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Abstract. We study the mixing time of the (n, k) Bernoulli-Laplace urn model, where k € {0, 1, ..., n}. Consider two urns, each
containing n balls, so that when combined they have precisely n red balls and n white balls. At each step of the process choose
uniformly at random k balls from the left urn and k balls from the right urn and switch them simultaneously. We show that if k = o(n),
this Markov chain exhibits mixing time cutoff at 4”—k logn and window of the order %log logn. This is an extension of a classical
theorem of Diaconis and Shahshahani who treated the case k = 1.

Résumé. Nous étudions le temps de mélange de ’'urne de Bernoulli-Laplace de paramétres (1, k), ou k € {0, 1, ..., n}. On considere
deux urnes, chacune contenant n boules, telles que combinées elles ont exactement n boules rouges et n boules blanches. A chaque
étape du processus, on choisit au hasard & boules dans chaque urne et on les échange. Nous montrons que si kK = o(n), le temps de
mélange de cette chaine de Markov exhibe un phénomene de coupure a I’instant i—lk logn avec une fenétre d’ordre %10g logn. Ceci
donne une extension du théoreme classique de Diaconis et Shahshahani qui traitait le cas k = 1.
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1. Introduction

Mixing time of card shuffling schemes and combinatorial urn models is a widely studied subject in the discrete probability
literature. Recently, there has been a lot of interest for shuffling large decks of cards and shuffling models that are actually
used in real life (see, for instance, [1,2,16] and [6]). This paper focuses on a specific shuffle of a deck of cards that is
practiced by casinos (see [16]) and can be described as follows. Fix n € N and k € {0, 1, ..., n}. Initially, we have an
unshuffled deck of 2n cards. At each step of the process, we cut the deck in two piles of equal size, shuffle each pile
independently and perfectly and then reassemble the deck. Finally, we move the top k cards of the reassembled deck to
the bottom and repeat the process.

As explained in [16], this card shuffling scheme is in one-to-one correspondence with the classical Bernoulli-Laplace
urn model with parameters (n, k), which is defined as follows. Initially, we have two urns, each containing n balls, so that
when combined they have precisely n red balls and n white balls. At each step of the process, we pick k balls from each
urn uniformly at random and switch them simultaneously.

Let X; denote the number of red balls in the left urn at time 7. For x,y € X = {0, ..., n}, let P; (y) be the probability
of having y red balls in the left urn after # steps, given that the left urn initially contained x red balls, that is

PL(y) =P(X; = y|Xo = x). (1)

It has been proven by Taibi [21] that the sequence of probability measures P! converges to the hypergeometric distribution
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as t — 0o, with respect to the total variation distance

def 1
d(1) é%HP;—nnHTV=Egg;lw@)—nn@)y. 3)

A question which arises naturally, is to determine the rate of convergence to stationarity of the above process, which is
quantified by the mixing time

tmix(e)zmin{teN:max”P)ﬁ —nn”vae}. (4)
xeX

The mixing time of the Bernoulli-Laplace model was first studied by Diaconis and Shahshahani in [9], who proved that
for k = 1 the chain exhibits cutoff at 7 logn with window n. Afterwards, Donnelly, Floyd and Sudbury [10] showed that
the separation distance mixing time of the Bernoulli—Laplace urn model for k = 1 exhibits cutoff as well and Belsley [3]
proved cutoff for the mixing time of distance regular graphs, which is a generalization of [9]. The mixing time of the
(n, k) Bernoulli-Laplace Markov chain for k > 1 was first studied by Nestoridi and White [16], who showed that when
k= o(n), 7z logn — O(%) steps are necessary for the chain to approach stationarity, while 5 logn steps are sufficient, in
particular

n c(e)n n n
o logn — = < tmix(e) < % log(;). ®))

They also proved that if 5 —loggn < k < 5 then the chain mixes in a finite number of steps.
The main result of the present article provides the sharp upper bound for the mixing time of the (n, k) Bernoulli—
Laplace urn model when k = o(n), thus bridging the gap (5) from [16].

Theorem 1. The mixing time of the (n, k) Bernoulli-Laplace urn model with k = o(n) satisfies

n 3n n
tmix (8) < o logn + Tloglogn + 0<E> 6)

forevery e € (0, 1).

In combination with the sharp lower bound (5) from [16], we deduce that the (n, k) Bernoulli-Laplace urn model with
k = o(n) exhibits cutoff at ;7 logn with window 7 loglogn, i.e. that

Cl_l)rgonll)r&d(:—k logn — % loglogn) =1 and Cll)rgonlggod(% logn + % loglogn) =0.

The proof of Diaconis and Shahshahani for the upper bound when k = 1, relies heavily on the spectrum of the transition
matrix P.In particular, they use an upper bound for the total variation distance in terms of the £, norm of the eigenvalues
and eigenvectors of the Markov chain (see also [15, Section 12.6]), which they then compute explicitly using spherical
function theory. This spectral approach has proven successful in many variants of the (r, 1) Bernoulli-Laplace urn model,
including the works [10] and [3] mentioned above. For instance, Scarabotti [18] studied the model where we have m urns,
each containing n balls, and at each step we choose two balls that belong to different urns and switch them. He proved
that this urn model exhibits cutoff at %n(m — 1)log(nm?). It is also worth mentioning that Schoolfield [19] studied
another version of the Bernoulli-Laplace Markov chain where at each step, a single ball is chosen from each urn and gets
switched, but some balls get signed during the process.

Variants of the (n, k) Bernoulli-Laplace urn model with £ > 1 have also been studied via spectral techniques. Most
notably, Khare and Zhou [13] (see also [12]) analyzed the mixing time of a variety of multivariate urn models and proved
cutoff for a simpler asymmetric version of the Bernoulli-Laplace chain, where at each step we pick k balls from the left
urn, move them to the right urn, and then we pick k balls from the right urn and move them to the left. It turns out that
the eigenvalues of this model are simple enough and thus an ¢, bound for the total variation distance a la Diaconis and
Shahshahani yields the sharp upper bound for the mixing time. Moreover, Khare and Zhou found a closed formula for the
eigenvalues and eigenvectors of the transition matrix (PL(y))., yex of the (n, k) Bernoulli-Laplace model that the present
paper studies, yet, as those were significantly more complicated, they did not provide any estimates for its mixing time.
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Outline of the proof

In contrast to the proofs of all the aforementioned results, throughout our proof we only make use of the first two eigen-
values and eigenvectors of our Markov chain. Beyond that, the proof is based on a coupling argument which is organized
in 4 steps (each corresponding to a different subsection of Section 3). Let (X;) and (Y¥;) be two copies of the Bernoulli—
Laplace urn model with k = o(n) swaps with X € {0, 1, ..., n} being fixed and Yy ~ m,. Recall that X; and Y¥; denote
the number of red balls in the left urn after ¢ steps at each configuration of the chain.

