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Abstract: This paper studies density estimation under pointwise loss in
the setting of contamination model. The goal is to estimate f(z¢) at some
zo € R with i.i.d. contaminated observations:

X1, Xn~(1—€)f +eg

where g stands for a contamination distribution. We closely track the effect
of contamination by the following model index: contamination proportion
€, smoothness of the target density [o, smoothness of the contamination
density 31, and the local level of contamination m such that g(zg) < m.
The local effect of contamination is shown to depend intricately on the
interplay of these parameters. In particular, under a minimax framework,
the cost
281 2
[€2(1 Am)2]V [n~ 2P1+Te2P1F1]
is shown to be the optimal cost for contamination compared with the usual
minimax rate without contamination. The lower bound relies on a novel
construction that involves perturbations of a density function at two differ-
ent resolutions. Such a construction may be of independent interest for the
study of local effect of contamination in other nonparametric estimation
problems. We also study the setting without any assumption on the con-
tamination distribution, and the minimax cost for contamination is shown
to be
2Bg_
ePotl,
Finally, the minimax cost for adaptation is established both for smooth
contamination and arbitrary contamination. Under arbitrary contamina-
tion, we show that while adaptation to either contamination proportion or
smoothness only costs a logarithmic factor, adaptation to both numbers is
impossible.

Keywords and phrases: Minimax rate, nonparametric functional estima-
tion, adaptive estimation, contamination model, robust statistics, Lepski’s
method.
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1. Introduction

Nonparametric density estimation is a well-studied classical topic [24, 8, 26].
In this paper, we consider this classical statistical task with a modern twist.
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Instead of assuming i.i.d. observations from a true density f, we assume
X17"'7XnN(1_E)f+€g7 (1)

where g is a density not related to f, and the goal is to estimate f(z¢) at some
xo € R. In other words, for each observation, there is an ¢ probability that the
observation is sampled from a distribution not related to the density of interest.

This problem naturally appears in both robust statistics and multiple testing
literature. In robust statistics literature, g has the name “contamination”, and
the task is interpreted as robustly estimating a density f with contaminated
data points [6]. In multiple testing literature, f and g are respectively called
null density and alternative density, and the task is interpreted as estimating
null density at a point [11]. In this paper, we use the name “contamination” to
refer to both g and the observations generated from it.

The nature of the problem heavily depends on the assumptions put on f
and g. When there is no constraint on the contamination distribution g, the
data generating process (1) is also recognized as Huber’s e-contamination model
[14, 15]. Recent work on nonparametric estimation in such a setting includes
[6, 12], and the influence of contamination on minimax rates is investigated by
[7, 6]. On the other hand, in the literature of multiple testing, it is more common
to put parametric structural assumptions on the alternative g, and optimal rates
of estimating the null density f are investigated by [16, 3]. We would also like
to point out a different line of work that studies estimating f with observations
generated from either (1 —€)f +eg [23] or (1 —€)f + e(f * g) [13, 28, 19], but
the density ¢ is known. In comparison, the robust estimation setting involves
some unknown contamination distribution g, so that the minimax rates have
very different forms.

In this paper, we explore this problem with connections to nonparametric
density estimation literature in mind. Specifically, the density function f is as-
sumed to have a Holder smoothness 3. Both cases of structured and arbitrary
contamination are considered and fundamental limit of this problem is studied
by establishing minimax rate. In the structured contamination case, the con-
tamination distribution g is endowed with a 8; Holder smoothness, and the
contamination level at the point z is assumed to satisfy g(zo) < m. The mini-
max rate of estimating f(xo) with respect to the squared error loss is shown to
be of order

28 2B
[ 2001V [2(1 Am)2] V [0~ i ez ], (2)

The minimax rate involves three terms, and the influence of contamination on

estimation is precisely characterized. The first term niﬁ corresponds to the
classical minimax rate of nonparametric estimation when there is no contami-
nation. The second term €?(1 A m)? is determined by contamination on xq. It
depends on both the contamination proportion € and the contamination level m.

_ 26 2 . . .
The last term n™ 2P1+1€251+1 is caused by contamination on the neighborhood

of xg, which is present even if the contamination level m is zero. In the arbitrary
contamination case, or equivalently under Huber’s e-contamination model, the
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minimax rate is of order
289 289

[T v [t 3)
Compared with (2), the rate (3) is easier to understand in terms of the influ-
ence of the contamination. It is interesting to note that even though 3y is the
smoothness index of f, it still appears on the second term in (3). Thus, when
the contamination is arbitrary, its influence on estimation is also determined by
the smoothness of the target density.

We also thoroughly investigate the theory of adaptation in both settings
of contamination models. Depending on specific settings, various adaptation
costs are necessary. For the contamination model with structured contamination,
when the contamination proportion is unknown, an optimal adaptive procedure
can achieve the rate (2) with ¢2(1 A m)? replaced by €*. When the smooth-
ness is unknown, an optimal adaptive procedure can achieve the rate (2) with
n replaced by n/logn. Similarly, for the contamination model with arbitrary
contamination, the rate (3) can be achieved up to a logarithmic factor when
either € or By is unknown. On the other hand, however, when both the contam-
ination proportion and the smoothness are unknown, the adaptation theories
are completely different for the two contamination models. For structured con-
tamination, the adaptation cost is just the combination of the cost of unknown
contamination proportion and that of unknown smoothness. In contrast, for ar-
bitrary contamination, we show that adaptation is simply impossible when both
€ and [y are unknown. In other words, it is impossible to adaptively achieve a
rate of the form n~="1(%0) v ¢m2(%) with any two functions 71 (-) and ro(-).

The theory of adaptation in nonparametric functional estimation without
contamination is well studied in the literature. It is shown by [1, 18, 5] that a
logarithmic factor must be paid for estimating a point of a density function when
smoothness is not known. Adaptation costs of estimating other nonparametric
functionals have been investigated in [20, 25, 17, 2, 4]. Compared with the results
in the literature, the presence of contamination brings extra complication to
the problem of adaptation. It is remarkable that the adaptation cost depends
very sensitively on each specific setting and contamination model. The new
phenomena revealed in our paper for adaptation with contamination have not
been discovered before.

The rest of the paper is organized as follows. The contamination model with
structured contamination is studied in Section 2 and Section 3. Results of min-
imax rates and costs of adaptation are given in Section 2 and Section 3, re-
spectively. The corresponding theory of contamination model with arbitrary
contamination is investigated in Section 4. In Section 5, we discuss extensions
of our results to multivariate density estimation and a consistent procedure in
the hardest scenario where adaptation is impossible. All proofs are given in
Section 6.

We close this section by introducing notations that will be used later. For
a,b € R, let aVb = max(a, b) and aAb = min(a, b). For an integer m, [m] denotes
the set {1,2,...,m}. For a positive real number z, [x] is the smallest integer no
smaller than x and |z | is the largest integer no larger than x. For two positive



3616 H. L and C. Gao

sequences {a,} and {b,}, we write a, < b, or a, = O(b,) if a, < Cb,, for all
n with some consntant C' > 0 independent of n. The notation a,, < b, means
we have both a,, < b, and b, < a,. Given a set S, |S| denotes its cardinality,
and 1g is the associated indicator function. We use P and E to denote generic
probability and expectation whose distribution is determined from the context.
The notation E(X : S) stands for E(X1g). The class of infinitely differentiable
functions on R is denoted by C*°(RR). For two probability measures P and Q, the
chi-squared divergence is defined as x?(P, Q) = % —1, and the total variation
distance is defined as TV(P,Q) = supg |[P(B) — Q(B)|. Throughout the paper,
C, ¢ and their variants denote generic constants that do not depend on n. Their
values may change from place to place.

2. Minimax rates with structured contamination
2.1. Results and implications

Consider i.i.d. observations X1, ..., X;, ~ (1 — €)f 4 eg. The goal is to estimate
f at a given point. Without loss of generality, we aim to estimate f(0). In other
words, for every ¢ € [n], we have X; ~ f with probability 1 — e and X; ~ g
with probability €. Thus, there are approximately ne observations that are not
related to the density function f, which are referred to as contamination.

To study the fundamental limit of estimating f with contaminated data, we
need to specify appropriate regularity conditions on both f and g. We first define
the Holder class by

S(8,L) = {f ‘RSR 'f(w)(xl) — fUBD ()| < Ljzy — 2]~ 1)

for any x1, 22 € ]R}.

Here, § stands for the smoothness parameter, and L stands for the radius of the
function space. The Holder class of density functions is defined as

P(B,L) = {f:]R—> [O,m)’fEE(B,L),/le}.

Finally, we define the class of mixtures in the form of (1 —€)f + eg by
M(evﬁo,ﬁlaLO,lem)
={(1- 91 +eg|f € P(50, Lo).g € P(B1, L1), 9(0) < m}.

This class is indexed by several numbers. Throughout the paper, we refer to € as
contamination proportion and m as contamination level at 0. The pair (5, L)
controls the smoothness of the density function f that we want to estimate,
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and the pair (81, L1) controls the smoothness of the contamination density g.
Among the six numbers, ¢ and m are allowed to depend on the sample size
n, but the numbers Sy, 81, Lo, L1 are all assumed to be constants that do not
depend on n throughout the paper. It is also assumed that e < 1/2.

