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Large deviations for the largest eigenvalue of the sum
of two random matrices®
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Abstract

In this paper, we consider the addition of two matrices in generic position, namely
A+4+UBU™, where U is drawn under the Haar measure on the unitary or the orthogonal
group. We show that, under mild conditions on the empirical spectral measures of
the deterministic matrices A and B, the law of the largest eigenvalue satisfies a large
deviation principle, in the scale N, with an explicit rate function involving the limit of
spherical integrals. We cover in particular the case when A and B have no outliers.
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1 Introduction

Understanding the spectrum of the sum A + B of two Hermitian matrices knowing
the spectra of A and B respectively is a classical and difficult problem. Since the
pioneering works of Voiculescu [27], we know that free probability provides efficient
tools to describe, at least asymptotically, the spectrum of the sum of two large Hermitian
matrices in generic position from one another. More precisely, if Ay and By are two
deterministic N x N Hermitian matrices and Uy is a unitary random matrix distributed
according to the Haar measure, then, in the large N limit, Ay and UxyByUj}, are
asymptotically free and the spectral distribution of Hy := Ay +UnBnUj, is given by the
free convolution of the spectral distributions of Ay and By. This global law, that is the
convergence of the spectral distribution of Hy at macroscopic scale, has been studied in
details in [26, 25] among others. The local law, that is the comparison of the spectral

*This work was supported by the LABEX MILYON (ANR-10-LABX-0070) of Université de Lyon within the
program “Investissements d’Avenir” (ANR-11-IDEX- 0007) and by the Labex CEMPI (ANR-11-LABX-0007-01)
of Université de Lille operated by the French National Research Agency (ANR).

TEcole Normale Supérieure de Lyon, France. E-mail: aguionne@umpa.ens-lyon.fr

#Université de Lille, France. E-mail: mylene.maida@univ-lille.fr


http://www.imstat.org/ejp/
https://doi.org/10.1214/19-EJP405
http://arXiv.org/abs/1810.02538
http://hal.archives-ouvertes.fr/hal-01887673
mailto:aguionne@umpa.ens-lyon.fr
mailto:mylene.maida@univ-lille.fr

LDP for the largest eigenvalue of the sum of random matrices

distribution of Hy with the free additive convolution of the spectral distributions of Ay
and By below the macroscopic scale was then investigated in [22] and [4]. In this paper,
we will be interested in the behavior of the largest eigenvalue of Hy. As a corollary of
the results of [14] on strong asymptotic freeness, we know that if Ay and By have no
outliers, then the largest eigenvalue of Hy converges to the right edge of the support
of the free convolution of the spectral distributions of Ay and By. In this work, we
investigate the large deviations of this extreme eigenvalue.

In the framework of random matrix theory, there are very few large deviation results
known about the spectrum, basically because the eigenvalues are complicated functions
of the entries. A notable exception is given by the Gaussian invariant ensembles for
which the joint law of the eigenvalues can be explicitly written as a Coulomb gas. Based
on this explicit formula, large deviation principles for the empirical spectral distribution
at global scale have been established in [9] and for the largest eigenvalue in [8]. Another
special case is given by the sum of a deterministic matrix and a Gaussian invariant
ensemble. Then, the spectrum can be constructed as the realization at time one of a
Hermitian (or symmetric) Brownian motion starting from a given deterministic matrix.
This point of view was used by [21] to study the large deviations of the empirical measure,
and the large deviations for the process of the largest eigenvalue starting from the origin
were derived in [16]. One of the applications of the present paper is to provide the
large deviations for the largest eigenvalue of this sum by using another approach based
on spherical integrals. Beyond these cases where specific tools are available, it was
observed by [12] that deviations of the spectrum of Wigner matrices for which the
distribution of the entries has a tail which is heavier than Gaussian are naturally created
by large entries. This key remark allowed to obtain the large deviations for the empirical
measure in [12] (see also [18] for the counterpart for covariance matrices) and for the
largest eigenvalue in [2]. Large deviations for the spectrum of Wigner matrices with sub-
Gaussian entries is still completely open as far as the empirical measure is concerned.
One can mention the deviations results of [3] for the moments of the empirical spectral
distribution in several models. Concerning the deviations of the largest eigenvalue,
beyond the works [8, 16, 2] already cited above, the following models have been so far
studied : Gaussian ensembles plus a rank one perturbation by [23], very thin covariance
matrices by [17], finite rank perturbations of deterministic matrices or unitarily invariant
ensembles by [10]. In a companion paper [19], Guionnet and Husson have established
a large deviation principle for the largest eigenvalue of Wigner matrices with entries
having sharp sub-Gaussian tails, such as Rademacher matrices. They show that the
speed and the rate function of this large deviation principle are the same as in the
Gaussian case.

2 Statement of the results

Let (An)n>1 and (By)n>1 be two sequences of deterministic real diagonal matrices,
with Ay and By of size N x N. We denote by )\SAN) > > )\5\’,4”) and AgBN) > > Ag\?”)
their respective eigenvalues in non increasing order, by

x| = max(IAF] AG]) and [| By | = max(IA7Y] ]ARY)
their respective spectral radius. We define by
1 & 1 &
fiay = i ;(SA;AN) and fig, = N;(SA;BN)

their respective empirical spectral distributions.
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For 8 =1 or 2, we denote by m?\, the Haar measure on the orthogonal group Oy if
B =1 and on the unitary group Uy if 5 = 2. For any N x N unitary matrix U, we denote
by Hy(U) := Ay + UBNU* and by A, the largest eigenvalue of Hy (U). The goal of
the present work is to establish a large deviation principle for the law of A\Y, under the
Haar measure mf\,. This large deviation principle holds under mild assumptions that we

now detail.
Assumption 2.1.

(Hvuix) The sequences of empirical spectral distributions (fia, )n>1 and (fip, )N>1 con-
verge weakly as N grows to infinity respectively to u, and p,, compactly sup-
ported on R. Moreover, sup 1 (||[An|| + || By||) < oc.

(Heqge) The largest eigenvalues )\gAN) and )\gBN) converge as N grows to infinity to p,
and p, respectively.

