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Abstract. In this paper, we study existence and uniqueness to multidimensional Reflected Backward Stochastic Differential Equations
in a non-empty open convex domain, allowing for oblique directions of reflection. In a Markovian framework, combining a priori
estimates for penalised equations and compactness arguments, we obtain existence results under quite weak assumptions on the driver
of the BSDEs and the direction of reflection, which is allowed to depend on both ¥ and Z. In a non Markovian framework, we obtain
existence and uniqueness result for direction of reflection depending on time and Y in smooth convex domain. We make use in this
case of stability estimates that require some regularity conditions on the direction of reflection only.

Résumé. Nous étudions dans cet article I’existence et ’unicité des solutions d’équations différentielles stochastiques rétrogrades
multidimensionnelles réfléchies dans un domaine ouvert convexe non vide avec une possible obliquité de la direction de réflexion.
Dans le cadre markovien, en utilisant des estimées a priori pour les équations pénalisées et des arguments de compacité, nous obtenons
un résultat d’existence sous des hypotheses faibles sur le générateur de I’EDSR et la direction de réflexion qui peut dépendre de Y et Z.
Dans un cadre non markovien, nous obtenons un résultat d’existence et d’unicité lorsque la direction de réflexion dépend uniquement
du temps et de Y et que le domaine de réflexion est régulier. Pour ce faire, nous utilisons des estimées de stabilité qui nécessitent des
conditions de régularité portant uniquement sur la direction de réflexion.
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1. Introduction

In this paper, we study a class of BSDE whose solution is constrained to stay in a non-empty open convex domain,
hereafter denoted D. The “reflection” at the boundary of the domain is made along an oblique direction. Such equations
are known as Obliquely Reflected BSDEs and they allow to represent the solution to some stochastic control problems.
Precisely, let (2, F,P) be a complete probability space and (W;);c[0,7] @ k-dimensional Brownian motion, defined on
this space, whose natural filtration is denoted (F;);c[0,7]- P is the o -algebra generated by the progressively measurable
processes on [0, T'] x 2. In the sequel, T > 0 is a terminal time for the equation under consideration. In this paper, we
are interested in the study of existence and uniqueness of a P- measurable solution (Y, Z, @) to the following equation

i) Yi=6+[" f(s,Y, Zyds — [T H(s, ¥y, Z)®gds — [ ZgdW,, 0<1<T, an
(i) Y. eD as, @ ecdp(¥) d@dPae, [ |Olly,eopds=0, '

where 9D is the boundary of the non-empty open convex domain D, ¢ the (convex) indicator function of D, d¢ the sub-
differential of g and (f, H) : 2 x [0, T] x R? x Rk — (R, R¥*?) is a P @ B(R? x R?*¥)-measurable random function.
The terminal value £ is given as a parameter and belongs to .2 (Fr), where for p > 0 and a o -algebra B, .Z”(B) is the
space of B-measurable random R variable satisfying E[|R|?] < +00. Of course, we shall require some extra conditions
to get an existence and uniqueness result. Classically, we will look for solutions with the following integrability property:
(Y, Z,®) € % x #?* x 2, where, for p €[1,00], J€P is the set of progressively measurable process V such that
E[(fOT Ak dt)%] < +00, and #? is the set of continuous and adapted processes U satisfying E[sup,¢[o 7 |U:|”]. The
main constraints on the couple (Y, ®) are given in (1.1)(ii). As already mentioned, the first one is that Y takes its value
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in D, where D is a non-empty open convex subset of R4, The fact that &, € d¢(Y:) imposes that @ is directed along the
outward normal of the convex domain, the important point being that in (i) this direction is perturbed by the operator H
and we are thus dealing with an oblique direction of reflection. When (1.1)(i) is viewed backward in time, the process
® or, more precisely ¥ := H (-)®D, is the process allowing Y to stay in D. The condition fOT |®;|1;y,¢9p) dt = 0 is then
interpreted as a minimality condition, in the sense that W will be active only when Y touches the boundary of the domain.
This is of course one of the main ingredient to get uniqueness result for this kind of equation.

Let us now mention some known results about these equations. In the one dimensional case, they have been first studied
in [8] for the — so called— simply reflected case and in [4] for the doubly reflected case. The literature on this specific form
of equation has then grown very importantly due to their range of application, in particular in mathematical economics
or stochastic control. The multidimensional case is only well understood in the case of normal reflection i.e. when the
matrix-valued random function H is equal to the identity, see the seminal paper [11]. We also refer to [22] for BSDEs
with jumps, [17] for normal reflection in time-dependent random convex domains and [9,21] for the case of BSDEs with
jumps normally reflected in time-dependent random convex domains. The case of oblique direction of reflection has been
only partially treated. Up until recently, only very specific cases have been considered for the couple (H, D). In [26], the
author studies the case of the reflection in an orthant with some restriction on the direction of oblique reflection and the
driver f. Another case that has received a lot of attention is the setting of RBSDEs associated to “switching problems”,
see e.g. [3,14,15] and the references therein: the multidimensional domain has a specific form and the direction is along
the axis, see also Section 4.1 for more details. In this case, structural conditions on f are required to retrieve existence and
uniqueness results also. This restriction are based on the technique of proof used to obtain the results and which is mainly
based on a monotonic limit theorem a la Peng [25], in a multidimensional setting. To the best of our knowledge, the first
attempt to treat the question of BSDEs with oblique reflection in full generality can be found in [10]. Unfortunately, their
setting is still quite restrictive concerning H and f.

To the best of our knowledge, there is no, up to now, satisfying global approach for the question of well-posedness
of Obliquely Reflected BSDEs, especially when compared the case of forward SDEs, where existence and uniqueness
results are obtained for oblique reflection and general domain, see e.g. [7,18,19,28].

Our goal in this paper is thus to prove existence and uniqueness for the RBSDEs (1.1) for generic H and non-empty
convex domain D without imposing any structural dependence condition on the driver f of the equation. In the general
case of P-measurable random coefficients f, our first result, see Proposition 3.1, is to obtain existence of a solution to the
RBSDEs imposing some regularity and boundedness assumptions on the terminal condition & and some C> smoothness
assumption on H, which depends then only on the time and y variables. Let us stress the fact that this result can then be
invoked to get existence of RBSDESs in some domains with corners, see Remark 3.1. Then, assuming C? smoothness of
the domain also, we obtain our main result in the non-Markovian setting, see Theorem 3.1, which states existence and
uniqueness of the solution to the obliquely reflected BSDEs, for unbounded § with some regularity.

In the Markovian case, the existence results are dramatically improved; the coefficient H can depend on Z and there
is no restriction on the convex domain. The two main results in this setting are Theorem 4.1, for continuous H and Theo-
rem 4.2 for discontinuous H. In this last case, we exhibit a simple counterexample to uniqueness of solution. Essentially,
the only question that remains open is then the uniqueness of solution when there is no smoothness assumption on D and
when H is assumed to be continuous. Currently, in the litterature, this question of uniqueness is investigated in a case by
case basis, relying for example on the link with stochastic control problem, see e.g. [15].

Let us now give some details on how the above results are proved. The main tool to obtain the existence result is to
consider a sequence of penalised equation: forn e N, ¢ € [0, T,

T T T
Y'=¢ +/ f(s, Y], Z0)ds —/ Z" AW, —/ H(s, Y, Z0) Ve (Y] ds, (1.2)
t t t

where, for y € R4, and some M > 0,

MIh|—2> i |h| > M,

1.3
L1h)? if |h| < M. (13

oM(y):=n inf Oy (y —x) with Oy (h) = {
xeD

The key point is to obtain the convergence in a strong sense of (¥Y"*) to some process Y along with some a priori estimates
on (Z", ®"). This will then allow to obtain the existence of some limiting process (Z, ®) as well.

The first possible argument to obtain the convergence of (¥Y") is to prove some monotonicity on the sequence to apply
Peng’s monotonic limit theorem [25]. In a multidimensional setting, this monotonicity is obtained under very restrictive
structural condition on the coefficient. Nevertheless, it has been successfully used for the study of RBSDE associated to
switching problem. Another possible argument is to invoke some fine compactness arguments and this is the approach



2870 J.-FE. Chassagneux and A. Richou

followed in [10]. But, again some strong structural conditions are required to obtain convergence results in a weak setting.
In this paper, we follow a similar approach in the Markovian setting, see Section 4. At the heart of our proof, we use the
paper [13], which was concerned with multidimensional (non-reflected) BSDEs with continuous only driver f. With
this approach, in the Markovian setting, we are able to obtain existence result for H that can depend on Z and even be
discontinuous. To the best of our knowledge, this is the first time such general setting is considered successfully. It has
been brought to our attention that independently from us, [5] has followed a similar approach to treat BSDEs associated
to the classical switching problem in a more restrictive setting.

The last approach to obtain convergence of the sequence (Y},) is to show classically that it is a Cauchy sequence.
This approach has been used in the case of multidimensional RBSDE when there is no perturbation H of the direction
of reflection, namely H is the identity matrix of R, in the seminal paper [11]. To obtain this result and a key stability
estimate, authors of [11] use dramatically the convexity property of the domain linked with the normal reflection by
applying It6’s formula to the Euclidean norm of the difference of two solutions. In our setting of general perturbation H,
we cannot follow directly their proof. In order to retrieve the stability estimates, we modify the Euclidean norm to take
into account the oblique reflection, inspired by [18]. Unfortunately, this produces new terms that have to be controlled.
The most difficult one is certainly the term linked to the quadratic variation of the martingale term in (1.1)(i) or (1.2).
Let us emphasize that this term cannot be dealt with as one would do in the forward SDE case. Nevertheless, we are
able to treat this term using BMO martingales estimates. This tool was already used with success to deal with quadratic
BSDE:s but, to the best of our knowledge, this approach is completely new in the setting of Reflected BSDEs. We are then
able to obtain in the non-Markovian setting existence results when (D, H) satisfies some smoothness condition, with H
depending only on the time and y variables. Let us note also that in this case the uniqueness result is obtained as an easy
consequence of the stability estimate.

The rest of the paper is organised as follows. In the next Section, we present precisely our framework and the as-
sumption made on the coefficients along with some discussions on these assumptions. We also prove the key a priori and
stability estimates, that will be used later on. In Section 3, we present our first novel result on existence and uniqueness of
Obliquely Reflected BSDE:s in a regular setting for (D, H). In Section 4, restricting to a Markovian framework, we extend
our previous existence result assuming no regularity on (D, H) and allowing a dependence in Z for the H operator.

Notations. We denote by ¢ the indicator function of D

=10 ifyeD,
o= +o00 otherwise,

and dg its sub-differential operator:

Do(y) — {{9eRd:§~(z—y)so,vZeD} ifyeD
1%} if y ¢ D.
In particular, dgp(y) is the closed cone of outward normals to D at y when y € 9D and d¢(y) = {0} when y € D. Finally,
we denote by 3 the projection onto D and by n(y) the set of unit outward normals at y € 3D.
For a matrix M, we denote M its transpose.
We denote %2, the set of processes V € 2 such that

T
sup,E[O,T]E[/ |V |2 ds‘]:ti|
t

Let us remark that V € %% means that the martingale fo Vs dW; is a BMO martingale and || V|| 42 is the BMO norm of
f(; Vs dWs. We refer to [16] for further details about BMO martingales.

