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Our main result is to prove almost-sure convergence of a stochastic-
approximation algorithm defined on the space of measures on a noncompact
space. Our motivation is to apply this result to measure-valued Pdlya pro-
cesses (MVPPs, also known as infinitely-many Pélya urns). Our main idea is
to use Foster—Lyapunov type criteria in a novel way to generalize stochastic-
approximation methods to measure-valued Markov processes with a noncom-
pact underlying space, overcoming in a fairly general context one of the major
difficulties of existing studies on this subject.

From the MVPPs point of view, our result implies almost-sure conver-
gence of a large class of MVPPs; this convergence was only obtained until
now for specific examples, with only convergence in probability established
for general classes. Furthermore, our approach allows us to extend the defini-
tion of MVPPs by adding “weights” to the different colors of the infinitely-
many-color urn. We also exhibit a link between non-“balanced” MVPPs and
quasi-stationary distributions of Markovian processes, which allows us to
treat, for the first time in the literature, the nonbalanced case.

Finally, we show how our result can be applied to designing stochastic-
approximation algorithms for the approximation of quasi-stationary distri-
butions of discrete- and continuous-time Markov processes on noncompact
spaces.

1. Introduction. Measure-valued Pdlya processes (MVPPs) are a generalization of
Pdlya urns to the infinitely-many-color case. P6lya urns date back to Pélya and Eggenberger
[29], and have been thoroughly studied since then; highlights include, for example, the sem-
inal works of Athreya and Karlin [3] and Janson [37]. Although the question of generalizing
Pélya urns to infinitely-many colors was posed in 2004 in [37], MVPPs were only introduced
recently by Bandyopadhyay and Thacker [5] and Mailler and Marckert [45]. In both papers,
MVPPs are coupled with branching Markov chains on the random recursive tree.

The main idea of this article is to use stochastic-approximation methods (in the spirit of
Duflo [28] and Benaim [7]) to prove almost-sure convergence of a class of MVPPs; the main
difficulty comes from the fact that the stochastic-approximation algorithm that we consider
is defined on the space of measures on a noncompact space.

The stochastic-approximation approach is a classical method for the study of Pdlya urn
processes when the color-set is finite. For instance, in Section 2.2 of Benaim [7], the author
introduces the reformulation of the classical Pélya urn model in terms of stochastic approxi-
mations and provide some ideas for generalizations; in Laruelle and Pages [40], the authors
reformulate the study of several urn models in the setting of stochastic approximations, with
applications to clinical trials based on randomized urn models (see also Laruelle and Pages
[41] with applications to optimal asset allocation in finance and Zhang [62] with applica-
tions to adaptive designs); we also refer the reader to Pemantle [52], which provides a sur-
vey of random processes with reinforcement using stochastic-approximation methods. Since
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stochastic approximation naturally applies to processes in general state spaces, it is natural to
extend the above methods to the case of MVPPs.

Our main contribution from the stochastic-approximation point of view is to prove con-
vergence of a stochastic-approximation algorithm defined on a noncompact space, namely
the set of probability measures on the color-space (being an arbitrary Polish space). To our
knowledge, very little is known for measure valued stochastic-approximation algorithm on
noncompact spaces, with some exceptions such as [38] and [44]. In the first reference, Jan-
son deals with the compactness issue by proving that the considered model can be restricted
to finite subspaces; in the second one, Maillard and Paquette prove that a specific stochas-
tic approximation on the set of measures on [0, c0) converges almost surely, using an ad
hoc coupling with the Kakutani and the uniform process. Our generalization of measure-
valued stochastic-approximation methods to noncompact state spaces is made by using ab-
stract FosterLyapunov type criteria in an original way, yielding the tightness of the stochastic-
approximation algorithm.

Our main contribution to the theory of MVPPs is to prove almost-sure convergence for
a large class of MVPPs (instead of the convergence in probability shown by Mailler and
Marckert [45]). Furthermore, we generalize the definition of measure-valued P6lya processes
to allow different colors to have different “weights”, and to allow the so-called “replacement
rule” to be random (two features that are classical in the context of Pdlya urns). We are also
able to treat the “nonbalanced” case, which was not treated at all by Bandyopadhyay and
Thacker [5] or Mailler and Marckert [45].

We believe that the applications of our results go beyond the field of MVPPs: in particu-
lar, we detail an application to the approximation of quasi-stationary distributions. Consider
a Markov process that gets absorbed when it reaches a state 9. A quasi-stationary distribu-
tion (QSD), if it exists, is the limiting distribution of this Markov process conditioned on not
reaching 0 (we refer the reader to [21, 48, 56] for general introductions to quasi-stationary
distributions). Given an absorbed Markov process, it is in general a hard question to prove ex-
istence and uniqueness of a QSD; an even harder question is to find an explicit formula for it.
With many applications, including the study of interacting particle systems [23, 24], of pop-
ulation dynamics [15, 58], of the simulation of metastable systems [27] and of Monte-Carlo
methods [60], numerical approximation methods for quasi-stationary distributions have at-
tracted a lot of interest during the last decades (see for instance, [32, 34, 35, 46, 50]). A
recent method introduced independently by Benaim and Cloez [9] and by Blanchet, Glynn
and Zheng [13] makes use of a stochastic-approximation algorithm for computing quasi-
stationary distributions on finite state spaces. This method has been recently extended to
compact state space cases by Benaim, Cloez and Panloup [10] and Wang, Roberts and Stein-
saltz [61]. We show (see Section 2.3.3) that our result can be applied to prove almost-sure
convergence of such QSD-approximation algorithms for absorbed Markov processes taking
values on a noncompact space.

1.1. Definition of the model and main result. Throughout the article, E is a Polish space
endowed with its Borel sigma-field. A measure-valued Pélya process (MVPP) is a Markov
chain (m,),>¢ taking values in the set of measures on a Polish space E. It depends on three
parameters: its initial composition mq a nonzero nonnegative measure on E, a sequence of
i.i.d. replacement kernels! (R™),>1 on E, and a nonnegative weight kernel P on E. We
assume that:

(T-0) almost surely, for all x € E, R is a nonnegative measure.

A kernel (resp. a nonnegative kernel) on FE is, by definition, a function from E into the set of measures (resp.

nonnegative measures) on E. In particular, for all x € E, R is a measure on E almost surely.
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Given m,,, we define m, 4 as follows: pick a random element Y, ;| of E according to the
probability distribution proportional to m,, P, that is, for all Borel set A of E,

fE Px(A)dmn(x).

(1) P(Yn+1 GAImn)=f PE)dm, ()’
ELx n

and then set

R(n+1)

Mpy+1 =My + Vo1

Measure-valued Pélya processes were originally introduced by [5] and [45], as a gener-
alization of d-color Pélya urns, although they did not consider “weighted” MVPPs (they
always had P, = §, for all x € E). Let us recall the definition of a Pélya urn and show why
MVPPs generalize this model: A d-color Pélya urn is a Markov process (U (n)),>0 on N4
that depends on three parameters: the initial composition vector U (0), the replacement ma-
trix M, and weights wy, ..., wg € (0, 00). The vector U (n) represents the content of an urn
that contains balls of d different colors; balls of color i all have weight w;. Given U (1), one
defines U (n + 1) by picking a ball at random in the urn with probability proportional to its
weight, denoting the color of this random ball &, 1, and setting U(n + 1) = U (n) + Mg,,
where M1, ..., M, are the lines of M.

Ifwelet E={1,...,d}and m, = Z?:l U;(n)é; for all n > 0, then m,, is a measure-valued
Pélya process with replacement kernel

d
RY =Y "M,;8 (almostsurely foralln>0,1<x <d),
i=1

and weight kernel P, = w,d, forall 1 <x <d.

Therefore, the MVPP process (m,),>0 can be thought of as a composition measure on a
set E of colors, and the random variable Y, can be seen as the color of the “ball” drawn
at time n + 1. The main advantage of this wider model is that one can consider Pélya urns
defined on an infinite, and even uncountable, set.

Our main result is to prove almost-sure convergence of the sequence (m,/my,(E)),>0
to a deterministic measure under the following assumptions: We denote by R the common
expectation of the R™’s and set Q™ = R™ P for all n > 1, and Q = R P, meaning that, for
all x € E and all Borel set A C E,

(n) _ (n) —
0" (A) = /E Py(A)dR™(y) and Q,(A) = /E Py(A)dR.(y).
We assume that:

(A1) for all x € E, Q(E) <1, and there exists a probability measure p on R with posi-
tive mean such that, for all x € E, the law of Q' (E) stochastically dominates . In
particular, setting ¢; = [ x du(x),

O<c < ing Ox(E) <sup Qx(E) <1,
xe

xeE

(A2) there exists a locally-bounded lower semicontinuous function V : E — [1, 4-00) such
that:

(i) forall N >0, the set {x € E: V(x) < N} is relatively compact;
(i1) there exist two constants 6 € (0, ¢1) and K > 0 such that

Oy -V=<0V(x)+K (¥xe€kE),
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(iii) and that there exist three constants r > 1, p > % Vv 2, A > 0 such that

E[RV(E)]VE[QV(E)]<AV(x) (Vx€E).

Under Assumption (Al), Q is a nonnegative kernel such that sup, O,(E) < 1, so that
Q — I is the jump kernel (or infinitesimal generator) of a unique sub-Markovian transition
kernel (P;);>0 on E. We consider the continuous-time pure-jump Markov process (X;);>0
on E U {3}, where 0 ¢ E is an absorbing state, with Markovian transition kernel P; + (1 —
P;(E))&,. A probability distribution v is a quasi-stationary distribution of (X;);>o if, and
only if, there exists a probability measure o on E such that, for all Borel sets A C E,

Po(X: € A| X #0) —— v(A),
t—+00

where P, is the law of X with initial distribution c.

(A3) the continuous-time pure jump Markov process X with sub-Markovian jump kernel
Q — I admits a quasi-stationary distribution v € P(E). We further assume that the conver-
gence of Py (X; € - | X; # 0) holds uniformly with respect to the total variation norm on
{0 e P(E) |a- V4 < C}, foreach C > 0, where g = p/(p — 1).

Finally, we need the following technical assumption:

(A4) for all bounded continuous functions f: E >R, x € E+> R, fandx € E+> Qy f
are continuous.

Under these assumptions, we are able to prove almost-sure convergence of the renormal-
ized MVPP m,, :=my, /m, (E):

THEOREM 1. Under Assumptions (T~q) and (A1)—(A4), if mg-V < oo and mgP -V <
00, then the sequence of random measures (m,/n),=o converges almost surely to vR with
respect to the topology of weak convergence. Moreover, sup,{m, P - VY4 /n} < 400 almost
surely, where g = p/(p — 1).

Furthermore, if VR(E) > 0, then (m,),eN converges almost surely to VR/VR(E) with
respect to the topology of weak convergence.

REMARK 1. If R = Q, then the quasi-stationary distribution v is a left eigenfunction for
R, with associated eigenvalue 6y € (0, 1]. In particular, Theorem 1 implies that the average
mass of m,, that is, m,(E)/n, converges almost surely to 6.

REMARK 2. The main result holds under a weaker versions of Assumption 3: namely,
the total variation distance can be replaced by any metric inducing the topology of weak
convergence (Or a stronger one).

REMARK 3. To illustrate how this theorem applies, let us first consider the simple case
of a classical d-color Pélya urn of random replacement matrix M with no weights, where
(M™), is a sequence of ii.d. random matrices with nonnegative entries and mean M.
We assume that Zflzl M, ; >0 for all 1 <x <d and that M is irreducible. Let § =
maxff:1 Z?:l M, ;, and let m, = %Zflzl U;(n)s;, where U;(n) is the number of balls of
color i in the urn at time n. One can check that (m,),>0 isan MVPPon E = {1, ..., d} with
replacement kernel R = é Y4, M;’”l §i,foralln >0and 1 <x <d, such that R=M/S.

Note that, since we have no weights, R = Q. Let u be the distribution of miny¢(1, . 4 Xx,
where X1, ..., X7 are independent random variables respectively distributed as Q(ll)( E, ...,
Q(d”(E). Assumption (A1) is satisfied since w has positive mean ¢y < Q,(E) <1 for all
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1 < x <d. Assumption (A2) is automatically satisfied since the color space E is compact.
Consider the process X on E U {0} absorbed at d and whose jump matrix restricted to E is
given by M/S — I. Then, since M/S is irreducible, the process X conditioned on not hitting
d has a unique quasi-stationary distribution v =), v;§;, which is given by the unique non-
negative left eigenvector v of M /S — I and hence of M. It is also known (see, e.g., Darroch
and Seneta [22]) that there exists C, 8 > 0 such that | Py (X; € - | X; ¢ 3) — vty < Ce™ for
all @ € P(E), which thus implies (A3). Finally, Assumption (A4) is trivially satisfied since
E is discrete.

Thus, Theorem 1 applies, and we get that, almost surely when 7 tends to infinity, m, —
VR/vR(E) = v (with respect to the topology of weak convergence), and thus, U (n)/n — v,
a result that dates back to Athreya and Karlin’s work on generalized Pdlya urns [3].

REMARK 4. In the original Pélya urn model, the replacement matrix is the identity and
is not irreducible. In this case, there are several quasi-stationary distributions and thus As-
sumption (A3) fails. We may thus say that the equivalent of the irreducible assumption in
Athreya and Karlin’s result is our Assumption (A3).

In Section 2 we apply our result to many more examples, and, in particular, to examples
where the color space E is infinite, and even noncompact. Before that, in the rest of this
introduction, we discuss our result and its assumptions.

1.2. Discussion of the result in view of the existing literature on MVPPs. Our definition
of a measure-valued Pélya process is more general than the definition of Bandyopadhyay and
Thacker [5] and Mailler and Marckert [45]; indeed, their model can be obtained from ours by
taking R® = R almost surely for all i > 1 (deterministic replacement rule), and P, = §, for
all x € E (no weights). [5] and [45] also make the following assumptions:

(D 0 <mp(E) < +o0;
(B) forall x € E, R.(E) =1,
(E) there exist two sequences (ay,),>0 and (b,),>0 such that the Markov chain (W,),>0
on E of transition kernel (R, ) cfg satisfies
W, — b,

dn

=,

in distribution when n goes to infinity, independently from the initial distribution of Wj.
(R) the sequences (a,)n>0 and (by),>0 are such that, for all &, = 0(y/n), for all x € R,

b -b a
. n+x./n+e n . n+x./n+¢
lim y/nden 70 — f(x) and lim Fntxy/nten
n—oo an n—>oo an

=gx),

where f and g are two measurable functions.