A key argument of the proof will be a tilt of the measure by a rank one spherical
integral. The rank one spherical integral is defined as follows: for any § > 0 and My an
Hermitian matrix of size N,

. 1
1590, My) ::/eN"(UMNU Jimf (dU)  and  J§ (0, My) :zﬁloglf,(e,MN).

The rate function of our large deviation principle will crucially involve the limit J, [f @, p)
of J ]%(9, Hy) as N grows to infinity, which we now describe. For p a compactly supported
probability measure on R, we denote by r(u) the right edge of the support of ;1 and by
G, the Stieltjes transform of 1 given for A > r(u) by

G, = [ s n)

It is decreasing on the interval (r(u), 0o0). By taking the limit as A decreases to r(u), one
can also define G, (r(it)) € Ry Uoo. As G, is bijective from (r(x),00) to (0, Gu(r(p))),
one can define its inverse on the latter interval, that we denote by K. Then, for any

z € (0,G,(r(n))), we define
1
Ry(2) = Ku(2) =
The function R, is called the R-transform of ;. One can check that R, is an increas-

ing function and that lim, o R,(z) = [Au(d\): R, is bijective from (0,G,(r(u))) to
(f Ap(dN), r(p) — m) We denote by @, its inverse on this interval. We can now
define, for § =1 or 2, # > 0, u a compactly supported probability measure and p > r(u):

26
817 Ry (u)du, if 0 < 22 < Gy(p),

J5(0,p) =
u(6:) 0p — Slogh — 2 [log(p — y)u(dy) + 5 <log§ — 1) , if % > Gu(p).

The convergence of Jﬁ(@, My) towards Jf(@, p), obtained by the authors in [20], will
be stated precisely in Lemma 3.4. At this point, we want to emphasize that, for ¢ large
enough, the limit depends not only on the limiting spectral distribution p but also of
the limit p of the largest eigenvalue of My: this observation is crucial in our use of
the spherical integral to produce an interesting tilt. If x4y and ps are two probability
measures compactly supported on R, we denote by pq H us the free convolution of 14 and
we. It is uniquely determined as the unique probability measure with R-transform equal
to the sum of the R-transforms of p1 and us (see [27]). For any 6 > 0 and « > r(u, B ),
we denote by

1°(0,2) .= J?

uaEEMb(ewf) - J[fa (67pa) — Jﬁb (97pb)>
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and

. B i >

P(z) = { suppso I7(0,z), ifx> r(,ua B up), @2.1)
+00, otherwise.

It is easy to check the following:

Lemma 2.2. Let pu,, 1y, po @and py, be given as in Assumption 2.1. For = 1 or 2, the
function I? is a good rate function, that is for any a € R, the level set {I° < a} is a
compact subset of R. Moreover, for any x > p, + pp, 1°(z) = +00.

The proof will be given at the beginning of Section 4. We can now state the main
results of this paper. The first result is the following large deviation upper bound:

Proposition 2.3. Under Assumption 2.1, for 5 =1 or 2, for any = € R such that

Guaﬁﬂub (33) < min (Gua (pa)a Gm) (l)b)) s (2.2)

we have

1
lim lim sup N logmﬁ, (\Nax € [z = 6,2 +6]) < —I°(=).

510 Nostoo max
We will then derive the following large deviation lower bound:

Proposition 2.4. Under Assumption 2.1, for 5 =1 or 2, for any = € R such that

Guaﬂﬂub (z) < min (Gua (Pa), G, (pv)) 5 (2.3)

we have

1
. . . B N _ > _ B
lim L inf - logmy (Mmax € [z = 6,2+ ]) > —I"(2).

This leads to the following important corollary:

Theorem 2.5. Under Assumption 2.1 and if moreover,

GuaEEuh (r(pq B Nb)) < min (Gua (pa)> Gub (pb)> s (NoOut)

then, for 8 = 1 or 2, the law of \Y, under mﬁ, satisfies a large deviation principle in the

scale N with good rate function I°. More precisely, for any F' closed Borel subset of R,

1
limsupﬁlogmlﬁv ()\N € F) < —il}f]ﬁ,

max
N—+oc0

and for any O open Borel subset of R,

lim inf % logmfy (AN, € 0) > ~inf 1.

A few remarks have to be made on the condition (NoOut). Under assumptions that
are slightly stronger than Assumption (Hyvyk), [7] established that, whenever (NoOut)
is satisfied, Ay + UBNU™ has no outlier, that is, its largest eigenvalue converges to
r(ue B wp). Another related remark is that, if Ay and By have no outliers, namely
pa = r(ie) and pp = r(up), then the condition (NoOut) is automatically satisfied. This will
be stated in Lemma 6.1 and leads to the following corollary

Corollary 2.6. Under the assumption (Hyy), if Ay and By have no outliers, then for
B =1 or2, the law of \Y, under mf\, satisfies a large deviation principle in the scale N

with good rate function I°.

From there, one can recover partly Theorem 3.2. in [23].
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Remark 2.7. If we choose Ay to be a rank one deterministic matrix with eigenvalue
pa > 0 and UBNU™ to be a random matrix from the Gaussian Unitary (or Orthogonal)
Ensemble, one can study the largest eigenvalue of Ay + UByU™* by conditioning on the
deviations of the largest eigenvalue of UBxNU™. These large deviations were obtained in

[8] and we denote by J B its rate function. If Pa < \/g we know that the deformed model

has no outliers and one can apply Corollary 5. For any = > /283, the rate function of the
deformed model is given by K”(z) := inf 5., <,(J%(y) + I”(x)), where I” corresponds
to i = do, iy = 03 and p, = y. Standard computations allow to identify the rate function
as the funtion Kfa in [23].

To get a taste of what happens in the case with outliers, we also consider in Appendix
A the following model: let (Ul(l), ceey Ul(p )) be independent random vectors uniformly
distributed on the unit sphere (in RY if 3 = 1 and CV if 3 = 2) and ~,... ,Yp be
nonnegative real numbers. We consider the following deformed model :

p
Xy =An+UBNU" + Z’YiUl(z)(U1l))*~ (2.4)
i=1

We show in Theorem A.5 that we still have a large deviation principle, for which the rate
function will depend on the ~;’s. The rest of the paper will be organized as follows: in the
next section, we will first prove a more general result than Proposition 2.3, that holds not
only for m/fv but also for a whole family of tilted measures. This will be helpful in the proof
of Proposition 2.4, that will be developed in Section 5. Before getting there, we will study
in Section 4 some properties of the rate function 7”. The last section will be devoted to
the proof of Theorem 2.5 and Corollary 2.6, with Lemma 6.1 as prerequisite. At the end
of the paper, in Appendix A, we will study the deviations of the largest eigenvalue of Xy
for the deformed model (2.4).