Step 1. Using the ﬁrst two eigenvalues and eigenvectors of the Markov chain (see Sections 2.2 and 2.3 below), we
show that at time ¢ = gz logn (which, recall, is the desired mixing time) both X; and Y; are of the order 5 + O(y/n) with
high probability. In particular, at this time, X, and Y; are with high probability at most O (y/n) apart.

Step 2. Starting at time 77 logn we run the two chains independently. A well-known hitting time lemma, (see Sec-
tion 2.4) along with a combinatorial decomposition of the Markov chain, assures that with high probability the two
configurations will be at distance O (y/klogn) away from each other within O (%) steps. We note that to make the anal-
ysis possible, it is important to know that both chains will remain at distance, say, 7 from 5 for O(%) additional steps,
which is a consequence of Doob’s maximal inequality (see Proposition 5).

Step 3. After the two chains get at distance O(y/klogn) from each other, we use a monotone coupling that was
introduced in [16] (see Section 2.1) which guarantees that with high probability they will reach distance o(x/k) within
37” loglogn steps.

Step 4. Finally, we use a classical result of Diaconis and Freedman from [5] to show that after the two configurations
get to distance o(v/k) from one another, then their total variation distance becomes o(1) after a single step.

We note that when k = n°1), Theorem 1 can be proven along the lines of a proof of Levin, Luczak and Peres [14], who
showed that the mixing time of Glauber dynamics for the mean-field Ising model exhibits cutoff in the high temperature
regime. This is explained in detail in Remarks 11 and 14 below. However, a straightforward adaptation of the technique
of [14] appears insufficient to prove the sharp upper bound for asymptotically larger values of k = o(n) due to a number
of technical complications, which are amended by the strategy outlined in Steps 1-4 above.

We conclude with a couple of natural open questions.

Question 1. What is the mixing time of the (n, k) Bernoulli-Laplace model when k/n — A € (0, %)?

Question 1 was studied in [16], where it was shown that

logn log(%)

m c(e) <tmix(e) < 27»(1 ) @)

We warn the reader that there exists a misprint in the statement of [16, Theorem 4], where the lower bound of the above
result is wrongfully claimed to be ﬁ logn, while in fact they prove the inequality that we present in (7). We conjecture
that the lower bound in (7) is sharp.

In view of the well known connection between mixing times and logarithmic Sobolev inequalities (see [7]), one is
tempted to ask whether Theorem 1 (and perhaps even an answer to Question 1) can be recovered via the evaluation of the
log-Sobolev constant of the chain.

Question 2. What is the log-Sobolev constant of the (n, k) Bernoulli-Laplace urn model?

Finally, we wish to note that a version of the (#, k) Bernoulli-Laplace urn model with multiple urns (generalizing the
model of [18]) was studied in [16] and some estimates for its mixing time were obtained. As adapting the strategy of
the present work to treat this model seems to require multiple technical (and perhaps even conceptual) modifications, we
choose not to pursue it here; however we believe that the following question is of interest.

Question 3. What is the mixing time of the many-urn Bernoulli-Laplace model?
Asymptotic notation
In what follows we use the convention that for a, b € [0, oo] the notation a = b or b = O(a) (respectively a < b or

a = O(b)) means that there exists a universal constant ¢ € (0, c0) such that a > cb (respectively a < cb). Moreover,
a =< b stands for (a < b) A (a 2 b). Finally, we write a = o(b) if a is a function of b with limp_, a/b =0.
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2. Preliminaries

In this section, we will present various simple properties of the Bernoulli-Laplace urn model along with some classical
estimates, which we shall later use for the proof of Theorem 1. Here and throughout, we will denote by (X;) the Bernoulli—
Laplace chain on {0, 1, ..., n} with transition matrix

Z;li;lg,n—j,k—j+i} (m) (]:l_—};) (/f;—)&iizn) (k—j—f—i—m) . ifi<j,
PG, j)= . . N . 8)
Zmin{i,n—j,k} (1;1) (l?frln) (mriiij) (k+ilj7m) ifi> ]

o 3 ,
e ()

and starting point X¢ and by (Y;) another copy of the chain with Y distributed according to the stationary measure T, .

The pair (P, ) is a reversible Markov chain.

We also note that the Bernoulli-Laplace urn model posesses the following symmetry. If (X;) is the Bernoulli-Laplace
chain with k out of n balls being swapped at each step and ()? +) is the chain where instead n — k out of n balls are being
swapped at each step, then the mixing time of (X;) coincides with the mixing time of (X;). This is a consequence of the
bijection constructed as follows: when two sets of k balls are swapped in (X;), then the complements of those sets are
swapped in (f +). In particular, from now on we will always assume that k < 7.

2.1. A combinatorial coupling

Recall that if U, v are probability measures on the spaces (2, ) and (', F’) respectively, then a coupling € of W and v
is a probability measure on (2 x ', F ® F') whose marginals are |l and Vv, i.e. such that for A € F and B € ¥/,

G({(x, y)ix € A}) =u(A) and C’({(x, y):ye€ B}) =V(B).