The minimax risk of estimation is defined as (notice that we suppress the
dependence on n for R)

R(G, BO7ﬁl?LO7 Llam)

2
= inf sup Ex,,. . . X,~p (f(o) - f(O)) )
£(0) p(e,f,g)€M(€,80,81,Lo,L1,m)

where the notation p(e, f, g) is used to denote the density (1 —¢€)f + eg. Later in
the paper, we will shorthand Ex, . x,~p by E,». Obviously, the minimax risk
becomes smaller if € gets smaller or n gets larger. Besides the role of € and n,
the other model indices are also expected to affect the difficulty of the problem,
as listed in the following.

e The smoothness of f: From classical density estimation theory, we know
the smoother f is, the easier it is to estimate f(0).

e The level of ¢g(0): Intuitively, the smaller g(0) is, the smaller its influence
is on f(0), and thus the easier the problem is.

e The smoothness of g: Intuitively, the smoother g is, the less the contami-
nation effect can spread, and thus the easier it is to account for the effect
of ¢ in the contamination model.

Now we present the following theorem of minimax rate, that justifies our intu-
ition above.

Theorem 2.1. Under the setting above, we have
_ 280 2 2 281 _ 2
R(€7605517L07L1,m) = [n 250+1]\/ [6 (1/\m) ]\/ [n 261+1€2[31+1]' (4)

In other words, R(e, Bo, 1, Lo, L1,m) can be upper and lower bounded by the
right hand side of (4) up to a constant that only depends on Sy, B1, Lo, L1 .

Theorem 2.1 completely characterizes the difficulty of estimating f(0) with
contaminated data. The three terms in the rate (4) have different but very clear

28
meanings. The first term n™~ 01T is the classical minimax rate of estimating
a smooth function at a given point without contamination. The second term
€2(1 A'm)? is proportional to the squared of the product of contamination level

and contamination proportion. The last term n_% €T is perhaps the most
interesting. Here the effect of € is powered by an exponent depending on (1, and
it stands for the interaction between the contamination proportion and the
contamination smoothness. The fact that it does not depend on m implies that
we have to pay this price with contaminated data even if g(0) = 0.

To further understand the implications of Theorem 2.1, we present the fol-
lowing illustrative special cases of the minimax rate (4). First, when € = 0, we
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get
_ _2B0
R(O7 /BOa /817 LOa Lla m) =n 2[;011 .
This is simply the classical minimax rate of estimating f(0) without contami-
nation.
Next, to understand the role of m, we consider two extreme cases of m = 0
and m = co. From (4), we have

289 281

R(Ea /607 Bla L07 le 0) = [n_ 2B0+1] \ [n_ 21t 62612+1 ]a

and 25
— 0]
R(6750a617L07L1,OO) = [’I’L 2ﬁ0+1] N 62'

The case of m = 0 is particularly interesting. It implies g(0) = 0, and one may
expect that the contamination would have no influence on the minimax rate.
This intuition is not true because of the term n_%eﬁ. Since nonpara-
metric estimation of f(0) also depends on the values of the density function at
a neighborhood of 0, the contamination from ¢ can still have an effect on the
neighborhood of 0 despite that g(0) = 0. A smaller value of 5; allows a greater
perturbation by g on the neighborhood of 0. When m = oo, the minimax rate

has a simple form of [n_%%] V €2. The influence on the minimax rate from
contamination is always €2, regardless of the smoothness 3.

Finally, we consider the cases of 81 = 0 and 5; = co. In fact, the Holder class
(8, L) with 1 = oo is not well defined, but the discussion below still holds for
a sufficiently large constant ;. From (4), we have

28

R(€,ﬁ0,O7L0, Ll; m) = [7’?,_ 2HD+1] \ 627
and "
R(E,ﬁo, 007L07 L17m) = [ni 260+1} \ [62(1 A m)2]

The influence of the contamination takes the forms of €2 and €2(1 Am)? for the
two extreme cases. This immediately implies that for any values of €, 8y, 81, Lo,
L1, m, we have

28gp

28
[TtV [ (1 Am)] S R(e, Bo, B, Lo, Li,m) S [n” Fot1] v é2.

In other words, the influence of contamination on the minimax rate is sand-
wiched between m?e? and 2.

2.2. Upper bounds

The minimax rate (4) can be achieved by a simple kernel density estimator that

takes the form
~ 1 | X;
fn(0) = n(i—q ; 7K (T) : (5)
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This estimator is slightly different from the classical kernel density estimator
because it is normalized by ﬁ instead of %L The knowledge of the contam-

ination proportion € is very critical to achieve the minimax rate (4). Later, we
will show in Section 3.2 that the minimax rate (4) cannot be achieved if € is not
known.

We introduce the following class of kernel functions.

Ki(L) = {K:R—)R‘/K:1,/ij(x)dm:Oforallj€[l],

1K o v/K2 \//|:c|l|K(33)\dm < L}.

The class KC;(L) collects all bounded and squared integrable kernel functions of
order [. The number L > 0 is assumed to be a constant throughout the paper.
We refer to [8] for examples of kernel functions in the class K;(L).

Theorem 2.2. For the estimator f(O) = fh(O) with some K € K| g,v3, (L) and

1 1 2
h =mn"2FFT An 21+Te 25171 we have

sup By (7(0) - f0)’

p(e f,9)€M(e,B0,61,Lo,L1,m)

_ _2Bg 2 2 _ 281 2
< [TV [E(LAm)?] V[T T e,

Theorem 2.2 reveals an interesting choice of the bandwidth h = N~ T A
n_wlﬁe_wlﬁ. Compared with the optimal bandwidth of order n” 7T in
classical nonparametric function estimation, the h in the structured contamina-
tion setting is always smaller. The choice of bandwidth is a consequences of the
specific bias-variance tradeoff under the structured contamination model. As an
interesting contrast, in the case of arbitrary contamination, the optimal choice
of bandwidth is always larger than the usual one, see Section 4.

The error bound in Theorem 2.2 can be found through a classical bias-

o~

variance tradeoff argument. We can decompose the difference f(0) — f(0) as

<f<o>1Ef<o>>+<Ef<o>f<0> ‘ g<o>)+ < 9(0). (6)

Here, the first term is the stochastic error. The second term gives the approxima-
tion error of the kernel convolution. The last term is caused by the contamination
at 0. Direct analysis of the three terms gives the bound

E (f(O) - f(o))2 S % + (W0 + Eh*P) + €(m A 1)2 (7)

1 1 2
Now with the choice h =n~ 2P0¥T An”~ 2P1+1¢ 281F1  we obtain the error bound
in Theorem 2.2. For detailed derivation, see the proof of Theorem 2.2 in Section
6.1.
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2.3. Lower bounds

In this section, we study the lower bound part of the minimax rate (4). We first
state a theorem.

Theorem 2.3. We have

289

281
R(e, Bo, B1, Lo, L1,m) = [0~ Tt 1|V [e2(1 Am)?] V [0~ 2141 28171,

The first term n_% is the classical minimax lower bound for nonpara-
metric estimation. Thus, we will only give here a overview of how to derive the
second and the third terms. Two specific functions are used as building blocks
for our construction, and their definitions and properties are summarized in the
following two lemmas.

Lemma 2.1. Let l(z) = e_ﬁ]l{‘ﬂgl}. Define

0,

o IA

ale) = {Col<w+ D, -

<z
collx—1), 0<z<

The constant cg is chosen so that [a = 1. It satisfies the following properties:

1. a is an even density function compactly supported on [—2,2].

2. a(0) =0.

3. For any constants B,L > 0, there exists a constant ¢ > 0, such that
ca(cx) € P(B, L) NC>®(R).

4. For any small constant ¢ > 0, a is uniformly lower bounded by a positive
constant on [—1, —c]U[e, 1], and it is uniformly upper bounded by a positive
constant on R.

Lemma 2.2. Let l(z) = e_ﬁjl{mgl}. Define

—l (42 +3), —1§x§—%,
b(z) = 4 1(22), x| < 3,
—l(4z-3), i<z<1

It satisfies the following properties:

1. b is an even function compactly supported on [—1,1].

2. For any B,L > 0, there exists a constant ¢ > 0 such that c¢b € 3(5,L) N
C>(R).

3. b is uniformly lower bounded by a positive constant on [—1, 3], and |b| is
uniformly upper bounded by a positive constant on R.

4. [b=0.

Both the proofs of the second and the third terms in the lower bound involve
careful constructions of two pairs of densities (f,g) and (f,q). In order to show
R(e, Bo, B1, Lo, L1,m) = €2(1 Am)?, we consider the following constructions,

~
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f(ﬂf) = fO(x)v

J(@) = fol@) + e p—(m A Db(),
g(x) = caa(caz) + c1(m A 1)b(z),
g(x) = caa(cax).

Here, the constants c;, ¢ are chosen so that the constructed functions f, f, 9,9
are well-defined densities in the desired parameter spaces. It is easy to check
that with the above construction,

L—e)f+eg=(1—ef +eq.

This implies that with the presence of contamination, an estimator f(0) cannot
distinguish between the two data generating processes (1 — €)f + eg and (1 —
€)f +€7. As a consequence, an error of order | f(0) — f(0)|2 =< €2(1 Am)? cannot
be avoided. " ,
The derivation of the lower bound R(e, Bo, 81, Lo, L1,m) 2 n~ 2Pi+Tle2mFT i

more intricate. Consider the following four functions,
f(x) = folz),
T € o1 (TN _ 1 6o 2(x —cyq) B 2(x + ¢4)
F@) = folw) + T—e2 {h z(h) h z(h wor (S

- Cg%‘ﬁlb (ﬁ),
h

9(x) = cra(cix),

where the definitions of the functions [, a, b are given in Lemma 2.1 and Lemma
2.2. Again, the constants c1, c2, c3, ¢4 are chosen properly so that the constructed
functions are well-defined densities in the desired function classes.