3 Large deviation upper bound for tilted measures

For 6 > 0, 8 = 1 or 2, we define a tilted measure on Oy if 5 =1 and Uy if 3 = 2 as
follows
15.(0, Ay + UBNU¥)

B
= my (dU).
I5,(0, AN)I% (0, By) N

It is easy to check that mﬂ s a probablhty measure: indeed, for any U, we have that
150, AN +UBNU*) > 0and E_s (In(0, Ax +UBNU*)) = In(0, Ax)In (0, By). For these
tilted measures, we have the foﬁowmg weak large deviation upper bound:

Proposition 3.1. Under Assumption 2.1, for § = 1 or 2, for any 8 > 0, for any = <

T(ua B ,ub),
lim li L logmZ0 (AN - =— 1
lim zizriiuoEN ogm'y’ (ANax € [# — 6,2+ 4]) 00, (3.1)
and for any x > r(u, B up) such that
G#aEEltb ((E) < min (Gﬂa (pa), Gltb (Pb)) 3 (3.2)
we have,
1
lim lim sup — log mﬁ o (ANax € [z — 0,2+ 6]) < — [Iﬁ(x) - Iﬁ(ﬁ,x)] . (3.3)
010 N 400 N

Remark 3.2. Applying this proposition with § = 0 gives Proposition 2.3.
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As we will see in Section 5, establishing an upper bound for any ¢ > 0 will be useful in
the proof of Proposition 2.4. To prove Proposition 3.1, and in particular its first statement,
we will need to check that, under m?\,’e the empirical spectral distribution

] =

1
=— > 6, ywy
AN
N &

fin

of Hy(U) = Ay + UBNU* concentrates around the deterministic probability measure
given by its expectation E_s iy much faster than e~ . More precisely, we equip the
N

set P(R) of probability measures on R with the bounded Lipschitz distance d: for

any Lipschitz function f : R — R, we define ||f|o := sup,eg |f(2)| and || fllLip =

W' then for any y and v in P(R),

sup,, L5
d = du— [ fdv).
(p,v) ||fs|’\ipg1 ( / fdu / f V>

£ lleip<1

We then have the following concentration result:

Lemma 3.3. Under Assumption (Hyyx), for 3 =1 or2 and any 6 > 0,

1
lim sup — logm/]j\;e (d(,&N,E s in) > N‘1/4) = —00.
N—o00 N mN
Proof. Let § =1 or 2 and 6§ > 0 be fixed. Observe that for any Hermitian matrix My
bounded by K in operator norm we have
e KN < I5(0, Ay) < PN

As a consequence, for any Borel subset A of Oy if 8 =1 and Uy if § = 2, we have:

1
3,0
miy’ (A) =
N 15.(6, AN)I% (6, By)

< eQNGK m]ﬁv(A)7

/ 150, Ay + UBNU*Ym'5 (dU)
A

with K := supy s (| An|| + [[Bn||), which is assumed to be finite. Therefore it is enough
to prove Lemma 3.3 for § = 0, that is

1
lim sup N logmﬁ, (d(ﬂN’EmfvﬂN) N N71/4) = —0.

N—o00

For 8 = 2, Theorem 3.8 in [24] states that there exist ¢, C > 0 such that
i (A, By fin) > N7V1) < CemeV™, (3.4)

from which the lemma follows. A careful reading of [24] shows that the exact same
result as (3.4) also holds for g = 1. O

Before proving Proposition 3.1, we will recall some results about the convergence
and the continuity of spherical integrals.
Lemma 3.4 (Proposition 2.1 in [23] and Theorem 6 in [20]). For any 6 > 0, there exists
a continuous function gy with g¢(0) = 0 such that for any § > 0, if the sequences
(GN)n>1 and (G'y)n>1 are such that supy (||Gn|| + |Gy |]) < oo, and for N large enough,
d(fay fey,) < N7H*and [A (Gy) — A (Gly)| < 6, then,

1 1
7 08 TN (0, G) — = log IN (6, Gly)| < g6 (9).
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If moreover, ic, converges weakly, as N goes to infinity to u and A\ (Gy) converges to
p, then

1
108 15(0,Gx) ——— Ju(0.p).

We can now prove Proposition 3.1. In the sequel, we will denote by V]BV =K, s iN.
N

Proof of Proposition 3.1. The first claim (3.1) is a direct consequence of the previous
lemma. Indeed, let x < r(u, B pp) and dp := %. Then, for any ¢ < Jy, there exists
g(9) >0,

{)‘max [LU - 67:1" + 5]} - {d<ﬂN7Ma & Mb) > E((S)} (3.5)
Using Corollary 5.4.11 for 8 = 2 and Exercise 5.4.18 for § = 1in [1], we know that 1/]’%
converges weakly to u, By, as IV goes to infinity. As the distance d metrizes the weak
convergence, for N large enough,

{Aax € [& = 6,2+ 6]} C {d(faw, v5) > (8)/2}
so that, by Lemma 3.3, for any § < g,

lim sup N logm/y” (Apax € [ — 0,2 + 5]) = —0.