The set of continuous function from [0, T'] to R” is denoted C([0, T'], R"). For x € C([0, T], R"), we denote by
llxlloo := sup,¢o, 77 [x¢|, the sup-norm on this space.

3
< 4-00.
goo

IVllg =

2. Setting and preliminary estimates

In this section, we first introduce and discuss the main assumptions that will be used to obtain our existence and uniqueness
results. In a second part, we give important a priori estimates and prove a key stability result, which is one of the novelty
in our approach to solve Obliquely Reflected BSDE:s.
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2.1. Framework
The first minimal set of assumption that we consider here is the following.

Assumption (A).

(i) & is an Fr-measurable random variable, R?-valued such that E[|£]] < +o0.
() f:Q2x[0,T] x RY x Rk  R? is a P ® B(R? x R¥*k)-measurable function and there exists a non negative
progressively measurable process o € .7>(R) and a constant L such that

|ft.y. 2| < +L(yl+1zl), Y, y,2) €0, T] x RY x RI*¥, 2.1)

(i) H:Qx[0,T]x R? x Rk — R*d j5 9 P @ B(R? x RY*k)-measurable function and there exists a constant 7 > 0
such that, for any (7, y, z) € [0, T] x R x R4*k

H(t,y,2v-v=n, ven(PQy)). (2.2)

|H(t,y,2)| <L. (2.3)

The above assumptions are too weak to obtain existence and uniqueness result in a general random framework. They

will be used in Section 4 in a Markovian framework with their Markovian counterpart (AM). Nevertheless, it is possible
to derive useful a priori estimates in the general setting of (A).

Remark 2.1. In applications, H(t, -, z) is usually specified only on the boundary 9D. The extension to R \ D in a
continuous way can be done easily by setting H (¢, y, z) := H(t,B(y), z). Moreover, if H(t, -, z) is a continuous and
bounded function on 9D it is possible to extend it to a continuous and bounded function on D. Indeed, D is a closed
convex set in finite dimension so it is homeomorph to a set S that satisfies

e there exists  with 0 < r < d such that § = R" x B4,
e or S is a half plane of R¥.

The constant r is a topological invariant of D. Moreover, the boundary of D is sent to the boundary of S. Then we remark
that the extension of H (¢, -, z) is straightforward when D = S.

In the non-Markovian setting, our results require more smoothness and control on the parameters of the BSDE. We
will then work under the following assumption.

Assumption (SB).

(i) & is an JFr-measurable D-valued random variable and the martingale yf =E &)l =&— flT Zf dWs,t <T,is BMO
(see [16] for further details on BMO martingales).

() f:Q2x[0,T]xR? x Rk - RY isa P @ BRY x RY**)-measurable function, there exists a constant L > 0 such
that, for all (r,y,y’,z,2') € [0, T] x R? x R x RI*k » RIxk,

|ft,y, 00— f(t.Y. )| <L(ly=y|+1]z=7]). 2.4)

Moreover, the process 9.5 = f(, y? , 2,’.E ) belongs to B2
(iii) H :[0,T] x RY — R¥*? is valued in the set of symmetric matrices Q satisfying

1
0| <L, lelzszszzlvlz, Yu e R%. 2.5)

(t,y)— H(t,y)is aC%-function and (¢, y) — H~!(z, y) is a C1*? function satisfying
oy H |+ |H™ [+ [0, H™ | + [y H '+ |07 H™'| < A, (2.6)

for some positive A.
(iv) The open convex domain D is given by a C>(R?, R) function ¢ with a bounded first derivative, namely D = {¢ < 0}
and 0D = {¢ = 0}. This function satisfies moreover

|p(x)| =d(x,dD) forx € VN (R?\ D), where V is a neighbourhood of §D. (2.7)
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We first comment assumptions made on BSDE parameters.

Remark 2.2.

£
(i) Let us observe that under the BMO condition, there exists ué > 0, such that IE[e“g suprefo.11 V7 1] < 00 and that
128 g2 < 00, see e.g. [16]. For later use, we define

of i= E[e” WPreton) v T+ 125 42 + 116 || 52 < 0. (2.8)

(i) The end of Assumption (SB)(ii) are a mix of the property of &, f and the domain D. In many applications, it will be
straightforward to check. For example, it is trivially satisfied in the following cases:
(a) SUpyep f(s,y,z) <C, for some C > 0;
(b) & € L (Fr);
(¢) D is abounded domain.
(iii) If (SB) holds, then (A) holds as well. Indeed, one can set o := L(|V%| + | Z5| + |6%)).

We now discuss the various assumptions made on H and the domain D.

Remark 2.3.

(i) An example of function ¢ can be constructed as in e.g. [11] Section 2.4 if the non-empty convex domain D is C>.
From (SB)(iv), it follows that d¢ (x) (resp. n(x)) is the outward normal (resp. unit outward normal) of D at a point
x € 3D. Moreover, the constructed function ¢ is convex on RY \ D and thus, 32, ¢ is a positive semi-definite matrix
on this domain. Let us also observe that the application 3 : R \ D — 3D is C2.

(i1) The matrix H defines on aD a unit vector field v in the following way

v(t, y)
v(t, y)|

v(t,y):==H(t, yn(y) and v(,y):= . foryedD,

which represents the oblique direction of reflection. Then, (2.2) rewrites as
(v, y).n(y))=n, foryedD. 2.9)
In applications, it is generally the case that only the smooth vector field v is given on dD. Following Lemma 4.1 in

[18], it is possible to construct H satisfying (SB)(iii) on 9D and then to extend it on D under (SB)(iv) using classical
extension results, see e.g. [12].

We now introduce a class of terminal conditions that are admissible for the purpose of our work, in the sense that we
can obtain an existence and uniqueness result for this class.

Definition 2.1. For B > 0, the class ‘Tg is the subset of & € L*(Fr) satisfying: there exists Ag > B, such that
T &
E[e* fo 127 8] < oo, (2.10)
where Z¢ is given by the martingale representation theorem applied to yf =K [E]=& — ftT Z_f dWg,t <T.

We study the class Tg in Section 2.4. Especially, we exhibit some specific elements of this class that are quite useful
for applications.

Remark 2.4. In the following, we will use in proofs the notation “C” to denote a generic constant that may change
from line to line and that depends in an implicit way on 7', L and n. We shall denote it Cy, if it depends on an extra
parameters 6. In the statement of the results, we prefer the notation “c”” and the dependence upon any extra parameters on
top of T, L and n, will also be made clear.
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2.2. A priori estimates

In this section, we prove some a priori control on the solution (Y, Z, ®) € .? x J#? x 7 to the following generalised
BSDE

T T T
Y,=g+/ £(s, YS,ZS)ds—/ H(s,Ys,ZS)CDSds—/ Z,dW,, 0<t<T. @2.11)
t t t

Importantly, we assume that (Y, Z, ®) satisfies the following structural condition:

T T
E[[/ |d>s|2ds]§KIE,|:/ |f(s,Ys,ZS)|2ds] for some K > 0. (2.12)
t t

Equation (2.11) encompasses both the obliquely reflected BSDE (1.1) and its penalised approximation given in equa-
tion (1.2). The key point for these two equations will then be to prove that their solutions satisfy condition (2.12).
Our first estimate is quite classical.

Lemma 2.1. Assume (A). Let (Y, Z, ®) € /2% x % x #7 be a solution to (2.11) with condition (2.12) holding true.
Then, for some ¢ := c(K),

T T
sup ]E[|Y,|2]+IEUO |ZS|2ds}§cE[|§'|2+/0 |<xsl2ds:|.

te[0,T]

Proof. We apply Itd’s formula to |Y |? to obtain

T T T
E[|Y,|2+/ IZS|2ds] =E[|§|Z+2/ Y, f (s, YS,ZS)ds—Zf Y H(s, Ys, Z) Dy dsi|.
t t t

We thus compute, using (2.12) and Assumption (A)(ii), the boundedness of H and Young’s inequality, for some
€c(0,1),

T T T 1
E[/ XYH(s,n,zx>cI>sds]+E[/ st(s,Yc,Zs)dS}SC]E[/ (;|Ys|2+e|zs|2+|as|2>ds}.
t t t

For € small enough and using Gronwall Lemma, we get the result. O

The following proposition refines the previous estimates in the smooth setting of Assumption (SB). It will also allow
to use the stability result proved in the next section. Interestingly, it shows that most of the properties of the martingale
)% are transferred to the non-linear process given in equation (2.11).

Proposition 2.1. Assume that (SB)(i)—(ii) holds. Let (Y, Z, ®) € .92 x #72 x #* be a solution to (2.11) with condition
(2.12) in force. Then, the following holds

() (Y, Z, ®) € .7% x B* x FB* with, for some ¢ = c(K, c%), recalling (2.8) for the definition of o%,
E[elﬁ SUP; (0,7 IYrI] + 1Pz +11Zll g2 <c, (2.13)
and, for all b > 0 and some ¢’ = ¢/ (b, K, o%)
E[ebf{(mmzt—zf|+\9f|>ds] <. (2.14)

(ii) Moreover, if &€ € T, for some B > 0, then there exists © € S 2 such that, for all non negative increasing process y
satisfying E[|yr|P] < oo for some p > 1 (depending on y), we have for all t € [0, T']

T T
Ez[/ VSIZslzdS] SEz[/ Vs|®s|dsi| < +o0 (2.15)
t t

and for some A € (B, \%) and ¢ := c¢(K, 0%, 1), recalling (2.10) for the definition of A%,

E[et o 10414r] <, 2.16)
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Proof. An important step to obtain our estimates below is to compare the BSDE (Y, Z) with the martingale J%. To this

end, we introduce for this proof AY :=Y — Y and AZ = Z — 25,
1.a We apply 1t6’s formula to |AY|2 to obtain, for all r <t,

T T T
Er[mm%f |Azs|2ds}=2ﬂ*:r[/ Ast(s,n,zads—f AYSH(s,n)@sds]
t t t

2.17)

We thus compute, using (2.12), the Lipschitz continuity of f, the boundedness of H and Young’s inequality, for all

r <t and some € € (0, 1)

T T T 1
E[/ AY; f (s, Ys,zs)ds]+1E,[/ AY H (s, YS)CDSds] SCKE,[/ (—IAYS|2+6|AZSI2+|95|2> ds:|.
t t t €

Combining the last estimate with (2.17), setting € small enough and using Gronwall Lemma, we get for all r <¢

1 T T
Er[my,ﬁ + E/ IAZS|2ds] < CKE,[/ |9§}2ds]
t t

1.b Setting r = ¢ in the preceding inequality, we have

sup |AY; [P+ |AZ|%, < Ck ot
tel0,7T]

from which we straightforwardly deduce

E[ell«f SUP;e(0,7] |YI|] < E[el‘vé Suptg[o,T](|AYt|+\yf|)] < CK o

and || Z|| g < | 2°

B + ”AZ”,%2 = CK,UE'
Combining (2.18) with (2.12), we obtain
@]z < Ck 5t

This concludes the proof of (2.13).
2.a We denote R := |®| + |AZ| + |0¢]. For all b > 0, we use Young inequality to get

E[ebfoT R, ds] < eszTE[egfoT |R 2 dx]

for all &€ > 0. Then, by setting & = (1 + 4||<1>||_2%,2 +4||AZ||232 + 4|65 ||2%,2)—1 we compute, for all r € [0, T,