The first ingredient needed for the proof of Theorem 1 is a coupling of two instances of the Bernoulli-Laplace chain,
constructed in [16], which was used there to show the suboptimal upper bound

n n
tmix(g) = ﬂ 10g<;)

for the mixing time of the Bernoulli-Laplace model with k = o(n) swaps. According to this coupling, let (X;) and (Y;)
be two instances of the Bernoulli-Laplace chain. Recall that X; and Y; is the number of red balls in the left urn in each
of them after ¢ steps. For each time ¢ > 0, label the balls in both realizations of the chain as follows. First, label the balls
in the left urns using the numbers {1, ..., n} so that all red balls preceed all white balls in the ordering induced by this
labeling. Then, do the same for the right urns using the numbers {n + 1, ..., 2n}. Now, choose A and B two subsets of
{1,...,n}and {n + 1, ..., 2n} respectively, each of cardinality k, and swap the balls indexed by A in the left urns with
those indexed by B in the right. Finally, denote by X1 and Y; the updated number of red balls in each of the left urns
and remove the labels. One can easily check that, by the construction of this coupling, we always have

X1 — Y| < | Xy = Y2 9

Furthermore, it was shown in [16] that if |X; — Y;| = 1 for some ¢ > 0 and (X;41, Y;4+1) is generated according to the
coupling above, then

 2k(n—k)

E(1Xi41 — Y l1X:, Yy) =1 >

(10)
n

Imitating the proof of the path coupling theorem of Bubley and Dyer (see [4] or [15, Theorem 14.6]), one gets the
following proposition by iterating (10) along suitable paths.

Proposition 2. Let (X;) and (Y;) be two instances of the Bernoulli-Laplace chain with k swaps coupled as in the discus-
sion above. For r € (0, 00), let

def .
Teouple(r) = min{t : | X, — Y| <r}. (11)
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Then, for every t € (0, 00),

~ 2k(n—k)>’|Xo—Yo| (12)

IP>(1:coup]e(r) > 1| Xo, YO) = (1 2 .

n

2.2. Eigenvalues and eigenvectors

As mentioned in the introduction, the proof of Diaconis and Shahshahani [9] for the cutoff behavior of the Bernoulli—
Laplace urn model with k£ = 1 ball being swaped at each step relied on a spectral bound for the total variation distance
that was firstly used in [8] and a careful estimation of the eigenvalues of the walk. Let (W;) be a Markov chain on a state
space Q. Recall that A € [—1, 1] is an eigenvalue of (W;) corresponding to the eigenvector f : Q — R, if

E(f (W) IW;) = A f (W) (13)

for every (equivalently, for some) ¢ > 0. Since (X;) is an irreducible, aperiodic and reversible chain on {0, 1, ..., n}, it
has n + 1 real eigenvalues 1 =Ag and Ay, ..., A, € (—1, 1) which depend on both n and k. An explicit description of the
eigenvalues and eigenvectors of the Bernoulli-Laplace urn model for a general number of swaps at each step is known
(see, e.g., [9] and [16]). The eigenvectors are instances of the dual Hahn polynomials (see [13]) and if f;(x) is the ith
eigenvector, then the corresponding eigenvalue is f; (k).

As the exact expressions for these eigenvectors and eigenvalues are complicated, an efficient estimation, in the spirit of
[9], of the spectral bound for the total variation distance seems intractable. Our analysis below relies solely on the precise
values of two eigenvalues and eigenvectors of (X,), which correspond to the linear and quadratic dual Hahn polynomials
respectively. In particular, using that the function fi(x) =1 — 27)‘ is an eigenfunction with corresponding eigenvalue

A1 = f1(k) and that the function

L 2@n—Dx  20@n—Dxx—1)
hx=1 n? n?(n—1)

(14)

is an eigenfunction corresponding to the eigenvalue A, = f>(k), we derive the following identities.

Lemma 3. For every t > 0, we have

AN 15
(-3 (5-x) (4

Var(X. | X o) — n? nz(n—l) O £ (X n? ! 2%\ ! 2Xo 2 16
ar(X,| 0)—4(2n_1)+2(2n_1)f2()f2( 0)_Z< —7> ( _T> (16)

E(X;|Xo) =

S

and

Proof. Iterating the following eigenvalue property

2X 2k 2X,_
E(l——’ X,_1>:<1——)~(1— ! 1), (17)
n n n
we get that
2X 2K\’ 2X
n n n

which is equivalent to (15). For (16), notice that

o L -2
S U R Y

fa(x), (18)

therefore by similar reasoning as above, we have

E12X’2X— 1 2n—2 O (X
—T>‘ 0)—m+2n_1f2()f2( 0).
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)

Hence,

n2
Var(X;|Xo) = ZVar(

n? n2(n—1) / n? 2K\
+ HE' f(Xo) — 7(1 - 7) (1 _2Xo

42— " 22n—1)

which is precisely (16).

2.3. Variance bounds

The following estimates are a straightforward consequence of Lemma 3. Recall that the stationary measure 7, defined in

n - n? -
(2) has mean 5 and variance o= <"

Lemmad. Lett > jzlogn. Then

‘IE(X,|X0)—% <1 and Var(X,|Xo) <n.

Proof. By Lemma 3, we see that

2]( ! logn
‘E(lexo)—% S(l——>n§e n=n.
n

Using (18) again, we can rewrite (16) as

Var(x, 1 Xg) = — (1 12k2t nn—b) o oy k' — 12k2[
ar(X;| 0)—m< —( —7> >+ 2on 1)fz( 0)<f2() < —7> >

Notice that f2(Xo) > fa(n/2) = and, by (18),

2(n D

26\ . 1 2n —2 ! ;
05(1__> _ h = (—+ fz(k)> —hk <1,
n 2n —1 2n — 1

since f>(k) <max{f2(0), fo(n)} = 1. Therefore, we deduce that
n2
Var(X;|Xo) < W <n,

which concludes the proof of (19).