N — 00

We now prove (3.3). Let § > 0 and = > r(u, B up) be fixed and define the following
event:
R o= { Mha € [0 = 6,24 6, d(juw, ) < N1 (3.6)

Then we have,
N (e € o = 8. 48]) <m0 (B8 ) + iy (Al v) > N7,

By Lemma 3.3, it is therefore enough to show that
1
lim lim sup — log m’%? (E% ;) < — [I°(z) — I? 0,x)|.
i i sup ; log iy’ (Ex) < — [I°(2) = I°(6.2)]

To lighten a bit the notations we write A, B and H for Ay, By and Hy = Ay + UBNU™
respectively. For any 6,6’ > 0, we have

150, H))

1
3,6 B
m = E 5|1 I 0,H
w N6) (0, B) miy ( Eiv v )II%(G',H)

1500, A)1%
_E s (IN (0 H)) 8.6, A+ UBU*)
15.(0, A)I5.(0, B) UGE;EH I5.(0', A+ UBU*)
156", A)I5.(0', B) 15.(0, A+ UBU¥)
" 10(0, AT (0, B) vees, 10", A+ UBUY)

We now have to estimate supyegs IJ%(H,A + UBU”) and infyces, II@(O’,A + UBU)
respectively. We detail the first term, the second being similar. According to [7] (see
also Section 4.1.2 in [13]), if & > r(u, B ) satisfies G, @, () < min (G, (pa), G, (01)),
then m]BV almost surely, limsupy_, ., AN, < x and therefore limsup,_, . r(ujﬁv) <z It
is therefore possible to build a sequence (Gx)n>1 of deterministic matrices such that
supys; |Gn| < oo and for any N > 1, A" converges to  and d(fig,,v5) < N~1/4,
With the notations of Lemma 3.4, for N large enough and for any U € EY, 5,

1 1
~ log I5(0, A+ UBU*) — v log I5.(0, Gn)| < g0(6).
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Therefore,

1
limsup — log m/%? (E% 5) < lim (J(0', A) + J2(0', B) — J5 (0, A) — J5 (0, B))
N—o00 N ’ N—o0

+ Jim (J3(0,Gx) = T(6'.Gx)) + 96 (8) + 90 (),

< —(IP(0,x) — I°(0,2)) + go () + go (6),
where at the last line, we have used the second part of Lemma 3.4. Letting § going to
zero and then optimizing over # > 0, we get the required upper bound. O

4 Properties of the rate function [”

We now check the properties of the rate function I? defined in (2.1).

Proof of Lemma 2.2. An ingredient for the proof is the following: for any compactly
supported p, for any § > 0 and p > r(x) such that § < G,,(p), we have

< R.(0) <p— (4.1)

S

p— .

Gu(p)

Indeed, as K, is a decreasing function, we have R, (0) = K,,(§) — § > p— 4. On the other

hand, the limit of R, (#) as # grows to G, (p) is p — %@. As R,, is nondecreasing, we get
"

the upper bound. Moreover, it is easy to check that, for any = > 0, there exist C,C’ € R

(depending on x and « but not on ) such that, for 8 large enough, we have

Ox — glogGJrC’ < JM(0,2) <0z +C',
so that, for any = > 0, there exists ¢, ¢ € R such that, for ¢ large enough,
0(x — pa — py) — glogG—i—c <I1%(0,2) < 0(xz — pa — py) + Blogh + .

If z > p, + pp, letting 6 grow to infinity, we obtain that I°(z) = +oo.
If & > 0 is small enough,

P00 = 5 [ (R (0= B (0) = Ry (w)du =0,

by the properties of the R-transform. The function I” is therefore nonnegative. If we
denote by g the lower semi-continuous function which is equal to —oo on [r(j, B ), +00)
and +oo outside, then I’ = sup(g,sup, I°(6,)) is lower semi-continuous as a supremum
of lower semi-continuous functions. As it is infinite outside the interval [r(uaBup), pa + pb),
it is a good rate function. O

We will now turn to the proof of the lower bound of our large deviation principle,
stated in Proposition 2.4. To complete its proof, we will need to further study the
properties of the function I”. First, let us remark that the cases when p, is a Dirac
mass at p, (or uy;, is a Dirac mass at p;) are not very interesting. In this case, the free
convolution i, By is just a shift of u;, by p, (or respectively of u, by py) and \Y,
converges with probability one to p, + p,. Hence, the large deviations have an infinite
rate function in the scale N except at p, + p, where it vanishes.

Consequently, in the sequel, one can assume without loss of generality that

Assumption 4.1. ;, is not a Dirac mass at p, and p; is not a Dirac mass at py.

EJP 25 (2020), paper 14. http://www.imstat.org/ejp/
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We have the following:
Lemma 4.2. Under Assumptions 2.1 and 4.1, for any r(u, B up) < x < p, + pp such that

G#amﬂb (r) < min(G#a (Pa)s G, (pv)),

then, for § = 1 or 2, there exists a unique 6 > 0 such that

1°(0,x) = sup I° (¢, z).
6>0

We denote by 05 := argmax,~I°(0,z). For any r(u, B ) <y < pa + pp such that z #y,

sup I°(6,y) > 1°(65, y).
0>0

Proof of Lemma 4.2. Let r(p, B up) < x < p, + pp such that

Gp,aEEl;u, (Z‘) < min(Gua (pa)’ GMb (pb))'

The first remark is that if G, (p) and G, (py) are infinite, then r(yuq B 1) = pa + po
and there is nothing to check since [r(uq B 114), pa + pp) is empty. Indeed, if G, (pa) =
G, (pp) = oo, we see by the inequalities (4.1), that

lim R, (z)=p, and lim R, ()= ps,

xr—00 T—00
so that
zlLH;o K/»LaEHHb (17) =ps+pp and a?*)l;?}kpb Guaﬁﬂm (17) = 00,

leading to r(pq B us) > pa + pp- By symmetry of the problem, without loss of generality,
one can now assume that G, (pa) < G, (pp) and G, (pa) < 00.

With the function 7° defined in (2.1), if we denote by I? the function 6 — I°(0,2),
then there exist some constants C;, C; and C5 (that may depend on pg, pa, ts, pp» and z
but not on #) such that

0, if 0 < 2% < Gpmp, (@),
20
15(60) = Ox — ﬁlog@ - gf s RM + Ry, (w)du + C1,  if G @, (r) < % < G, (pa)s
x\Y) = i
6 I - Pa - f ? dqu 023 if G#a(pa) < 2;79 < G#b(pb)7
e(x—pa— ) g 0g9+037 if% > G,ub(pb)7

where the last line does not occur if G, (py) = co. In the computation, we have used
the well known fact that R, m,, = R,, + R,, when the three functions are well defined.
Therefore, one can check that the function 7 is continuously differentiable and its
derivative is given by:

0, if0 < %9 < Gumu (2),
(IB)/(G) _ r— K, mu, (%0) if GMaEHMb(x) < % <G, (Pa),
: T = pa %) if Gy, (pa) < % < Guuy(pv),
T = pa - pﬁ% if 20 > Gy, (o).
— 1 :
We now set o, := e — We claim that