A dominant feature of this constructions is that g is a perturbation of g with
two levels of perturbation, respectively with bandwidth A and h, while usual
lower bound proof in nonparametric estimation involves perturbing a function at
a single bandwidth level. The first level of perturbation h%0( (%) serves to cancel
the effect of the corresponding perturbation on f, while the second perturbation

—hPp (%) serves to ensure the constraint of contamination level. Indeed, if we

relate h and h through the equation h%0 < hP1, then it is direct that §(0) =
9(0) = 0. In other words, the constructed contamination density functions g and
g both have contamination level 0. An illustration of this construction with a
two-level perturbation is given by Figure 1. The colors of the plot correspond
to those in the formulas.

With the above construction, it is not hard to check that

ple, f.g) — ple, 1.9) = —esehPb (%) |
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VLAY

Fic 1. An dllustration of the construction of g.

In order that an estimator cannot distinguish between the two densities
ple, f,9) = (1 —¢€)f +eg and p(e, f,g) = (1 — €) f + €g, a sufficient condition is
X2 (p(e, f,g),p(e, /s g)) < n~! (see Lemma 6.1), which leads to the choice of h

~ 1
at the order h =< (neZ) 2811 - As a consequence, an error of order

281

1£(0) — F(0)]2 < e2h?Po < 221 < Ty~ T

cannot be avoided. A rigorous proof of Theorem 2.3 will be given in Section 6.2.

3. Adaptation theory with structured contamination
3.1. Summary of results

To achieve the minimax rate in Theorem 2.1, the kernel density estimator (5)
requires the knowledge of contamination proportion € and smoothness (8o, 51).
In this section, we discuss adaptive procedures to estimate f(0) without the
knowledge of these parameters. However, adaptation to € or to (g, 81) is not
free, and one can only achieve slower rates than the minimax rate (4). The
adaptation cost varies for each different scenario. A summary of our results is
listed below.

e When the contamination proportion is unknown, the best possible rate is
_ 2P0 2
n 2Potl Ve,

e When the smoothness parameters are unknown, the best possible rate is

~ Tt —
n 0 n 1 _ 2
( ) v [(1Am)?] v ( > €T

logn logn
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e When both the contamination proportion and the smoothness are un-
known, the best possible rate becomes

_ 280
n 2B0+1 5
< > Ve,
logn

Compared with the minimax rate (4), the ignorance of the contamination pro-
portion implies that m is replaced by 1 in the rate, while the ignorance of the
smoothness implies that n is replaced by n/logn in the rate.

3.2. Unknown contamination proportion

The kernel density estimator (5) depends on € in two ways: the normalization
through ﬁ and the optimal choice of bandwidth h. Without the knowledge

of e, we consider the following estimator

~ 11, (X
0) =— -K|{—). 8
o =535 (5) ®
The first difference between (8) and (5) is the normalization. When € is not

given, we can only use + in (8). Moreover, the choice of h in (8) cannot depend
on €.

Theorem 3.1. For the estimator f(0) = f,(0) with some K € K\ govs, (L) and
h=n 25071 , we have
—~ 2 __2Bg 9
sup Epe (F(0) = £(0)) S nmzfr v e,
p(e,f,9)€M(€,80,81,L0,L1,m)

With the choice h = n_"‘ﬂoﬁ, fh becomes the classical nonparametric density
estimator. The contamination results in an extra €2 in the rate compared with
the classical nonparametric minimax rate, regardless of the values of m and
B1. Note that in the current setting, the error f;(0) — f(0) has the following
decomposition,

(f1(0) = Ef4(0)) + (Efn(0) — (1 — €) £(0) — eg(0)) + e(g(0) — £(0)).  (9)

The difference between (6) and (9) is resulted from different normalizations in
(5) and (8). Some standard calculation gives the bound
~ 1
E(fu(0) = £(0))* £ — V¥ v,
nh
which implies the optimal choice of bandwidth h = n"~ 21’5*1, and thus the rate
in Theorem 3.1. A detailed proof is given in Section 6.1.
In view of the form of the minimax rate (4), the rate given by Theorem 3.1
can be obtained by replacing the €2(1 A m)? in (4) with €2. A matching lower
bound for adaptivity to € is given by the following theorem.
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Theorem 3.2. Consider two models M(e, Bo, f1, Lo, L1, m) and M(€, Bo, b1,

'~

Lo, Ly, m) with different contamination proportions. For any estimator f(0) that
satisfies

~ 2
sup Ep (F0)- £(0)) < ¢,
p(€,f,9)€EM(€,Bo,B1,Lo,L1,m)

for some constant C > 0, there exists another constant C' > 0, such that if
C'e < e <1/2, then we have

~

sup E,» ( 7o) - f(O))2 > 2,

p(e, f,9)€M(e,B0,61,Lo,L1,m)

As a consequence, we have

~ 2
inf sup sup E,» (f(()) - f(O)) /2> 1.
£(0) e€(0,1/2) p(e, f,9) €M (€,80,81,Lo,L1,m)

Theorem 3.2 shows that it is impossible to achieve a rate that is faster than €2
even over only two different contamination proportions. The proof of Theorem
3.2 relies on the following construction,

f = f07

g = cra(ciz),

~ 1—¢ €—¢€
f=1—=f+ 1=aalaw),
g = cra(ciz).

With an appropriate choice of the constant ¢; > 0, we have (1 —¢)f + eg €
M(€760a /617L0a Lla m) and (1 _g)f +€§ € M(a /80761a L07L17m)' Moreover, it
is easy to check that

(1—e)f +eg=(1-0)f +¢5.

In other words, a model with contamination proportion e can also be written
as a mixture that uses a different €. Unless the contamination proportion is
specified, one cannot tell the difference between (1 —€)f +eg and (1 —€)f + €g.
This leads to a lower bound of the error, which is of order |f(0) — f(0)|? =< €2.
A rigorous proof of Theorem 3.2 that uses a constrained risk inequality in [1] is
given in Section 6.3.

3.3. Unknown smoothness

In this section, we consider the case that the smoothness numbers are unknown,
but the contamination proportion is given. In view of the kernel density esti-
mator (5) that achieves the minimax rate, we can still use the normalization by
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n(l 9 because of the knowledge of €, but the bandwidth h needs to be picked
in a data-driven way. For a given h, define
—~ "1
K=
A0 = g 2 ()

With a discrete set H and some constant ¢; > 0, Lepski’s method [20, 21, 22]
selects a data-driven bandwidth through the following procedure,

Ezmax{heﬂzm(())—ﬁ(o)gcu/lofn Vl<hle7-£} (10)

In words, we choose the largest bandwidth below which the variance dommates
If the set that is maximized over is empty, we will use the convention h= ;

The estimator fﬁ (0) that uses a data-driven bandwidth enjoys the following
guarantee.

Theorem 3.3. Consider the adaptive kernel density estimator f( 0) = fh( )
with the bandwzdth defined by (10). In (10), we set H = {1, TR ,Zm} such
that 1 <1 = < zm =7 and c1 to be a sufficiently large constant. The kernel K is
selected from K;(L) with a large constant 1 > |Bo V f1]|. Then, we have

sup Epn (A(O) — f(O))2

p(e,f,9)€M(e,B0,61,L0,L1,m)

_ 280 _ 281
n 2B +1 n 28141 B
< < > v [E(1Am)?] v ( ) €TFLFT

logn logn

Lepski’s method is known to be adaptive over various nonparametric classes,
and it can achieve minimax rates up to a logarithmic factor without knowing the
smoothness parameter [18]. Theorem 3.3 shows that this is also the case with
contaminated observations. With an adaptive kernel density estimator normal-
ized by n(l oL the minimax rate (4) is achieved up to a logarithmic factor in
Theorem 3.3.

A comparison between the adaptive rate given by Theorem 3.3 and the min-
imax rate (4) reveals two differences. The first adaptation cost is given by

0
T 2B+1 . — 2P0 . . . .
(mZn) , compared with n~ 2%+ in (4). Previous work in adaptive non-

parametric estimation [1, 18, 2] implies that this cost is unavoidable for adapta-

_ 2B 5
2 1 2
) B1+ 6251+1,

tion to smoothness. The second adaptation cost is given by (logn

28,
compared with n~ 2F1+T €T in (4). In the next theorem, we show that this

adaptations cost is also unavoidable without the knowledge of the smoothness
parameters.
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Theorem 3.4. Consider two models M(e, Bo, B1, Lo, L1, m) and M(e,go,gl,
Lo, Ly, m) with different smoothness parameters. Assume that By < Bo, 51 < S,
Bo > B1 and ne® > (logn)?. For any estimator f(0) that satisfies

__2B
w (o s0) <o () e

p(e.f.)EM(€Fo.BrrLosLr.m) logn

for some constant C' > 0, we must have

_ 21
s B (F0)-10)' 2 () 7 e

p(e f,9)€M(e,B0,61,Lo,L1,m) logn

Similar to the statement of Theorem 3.2, Theorem 3.4 shows that it is im-
2
N 1=
logn
function classes with different smoothness parameters. We remark that the as-
sumptions By > B1 and ne? > (logn)? in Theorem 3.4 are necessary conditions

_ 261 _ _2B0
fOI'( n ) 2681 +1 ) 2Bg+1

2
€2P1+1 across two

possible to achieve a rate that is faster than (

. Without these two condi-

logn logn

2
€2P11T to dominate (L
_ 260
07 s the larger term between the two, and the lower bound is

tions, (IO" )
gn
already in the literature.
In conclusion, the rate in Theorem 3.3 achieved by Lepski’s method cannot

be improved unless smoothness parameters are given.