It is an immediate consequence of Lemma 4 in combination with Chebyshev’s inequality that for ¢ >

r € (0, 00), we have

IP’( Xl—g >r‘X0)<IP’(|X, E(X,|X0)| > r — f|xo)_(r f)z

In particular, for k1 € (2, 00), we deduce that

n

K

19)

(20)

21)

O

2 logn and

(22)

(23)

Using a martingale argument, we will show that for r > /n, the chain (X;) will remain at distance at least r from 5 for
at least a constant multiple of 7 additional steps, with probability of the same order as in (22). This will be of central

importance in the ensuing discussion.
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Proposition 5. Let 0 <t; < t,. If k = o(n), then for every r € (0, 00) we have

o3

teln,n]

ak(—1) 2
>r}‘X0) Mmax{%,min{fz(k)’z,fz(Xo)}}.

r

In particular, if | Xo — %| < A/n, where A € (0, 00), then for ty € N and y € (0, 00), we have

ST o B

X, — = 5
2 r
telty,to+yn/ k]

and

. r}‘X ) Azn(logn)4
r2

s

telty,to+7 loglogn]

Proof. Notice that for ¢t > 0,

n 2Xl 21’
Xi—=|>r &= |I-——|>—
2 n n
and define
wr 1= 5
t_72k’
(1—Zy

which is a martingale because of (17). Then, we have

{ sup
telr,n]

and therefore

o3

teln,n]

2X,
1= =21
n

2r c { M| 2r }
>—1 C 4 sup (> —
n telty 1) n(l — 2y

telty, 0] (

2r
>r ’X())SIP( sup |Mt|>@

X 0) .
By Doob’s maximal inequality, we get

2 2t
n 2k
Xo) < 72(1 —~ 7) E(|My,|*1Xo)

IP( \M,| 2r
su > —
et a1 = Xy

[11,52]

2 —2(t2—11) 4k(t2 t)y,,2
n 2k exp(—=—)n
=3 <1 - 7) E(f1(X,)*IX0) S —r

Moreover, (18) gives the estimate

1 2n —2 1
E(f1(X1,)?1X0) = =—— + - f2(k)2 f(Xo) < max{;’ fz(k)tzfz(Xo)},

2n—1 2n-—1

and (24) follows since f>(x) <1 for every x € {0, 1, ..., n}. If additionally, | Xo — %| <An,

2

fz(Xo)<f2< +A«/—> < f1( +Af>

therefore, (24) implies that

LY

n eMn? AT A2eMn
) g AT A
t€lto,to+yn/ k]

X — = ,
2 r2 n r2

2627

(24)

(25)

(26)

27

E(f1(X1,)*X0).
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which is exactly (25). Similarly,

(LU s

4loglogn 2 2 2 4
e nc A A“n(logn)
t€ltg,t0+7 loglogn]

py) 2 '

n r

which completes the proof. (]

For y € [0, 00), let t,, x () def ﬁ logn + YT" Since

~
=

2yn
2% o5 logn+=~ 1
ne%r’

Loy < )2k D) = (1

n

it follows from equation (24) that for every x, ¥ € (0, c0), we have

OO (L

le[ln,k (O)vtn,k (Y)]

e
(28)

>K«/ﬁ}‘Xo>§

F i
which improves upon (23) up to the universal constants in the right hand side. For fixed «,y € (0, 00), consider the event

n
EK"\{: X[ - E

<x/n, for every t € [t (0, tn k (V)] } (29)

Then (28) can be rewritten as IP’(E{;Y) < " /%%, where E,‘é,y is the complement of Ey y.
2.4. Hitting time estimates

Throughout the proof, we will make use of the following well-known hitting time lemma appearing, e.g., in [15, Propo-
sition 17.20].

Lemma 6. Let (Z;) be a non-negative supermartingale adapted to the filtration (¥;) and T be a stopping time. Suppose
that

e Zp=2z0,
o |Z, 11— Z/| < B, foreveryt >0 and
e there exists 6 € (0, 00) such that Var(Z;+1|¥;) > 62 on the event {t > t}.

Then, for every u > 12B? /6%, we have

4z0

P(t>u) < (30)

u

A straightforward application of Lemma 6 combined with Proposition 5 and Proposition 2 is sufficient to prove cutoff
for the Bernoulli—Laplace chain with k = n°1) balls being swapped at each step. This is carried out in detail in Remark 11
and Remark 14. To prove cutoff for asymptotically larger values of k, one needs to take into account that even though
[ X541 — Xslloo = 2k for every s > 0, if t > gz logn, then

E(IXi11 — Xi11Xo) S Vk. 31

This can be proven by first applying Jensen’s inequality

E(IXes1 — Xil1X0) < /E(1X11 — X, [2[X0)

and then employing the first two eigenvalues of the chain, as in the proof of Lemma 3. We omit the details of this
computation, since (31) will be a consequence of a more tiresome (but necessary for the proof) technical statement below
(see Lemma 9).



Cutoff for the Bernoulli-Laplace urn model with o(n) swaps 2629
3. Proof of Theorem 1

We proceed with the proof of the main result of this article. The argument is divided in 4 subsections, each reflecting one
of the steps explained in the outline presented in the introduction.

3.1. Getting at distance O (\/n)

Let (X;) and (Y;) be two instances of the Bernoulli-Laplace chain with k = o(n) swaps at each step, where the initial
state Xo € {0, 1, ..., n} is fixed and Yy is distributed according to the stationary measure 7,. We will first show that with
high probability, at time g logn, the difference | X, — Y;| is smaller than a constant multiple of »/n. The variance estimate

(23) of Section 2.3 along with the union bound immediately imply the following lemma.

Lemma 7. Let (X;), (Y;) be two copies of the Bernoulli-Laplace chain with k swaps. For k1 € (0, 00), let

T](K])défmin{t:X,,Y,E(%—K]ﬁ,%%-](]ﬁ)}. (32)
Then,
n 1
P ’C](K])>—10gn’X0, Yo|<—. (33)
4k K7
Proof. Let 7) = sz logn. Then

Y, —

n n
P(rl(m)> Elogn‘Xo, Yo) 51[”(‘)([0 5 >KII‘X0)HP( >K1f‘Y0) < —2,
1

which is precisely (33). (]
3.2. Getting at distance O(\/klogn)

Let (X;) and (Y;) be two instances of the Bernoulli—Laplace chain as before. We will now argue that if (X/) is independent
of (Y;) after the stopping time T (k1) of Lemma 7, then with high probability the difference | X; — Y;| will become smaller
than O (v/kTogn) within O (%) steps.

Recall that in the combinatorial description of the chain, we denote by X, the number of red balls in the left urn

after ¢ steps. For each s > 0, we will define a new pair of (time inhomogeneous) Markov chains (X!°t) and (XEhy o
{0, 1, ..., n} with the property that for every ¢ > 0,
XLy, and X5EMLy—x, (34)

where £ denotes equality in distribution. For time s = 0, denote by Xleft Xo and Xrlght n — X¢. For each time
s €{l,...,k} pick a ball uniformly at random from the left urn and place it in a storage space by the right urn. We will
refer to the balls placed in the storage space as unavailable balls and to the rest as available balls. Notice that for every
s € {1, ..., k}, after the sth ball has been moved from left to right, there are n — s balls in the left urn and n + s balls in the
right urn, s of which are unavailable. For each time s € {k + 1, ..., 2k} pick an available ball uniformly at random from
the right urn and place it in the left urn. Finally, after k£ balls have been moved back to the left urn, label all unavailable

balls as available, place them in the right urn and restart the process. After s steps of this process, denote by lef‘ the

number of red balls in the left urn and by Xrlght

construction that

the number of available red balls in the right urn. It is evident from the

11 ght d

xlett X1 and X, n—Xi.