T T
3
E, [/ 8|§R5|2ds:| <3¢E, U |0, 4+ |AZy|* + |9§|2ds] <7
r

r

Going back to (2.22) and applying the John—Nirenberg formula, see Theorem 2.2 in [16], we obtain
E[ehf()T Ry dS] < CK,UE,b’

which proves (2.14).
2.b Applying Ito’s formula to y.|AY.|?, on [z, T'], we compute,

T T T
yt|AYt|2+/ ysv|Azs|2dAs+f |Am2dys=2/ Vo AY, £ (5, Yy, Zs) ds
t

t t

T T
—2/ ys AYsH (s, YS)(DSds—Z/ ys AYsAZg dWs.
t t

(2.18)

(2.19)
(2.20)

2.21)

(2.22)

(2.23)

(2.24)
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Let us observe that the local martingale fo y: AY; AZ; dW; is a true martingale. Indeed, we compute, using Burkholder—
Davis—Gundy inequality,
r %
] < CJE[(/ |y,AY,AZ,|2dt> ]
0

' %
SCK,05E|]VT|<A |Azt|2dl> ]

where we used (2.18) for the last inequality. Using Holder inequality, denoting g the conjugate exponent of p, we get

E[ sup
s€[0,T]

N
/ )/tAY[AZt th
0

1 T .\
]SCK,gs,pE[Iyrlp]”]EK/O |AZ,] dt) } )

From the energy inequality, c.f. (VI.109.7) in [6], we have that

E[ sup

s
/ )/tAYtAZt th
s€[0,T]1J0

Iq1

T
1) Az, 2d) | <c, Az
| 1azPdr) | =clazig

‘We thus deduce
] < 00.

Since y is non-decreasing, we then compute, using (2.24), (2.12) and the Lipschitz continuity of f,

T T
E{f ys|Azs|2ds}sE,[f ysasds}oo, (225)
t t

where we set & := Cg (1 + R) recalling that AY is bounded by (2.18) and R is defined in step 2.a. Using (2.23) we
compute

E[ sup

N
/ )/tAYtAZt th
s€[0,T]1J0

E[ebng |Ex‘ds] < CK,UE,b’ (226)

forall b > 0.
2.c We set L = (1 + €) 8 with € > 0 such that (1 + 6)2,3 < Mg, recalling Definition 2.1. Now we define

1
0:=(1 +6)|Zé|2 + (1 + g)E.
We observe that E;[ ftT ¥5s|®s | ds] < oo: this follows from (2.25) and the fact that
T 2
Et[/ vs| Z2¢| ds:| < 0.
t
This last inequality is simply obtained by applying Itd’s formula to y|)%|> which yields

T
E[/o ys|25|2ds} <E[yrl&*] < llyrllge 16| 4o < o0

From the definition of ®, we have that, fort < T,

T T 1 T
Et[/ Vs®sdsi| Z(1+€)Et|:/ Vs‘zf‘zds}‘i‘(l‘f—g)Ez[/ VS|AZS|2dS:|
t t t

where we used (2.25). Then it follows from Young’s inequality,

T T
E, [/ ys|Zs|2ds] <CE, [/ ey ds} < o0,
t t



2876 J.-F. Chassagneux and A. Richou
which proves (2.15). Finally, we compute using Holder’s inequality,
E[e1+98 o 0545] < CR[(1+8 fy 1Z5P ds]mie o1+ D8 fy 1851ds] e
and using the fact that £ € Tg and (2.26), we obtain (2.16) with A = (1 4 ¢€)8. O

Let us remark the following result, that will be useful in the next section.

Corollary 2.1. Assume that (SB)(i)—(ii) holds. Let (Y, Z, ®) € .72 x H#* x H* be a solution to (2.11) with condition
(2.12) in force and assume moreover that € € L (Fr) then Y is bounded, namely for some ¢ := c(K, o, ||| o), we
have

sup |Yi[ <c.
t€l0,T]

Proof. We observe that |)Jts | <||&||.# and then conclude the proof using (2.18). O
2.3. A stability result

In this section, we prove a key estimate for the difference of two solutions of the generalised BSDE (2.11) satisfying
(2.12). For i € {1,2}, we denote (‘Y,'Z,"'®) the solutions associated to parameters (‘£,' f) and we furthermore assume
that

T
‘®.€dp(P('Y))dP®dr-ae. and /|"<1>,|1{th€@}(1;:0. (2.27)
0

Remark 2.5. The above assumption allows us to cover both cases of equation (1.1) and equation (1.2).

We now define Y ='Y —2v,8Z2=12—-27, 80 ='W — 2@, where ‘W = H(-,'Y)® and §f = f(-,'Y,'Z) —
2 f(-,2Y,%Z). We have the following key result for our work.

Proposition 2.2. Assume that (SB)(i)-(iii) holds. There exist two increasing functions B(-) and 2A(-) from (0, c0) to
(0, 00), such that for all '& belonging to TB(n), setting

T, 1= Ay BO]+OP+6] ) ds

where O ;= 1®| + |2®|, © :=|1Z — lel + |9|‘§|, and ®' is given by Proposition 2.1(ii) applied to the BSDE with
parameters ('&,1 f), we have,

() E['7|?] < c for some p := p(A) > 1 and c == c(K, A,O’IE,O’ZE);
(ii) for some ¢’ :=c'(K, A, O'IE, 025), andforallt <T,

T T
18Y, |2 +]E,[/ |5ZS|2ds} < E, [FT|8§|2 +/ Lol f =2£)(s, 'Yy, ' Z) | ds
t t

T
+/t Fs(|m(2YS)—2Ys|+|‘J3(1Ys)—1YS|)(|1d>S|+|2<I>S|)ds] (2.28)

Proof. In this proof, we denote A = (@)= H~! and the following simplified notation will be used afj =dl¢, 1Y),
dra; = 0;a" (1,'Yy), dya; = 0,a" (t,'Yy), 97,0, = 97,0 (1,'Y;) and f; = f(1,'Y;, ' Z;). For the reader’s convenience,
we shall also denote o := o € v o ¢ in the proof below.

1. We first show the integrability property of I'. We first recall that from Proposition 2.1, for all b > 0, we have

T o/
E[e"Jo (1o 1+16; 1] < C - (2.29)
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Setting p := p(A) > 1 such that p>B(A) < Ag, recall Definition 2.1, we obtain using Holder inequality,
E[|T71P] < CAE[eP By (01407 +67)ds]
< CK,A,GE[eI’Z%(A)foT CH df]%
<Ck.Ao>

where we used (2.29) and Proposition 2.1 (ii).
2.a To obtain the stability result, we first expand the product (I';8Y,' A(¢, ¥;)8Y,)o<;<r- Applying 1td’s formula, we
compute, for 1 <i, j <d,

d[TyasY/5Y/]/ T, (2.30)
= 8Y/8Y! (aAA) + 8,a) ) dr =: (€))7 dt

Y 1 g . .
+8Y!8Y/ (a;/%(A)Ql + zTr[af,ya,’“z,lzg]> dr =: (£7)" dt

+ {al (=ovisf] — sY/8f] +B(A)O] 8Y[5Y]) — dyal ! f,5YisY] Y dr =: (€] )V ar 2.31)

+ {a;f > oszimsz!™+ " oya] z" (8] 62" + 8Y] 5Z]™) } dr =: (£2%)" dt (2.32)
m=1 m=1

+{a (5Y/8Z] + 8v,8Z1) + 8Y/8Y] dya) 7, } AW, =: dM} (2.33)

+ {al (3Y5w] +8Y/8W]) + (3,0 "W, + B(A)al! ©)sYi 5V} di =: (EF)Y dr. (2.34)

We now study each term separately.
2.b We start by the reflection terms in (2.34). We first observe that

S (R =240 sy, 6w+ D dya WY 8Y] +B(A)OPSY, - A1, Y)Y,

1<i,j<d 1<i,j<d
Recalling (2.5) and (2.6), we compute
3 (ER) =240, 1 Y,)8Y, s, + (%@?’ - CA\1q>,|) 18 2. (2.35)
1<i,j<d
For the first term in the right hand side of (2.35), we compute
A1, 'Y,)8Y, - 8w, = A, 'Y,)8Y, - ' — A(2,2Y,)8Y, - 20, — [A(1,'Y)) — A2, 2Y,) oY, - 2w, (2.36)
We now observe that,
A1, 'Y,)8Y, -1, =8Y, - A(r, Y)W, = 8Y, - 1o,
= (=) +B(r) 1) -
= —(|B(') = i+ [BCY) =) | (237)
where we used (2.27) and the convexity property of D. Similarly, we compute
—A(1,%Y,)8Y - 20, > —(|B('Y) = 'Y | + [BCY) =2 |) [P (2.38)
For the last term in the right-hand side of (2.36), we get, using the Lipschitz property of A that

{A(t, ') — A(1,2Y,) }8Y, - 20, > —CA|8Y: |20 . (2.39)
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Combining (2.37)-(2.38)—(2.39) with (2.35), we obtain, for B(A) large enough,

T .. T
E[/ Iy Y (532)”ds}z—cAE,Ut Fs(m(zn)—2m+|‘13(1n)—1m)(|1<1>s|+|2<I>x|)ds}. (2.40)

I<i,j=d

2.c Using Young’s inequality, we compute, recalling (2.5) and (2.6),

.. 1 )
> (&Y = o7 18217 = CalsYi ' Zi[". (2.41)
1<i,j<d
The terms £/ in (2.31) can be lower bounded, using Young’s inequality and (2.5), by
i j 1 SB(A) ! 1
> (€)= s nl+ (T@,f Ckno(1+|0¢|+ 'z~ 2 5|)>|5YI|2
1<i,j<d
—Cal("f=21) (' )P (2.42)
recalling (2.18).
We also have that
(B : i ()
> (&) = (T(a} —Cal'z| )|8le2 and Y (&])7 = (T —Ca 187, % (2.43)

1<i,j=<d 1<i,j=<d

2.d We now consider the local martingale M, defined by
. . 1 .
M= Y M with M7 = / Ty dMy’
I<i,j<d 0

and are going to show that it is in fact a true martingale. We study only the second term in (2.33), the first term is treated
similarly with 8 Z in place of ! Z. Applying Burkholder—Davis—Gundy inequality, we compute, using (2.6),

T 2
}5@&3[(/ F,2|8Y,|2|12t|2dt> }
0

' T e
gcA,p]E[|rT|P]nE[ sup |8Y,|q</ 'z, | dt) ]
0

te[0,T]

t , ..
E[ sup / T8/ 8Y/ dya, ' Z, W,
0

te[0,T]

1

< CaHE[IT717]7,
where we used Cauchy—Schwarz inequality, the energy inequality, with the fact that sup, |§Y;| is bounded in any .£" (Fr)
and ' Z € %% From step 1. we deduce then that the supremum of the local martingale term is integrable and it is thus a

martingale.
3. Combining the results from steps 2.a-2.c, we get, for B(A) and A(A) large enough,

r 1
I,8Y; - At, Y,)8Y, + E, U rs6—L|3zS|2ds + M, — MT}
t

<E/[T78& - A(T, Y1)5¢]

b CuoB [ [ TIC =20 Z)P o (RCR) =21+ ) = R0+ P s ]

Step 2.d allows us to claim that E,[M; — M7] =0 in the preceding inequality. Moreover, we have, recalling (2.5) and
r=>1,

8Y,1> < LT,8Y, - A(t,Y,)8Y, and E,[T78& - A(T, Yr)8¢] < LE,[Tr|881],

which combined with the preceding inequality concludes the proof of (2.28). (]
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Remark 2.6. The dependence upon A is a key fact that will restrain us to extend straightforwardly to rougher coefficients
our main existence and uniqueness results in the non-Markovian case, recall assumption (SB). This justifies Section 4
where the Markovian framework is studied under a weaker regularity assumption on H thanks to a different approach.