The names of the assumptions are (1) for initial composition, (B) for balance, (E) for ergod-
icity and (R) for regularity. Under these assumptions Mailler and Marckert [45] prove that (a
slightly weaker version of this result is proved by [5]):

THEOREM 2 (Mailler and Marckert [45]). If (m,)n>0 is a MVPP that satisfies assump-
tions (1), (B), (E) and (R), then
) n~'my (atogn - +biogn) = I,

in probability when n goes to infinity, for the topology of weak convergence, where | is the
distribution of f(A) + g(A)®, where A ~ N (0, 1) and ® ~ v are independent.
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Note that Theorem 1 applies under (I), (B), (E) and (R) if we assume additionally that
ap =1 and b, =0, and it gives that

my
— — v almost surely,
n

which improves the convergence in probability of Theorem 2. Our theorem though does not
cover the cases of more general renormalization sequences (a,),>1 and (by)n>1.
In summary, our main contributions to the theory of MVPPs are to:

() remove the balance hypothesis (B) and replace it by the weaker (A1l);

(B) prove convergence almost sure in equation (2) when a, =1 and b, =0;

(y) allow the weighting of the different elements of E, and to

(8) allow the re-sampling of the replacement measures at each time-step in an i.i.d. way.

Our result was motivated by the classical Pélya urn theory (see, e.g., [37]), in which all these
features are standard. Since this paper was submitted, Janson [39] generalised Theorem 2 to
the random replacement case, thus treating (y) in that case. Also, Bandyopadyhay, Janson
and Thacker [4] prove almost sure convergence of a class of balanced MVPPs for which
the set of colors is countable and under a condition of strong ergodicity for the underlying
Markov chain, thus treating (8) in that case.

REMARK 5. A standard generalization of finitely-many-color Pdlya urns is indeed to add
weights (or activities): each color x is given a weight w(x), and, at every time-step, one picks
a ball in the urn with probability proportional to the weights (vs. uniformly at random in the
nonweighted model) and then applies the replacement rule associated to this color (see, e.g.,
[37]). In our model, if P, = w(x)dy, where w(x) is nonnegative, then

Jaw(x) dmy (x)
Jgw(x) dmy (x)”
which corresponds to weighting the color x by a weight w(x). The introduction of a weight

kernel is a generalization of the weight concept: one can for example see P as a noise on the
color drawn at random.

P(Yyr1 € Almy,) =

REMARK 6. Our model, assumptions and result can be easily adapted to the situation
where R is a kernel from E to an other Polish state space F and P is a nonnegative kernel
from F to E. The main point of this extension is to check that the proof of Theorem 1 mainly
makes use of the properties of the composed kernel QV. For instance, in the d-color Pélya
urn model (see the end of Section 1.1), if Z‘f:] M; ;>0 foralli €{l,...,d— 1} and if
Z?:] Mg, j =0, then one can choose E ={1,...,d — 1} and F = {1, ..., d} together with
the kernels Rl(’)j =R; j=M,;;/Sforall (i, j) € E x F and P;; = 1;46; forall i € F. In this
case, we thus have QS; =Q;j=M,;/Sforall (i,j) € E x E. If M restricted to E x E
is irreducible, we get that there exists a unique quasi-stationary distribution v on E for the
continuous time Markov process X with infinitesimal generator Q — I (see [22]). Hence,
using our approach to MVPPs in this slightly more general context, we get that the d-color
Pdélya urn converges almost surely, when n — 400, to vR/vR(E) (which is a probability
measure on F'), a result that can be found, for example, in [37].

REMARK 7. The main idea in [5] and [45] is to show a link between the MVPP of
replacement kernel R and the Markov chain of kernel R. This relationship breaks down
if the balance assumption is not satisfied since R is no longer a probability kernel but a
sub-Markovian kernel (we can assume without loss of generality that the upper bound of
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sup, Ry(E) is 1). Our main idea to relax the balance assumption is to add an absorbing
state d that “makes” the transition kernel Markovian; note that this idea is similar to adding
“dummy” balls in the finitely-many-color case (see [37]). The ergodicity assumption (E) then
naturally becomes Assumption (A3) that the Markov chain has a quasi-stationary distribution.

The link between Pdlya urns and quasi-stationary distributions already exists in the lit-
erature; for example, Aldous, Flannery and Palacios [2] apply the convergence results of
Athreya and Karlin [3] to approximating quasi-stationary distributions on a finite state space.
Our main result generalizes this work to the case of measure-valued Pdlya processes.

REMARK 8. Another difference with [5] and [45] is that Theorem 1 naturally covers
periodic transition kernels since we consider the continuous time process associated to it,
which is never periodic.

1.3. Discussion of the assumptions. In Assumption (A1), we assume that O, (FE) is uni-
formly bounded from above by 1. If the SUPremum K = SUP,c O« (E) is finite (but larger
than 1), one can consider the process defined by My = my /k for all n > 0. One can easily
check that s, is an MVPP with parameters RY=R9/k, P=P,and O = RP, and such
that mo = mg/k. Also, it satisfies Qx (E) <1 as in Assumption (Al).

For the lower bound, we assume that the random value Q{(E) stochastically dominates
an integrable probability measure i on R with mean ¢y > 0. This is used to prove that, for
any fixed ¢’ € (0, ¢1)

timint 725 o o

n——400 n
almost surely; this is done by a coupling argument (see Lemma 3). An alternative assumption,
which may be particularly useful when Q¥ (E) can take negative values as in Section 1.4
below, is that there exist c; > 0 and 8 > 1 such that

() e inf Qu(E)<sup Qu(E)<1 and sup E|QV(E) — Q.(E)[f < +oc.
xeFE

xekE

For instance, in the example developed in Remark 3, take £ = {1, 2} and

-1 0 1 2
M=o, (5 D) ra-en (i )

where (¢,),>1 is a sequence of i.i.d. Bernoulli random variables with parameter 1/2. Then
any probability measure p on E as in Assumption (A1) has nonpositive mean, so that this
assumption is not satisfied. However, Assumption (3) is satisfied with ¢; = 1.

Assumption (A2) is a Lyapunov assumption and is standard in the study of the ergodicity
of Markov processes. In Section 2, we show how to apply our main result to examples, and
therefore give examples of such Lyapunov functions. There is no general method to find Lya-
punov functions, except testing functions from classical families (polynomials, exponentials,
etc). For instance, for processes in Z, R or R? with a drift towards 0, exponential or power
functionals of the distance to O often prove to be useful. Sometimes, probabilistic arguments
can help find a Lyapunov function; indeed, if, for some 6 € (0, 1), E,[67¥] is finite for all
x € E (where tx denotes here the first entry time in a set K of a discrete-time Markov chain
with transition probability given by Q), then V : x — [E,[07K] satisfies Q, - V <0V (x) for
allxe E\ K.

When Q,(E) =1 for all x € E, the existence of a Lyapunov function for Q can be used
to prove the ergodicity of the Markov process X. More precisely, if compact subsets of E
are petite sets for X, then the existence of a Lyapunov function entails the ergodicity of X
(see Meyn and Tweedie [49], for the definition of a petite set and for the deduction that X
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is ergodic) and hence Assumption (A3). Note that our proof does not seem to generalize to
the case of a weaker form of Lyapunov function (satisfying, for instance, Q,(V) < V(x) —
V1/2(x) + C for all x € E), although those weaker forms are generally sufficient to prove the
ergodicity of the process.

When Q is a sub-Markovian kernel, it has been recently proved in Champagnat and Ville-
monais [16] that the Lyapunov condition (A2-ii), with additional suitable assumptions, can
be used to prove the existence of a quasi-stationary distribution v and to prove that the do-
main of attraction of v contains {& € P(E) | a - V'/4 < 00}. These criteria will be used
extensively in our examples. Note that this result, when applicable, entails the existence of
a quasi-stationary distribution v and the uniform convergence of Assumption (A3) in total
variation norm.

For conditions implying Assumption (A3), we also refer the reader to Villemonais [59]
where the case of birth and death processes is considered, to Gosselin [33], and Ferrari,
Kesten and Martinez [31] for population processes and the utility of the theory of R-positive
matrices in this matter. This is also implied by the general results provided in Champagnat
and Villemonais [17].

1.4. Removing balls from the urn. In the finitely-many-color case, it is often allowed to
remove balls from the urn, that is, the coefficients of the replacement matrix can be negative.
In Theorem 1, we have assumed that the measures (R, ),cg are positive, but we can in fact
consider situations where (R,).cg are signed kernels as soon as they satisfy additional as-
sumptions (which are already implied by conditions (A1)-(A4) when (R,) e are positive
measures). In Section 2, we give examples that fall into this special framework.

In this section, we assume that (R{) < is almost surely a signed kernel such that, for all
x € E, Qy restricted to E \ {x} is a positive measure and O, ({x}) € R. We assume that:

(T) for all n > 0, m,, is almost surely a positive measure.

In the finitely-many-color case, this assumption is called tenability. It is clearly satisfied when
Assumption (T () holds true. We refer the reader to [53], Definition 1.1-(iii), for a sufficient
condition for tenability in the finite state space case. As will appear in the examples section,
tenability is often naturally satisfied.

In the case when (R{) < is allowed to be a signed kernel, we need to replace Assumption
(A2) by:

(A’2) there exist a locally bounded function V : E — [1, +00) and some constants r» > 1,
y
p>2,q9g >q:=p/(p—1),0€(0,c1), K>0,A>1,and B > 1, such that:

(1) forall N >0, the set {x € E: V(x) < N} is relatively compact.
(i) forall x € E,

0,-V<0V(x)+K and Q, VY9 <ov'/ix)+K (Vxe€E).
(iii) for all continuous functions f : E — R bounded by 1 and all x € E,
Qs fFIY VE[|RY - f = Re- fI']VE[|Q? - f — Qi - "] < AV (),
(iv) and
10, - VYTV 0, - VIVE[| QY- V4 — 0, - V'] < BV (x).

Assuming in addition that Assumptions (A1), (A3) and (A4) are satisfied, the conclusions
of Theorem 1 hold true. Since the set of assumptions (T), (A1), (A'2), (A3), (A4) is actually
implied (see Lemma 1 below) by the assumptions of Theorem 1, we prove this result in the
more general situation of the present subsection.
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LEMMA 1. Assumptions (T=q), (A1)~(A4) imply Assumptions (T), (A1), (A'2), (A3),
(A4).

PROOF. The fact that Assumption (T o) implies Assumption (T) is straightforward. Fix
qg = p/(p — 1); using Holder’s inequality (¢ > 1) and Assumption (A2-ii), we get, for all
xekE,

(0« - VYT < Q(EY/PQ, -V <6V (x)+ K.
Using the fact that, by concavity, foralla <1 and u >0, (1 +u)? <1+ u?, we thus get
0, v/ < gl/qu/Q(x) + KV

To prove (A’2-ii), it is thus enough to show that 01/4 < ¢,. This follows since, by assumption
on p,

In(6/cy)
In6

Now we prove (A2-iii); first note that, since ¢’ :== p > ¢ > 1, we have, by Jensen’s inequality,
for all continuous function bounded by 1,

10, f17 <E[|QV - £]7] <E[Q"(E)Y] < AV (x),

where we have used (A2-iii). Similarly, for all »’ € (1, r], using the convexity of u u” and
Jensen’s inequality, we get that,

E[[RY - f —Re- f|"]<2""E[|RY - £" + Ry - £I]

1
—1n9:(1—1/p)1n9<<1— >ln9:lnc1.
q

<2"E[|RY - f"] < A2V (),

and similarly for E[|Q" - f — Ox - fIP].
It only remains to prove (A2-iv). We have, using Holder’s inequality, the fact that Qy is
nonnegative and the fact that V(x) > 1,

10, - VI/CI|61 = (0. - Vl/Q)fI < Qx(E)q/pr V<0V
<OV(x)+K <O+ K)V(x).
Then, using the convexity of u +—> u”’ and Jensen’s inequality, we get that

EHQ;I) . Vl/q . Qx . Vl/q‘r/] < 2r,_lE[|Q$) X Vl/q|r/ + |Qx . Vl/q|r/]

< 2r/E[(QE\}) . Vl/q)r/]‘
Now, using Holder’s inequality, we obtain
oV vl < (QW". V)l/q Q;l)(E)l/p'
Using again Holder’s inequality, we have, setting @ = ¢ /r/,
E[(QS) . Vl/q)r’] < E[(Q;l) . V)%]l/wE[QS)(E)%](w—I)/w

where we used that — = = r/;q:r,l) < p for r’ small enough in (1, r]. Using Assump-
tion (A2-ii), we get E[Q{ - V] = O,(V) < (6 + K)V (x) and, using Assumption (A2-iii),

E[Q(E)P] < AV (x). We finally deduce that

E[(QV - V)" <@+ K +1+A)V(x),

where we have used that 1/@ + (@ — 1)/ = 1. This concludes the proof. [J
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REMARK 9. When Q,({x}) is not bounded uniformly in x, the infinitesimal generator
Q — I may not define a unique sub-Markovian transition kernel (P;);>¢, and hence a unique
pure jump Markov process X (in distribution). The problem of existence and uniqueness of
such a transition kernel has been considered in great generality by Feller in [30] and is also
studied in details in [19], Chapter 2. In our case, Assumption (A2-ii) and Theorem [19], The-
orem 2.25, imply that Q — I uniquely determines a sub-Markovian semigroup (P;);¢[0,+oc0)
and hence a unique jump-process X (in distribution). As a consequence, Assumption (A3) re-
mains unambiguous when Assumptions (Tx), (A2) are replaced by Assumptions (T), (A'2).

Plan of the paper. 1In Section 2, we apply Theorem 1 to several examples. In particular,
in Section 2.2, we look at examples that come from studying different characteristics (degree
distribution, protected nodes) in random recursive trees or forests. In Section 2.3, we detail
the case when the replacement kernels are the occupation measures of Markov processes, in
discrete and continuous time, and show how one can apply these results to the numerical ap-
proximation of QSDs on a noncompact space (see Section 2.3.3). Finally, Section 3 contains
the proof of Theorem 1.

2. Examples.
2.1. Markov chains.

2.1.1. Ergodic Markov chains. In [45], the following example is treated: take £ =N :=
{0,1,2,...},fix 0 < A < u, and set

A
_xu—i—k

Rx 6x+1 + 1

Sx—
xpu 4+ A *

for all x # 0, and Rg = ;. This example is not weighted, meaning that P, = 3§, forall x € E,
and balanced since R, (E) =1 for all x € E. Note that the Markov chain of transition kernel
R is the M /M /oo queue. Theorem 2 implies that this MVPP satisfies

n'm,—y in probability,

where y is the stationary measure of the M /M /oo queue, that is,

A\Y A1
) ¢ (Vx € N).