To define Xﬁeﬂ and X?ght for general s > 0, repeat the above process periodically after 2k steps; then (34) clearly holds for
any ¢ > (. Notice that for every s > 0, this construction gives

Xleft, — xleft e {—1,0, 1}, (35)
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yet the same does not hold for (X?ght). Similarly, one can define the decomposed chains (Yieft), (Y?ght) corresponding to
(Y;). The following is a consequence of the hitting time estimate of Lemma 6.

Lemma 8. Let (X;), (Y;) be two independent copies of the Bernoulli-Laplace chain with k = o(n) swaps and let

(Xlseft), (X?ght) and (Ylfft), (Y?ght) be the decomposed chains constructed above. Assume that the initial states satisfy
X0, Yo € (5 — K14/n, 5 4 K14/n) for some x| € (0, 00). Consider the stopping time

Trateh = minfs : XM = YTt o xTEM — yiiEhty, (36)
Then, for every y1 € (0, 00) and large enough values of n, we have

K1
P(Tmatch > Y17/ X0, Y0) S —. 37

NaT)

Proof. For s >0, let ¥; = G(Xief‘, Xﬁlght, ereft, Y?ght) r<s be the c-algebra generated by the path of the two decomposed
chains up to time 5. For Lemma 6 to be applied, it is important that the decomposed chains remain close to 5. To this end,
consider the truncated stopping time

n
X, —3

rel0,s]

~ def .
Tmatch = Tmatch A Min{ 2ks : max

> — } (38)
By equation (25) of Proposition 5, we have

P(Tmatch > Y17 X0, Y0) = Pﬁmatch > vin|Xo, Yo) + HD(fmatch < Y17 < Tmatch| X0, Y0)

K%QZYI
S P(Tmatch > vin|Xo, Yo) + P (39)
since
~ n n n
Tmatch = Y17 < Tmatch 16[513{3)(/2](] X, — 5 VY — 3 > R
Yin

and X, Yo € (% —K14/7, % + x14/1). Consider the stochastic process Wy = Xlseft — Ygeﬁ and let Zg = Wyt 0 - 1t follows
from (35) and (36) that Z; > 0 for every s > 0. Furthermore, (Z;) is a super-martingale. To see this, notice that for

§ < Tmatch, we have XI°ft > yleft and X?ght < Ygight. Therefore, if r défs(mod 2k) €{0,1,...,k — 1}, then
~ _Xleft Yleft Yleft _ Xleft
left left lefi lef K

E(Xsethl _Ysitllﬂ) - (Xset_YSet): n_sr + ns_r - Yn—rs <0

andifre{k,k+1,...,2k — 1}, then
Xright Yright Xright . Yright
E Xleft _ Yleft j(j-' _ Xleft _ Yleft — s _ s — S N < 0'
(S“ s+l S) (S $ ) n—r+k n—-r+k n—r+k

A similar calculation, shows that for s < Tpaten and 7 € {0, 1, ...,k — 1},

left left left left
X —r =X Yo —r =Y

leff lefi
Var(Zy41|F5) = Var(XZ [F5) + Var(YE 1F5) = -y, -y

+ +

no__ no__ .. _
L2G-RG-r-h
- n2 ~

for n large enough, where the first identity follows from the independence of (Xieft) and (Y}f’f‘) and the second to last
inequality from the definition of Tpach. The same holds true if r € {k, k + 1, ..., 2k — 1}. Therefore, applying Lemma 6
for the stopping time Tiatch, we get that

v _ K
NN

P(Tmatch > vin|Xo, Yo) < (40)
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Combining (39) and (40), we finally deduce that
220
K1 Kie K1
P(Tmatch > 11721 X0, Yo) < —— + —1— <

R4 ]

for large enough values of n. U

We will also need the following technical lemma, which is in the spirit of Proposition 5.

Lemma9. Let (X;) be the Bernoulli-Laplace chain with k = o(n) swaps and starting point X € (% —K14/1, % +K14/7)
for some x1 € (0, 00). Then, for every y; € (0, 00) and K € (0, 00), we have

. . 2 2’\{1
left left r right right r Kje

P( U {Xzekt Xoktr — 5 V Xk _X(2z+1)k+r_§ >K2\/@})X0>5 o 41

t€[0,y1n/2k]

refl,....k})

and
left  yleft k—r K2e2N

]P’( U U { Xoki = Xt kdr — - >K2\/k10gn}’Xo> < o (42)

el0.y1n/2k re{l, ...k}

Proof. We can clearly assume that xp > 1001(%627' , since otherwise the conclusion is trivial. We will first prove (41).
Consider the event

def n
EKZ»YI = HXY - 5

< K+/n, for every t € [0, yln/Zk]} 43)

and notice that equation (25) of Proposition 5 implies that P(ES, ., ) < K2 2 /K Hence, if

2,71

def left left r right right r
Fon= ) ﬂ { Xkt = Xakigr — 31V Kok~ R iprr ~ 5| S K2V klOg”}’ (44)
te[0,y1n/2k]refl,..
then
P(F 1X0) SP(Fey 1 Exn) + = 5 (45)
2

We will control the probability involving the terms where X!® appears, and the ones involving X" can be bounded
similarly. To this end, consider the random variable

def left left r
Z = max max (X5, — X - =
ref0n/ 2kl refl . k| 2Kt TZkitr o
and notice that for every t € N and r € {1, ..., k}, the difference Xlzekfg X]Z";f} 4y conditioned on the value of Xlzekf; is a
hypergeometric random variable with parameters (7, Xlzeg r),i.e.
(8 (el
left left . ylefty J r—j .
P(sz Xoktar = J|X2kt) = T, where j € {0, 1,...,r}. (46)
r
Therefore, on E, y, we have
left
left left efy T [P X T k| ee 1
E(Xak — Xai4r1X3k1) — =1 T2 = 5 S = o(vk)

and thus, by the triangle inequality,

1
P(Z > Kpy/klogn| Exy.qy) < IE”(Z’ > Sxovk logn‘EKLw), 47)
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where

7 def left left left left left
Z ze[orr«l/?r)f/zk ,max Xer = Xonr1r — B(X5e — Xair 4, 1Xo0r) |-