Qg 2> Gp,a (pa)-

EJP 25 (2020), paper 14. http://www.imstat.org/ejp/
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Indeed, K, is well defined on the interval (0, G, (ps)), so that K, (G,., (p.)) and there-
fore K, m,, (G, (pa)) are well defined. As K, m,, is a decreasing function and

Guaﬁﬂub (r) < Gu, (Pa)s

we have
1

x> Kpaﬂﬂub(Gua (Pa)) = Kua (Gua (Pa)) + Kﬂb(Gua (Pa)) - m

As K, is also a decreasing function, this yields:

1 1
> K, (G, (pa)) + K, (G, (pn)) — ) = Pa+ Py — G o

G, (Pa Ha (Pa) ’

which is equivalent to o, > G,,, (po). There are therefore two cases to consider and we
claim that:

Case 1: If G, (pa) < az < Gy, (py), then I? reaches its maximum at

0 = Qe )

where @, is the inverse of R, as defined in Section 2;

Case 2: If i, > G, (py), then I reaches its maximum at 02 := Sa,.

Let us now prove this claim. On the interval [O, gG L (pa)} , the function (I?)’ is nonde-
creasing and it vanishes at zero, it is therefore nonnegative so that I? is nondecreasing
on this interval. We have

I} 8 1 1
%Y (2G, (ps)) >0 and (I%) 2@ - 4y
(a:) (2 Ma(p) = (m) 2 I»Lb(pb) ar+G,ub(pb>
Moreover, as R, is increasing, (I7)’ is decreasing on the interval [gGM (Pa), gGub (pv)]-
We now distinguish the two cases.
In Case 1, (I9)’ (gG#b(pb)) < 0, and therefore there exists

02 € |56 (on). 5 G

such that 9 is increasing on {gG o (pa), 08 } and then decreasing. One can check that
the point where (I?)’ cancels is given by gQ% (x — pa). Moreover, (I2)" is decreasing on
{gG#b(pb), oo | and negative at gGub(pb) so it remains negative and /7 is decreasing on
this interval. The first claim holds true.

In Case 2, (I8) (gGM(pb)> > 0, and therefore I? is increasing on [gGua (pa),

gG“b (pb)}. But (I?)" is nonnegative at gGM (pp), decreasing on [QGM (pv), oo) and
converges to = — p, — pp < 0 as 0 grows to co. Therefore, there exists 6 € (gG#b (Pb)s oo)

such that I? is increasing on (gGﬂb(pb), 05} and then decreasing. One can check that

the point where (I?)’ cancels is given by gax and the second claim holds true. This
concludes the proof of the uniqueness of 6.

Moreover, looking carefully at the definition of #? in Case 1 and Case 2, one can
see that it is an increasing function of z. Indeed, it is increasing on the intervals {z €

EJP 25 (2020), paper 14. http://www.imstat.org/ejp/
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R/ay > G, (pp)} and {z € R/G,, (pa) < ap < G, (py)} respectively and it is continuous
at z = Gy, (ps). As a consequence, for z # y such that r(ua B ) < 2,y < pa + ps, 05 # 05
and therefore supy~, I°(0,y) > 1°(02,y).

We now have to deal with the case when y = p, + pp, that is to show that:

sup 1°(6, pa + pv) > 1705, pa + pv). (4.2)

If G, (pp) is finite, for § > gGub (ob),
B — p
I (e,pa+pb)—§10g9+03

and therefore the supremum is infinite and (4.2) holds. Assume now that G, (p») = .
As py, # §,,, then, there exists o € (0, 1] and M finite such that, for any = > p;,

l-«
G < M.
Mb(x)_x—pb_‘_
From there, we get that, for any u > G, (pa) Vv 24,
l-«o l-a 1 o
u< —————+M sothat R, (u)<pp+ —F———<pp— —.
R (0) — 0 ) St ey, Ty ST gy

Therefore, there exist ¢, ¢ € R, such that for any § > G,,, (pa) V 22,

20

B > _é ? _ @ :Bﬁ /
IP(6, pa + pv) > 6pp 2/M (pb 2u)du+c 1 logf + ¢

@

so that, letting § grow to infinity, we get again that I°(p, + p;) = oo and (4.2) holds. This
concludes the proof of Lemma 4.2. O

5 Large deviation lower bound

The goal of this section is to show Proposition 2.4. A classical strategy to get a
large deviation lower bound is to tilt the measure in such a way that the rare event
{\N . € [ — §,7 + 6]} becomes typical under the tilted measure. We now check that it is

possible to make such a tilt!:
Lemma 5.1. Under Assumptions 2.1, for any © € [r(pq B p), po + p») such that

G B (z) < min(G#a (Pa)s G, (pv))s

for B =1 or 2, we have

T | B.0° s
%ﬁll}\rfrg&fﬁlogm]\, ( Xs) =0,

where E}‘\,’é was defined in (3.6) and Gf in Lemma 4.2.

Proof of Lemma 5.1. Let 3 = 1 or 2. The first remark is that, almost surely, |\, | < K,
where we recall that K := sup s ([[An[| + || Bn|)).

Let r(pe B ) < x < p, + pp be fixed. If we denote by

LAy = { 5oz 1°(0:) = I7(00,y), 1 r(pua B ) <y < pat o,
e 00, otherwise,

1As for Lemma 4.2, we want to mention that Lemma 5.1 holds without Assumption 4.1, that we add to
simplify the proof.