J/(x)=(; 2

Let us show how our result implies almost-sure convergence of this MVPP. Note that, in
this example, the R® are deterministic and equal to R, P, = §,; therefore, Q" = Q = R
(Vi > 1). Since R, (E) =1 for all x € N, then (A1) is satisfied (we can take u = §;, and thus,
c1 = 1). Assumption (A2) also holds: one can take V (x) = e*, implying that

)»ex'H ex—l )\.62 )\Cz
R, - V= e = +,uxex_1=7+,ux V(x).
A4 ux A4 ux e(A + ux)

Note that

rer+ux 2 )

—_—<- & x> —,

e(A+pux) e "
therefore,

R, - V<0V(x)+K,
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where 0 = % €(0,cy) and K = SUP, <)(e2—2) /1t R, - V. Also note that, for all r, p > 1, we
have

ERY(E) VEQV(E)” = Ri(E)' V Ry(E)’ =1,

implying that (A2-iii) holds. Since the queue M /M /oo is ergodic with stationary distribution
y, we can infer that the continuous-time Markov process of generator R — [ is also ergodic
and the domain of attraction of y is P(N). Moreover, the same procedure as in the proof of
Lemma 1 shows that, for any ¢ > 1, Q, - VV/4 <09V (x) + K'/4, where 6!/ < 1. This
and the Foster—-Lypanuov type criteria of [49] provide the uniform convergence to v required
in Assumption (A3). Finally, since N is discrete, (A4) is trivially satisfied. Thus, Theorem 1
applies and we can conclude that if 3", e*mq (k) is finite, then

n'm, >y almost surely when n — oo.

2.1.2. Quasi-ergodic Markov chains. Let us now consider the more general case where
E =Nand, forall x € E,

Ry = Axdxy1 + Uxbx—1,

where (Ay)y and (uy)y are families of positive numbers such that puo = 0, A9 > O,
infy>1 px > 0, sup, py < 00 and A, = o(uy) when x — +oo. In this situation, the MVPP
is not weighted, so that P, = 8, and Oy = R, for all x € E, and it is not balanced (hence
Theorem 2 does not apply).

We assume, without loss of generality, that sup, (A, 4+ ) = 1, so that O, (E) <1 for
all x € E. Let u be the Dirac mass at inf, (Ay 4+ ), which is positive. Assumption (A1) is
satisfied with this choice of i, and ¢; = infy (A 4+ ). Let

V(x) =e** witha > 0such thate™® < c;/4.
Assumption (A2-i) is clearly satisfied, and (A2-ii) can be checked easily: for all x € E,

Oy V= )\xea(x—H) + Mxea(x_l) = V(x)()»xe“ + ,vae_a)

A A
< V(x)sup My(—xea + e“) < V(x)(—xe“ + ﬂ)
Yy Mx Mx 4

<0V(x)+K,

where 6 = 5 and K = max{V(y)( 2y e’ 4 ), with y s.t. 7Xe? + Z > 5} (note that this
last set is ﬁmte by assumption and hence that K < 00). Smce R (E) 0O, (E) is uniformly
bounded from above, (A2-iii) is trivial for any fixed p > 2V - 9 lnc . Assumption (A4) is
also clearly satisfied in this case since E is discrete.

The same procedure as in the proof of Lemma 1 shows that Q- V1/4 <9l/4v (x)+ K1/4,
where 0179 < ¢ since we fixed P> Glﬂfml . Now, using Theorem 5.1 and Remark 11 in [16]
for the irreducible process X with infinitesimal generator Q — I, we deduce that there exist a
quasi-stationary distribution vgsp for X and two positive constants Cst, § > 0 such that, for
all probability measure « € E, satisfying o - V14 < 400,

|Po(X; € -1t < T13) — vQsp| 4y < Csta - yl/ae=dr,

which entails Assumption (A3) and provides a candidate for the long time behavior of the
MVPP m,,/m,(E).
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Finally, using the fact that vosp(Q — I) = —Agvgsp for some Ao > 0 (this is a classical
property of quasi-stationary distributions, see for instance [56]) and hence that vospR is
proportional to vosp, Theorem 1 entails that if } ;- e®mo(k) is finite, then

my a.s. VQSDR
mp(E) n—>+o0 vospR(E)

= VQSD;
with respect to the topology of weak convergence.

2.2. Random trees. As discussed in Janson [37], Examples 7.5 and 7.6, infinitely-many-
color urns are particularly useful for the study of some functionals of random trees; we give
below two examples where our main result applies, and gives stronger convergence results.

2.2.1. Outdegree profiles.

DEFINITION 1. We define the out-degree profile of a rooted tree t as
OUt(T) = Z aoutdeg(v),
VET

where for all node v in t, outdeg(v) is the out-degree of v (i.e., its number of children).

Out-degree profile in the random recursive tree. The random recursive tree (RRT,),>1 is a
sequence of random rooted trees defined recursively as follows:

o RRT| has one node (the root);
e we build RRT,,4; from RRT, by choosing a node of RRT,, uniformly at random, and
adding a child to this node.

It is straightforward to see that the sequence (Out(RRT,)),>1 of the out-degree profile of
the random recursive tree is a MVPP on N of initial composition m = &g, and replacement
kernel

Re=—8;4+80+8s1 (¥x>0).

Note that the replacement measures R, are not positive, but the process satisfies Assumption
(T) by definition and thus this MVPP falls into the framework of Section 1.4. In this case,
P, =38,,and R"” = R = Q almost surely for all i > 1. Note that Q,(N) =1 for all x € N,
and, therefore, Assumption (A1) holds with © =61 and ¢; = 1.
Fix ¢ € (0, 1/2) and let V (x) = (2 — &)* for all x > 0; Assumption (A’2-i) holds, and we

have

Qi V=-0Q-'+1+Q2-" =1+ -V,
forall g € (1, 2],

0, - V]/q =—Q2- S)X/q +14+Q2- 8)()C+1)/q =14+ ((2 _ 8)1/4 _ l)V(x)l/q
<14+ -V,

since 1/g < 1 and 2 — ¢ > 1. Therefore, Assumption (A’2-ii) is satisfied with & = 1 — ¢ and
K = 1. Note that, for all continuous function f : N — R bounded by 1, we have, for all
q'€(,3]

10c - f17 < 1= f) + flx+ D] <37 <27V (x),
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since 1 < V(x) for all x € N. Therefore, since Q’ = R” = R = Q almost surely for all
i > 1, Assumption (A’2-iii) holds with A =27. Using again that V (x) > 1 for all x € N, we
have

10, - VI=14+(—-e)V(x) <Q2—-e)V(x),
and, for all g € (1, 2],
|0, - VYT < (1+ 1 —e)V(x)V)? <29V (),

since 2 — & < 2. Therefore, Assumption (A’2-iv) holds and so does (A’2); note that p can be
arbitrary in (2, 0c0), making ¢ arbitrary in (1, 2). Note that ¢’ is restricted to be in (g, 3].
One can check that the Markov chain of kernel (R, )< is ergodic, with unique stationary
distribution v, =27*~1 (Vx > 0). By [49], we obtain the uniform convergence to v required
in Assumption (A3). Finally, (A4) holds since E = N is discrete.
Therefore, Theorem 1 applies and gives that

4) n! Out(RRT,) — v weakly, almost surely when n — oo,

since VR = v. Different versions of this result can be found in the literature: Bergeron, Fla-
jolet and Salvy [12], Corollary 4, prove it using generating functions, Mahmoud and Smythe
[42] prove a joint central limit theorem for the number of nodes of out-degree O, 1 and 2,
Janson [37], Example 7.5, extends this result by considering out-degrees 0, 1, ..., M for all
M > 0, which implies (4). The approach of [42] and [37] relies on the remarkable fact that,
in that particular example, one can reduce the problem to finitely many types.

Our main contribution for this example is to prove the convergence in a stronger sense,
and thus answer a question of Janson (see Remark 1.2 [38]). Indeed, Theorem 1 also gives
that, for all ¢ € (1, 2),

Out(RRT
n

n

since P, = §, for all x, in this example. Therefore,

PROPOSITION 1. Foralle € (0,1/2), forall g € (1, 2), for all functions f : N — R such
that f(x) =o0((2 — &)*/9) when x — 00, we have

1 o
— / f dOut(RRT,,) — Z 2_x_1f(x) almost surely when n — o0.
n

x=0

Our approach also has the advantage of providing a framework that can be easily general-
ized, as, for example, in the next application to which Janson’s finitely-many-types approach
wouldn’t apply.

Out-degree profile in a random recursive forest with multiple children. Let us now con-
sider the following generalization of the random recursive tree studied above. The random
recursive forest (RRF,),>1 with multiple children is defined as a sequence of random rooted
forests defined recursively as follows: consider a probability measure @ on {—1} U {1, 2, ...}
(with 0 < ¢_1 < 1) and a probability measure § on {1, 2,...};

o RRF; has one node (the root);
e we build RRF,, ;| from RRF,, by choosing a node of RRF,, uniformly at random, and, if
this node has at least one child,
— with probability «_1, remove the edge between the node and one of his children (hence
forming an other tree in the forest),
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— with probability o (k > 1), add k children to this node,
while, if this node has 0 child, with probability B; (k > 1), add k children to this node.

We define Out(RRF,)) as the sum of the out-degree profiles (see Definition 1) of the trees
composing the forest RRF,,.

PROPOSITION 2. Assume that o and B both admit an exponential moment of order A,
for some fixed A > 0. There exists a probability distribution vosp such that, for all g € (1, 2),
for all a > 0 satisfying

+00 00
Z age™ <2 Z o,
k=1 k=1

and for all function f : E =N — R such that f(x) = 0(e“*/?) when x — oo, we have
d Out(RRF,)

(5) fm — / fdvgsp almost surely when n — oo.

PROOF. It is straightforward to see that the sequence (Out(RRF,)),>; of the out-degree
profile of the random recursive forest is a MVPP on N of initial composition mg = &g, and
random replacement kernel given, for all x > 1 by

RO — —8y +6,_1 with probability o1,
o —08x + k8o + 8x+x  with probability oy, for all k£ > 1,

and
R(()i) = (k — 1)8¢ + 8¢  with probability By, for all k > 1.

In particular, for all x > 1,

00 00
Ry =—6, + Z koo +a—18x—1 + Zakax-i-k,
k=1 k=1

and
o0 o0
Ro=) (k— Do+ D _ Bid.

We deduce that, for all x > 1, Ry(E) = My = > jenu(—1y [klak (the first absolute moment
of a) and Ry(E) = Mg := ) ;cn kP (the mean of B). From now on, we consider the MVPP
M

m with replacement kernel R := - R, where M = M, v M. Although the replacement

measures R are not positive, the process satisfies Assumption (T) by definition and thus this
MVPP falls into the framework of Section 1.4, with weight kernel P, =8, and Q¥ = ﬁR)(C”
for all x > 0.

For any fixed p >2 and ¢ = ﬁ €(1,2), we have, foralli > 1,forall x > 1,

k
Q;”(E) _1 with probability oy, for all k > 1,
0  with probability o_1,
and Qg)(E ) = k/M with probability B for all £ > 1. Thus, if we set
o
w=a_18 + (Z Otk)(sl/M,
k=1
we get that c; = [xdu(x) = Y 4> ox/M > 0, and thus Assumption (A1) holds.
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Let us now check that (A’2) holds with V (x) = e%*, where a € (0, A) satisfies
+o00 00
Z are™ <2 Z Q.
k=1 k=1

Assumption (A’2-1) is straightforward. Moreover, we have, for all x > 1,

) —1 2 | kay 1 R
0, V= VV(x) + TV(O)+ Moz_1V(x -+ M};akV(x + k)

1 =
< —<—1 +a_je+ Zakeak>V(x) +1
M k=1

< Zkzl e — Zkzl Ok
- D k=1%%

aVx)+1,

ko1 ke =3 o

where
D ok=1 0%

< 1 by assumption. Similarly,

_ 1 T
0 Vi< M<_1 +a_je Zakeak/q)Vl/q(x) +1
k=1
Zkzlakeak - Zkzlak
< C

< S o VY00 41,
k>1

ak __ -
so that (A’2-ii) is satisfied with 6 = Liz] agma%kzlak c1 €(0,c1)and K =1V Q- V. For

all x > 1, for all ¢’ > 1, and for all function f : N — R continuous and bounded by 1, we
have

q/
PO e fx—1) + (Z kak)f(o) Y e fx+ k)]

k>1 k>1

- / 1
10x - fI? =7
(6)

< ATV (0),
where Ay =1V 3+ M, /M), since V(x) > 1 for all x > 0; we also have

100 f19 = — (Z(k _ 1)ﬁk>f(0) Y B

= 7
M k>1 k>1

Mg\?
<|—) <1=<A,V(0),
M

(7

since V(0) > 1 and A{ > 1 by definition. We also have that, for all r > 1,
E[[RY - f = Re- fI'T<P(RY - f = Re - f| < ) + 2 'E[|RY - f|" +|Rx - f1']
<14 277'E[|RY - fI"]+ 27 1ATV (v),

because of equations (6) and (7) applied to the special case ¢’ = r. Note that

B[Ry - £']
= %|—f(x) + =D+ a—A;|—f(x) FRFO) + fx+ 0]
k=1
= 2ra_1 + Zkzl(z +k)rak = A2,r < +Oos

- M
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since o admits an exponential moment, and therefore has finite polynomial moments. There-
fore, using again that V' is bounded from below by 1, we get that

E[|[RV - f—Re- fI']<(1+27 A1 + 277145, )V (),

for all x > 1. A similar reasoning, using that 8 also has exponential moments, implies that
E[|IR) - f—Ro- f|']< (1+2771 A1 +277" 43 ,) V (0),

where A3 = Y| Bik”. Since R” = O almost surely, we obtain
E[|07 - f = Qo- fI"] = (1+2P71 A1 +2P71 43,V (0).

