivative. O

In terms of p; and p»,

V(p1z— 12 —4p1p)

R(z) = 6.11)
L1

1 —1 R(z
Hwmp(2) = o [mz —1—p1R(2) — (o1 — p2) logz + 10g(mz_+m(z)>

P2 2p1

— — R(7) — — )2
+(or — p2)10g<01z (p1 ,02;,01 (2) = (p1 = p2) )] 6.12)
pLP2Z
and
— 01 R(7) — —

snp(2) = Higp(2) = p1z2 — p1R(2) — (01 /02). 6.13)

2mz

Let us consider the critical inverse temperature, which is given by “{)—?—2&. from (6.4). By Definition 3.8, B, =

\/ dy (smp(d4))? + 20, smp(dy ). From the above explicit formulas, we see that

L1

NIAWN/TE NS

N . _1 . _1
Hence we find that the critical inverse temperature is (p1,02)~ %, which converges to S, = (r1r2)” 4.

smp(d4) = Hyp(dy) =

(6.14)

6.2. High temperature case

For B < B., we evaluate the terms in Proposition 4.4 explicitly. We first find z. solving the equation (4.14). From (6.4)
and (6.13), this equation is

pize = PIR(ze) = (p1 = p2) _ 2pi8° 6.15)
2p22¢ p1— 2+ VW) '
where R(z) is given by (6.11) and
W (2) = (p1 — p2)* +4pip2p’z. (6.16)
We claim that the solution of this equation in z. € (d4, 00) is given by
1+ 0180+ ;B> 14>+ 4
= A+ pip)A+ ,p) 1+ 5" +piorp” 6.17)

p182 0182
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Indeed, with this z., we find that

1—pip2p*
SWG=1+2mmp?, Rz = 220 (6.18)
p1B
where we used the condition that 8 < (pg ,02)_1/ 4, Using this, we find that both sides of (6.15) are 7 ilp‘j 22. This verifies
(6.17).
Now from Proposition 4.4 and recalling that n = N, we find that for any € > 0,
| 1 [& log(paN) 1 72
—1logQ=A——| log(ze — i) — NoHwp(ze) | - ———~ + —1log( = |+ O(N 1~ 6.19
N 0gQ N [; 0g(ze — i) — N2 MP(ZL):| N T an 0g<D)+ ( ) (6.19)
with high probability where
i ~_ VWG - -+ VW
A= A= VW)  p1—p2 log<p1 02 ( c)) P () (6.20)
2 2 4p1/p2P 2
and
5 _ 4(p1 — p2) H / ” / 2
i — Mp(Zc) - 8ZcHM1>(Zc)HMp (z¢) — 4(HMP(Zc)) . (6.21)
It is direct to check that
P1L— P2 1 2
Hyvip(ze) = p1 8> + lo ( )—lo p1B (6.22)
‘ A\ 1+ pp? &(p )
and
p1 8> pip*
Hyp(ze) = ———, Hyp(ze) = — : (6.23)
VPR 1 ;2 VPR (4 B2 (1 = p1p2B)
Thus, we obtain
1 P1L— P2 1 02 5
A=—(1 - 1 =1 6.24
2( + p102B°) 2 og<2 ﬁp2ﬁ>+ > og(p18%) 6.24)
and
R 4 304
D= p‘—ﬂ4. (6.25)
p2(1 — p1p28%)
Recalling (6.2), we find that for 8 < 8,
Ny
1 pipBt 1
108 Zm b () = =5 = ;log(zc—m)—NzHMpm)
171
+ ﬁ[zlog(l — p1p2BY) - 10g2:| +O0(N"'79) (6.26)

with high probability. Since
log(1 — p1p2B*) —log(1 — rirap*) = O(N?),

this proves the part (i) of Theorem 2.6.
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6.3. Low temperature case

For g < B., Proposition 5.8 implies that (recall that n = N, and % =)