By symmetry of the event E, y,, it suffices to bound

<Z > 1(2,/k10gn’E,<2 Y])

where

left left left Xleft left

max max Xy, — X —E(X X5 ).
1€0, 11/ 2k] refl... k} 2kt 2kt+r (Zkt 2kt+r 2kt)

7" def

def . o
Let Hy , = Xt — xleft - Then, for every & € (0, 00), Jensen’s inequality gives

exp(hE(Z"|Ex, 1)) < E(exp(hZ")|Ex,.1)

vin/2k] &
= Z ZE(eXp(h(HW - E(Hf,r|xlzekf;)))|EKz,Y1)
t=0 r=1
Lvin/2k] &k
= 3 DB~ E(H D) s, X)) (48)
where the last equality is the tower property of the conditional expectation. Fix t € {0, ..., [yin/2k]}and r € {1, ..., k}.
On Ey, y,, we have Xlzekf; 5 — K24/, 5 +%2.4/n) and, moreover, P(Ex, ) 2 1, since ky > 100K%62Y1. Consequently,

B(exp(h(H, —E(Htr|x53::))>wm,w,xasf;>
< E(exp(h (., — B, ) Pt < (5 — o & + o) “9)

Recall that H; , = Xlzekt; Xlzekf} 4 18 ]distributed according to the hypergeometric distribution with parameters (7, Xlzekf;, r)
eft

when conditioned on the value of X;,. Therefore, it is well known (see [11, Section 6] or [20, Theorem 2.2]) that since
k=o(n),

E(exp(h(H” — E(H,,IX5)) (x‘;,f} (g — Ko/, g + K2ﬁ>> < exp(h?r/16) < exp(h*k/16), (50)
which, combined with (48) and (49) gives
exp(hE(Z"|Ex,y,)) S vinexp(h®k/16).

Taking logarithms and dividing by &, we deduce that

E(Z"|Egyy) S logn |k = Vklogn, (51)

h

for h < log" . Finally, by Markov’s inequality, we get

E(Z//lEKz E(Z"Ex, ) OD 1

1
P( 7" > ~1/klo ‘E .
( > grevhklogn|Boy ) S =7 S g

As explained earlier, this implies that

1
P( X2, YllEKZ Yl) S K_2’
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which combined with (45) completes the proof of (41). To deduce (42) from (41), notice that

left left left left right right
X2kt X(21+1)k+r_(x2kt X(2t+1)k) (XZkt _X(2t+1)k+r)’

hence

(.U

[0,yin/2k] rel, ...,

left left
X2kt X(2t+1)k+r

kor >m}1x)

left _ yleft r right | right 1 (4]) K%ezy'
<p( U Kokt = Xakirr = 5|V Ko~ X@siprr — 5| > 7K2vklogn ‘XO S~ T
te[0,y1n/2k] 2
re(l,...k}
which concludes the proof of the lemma. (]

Combining Lemma 8 with Lemma 9, we deduce the following proposition.

Proposition 10. Let (X;), (Y;) be two independent copies of the Bernoulli-Laplace chain with k = o(n) swaps such that
X0, Yo € (5 — K1/n, § 4 K14/n) for some K1 € (0, 00). For k3 € (0, 00), consider the stopping time

T (K2) défmin{t X, — Y| < 2k2/klogn and X, Y, € (g S~ % +Kgﬁ> } (52)

Then, for every Y1 € (0, 00), we have
2 2Y1
Yin K1 Kie
P(t2002) > L[ X0, Yo) S (53)
( k NATEEER V!
Proof. Consider the events Ex, v, and F, 4, of (43) and (44) as well as
def lef lef -r
Gy = m ﬂ { Xokt = XGrthsr = —5—| < K2y kl(’g"}
€l0,yin/2k] ref{l,...,
and
def

Hy, = {Tmatch < Y11}

Then, by equations (25), (37), (41) and (42), we have
2021
c c c c K1 Kie

P(Eg, 4 U Fg, 4 UGE, 4, U Hy 1 X0, Yo) S SEY e (54)

We now claim that
Yin
E,p N Fey NGy NHy, S {T2(K2) = 7}, (55)

which, along with (54), proves (53).
To see this, suppose that the events Ex, v,, Fx, v, Gx,,y, and Hy, occur simultaneously. In particular, Tmaich < Y17. Let
7 = Tmatch (mod 2k) and notice that if » = 0, then

left left
X‘fmatch/zk XTmatCh Tmatch Yrmatch/Zk ’
which in particular implies that T2 (x2) <<in/2k. We can therefore assume that r € {1, ...,2k — 1}.
First, suppose that r € {1, ..., k}, in which case Xl‘zfmh = Ylfrifmh Then, since F, y, occurs and also the inequality

[ Tmatch/2k] < y1n/2k holds, we get

left left
X e /26 = Y ltmaen /2601 = X0k ten /26 — Xtmaien — 2‘ +

lefi lef r
Y2k /26~ Yo — 5 | = 2K2v/ K logn,

which implies that 12 (K2) < y1n/2k.
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Ifref{k+1,...,2k — 1}, it could be that either lenfzmh = erif:.mh or Xiﬂzh = Y?jzzh. In the former case, using the fact
that Gy, y, occurs, we deduce that

k—r
left left
|XLTmatch/2kJ - YLTmatch/ZkJ | = Xzek [ Tmatch/2k ] - X’Ciqawh - 2

<2Kp+/klogn

and in the latter case, because Fy,y, occurs,

left _yleft k—r
2k | Tmatch /2k ] Tmatch 2

+ 1Y

__ |y right right
| X e /260 = ¥ maien/260 L = X 5 /26) — Y26 /28]

right right r—k right right r—k
= Kok tmae /26~ Xtmateh 5 ' 1Y ok L taen /2]~ Y Tmaten 5| = 2K2v/klogn.
The above complete the proof of the claim (55) and (53) follows. U

Remark 11. A more straightforward application of Lemma 6, shows that under the assumption that the initial states
satisfy Xg, Yp € (% — K14/, % + K14/n) for some ¥ € (0, 00), the difference | X; — ¥;| will become at most O (k) within
O (%) steps. Notice that this improves upon Proposition 10 in the range k S logn.