Therefore, setting A =1+ 2r=1A 4 21’_1(A2’r V A3, V Az ), we can conclude that As-
sumption (A’2-iii) holds.
Finally, let us check Assumption (A’2-iv): for all x > 1, for all £ > 1 and s <2, we have
1 = *
10, - VIV = W‘—V(x)w + VO +oa Ve =DV Vi + k)l
k=1

1 400 N
(8) < ﬁ<2+a_1 +k§ake“</‘f) V(x)*/*t

Ak s

< (M) V(_x)s/g’
M

and, for all r € (1, q),

. 1
EHQ;) . Vl/q’V] — W((x_l‘_eax/q +1 +ea(x_1)/q‘r
+00
4 Zak|_eax/q iy +ea(x+k)/q|r)
©)
1/
- Vix)/4
=T

<Ol—13r + 31 Zak(l + k1 +eak)>
k>1

<B V)1,

where B| = 3%(a_; + D i1 k(14 K+ e)‘k)/M < +00. Similar calculations hold for x = 0;
we thus now reason as if equations (8) and (9) also hold for x = 0. Applying equation (8) to
£ =5 =1 gives that |Q, - V| < B,V (x) for all x > 0, where B = (3 + Zkzl akekk)/M.
Applying equation (8) to £ = s = ¢ gives that |Q, - V1/9|7 < B3V (x)!/4 for all x > 0, where
B3 = (24> 1> axe*®)/M)4. Finally, applying equation (8) to £ = g and s = r, and using
equation (9), we get that

BIQY V11— G-Vl ]

<2 E[I0Y VYT E[Os - VYY)

< or—1 (Blv(x)r/q + <2 + Zake)‘k/M>rV(X)r/q)
k>1

< B4V (x),

with B4 =2""1(B) 4+ 2+ Y 4= awe™* /M)"), because r/g < 1, and V(x) > 1 for all x > 0.
Therefore, taking B = B, v B3 VV By, we conclude that Assumption (A’2-iv) holds.
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The continuous-time pure jump Markov process X with sub-Markovian jump matrix Q — [
is irreducible and clearly satisfies the assumptions of Theorem 5.1 and Remark 11 in [16].
Therefore, there exist a quasi-stationary distribution vgsp for X and two positive constants
Cst, 8§ > 0 such that, for all probability measure o € E satisfying « - V!4 < 400, for all
t>0,

H]P’a(X,« €-|t<Tty) — VQSD”TV <Csta - Vl/qe_&,

which entails Assumption (A3). Since Assumption (A4) is clearly satisfied, Theorem 1 ap-
plies and hence
Out(RRF,) vQspR
%
Out(RRF,)(E) VQspR(E)

(10) weakly, almost surely when n — oo.

Since vgsp R is proportional to vgsp, and since we also have, again by Theorem 1,

Out(RRE,)
sup —
- Out(RRF,)(E)

this concludes the proof of Proposition 2. [J

VY4 < oo,

2.2.2. Protected nodes. A node v of atree t is 2-protected if the closest leaf is at distance
at least 2 from v; in a social network, 2-protected nodes can be users who used to invite
new users to the network but have not done so recently. The proportion of such nodes in
different models of random trees have been studied in the literature: Motzkin trees in Cheon
and Shapiro [20], random binary search tree in Béna [14], and more recently in the m-ary
search tree in Holmgren, Janson and Sileikis [36]. Devroye and Janson [25] show how results
of Aldous [1] about fringe trees can be used to study this question with a unified approach for
different models of random trees, including simply generating trees and the random recursive
tree. We show here how our main result allows to get information about protected nodes in
random trees.

Protected nodes in the random recursive tree. TFor alln > 1 and x > 0, let us denote by X, ,
the number of internal nodes in RRT,, having exactly x leaf-children. The random measure

myp = Z Xn,xfsx
xeN
is a MVPP of initial composition mg = §;. The replacement kernel of (m,),>o is (for all
i>landx >1)

Ry’ =—80+81 and RY=By)  bcr1+ (1= By ) @Gt +81) — by,

where (B{i/)x +1) 18 a sequence of i.i.d. random Bernoulli-distributed variables of parameters
1/x 4 1 for all x > 1. The weight kernel of (m,),>0 is P = (x + 1)é, (for all x € N). We
therefore have

Ro=—8y+481 and Rx=ﬁ5x+1+xxﬁ(5x—1+51)_8x,
and
x+2 X
Qx:x+15x+l+x+1(X5x—1+251)_(x+1)8xs

for all x > 0. Note that O, (N) =1 for all x > 0. Let us check the assumptions of Theorem 1;
(T) is satisfied by construction of the model, (A1) is satisfied with u = §; and thus c; = 1. Fix
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e>0,V(0)=V()=1,and V(x) =[], — ¢) for all x > 2; (A'2-i) is clearly satisfied,
and for all x e N,

x+2 X
Qx'V=mV(x+1)+x+1(xV(x—1)+2V(1))—(x+1)V(x)
:V(x)(x+2(x+1—8)—|— X P —x—l).
x+1 x+Dx—¢e) x4+1V(x)
Note that, when x — oo,
e 2 Lo,
x+1 x+Dx—¢e) x+1V(x)

implying that there exists xg such that, for all x > xo, Q. - V <1 — ¢/2, and thus, for all
x>0,

Ox - V=(1-¢/2)V(x)+sup Q;-V.

Z=X0

The same reasoning gives that, forall p >2,g=p/(p — 1) € (1, 2),
Q- Vi

1—¢g)l/d o
crie o e e o Y s v "

=V (x4 x7V1 - x + O1)) = = V()4 (x + o(x)),

2
:V(x)l/q<x+2 X 2x 1 1)

and there exists x| such that for all z > x{, QO - v1/4 <. Thus, (A’2-ii) is satisfied with
0 =1-—¢/2and K =sup,_,, Q;-V +sup,.,, O;- v1/4 Let f be a function from {0, 1, ...}
to R continuous and bounded by 1, and r € (1, 2); we have

2

x+1

(X +2\ x2 \' 2x \" ,
<4 + + +@+D").
x+1 x+1 x+1

When x — oo, we have

(X+2>r+( x )+< 2 )r+( +1) =2+ o(1)x"
x+1 x+1 x+1 * N oL

Note that, when x — 00, x” = 0(x2) = o(V (x)), which implies that there exists a constant A
such that, for all x >0, |Q, - f|" < AV (x). One can check that, R(()’) = Ry, and, for alli > 1,

r

o X2 1 D+ -2 ra I
|Qx'f|—‘mf(x+)+ f(x—)+mf()—(x+)f(x)

[RY - f —Rx- |1 <3,

because a Bernoulli random variable is at most at distance 1 from its mean, almost surely. We
also have

Elo®. f — L F|P — 2 N B® _L
100 - f = Ox - f] (x+2)f(x+D( By qy Tl

1 ; P
+x(ef (= 1)+ 2f(1))<m - Bi’}m)\

= (42" +x"x+2)) <AV (),
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for A large enough, since x% = o(V(x)) when x — co. We have thus checked that (A’2-
iii) holds. Assumption (A’2-iv) can be checked in the same way; we leave the details to the
reader. Note that p > 2, and thus g € (1, 2) are arbitrary.

Set

e—2 4(e —2) 20+ 1)
= and =

v " > ! (Vi >2)
=—, = — — i>2).
1+2e 1= T2 T+ 2e i

jziv1 )

0]

One can check that the Markov process with jump measure Q — I is ergodic, that v = (v;);>0
is the unique stationary distribution of Q — I. Using (A2) and [49], we get that (A3) is
satisfied. Therefore, our main result applies ((A4) is immediate since E = N is discrete) and
we get that m, converges almost surely to 7 := vR/vR(N). Let us denote by 7 = vR; it is
straightforward to check that

e—2 . 2¢e —4 2

T =, = al’]d T = —,
=1 e T T e i 1+2ei>§1i!
and thus that vR(N) =e/(1 + 2e), implying that
2 4 2 1
mo=1-—, m=2—- and 7w, =- =
e e e it

We have thus proved the following:

PROPOSITION 3. For all x > 1, the proportion p, x of internal nodes having exactly x
leaf-children in the n-node random recursive tree converges almost surely to

2 1

€ i>x+1 i!
The proportion py, o of protected internal nodes converges almost surely to 1 —2 /e. Moreover,
forall g € (1,2) and all function f :{0,1,...} = R such that f(x) =o([T;_,( — e)1/1) for
some & > 0 when x — 00, we have

2 1
D pnif() > (1=2/fO+=3 f@) ) —

i>0 i>1 Jj=i+17”

almost surely when n — o0.

Note that, in the proposition above, the proportions are calculated among internal nodes
only. To translate this result in terms of proportion among all nodes, we need one last calcula-
tion to take into account the leaf-nodes. Note that the limit proportion of leaves in the random
recursive tree is given by

2 i>0lT

because ) ;~qim; = 1 (this result is folklore and was already discussed in Section 2.2.1).
Therefore, the proportion of nodes having exactly i leaf-children in the n-node random re-
cursive tree converges almost surely to ; /2: We get that, for all i > 1, the proportion of
nodes having exactly i leaf-children in the n-node random recursive tree converges almost
surely to

=1/2,

1 1

o"
€ izt
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The proportion of protected internal nodes converges almost surely to 1/2 — 1/e. Note that
the convergence in probability of the proportion of protected nodes in the random recursive
tree was already proved by Ward and Mahmoud [43]; we have shown how our main result
implies almost-sure convergence.

2.3. “Sample paths” Pélya urns. In this section we consider the case where the replace-
ment measures are the empirical occupation measures of sample paths of Markov processes.
The section is divided into three subsections: the first one is devoted to the discrete-time set-
ting, the second to the continuous-time setting, the third one to an application to stochastic-
approximation algorithms for the computation of quasi-stationary distributions.

2.3.1. Discrete-time sample paths Pélya urns. Let (X,)ne0,1,2,..) be a Markov chain
evolving in a Polish locally-compact state space E U {d}, where d ¢ E is an absorbing point:
X, =0 for all n > 73 := min{k > 0, X} € 9} almost surely. We denote by P, and E, the law
of the process X starting from x € E U d and its associated expectation. Also fix 7 a proba-
bility distribution on N U {400} such that 7 ({0}) < 1 and such that, if (T, X) is distributed
according to 7 ® Py, then 7y A T admits an exponential moment uniformly bounded with
respect to x € E; in other words, there exists A > 0 such that

sup Ey[exp(M(T A 15))] < 00
xek

(with a slight abuse of notation, since we also denote by [E, the expectation under 7 &® P,).
We consider the MVPP on E with random replacement measures (R\’) ¢, i>1 being i.i.d.
copies of

TA(tg—1)

1 _

R, = Z X,
n=0

for all x € E and all i > 0, where (T, X) is a random variable of distribution 7 ® P,.. This
means that, at each time, we add to the urn the empirical measure of a sample path of length
T A (ts — 1) of X. For simplicity, we consider the case without weights, that is, P, = §,
for all x € E, so that Q” = R"”. Note that the mass of R is random, equal in law to (7 +
1) A 7y under 7 ® Py, and is not uniformly bounded in general (although its expectation is,
by assumption, uniformly bounded with respect to x). In particular, the considered MVPP is
unbalanced.

To ensure the convergence of this MVPP, we assume that the following particular instance
of the assumptions of Theorem 2.1 in [16] is satisfied. This abstract criterion ensures the
existence of a quasi-stationary distribution for X; we will show later many examples that fall
into this framework.

ASSUMPTION (E). There exist a positive integer n1, positive real constants «g, o1, a2,
a3, a locally bounded function with compact level sets V : E — [1, 4+00) and a probability
measure 7 on a compact subset K C E such that:

(E1) (Local Dobrushin coefficient). For all x € K,
Py(Xy, €)= apn(-NK).
(E2) (Global Lyapunov criterion). We have o] < «p and, for all x € E,

EV(X1) =a1V(x) +a3lg(x) and Py (1 < 75) = 2.
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(E3) (Local Harnack inequality). We have

sup SUp ek Py(n < 1) s
nez, infyex Py(n <ty) —

(E4) (Aperiodicity/irreducibility). For all x € E, there exists n4(x) such that, for all n >
n4(x),

P, (X, € K) > 0.

Under Assumption (E), it is proved in [16] that X admits one and only one quasi-stationary
distribution vgsp such that vgsp - V' < +00 and which corresponds to the so-called minimal
quasi-stationary distribution (or Yaglom limit). It is also proved in [16] that there exist two
positive constants C > 0, § > 0 such that, for all r > 0,

|Po(X; €| X: ¢ ) — vsp |1y < Car - Ve ™.

PROPOSITION 4. Under Assumption (E), if x — E, f(X1) is continuous on E for all
continuous bounded function f : E — R and if mg - V < 00, then the normalized sequence
of probability measures (m,),eN associated to the MVPP with random replacement kernel
(R")i>1 converges almost surely to the quasi-stationary distribution vgsp of X in P(E).

Before turning to the proof of Proposition 4, we provide typical examples that satisfy
Assumption (E) and consequently fall into the framework of Proposition 4.

EXAMPLE 1. If E is finite and X is irreducible in E (i.e., 3n > 1 s.t. P, (X,, = y) > O for
all x,y € E) and P, (75 < +00) =1 for all x € E, then Assumption (E) is satisfied for any
probability distribution 7 (one simply chooses K = E and V = 1).

EXAMPLE 2. Consider the case £ = N and X is a discrete-time birth-and-death process
with transition probabilities given by

b, ify=x+41,
P.(X1=y)=1d, ify=x-—1,
ky ify=2a,

where (by)xeN, (dx)xeN, (Kx)xeN are families of nonnegative numbers such that b, + d, +
ky=1forallx e N,dp =0and infy>;dy >0 forall x > 1. If

by — 0 when x — 400,

then Assumption (E) is satisfied for any probability distribution 7~ such that there exists A > 0
satisfying Ee*’ < +oo (where the random variable 7 has distribution 7). To see this, one
simply chooses K large enough and V (x) = e** with a > 0 large enough.

EXAMPLE 3. Assume that (X,),>0 is a d-type Galton—Watson process. We recall that
such a process X evolves in N? = E U {8} and is absorbed at 8 = (0, ..., 0). Also, for all
n>0andi €{l,...,d}, we have

d Xh

sz+1 = Z Z fli?ié)’

k=1¢=1
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where (;,g‘l[), . g“,i"j)
all k e {1,...,d}, ({,it’le), .. (" [)),, ¢ 1s an independent and identically distributed family.
We assume that the matrix of mean offspring denoted by M = (M ;)1<k,i<q4 and defined by

My =Eg" Vkie{l,....d},

is finite and that there exists n > 1 such that M} ki > 0 for all k,i €{l,...,d}. Let v be a
positive right eigenvector of the matrix M and denote by p(M) its spectral radlus

We assume that X is subcritical (i.e., p(M) < 1), aperiodic, and irreducible. Then, if
there exists o > 0 such that E[exp(x|X1]) | Xo= (1, ..., 1)] < oo, then X satisfies Assump-
tion (E). To check this, one simply observes that inf,cg Py (1 < 73) > 0 and carefully checks
that there exists & > 0 small enough and K large enough so that Assumption (E) is satisfied
with V i x € E > 8V,

)n.e k 1s a family of independent random variables in N9 such that, for

EXAMPLE 4. Assume that X evolves in E = R? according to the following perturbed
dynamical systems

Xn+l = f(Xn) + Sna

where f : R4 — R4 is a measurable function such that |x| — | f(x)| = 400 when |x| — +o00,
(£)nen is an i.i.d. sequence of Gaussian random variables with positive density in RY. We
assume that the process evolves in a measurable set E of R?: it is immediately sent to 3 ¢ R¢
as soon as X, ¢ E. If E is such that

iggP(f(x)—i-";‘] €E) >0,

then Assumption (E) is satisfied. This result is obtained by observing that inf,cg P, (1 <
73) > 0, by choosing K a large enough ball and V (x) = e/l (see [16], Example 9, for more
details).