3.4. Unknown contamination proportion and unknown smoothness

When both the contamination proportion and the smoothness are unknown,
we consider Lepski’s method with a kernel density estimator normalized by %
Define

Then, a data-driven bandwidth  is selected according to (10). Again, if the
set that is maximized over is empty in (10), we will use the convention h = %
Note that this is a fully data-driven estimator that is adaptive to both the
contamination proportion and the smoothness. It enjoys the following guarantee.

Theorem 3.5. Consider the adaptive kernel density estimator f(()) = ]/%(O)
with the bandwidth defined by (10). In (10), we set H = {1,1 .- 1} such

’ 9 s om

that 21 < % < 2%1 and ¢y to be a sufficiently large constant. The kernel K is

selected from IC;(L) with a large constant 1 > |Bo V B1]. Then, we have

280

sup B (F0)-10)" 5 (1) 7 Ve

p(e,f,9)EM(e,80,51,Lo,L1,m) logn
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Compared with the minimax rate in Theorem 2.1, the rate in Theorem 3.5
can be understood as replacing n and €2(1 A m)? respectively by n/logn and
€2 in (4). In view of the results in both Section 3.2 and Section 3.3, this rate

0
( n ) 0™/ €2 in Theorem 3.5 cannot be improved by any procedure that

logn
is adaptive to both contamination proportion and smoothness.

4. Results for arbitrary contamination
4.1. Minimax rates

In this section, we study the contamination model without any structural as-
sumption on the contamination distribution:

Xi,.. 0, Xn~(1—€)Ps+€eG

where Py is a distribution on R that has a density function f, and G is an
arbitrary contamination distribution. This leads to the following model space

M(e, Bo, Lo)
= {(1 —€)Pr+€eG|f € P(Bo, Lo) and G is an arbitrary distribution} .

This is often referred to as Huber’s e-contamination model [14, 15]. Nonpara-
metric function estimation under Huber’s e-contamination model has recently
been studied by [6, 12] for global loss functions. In this paper, our focus is on
the local estimation of f(0). The corresponding minimax risk is defined by

—~ 2
Rie,o,Lo)=inf  sp B (F(0) = £(0)) .
f(0) p(e, f.9)EM(e,B0,Lo)

In contrast to the minimax rate studied in Section 2.1, we only have one pa-
rameter € that indexes the influence of the contamination for R(e, By, Lo).

Theorem 4.1. Under the setting above, we have

289

28
R(e, Bo, Lo) < [n~ 25é9rl] V [ePo+T]. (11)

The minimax rate given by Theorem 4.1 only involves two terms. The first
772[%) . . .. . . .
term n~ 2P0+t is the classical minimax rate for nonparametric estimation. The
28¢
second term eBo+1 characterizes the influence of contamlnatlon Iti is Worth notic-

ing that the smoothness index of f appears both in n 2t and eﬁ0+1 A larger
value of By implies a less influence of the contamination. This is in contrast to
the rate of R(e, Bo, 51, Lo, L1, m) in Theorem 2.1.

L. _ Potl
The phase transition boundary of R(e, By, Lg) occurs at € = n~ 2Po+1. Below
28
this level, we have R(e, 8o, Lo) < n~ 20T , and the contamination has no influ-

. .. . _ Botl
ence on the classical minimax rate. When € is above n~ 201 the rate becomes
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280 . S .

€Pot1 | dominated by the contamination of data. Since we have about me con-

taminated observations in expectation, an optimal procedure can achieve the
B

——2 0 . _50 .
classical minimax rate n~ 2P0+! with at most ne < n2Po+T contaminated data

B
points. Note that the number n% T is an increasing function of 3.

For the upper bound of the minimax rate, we again consider the kernel density
estimator fh( y=1iy" iK( +). The error fh( ) — f(0) can be decomposed

as (f?h(()) - th(())) (Ehf( ) — f(0)). Then, a direct analysis shows that the
risk can be bounded by three terms,

. 2
E(Fu0) - f0) £ vy o (12)

which leads to the optimal choice of bandwidth h = n” TV €ForT, It is
interesting to note that this choice of bandwidth is always larger than or equal to
n” T, Recall that when the contamination is smooth, the optimal bandwidth
in Theorem 2.2 is smaller than n~ 577 Thus, when there is contamination in
the data, one may need to use a larger or smaller bandwidth compared with
n” 7TT depending on the assumption of contamination.

The lower bound part of Theorem 4.1 can be viewed as an application of
Theorem 5.1 in [7]. A general lower bound for Huber’s e-contamination model
in [7] reveals a critical quantity called modulus of continuity, defined as

w(e) =sup {|£(0) = O : TV(Py, Pp) < ¢/(1 =€), f. ] € P(o, Lo) } -

The definition of modulus of continuity goes back to [9, 10], and its relation to
Huber’s e-contamination model is characterized in [7]. In the current setting,

28
it can be shown that w(e) =< vel, which leads to the lower bound part of
Theorem 4.1. In Section 6.5, we will give an alternative self-contained proof of
the lower bound.

4.2. Adaptation to either contamination proportion or smoothness

The key to adaptation to either contamination proportion or smoothness is
the risk decomposition (12) of the kernel density estimator f,(0) =
DDA ()Z) We write (12) as the sum of two terms. That is,

28 2 62 1 25
VAP0V — < — heFo. 13
nh h? <h2 + h) + (13)
The first term ;—22 + % is a decreasing function of h with a possibly unknown
€, while the second term h?% is an increasing function of h with a possibly
unknown ﬁo If we know € but do not know (g, then we can use Lespki’s method
with 52 + h as a reference curve. On the other hand, if we know Sy but do
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not know €, we can then use a reverse version of Lepski’s method with k2% as
a reference curve. Specifically, when € is known but 5y is unknown, we use

ﬁzmax{h €M |fn(0) = fi(0)] < (1/103" n ;) V< hle 7—[}. (14)

If the set that is maximized over is empty, we take h = 1. When Bo is known

n
but € is unknown, we use

ﬁmm{he?{:ﬁ(O)ﬁ(0)|gclzﬁo,vzzh,16ﬂ}. (15)

If the set that is minimized over is empty, we take h=1.

Before stating the guarantee for f;(0), we want to emphasize that whether
the contamination proportion € is known or not is more than a matter of nor-
malization. As a comparison, recall the risk decomposition for a kernel density
estimator with structured contamination in (7). There, both h?% and ¢2h?5! are
increasing functions of h. This implies that simultaneous adaptation to both €
and h is possible through Lepski’s method, and whether € is given or not only
affects the normalization of the kernel density estimator, which is not the case
for arbitrary contamination because of (13).

Theorem 4.2. Consider the adaptive kernel density estimator f(O) = J?E(O)

with the bandwidth h given by (14) or (15). In either case, we set H =
{1,%,~-- ,%} such that 2%,1 < % < Qm%l and ¢y to be a sufficiently large
constant. The kernel K is selected from IC;(L) with a large constant I > |5o].
Then, we have
) 1 28¢
~ 2Bo+1 28
sup Epn (f(O) —f(O)) < <ﬂ> * VRt

ple,f,9)EM(e,80,Lo) n

With one of € and 5y given, Theorem 4.2 guarantees adaptive estimation with
2

the rate (k’ﬁ
n

we have an extra logarithmic factor due to the ignorance of either € or £y. This
logarithmic factor cannot be removed by any adaptive procedure in view of the
results of [1, 18, 2].

Bo
3Fo+1 , 2Bo . .. .
" VePotT . Compared with the minimax rate in Theorem 4.1,

4.3. Adaptation to both contamination proportion and smoothness?

When both contamination proportion and smoothness are unknown, the adap-
tation theory with arbitrary contamination is completely different from the case
with structured contamination. Since there is no constraint on the contamina-
tion distribution, a model with (e, 5y) can also be written as a different model
with (€, EO). As a consequence, we can prove the following lower bound.



3630 H. L and C. Gao

Lemma 4.1. For any constants c1,ca > 0, there exists a constant co, such that
for any Bo, Bo < c1, and any Lo, Ly > c2, and any estimator f(0), one of the
following lower bounds must be true,

~ 2 289
sup E,n <f(0) - f(O)) > coefott,
p(e, f,g9)€EM(€,B0,Lo)
-~ 2 28
sup E,n (f(O) — f(O)) > coelott,

(0, £,9)€M(0,80,L0)

Lemma 4.1 says that in order for any estimator to adapt to two classes with

different contamination proportions and smoothness indices, say M(e, 8o, Lo)
~ - 28
and M(0, By, Lo), it is impossible to achieve a rate that is better than eTfl
25

across both classes. The lower bound eﬁfl is a function of both ¢, the contam-
ination proportion of the first class M(e, By, Lg), and By, the smoothness index
of the second class M (0, EO, Eo). As we will show in the following, this specific
form has a profound implication, in that an adaptive estimation rate that is a
function of an individual class is impossible!

As a first step, the following definition formulates what adaptivity means in
our specific setting.

~

Definition 4.1. An estimator f(0) is called (c1, ca,c3,71(+),m2(+)) rate adaptive
if the following holds: for anyn > 1, any e < 1/2, any By < ¢1 and any Lo < ca,
we have

- 2
sup E,n (f(O) - f(O)) < cgn"1(P0)  gr2(Bo) (16)
p(e,f,9)€M(e,B0,L0)

As concrete examples, when the contamination distribution is restricted to
those with density functions that are Hélder smooth, it is shown in Theorem
3.5 that adaptive estimation is possible with some r1(5y) < 2;(}% and r2(By) =
2. When the contamination distribution is arbitrary, Theorem 4.2 shows that
adaptive estimation is possible over (e, fy) if either € or fy is fixed (known) with
some 11(fp) < 2;&11 and 79(By) = 5206?1' In contrast, the following theorem
shows that such a goal is impossible for any r1(-) and r2(-) when both € and S

are unknown.