EJP 25 (2020), paper 14. http://www.imstat.org/ejp/
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we know from Proposition 3.1 that, for any y € R,

1 s

lim lim sup — log m]ﬂ\,’ez (Aﬁax €ly—dy+4d)) < —L(y). (5.1)
010 Nooo N

Let § > 0 be fixed. We denote by Fs the compact set [-K, K]\ (z — d,z + ). For any

n > 0,y € F5, we also denote by

12 = min (220 < 0.3

From (5.1), for any y € Fj, there exists v, , > 0 such that

. 1 8,08
limsup = log miy™* (Alax € [¥ = Wyns ¥+ Wn)) < =L (1).
N—o0
As Fj is a compact set, one can extract from the family ([y — vy, ¥ + Vy.n])ycr; a finite
covering Fs = Uj_,[Yi — Yy, n> Yi + Vy:,n)- From there, we get that

1=

. 1 B0 (\N 8 i 8
- Oa cF)< - )< — ,
h]{/n SUp logm’y ()\max F) max Ly (yi) ylgf Ly (y)

Letting 7 going to zero, we deduce that

max —

. 1 .07 (\N inf L8
02 < _ '
hj{[nﬁsgop logmy * (Amax € F) yléllgé LY (y)

By Lemma 4.2, we know that Lf, is nonnegative and vanishes only at z, so that,
inf, e, L2(y) > 0. Therefore, we deduce that, for N large enough,

B 3
mﬁ,’aw ()\IIXaX €lx—d,x+ 5]) > 1
But, in virtue of Lemma 3.3, for NV large enough, we also have
B 3
my" (d(, i) S NV 22
so that )
808 (o
miy* ( N,6) > >
and Lemma 5.1 follows. O

From there, one can easily get the large deviation lower bound.

Proof of Proposition 2.4. As mentioned in Section 4, without loss of generality, one can
assume Assumption 4.1. Let 5 = 1 or 2 and = € R be fixed. If z > p, + pp or = < r(pe Bup),
Lemma 2.2 gives that /?(x) = oo, so that the lower bound obviously holds. Moreover, as
we have seen at the end of the proof of Lemma 4.2, as y; is not a Dirac mass at p;, then
I8 (pa + p») = oo and the lower bound also holds for = = p, + pp.

Let us now assume that r(u, B ) < z < pg + pp and let 62 be the corresponding shift
defined in Lemma 4.2. Then, with E"f\,ﬁ defined in (3.6) and recalling that A = Ay, B =
By and H = A+ UBU*, we have:

. 1508, H
O\ € [ = 5,0+ 8)) 2 s (B g) = By (1%)
N\Yz,
> inf 1
- Uérér R ﬁ ﬂ *
s I (0%, A+ UBU¥)
08 e
Iy (02, A)IN (02, BYm3"" (E% 5)
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so that, using again Lemma 3.4, we get:

Lol d 3
l}wgofﬁlogmjv (A\Nox € [x — 6,2 +68]) > —1°(62,2) — 942 (9)

max

L 1 8,08 T
+1}£1£ofﬁlogm]v ( N,6)‘

Letting 0 going to zero and using Lemma 5.1, we get that

1
lim lim inf Nm?v()\N €lx—06,x+0)>-1°0%2) > -1%).

510 N=oo max

This concludes the proof. O

6 Proof of the main theorem and its corollary

Proof of Theorem 2.5. Assume that Assumption 2.1 and the condition (NoOut) are sat-
isfied. Without loss of generality, one can add Assumption 4.1. As already stated
in the proof of Lemma 5.1, almost surely, |\Y, | < K, where we recall that K :=
supys1 (| Aw + | By l)-

In particular,

1
lim sup ~ log s, (ANax € [ K, K]¢) = —cc.
N—o00
Using e.g. Theorem D.4(a) and Corollary D.6 in [1], it is enough to show that, for any

rz €R,

i 1 1 B (\N
lélinhmsupﬁlogmN (Adax € [z = 8,2+ 4))

max
N —o00

1
e e B (\N —
= lgﬁ}l}ﬁilof N logmiy (Amax € [z — 6,2 +6]) = —1%(x).

The upper bound is nothing but Proposition 2.3, obtained from Proposition 3.1 for
0 = 0 and the lower bound is given by Proposition 2.4. O

We now prove Corollary 2.6. Our goal is to show that if Ay and By have no outliers,
then the condition (NoOut) is automatically satisfied. Indeed, if Ay and By have no
outliers, it means that their respective largest eigenvalues converge to the edge of the
support of the limiting measure, that is to say p, = r(u.) and p, = r(up). Therefore,
Corollary 2.6 is a direct consequence of the following lemma:

Lemma 6.1. For any probability measures i and v compactly supported on R, we have

Gua(r(pBr)) <min(G(r(p), Gy (r(v))).

Proof. If one of the measures p or v is a single point mass, the additive free convolution
is just a translation and we have equality. We now assume that none of them is a single
point mass. In general, we know (see e.g. [6]) that there exists a function w, called the
subordination function, which is analytic on C* := {z € C,Jmz > 0} such that, for all
z € CT,

Gumv(2) = Gu(w(2)).

This gives immediately that for any z € C,

dp(t)

e e

ImG s, (2) = —Imw(z).

By [5, Theorem 2.3], as p or v are not a single point mass, G, can be continuously
extended to C* U R with values in C := C U {oc}. Moreover, as y and v are compactly

EJP 25 (2020), paper 14. http://www.imstat.org/ejp/
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supported, by [6, Theorem 3.3(3)], w can also be continuously extended to C+ U R.
Let u be a real number in the interval (r(u B v),c0). Then lim,o [ % > 0
and lim, ;o Im G, m, (u + iv) = Im G, m,(u) = 0, so that, using (6.1), we get Imw(u) =
lim, o Im G @, (u 4 iv) = 0. Therefore, w restricted to the interval (r(u B v), o) takes
values in R U {co}. Moreover, as w is continuous and w(z) goes to co as z goes to co, we
get that w((r(u B v),0)) is an interval of the form (a, o).

We now want to show by contradiction that a > r(u). Let us assume that a < r(u). For
any y > 0, we have

r(p) r(w) — —
—/ ImG,(r +iy)de = / dp(t) (arctan (r(ui}t) — arctan (a " t)) .

As y decreases to zero, the right hand-side goes to §(u([a, r(u)) + u((a,r(p)]) > 0. On
the other hand, for any = € (a,r(p)) C w((r(u B v),0)), there exists ' > r(u B v), such
that z = w(2’) and w is holomorphic from a neighborhood of z’ to a neighborhood of z.
As

lim Im G, (2) = lim ImG,(w(Z')) = Im G, m,(z') =0,

T—x T —ax’
by dominated convergence, we get that the left hand-side goes to zero, as y decreases to
zero. This leads to a contradiction and we deduce that w((r(x B v),00)) C (r(p), 00), so
that
w(r(pBr)) > ().