PROOF OF PROPOSITION 4. For all n > 0, let m, = m, /sup,.g Ry (E). First note that
my is well defined since sup, . Rx(E) <sup,.z E([T A 73] < +00, by assumption on the
existence of a uniform exponential moment for 7' A t3. Moreover, (#1,),>0 is an MVPP of
replacement kernel R® = R® /sup,cr Ry (E) and weight kernel P, =6, (forall x € E). Let
us check that Assumption (A) is satisfied by (#1,),>0. Note that, for all x € E and all bounded
measurable function f : E — R,

T
Ry fri= E[R,(ri)] - f :E[Z Gy - f(x)i|,
n=0
where G, - f(x) = Ex[ f(X,)1,<¢,] is the sub-Markovian semigroup of the absorbed pro-
cess X.
Moreover, we have that

E[Zn Oa2 _ E[aT+1]
SUPycE Ry(E) (1-— Olz) SUPyck Ry(E)

so that Assumption (A1) is satisfied (take p the law of %,
S pyeE }'(E )
independent and A is distributed with respect to a geometric law with parameter 1 — > on

{1,2,...}). Moreover, we deduce from (E) that, for some constant C > 0,

ﬁx(E)> =:c; >0,

where 7 and A are

G, V()
SW?V(X)-FC(Gn_l-lE(x)+a1Gn_2-lE(x)—i----—i-a'f*llE(x))
cG,-1 n—1
fa?‘V(x)+4Em( 4 +an >
a a

@
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where we used (E2) and Markov’s property for the second inequality. Since o < o by
assumption, then there exists some constant C’ such that

T T T
RV = E[Z Gn- V(x):| < E[Zai’} V(x)+ C/E[Z Gy - lE(x)i|

n=0 n=0 n=0

T
E[Za'{} V(x)+C supEy[T A 15].

n=0 yEE
We thus get
B.v< oV () + C’supyeEIEy[T A ra]’
SUpyck Ry (E)
where
1 —Efal ™!

= <cy.
(I — 1) supycp Ry(E)

Assumption (A2-ii) is thus satisfied by R. Assumption (A2-iii) is satisfied for any p > 2 Vv
m glﬂfnq since R (E) < T A ty, which admits a uniformly bounded exponential moment by
assumption. Since (A2-i) is assumed to be true under (E), we deduce that Assumption (A2)
is implied by Assumption (E).

To prove that (A3) holds true, it is sufficient, by Theorem 2.1 in [16], to prove that R
satisfies Assumption (E) with Lyapunov function VlA/ 9. Since T > 1 with positive probability,
and since X satisfies Assumption (E1), we get that R also satisfies Assumption (E1). We have
already proved that R satisfies Assumptions (A1-2) with Lyapunov function V and hence
with Lyapunov function V!/9 (see the proof of Lemma 1), which implies that R satisfies
Assumption (E2) with Lyapunov function V/9. Moreover, for all n > 0 and all x, y € K, we
have

n T
RI(E) = E[Z Y Gipoiy - 1E<x)]

£=1i;=0
n T
< a3E[Z > Giygotiy - 1E(y)} =a3Ry(E),
¢=1i4=0
where Ty, ..., T, are i.i.d. random variables with distribution 7 and where we used Assump-

tion (E3) for X; this implies that Assumption (E3) is satisfied by R. The fact that R satisfies
Assumption (E4) is an immediate consequence of (E4) for X, since T > 1 with positive
probability. By Theorem 2.1 in [16], this implies that the discrete-time Markov process with
transition probabilities given by R admits a unique quasi-stationary distribution v such that
v VY4 < 400. More precisely, it implies that there exist « € (0, 1) and C > 0 such that, for
any probability measure 4 on E such that u - V14 < 400,

1LR"
H wR"(E)
In particular, for all measurable set A C E,
|uR"(A) — wR"(E)v(A)| < CuR"(E)a" - V14,

and hence that for all + > 0,

<Ca'u- vl/a,

TV

—V

|ne'®(A) — pe'*(E)v(A)| < Cue R(E)w- V!9,
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Since & € (0, 1), Y75 tn‘)‘ wR"(E) is negligible in front of Z+°°’ MR"(E) when ¢ —
400, so that
‘R zaR
A
L() v(A) <C¥M-V1/‘f—>0 when t — +0o0.
pe'R(E) pe'R(E)

Note that pe' R(A) /ue'R(E) is the law of the continuous-time process with sub-Markovian
jump kernel R — Id at time ¢ conditioned not to be absorbed at time 7. Therefore, we can
conclude that (A3) is satlsﬁed by R

Finally, the continuity of R, Wlth respect to x directly derives from the continuity of 5, G|
with respect to x and from the uniform boundedness of E, [e*TAT0] with respect to x. There-
fore, Theorem 1 applies and gives that m,/m,(E) = m, converge almost surely (for the
topology of weak convergence) to a probability measure v. This distribution v is the unique
quasi-stationary distribution of the process of sub-Markovian jump kernel R — I such that
vV < 4o0.

It only remain to show that v is indeed equal to vgsp, the unique quasi-stationary distribu-
tion of X such that vgsp - V < +00. Since vgsp is a quasi-stationary distribution for X, we
have

T T T
VQSDR'f:EZVQSDGn'f:EZ%lVQSD‘f:E|:ZQ(’)1:|VQSD‘f,

n=0 n=0 n=0
where 0y := vospG1(E). This implies that vgsp is a quasi-stationary distribution of the

discrete-time sub-Markov process of transitions R. Moreover, since vgsp - V < 400, V > 1
and 1/q < 1, we have vqsp - V14 < 400, implying that v = VQsD, by uniqueness of v. [J

2.3.2. Continuous-time sample paths Polya urns. Let (X;)se[0,+00) be the solution in
E =R to the stochastic differential equation

dX[ - dB[ + b(Xt)dt,

where B is a standard d-dimensional Brownian motion and b : R? — R? is locally Holder-
continuous in R?. We assume that X is subject to an additional soft killing « : R? > [0, +00),
which is continuous and uniformly bounded: the process is sent to a cemetery point 8 ¢ RY
at rate x (X;) and we denote by 5 the hitting time of d by X. As in the discrete-time case,
we denote by P, and E, the law of the process X starting from x € £ U 9 and its associated
expectation, and we consider 7 a probability distribution on [0, +-00] such that ty A T admits
under 7 ® P, an exponential moment uniformly bounded with respect to x € E.

We consider the unbalanced MVPP on E without weights and with random replacement
kernels (R");> being i.i.d. copies of

T ATy
R;”:/ 8x,dt (Vx e E),
0
where (T, X) is distributed according to 7 & P.

PROPOSITION 5. [If
(b(x), x) 1/2

limsup ——— < — ||/<||
|x|— 400 |x]

then Theorem 1 applies with V : x € RY > exp(llklléézlxl). In particular, if mg -V < oo,
the normalized sequence of probability measures (), <N associated to the MVPP with ran-
dom replacement kernels (R");>1 converges almost surely to the unique quasi-stationary
distribution vgsp of X such that vgsp - V < +00.
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REMARK 10. The fact that X admits a unique quasi-stationary distribution vgsp such
that vgsp - V < +00 is proved in [16]. Proposition 5 could be generalized to diffusion pro-
cesses with a nonconstant diffusion coefficient; the proof would be very similar. More gener-
ally, Condition (F) of [16] can be used to show that Theorem 1 applies to other continuous-
time processes. We do not develop these generalizations further, but provide two simple ex-
amples that fall into the framework of the proof of Proposition 5:

EXAMPLE 1. If E is finite and X is regular and irreducible in E (i.e., P, (3t > 0, s.t. X; =
y) >0 forall x,y € E), and if P, (ty < +00) =1 for all x € E, then Theorem 1 applies for
any probability distribution 7. (One can take V = 1.)

EXAMPLE 2. Let X be a continuous-time multitype birth and death process, taking val-
ues in E U {3} = N¥ for some d > 1, with transition rates

bi(x) ify=x+e,
gx,y =1di(x) ify=x—e,

0 otherwise,
where (eq, ..., eg) is the canonical basis of N?, and 8 = (0, ..., 0). We assume that b; (x) > 0
andd;(x) >0foralll <i<dandx € E.
If

1 d
(11) — Z (d; (x) — bi(x)) = +oo  when |x| — 400,

x =
or if there exists § > 1 such that

d

(12) > (di(x) = 8bi(x)) = 400 when |x| — +o00,

i=l

then Theorem 1 applies for any probability distribution 7 admitting an exponential moment.
One can choose V (x) = x| = x; 4+ - - + x4 if (11) is satisfied, and V (x) = exp(ex; + --- +
exgq) with ¢ > 0 small enough if (12) is satisfied. To prove this, one would simply use the
same approach as in the proof of Proposition 5 together with the results of [16], Example 7,
and the fact that the killing rate is bounded by dj(e1) + - - - + dg(eq)-

If moreover the birth and death process comes back from infinity (see for instance [47]
for the one-dimensional case), then 7y admits a uniformly bounded exponential moment and
hence the conclusion of Proposition 5 applies for any probability distribution 7.

PROOF OF PROPOSITION 5. For all n > 0, we let m, = m,/sup,.r Rc(E); note that
(Mn)n>0 is well defined since sup, . Ry (E) < sup, .z Ex[T A 13] < +00, by assumption on
the existence of a uniform exponential moment for 7' A ty. One can check that (11,),>0 is
an MVPP of replacement kernel R® = R® /sup,cr Rx(E) and weight kernel P, =6, (for
all x € E); note that we have Q RP = R. Let us check that Assumption (A) is satisfied by
(my)n>0. Note that, for all x € E and all bounded measurable function f : E — R,

Ry fi= E[R@]-f:EUOT Gt-f(x)dt],

where G; - f(x) = Ex[f(X;)1;.,] is the sub-Markovian semigroup of the absorbed pro-
cess X.
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We have

E[fy exp(—lliclloct) dr]
SUPycp Ry (E)

implying that Assumption (A1) is satisfied (take u = §;,).

Let us now check Assumption (A2). The function V clearly satisfies (A2-i). Moreover, one
easily checks that

R (E)>cy =

’

1 & 92
223 2V<x>+Zb (x)—V(x) <—(lcllo +£)V(x) +C,

for some positive constants ¢ and C. Setting V (9) = 0, using Dynkin’s formula for the killed
process and a localization argument, we get that

tAT;
E, [0l v (X, ] < V (x) + CE; [ / " Ukl te)s ds}
0

and hence that

G:V(x) =EX[V(X1)11<13]
<e UKllectory oy 4 C/t e (IKlle®O)I=9p (5 < ) ds.
0

As a consequence, we have

R,V = E[/OT G¢V(x)dt}

T C
(13) < E[/ e~ (Iclloctet dt}V(x) +—— F, [T A1)
0 +¢

Il oo

C
S@SU R (E)V(X)—f——su E MT ATp) ,
yeb (el o sop Bl

where 0 := E[fOT exp(—Ait)dt]/supycg Ry(E) < c1, and where sup, ¢ E, [e*TAT)] < 400
by assumption. Dividing the above inequality by sup, . Ry (E) entails that Assumption (A2-
ii) is satisfied. Finally, Assumption (A2-iii) is implied by the fact that RY (E) is stochastically
dominated by T A 73 under P,, which admits a uniformly bounded exponential moment by
assumption. As a consequence, we deduce that Assumption (A2) is satisfied by R.

To prove that (A3) holds true, we first prove that R satisfies Assumption (E) above.

Using the same approach as in [16], Proposition 12.1, we deduce that there exist a proba-
bility measure 7 on K and two positive constants b and ¢, such that

Py(X:, €)>bm(-) VxeKk.

Since X is an elliptic diffusion process in R¢, it satisfies, for any ¢ > 0, inf, cx P, (X; € K) >
0. Using Markov’s property, we deduce that, for any ¢ > f;, there exists a constant b; > 0
such that P, (X; € -) > b;m (-), for all x € K. In particular, we obtain, for any integer n > 1
and any measurable set A C K, that, for all x € K,

T T
R;§-1A=EUO - G,1+...+,n-lA(x)dtl---dtn}

T, T,
> E|:/(; s b bt1+"'+l‘n 1t1+~-~+l‘,,2t7, dry--- d[n]ﬂ(A),
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where T4, ..., T, are i.i.d. random variables distributed with respect to 7. Since P(7T; > 0) >
0, we deduce that there exists n1 large enough such that P(¢; + - -- +1,, > ;) > 0 and hence
such that

Ty T”l
EI:/ / btl+"'+tnlltl+‘“+tnlztﬂ dt] dtn1:| > 0.
0 0
In particular, there exists a constant «g > 0 such that
(14) RM .14 > apn(ANK).

This entails that Condition (AEI) is satisfied.
We already proved that R, (E) > c; for all x € E. Now, for any fixed o] € (Gl/q, c1) and
o > 0 large enough, we deduce from (13) and as in the proof of Lemma 1 that

Iéx .vl/a §a1V1/‘1(x) +oazly<p Vxe RY.

Setting K = {x € R4, |x] < p}, we deduce that Condition (E2) holds true with o, ap = ¢y
and a3 large enough, with Lyapunov function V' 1/4.
We also deduce from [16], Proposition 12.1, that

infyeg G - 1E(x) — inf infyex Py (t < 13)

o3 :=in =
1208up, cx Gr - 1p(x)  1=0sup, g Pr(t < 75)

Since R (E) =E[fy G, -1g(x)dr], we get that

__infrex Re(E) . infyeg Ry(E)
1nf _— ) = mf s ———

~ = =a3 > 0.
120 sup, g Ry(E)  1=08up,cx Ry (E)

This implies that Condition (E3) holds true.