2.4. Some interesting facts about the class <g
We first make the following observation.

Proposition 2.3. Let &£ € £*(Fr) satisfying (SB)(i). If we have, for some p > 0,

1

dopn (28, ) < —,
Jz( ) «/E

(2.44)

then § € Tg.

%0 £ _ _ 1 ot
Proof. We can find V € 27, s.t. | Z Vg = T 7B for some 1 > 0 small enough. We now set A := (1+%) B

and we compute, using Young’s inequality,

267 < (1 + g)|zf —v[ + (1 + E)|V|2.
n

This leads, using Holder inequality, to
ToLE T ot 1
E[ekfo |Z; \2dt] < CE[e(H_%)z)”fO |Z,—v,\2dt]1+g

n
where we used the fact that V € 5#°°. Since ||(1 + g)\/X(ZE —Vllge = 11%2; < 1, we can apply the John—Nirenberg
inequality, see Theorem 2.2 in [16], to obtain

E[e+7 0 12 -Vl dr] oo

’

which concludes the proof. O

Proposition 2.3 only suggests a sufficient condition. In the case § = 400, for which condition (2.44) should read
dogp (25, ) =0, it is known that the condition is not necessary. We refer the interested reader to the paper [27], where
this question is treated with more details.

The next result shows that a class of path-dependent function of some smooth processes are naturally contained in %g
and actually for all 8 > 0. This class is quite important for applications.

Proposition 2.4. Let X € .72 such that for all t,s < T, the Malliavin derivatives of X, denoted D, X is well defined and
satisfies || sup, |E[D; X ]|l oo < 00. Let g : C([0,T],R") — RY be a uniformly continuous function, then denoting

— o
£ = g(X.), we have that Z¢ € (%”OO% .

Proof. 1.a We first start by considering a sequence (gx) of N-Lipschitz regularisation of g = (g!, ..., g%) given by
gh(x) = inf  {g' )+ Nllu—xlloo}, forallx eC’([0,T1,R"),1<i<n.
ueCo([0,T],R")

Let us observe that gy is finite for N large enough due to the linear growth of g. Then we have, for all x € C°([0, T'], R")
and 1 <i <n,

i i : i
gx)y=gyv(x)> inf g'(x)—w,i(lu —x|so) + Nlu— x|
N ueC"([o,TLR"){ ol ) }

>g'(x) + ueco(ﬁfn,Rn{N'”""’ — o, (luloo)}
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where w,i is a concave modulus of continuity for the uniformly continuous component g' of g. Thus we get

d
Igv =8l <CY_  sup  {oui(luloo) = Nlutloo} := c(N). (2.45)
i=1 ueCO([0,T1,R")

Since w,i (h) = o(1) when h — 0% then ¢(N) = o(1) when N — +o0.
1.b Defining y,N =Egn(X)]=gn(X) — ftT ng dW; and applying It6’s formula to |y_N — )ZS |2, we compute

T
YN -V +E, [/ B —Zﬂzdr} =E [|gn(X) — g(X)[] < c()?
t

recall (2.45). From this, we deduce that for all € > 0, there exists N, s.t. for all N > N,

|27 = 25| o =« (2.46)
2. Let us now focus on ZV. By classical arguments, see e.g. Proposition 3.3 in [2], we can show that

|2V <Cy, dP®dt-ae.

which shows that ZV, belongs to ./#>.
Finally, we remark that 2§ € %2 since 25 — 2V € %% and 2V € #> C %°. We conclude the proof by using
(2.46). 0

We obtain the following direct corollary, which gives a sufficient condition on models in a path-dependent framework
to check the admissibility of the terminal condition.

Corollary 2.2. Let X be solution of the Lipschitz SDE

t t
Xl=x+/ b(XS)ds—i—/ o(Xy)dWs,
0 0

where o and b are Lipschitz continuous functions and o is bounded.
Set & := g(X.) where g is a uniformly continuous function on C([0, T1,R%), then & belongs to Tp, for all B > 0.
Moreover, if € € £, then & + & belongs to Tg forall B < ||§||3/}00.

Proof. When'a and b are smooth enough, it is well known, see e.g. [20], that X is Malliavin differentiable and, for all
1 <i <k, (D;Xs)ses, 7] 18 solution of the linear SDE given by

K s k .
DiX,=0o'(X,) +/ Vb(X,)Di X, dr +f ZVUJ(X,)D;X,dW,J, r<s<T.
t t j=1
Then, we easily get that |E;[D; X]| < eXvT M with K, the Lipschitz constant of b and M a bound of o. Thus we can
apply Proposition 2.4 to get the first part of the result. When coefficients are not smooth enough, a standard approximation

gives us the result, pointing out the fact that || sup, ; [E,[D; X;]|||.#~ can be uniformly bounded with respect to the
approximation. For the second part of the corollary, we just have to remark that

A (2595, %) < | 2595 = 28] o+ dn (25 ) = | 2| .

Moreover, applying It6’s formula to |JJ,S 2, we compute

|28

g < NEllge,
which implies
dop (Z545, ) < |E] .

Thus, we just have to apply Proposition 2.3 to conclude. ([
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3. Existence and uniqueness in a regular setting

In this section, we obtain an existence and uniqueness result in a non Markovian setting, working under assumption (SB)
and considering terminal condition in the class T4, for some B > 0. This B, as shown in the previous section depends
dramatically on the smoothness of the coefficients. Our proof is done in two main steps. In the first step, we restrict to the
case of a bounded terminal condition. We study the well-posedness of the penalised equation, and prove their convergence
to an obliquely reflected BSDE. In a second step, we extend our result to all terminal condition in the class Tg.

3.1. Bounded terminal condition
We first obtain some results on the penalised BSDE that will be used later in this section and also in Section 4 in the
Markovian case. We thus essentially work here under the assumption (A).

We start with the following lemma that verifies the well-posedness of equation (1.2) under some classical conditions.

Lemma 3.1. We assume that (A) is in force and that f and H are Lipschitz continuous with respect to (y, z). Then, for
all n € N there exists a unique solution to (1.2) in .2 x 2.

Proof. Since D is convex, g} is convex and nM-Lipschitz continuous, recall (1.3). Indeed, denoting Dy := {y €
R?|d(y, D) < M}, we have that

oM (h) = n3d’(h. D) a2 e Dy 3.1)
nMd(h, D) — "2 if s ¢ Dy
and
0 ifyeD
Vol () = {nd(y. D)=y ify €Dy \D (32)
"Myhen  ify¢Dw

Finally H and V(p,’y are two Lipschitz bounded functions which proves that the penalised BSDE (1.2) has a Lipschitz
driver: the classical result of [23] then applies to get the existence and uniqueness result. ]

Lemma 3.2. Assume that (A) holds and that there exists a solution to (1.2) in .#? x 2. Then, (Y", Z", V(p,f/[(Y"))
satisfies Condition (2.12) for some K > 0 and for some ¢ > 0 we have

T T
sup E[w,]:/[(Yt")]—{—]E[/O \vgpf,”(yg’)]st}ch[@FJr/O Ias|2ds:|. (3.3)

te[0,T]

Importantly, K and c¢ do not depend on n, nor M.
Morveover, if (SB)(i)—(ii) holds, then, there exists ¢’ := ¢’ (0%), which does not depend on n nor M, such that

p=c. (3.4)

sup @) (Y') + || Ve (¥")
1€[0,T]

Proof. Since <p,1,” is a C! convex function, we have the following inequality (see Lemma 2.38 in [24]): for s € [¢, T],
T
oM (¥ +f Vol (v2) - H(u, Y, Z) Ve (Y)) du
N
M ’ M r M
<ol @+ [ Vel () fe vzl [ ey Ziaw,, (3.5)
) S

and we recall that (p,i” (&) =0. We observe, using (2.2) that

VoM (Y2) - H(u, Y2 Z)VeM (Y1) = n| Vel (v2)|? (3.6)

u u
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and combining Cauchy—Schwarz inequality with Young’s inequality

T T T
/ Vol (Y1) - f(u, Y;,z;})dugg/ |V¢,§”(Y;)|2du+%/ £ (w, ¥, 20| du.
N s N

From this, we deduce

T T
2 4 2
A0+ [ vat o Par] < S| vz Pa 6
t t
which proves (2.12) for (Y, Z", ®"). This allows then to invoke Lemma 2.1 to obtain (3.3) under (A). Under (SB)(i)—(ii),
(3.7) allows also to conclude recalling that f is Lipschitz continuous, 6% € 2% and (2.18). O

We now prove our first existence result for the obliquely reflected BSDE
Yo=&+[1 f(s,Ys, Z)ds — [T H(s,Y)@sds — [ Z;dW,, 0<1<T, 38
Y eD, @, €dp(¥).  fy Lygomy|®ilde=0. '

Proposition 3.1. Assume that (SB)(i)—(iii) holds and that & € £°° N Ty (p). Then, there exists a solution in ¥ 2% H?* x
7 to the obliquely reflected BSDE (3.8).

Proof. To obtain the existence result, we consider a sequence of penalised BSDEs given by equation (1.2) for which we
have existence and uniqueness from Lemma 3.1. In the definition of cp}l‘” , recall (1.3), we set M = 2¢ where c is given in
Corollary 2.1. In particular, we observe that for this choice of M, for0 <t <T,

1 1
=Vl (Y =n(Y —B(¥")) and ;wn(Y;’) =—|B(¥") - ¥

2
2 )

3.9)

recall (3.1) and (3.2). We will use this fact later on.
1.a. We now prove that (Y", Z") is a Cauchy sequence in .’ 2 % 2. Indeed, let m > 0 and n > 0, thanks to Lemma 3.2
we can apply Proposition 2.2 to obtain

sup E[|v) — v/ [*]+ | 2" - 2|2,
1e[0,T]

T
< cAE[ [T = v+ ) - v o+ |<b';|>ds] = A, (3.10)
0
Let us notice that, from Proposition 2.2 again, there exist p > 1 and a constant C such that
E[|r7" "] <c, 3.11)

where, importantly, p and C do not depend on (n, m). Applying Itd’s formula to |Y" — Y™ |? on [0, T], we compute,
using usual arguments,

T
v =y e <ca] [ v -l + oy

+ CIE|: sup
1€[0,T]

[0 — vz - zyam|

Using Burkholder—Davis—Gundy inequality and Young’s inequality, we obtain

” Yn _ Ym

T
Sescnl [y -vrigen)« lophar |+ clzr - 27
' 0
Applying Cauchy—Schwarz inequality, and using Lemma 3.2, we get

[ v P = (¥ =¥ o+ 2 - 270, 612
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Combining the preceding inequality with (3.10), we have

Y =y + 2" = 27| o < CCAnm + Anm)- (3.13)

1.b We now study the A, ,, term. We first observe, recalling Lemma 3.2 and (3.9),

T
sz[F;’mfo |<1>’S"|ds:|
T
<7E[ "”’/0 |<1>;"|ds].