As G, is decreasing on (r(y), 00), this gives

Gz (B ) = Gulw(r(p B v))) < Gulr(n).-

As o and v play symmetric roles, this concludes the proof of Lemma 6.1. O

A Study of the deformed model (2.4)

A.1 Large deviations for the smallest eigenvalue of H

In order to study the deviations of the largest eigenvalue of the deformed model below
its expected value, we will need a counterpart of Theorem 2.5 for the smallest eigenvalue
of Hy. We first state the counterpart of the condition (NoOut). For any compactly
supported probability measure p, we denote by I(n) the left edge of the support of p.
One can extend the definitions of G, K, R, and @, given in Section 2: for any A < (),
Gu(\) = [ /\%yu(dy); G, is decreasing from (—oo,l(x)) into (G, (I(1)),0) so we denote
again by K, its inverse. For any z € (G,(I(n)),0) we set R,,(z) := K,(z) — 1, which is
increasing with inverse (),,. We then introduce the following assumption:

(NoDown) The smallest eigenvalues /\S\?N) and Aﬁ” converge as N grows to infinity to
{, and {y, respectively and G, @y, (I(1ta B 1)) > max (G, (£a), G, (4)).

As in Lemma 6.1, one can check that this condition is satisfied if Ay and By have
no outliers, this time in the sense that ¢, = I(u,) and ¢, = [(up). We now extend the
definition of the rate function I” introduced in (2.1). For 5 =1o0r2, 8 <0, 1 a compactly
supported probability measure and ¢ < I(u), we define:

26
5 Jo7 Ru(u)du, if G (0) < % <,

J(0,0) =
‘ 00— G log(~0) = § [og(y — Ou(dy) + 5 (log § — 1), i % < G,(0).

For any # < 0 and « < I(u, B up), we denote by

%00, 2) .= J°

paBup (9,{1)) o Jﬁa (97€a) - Jﬁb (97&))1
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and

b

min

( ) - Sup9§01ﬁ(97x)’ ifz < |(,LL(LHE|,U,},), (A.1)
’ 0, otherwise. ’

Applying Theorem 2.5 to —Ax and — By, one can get a large deviation principle for
the smallest eigenvalue A\, of Hy :

Corollary A.1. Under the assumptions (Hyu) and (NoDown), for 3 = 1 or 2, the law of

AN, under m?\, satisfies a large deviation principle in the scale N with good rate function
Irl[jlin '

A.2 Asymptotic independence of the deviations of \Y. and )\

Before going to the study of the deformed model itself, we will need the following
proposition:
Proposition A.2. Let (My)n>1 be a sequence of deterministic matrices such that M :=
supys>1 ||Mn|| < oo, and, as N goes to infinity, /\gMN) and )\E\J,WN) converge respectively to
p and ¢ and i My converges weakly to u. Let ey and eq be two random vectors uniformly
distributed on the unit sphere of RV if 3 = 1 (respectively of CV if 3 = 2), orthogonal to
each other. Let § > 0 and ¢’ < 0 be fixed. Then

]E (eN9<61,A1N81>+N0/<€2,MN62>>

lim — log =0. (A.2)

N—oo N IN(Q,MN)IN(9/7MN)

In other words, when # and #’ are of opposite sign, the rank two spherical integral
asymptotically factorizes in the scale eV. As an immediate corollary, we find that the
large deviations of \,,;, and A, are asymptotically independent.

Corollary A.3. Under the assumptions (Hypuxk), (NoDown) and (NoOut), for 3 = 1 or 2,
the law of (AN, AN ) under mf\, satisfies a large deviation principle in the scale N and

min’ “‘max

with good rate function If]in(:r) + I8(y).

Proof. The proof is to tilt the measure by the rank two spherical integral of Proposition
A.2 which implies that for 6 > 0 and 6’ < 0

mav (Ain = @]+ [Aax = 91 < 0)

min max

< e_N(‘]EABHuB(GI’w)-i_JfAEEuB (e,y)+o(1))EU [Ee (eNe(el,(A+UBU*)51>+N9’(e2,(A+UBU*)62)):|

Now, since the law of (e1,e2) and (Uey,Ues) are independent and equidistributed, we
deduce the upper bound as before. The proof of the lower bound is the same since for
any (z,y) we find a unique couple (6, 6,) which optimizes the rate function. O

Moreover, it is easy to deduce the following corollary, which is the extension of
Proposition 2.3 to # < 0:

Corollary A.4. Under Assumption 2.1, for § = 1 or2, forany 6 < 0, forany « < r(u.Bup),

1
lim limsup — logmy? (AN, € [z — 8,2 + 0]) = —o0, (A.3)
510 Njoo IV i
and for any x > r(uq B ),
1
lim lim sup — log mf\,’e (A\Nox € [x = 6,2 +6)) < —I°(x). (A.4)
610 N—+4o00 N
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With Proposition A.2 in hand, the proof of Corollary A.4 follows the same lines as the
proof of Proposition 2.3. We do not detail it and go directly to the proof of Proposition
A.2. Note that this kind of factorization property has been already shown for # and 6’ not
too far from zero, we refer the reader to [20, Theorem 7] or [15]. Our goal here is to
extend this result to any pair of (0, 6’) of opposite sign.

Proof of Proposition A.2. For the sake of simplicity, we will stick to the case 5 =1. Let g
and ¢’ be two independent standard Gaussian vectors in RY. If we denote by || - |2 the
Euclidean norm and set

g , {9,9")
e1:=—— h:=¢g — gand ey := ——,
g2 lgll5 7|2

then it is well known that (e, e2) are two random vectors uniform on the unit sphere in
RY, orthogonal to each other. Moreover, (e, ;) is independent from (||g||2, ||’ |l2, (g, ¢')).
Indeed, one can use the following system of coordinates: r := ||g|l2, 71,...,Yn—1 are
the polar coordinates of g, ' := ||¢’||2, n is the angle between ¢g and g, and ¥/, ..., YN _o
are the angles needed to spot ¢’ on the cone of angle n around g. One can check
that the Gaussian measure decomposes as a product measure in these coordinates,
(lgll2s 119" ll25 {g, ¢')) is a function of r, ', n whereas (e1, e2) is a function of the +’s and +’s.
In particular, for any ¢, if we let

~ = {l{g.9)] < elgllzllg'll2},

then A% is independent of (e, e2). Moreover, on A%, we have ||h]3 > [|¢'|3(1 — £?) so
that, for e < 1/2,

1
‘9<€1,MN61> + 60’ (ea, Myes) — 9m<gaMNg> —0 7' (9", Mng')| < 4Me,
and
y ’ 1 ’
NO(e1,Mne1)+NO (es,Mne _ NO{e1,Mne1)+NO (ez,Mne:
IE(e (e1,Mner) (e2 N2>) — IP(A(}:V)E(IA?Ve ( Nei) (e2 N2>>
e4NME ,
S WIN(aMN)IN(@ ;MN)'

Because of the law of large numbers, for any € > 0, P(A5%,) converges to 1 as N goes to
infinity. Hence, letting NV go to infinity and then £ going to zero, we get the upper bound
in (A.2).