Finally, using similar calculations as in the derivation of (14), we deduce that Condition
(E4) also holds true. This concludes the proof of Condition (E) with Lyapunov function V la,

By Theorem 2.1 in [16], this implies that the discrete-time Markov process with transition
probabilities given by R admits a unique quasi-stationary distribution vgsp such that vgsp -
V14 < 400. Using the same argument as in the proof of (A3) in the proof of Proposition 4,
we can show that this implies that (A3) is satisfied by R.

The continuity of x +— R, (and thus of x Iéx) is a consequence of the continuity of
x = Ex[ f(X;)1;,] for all continuous bounded function f : E — R and all # > 0 (see, e.g.,
[55], Theorem 7.2.4); therefore, Assumption (A4) is also satisfied.

We have proved that Assumption (A) holds true for the MVPP of replacement kernels
(R"); therefore, Theorem 1 applies. To conclude the proof, note that the continuous-time
process X also admits a unique quasi-stationary distribution puqsp such that pgsp - via <
+o00 (see [16], Example 2), that is, a probability measure such that pgsp - G; = uQsp -
G:(E)uqsp for all t > 0. The definition of R implies that pgsp is also a quasi-stationary
distribution for I§; because pQsp - V14 < 400 and by uniqueness, we get that vosp = LQsD,
which concludes the proof. [J

2.3.3. Application to stochastic-approximation algorithms for the computation of quasi-
stationary distributions. It is a difficult question to give an explicit formula for the quasi-
stationary distribution of a sub-Markovian process, even when one can prove that this dis-
tribution exists and is unique. Stochastic approximation provides algorithms that allow to
numerically approximate the quasi-stationary distribution of a given sub-Markovian process.

The recent papers [9, 10, 13] introduce such stochastic approximation algorithms for
discrete-time sub-Markovian processes evolving in compact spaces and [61] studies these
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algorithms for diffusion processes in compact manifolds. Our results allow to extend these
convergence results to discrete- and continuous-time processes in compact and noncompact
spaces. We illustrate this approach with the case of the approximation of the quasi-stationary
distribution of a diffusion process satisfying the conditions of Proposition 5 by a stochastic-
approximation algorithm. This particular example was not covered by the previous literature
since it is a continuous-time process and its state space is not compact.

As in the previous section, let (X;)se[0,+00) be the solution in E = R to the stochastic
differential equation

dXt == dBt + b(Xt)dt,

where B is a standard d-dimensional Brownian motion and b : R? i R¢ is locally Holder
continuous in R?. We assume that X is subject to an additional soft killing « : x > [0, +-00),
which is continuous, uniformly bounded and such that ¥ > 1. Note that the quasi-stationary
distribution of X with killing rate « is the same as the quasi-stationary distribution of X with
a killing rate « — 1.

We also assume that

b(x), 3
limsup 2002 _ —S el

|x]—400 |x |
so that the process X admits a unique quasi-stationary distribution vgsp such that vgsp - V <
+00, where V : x € R? > exp(|l« ||c1,</>2|x|) (see the previous subsection for details).
We consider the self-interacting process (¥;);>¢ evolving with the same dynamic of X
but, at rate «, instead of being killed, it jumps to a new position chosen accordingly to its
empirical occupation measure % fé dy, ds. More formally, it evolves following the dynamic

dY, = dB; + b(Y;)dt + dN;, Yo=yeRY,

where (N;);>0 is a time inhomogeneous pure jump process with jump measure given by

Y, t
K( ! ) f 5Y5—Y17 ds.
4 0

PROPOSITION 6. The empirical occupation measure % jé dy, ds converges almost-surely
when t — 400, with respect to the topology of weak convergence, to the quasi-stationary
distribution vQsp of X.

PROOF. Denote by 0 < 71 < 13 < --- the jump times of Y and set 79 = 0. Then, for all
n > 0 and conditionally on Y ,

Tn+1
(n+1)
/ 5)/5 ds = RYr ,
T n

where R™*D is defined as in the proof of Proposition 5. Moreover, Y-, is distributed accord-
ing to the probability measure TL for " 8y, ds. As a consequence, setting my = forl dy, ds (which

satisfies mq - V < 400 almost surely) and m,, := Tn1+1 for”“ dy, ds, the sequence (m,),cN has
the law of the MVPP of Proposition 5. Applying this proposition with 7' = +o00 almost surely
(note that ¥ > 1 implies that Ty A co = 75 admits a uniformly bounded exponential moment),
we obtain that

1 Tn
(15) - / Sy, ds —=— vosp
Tn JO n—-+4oo

with respect to the topology of weak convergence.
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Since k > 1, one can couple the sequence (t,+1 — T,),>0 With a sequence of i.i.d. random
variables (D), >0 with exponential law of parameter 1 such that 0 < 7,41 — 7, < D,, almost
surely for all n > 0. Moreover 1, — +00 almost surely when n — 400 (this is due to the
fact that « is uniformly bounded). Hence, using (15), we get

1 [+ a.s.
— dy, ds ——— vQsp
T, Jo $ n—+o00

and
1

Tn+1

ftn Sy ds —=> 5y
) v, ds — =0 VQsD.
For all > 0, we define «(¢) := sup{n > 0, 7, < t}. In particular, for all t > 0, x(t) < +o00,

Ta(r) <t < To(r)+1 and a(t) — +o00 almost surely when ¢ — +00. As a consequence, for all
bounded continuous function f : RY — [0, 4+00),
Ta(t)+1
[ s

This and the above convergence results allow us to conclude the proof. [J

1 Ta(r)

1 t
F¥y)ds < ;fo F(¥y)ds <

Ta(t)+1 J0O Ta(r)

REMARK 11. Since the submission of this paper, Benaim, Champagnat and Villemonais
[8] proved almost sure convergence of a similar stochastic approximation algorithm, where
the diffusion process is resampled according to its empirical occupation measure when it hits
the boundary of a bounded domain. On the one hand, their result do not apply to the model
studied in this section where the state space is not bounded; on the other hand, our result do
not apply to their situation, since Assumption (A1) would fail in that case.

3. Proof of Theorem 1. Let us define an auxiliary sequence of random distributions: let
no =0, and, foralln > 1,

n
N = Nn—1+ 6y, = ZSY,--
i=1
Recall that, by definition,

n n
My = mo +ZR§: =mo+ Y 8y R?
i=1 i=1
and that, conditionally on the sigma-algebra F, generated by {m;}o<i<n U {¥i}1<i<n, the
random variable Y, is distributed according to m, P/m, P(E) and R"*Y is chosen inde-
pendently of F,, and Y, 4.
We set 179 =0, and, for all n > 1,

~ Nn Nn
Mn

(B n
We first prove that 7, converges almost surely weakly to v when n goes to infinity and then
deduce almost-sure convergence of i1, to vVR/vR(E):

PROPOSITION 7. Under the Assumptions (T), (Al), (A’2), (A3), (A4), the sequence
(n)n>0 converges weakly almost surely to v when n goes to infinity. Said differently,

1 n
- Z dy, = v almost surely when n — 00.

i



2422 C. MAILLER AND D. VILLEMONAIS

3.1. Proof of Proposition 7. We consider the dynamical system defined by

dus - f
dt

for all bounded continuous functions f : E — R, where (u;);>0 shall not depend on f.
Existence, uniqueness and continuity properties of the flow induced by this dynamical system
are stated and proved in Lemma 7.

To prove almost-sure convergence of 1, to v (i.e., Proposition 7), we prove that a lineariza-
tion of it is a pseudo-asymptotic trajectory (see Section 3 of [7]) of the semiflow induced
by the dynamical system (16). To do so, we need to prove several intermediate results: In
Lemma 2, we write down the studied stochastic algorithm. In Lemma 4, we prove that the
expectation of V with respect to the measure-valued process remains bounded. In Lemma 5,
we prove almost-sure convergence of the quantity introduced in Proposition 4.1 of [7] to
control the error term between the dynamical system (16) and its linearized counterpart (the
almost-sure convergence of this error to zero is sometimes called the Kushner and Clark’s
condition). In Lemma 6, we prove that the sequence (7),,), is relatively compact for the topol-
ogy of weak convergence on P(E). All these elements allow us to conclude the proof of
Proposition 7 using standard stochastic-approximation methods, as developed in [11].

From now on, we assume that all the hypotheses of Proposition 7 hold.

(16) =w Q- f = QE)us - f,

LEMMA 2. Foralln > 1, we have

nt+1 = Tn = Va1 (F (0n) + Ung1),
where
1
Mn+1(E)iin Q(E)’

Vn+1 =
and

F(ﬁn) = ﬁnQ - ﬁn Q(E)ﬁn»
Un-H = ﬁn Q(E)sYnH - ﬁn 0.

The term y,,+1 may be interpreted as the step size of a stochastic Euler scheme approxima-
tion of equation (16) and it decreases to O when n — 4-00. For instance, in the simple case
where Q(E) =1, y,4+1 equals 1/(n + 1).

PROOF. The result directly follows from

- 1 - 1 N 1 -
NMn+1 = (1 - m)’]n + m(SYnH =1+ m(sYnH — ). O

LEMMA 3. Fixc € (0,cy), forallk > 1, we let
(17) o =inf{n > k: m, P(E) < c'n}.
We have P(Uy>{or = oo}) = 1.

PROOF. Recall that m, P(E) =moP(E)+ Y_7_, R;}?P(E), and, therefore,

mnP(E) =moP(E)+ ) _ Qy(E).
i=1
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Assumption (A1) and, conditionally on Yy, ..., Y,, ..., the independence of the random vari-
ables Q;Z(E) entails (by coupling) that there exists a sequence of independent random
variables Z1, ..., Z,,... with law p such that, conditionally on Yi,...,Y,,..., we have
Q(Y’g(E ) > Z; for all i > 1. The law of large numbers hence implies that

P(E
liming ™22 E) o

c1 almost surely,
n— 400 n

which concludes the proof. [J

We claimed that Assumption (A1) can be replaced by equation (3) in Theorem 1, to prove
this claim, we need to prove Lemma 3 in this alternative setting:

PROOF OF LEMMA 3 WITH ASSUMPTION (A1) REPLACED BY (3). Recall that

mn,P(E)=moP(E)+ ) Ry P(E),
i=1

and, therefore,

mu P(E)=moP(E)+ Y Ei_10y/(E)+ ) (Qy/(E) —E;_1 0y (E)),

i=1 i=1

where [E;_; denotes the expectation conditionally on (m1, ..., m;_1). Note that, since Q' is
independent from F;_1 and Y;, we have

n n
(18) Y Ei 10V (E)=) Ei1Qy,(E) = cin,
i=1 i=1
by Assumption (Al). Also note that

M, =) (0Y(E) — Ei—1 QY(E))

i=1
is a martingale. Using Lemma 1 in [18] (without loss of generality, we assume that 8 € (1, 2]),
one deduces from Assumption (3) that

n
EIM, P <2 Eio1|Q) (E) —Ei_1 05(E)[’
i=1

<2nsup E[Q0(E) — 0. ()|’

xekE

Hence, using (3), we get that the sequence (n~'E|M,|?),>1 is bounded. This implies, by an
immediate adaptation of Theorem 1.3.17 in [28] (the main point is to use Doob’s inequality
instead of Kolmogorov’s inequality), that n~! M,, goes almost surely to zero when n goes to
infinity.

Therefore, we have that, almost surely when n — +o00,

myP(E) =7 Ei_10y(E) +o(n),
i=1

and, using equation (18), we get
my P(E) > cin+o(n) almost surely,

which concludes the proof because ¢’ < ¢y. [
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LEMMA 4. Forall k > 1, there exists a constant Cy, > 0 such that

v PV
supE[M] v supE[m"Mki} VSupE[V (Y41 1< | < Cr.
n

n>1 n n>1 n>1

PRrROOF. Fixn >k + 1, we have
(19) E[w] _ (1 _ 1 )E[nw v ] LBV B lco,]
n + 1 n + 1 n n + 1 M

Note that, by definition of o} (see equation (17)), we have, almost surely and for all n €
{k+1,...,00 — 1},

m, P(E) > c'n.

Hence, by definition of Y41, we have (recall that m,, and thus m, P, is assumed to be a
positive measure almost surely), for all n > k + 1,

myP -V
BV (Y41l = E[

1
mln«n} = EE[mn/\akP -V

1 nAOk
=—E|moP-V+ ) 0y-V ]

!
cn =

B n
<—E|moP-V+) 0y v1,-50k}
L i=1

— EE moP -V + Z Qy, - V1,~§gk],
i=1

where the last equality is obtained by conditioning on F;_; and Y;, and using the fact that

1,4, is measurable with respect to F; U o (Y;) and that Q" is independent of F; U o (Y;).

We thus get, using the Lyapunov assumption (A’2-i) in the second inequality,

1
(20) [V(Yn+1)1n<ak] IE[Wln/\cfkp V]
mOP -V + E[nnAokQ -V
- c'n
moP -V +nK +0E[nune, - V]
- c’n
@1) SmOP'V+nK +€E|:77n/\ok'vi|.
c’n c’ n

Thus, using equation (19), we get, foralln >k + 1,

E[n(n+1)/\gk-Vi|<< _ 1—9/c’>E[nan-V] moP -V +nkK

n—+1 - n+1 n cnin+1) °

One easily checks that E[f,rq, - V] < 400 for all n < k and, since we assumed that
moP -V < +o0 and since 6 < ¢’ < 1, we can infer that E[n, 14, - V/n] is uniformly bounded
in n. Finally, the inequality between (20) and (21) implies that both E[m,aq, P - V /n] and
E[V (Yn+1)11<0,] are also uniformly bounded in n. [

LEMMA 5 (Kushner and Clark’s condition) Set W = V4. Almost surely

lim Z yeUp -

n%+oo

exists and is finite.
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PROOF. Fix k > 1. Following [54], Lemma 1, we let Z; = y,U; - W and M, =

22? (Z¢ — E¢_1Z;), where E;_; denotes the conditional expectation conditionally on
Fe—1. The rest of the proof is done into two steps: first, we prove that the martingale (M},),>0
is uniformly bounded in L”, implying that it converges almost surely, second, we prove that
ZZ:{" E¢_1Z, converges almost surely when » tends to infinity.