%logQ(n,an,Bn)zé—}—(ul —d)L+O(N7'F) (6.27)
where
BB VW)  pr—pm log(m —pz+\/W(d+)> Py ).
2 2 401/p2P 2
2 52 (6.28)
7 — 101 P2 P2 ..y
L=pL= — —= Hyp(dy)
o Wy 2 M
with
W(dy) = (Jp1 + VP  (VP1 = /P2)* +4p1p28°). (6.29)
From the explicit formulas,
+
Hyp(dp) = [ -1 (*/— /P2 ) g\/z (6:30)
P2 2 NI} p1
and
Hlo(dy) = ol 6.31)
NP U (o + ) '
Setting
SN =S(B. p1, p2) := (J/p1 — /P2)* +4p1928°, (6.32)
we have
P et \/—)\/_ VPiIP2  pL—p 1Og(«/sN +/P1 — M) 20?2 633)
2 4 /pipp 4%
and
j__ P/Pip ( 2/p1p2B> 1 >=P1(VSN—JE—¢5) 634)
2(JP1 + P \VSN + Vo1 — /o2 /P1 W+ ym '
Using ( A2 +B +A)2 \/2212?2 , we write the log term in E as
log(m—i—\/ﬁ_m) ll g( Sy + VP~ \/_)—logZ. (6.35)
4./p1pap VSN = VPi+ VP2
Hence, recalling (6.2) and using Lemma 6.1, we find that for g > B,
1
—IOg ZN1,N2(/3)
(J_+J—)J_ Vo2 —1 pl—pzlg<@+¢— f)
4 VSN — /P1+ /P2
P P 1 (J—+J—)2 p1(VSN — /P1 — J_) e
1 log p1 1 log o2 5 log B + ( p ) TN O(N~'*) (6.36)

with high probability. Replacing p; and p; by r| and r,, respectively (and also Sy by S), this completes the proof of the
part (ii) of Theorem 2.6, since the change of the right-hand side of (6.36) due to the replacement is O (N -1,
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7. Proof of Theorem 2.3

We derive Theorem 2.3 from Theorem 2.6.

7.1. High temperature

When B < ., from Theorem 2.6, we need the behavior of the sum of log(z, — ;). It follows form the following result
in random matrix theory.

Proposition 7.1 (Linear statistics of the eigenvalues). For any function ¢ : R — R that is analytic in an open neigh-
borhood of the support of ump, the random variable

N>
> o) - Nz/w(X)dﬁMp(x) (7.1)

i=1

converges in distribution as N> — oo to a Gaussian random variable with mean M () and variance V (@) given as
follows: setting

<I>(x)=go<d+_d_x+d++d‘), (1.2)
4 2
we have
M(p) = MGog(®) — (Ws — 3)12(D), V() = Voor(®) + (Ws — 3)71(P)? (7.3)
where
O(-2)+ P12 ]
MGog(®) = ( )4+ ()—TO(Z ),
dy pdy _ 2 _ (7.4)
VGor(®) = 2_12/ / <d>(x1) d)(xz)) 4 —x1x2 dxy da
A 42 J1- 22
andfor ¢ =0,1,2,...,
7 (P) = %/ ®(2cosf)cos(£6)db. (7.5)

This result was first obtained in [4] (equation (5.13)). It was also obtained in [30] (Theorem 4.5) and [6] (Theorem 1.1).
In the above formulas, GOE stands for Gaussian orthogonal ensemble, another classical random matrix ensemble.

To complete the proof of the part (i) of Theorem 2.3, we need to evaluate M (¢) and V (¢) when ¢(x) =log(z, — x).
In this case,

a. —a_ 5 - 4 a. +a_
®(y) =log( = +logG—y), i= Ze — — . (7.6)
4 ay —a- 2

Since 19(1) = 1, we find that

ay —da—

7e(®) =8p—0 log( ) + 7¢(Po), ®p(x) :=log(z — x). 7.7

We computed in Appendix A of [7] that for ®¢(x) =log(z — x),

= ~ = /=2 =2
- ~ -4 z wWzr -4 Z 1
To(®0)=10g(z+\/Z2—4) —log?2, 71(Po) = 3 5 72(Pg) = 2 -7 15
Note that
— 4
2 4= V@@e—a)(ze—ay) = R(ze), (7.8)

ay —da— ay —da—
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which can be checked from the definition (6.9). Hence,

logR(ze) 1 ay+a—
MGog(®) = % ~5 [log(zc - > + R(Zc)) - 10g2]

2 [R(Zc)—(zc—a+ +a_)]’
—a_ 2

4 C_a++a7 _ 1
tz(¢o)=ﬁ[1?(zc)—<zc—a+;a >]+§'

71(Po) = P
+

On the other hand, from Lemma A.1 of [7],

ar+a_

Ze— + R(zc)

VGoge(P) =210g( < 22R(Z ) < )
c

Inserting (6.5) for a4 and a_, and recalling (6.18) for R(z.), we find that

rirapt

11 (Po) = —/T172 2, (Pp) = — >

1
MGog(®) = 3 log(1 —rirp?), VGor(®) = —2log(1 — rirap*).
Hence, we have

rirp?
2 9
_ 4 4
V(p) = —2log(1 — rir2p*) + (Wa — 3)rir

M( 1 — 4 —
</))—210g(1 rirnp) + (Ws —3)

for ¢(x) =log(z, — x).
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(7.9)

(7.10)

(7.11)

(7.12)

Part (i) of Theorem 2.6, Prosition 7.1 and (7.12) prove the part (i) of Theorem 2.3 when | > r;. The case when r| < r;

follows from the symmetry, noting that F(8), u and o2 are all symmetric in r{ and r5.