Theorem 4.3. For any constants ci,ca,c3 > 0 and any positive functions 1(+)

~

and ro(-), there is no estimator f(0) that is (¢1,ca,c3,71(-), r2(+)) rate adaptive.

The impossibility result of Theorem 4.3 is a consequence of Lemma 4.1. The
2, ~

lower bound eﬁ in Lemma 4.1 involves an € and a § from two different classes.
This leads to a contradiction given the definition of adaptivity in (16). A rigorous
proof of this argument will given in Section 6.7.

In conclusion, when the contamination is arbitrary, the theory of adapta-
tion to both contamination proportion and smoothness is qualitatively different
from adaptation to only one of them. In comparison, when the contamination
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is structured, that difference is just quantitative according to the results in Sec-
tion 3. Therefore, in order to achieve sensible error rates adaptively in a robust
density estimation context, we need to either assume a given contamination
proportion, a given smoothness index, or a structured contamination distribu-
tion.

5. Discussion
5.1. Extensions to multivariate settings

The results in the paper can all be extended to robust multivariate density
estimation. We define a d-dimensional isotropic Hoélder class as follows,

Ya(B,L) = {f (RY = R) max [Vif (01) = Vof (w2)] < Lllay — a7

for any x1,x2 € ]Rd},

where we use () to denote the set of multi-indices {I = (I1, ..., la) |1+ - +1q =
|B8]}. The class of density functions is defined as

Py(B,L) = {f:Rd — [0, 00)

fezd(ﬁ,L),/le}.

Note that the dimension d is assumed to be a constant. Then, the two contam-
ination models considered in the paper are extended as

Md(65/807B15L07L1am)
{1 = OF + o] € PaBo, o). € PalBr, 1), 9(0) < m}

and

Ma(e, Bo, Lo)
= {(1 —€)Pr+ eG)f € Pa(Bo, Lo) and G is an arbitrary distribution} .
Similarly, we can define the corresponding minimax rates Rq4(e, Bo, f1, Lo, L1, m)
and Rq(e, Bo, Lo).-
Theorem 5.1. For the two contamination models on R%, we have

289 281 2d

Rale, Bo, B1, Lo, L1,m) < [n~ ZPo+d] Vv [62(1 A m)2] V [~ PiFd e2mFd ]

and
289

28
Rd(€7ﬁ07[/0) = [niﬁ] Vi [650+4].
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The extra factor of dimension d makes the interpretation of results even

more interesting. For example, the phase transition boundary of R4(e, 5o, Lo)
_ Botd . . . . .
now occurs at € = n_ 2PoFtd, This implies that the influence of contamination

becomes more severe as the dimension grows. In contrast, the minimax rate of
Ral(e, Bo, B1, Lo, L1, m) leads to a completely different interpretation. For exam-
ple, when m > 1, we have

289

Rd(evﬂOa /817 LOa L17m) =n 2otd v 62'

The second term €? does not change with the dimension d, and the phase transi-

_ 280 __Pao__
tion boundary between n” %o+? and €2 is at € = n~ 2P0+, which increases with
respect to d. This suggests that the influence of contamination becomes less
severe as d grows. In short, the contamination influence on density estimation
can be drastically different in a multivariate setting, depending on whether the
contamination distribution is structured or arbitrary.

5.2. Consistency in the hardest scenario

When there is no constraint on the contamination distribution, adaptation is
impossible over both contamination proportion and smoothness in the sense of
(16). One may wonder whether there is still anything to do in such a scenario
with almost nothing is assumed. In this section, we show that consistency is still
possible under this hardest scenario.

Before introducing the procedure, we remark that achieving consistency with-
out knowing € and By is a non-trivial problem due to the risk decomposition
(12) for a kernel density estimator. According to (12), a choice of bandwidth
that leads to consistency must satisfy nh — oo, h — 0 and h/e — oo. Note that
the first and the second requirements can be satisfied easily with a choice of h
that does not depend on any model parameter. For example, one can choose
h = n~'/2. However, the third requirement h/e — oo is problematic without
the knowledge of €. For any choice of h — 0, there is an adversarial € to make
h/e — oo fail.

Despite the above difficulty, we show that a data-driven bandwidth leads
to consistency if we know that the smoothness 5y has aXlower bound f£y. We

Ly 1 i

consider a kernel density estimator fj(0) = L5 L +K (55). Then, we choose

h by the reverse version of Lepskis’ method that is similar to (15). We define h
by

ﬁ:min{heH:m(O)—ﬁ(ON <011507Vl>h7l67{}. (17)
Again, we use the convention that if the set that is minimized over is empty, we

take h = 1.

Theorem 5.2. Consider the kernel density estimator f(0) = J/C\E(O) with the
bandwidth h given by (17). We set H = {1,%,~~ ,2%} such that % < % <
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Qm%l and c1 to be a sufficiently large constant. The kernel K is selected from
Ki(L) with a large constant | > |Bo]. Then, as n — oo and € — 0. we have

~

s By (F0) - 50) =0,

p(e f,9)eM(e,80,Lo)

if Bo > Bo-

Note that the requirements n — oo and € — 0 are necessary conditions
of consistency given the minimax rate (11). The procedure does not require
knowledge of € or By, and thus consistency can be achieved without knowing €
and Sy even if adaptation is impossible. The procedure (17) uses a conservative

Bo in the reverse version of Lepski’s method, and can be viewed as an extension
of (15) that uses the true smoothness index Sy.

6. Proofs
6.1. Proofs of Theorem 2.2 and Theorem 3.1

Proof of Theorem 2.2. Decompose the error as

F(0) — £(0) = (f(0) — Ef(0)) + (Eﬂm — f(0) - Lg(O)) +

- 9(0),

where the first term is the stochastic error, the second term stands for bias, and
the third term is the misspecification error caused by contamination.
For the variance term, we have

no1 X r(L(X
E(f(0) — Ef(0))* = Var <ZH fK( h )> = Vzgfi)’é)),

where

This gives the variance bound

E(7(0) ~ Ef(0))2 < —. (18)

For the bias term we have

Ef(0) :/%K(%)f(a:)d:wr 1;/%1((%) g9(z)dz.
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Since f € P(By, Lo) and g € P(B1, L), we have | [ +K (£) (f(z) — f(0))dz| <
hPo and | [ £K (%) (g(z) — g(0))dz| < hP'. See [26, Chapter 1.2] for an explicit
bias calculation. Adding up the two bias bounds, we get

‘ f :

BF0) - 50) ~ a0 S0+ en (19)

For the last term, it is easy to see that

2

(15.00) 5 emarp, (20)

since ¢g(0) < m by the assumption and ¢g(0) < 1 by the fact that g € P(81, L1).

With the relation E(A; + Az + A3)? < EA? + EA3 + EA2 and the three

bounds in (18), (19) and (20), we conclude the proof by the specific choice of
2

1 1
h=mn 201 An 20+le 2141, O

Proof of Theorem 3.1. The error decomposes as

F(0) = £(0) = (£(0) — Ef(0)) + (EF(0) — (1 — €)£(0) — eg(0)) + e(g(0) — £(0)).

~ ~

Using the same argument that leads to (18), we have E(f(0) —Ef(0))? < - for

~ nh
the variance term. The bias term (Ef(0) — (1 — €) f(0) — €g(0)) can be further
decomposed as

1 T 1 T
(1-9 [ 3K (}) 0@ - fO)do+¢ [ 15 (7) (96a) ~ g(0))d
Therefore, the same argument that leads to (19) also gives the bound
[EF(0) — (1= 0)f(0) — eg(0)] £ W + ™.

For the last term, we have €|g(0)— f(0)| < e. Combining the three bounds above,

we have ) )
0 < = 280 2
]E(f(O) f(O)) S = e

_—1 .
Choose h = n~ 2Po+1 and the proof is complete. O

6.2. Proof of Theorem 2.3

The proof of Theorem 2.3 mainly relies on Le Cam’s two-point argument. The
method is summarized by the following lemma.

Lemma 6.1. Consider two distributions Py, and Py, whose parameters of in-
terest are separated by A = |Tp, — Tp,|. Assume x? (Py,, Ps,) < a. Then, we
have

. s 2 1 2

inf sup Ky (T—Tg) > —e  “A°.

T 6e{60,01} 8
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We refer the readers to [27] and [26, Chapter 2.3] for rigorous proofs. In the
setting of Theorem 2.3, we need to find two pairs of density functions (f, g) and

(f.9) that satisfy f, f € P(Bo,Lo), g.§ € P(B1,L1) and g(0) v §(0) < m. Since
we are working with i.i.d. observations, it is sufficient to show that

X (p(e, £.9).(e f, g)) <nh

Then, Lemma 6.1 implies R(e, B0, 81, Lo, L1,m) = | £(0) — f(0)|%.
The lower bound of Theorem 2.3 contains three terms. We thus split the
proof into three parts, and then combine the three arguments in the end.

Lemma 6.2. We have

2589

R(67607ﬁ17L07L1;m) Z n~ 2Bo+T |

Proof. The proof uses a similar argument in [26, Chapter 2.5]. Since we are deal-
ing with a setting with contamination, we still give a proof to be self contained.
We define the following four functions,

(z) = ca(crz),
z),

(
folz) + cahPb (%) .