Applying Holder inequality, denoting g the conjugate exponent of p introduced in (3.11), we deduce from the preceding
inequality

’ n,m n\ _ ynllgm £ r m|2 :
| [ o) - vy lloras| < el ([erfes) |

Then, combining the energy inequality with (3.4), we conclude

T
EI:/(; Ftn’m|q3(Ytn) - Y[”||d>?1|dsi| = H5111P|§B(Ytn) - Ytn|

T
C
E fo "By — Y[’||<I>§”|ds} <7 (3.14)

Similarly we obtain,

T
Bl [ o) - veeras | <

and

[ [ v (o) w1l + i - v leria] <oz + ).

Combining the preceding inequalities with (3.13), we compute that

1

[y =y 5+ 12" = 2" < Cn* - m73),

which proves that (Y", Z"), is a Cauchy sequence in .#% x #%. We denote (Y, Z) its limit.

2. We now prove that (Y, Z) is solution to an obliquely reflected BSDE, namely we pass to the limit in (1.2). Let us
first observe that, passing to the limit in (3.4) yields that ¥ € D as expected.

2.a We first study the reflecting term. Since, by Lemma 3.2,

T
ol [ Ivant)Pa]<c.
0

we have, up to a subsequence, the following weak L2([0,T] x 2)-convergence:
Vu(Y") =~ @, whenn — +o0.

Let (Vi)se[o,77 be a continuous adapted process valued in D. From the convexity property of D and the fact that
Vo, (Y") =n" —BX]")), recall (3.9), we have

T
/0 (¥ = V,) Ve, (¥) dr <0.

By strong convergence of (Y"),>0 to Y, weak convergence of (Vg,(Y")),>0 and the uniform L2-bound on Vo, (Y™,
recall Lemma 3.2, we obtain

T
E[/ Y, — V), dtlA] <0
0
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for all A € Fr. This leads to fOT(Yt —V)ie,dr <o. Using Lemma 2.1 in [11] w-wise, we obtain that

T
®ecdp(Y) and / l{yt¢3'D}|Cbt|dl =0
0

which fully characterise .
2.b Now we want to show that (Y, Z, ®) is solution of (3.8). By strong convergence of (Y, Z") to (Y, Z) and the
Lipschitz-continuity of f, we have

e ! 2 (!
FCY" 2z = f(.Y,Z) and / ZNAw, — f Zs dWy,
0 0
for all t < T. Moreover, ®" — & in L*([0, T] x ), when n — +o00. Using Mazur’s Lemma, we know that there exists

a convex combination of the above converging strongly in L([0, T] x £2), namely

Ny
PO = Zx"cb’” @,
r=p

where A/ >0forall peNand p<r <N p» and Z, Ly AP = 1. Let us observe that by strong convergence, the following
combination

("v,7Z): Z ALY, Z")
still converges to (Y, Z) in 2 x 7 and, by strong convergence,

- H? ! 22 (!
Z)Lff(~,Yr,Zr)—>f(-,Y,Z) and /stdws—>/ ZodW,, t<T.
0 0

Moreover, we remark that

P Np
S MH(L YT Z}\” —HC V)] +H(, V).

Using the Lipschitz property of H and the uniform L?-bound on Vg, (Y"), the first term in the right hand side of the
preceding equation tends to zero in 7. Then we get

N,
Z)J’ L YT)®" Ea H(,Y)®.

Finally, we just have to pass to the limit into

T Np T T NP
Pyl=g+/ Sl f(s.¥]Z :,)ds—/ szdWs—/ Y M H(s, Y]) @ ds
1 r=p ! ! r=p

to conclude the proof of the theorem. ]

Remark 3.1. We insist here on the fact that no smoothness condition is imposed on the convex domain in the previous
result. The main point is the smoothness of H and this depends on the problem under consideration. If the domain and
the direction of reflection are smooth, one can exhibit a smooth H, see Remark 2.3. If the domain is allowed to have
corners, the construction of H becomes a delicate task. However this is possible in some cases of practical interest:
Several examples of construction of smooth H in domains with corners are provided for randomised switching control
problems in [1].
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3.2. General case

Theorem 3.1. Assume that (SB) holds and & € Tsg(p). There exists a unique solution (Y, Z, ®) € 2 x B* x B* to
(1.1).

Before proving our main result, we consider the following lemma which is a key result for the study of Obliquely
Reflected BSDEs, as it proves, among other things, the structural condition (2.12). It is the counterpart of Lemma 3.2
introduced for the penalised BSDE.

Lemma 3.3. Assume that (SB) holds. Let (Y, Z, ®) € /% x % x 7 be a solution to the Obliquely Reflected BSDE
(1.1). Then, the structural condition (2.12) holds true for (Y, Z, ®) for some K > 0. Moreover, there exists ¢ = c(c%)
such that

@l g2 < c. (3.15)
Proof. Applying It6’s formula to U; := ¢ (};), recall assumption (SB), we compute that dU; = a; dt 4+ b; dW; with
a:=0p(Y){—f (. Y:, Z)+ H(t,Y) P} + %Tr[azab(Y,)Z,Zt*] and b, =09 (Y))Z;.
Using [t6—Tanaka formula, we obtain
d[-U " = —a, 1y, <0y dt — by 1y, <o) AW, +dL?
where L0 is the local time at 0 of the semi-martingale U . Taking the difference of the two preceding equations, we obtain
0= a;1(y,=0) dr + b, 1y,—0) AW, + dL?

which leads to a;1{y,—oy df < 0. We then deduce
1 +
|| dr < E[8¢(Yf)f(t, Y, Zp)] " dr, (3.16)

recall (2.9) and Remark 2.3(i). From this, we deduce that a fortiori (2.12) holds true. O

We should notice that in the proof of the above lemma, we obtain a stronger result than the structural condition (2.12).
Indeed, we are able to control in (3.16) the reflecting process without the conditional expectation appearing in (2.12).
We now turn to the proof of our main result for this section.

Proof of Theorem 3.1. 1. We first prove uniqueness of the solution. Let (1 Y,'z, 1<I>) and (2Y 27, 2CI>) be two solutions
of (3.8) in .72 x % x #*. We first observe that both solutions satisfies (2.12) by application of Lemma 3.3 which allows
us to invoke Proposition 2.1. Moreover, both solutions satisfy (2.27) by definition. Then, a straightforward application of
Proposition 2.2 concludes the proof of this step, noticing that all the terms in the right hand side of (2.28) are null.

2. We now turn to the existence question.

2.a We first approximate £ by a sequence of bounded random variables (§x)y>1. Let (ty)ny>1 be the sequence of
stopping time defined by

rN:=inf{tZO||yf’zN}/\T,

and we set £y = ny. Importantly, we observe that £y satisfies (SB)(i) and it belongs also to the class Tg3(5), indeed
fOT |25V |2ds < fOT |25 |2 ds. For later use, let us also remark that

o' <of, forall N >1, (3.17)
recall (2.8). Moreover, since

&y — &P-as. and |y —&| <2 sup |yf
tel0,T]

’

we have that by the dominated convergence theorem, recall Remark 2.2 (i), &y — & in £, forany g > 1.
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2.b Applying Proposition 3.1, we introduce a sequence of Obliquely RBSDEs, (YV, Z¥, ®V) with terminal condition

£n. We now show that (Y", ZV) is a Cauchy sequence in . x 2. First, we apply the stability estimate given in
Proposition 2.2: for N, P > 1, we have

sup E[|vY — ¥/ [+ 2" — 2"| 3 < CE[r} " |eV — "),
1€[0,T] i

with T'V-? such that for some p>1landC >0,
N,P|P
E[[ry " ]=c.

where importantly p and C do not depend on (N, P), recall (3.17). Using Holder inequality, we then obtain

sup E[[YN — ¥/ ["]+ 2V — 2" |5n < Clg" 67| n,
tel0,T]

Following classical arguments, see Step 1.a in the proof of Proposition 3.1, we compute also
I - r7 R <cul [l 3o+ of o] + €l - 27 e
Applying Cauchy—Schwarz inequality, and combining Lemma 3.3 and (3.17), we get
[ =YP5 (YN =Y o + |12V = 27| 500):
Eventually, we obtain
Y =P 2 = 2 Py = (1Y 67|+ I~ )

From the conclusion of Step 1. we deduce the Cauchy property of the sequence (Y, Z") and we denote (Y, Z) its
limit. The proof is then concluded following the same arguments as in step 2 of Proposition 3.1, once observed that by
Lemma 3.3,

T
E[/ |<1>§V|2ds} <c,
0

where again C does not depend on N from (3.17). ]

4. A general existence result in the Markovian framework

In this section, we introduce a Markovian framework: for all (¢, x) € [0, T'] x R?, we denote (Xé’x) se[0,7] the solution of
the SDE

dX; =b(s, X5)ds +o (s, Xg)dWs, selt,T],

4.1)
X,=x, s€l0,¢],
and we consider the following Markovian reflected BSDE:
Yi=g(Xp + [ £, X0 ¥, 2y ds — [ Z,aWs — [T H(s, X0, ¥y, Z) @, ds, “2)
YD, @ edp(¥), 0=t=T, [ Lygm)®:ldt=0. '

The main goal of this section is to prove an existence result for the above reflected BSDE when H is only continuous,
compare with assumption (SB). We also discuss the case of discontinuous H and the difficulty arising for uniqueness in
this setting.
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4.1. Continuous oblique direction of reflection

We now introduce the main setting for this part. The set of assumption below echoes assumption (A) introduced in
Section 2.1 but in a Markovian setting.

Assumption (AM).
() b:[0,T] xR? — R? and o : [0, T] x R? — R?** are measurable functions satisfying linear growth condition and
uniform Lipschitz condition with respect to the space variable namely

|b(t,x)| + |o@t,x)| <L(1+|x]) and |b(t,x) —b(t,y)|+|o(t,x) —o(t,y)| < Llx —yl,

for some L_> Oandall (z,x,y) €[0,T] x RY x RY.
(ii) g:R? — D is a measurable function and there exists p € R* such that for any x € RY,

lg(0)] < L(1+ IxI7).

(i) f:[0,T] x R? x RY x R4k — RY is a measurable function satisfying: there exists p € R* such that, for any
(t,x,y,2) €[0,T] x R? x RY x RY%k we have

|t x, v, D < L1+ x1P + Iy] +121),

and, for all (¢, x) € [0, T] x RY, f(t,x,-,-) is continuous on RY x RI*k,
(iv) H:[0,T] x R? x RY x R4k —» R9*4 j5 3 measurable function. There exists 7 > 0 such that, for all (r, x, y, z) €
[0, 7] x RY x RY x Rdxk

H(t»xay’Z)U'UZﬂa VUE“(%())))’

4.3)
and ’H(t,x, y,z)| <L.
(v) Let X = {u(t, x;5,dy), x € R? and 0 <t < s < T} be the family of laws of X"* on RY, i.e., the measures such that
VA € BRY), u(t, x; s, A) = P(X;* € A). For any ¢ € [0, T), for any u(0, a; t, dy)-almost every x € R?, and any
8 €]0, T — ¢], there exists an application ¢; x : [¢, T] x R4 — R* such that:
@) Vk>1, ¢, € L2([t + 68, T] x [—k, k1%; (0, a; 5, dy) ds),
(b) wu(t,x;s,dy)ds =¢; (s, y)u(0,a;s,dy)dson [t +6,T] x RI.
(vi) Forall (r,x) €[0,T] x R4, H(¢, x, -, -) is continuous on R? x D.