Step 1: Using Jensen’s inequality, we get that the constant r can be assumed to be arbi-
trarily small as long as it is larger than 1; in particular, we can assume that r < 2. Using this

together with Lemma 1 in [18], we get

n n
(22) EIM|" <2 E[lZe —Bem1 Zel V<o, ] <8 _E[1Ze p<cr -
=1 =1
Recall that, by definition, Uy = 1¢—1 Q(E)dy, — n¢—1Q and yy = (ne(E)n¢—1 Q(E))_1 (see
Lemma 2); therefore, we have
[7e—1 Q(EYW (Y¢) —1e—1Q - W[
ne(E)ne—1 Q(E)|"
V(Y 1 Ne—
= ZEI:(iE)rlﬁf(rk + = ik lQ : IZSJk]a
ne(E) ne(E) 110-1Q(E)
where we recall that W = V1/4. Using Assumption (A’2-iv) and the fact that n¢(E) = £,
N¢e-1Q(E) > ¢y (see Assumption (Al)) and E[V (Y¢)1¢<s, ] < Ci (see Lemma 4), we get

2C,  2E[ne1]1Q - W' li<q, ] 2 BCy
E[1Ze 1p<5, ] < —"<—(C )
[| €| E_Gk]_ o + C'{Zr = k + C'{

E[|1Ze Tp<g,] = E[ 1e§ak]

r

74

where we used Lemma 4 and Assumption (A’2-iv) for the last inequality (recall that, by
Jensen’s inequality,  can be assumed to be arbitrarily close to one, and thus smaller than
¢, in particular). Using equation (22), this implies that the martingale (M},),>¢ is uniformly
bounded in L” and hence that it converges almost surely.

Step 2: Using the fact that ny(E) = £, we also have

Ne—1QEYW (X)) —1e—10 - W
EE_[Z]1< =E’E_|: = i|1<
[Fa-11Zellese| = FiFe-t 1e(E)iie—1 Q(E) =
1 ﬁe—lQ'W]
=-E|\E,_{| W) — ——— [1,<
e 1[ Y= o =
1E‘m2—1P'W ne-10-W
=-El——— <oy, — ————Li<e; |,
£ Imy_1P(E) ne—10(E)

where we used for the last equality that the conditional distribution of Y, given Fy_1 is
me_1 P/my_1 P(E). By the triangular inequality, and using the fact that ny_1 Q(E) > c1 (£ —
1) almost surely (see Assumption (Al)), we get

ElE—1[Ze]li<e, | < . E[lme—1P-W —n-10 - W|li<s, ]

L€ —1)

1 1 1
i

£ Limg P(E) ne—1Q(E)

Let us first bound the first term of the above sum. Using Jensen’s inequality and Lemma 1 in
[18] (note that (m¢rq, P — Nenc, @) e>0 is a martingale), we get

E[lme—1P - W —n=10 - Wli<o, |
<E[lme1P-W—n4-10 - Wlp—1<0, |

(23)

me_1P - ngfgk].
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<Elme-1ra P - W =n@-1)re, Q- W
-1
<2(moP-W) +2) E[|QV - W) — Q- W(¥)| Li<q,]
i=1
-1
<2(moP - W) 42> BE[V(¥)li<q],
i=1
where we used the fact that 1)<, < 1/—1<,, almost surely, that 1;<,, is measurable with
respect to F;—1 Uo (Y;), and Assumption (A’2-iv). Finally, Lemma 4 implies that there exists
a constant C; > 0 such that

(24) Elme—1P-W —ne—1Q - Wli=q,] < Ch((moP - W) +£—1)"".

Let us now look at the second term in the right-hand side of equation (23); using Assumption
(A1), we have that

1 1
E — 4P - Wl
Hme_lP(E) ne—10(E) ‘”” ! t= k}

:E[IUE—lQ(E)—me—1P(E)|me_1P-W1e ]
ne—10(E) my_1P(E) =%
me_1P-W
= mE[W—lQ(E) —me—lp(E)|m e<gk]

_ _ by 1i/p [<m5_1p.w)q }l/q
= a1 QB =mea PO oo JUE| (5755 ) Lo
<i1€[l Q(E) = me-1 P(E)|"1e<q, )"

Se—D Ne—1 -1 t<or] s

where we used Holder’s inequality (in the second inequality), Jensen’s inequality and
Lemma 4 (in the last inequality). Now, using the main result of [26], we obtain that, for
some constant d;, > 0,

E[|ne—1Q(E) —me—1 P(E)|"14<5,]
<E[|nercy—10(E) — mgag—1 P(E)|"]

-1 _
<2r~! |:m0P(E)p +dy(€ = PP S E[| 0y, (E) - %)(E)|P1i<gk]}
i=1

-1
<or-! [moP(E)p +dp(e— 1Py AE[V(Y")L‘SW]}
i=1

where we used Assumption (A’2-iii). Hence, using Lemma 4, we deduce that

EH : - 1 'melp : W]p
(25) me—1P(E) n—10(E)
le/q2p—1 ) 2
—C{a(ﬁ—_l)p(moP(E) +d,(—1DHP2ACY).

Finally, from inequalities (23), (24) and (25), we deduce that } ;2 | E|E;_1Z¢1¢<5,| < 00. As
a consequence, Y 3° | [E¢_1Z,| < oo almost surely, implying that ;7% E,_; Z, converges
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almost surely when n — oco. Recall that we have proved that M, = ;27" (Zy — E¢—1 Zy)
converges almost surely when n goes to infinity (we showed earlier that it was uniformly
bounded in L"). Therefore, we can imply that ZZQT" Zy converges almost surely. Since
P(Ug>1{oxk = +0o0}) = 1 (see Lemma 3), we get that ) y_; Z; converges almost surely,
which concludes the proof. [
From now on, for all C > 0, we set
Pc(E) :={u: n is a probability on E such that - W < C},

where we recall that W = V74, Note that P¢c(E) is a compact subset of P(E) (the set of
Borel probability measures on E) with respect to the topology of weak convergence.

LEMMA 6. The sequence (1y)n>0 is almost surely relatively compact in P(E) with re-
spect to the topology of weak convergence. More precisely, there exists a random value C > 0
such that, almost surely, ,, € Pc(E) for all n € N.

PROOF. Using Lemma 2, we have that, for all n > 0 (recall that W = |74% 1),

M1 W=1n W+ Yasp1(Ung1 - W+ F(ip) - W),
where
F@n) - W=0,0-W—=0,Q(E)n - W <601, W+ K —cinp,- W,
where we have used Assumptions (A1) and (A’2-ii). Therefore, we get
(26) Tt W < W4 Vug1 (Ung1 - W+ K 4+ (0 —c1)ijn - W).
We define the random variable

M = sup

m>n>1

m
> Vat1Uiqr - W‘
k=n

which is finite almost surely (by Lemma 5). Let us prove by induction that

- l4+c1—0 4
27 Mp-W<2M + ——K,
cp—0

where K = K/c1 Vv (1 - W) (note that K is random and that K > K/c1 > K). The Aresult is
immediate for n = 1. Assume now that the result holds true forn > 1. If 5, - W < qL—e’ then
(26) entails that

~ K ~ 14+c¢c1—0 -

Nyl - W < +M+K<M+———K,

c1 — c1—86

because ;41 < 1/c1 almost surely by Assumption (Al). If 7, - W > ClL—@’ then we define
the (random) integer ng by

A

K dn W< }
an —1 ’
c1—6 =1 T c1—0

which is well defined since 77 - W < K by definition of K . We can thus deduce as above that
Nng - W <M + “crl"—LzeK and hence

n0=sup{ke{l,...,n} such that i - W >

~ - " l—i—C]—@A
Ml W S0y - W+ ZVk—l—lUk—}—l‘WfM‘FﬁK—FM.
k=ny

Finally, we deduce by induction that (27) holds true for all n > 1.
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Since the right-hand side of (27) does not depend on n and since W = V'!/4 has relatively
compact level sets by Assumption (A’2), we deduce that (7,),eN is almost surely relatively
compact for the topology of weak convergence on P(E) (see for instance [51], Theorem 6.7,
Chapter II). O

LEMMA 7. Forany C > CIL_G and any po € Pc(E), t = v =Py (X, €| Xy #0) is
the unique solution to the dynamical system (16) with values in Pc(E) and it is continuous
with respect to (g, t) € Pc(E) x [0, +00).

PROOF. Step 1. Existence. Fix C > 0 and g € Pc(E). We consider the weak forward-
Kolmogorov equation defined as

dus - f
dr

for all bounded continuous functions f : E — R. If g is a Dirac measure §,, then, by [19],
Theorem 2.21, t > P, (X; € -) is a solution of this equation. Recall that W = V'1/4; equation
(2.29) in [19] states that if there exists a constant ¢ > O such that (Q — I)W < ¢W, then,
for all x € E, for all s > 0, E,[W(X)] < W(x)e® (here and below, we always assume
that the considered functions vanish on 9, so that E,[W (X;)] = E;[W(X;)1x,+£5]). Using
Assumption (A’2-iv), we get that |Q, W| < BY/4W, which thus implies that

(28)

=u(Q—1)-f,

(29) E,W(X,) <eB+Dswx)  forall s > 0.

If o is not a Dirac mass, we get, from equation (29) and from Assumption (A’2-iii), that
(s,x) —~ E,[(Q — I) f(X,)] is integrable with respect to dsu(dx) on [0, ¢] x E. Therefore,
we can use Fubini’s theorem and get that, for all # > 0,

t
(30) B f(X0) = o~ f+ /0 B, [(Q — D) f(X,)]ds,

which means that r — P, (X, € -) is a solution of (28).

In both cases (o being a Dirac mass or not), t = P, (X, € -) is a solution of (28), and,
thus, v, is a solution of (16). Since, by Assumption (Al), P, (X; € E) > e~ (=cD) for all
t > 0, we get that

G1) v - W< eB 2=t W forall £ > 0.

Step 2. Compactness. Let us now prove that v, € Pc(E) for all + > 0. We denote by Ty
the first hitting time of {W > N}, that is,

Ty =inf{t >0, W(X;) > N}.

Note that Ty is a stopping time for the natural filtration of the process (see for instance
Theorem 2.4 in [6]). Using the fact that (Q — 1) - W < (0 — 1)W + K and Dynkin’s formula,
we obtain that, for all x € E and all 0<s < 1,

B, [e! DW=V (X (o A ) L) ATy <1 ]

(32) tA(s+TyN) )
=W+ [ 1 — )W (X sy + K) |
S

The same computation with ¢; replaced by 6 and s = 0 shows that, for any fixed ¢ > 0,
Ex[W(X;aTy)1iATy <7, ] 1s uniformly bounded over N > 1, so that,

W(Xl‘/\TN)

Py (Ty < 1) sEx[ .

1[/\T}v<‘[3j| > 09
N——+o00
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where we have used Markov’s inequality. This implies in particular that the almost surely
nondecreasing sequence (Tx)y>0 converges to +oo almost surely. Using in addition Fatou’s
Lemma in the left-hand side of (32) and the monotone convergence theorem in the right-hand
side (separating the W term and the K term and using the fact that 6 < ¢ and that Ty is
almost surely nondecreasing), we obtain

Ex [e(l_CI)(t_S)W(Xt—s)]-l‘—s<'[;;]
!
<W(kx) +/ e(l—cl)(u—s)((e - Cl)Ex[W(Xu—s)lu—s<ra] + K) du.
s

Integrating with respect to the law of X under PP, and using Fubini’s theorem, we thus get
that

E/L() [e(l_C])tW(XZ)1t<t3] = Eu()[e(l_q)sW(Xs)ls<ta]
t
+/ e (0 — By [W(Xu) 1<y, ] + K) du.
N

This implies that E,,, [e(lfcl)’W(X,)ltqa] <ug-Wyv clL—e (we detail the proof of this im-
plication in Lemma 8 below) and, since P, (t < 73) > e~ =c! thatv, - W <vy-W Vv CIL_&,
for all ¢+ > 0, that is, that v; € PCVLQ forall t > 0.
cp—
Step 3. Weak continuity of the semigroup. Our aim is to prove the continuity of (ug, t) —
E ., f (X;) for any bounded continuous functions f : E — R. We prove first the continuity of

the application
(x,t) € E x [0, +00) > E, f(Xy).

Recall that Ty is the first hitting time of {W > N} and is a stopping time for the natural
filtration of the process. We have, for all x € E and ¢ > 0,

W (Xin1y
[ f (X0) = E[f Xinr)]| <201/ laoPa(Ty < 1) < 2||f||ooEx[M]

N
<201 fllooe® "V W (x)/N,

where the last inequality is a consequence of Assumption (A’2-iv) and (29). In particular,
since V is locally bounded, (x, t) — E, f(X;) is the locally-uniform limit (when N — +00)
of (x,1) = E[f(X:aTy)], which is continuous with respect to (x, f) since it is the expecta-
tion of a pure jump Markov process with uniformly-bounded continuous jump measure. As
a consequence, the application (x, t) — E, f(X;) is continuous (and bounded).

Let us now prove that, for any bounded continuous function f : E — R, the function

(1o, 1) = By f (X1)

is continuous on Pc(E) x [0, 400), for all C > 0. Let u,, € Pc(E) — u and t, — ¢t when
n — 400 (note that © € Pc (E) since this set is closed for the topology of weak convergence).
Then, we have

B, f (X)) —Eu f(XD)| < |Ep, [ f (X)) — FXD]| + |Ep, f(X0) —Eu f(X0)]
— 0 whenn — +o0,

where we used (for the first term in the right-hand side) the almost-sure continuity of s — X
at time ¢ and the dominated convergence theorem, and (for the second term in the right-hand
side) the continuity of x — E, f(X;) and the weak convergence of u, toward .
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Step 4. Uniqueness. Let t — p; be a solution to (16) in Pc(E) for some C > 0 and let us
consider

6, = exp(/ol us(Q —I)(E) ds)u,.

By Assumption (A'2-iii), |us(Q — I (E)| < AY9us - W +1 < AY4C + 1, so that 6; is well
defined for all ¢+ > 0. Moreover, for all bounded continuous functions f : E — R, 6, - f is
differentiable and we have

00, - f
et)z = (Q—D(EVW; - f+6:0-f = QEV; - f=6(0—1)- f.
Said differently, 6; is solution to (28). Hence, for any continuous function f, we have

% —0,(0 — 1) E.f(Xy—s) — 6,(Q — 1) -E.f (Xs_y) =0,

where we used (28) for (6;); to handle the first right-hand-side term (recall that x +—
E, f(X;—s) is bounded continuous) and the backward Kolmogorov equation for the sec-
ond right-hand-side term (see for instance Theorem 2.21 in [19]). This implies that 6; - f =
Eg, f (X;) and hence that

0 - E,, f(Xs)
wo f= L w0,
6 (E)  Pu,(X: #9)
for all + > 0 and all bounded continuous functions f : E — R. This implies that & = v, which
is thus the unique solution of (16). [

In Step 2 of the proof above, we used the following technical lemma:

LEMMA 8. Let g:[0,+00) > Rand f:R x R — R be two measurable functions such
that t € [0, +00) — f(t, g(t)) € R is locally integrable. If

g(1) — g(s) < /’ Flu,g)du YO<s <1

and if there exists M € R such that f(u, g(u)) <0 for all u € [0, +00) such that g(u) > M.
Then

g(t)<gO)vM Vi>0.