Il
=X

g()
f(x)

f(x)

I
>

Here, we take fy as the density function of some normal distribution with mean
zero so that fo € P(Bo, Lo/2). The functions a(z) and b(z) are given by Lemma
2.1 and Lemma 2.2. We first verify that for appropriate choices of ¢, ¢ and h <
1, the constructed functions are well-defined densities in the desired parameter
spaces.

e We have f € P(fy, Lo) by construction. Since h < 1, b(z/h) is compactly
supported on an area where fj is lower bounded by some positive constant.
Thus, with a c; > 0 that is sufficiently small, f is nonnegative. The fact
J f =1 can be derived from the property of b in Lemma 2.2. Hence,
f € P(Bo, Lo) when ¢, is small enough.

e With a sufficiently small ¢; > 0, we have g,g € P(81, L1).

e By a(0) = 0 according to Lemma 2.1, we get |g(0)| V [g(0)]| < m.

We use the notation p = (1 — €)f +eg and ¢ = (1 — €)f + €§. Note that p can
be lower bounded by a positive constant on the interval [—1, 1] according to its
definition. Moreover, we have

p@) — al@) = =(1 = eah™b (7).

and the support of b (%) is [—h, k] C [-1,1]. This leads to the bound

x*(q,p) = /1 (p—af S /(p—q)2 = h%Po /b2 (%) = p2Potl,

-1 p
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In order that nx?(q,p) < 1, we can choose h =n~ 2577 . This leads to

£(0) = F(0)] = n~ 705,

Use Lemma 6.1, and the proof is complete. O

Lemma 6.3. We have

R(e, Bo, B1, Lo, L1,m) 2 €(1 Am)?.

Proof. By [26], for any p € P(8, L), there exists a constant py,., such that
sup,, |p(2)| < Pmas- Therefore, it is sufficient to consider m that is bounded by
some constant, say m < 1. Consider the following four functions,

€

Fw) = fola) + ergmbla),
g(xz) = caa(cox) + cymb(z),
(

9(z) = coa(cox).

— €

f(x) = f0($)7

Here, we take f;y as the density function of some normal distribution with mean
zero so that fo € P(Bo, Lo/2). The functions a(x) and b(z) are given by Lemma
2.1 _and Lemma 2.2. With appropriate choices of the constants ci,co > 0,
f, f,g9,g are well-defined density functions that belong to the desired function

classes.

e By Lemma 2.1, We have fy € P(Bo, Lo/2) C P(Bo, L) by construction.
Since fp is strictly positive on [—1,1] and b is compactly supported on

[—1,1], we have fe P(Bo, Lo) for some sufficiently small constant ¢; > 0
according to the properties of b listed in Lemma 2.2.

e By definition of a, we have g € P(f1,L1/2) for some sufficiently small
¢ > 0 according to Lemma 2.1. Since b(z) only takes negative values
when coa(coz) is lower bounded by a positive constant, g is nonnegative
and g € P(B1, L1) when ¢ is small enough.

e We also have |g(0)|V]g(0)| < m for a sufficiently small ¢; because a(0) =0
and |b(0)| is bounded by a constant according to Lemma 2.1 and Lemma

2.2.

In summary, we have

(1—e¢)f +eg,(1 —€)f +eg € M(e, o, b1, Lo, L1, m).

Moreover, according to our construction, we have

and

1£(0) = FO) = e17 <

(I—ef+eg=(1-¢€f +eg,

m[b(0)] Z me,

where we have used [b(0)] 2 1 by Lemma 2.2. Finally, using Lemma 6.1, we
obtain the desired lower bound result. O
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Lemma 6.4. Assume 31 < By and ne? > 1. Then, we have
_ 2B 2
R(€7 BO) Bla LUa Ll7 m) 2 n 201+l e2h1+1,

Proof. Consider the following four functions,

f(x) = fo(x),

~ 2(x — 2

Fla) = folw) + ot [hﬁoz (Z) - no (L - 64)) _ hg (—(x : C4))] ,

— €

9(@) = cra(crz) + e {hﬁoz (%) Yy (2(“”1104)) Yy (2(fﬂh+04))]

- C3%Blb <£> 5
h

9(z) = cra(cix).

Since the proof relies on perturbing a density at a point where it is 0, the
verification of nonnegativity is more delicate, which motivates another tuning
constant controlling the center of the negative part of the perturbation. Here,
we take fp as the density function of some normal distribution with mean zero
so that fo € P(Bo, Lo/2). The functions a(z) and b(z) are given by Lemma 2.1
and Lemma 2.2. The numbers h and h are chosen so that the following equation
is satisfied: B

cahP01(0) = e3hP1b(0). (21)
Now, we verify that with appropriate choices of constants ¢y, co, c3, ¢4, the con-

structed functions belong to the parameter spaces.

e The functions f and g are automatically density functions by definition.
Note that we can choose a small constant ¢4 so that the negative pertur-

R
both fo and ¢ja(cix) are bounded below by a positive constant. This im-
mediately implies that f(z) > 0 for all z with a sufficiently small constant

bation —hPo] ((2&=ca)l) _ pBo; (M) has a support in a region where

co. Similarly, the support of —c3hPb (%) is [fﬁ,ﬁ], which is contained
in a region where cja(ciz) is bounded below by a positive constant for a
sufficiently small h. Therefore, g(x) > 0 for all z with a sufficiently small
constant c3. We also note that [ f= J g =1 according to the definitions.

e When cy, ca, c3 are chosen small enough, we have f,f € 3(6o, Lo) and
9,9 € X(B1,L1). Here g € ¥(B1,L1) is a consequence of the assumption
that 81 < Bo.

e Finally, we have I(2¢4/h) = I(—2¢4/h) = 0 for a sufficiently small h. This
implies g(0) = g(0) = 0 because of (21). Therefore, |g(0) V g(0)| < m.

In summary, we have

(1—e)f +eg,(1—€)f +¢§ € M(e,Bo, b1, Lo, L1, m).



3638 H. L and C. Gao

Besides the properties listed above, we also note that both f and g can be
bounded from below by some positive constant on the interval [—1,1], if the
constants ¢, cg are sufficiently small. This implies that the density (1 —¢€)f +€eg
is lower bounded by some positive constant on the interval [—1, 1].

Now, according to the above construction, for p = (1 —€)f + €g and ¢ =
(1—€)f + €j, we have

p(z) — q(x) = —ecsh'b (%) .

Given that the support of b (%) is within [k, k] C [~1,1] with a sufficiently
small i~z, we have

1 N2 _ " ~
(q,p) :/ (s < /(p_q)z ~ 2526 /b2 <Z> = 2F2bit1

-1 p

~ 1
In order that nx?(¢,p) < 1, it is sufficient to choose h =< (ne?) 21¥1. The

condition ne? > 1 implies that h can be picked sufficiently small. Moreover,
with the relation (21), we have

1(0) = FO = a5

€ _1Pol(0) = eho = ehfr = eI,
€

Finally, using Lemma 6.1, we obtain the desired lower bound result. O

We combine the results of Lemma 6.2, Lemma 6.3 and Lemma 6.4.

__2B 2 .
Proof of Theorem 2.3. In order that the third term n 13T dominates
281 —28

the other two, it is necessary that €2 > n 2%+ . This implies both 3; < By and
ne2 > 1. By Lemma 6.4, we have

_ 261 _2
R(Evﬂ()?ﬁlaLO,Llam) z” 2Pl 2Pt

When the first or the second term dominate, we use Lemma 6.2 and Lemma
6.3, and obtain

28
R(e Bo, 1, Lo, Li,m) Z [~ 03TV [€(L Am)’].

Hence, the proof is complete. O

6.3. Proofs of Theorem 3.2 and Theorem 3./

The proofs of both theorems rely on the following constrained risk inequality
by [1].
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Lemma 6.5. Consider two distributions Py, and Py, whose parameters of in-
terest are separated by A = Ty, — Ty, |. For any estimator T, assume

Eog, (f — T90)2 < 52,
Then, whenver 61 < A, we have
E91 (f - T91)2 > (A - 51)2a

dPZ
1
dPy, *

where I =4/ [

Proof of Theorem 3.2. We consider the following four functions,

f = f07

g = cra(c1x),

- 1- _c

f= T _éfo + —i _Egcla(clx),

g = cia(ciz).

Here, we take f; as the density function of some normal distribution with mean
zero so that fo € P(Bo, Lo/2). The function a(-) is given by Lemma 2.1. The
constant ¢; is sufficiently small so that cia(ciz) belongs to both P(By, Lo/2)
and P(B1, L1/2). Now it is easy to check that f, fe P(Bo, Lo), 9,9 € P(P1, L1)
and ¢(0) V g(0) = 0 < m, so that the constructed functions are well-defined
densities in the parameter spaces.

It is easy to check that

(L—e)f +eg=(1-9f +27.