We can clearly assume that k < /n, since otherwise already | X — Yo| < k. Suppose that Xy > Y and consider the
stopping time

7 min{t : X, — v, < 4k). (56)
Since for every ¢ > 0 we have
1 Xi+1 — Xelloo = Y41 — Yilloo = 2K,

it is clear that Xg > Y5 and thus | X5 — Y7 | < 4k. Similarly to the proof of Lemma 8, consider the truncated stopping
time
n

X —3

(=%

~ def .
7 < 7 Aminlt: max
rel0,7]

Y, —

n n
5> z} oD

and notice that, by (25),
IP’(T - “7”()(0, Yo) ,SIP’('f > 717”‘)(0 Yo> +

Now let W; = X; — Y; and Z; = W; 4. It follows from the discussion above that Z; > 0 for every ¢ > 0 and furthermore,
if t < T, then

K2€4’YI

(58)

17 2k
E(W4115) 2 (1 - —)(X, —Y) <X, — Y, =W,

n

where ¥; = 6(X,, Y;)r<;. In other words, (Z;) is a non-negative supermartingale. As in the proof of Lemma 8, a straight-
forward calculation involving the eigenvalues of the chain shows that for r < 7, we have

Var(Wy4115,) > k.

Therefore, Lemma 6 applied to the stopping time 7 shows that for u 2 k, we have

~ K1/
P(T > u|Xo, Yo) S .
Vku

Thus, since % > k, we deduce that for y; € (0, 00),

~ _Tn K1
P(7 > 2%, Y0 ) S —,
( - °>”w—1
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which combined (58) proves the claim. In Remark 14 below, we explain why this observation is sufficient to show that
the Bernoulli—Laplace chain with k swaps exhibits cutoff for k = n°!) but it appears that the more delicate treatment
of Lemma 8 and Lemma 9 is needed for asymptotically larger values of k, e.g., to preserve the non-negativity of the
supermartingale (Z;).

3.3. Getting at distance 0(«/%)

Let (X;) and (Y;) be two instances of the Bernoulli-Laplace chain with k = o(n) swaps. In this subsection we will show
that if (X;) and (Y;) are coupled according the coupling of Section 2.1 after the stopping time T (x2) of Proposition 10
then with high probability the difference |X; — ¥;| will become asymptotically smaller than ~/k within 7 loglogn steps.

Lemma 12. Ler (X;) and (Y;) be two instances of the Bernoulli-Laplace chain with k swaps, coupled as in Section 2.1,
such that Xo, Yo € (5 — K24/n, 5§ 4 K24/n) and | Xo — Yo| < x2/klogn for some k3 € (0, 00). For 3 € (0, 00), consider
the stopping time

t306) Emindz X, — v, < and X,, Y, € [ 2 —s/nogm)?, & +x3/m(logn)? ) b (59)
loglogn 2 2
Then, we have
2
n K2
IP’(‘C3(K3) > — loglogn‘Xo, Y0> S5 (60)
k K3

Proof. Recall that we assume that k < 5. Following the notation (11) of Proposition 2, let

vk def Vk
Tcoup]e(7> = mln{t Xy =Y < }

loglogn loglogn

Then, by (12), we know that

% % — k % loglogn
P<Tcouple(L> > zloglogn Xo, Yo) < <1 — L) K2+/lognloglogn

loglogn k n?
k\  loglogn K> loglogn
<{1-—- K2+/lognloglogn < ———. 61
_< n) 2v/lognloglogn < Togn (61)

Also, notice that by the definition of 13(k3), we have

n Vk n
{‘C3(K3) > %loglogn} - {Tcouple<m> > Eloglogn}
n
2

uu{

t€l0, § loglogn]

Yl_

> Kgﬁ(logn)z}.

Finally, by (26), we derive the estimate

2
K
P U X, — 2y = L s xa/mogn)? ‘Xo, Yo) < 22,
2 2 2
t€l0, ¢ loglogn] 3
which along with the last inclusion and (61) imply (60). ([l

For technical purposes, it will be important to know that |X; — ¥;| = 0(\/1;) and |X; — %l VY — %l = 0(/n)
simultaneously, instead of the weaker bound |X; — 5|V |Y; — 5| = O(y/n(log n)?) which was shown in Lemma 12. This
refinement is achieved in the following proposition.
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Proposition 13. Let (X;), (Y;) be two instances of the Bernoulli—Laplace chain with k swaps, coupled as in Section 2.1
such that Xo, Yo € (5 —x3y/n(logn)?, % +x34/n(logn)?) and | Xo—Yo| < 1og£gn for some K3 € (0, 00). For k4 € (0, 00),
consider the stopping time

: %
ty(ke) S mindr: X, - Y] < and X;, Y, € ( 5 = xav/n. >+ kav/n ) 1. (62)
loglogn 2 2
Then, we have
2n 1
P( (k) > 71oglogn‘xo, Y )< 5. 63)
K

4

Proof. Observe that, by the monotonicity property (9) of the coupling, for every r > 0 we have

Vk
|1 X, = Y| <
loglogn’
therefore
n n
r4(1<4)=min{t:Xt,Yte <§—K4ﬁ,§+mﬁ>}. (64)

Also, using (15) we get that for r > 27” loglogn,

2% Zk—"loglogn
(1)
n

and the same holds for ¥;. Combining this with (64) we deduce that

2
< Favillogn)” _ 65)

n
E(X,|Xo) — = — =
‘(x| 0) > 0 = logn)?