Remark 4.1.

(i) We observe that H(¢, X, -) and f (¢, X, -) satisfy assumption (A). Thus we will use in the sequel the a priori estimates
obtained in Section 2.2.
(i) Remark 2.1 applies for H which is continuous in this context.
(iii) The -#2-domination condition (AM)(v) was initially introduced in [13]. We refer to [5,13] for examples of assump-
tions on coefficients of the SDE (4.1) under which (AM)(v) is true.

Theorem 4.1. Assume (AM). Then, there exists a solution (Y, Z) € .?* x #* 10 (4.2). Moreover, the following Marko-
vian representation holds true:
There exist u:[0,T] x R? — R? and v : [0, T] x RY — R4xk measurable functions such that
0,a 0,a
Ye=u(r,X;"") and Z,=v(t, X;),
and, for some ¢ > 0, for all (t,x) € [0, T] x RY,

lu@t, x)| <c(1+ |x|7).

By choosing properly the function H we can obtain the following corollary.
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Corollary 4.1. Let us consider the following obliquely reflected Markovian BSDE

Yo=g(Xy) + [T £, X0 ¥y, 2y ds — [T ZodWs + [ Wods, 0<r<T,

Yf > max;jer{Y] —ct }, 0<t<T,tel, 4.4)
S E — maxjeq 1Y) — cwtdr=o, (e,

where T := {1, ...,d} and the switching costs (c'/ )i, jeT satisfy the following structure condition
¢t =0, forl <i<d, 4.5)

{¢V 4+l =y >0, forl<i,j<dwithi#j,j#I.

We assume that assumption (AM) is in force. Then there exists a solution (Y, Z, W) € .92 x % x #°? to (4.4). Moreover
the following Markovian representation holds true: There exist two measurable functions u : [0, T] x R? — R? and
v:[0, T] x RY — Rk such that

Yo=u(t, X)) and Z,=v(1, X)),
and, for some ¢ > 0, for all (t,x) € [0, T] x RY,
lu(t, x)| <c(1+ |x]?).

Remark 4.2.

(i) Usually obliquely reflected BSDEs associated to switching control problems are written with a reflection term d K
that is not assumed to be absolutely continuous with respect to the Lebesgue measure in time (see e.g. [14,15]). So
our framework seems to be at first slightly less general. Nevertheless, it is possible to show that the reflecting term
for obliquely reflected BSDE:s in fixed convex domain appearing in switching control problems is in fact absolutely
continuous with respect to the Lebesgue measure: This is due to the fact that the existence result is usually obtained
by a penalisation procedure that gives a uniform bound on the penalised term which allows to use a weak topology
convergence argument. For more details, we refer to Remark 2.1 in [15].

(i) The main novelty here is the dependence of the generator on the whole z (as in the concomitant article [5]) which
extend the result of [3,14,15]. Our result only cover the case of constant switching costs due to a priori estimates
obtained previously in the framework of a deterministic domain D. Nevertheless our approach might be adapted to
treat random domains by following same ideas than [17].

Before giving the proof of Theorem 4.1 and Corollary 4.1, we start by considering an approximation of (4.2). Let 6 be
an element of C®° (R4+t4*k R*) with compact support and satisfying

/ 0(y,z)dydz =1.
Rd+dxk

Foralln e Nand (¢, x,y,z) € [0,T] x R? x RY x RY*k we set

fn(l»xsy,Z)=/

nzf(lwxs Y, Z)e(n(y - u)1 n(Z - U)) du dU
Rd+dxk

Hy(t,x,y,2)= / nH(,x,y, z)@(n(y —u),n(z— v)) du dv.

Rd+dxk

By classical convolution arguments functions ( f,),en and (H,),en satisfy following properties.

Lemma 4.1. Assume (AM).

(1) fn:[0,T] x R? x RY x Rk 5 RY and H, : [0, T] x RY x RY x R4k 5 RI*4 gre measurable and uniformly
Lipschitz functions with respect to (v, z).
(i) |fu(t,x,v,2)| <L+ |x|P +|y| + |z|) and |H,(t, x, y,z)| < L forall (t,x,y,z) € [0, T] x R? x RY x RI*k,
(iii) Forall (t,x) €[0,T] x R? and K a compact subset ofRd x RAxk
n——+00

sup |fu(t,x,y.2) — f(t.x,y,2)|+ sup |H,(t,x,y,2)—H(t,x,y,2)] — 0.
v,2)ek (y,2)ek
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For any n € N, we then consider the following BSDE

T
Y" =g (x99 +/ fals, X9, Y1, Z) ds

t
T T
—f Z;'dWS—/ Hy(s, X0, ¥, Z8) Ve, (Y")ds, t€[0,T] (4.6)
t t

where ¢, is defined in (1.3) with M fixed to an arbitrary value. Note that, in this section, for the reader’s convenience, we
write simply ¢, instead of (p,]l” .

Lemma 4.2. There exists a unique solution to (4.6) in 7% x #°2. Moreover, there is a Markovian representation for this
solution: for all n € N, there exist u, : [0,T] x R? — R? and v, : [0, T] x RY — RI*k measurable functions satisfying

Y' =un(t, X9%) and  Z' =v, (1, X3%). 4.7)

Moreover, for all (t,x) € [0, T] x RY, (uy(s, X5, v (s, Xé’x))se[,,r] is the unique solution in ./ x #* of the BSDE

T T
Y;lvhng(xg")Jr/ fulr, Xﬁ'x,Yr’””x,Zﬁ’”’x)dr—/ Zrhr dw,

N s

T
—/ Hy(r, X025, Y05, 200\ Ve, (YY) dr s e[, T. (4.8)
s

Proof. We use the same arguments as in the proof of Lemma 3.1: Since H,, and Vg, are two Lipschitz bounded functions
(with respect to y and z), the penalised BSDE (4.6) has a Lipschitz driver and the classical theory then applies to get the
existence, uniqueness and representation result. ]

By applying Lemma 2.1 and Lemma 3.2, we obtain the following estimates for (Y™¥  Z"¥),

Proposition 4.1. Forall (t,x) € [0, T] x RY, we have

T T
sup E[\r:’”’*|2+wn(x;'*”X)]+E[/ |Z0t P ds + f Iwn<n""”‘)|2ds]SC(1+|x|2")~
t t

t<s<T
In particular, Proposition 4.1 yields that, for some ¢ > 0,
lun(t, x)| <c(1+1x|”), VneN,V(,x)el0,T] xR
We now turn to the proof of the main result for this section.

Proof of Theorem 4.1. The proof follows mainly from arguments in [13]. Some extra work is required to identify the
reflecting process properly.
1. Define,

Fn(t»x) = fn(tvxf un(l!x)v Un(tv-x))a Gn(lwx) = Hn(tvxs un([sx)v vn(ta-x))v(pn(un(tv-x))v
and
Sni=F, — Gy,

we compute

T T
/R/O |Sn(s,y)|2u(0,a;s,dy)ds=E[fo |3n(S7X?’a)|2dS]

T
<B[ [ X7+ 1+ 22 |90, 02 o
=C,

by using Proposition 4.1. Thus we get §, — § in L%([0, T] x RY; w(0, a; s,dx)ds), up to a subsequence.
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2. We now show that (u, (¢, x)),en is a Cauchy sequence in R4 for all ¢ € [0, T] and for w(0, a; t, dx)-almost every

x € R7. When t = T the sequence is constant and the result is obvious. When t < T, x € R? and § € (0, T — ¢], we
compute

T
| (£, x) = (. 3)| = 'EU (8n (5. X5") = B (s, Xé’*))ds]
t

t+6
t

T
" E[/ a|g” (5 X57%) = B Xe) [Tz ds} =
1+

=: As.

T
8] [ Gl X = B XN e g
t

+4
For the first two terms, we easily get

: 144 2 3 1
ar =t [ o ) (e x| s et
t

1

T T 2
Ar < cK—%EU |X§”‘|ds}ﬂ£[/ 130 (5, X5%) = B (s, Xé”‘)]zds] <C(1+x7)e3,
t+6 t+36
where C is a constant that does not depend on n nor m. For the third term, we have

Az =

T
/ f (852 3) — S (50 1)) L1y ey (6. x: 5. dy) ds
Rg Jt+6§

T
f / (35 ) — B (5 ) L1y =) (52 V)10, a: 5, dy) s
Re Jt+$5

for 11(0, a; s, dx)-almost every x € R?, where we used the L?-domination assumption. By weak convergence, A3 — 0
when n, m — oo. Thus, by taking § — 0 and x — 400 we show that for all ¢ € [0, T'] and for © (0, a; ¢, dx)-almost every
x € RY, (u,(t, x))nen is a Cauchy sequence. So, there exists a Borelian application u : [0, T] x R? — R such that for
all r € [0, T'], for u(0, a; t, dx)-almost every x € RY,

u(t,x) =limu,(t, x). 4.9)
noo
We straightforwardly get, for all ¢ € [0, T],
Y =uy, (t, X?’a) — u(t, X?’a) =Y, as.

and, observing that |¥'| < C(1 +|X ?’” |7), we obtain via the dominated convergence theorem, Y;" — Y; in Lz([O, T] x
Q,dt ® dP). _
3. We can easily prove that the process Y lives in the non-empty convex set D. Indeed, we have, recalling (3.1),

1
sup E[p1(Yp)] < sup E[|o1(Ys) — o1 (Y])|]+ = sup E[en(¥7)]

0<s<T 0<s<T no<s<T

<M sup E[|Y,—Y!|] —i—%n_)—too

0<s<T

0,

where we used Proposition 4.1, the fact that ¢, is a M-Lipschitz function and the convergence of (Y")en- Then, for all
se€[0,T],d(Ys,D)=0as.andso Y; € D a.s.
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4. We now show that (Z"), = (v, (t, X>*))ef0.77)n is a Cauchy sequence in L2([0, T] x , dt ® dP). For n,m > 1,
we compute, applying It6’s formula,

T T
E[ / |Z§—Z§'1|2ds]§2]E[/ (Yt”—th)(&’n(t,X,O’”)—Sm(t,X?’”))dti|
0 0

T , 72
5CEU Y —v"| dt] ,
0

which goes to 0 as n, m — oo. We denote by Z the limit. From now on, we work with the progressively measurable
version of (Y, Z).

5.a In the last step we have to prove that (Y, Z) is a solution to BSDE (4.2).

We start by studying the convergence of the generator. By mimicking [13], we can easily show that (f,(, X?’“,
Y], Z})):elo,11 converges to (f(t, X?’“, Yy, Zt))iefo,1] in LY([0,T] x Q,dt @ dP).