This implies [¢*/p=1forp=(1—€)f +eg and ¢ = (1 —E)f—i— €g. We also
have

7(0) - F0)| = S5 500)

o~

According to Lemma 6.5, suppose there is an estimator f(0) that satisfies

N 2
Epn (f(O) - f(O)) < €2, we must have

B (F0) - FO = ({2270) - 0%)

1-F¢

~

Therefore, there exists a constant C’ > 0, such that for e > C'¢, Egn (f(0) —

£(0))% 2 €.
Fix a constant C; > 0 that is small enough. Then according to the above
reasoning, there exist two constants Cs > 0, C5 > 0 depending on C; such
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that if two contamination proportions e and € satisfy Cy¢ < € < 1/2, then the
following two statements cannot be true at the same time:

~ 2
sup Epr (F0) - £(0)) < &1,
p(€,f,9)EM(€E,Bo,B1,Lo,L1,m)
~ 2
sup Epn( (0) — f(O)) < Cyel.

p(e,f,9)€M(€,80,61,Lo,L1,m)
This implies that

~ 2
sup ¢’ sup By (F0)- £(0)) 21,
0<e<1/2 p(e, f,9)€M(e,B0,61,Lo,L1,m)

for any estimator f, which concludes the proof. O

Proof of Theorem 3.4. We construct the following four functions

f(x) = folx),

J(@) = fola) = 2 < . [hﬁoz (%) — BPoy <@> — Py (@ﬂ :

g(x) = cra(c1z),

1=t ) (25) (25

- Cgﬁﬁlb (f) .
h

The construction is similar to that in the proof of Lemma 6.4. The difference is
that the perturbation is now put on both f and g. Here, we take fj as the density
function of some normal distribution with mean zero so that fo € P(5o, Lo/2).
The functions a(z) and b(z) are given by Lemma 2.1 and Lemma 2.2. The

numbers h and h are chosen so that the following equation is satisfied:
cah1(0) = ¢sh®1b(0). (22)

Similar to the argument used in Lemma 6.4, it is not hard to check that
with appropriate choices of the constants c¢i,co,c3, we have f € P(Bo, Lo),
G € P(Bi,Lv), f € P(Bo,Lo) and g € P(B1,L1), given that By > By > B and
51 > (1. The numbers h and h are both required to be sufficiently small. We also
have g(0) = g(0) = 0 according to the definition with an appropriate choice of
c4. Then, the constructed functions are well-defined densities in the parameter
spaces. _

With the notation p = (1 —€)f +eg and ¢ = (1 — €)f + €g, we check the
quantities in Lemma 6.5. Note that

Ip(@) — a()| = cehb (%) |
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With a similar argument in the proof of Lemma 6.4, the function b (%) is

supported within [k, k] C [~1,1], and p(z) is lower bounded by some constant
uniformly over x € [—1, 1]. This implies,

D) (o)
< exp (Cine2h?P1 1)

Moreover, we also have

A =£(0) = f(O)] = e2q

€
10
-h1(0),
and _
B

__B
§=Cl/? (IL) T
ogn

c
In order that I < ( 13;2”) for some sufficiently small constant ¢ > 0, we can

1
~ 2\ “3E,FT
choose h = (1”5 )
ogn

, which is always possible with the condition ne? >

__hA
(logn)?. According to the relation (22), we have A =< ¢TI o o
gn
Plugging these quantities into the constrained risk inequality in Lemma 6.5 and

using 1 < f1, we get the desired lower bound. O

6.4. Proofs of Theorem 3.3 and Theorem 3.5

The proofs of the two theorems are similar. Thus, we give a detailed proof of
Theorem 3.5 first, and then sketch the proof of Theorem 3.3.

Proof of Theorem 3.5. For every bandwidth h, the error decomposes as

F1(0) = £(0) = (Fu(0) ~Efa(0)) + (EFn(0) — (1~ )£ (0) —eg(0)) +e(g(0) — £(0)).
(23)

where the three terms correspond to a stochastic part that depends on h, a

deterministic part that depends on h, and a deterministic part that does not
depend on h. With the same argument in the proof of Theorem 3.1, we have
~ -~ 1
E(f(0) —Ef(0))*> £ —
(F0) - EF ) 5 -
EF(0) — (1 = €)£(0) — eg(0)] S A% + e,
and
elg(0) = f(0)| S e
Define the oracle bandwidth h, to be the largest h € H such that

hPo 4 epfr < ¢y ll()ﬂ’
nh
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where the constant ¢ > 0 will be determined later. Then it is easy to see that

h, satisfies
logn logn
I —— < hPo by | —— 24
'\ s Sht el —C\/nh*’ (24)

for some constant ¢’ that only depends on c.
__ We proceed to prove that h > h, with high probability. By the definition of
h, we have

o~

. " 1
P(h < hy) <P (31 < hy and L€ H st | Fr. (0) = F1(0)] > 1 Og”)

nl

> P<|ﬁt*(0)_ﬁ(0)|>cl lorin)'

I<h.,leH

nl

We derive a bound for P <|fh* (0) — fl(O)\ > ¢ 10g”> for each | < h, and

I € H. Due to the error decomposition (23), we have:

| r (0) = £1(0)] < C(hE0 + ehfr) + | fi, (0) — Efn. (0)] + | f2(0) — Efi(0)],

for some constant C' > 0. By (24), the bias term can be controlled as

logn ¢ [logn
hBo Wby < <
C(h° +¢€ *)_Cxcwnh* < 2\/ vt

for a sufficiently small ¢ > 0. Thus, we have

Ph<h)< Y P(L&(O)—Eﬁ*<0>l+lﬁ<0>—Eﬁ<0>|>%vb§zn>

I<hi,leH
~ ~ c1 [logn
< 3 P1F0)-Ef. ()] > T/
4V nh
I<h,leH
~ ~ c1 /logn
+ > P (|fl(0) —Efi(0)] > Zl\/ 7) :
I<hy,leH

For any I < h, and I € H, we use Bernstein’s inequality, and get

)

P (1(0) - ER(0)] = 1)
'

nt?/2
9 L e
exp< 02+Mt/3>’

IN

% zn: I K(X;/1) - Bl K (X))

IN
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where we choose t = ¢ lofl", and o2 and M have bounds

0? <EBI2K*(X/1) <17t and M <17
This implies the bound

P(mm—EEMH>%wﬂ%F>SQmpPCng, (25)

where the constant C’ > 0 can be arbitrarily large given a sufficiently large
c1 > 0. For example, we set a large enough ¢; > 0 so that C’ = 3. This gives

P(h < hy) < 4/H|n~® < n 3 logn.
Now, on the event {ﬁ > h.}, the risk decomposes as
150 = FO) < 1F50) = Fu. )] + £ (0) = £(O)]
Due to the definition of ﬁ, the first term satisfies

70) = Fo )] < e/ 257 (26)

For the second term, the error decomposition and the relation (24) implies
-~ logn
E| o (0) = O £ —>= + €

Therefore, we have

E(f;(0) — £(0))?

< E((F(0) = £(0)* : = ) + E((f,(0) = £(0))* : b < )
< 2E((f3(0) = . (0))* : h > ha) + 2E((f4. (0) = f(0))* : h > h.)
+0@W@<m0
< logn L logn
nhy
Zéﬁg»l
< (logn> e
n
1
The last inequality above is by realizing that h, =< (&) %Y from the
relation (24). The proof is complete. O

Proof of Theorem 3.3. The proof for Theorem 3.3 follows the same argument as
that of Theorem 3.5. The only difference lies in the normalization, which leads
to the error decomposition

Fn(0) = £(0) = (Fu(0) = Ef(0)) + (th<0> U —

The rest of the details are the same and is omitted. O
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6.5. Proof of Theorem 4.1

We split the proof into upper and lower bounds. We first prove the following
upper bound.

Theorem 6.1. For the estimator f(O) = ﬁL(O) with some K € K|,/(L) and
h=n" 271 \Y, eﬁ, we have
28gp 289

~ 2
sup  Epe (J0) = £(0)) S [ o] v e,
p(e, f,9)€M(€,80,Lo)

Proof. Decompose the error as

-~

Fn(0) = £(0) = (fa(0) — Ef4(0)) + (E4f(0) — £(0)),

where the first term is the stochastic error and the second term is the bias. For
the first term, we have

B(0) - EA 02 = ver (15 (7))

<
v
VR
==
=
VRS
= >
N——
N———
IA
=

—e)/%Kz (%) f(x)da:—l—e/%KQ (£) ac)

1 /1 5/2 €
1
h

N

€

+ o5

A

Therefore, we have

€

E(fa(0) ~Efu(0)? £ — + —. (27)

1
nh
For the bias term, we have

Efn(0) — £(0)
(-9 [ 3K (3) U@ - 1)z + ¢ [ 1K (}) d6(@) - ef(0)

where the first term has bound

‘ / %K (%) (@) = £(0)da

S w,

by [26, Chapter 1.2], and the next two terms can be bounded as

[ 1 () e - ef<o>] <1 a6 + a0 2

>
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Therefore, we have
~ €
Eu(0) ~ FO) S % + £ (25)
Combine the two bounds (27) and (28), choose h = n" 07T\ eﬁ, and then
we complete the proof. O
Now we state the lower bound.

Theorem 6.2. We have

289 28¢

R(e, Bo, Lo) 2, [n~ 2Po+I] V [ePo+T].

Before proving this theorem, we need the following lemma.

Lemma 6.6. A function d(x) can be written as the difference of two density

functions if and only if
/d:O and /|d|§2.

Proof. The “only if” part is obvious. Now assume the two conditions hold, and
then for any density function f, we have the following decomposition for d,

a= [+ (13 fan) g] - o+ (15 f1a) ]

where dy and d_ are the positive and negative parts of the function. The first
condition implies [d; = [d_ = 1 [ |d|. Thus,

floos (-2 f) ] f e (-3 ]

The second condition guarantees that both dy + (1—1[|d])f and
d_ + (1 — % Ik |d|) f are nonnegative. Thus, the proof is complete. |

28
Proof of Theorem 6.2. For the lower bound of the first term n~ 213031, see the
proof of Lemma 6.2. We give a proof for the second term. Consider the following
two functions

f = f07
~ x
= fo+en®b (7).
h
Here, we take f; as the density function of some normal distribution with mean
zero so that fo € P(Bo, Lo/2). The function b is defined in Lemma 2.2. The

constant ¢ is chosen small enough so that f € P(By, Lo). In order that there
exist g and g so that

(L—e)f +eg=(1—)f + <7,
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it suffices to verify the existence of densities g and g such that

o)~ gla) = = (Fw) - f(@)) = e=—n0 (F).