2n 1
IP’(14(K4) > 71oglogn‘xo, Y0> < P(]x,* —E(X+|X0)| V |V — E(Y;+|Y0)| > Em«/ﬁ‘Xo, Y0>,

where t* = zk—” loglogn. Finally, it immediately follows from the proof of Lemma 4 that also Var(X;|X¢) < n for every
t > 0, thus by Chebyshev’s inequality

Var(X,<|Xo) _

K4

(|Xz*—E(Xz*IX0)|> SRa/|X )

1
_2
Ky
and similarly for (Y;); thus (63) follows. O

Remark 14. Recall that in Remark 11, it was shown that if X, Yj € (% — K17, % + K14/n) for some ¥ € (0, 00), then
within O(%) steps, the difference | X, — Y;| will become at most O (k). An argument identical to that of Lemma 12 shows
that if (X;) and (¥;) are coupled according to the coupling of Section 2.1 and | X — Yo| < k, then within O (7 logk) steps
t, we will have X; = Y; with high probability. By standard considerations (see, e.g. [15, Chapter 5]), this implies that the
mixing time of the Bernoulli-Laplace chain with k swaps is

n
tmix < 1% logn + 0 (E log k). (66)
Therefore, this simple argument is sufficient to prove that the chain exhibits cutoff at ;z logn with window of size 7 logk

when logk = o(logn) or, in other words, k = n°1). Notice that the size of the Wmdow given by this approach is better
than the one claimed in Theorem 1 when k < (log n)0M,

3.4. Proof of Theorem 1

We are now in position to complete the proof of the main result of this article, namely Theorem 1. The simple main idea
is the following. Fix x4 € (0, 00). If a starting point X¢ € (5 — K4/1, 5+ Kyq+/1) is fixed, then the distribution of X7 is
approximately a Gaussian with mean X¢ + 0(«/%) and variance of the order of k. Similarly, under the same condition for
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Xo Yo

Xo Yo

Fig. 1. The approximate distributions of X; and Y; for r = 1,2 if | Xg — Yp| < v/k.

Xo Yo

Fig. 2. The approximate distributions of X and Y if | Xo — Yg| = o(~/k).

Yo, the distribution of Y] is approximately a Gaussian with mean Yo + o(+/k) and variance proportional to k. Therefore,
if | Xo — Yo| = o(+/k), then X and Y; have to be o(1)-close in total variation distance (see also Figures 1 and 2). To make
this intuition precise, we first show a lemma based on the work [5] of Diaconis and Freedman, where they studied the
total variation distance of sampling with and without replacement.

Lemma 15. Let Xo, Yo € (5 — K44/n, § 4 %4./n) for some x4 € (0, 00). Then,

X1 = Yillrv S1IB1 — Balltv + K4\/§ (67)
where By ~ Bin(k, %) and B, — (Xo — Yo) ~ Bin(k, %).
Proof. By the definition of the Bernoulli-Laplace chain, we have that

X1 —Xo=H — Hy, (68)

where H; ~ Hyper(n,n — Xo, k) is the number of red balls removed from the right urn and H, ~ Hyper(n, Xo, k) is the
number of red balls removed from the left urn and H; is independent of H;. Similarly, Y1 — Yo ~ H3z — Hy, where H3 ~
Hyper(n,n — Yo, k) and Hq ~ Hyper(n, Yy, k) is independent of H3z. Consider binomial distributions M| ~ Bin(k, %),
M, ~ Bin(k, 1 — £0), M3 ~ Bin(k, 20) and M, ~ Bin(k, 1 — 22). According to [5, Theorem (3)], for every i € {1,2,3,4},

4k
|H; — MillTv < P (69)

Moreover, if B ~ Bin(k, %), it is well-known (see, e.g., [17]) that

k ; (70)

1 Xo
n n

||M1—B||Tv§\/];'§—— S

~

since Xg € (% — K4/, % + K4+/n) and the same holds for M,, M3, M4. Combining (68), (69) and (70), we deduce that
if By ~ Bin(k, ) and B, — (Xo — Yo) ~ Bin(k, 1), then

k k k
||X1—Y]||TV§||BI—BZ||TV+;+K4 ;,S”BI—BZ”TV‘FM s
as we wanted. O

We will also need the following simple computation.
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Lemma 16. Let By, By be two random variables such that By ~ Bin(k, %) and By — g(k) ~ Bin(k, %)for some function
g(k) € Z with g(k) = o(~k) as k — 0o. Then,

IB1 — Balltv =0(1), ask— oo. (71)

Proof. Let

Mx )dif< )Zlk xe{0.1,....k}

be the law of B; and

ef k 1
vir) <x B g(k)> 7 xefe®.gl+ 1. gk) +k)

be the law of B;. A straightforward computation shows that there exists a point x* € {g(k), ..., k} such that p(x) > v(x)
if and only if x < x*. Therefore,

x*

1
I1B1 — Balltv = ) _ (1(x) —v(x)) = P<x* —g(k) < Bin(k, 5) < x*)

x=0

gy . 1Yk _g(k) g(k) _ Bin(k, ) — g(k) _

where the first inequality follows from the unimodality of Bin(k, %) and the last equality follows from the central limit
theorem, since g(k) = o(v/k) as k — oo. O

Proof of Theorem 1. We can clearly assume that k — oo as n — oo since the case k = O(1) is covered by Remarks
11 and 14. Let (X;) and (Y;) be two instances of the Bernoulli-Laplace chain with X¢ € {0, 1, ..., n} being fixed and
Yo ~ m,,. Combining Lemma 7, Proposition 10, Lemma 12 and Proposition 13, we see that if T4(i4) is defined by (62),
then for every K1, K2, K3, K4 € (0, 00),

2e2M 2
IE”(T4(K4) > :—klogn + 3%loglogn + YITn‘XO, Yo) N KL% + % + 1K2 + E—é + Kiﬁ (72)
Choosing x| =< 711/4, =K 263 k3 =< Kpe!! and K4 < Y, we finally get
(14(yl)>—logn+3—loglogn+—‘X0, Y()) —i—i—i-i—i-i,ﬂ ! . (73)
VI Ym e Y
Moreover, Lemmas 15 and 16 imply that
1 Xty)+1 — Yeu+1lltv =o(1) - asn — oo, (74)
therefore a combination of (73) and (74) yields that for every x € {0, 1, ..., n},
tzilogn+3—nloglogn+w—n = ||P,X—Ttn||TV§L, (75)
4k k k SN
or, tmix(¢) < gz logn + ¢ 3n loglogn 4+ O( 4k) which completes the proof of Theorem 1. (|
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