5.b Finally we study the reflecting term. Since

T
EU |V¢n(Yf)\2dS} =C.
0

we have, up to a subsequence, the following weak L2([0, T'] x §2)-convergence:
Vo (YA”) — @, whenn— 400,

and we can follow step 2.a in the proof of Proposition 3.1 to obtain

T
decdp(Y) and / Liy,¢opy 1P, dt =0,
0
which fully characterize . We now follow step 2.b in the proof of Proposition 3.1. Using Mazur’s Lemma, we know that
there exists a convex combination of (®"),cn := (V@,(Y")),eN converging strongly in L2([0,T] x ), namely

NP
PO = Zx”cb”’ @,
r=p

where A/ >0forall peNand p<r <N p» and Zﬁvi » AP = 1. Let us observe that by strong convergence, the following
combination

("v,7Z): ZAP (y",z")

still converges to (Y, Z) in .2 x 7 and, by strong convergence again,

Np LY([0.T]1xQ.dt®@d P ' 1
Z}\ﬁ’fr(.,xo’a,yr,z’) ( rRae )f(~,X°'“,Y,Z) and /stdwsﬁf Zy dW;.
r=p 0 0

Moreover, we remark that, forallz < T,

t
gp :_/ ZAP s XOQ,Y;,Zr)CDrdS—/ H(s,X?’a,YS,Zs)CDSdS
0

t
/ Z}\” (s. X2, ¥7,Z7) — H(s, X2, Y], Z) } &% ds =: AY

s Lo s Lgo

t 14
+/ D OAP{H (s, X0 Y] ZE) — H (s, X4, Yy, Z) @) ds =: AY

s Ly
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t
+/ H(s, X2, Yy, Zs) [P @y — @, } ds =: AL, (4.10)
0
We study each term in the right hand side of the above equality separately. For the first one, we compute using Cauchy—

Schwartz inequality and the uniform bound on || ®"|| ;2

1

N, ‘ 1
E[|A7|] < CZ)J’JE[/(; |H, (s, X2, Y7, Z5) — H(s, X, Y7, z§)|2ds]2. 4.11)
r=p

For all ¥ > 0, we then get

1

N, . . 1
E[\Amfczm[/o |Hy (s, X34 Y] . Z0) = H (s, X0 Y] Z5) | 1{|Y;|+Z§SK}dS} =: BY
r=p

Np

1
t 2
+CZK5’EUO 1{|Y;+|Z;|>K}d5} = B;.

r=p

Combining Markov inequality with the uniform square integrability of Y” and Z", we easily obtain that

, C
By <. 4.12)

For the term Blp , we combine the uniform convergence (on compact set) of H, to H, recall Lemma 4.1(iii), with the
dominated convergence theorem, since H, and H are bounded, to get that for all € > 0 there exists N, ¢ € N such that

B <e forall p> Ni. 4.13)
Combining (4.12) and (4.13), we then get
LimE[|A7|]=0. (4.14)
p

Next, we compute, using Cauchy—Schwartz inequality and the uniform bound on || ®" || 2,

1

Np . 1
elatl) < c o] [l x0e v 2) - o xie v z)Pas |
r=p 0

and we deduce

li;nE[’Af]] =0, (4.15)

from the continuity of H and the strong convergence of (Y, Z") to (Y, Z). Finally we use the boundedness of H and the
strong convergence of 7 ® to ® to get

limE[|A%]] =0. (4.16)
p
Combining (4.14), (4.15) and (4.16) with (4.10) yields lim,, IE[lS,’7 |1 = 0. Eventually, we get that, forall t < T,

T T T
Y, =g(X99) +/ F(s, X4y, Z5) ds —/ Z, AW —/ H(s, X2, Yy, Zs) @y ds,
t t t

which concludes the proof of Theorem 4.1. Let us remark that the preceding equation allows us to consider a continuous
version of the process Y. O

We conclude this section by giving the proof of Corollary 4.1 which is an interesting application of Theorem 4.1 to the
well studied case of BSDEs for switching problems. Following our approach, the main question reduces now to find an
appropriate continuous H to describe the direction of reflection such that H(-)® = —W, compare (4.2) and (4.4).
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Proof of Corollary 4.1. It is sufficient to define a continuous function H on 9D, recall Remark 2.1. We have

D:{yeRd:yl>max(y-/—cl-/),lez], @.17)

jeL
thus, D is a non-compact convex polyhedron. We can remark that
PY:=Dn {yd :O}
is, by abuse of notation, a compact convex polyhedron of R¢~! and so it is a convex polytope. Indeed, we have
DOl ..,y Yy e[, M) Viefl,...,d - 1}} # 2,

since we have ¢9! + cid_> 0 for all 1 <i <d — 1 due to the structure condition (4.5). We just have to define H on DO
and then extend H to 9D in this way: for all (¢, x, y,z) € [0, T] x RF x D x RY%k we define

H(t,x,y,2):= H(t,x, (y1 — yd,...,yd_1 - yd,O),z).

Since DY is a convex polytope, then, by Krein—Milman theorem, it is the convex hull of its extremal points. We will define
H on all extremal points and then the value of H on all facets

CV={yeaD’:yl=y/ =V}, 1 jeLi#]
will be defined by linear interpolations. Let us consider an extremal point (y!,..., ¥¢~1): we know that there exist
Uiy jieqt,..a—1y € {1, ..., d}>*¥=D such that

o (li, ji) # (k. ji) wheni #k, '
e forallie{l,...,d—1}, )_)li =yli — cliJi where )_)d =0.

Then, we define H (¢, x, (yl, e, j}d_l, 0), z) as the orthogonal projection onto span({el', ..., el D). To conclude it is
sufficient to check that H(z, x, (yl, e yd_l,O), z) sends the vector ¢! — e/ to the vector ¢/ when (yl, e yd_l) eCl
and to show the result only for extremal points. In prder to do so, let us consider (yl e yd*‘) € CY an extremal point:
by the definition of H we just have to show that e/ ¢ {e/1, ..., el-1} where we re-use previous notations. Let us prove it
by contradiction: we assume that there exists i € {1, ...,d — 1} such that

j=1I; and =3yl —clili (4.18)
Moreover, we have (5',..., 79" e CY so

=37 =l (4.19)

By combining (4.18), (4.19) and the structure condition (4.5), we obtain

)‘,1 — )',j — = yjf _ (Clj + iji) < }')ji _ Clji’
which is in contradiction with the definition of D given by (4.17). ([
Remark 4.3. The H operator constructed in the above proof does not satisfy the assumption (SB)(iii) used in the non-

Markovian framework of Section 3. Actually, we do not know yet if it is possible to exhibit such an H when d > 2. For
positive results in this direction, we refer to [1] dealing with randomised switching problems.

4.2. The case of discontinuous H

In this section, we consider the case of a discontinuous direction of reflection on the boundary d D. We obtain an existence
result for an obliquely reflected BSDE but the characterization of the reflecting part is somehow more involved, specially
at the discontinuity point of H, where many directions of reflection are allowed at the limit. This too weak characterization
leads a to non-uniqueness result as illustrated in the next paragraph. The limiting equation we are studying here is then

T T T
Y, = g(X(%a) +[ f(sa X?’a’ Y5, Zs) ds _f Zs dW; _/ Weds, 1€l0,T]
t t

t

W, € E(s, X0 Y, Z) and Y, € D dP®ds ae., (4.20)
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with a € R? and, for all (1, x, y,z) € [0, T] x R? x D x R4*k,

Ne=oPos({H(t,x, ¥, Dul(3.Z € B((y,2),€),u €dp(y)}) ifyedD

E(t,x,y,2):= .
(23 2= 00, if y e D,

where pos({v;}) is the closure of the positive linear span of the family {v;}, and B(x, ¢) is the closed Euclidean ball of
center x and radius &.

Theorem 4.2. Assume that assumptions (AM)(1)—(v) hold. Then, there exists a solution in 7> x % x 7 to (4.20).
Remark 4.4. When H is continuous, we can easily show that

E(t,x,y,2)=H(t,x,y,2)9¢(y)
which is consistent with the result of Theorem 4.1.

Proof. The proof of Theorem 4.2 strongly follows the proof of Theorem 4.1. The arguments are similar from step 1 to
step 5.a. We thus start directly the proof at step 5.b by studying the reflecting term. Since

T
E[/ |H (s, x>, v7, z;’)wn(Yf)]st} <cC,
0

we have, up to a subsequence, the following weak L?([0, T'] x £2)-convergence:
W= H(, X", ¥Y", 2"V, (Y") ~ W, whenn — +oo.

Using once again Mazur’s Lemma, we know that there exists a convex combination of (WU"),cNn converging strongly in
L%([0, T] x ), namely

NP
Pw=Yy Al P2y,
r=p

where A¥ > 0 for all peNand p<r <N, and Zr b =p AP =1. As usual, the following combination

Ny
(Pv,7z): Zx" Y",Z")

still converges to (¥, Z) in .2 x 7 and, by strong convergence,

Ny LY([0,T]1xQ,dt®d P ! !
S oML fe( x4y, 2 ( i )f(-,XO“‘,Y,Z) and /stdwsﬁ/ Z; dW;.
=p 0 0

So we can pass to the limit into

T Np T T
thzg(X(;’a)—I-/ pRESAC XO“,Y;,Z’)ds—/ ”stWs—/ P ds
— t t
to obtain that
T T T
y,:g(x‘}*“)+/ f(s,X?"‘,Xg,Zs)ds—/ Z, dW, —/ W,ds, dr®dPae.
t t t

To conclude we just have to study the direction of reflection. Since we have, for all n € N,

W= H(t, XY, Z) Ve (Y]) € H(r, X0, Y], Z1)dp (B (Y!))
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and (Y/", Z}) e (Y, Z) dt ® dPPa.e., then, for all £; > 0 and &> > 0, there exists N (depending on w) such that, for all
n>N,

W epos({H (1, X", 5,2)ul(7,2) € B((Y;, Z1), 1), 5 € B(Yr, 2) N'D,u € d9()}),
dr ® dPa.e. It implies that, for all p > N,

"W, € pos({H(t, X, 5, 2)ul(3,%) € B((Ys, Z1), €1), 5 € B(Ys,£2) N D, u € 39(5)})
dr ® dPa.e. Finally we get that

W, e E(t, X, Y, Z,) dt @dP-ae.
where

E(t,x,y,2):= ﬂ pos({H(t,x,5,2ul(3,Z € B((y.2), 1), 5 € B(y,e2) N D, u € dp(3)}).

£1>0,60>0

When y € D we can remark that d¢(7) = 0 when y € B(y, £2) N'D with &, small enough: thus we get E(t, x,y,z) =0.
When y ¢ D, Let us show that

dp(y) = () {ulu € 3¢(3), § € B(y, £2) N D}. (4.21)

£2>0

One inclusion is obvious, we will prove the other one. Let us consider u € d¢(y,) foralln € N* with y, € B(y, 1/n)N D
and let us show that u € dp(y). For all z € D and n € N we have

u-(z—=y)=u-(Z—=y»)+u-(n—y)

and so

sup(u - (z = y)) < sup(u- (z—y)) +u- (=) < lully, =yl
zeD zeD

by definition of d¢(yy). Then, by taking n — 400 in the preceding inequality we get

sup(u -(z— y)) <0
zeD

which proves (4.21). This result implies that for any (y, 7) € RY x RI*k,

(Y {H . x.5.2ulj € B(y.e2) N'D.u€dp(3)} = {H(t. x. 5. Dulu € dp(y)}.