7.2. Low temperature

When B < B., we need the behavior of the top eigenvalue 1. The following result is well-known in random matrix

theory. See, for example, [25,39] and also Corollary 1.2 of [37].

Proposition 7.2 (Tracy—Widom limit of the largest eigenvalue). We have

N <1+1>§
VNI + VN \VNi VN,

in distribution.

(w1 —dy)=TW

In terms of ry, ra,

W=

Ny ( 1 1 ) F(rir)s 2/3 -1
+ = N 1+ O0(N .
VN1 + VN2 \V/Ni VN2 (Jri+ /rz)% ( (v)

Then, combining with the constant in (2.36),

W+ V)5 (/S — =y _ i+ A /E— i — )

rL(rir) s 4(ri+/r2) 4(riry)1/6

(7.13)

(7.14)

(7.15)

This proves the part (ii) of Theorem 2.3 when r; > r;. The case when r; < ry again follows from the symmetry noting

that F(8) and A are symmetric in r; and r;.
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8. Non-identically distributed disorders

In this section, we briefly discuss the case where the disorders are non-identically distributed. Let X be a positive-definite
matrix of size N1 x Nj. Let J be the matrix of i.i.d. entries as before. Consider the new Hamiltonian

N1 N

1
H(G,T)ZWZZ(EI/zf)ijOiTj. (8.1)

i=1 j=1
The new disorder parameters are (X1/2J); = Eilk/ 2 Jij. In particular, when ¥
of the disorder parameters depend on the index i but not on j.
The associated random matrix is

V2isa diagonal matrix, the variances

1
s=—1Jlsy. (8.2)
Ny

In statistics, S is known as a sample covariance matrix with general population covariance matrix X. Recall the ingredients
of the analysis we have done in this paper. The double integral formula in Lemma 2.7, which was the starting point of

our analysis, holds for any sample covariance matrices: we set M = \/LN_EI/ 2J in the proof. The proofs of asymptotic

formulas for Q,, in Proposition 4.4 and Proposition 5.8 require the regularlity of measure in Condition 3.3 and the rigidity
of the eigenvalues in Condition 3.4. Finally, the fluctuation of the free energy was obtained by applying the linear statistics
of the eigenvalues in Proposition 7.1 and the Tracy—Widom limit of the largest eigenvalue in Proposition 7.2.

The limiting empirical spectral distribution (ESD) of S is well studied in random matrix theory. Under a very general
assumption, it was proved in [38] that the limiting ESD of S is regular. The typical assumption is as follows: Let o1 >
o2 > --- > oy, be the eigenvalues of ¥ and denote by ¢ the empirical spectral distribution of . Define &4 as the unique
solution in (0, 61_1) to the equation

2 2
t r
/( 5+ ) 4G = 2. (8.3)
1— t§+ ]
If
limsupo; < 00, liminfoy, > 0, limsupoiés < 1, (8.4)

then the limiting ESD of S is regular, and hence satisfy Condition 3.3. (See Theorem 3.1 of [9].) This assumption basically
means that the largest eigenvalue o of X is not too far away from the rest of the eigenvalues. Such an assumption was
also used in [19,26,29]. Under the same assumption, it was proved by Knowles and Yin [26] that Condition 3.4 holds
with high probability.

Proposition 7.1, the central limit theorem for the linear statistics of the eigenvalues was first proved by Bai and Silver-
stein [4] when Wy, the fourth moment of J;;, matches that of the standard Gaussian, which is 3. It was later extended to
a general case with any finite fourth moment by Najim and Yao [33].

Proposition 7.2 was first proved for the complex case with Gaussian disorder J;; by El Karoui [19]. Bao, Pan, and
Zhou [9] proved the edge universality for the model, which asserts that the rescaled distribution of the largest eigenvalue
does not depend on the distribution of J;;. The result in [9] also holds for the real case, but the Tracy—Widom limit for
the case was not proved. Proposition 7.2 was later proved in [26,29].

Therefore, the main theorems, Theorem 2.3 and Theorem 2.6, also hold for the Hamiltonian with non-identically
distributed disorders under a general assumption on the spectrum of the matrix X, with suitable changes on the constants
“w, o2, A, and S.
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