€ €

By Lemma 6.6, it further suffices to verify the condition

a3 o<

and this is guaranteed by taking some h =< €777 . Now we have g and g such
that (1 —¢)f +eg = (1 —€)f + €g holds. Moreover,

c

1£(0) — F(0)] = chb(0) = emott,

Apply Lemma 6.1, and the proof is complete. O

6.6. Proofs of Theorem 4.2 and Theorem 5.2

We first prove Theorem 5.2. Then, the proof of Theorem 4.2 will be sketched
using arguments in the proofs of Theorem 3.5 and Theorem 5.2.

Proof of Theorem 5.2. We consider observations Xi, ..., X,,. We assume that
X1, ..., X, are generated from the density f with some integer a, and the remain-
ing observations X 11, ..., X;, are generated from contamination. The number a
follows Binomial(n, 1 — €). This is without loss of generality, because the defini-

tion of fdoes not depend on the order of the data X3, ..., X;,. Apply Bernstein’s

inequality, and we get
— 3
P(n a 226) < exp <——ne> .
n 8

From now on, we assume that ¢ > 810%, so that "=% < 2e with probability at

least 1 — n=3. The case € < will be considered in the end of the proof.
Moreover, the following analysis conditions on the event {”;a < 26}, and we
use P and E to denote probability and expectation conditioning on the random
variable a.

We start by the following error decomposition,

8logn
n

~

Fi0) = f0) = 3 (hK(Xi/h) ~ Bxegh™ K(X/B)
i=1

+= (Exsh ' K(X/h) = £(0))

n—a

LS e m - 1= ),

n
i1=a-+1
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With similar arguments used in the proof of Theorem 2.2, we have

a

2
B (711 S (K (X /)~ EXth1K<X/h>)> <o

and
|Ex~rh™ ' K(X/h) — f(0)] < h™.

n—a

Moreover, < 2¢ implies that

h -1 <<
1=a+1

and "~ f(0) < e. These bounds motivate us to define an oracle bandwidth A,
that is the smallest h € H such that

€ /log n
— hﬂo
h + nh

Then it is obvious that h, satisfies

I
chPo < £ h y Zi” < o, (29)

with some constant ¢ > 0. Now _we prove that h < h, holds with high probability.
According to the definition of h, we have

P(h > hy)

IA

P (az > h, and 1 € H st. | (0) — fi(0)] > clzgo)
> P A0z el®).

I>h.,leH

IN

By the risk decomposition, for [ > h, and [ € H, the difference | f4-(0) — f,(0)|
is bounded as

a

B = RO < |23 (0 K (X /R — Exa b K (X/R.)
za: VK (X3/1) IEXNfllK(X/l))|

+C <hi +l/30>,

for some constant C' > 0. According to (29) and the condition Bo < Bo, we have

€ Bo | <« Bo Bo <C_1 Bo €18,
C’<h*+l )_C(h* ny )_4h* + S,
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where the last inequality holds for a sufficiently large c¢;. Thus, we have the
bound

~

P(h > h.)
P(F N C1,3 C1,3
< Y P(IF.0 - RO = 1% + Salk)
I>hs,leH
_ 13 .
= n - i - ot > 1180
I>h.leH i=1
1 a
p> (gz (T K (Xi/1) = ExoplT K(X/D)| 2 lﬁ(,)
I>h.leH i=1
Ly logn
< Z (ﬁ IKX/h —Ex~shy 1K(X/h )
I>hleH i=1
Ly ! 1 ¢ 1ogn
+ (ng K(X; /1) = Ex~fl ' K(X/1)) ZZ
I>h. leH i—1

where the last inequality is by (29) and the observation that

1o > pho > [logn logn.
= =\ nh, — nl

Use Bernstein’s inequality in a similar way that derives (25), we obtain the
bound

V

]P’<|%za:(llK(Xi/l) Ex~fl " K(X/1)| >

=1

when the constant ¢; is chosen to be sufficiently large. Then, we have
P(h > h.) < n ?logn.
On the event A < h,, the error decomposes as
150 = FO) < 1750) = Fu. )] + £ (0) = £(O)]
Due to definition of ﬁ, the first term is bounded as
F(0) = Fi (0)] < cxh.

The second term uses the oracle bandwidth h,. Then, we have

E(f;(0) — £(0))?
< E((f;(0) = £(0))? : 7 < ha) + E((J;(0) — f(0))% : 7 > hy)
SE((f(0)= Fa. (00)? : 7 < ha) +E((Fa. (0) = £(0))? : < h) +n?P(h > hy)
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< hQEO + 1 4 h250 4 ¢
~ * nh* * h2

*
289 _
logn \ 280+1 250
< <_g V ePott

+n tlogn

~
n

where we have used (29) in the last inequality. Integrating over the random
variable a, we have

E(f;(0) — £(0))2
<E ((%(tn o))

250 -
3 25 _
< (@) ot G 4 n2p (u > 26)
n

n—a

<26) +E((F0) - 70 20 > 2]

~

n
logn\ e 28
0
5 (ﬂ) 2fp+1 \ Fotl (30)
n
Finally, we consider the situation when e < 810%. In this case, for any

contamination distribution g, there is another g such that

8logn 8logn _
>f+ g
n n

(1—6)f+eg=<1—

See [7] for a rigorous argument of the above equality. Then, we can equivalently
analyze the risk with contamination proportion 81(’%. This leads to the error
bound

_2Bg_ 2P0 _2Bg _2B0 23
(logn) N (logn) Port <logn) Bott (logn) Bort | A (31)
n n n n

Hence, we let n — oo and € — 0, and the proof is complete. o

Proof of Theorem 4.2. For the estimator that uses (15), the result is a special
case of Theorem 5.2 by letting S = Sy in view of the bounds (30) and (31). For
the estimator that uses (14), the result follows the same argument as the proof
of Theorem 3.5. |

6.7. Proofs of Lemma 4.1 and Theorem 4.3
Proof of Lemma 4.1. We use ¢(+) to denote the density of N(0,1). Then, define

f(z) = c3p(csx),

Cq Cq
g(x) = 1 o ( 1 ) )
€Bot+1 €Bo+1
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First, there exists a constant c3 depending on cy, ¢ such that for any Sy, ﬁo <c
and LO,LO > ¢q, we have f € P(Bo, Lo) N P(BO,LO/Q) This is due to the fact
that ¢(®)(z) is uniformly bounded for all @ < ¢ when ¢ is some constant. By

definition,
_Bg cyx
i =ecio( 22,

€é0+1

For the same reason as above, there exists a constant ¢, depending on cy,co
such that for any 50 < ¢ and Lo > co, we have €g € E(ﬁo, L0/2) which then

implies f € P(Bo, Lo). Now we note that

(1-e)f +eg=(1-0)f+03,

and -
Bo

|7(0) = £(0)| = € (0) = 9(0)] = coeiT,

when € smaller than a constant and where cq is a constant depending on c3, ¢4.
Thus for any estimator f ( ),

N 2
sup Epn ( (0) — f(O))
p(e,f,9)€EM(e,80,Lo)

—~ 2 280
v [ s Epn (F(0) - 1(0) ] e
(0,£,9)€M(0,50,Lo)

by applying Lemma 6.1. O

Proof of Theorem 4.3. For any constants ci, ¢z, let co be the constant as guar-
anteed to exist in Theorem 4.1, and assume there exists an estimator f(0) which
is (c1,¢a,c3,71(Bo), m2(Bo)) rate adaptive. With Lo = co, we consider two mod-
els respectively with parameters (n, €, 8y, Lo) and (n, 0, 50, Ly), with the specific
values of n, €, By, EO to be chosen later. By the definition of rate adaptivity (16),
we have:

~ 2
s By (F(0) = £(0)) < eglem() v (o))
p(ﬁ,f,g)eM(E,ﬁo,Lo)
~ 2 ~
s By (F(0) = £(0)) < ean ),

(0, f,9)€M(0,80,L0)

On the other hand, Theorem 4.1 claims that for any small enough €, any large
enough n, any So, By < ¢1, we have

sup E,n (f(O) - f(O))2 v sup Epn (A(O) - f(O))2

p(e, f,9)€M(€,B0,Lo) p(0,f,9)€M(0,Bo,Lo)
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7350
> cp€ePotl,

Together this yields

28g

cs[er2(Po) v pmmi(Bo) niTl(E")} > cpefott, (32)

Now we choose n, (B, Eo, € in a legitimate range so that this inequality becomes
a contradiction. First we fix some By < ¢;. Then we choose € to be small enough
such that c3e™(F) < ¢ge for some a > 0. Indeed this holds as long as er2(Po) <

0. Now since a > 0, we can choose 50 to be small enough such that 2Bo o
3 Bo+1

a. Finally since r1(80), 71 (Eo) > 0, we can choose n large enough such that

~ »2[‘30
cz[n=1(Po) v~ (Bo)] < ¢pefott . With these choices, it is obvious that equation
(32) becomes a contradiction, as desired. O

6.8. Proof of Theorem 5.1

The proofs are exactly the same as in the one-dimensional case. For the lower
bounds, we only need to replace the mollifier function I(x) by its multivari-
ate extension lg(x) = I(||z||). The upper bounds are achieved by f5(0) =

1 n 1 X; : : — _2ﬁ1+d _2ﬁ1+d _2B2+d
mZz:l naKad (T),Wherethe bandwidth is h = n" 2Potd An 2PoFde 250

1 1
for structured contamination and is h = n~ 2PoFd V eBoFd for arbitrary contam-
ination. We can use a product kernel for Ky. See [8, Chapter 12] for details.
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