PROOF. We assume without loss of generality that M > g(0) and proceed by contradic-
tion: assume that there exist & > 0 and ¢ > 0 such that g(zr) > M + ¢ and let 79 = inf{s >
0s.t. g(t) > M + &}. Note that, for all # > 1y,

t
80 < gl0) + [ f(u @) du —> glt0),
fo tto
and hence g(tp) > M + ¢. Now, let so = sup{s <ty s.t. g(s) < M}, and note that
50
g(sp) < liminf{g(s) + / fu, gw)) du} =liminfg(s),
s1so s s150

implying that g(sg) < M. Finally, since g(s) € [M, M + ¢] for all s € [sp, o], we have

fo
Moo= gl0) < glso) + [ £ 9@)du < g(s0) < M. .
S0

We are now ready to prove Proposition 7:
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PROOF OF PROPOSITION 7. Our approach is based on [7] (see also [11] for an appli-
cation of this theorem on a set of probability measures on a compact space). In view of
[57], since E is separable by assumption, there exists a metrization of the topology of E
such that E is totally bounded (this distance is imposed on E from now on). Also, still by
[57], there exists a family of bounded uniformly continuous functions (gx)«>1 that is dense
in U(E, R), the set of all bounded uniformly-continuous functions from E to R. Finally,
[57], also states that a sequence (,),eN Of nonnegative measures converges weakly to p if
and only if w, - gr — 1 - gk when n — 400, for all k € N. We also consider the function
g0:x € E+— Q4 (FE), which is continuous by Assumption (A4) and bounded by Assumption
(A1), and the family of functions indexed by k, M € N defined by

gl () =—MV (Q-gx) A M)
and which are continuous (by Assumption (A4)) and bounded. In particular, the distance

)

d(uy, o) = ‘,U«IQ(E) —MzQ(E)} + Z I - 8k — 2 - 8kl A
k=1

2K(1 + Nl gk lloo)

o0

. i - g —m2- gl In 1
k=1,M=1 2k+M(1+”g]1<M”oo)

is a metric for the weak convergence in the set of nonnegative measures on E.
We introduce the increasing sequence (7,),>| defined as

h=VI+V+-+W

(see Lemma 2 for the definition of y,,) and we consider the time-changed and linearized
versions (fis)se[1,+o00) and (L) re[1,400) Of (1n)nen defined, foralln > 1 and all ¢ € [1,,, T41],
by

fr=in and =i b i — ).
Tn+l — Tn

Similarly, we define U, = U+ for all ¢ € [t,, Ty+1] (see Lemma 2 for the definition of U,,).

To prove that (u,);>0 is an asymptotic pseudo-trajectory of the semiflow induced by (16),
we apply [7], Theorem 3.2, (and refer the reader to [7] for the definition of an asymptotic
pseudo-trajectory).

Note that u; € Pc(E) for all ¢+ > 0, and hence (u,);>0 has compact closure in Pc(E)
(since this set is itself compact). Also, by construction, ¢ — p; is uniformly continuous (and
even Lipschitz) with respect to the distance d on Pc(E). Indeed, for all s, ¢ € [1,, T,+1],

r—s

tr—s - - - -
d(ps, pe) = Tid(nn+l» Nn) = d(Mn+1,1Mn)

n+l1 — Tn VYn+1
=St =9Q2[2E) |\ +4).

where we have used the fact (see Lemma 2) that, for all bounded measurable function g :
E — R+,

Mn+1-8& —Nn -
Yn+1

Therefore, to apply [7], Theorem 3.2, it only remains to prove that all limit points of
(®;(n))r>0 in C(R4, Pc(E)) endowed with the topology of uniform convergence on com-
pact sets are solutions of (16), where ©;(i) := (ts4s)s>0. Let u®° € C(R4, Pc(E)) be
such a limit point: in other words, we assume that there exists an increasing sequence of

&1 = 7w Q(E) (g(Yur1) — iin - 8)] <218 lloo.
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positive numbers (#,),>0 converging to +oo such that (®, (u)),>0 converges to ©* in
C(R4, Pc(E)).

Forall t € [y, T,+1) and all s > O such that t + 5 € [1,,, Tjp+1), We deduce from Lemma 2
that

t+s _
/ Fliiw) + Ua du
t

= (fn—f—l - t)(F(ﬁn) + Un—H)
m—1

(33) + Y i+ 1(FGin) + Ur1) + (¢ + 5 — ) (F (i) + Umt1)
k=n+1
T4l t+s—
= n—(nn—i-l - 77n) + nm - 77n+1 + —(Um-i-l - nm)
Tn+l — Tn Tm+1 — Tm

=— + Ki+s-

For all k € N, we define LX. : C(R., Pc(E)) — RO+ by

t
Lk ) (1) = vo + /O F(vy) - gids,

for any v € C(R4, Pc(E)) (see Lemma 2 for the definition of the function F'), so that, by
equation (33),

(34) O (W) - gk = L% (©,()) + AF + BX,

where, for all s > 0,
k t+s _ X t+s _
Af(s) = F(fu) - 8k — F(uy) - gedu  and B/ (s) = Uy - g du.
t t

The rest of the proof is divided into four steps: The first two steps are devoted to prove
that Af and, respectively, B[k converge uniformly to 0 on compact sets when # — +o00. In the
third step, we prove that LkF (®;, (1)) converges to LkF (u°°) for all subsequence t, — +00
such that (®,, (1t))n>0 converges to u® in C(R4, Pc(E)). Finally, in the fourth step, we
conclude the proof of Proposition 7.

Step 1: Af converges to 0. For all u € [t,, T,,41), we have

|F(llu) 8k — F () - gk|
<12uQ - gk — 1uQ - 8kl + [u Q(E) il - 8k — 1w Q(E) o - 8k |
= |r~]n+1Q 8k — M Q- 8kl + ”gk”oo|lluQ(E) - l‘LuQ(E)| + |y - 8k — Mu - 8kl
<in+10 - gk — 1n Q - gkl + gk loo|fin+1Q(E) — 71n Q(E)|
+ [Mn+1 - 8k — T - 8k|
18k Il oo

1
Sn—IQYn+1~gk—ﬁnQ-gkI+ {QY,M(E) iin Q(E)|

+ —|gk(Yn+1) — 1n - k|

_ llgkllo

p— —2(BY1V (Y44 + BYIC + 1 +2),
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where we used Assumptions (A’2-iii) and (A1) and the fact that, almost surely, 1,, € Pc(E)
for all n > 0. Hence, if we denote by n, the unique integer such that ¢ € [t,,, 7,,+1), for any
¢t > 0 (such an integer exists since 7,, — 400 when n — +00), we have, for all s > 0,

lgle $= | g lgllk(BYIC +3)s
Ak <= BYavy (y /9 4
(s) < 1 er;, Yik+1 (Yie+1) P
_ Mele BV g I8IkBYIC +3)s
nt_"_l c1 1+s nt+1 )

where we used that y,, < 1/(cin), for all n > 1, by Assumption (A1). Finally, for all T > 0,
we have

T Bl/ac + BYac 3
sup |Af(S){§ ”gk”OO( + /C14_ )

— 0 whent— +o0.
s€l0,T] ng+1

Step 2: Btk converges to 0. We have, for all ¢ € [t,, T,4+1) and t + 5 € [Thtms Tntm+1)>

n+m—1

|Bf ()] < (tngt = DlUns1 -8kl +| D Ver1Uest - 8| + (8 — Tugm) Unym1 - 8l
l=n+1
n+m—1
< VustlUns1 - 8l +| D ver1Ues1 - k| + Vatmst|Unsms1 - 8kl
l=n+1

Using a similar approach as in the proof of Lemma 5, one easily obtains that, for any bounded
continuous function f : E — R, >~y _ ve+1U¢+1 - f converges almost surely when n — +o00.
Hence, we have that, almost surely,

n+m—1
lim_ sup Yo 1lUnti - gkl + | D ver1Uest - 8k| + Yatmt1/Ungmr1 - 8kl
" mz1 {=n+1

In particular, we have that, for all 7 > 0,

sup |Btk(s)] — 0 whent— +o0.
s€[0,T]

Step 3: Lk (O, (1)) converges to L* 7 (™) for all subsequence t, — +00 such that
(®y, (W)n=0 converges to u*° in C(R+, Pc(E)). To prove this, it is enough to show that
L/; is sequentially continuous in C(R4, Pc(E)). Let (v"),>0 be a sequence of elements of
C(R4,Pc(E)) which converges to v € C(R, Pc(E)). Forall n > 0 and all r > 0, we have

t
(35 |LE (") @) — LEw)@)] < |vg -gk—vo-gk|+/0 |F(v") - gk — F(vy) - gk ds.

The first term of the right-hand side converges to 0 because of the weak convergence of
(v9)n=0 to v. Let us now focus on the second term of the right-hand side; we have

|F (V) - gk — F(vy) - gk
<|v'O- gk —vs0- gk + VI QEW! - gk — vs Q(E)vsg|.

Since v" converges uniformly on compact sets toward v, we deduce that the term s —
W Q(E)V! - gk — vs Q(E)vsgk| converges uniformly to O on compact sets when n — +00
(we use here the fact that go = Q.(E) appears in the distance d). Moreover, since v’ € Pc(E)
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and since |Q - gi| < Bl/q/llgkllooW‘I/q/ by Assumption (A2-iii) (recall that W := V1/7), we
deduce that, forall M > 1,

VIO gk — v Q- gk| < (v = vs)gt! |+ (v +v5)|Q - &k — gl
< | (v = vs)gd? [+ (v + v5)1 Q- gkL |-yl > ]

< |05 = vo)gl [+ BYC gklloo (v + o)W CL i

B4\ g, |14/4

< | —vy)g| + a1 (VI + v5) (W)
B4 g ]| %/ "2C
M 00
S |(V:l - Us)gk | + Mq//q_] )

where we have used the fact that vy € Pc(E) for all n € N and all s > 0. The term

B9 g 14/ 2C
M4 a1

converges to 0 uniformly in s in compact sets. As a consequence, we deduce that |V Q - gx —

Vs O - gx| converges to 0 uniformly in s in compact sets. This allows us to conclude that the
second term of the right hand side of (35) converges to 0 when n — 400, which was the aim
of Step 3.

Step 4: conclusion. Steps 1 to 3 above entail that any limit point > of (©,(i)),>0 satisfies

goes to 0 when M — 400 uniformly in s > 0 and the term [(v] — vs)g,jc"ll

t
M?o-gk=u8°-gk+/0 F(u)-grds  (Vk=1).

Since (gr)k>1 is dense in the set U (E, R), we conclude (see for instance [57], Lemma 2.3)
that

t
e = g +f0 F(ug®) ds.

As a consequence, 1™ is solution to the dynamical system (16). Using [7], Theorem 3.2, we
deduce that (1;);>0 is a pseudo asymptotic trajectory in Pc (E) for the semiflow induced by
the well-posed dynamical system (16) in P¢c (E). Therefore, Assumption (A3) entails that the
set of limit points of (u;);>¢ is included in the uniformly attracting set {v} of the semiflow
generated by (16). In particular, the only limit point of the compact sequence (7,),>1 iS V.
This concludes the proof of Proposition 7. [

REMARK 12. Without Assumption (A3), we still get that (u,);>0 is a pseudo asymptotic
trajectory in Pc(E) for the semiflow induced by the well-posed dynamical system (16) in
Pc(E). In particular, the set of limit points of (14;);>¢ is included in the limit sets of the flow
(see [7], Section 5.2).

3.2. Proof of Theorem 1 from Proposition 7. Fix ¢’ € (0, cy). For all k > 1, we define
o :=inf{n > k,m, P(E) < c'n}.

For all n > 1 and any bounded continuous function f : E — R, we set W, =mnq, - f —
Nnno, R - f, so that (W), >1 1s a martingale and

nAOk

Wy=mo-f+ Y (R f—Ry-f).

i=1
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An immediate adaptation of Theorem 1.3.17 in [28] tells us that if the sequence
(n_lE[llllnlr Dn>1 is bounded, then n~ 1w, goes almost surely to zero when n goes to in-
finity. We have, using Lemma 1 in [18],

B[] _ 26mo- ) 2 ZE [IRY - f = Ry, f| lizq;]
n n i=1
2(mg - )" 2||f||oo
5 . ZAE V(Y)lz<0'k]

i=1

where we used the fact that 1,4, is F;_j-measurable and independent of ¥; and Assumption
(A'2-iii).

Using Lemma 4, we deduce that the sequence (n~'E[|W,|"]), is uniformly bounded and
hence that n~'W,, goes almost surely to zero when n goes to infinity (since we have assumed,
in particular, that mg - V < +o00, which entails my(E) < 00).

Since this is true for any k > 1 and since P({J2 ;{ox = +00}) = 1 (see Lemma 3), we de-
duce that, almost surely, m,,(f) = n, R(f) + o(n) when n goes to infinity. In view of Propo-
sition 7, and by Assumption (A4) (namely continuity of R), we get that (n,R - f/n),>1 and
(mnR(E)/n)p>1 converge almost surely to vR - f and vR(E) respectively, which concludes
the proof of the first part and the last part of Theorem 1.

To get the almost-sure boundedness of m, P - V'/4/n, recall that, by definition, m, =
mo+ I, R(i:, implying that, for all n > 0,

n
mpP -V =mop-v443" QY v/,
i=1

As above, we let

nAOk
®,, =moP - VI/CI + Z (Q()’/l) . Vl/q _ QYi . Vl/Q)'
i=1

The sequence (®,),>0 is a martingale, and, similarly as above, we get that

E|®,|" 2|m0P Vl/qv
n n

- ZE |Q(1) Vi — QYi : Vl/q|r1i50k]

2|m0P viar

n

721@ V(YD) 1i<g]-

i=1

Using Lemma 4, we imply that (E|®,|"/n),>0 is uniformly bounded, and thus that ®,/n
converges almost surely to O when n — oco. Therefore, we have that, almost surely when
n— 00,

m,P-vlV/e 1Z .
= —ZQy VY4 o(1)=7,Q- V7 4 o(1).

Note that, by Assumption (A’2-iv), we have
[in Q- V4| < BY45, - V14,

and recall that, by equation (27), i, - V!/4 is almost surely uniformly bounded. We can thus
conclude that m, P - V/4 /n is almost surely uniformly bounded, as claimed.
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