>0
and so we finally get that E = E which concludes the proof. ]

A counter-example to uniqueness. Inspired by Remark 4.4 in [18], we suggest the following counter-example to unique-
ness in a non-smooth setting. The domain D is given by

D={yeR*|y; >0andy; +y >0}
Observe that 3D = Fy U F,, where F and F; are given by
FlZ{yER3 | yi =0and y, > 0}, Fzz{y€R3 | y1 > 0and y; + y, =0}

and we denote by G = F1 N F,, the corner of the domain. On F; we assume that the reflection is normal so that H = I3,
including points on G where the outward cone of reflection if given by

K={yeR |y <0,y2<0and y» > y1}.
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direction of reflection is along the y; axis on F> \ G and is thus oblique, H is constant but not equal to I;. H is thus

discontinuous at the corner.
We consider a BSDE with the following data: X = W, & = (0, 0, XT)T, ft,x,y,2)= —(z3, 23, 0)T is constant. Note
that it satisfies the assumption (AM)(i)—(v). We give now two distinct solutions:

1. The first solution is given by ¥; = (0,0, W), Z, = (0,0, 1) T and W, = (—t, —,0) .
2. The second solution is given by ¥/ = (T —t, —(T — 1), W;) T, Z, = (0,0, )T and W] = (=2¢,0,0)".

References

(1]
(2]
[3]
[4]
[5]
(6]

[7]
(8]

[9]
[10]
[11]

[12]
(13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
(23]
[24]
[25]
[26]
27]

(28]

C. Benezet, J.-F. Chassagneux and A. Richou. Randomised switching problems and obliquely reflected BSDEs.

P. Briand and A. Richou. On the uniqueness of solutions to quadratic BSDEs with non-convex generators. In Frontiers in Stochastic Analysis
— BSDEs, SPDEs and Their Applications 89-107. Springer Proc. Math. Stat. 289. Springer, Cham, 2019. MR4008341 https://doi.org/10.1007/
978-3-030-22285-7_3

J.-F. Chassagneux, R. Elie and I. Kharroubi. A note on existence and uniqueness for solutions of multidimensional reflected BSDEs. Electron.
Commun. Probab. 16 (2011) 120-128. MR2775350 https://doi.org/10.1214/ECP.v16-1614

J. Cvitanic and I. Karatzas. Backward stochastic differential equations with reflection and Dynkin games. Ann. Probab. (1996) 2024-2056.
MR1415239 https://doi.org/10.1214/a0p/1041903216

T. De Angelis, G. Ferrari and S. Hamadene. A note on a new existence result for reflected BSDEs with interconnected obstacles. Available at
arXiv:1710.02389v1. MR4080604 https://doi.org/10.1016/j.bulsci.2020.102854

C. Dellacherie and P.-A. Meyer. Probabilités et potentiel. Chapitres V a VIII, revised edition. Actualités Scientifiques et Industrielles [Current
Scientific and Industrial Topics] 1385. Hermann, Paris, 1980. Théorie des martingales. [Martingale theory]. MR0566768

P. Dupuis and H. Ishii. SDEs with oblique reflection on nonsmooth domains. Ann. Probab. 21 (1) (1993) 554-580. MR1207237

N. El Karoui, C. Kapoudjian, E. Pardoux, S. Peng and M.-C. Quenez. Reflected solutions of backward SDE’s, and related obstacle problems for
PDE’s. Ann. Probab. (1997) 702-737. MR1434123 https://doi.org/10.1214/a0p/1024404416

I. Fakhouri, Y. Ouknine and Y. Ren. Reflected backward stochastic differential equations with jumps in time-dependent random convex domains.
Stochastics 90 (2) (2018) 256-296. MR3750648 https://doi.org/10.1080/17442508.2017.1346654

A. M. Gassous, A. Rdscanu and E. Rotenstein. Multivalued backward stochastic differential equations with oblique subgradients. Stochastic
Process. Appl. 125 (8) (2015) 3170-3195. MR3343291 https://doi.org/10.1016/j.spa.2015.03.001

A. Gégout-Petit and E. Pardoux. Equations différentielles stochastiques rétrogrades réfléchies dans un convexe. Stoch. Stoch. Rep. 57 (1-2) (1996)
111-128. MR 1407950 https://doi.org/10.1080/17442509608834054

D. Gildbarg and N. S. Trudinger. Elliptic Partial Differential Equations, 1, 1977. MR0473443

S. Hamadene, J.-P. Lepeltier and S. Peng. BSDEs with continuous coefficients and stochastic differential games. In Backward Stochastic Differ-
ential Equations 115-128. Longman, Harlow, 1997. MR1752678

S. Hamadene and J. Zhang. Switching problem and related system of reflected backward SDEs. Stochastic Process. Appl. 120 (4) (2010) 403-426.
MR2594364 https://doi.org/10.1016/j.spa.2010.01.003

Y. Hu and S. Tang. Multi-dimensional BSDE with oblique reflection and optimal switching. Probab. Theory Related Fields 147 (1-2) (2010)
89—121. MR2594348 https://doi.org/10.1007/s00440-009-0202- 1

N. Kazamaki. Continuous Exponential Martingales and BMO. Lecture Notes in Mathematics 1579. Springer-Verlag, Berlin, 1994. MR1299529
https://doi.org/10.1007/BFb0073585

T. Klimsiak, A. Rozkosz and L. Stomiriski. Reflected BSDE:s in time-dependent convex regions. Stochastic Process. Appl. 125 (2) (2015) 571-596.
MR3293295 https://doi.org/10.1016/j.spa.2014.09.013

P-L. Lions and A.-S. Sznitman. Stochastic differential equations with reflecting boundary conditions. Comm. Pure Appl. Math. 37 (4) (1984)
511-537. MR0745330 https://doi.org/10.1002/cpa.3160370408

J.-L. Menaldi. Stochastic variational inequality for reflected diffusion. Indiana Univ. Math. J. 32 (5) (1983) 733-744. MRO0711864
https://doi.org/10.1512/iumj.1983.32.32048

D. Nualart. The Malliavin Calculus and Related Topics, 2nd edition. Probability and Its Applications (New York). Springer-Verlag, Berlin, 2006.
MR2200233

K. Nystrom and M. Olofsson. Reflected BSDE of Wiener—Poisson type in time-dependent domains. Stoch. Models 32 (2) (2016) 275-300.
MR3477831 https://doi.org/10.1080/15326349.2015.1116011

Y. Ouknine. Reflected backward stochastic differential equations with jumps. Stoch. Stoch. Rep. 65 (1-2) (1998) 111-125. MR1708416
https://doi.org/10.1080/17442509808834175

E. Pardoux and S. G. Peng. Adapted solution of a backward stochastic differential equation. Systems Control Lett. 14 (1) (1990) 55-61.
MR1037747 https://doi.org/10.1016/0167-6911(90)90082-6

E. Pardoux and A. Réscanu. Stochastic Differential Equations, Backward SDEs, Partial Differential Equations, 69. Springer, 2014. MR3308895
https://doi.org/10.1007/978-3-319-05714-9

S. Peng. Monotonic limit theorem of BSDE and nonlinear decomposition theorem of Doob—Meyers type. Probab. Theory Related Fields 113 (4)
(1999) 473-499. MR 1717527 https://doi.org/10.1007/s004400050214

S. Ramasubramanian. Reflected backward stochastic differential equations in an orthant. Proc. Indian Acad. Sci. Math. Sci. 112 (2) (2002) 347—
360. MR1908376 https://doi.org/10.1007/BF02829759

W. Schachermayer. A characterisation of the closure of H° in BMO. In Séminaire de Probabilités, XXX 344-356. Lecture Notes in Math. 1626.
Springer, Berlin, 1996. MR 1459492 https://doi.org/10.1007/BFb0094657

H. Tanaka. Stochastic differential equations with reflecting boundary condition in convex regions. Hiroshima Math. J. 9 (1) (1979) 163-177.
MRO0529332


http://www.ams.org/mathscinet-getitem?mr=4008341
https://doi.org/10.1007/978-3-030-22285-7_3
http://www.ams.org/mathscinet-getitem?mr=2775350
https://doi.org/10.1214/ECP.v16-1614
http://www.ams.org/mathscinet-getitem?mr=1415239
https://doi.org/10.1214/aop/1041903216
http://arxiv.org/abs/arXiv:1710.02389v1
http://www.ams.org/mathscinet-getitem?mr=4080604
https://doi.org/10.1016/j.bulsci.2020.102854
http://www.ams.org/mathscinet-getitem?mr=0566768
http://www.ams.org/mathscinet-getitem?mr=1207237
http://www.ams.org/mathscinet-getitem?mr=1434123
https://doi.org/10.1214/aop/1024404416
http://www.ams.org/mathscinet-getitem?mr=3750648
https://doi.org/10.1080/17442508.2017.1346654
http://www.ams.org/mathscinet-getitem?mr=3343291
https://doi.org/10.1016/j.spa.2015.03.001
http://www.ams.org/mathscinet-getitem?mr=1407950
https://doi.org/10.1080/17442509608834054
http://www.ams.org/mathscinet-getitem?mr=0473443
http://www.ams.org/mathscinet-getitem?mr=1752678
http://www.ams.org/mathscinet-getitem?mr=2594364
https://doi.org/10.1016/j.spa.2010.01.003
http://www.ams.org/mathscinet-getitem?mr=2594348
https://doi.org/10.1007/s00440-009-0202-1
http://www.ams.org/mathscinet-getitem?mr=1299529
https://doi.org/10.1007/BFb0073585
http://www.ams.org/mathscinet-getitem?mr=3293295
https://doi.org/10.1016/j.spa.2014.09.013
http://www.ams.org/mathscinet-getitem?mr=0745330
https://doi.org/10.1002/cpa.3160370408
http://www.ams.org/mathscinet-getitem?mr=0711864
https://doi.org/10.1512/iumj.1983.32.32048
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=3477831
https://doi.org/10.1080/15326349.2015.1116011
http://www.ams.org/mathscinet-getitem?mr=1708416
https://doi.org/10.1080/17442509808834175
http://www.ams.org/mathscinet-getitem?mr=1037747
https://doi.org/10.1016/0167-6911(90)90082-6
http://www.ams.org/mathscinet-getitem?mr=3308895
https://doi.org/10.1007/978-3-319-05714-9
http://www.ams.org/mathscinet-getitem?mr=1717527
https://doi.org/10.1007/s004400050214
http://www.ams.org/mathscinet-getitem?mr=1908376
https://doi.org/10.1007/BF02829759
http://www.ams.org/mathscinet-getitem?mr=1459492
https://doi.org/10.1007/BFb0094657
http://www.ams.org/mathscinet-getitem?mr=0529332
https://doi.org/10.1007/978-3-030-22285-7_3

	Introduction
	Notations

	Setting and preliminary estimates
	Framework
	A priori estimates
	A stability result
	Some interesting facts about the class Tbeta

	Existence and uniqueness in a regular setting
	Bounded terminal condition
	General case

	A general existence result in the Markovian framework
	Continuous oblique direction of reﬂection
	The case of discontinuous H
	A counter-example to uniqueness


	References