We now prove the lower bound. If O is an orthogonal matrix, the law of (Oe;, Oes) is
the same as the law of (eg, e2) so that we can assume without loss of generality that My
is real diagonal, with eigenvalues that we denote by A\Y > A\l > ... > A\, We refer the
reader to Proposition 16 and Lemmas 18 to 21 in [20], in particular the proof of Lemma

N N 2
19. We recall that T’ is the rate function for the large deviations of 2:1\177/\29 Let aj be

such that o
fai — T(a}) = sup(fa — T'()).
«
As 0 > 0, one can check that ayin < af < p. If & € [min, ¥max], We set z1 := 0, whereas
if af € (max, p), we set 21 := (p — o) ((p — @) Hmax — 1). Similarly, let a3 be such that

0'al — T(a3) = sup(d'a — T(a)).

(03
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As 0’ < 0, one can check that ¢ < o} < amax- If &3 € [min, ¥max], We set z2 := 0, whereas
if a3 € (¢, amin), we set z3 := (£ — aF)((£ — af) Hmin — 1). We now define, for any 6 > 0,

1 N
¥ 2!
N
S(s}a

S(Sy

2

Ny
Bil z1,05,T2 = {‘()‘le_al)z\lf""xl S(s
i=2

AY —ai)gl — o
1
A

1

(A = a3)(90)? — o
i=1

)

/7 \2
’(/\N )(gj\v/.) Lol <6

¢ = {Viz2, <NVLVI<N-1,(g)? < NV},
{92 = VoN,|1g'|* = V6N }

Es

We have

u Llu ,xo

’ ’
E (eNG(el,MNel)—i-Ne <eg,MNeQ>) >T (1,46 i o, eNten M e +NO <e2,MN62>>

Z E (1A5 B, ﬁCﬂEae H9||2 (9,Mng)—0’ g’ H2<9 Mng' >> —4NMe

cx zlcx , T

P(A% N BS. nen E6)6—4NMseN0a;+Ne/a;—2N(9+9/)\/5 (A.5)

a wla s L2

Now, if 01,...,0n are N independent Rademacher random variables, independent of
g and ¢/, then (g,¢’) and Zf\il 0:9:9; have the same law. Therefore, since the sets
B, C and FEs are independent of the sign of the g;’s,

04171170!2 x2’

P45 Balmazumcme:P( Zazgzgmsngn I9'll2|(9.9') \Bal,wlaz,zmcnm)

where the second expectation holds on the ¢’s only. Using the concentration properties
of the Rademacher random variables (or the Azuma Hoeffding inequality), one gets that

(2

2 2 12
e“llgllzllg’ I3

> e||g||2||g’||z\<g,g’>> <o T,

Z i9:9;

i=1

On B ;. as.; N C N Es, the right hand side is bounded above by e~4VN3 50 that we
can conclude that, for any ¢, > 0, P(A%|B2.
goes to infinity.

Furthermore, we have that

N C N Es) converges to one as N

af,ry,al, T

P(B’. NCNEs)>PB

al,T1,as,T2

NC) — P(ES). (A.6)

ay,T1,as,T2

Since it is well known that
1
liminf — log P(E§) < —2(v/§ — 1 —log(v/4))
N—oco N

where the above right hand side goes to —oco as § goes to zero, we only need to estimate
the first term in the right hand side of (A.6) for small enough J. Now
P(BS. NnC) > P(B. |C)P(C),

al’xl»azﬁfz CY 301,042@2

where the last term goes to one as N goes to infinity. The last thing to check is that

C) 2 ~T(a7) = T(az).

Oé ZEl,QQ )

lim lim inf N log P(BS.

610 N—oo
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Indeed, going back to the proofs of Lemmas 18 and 19 in [20] (see also [11]), one can
check that if &} € [Cmin, ¥max),

N
1 N 2 H
— E N _ afg?| < > —L%1(0).
higlhmlnf logIP< Ni 2()\Z al)g; §|C> L*1(0)

The proof is the same except that in the computation of the log-Laplace the integral
will go from —N'/# to N'/4 instead of running on R and this will not change the limit.
Similarly, if o] > amax,

1
limliminfﬁ logIP<‘(/\{V — *)91 + 21

Z1
_5 2_ ) )
) 2(p — of)

510 N— N
and
1 & .
%igllni}ngIOgP( sz;()\fv —af)g? —m| < 5|C> > —L% (xq).

Putting everything together in (A.5), taking the limit as /V then § and ¢ go to zero, we
get the factorization property. O

A.3 Large deviations for the largest eigenvalue in the deformed model

For the sake of simplicity, when treating the deformed model, we will stick to the
case $ = 1. For any = > r(u, 8 1), we denote by p,, the measure defined as follows: for
any bounded measurable function f,

/f )it (dA) = /f( A)MEMWM)

In particular, for any @ > r(ua 8 ), [ Ae(dN) = Gy @y, (2).
For any = > p > r(pe B up) and £ < I(ug B up) we define

G ()
Q4 (p) 1= { I4+(@—p)G By, (P)° if G, @y, (p) < 00,

0, otherwise
and . "
o8B 3
p_ () i= | T Cus,@ I G uaB, (£) > —00,
—00, otherwise.

For o € (ﬁ,ﬁ) and k ¢ ($ 7 p) we set

1 K—A
. =—[1 . .
Pal)i= 5 108 (222 ) ot
and we also extend it to

1 1 1 1
hm< ):mm% )aMhm():mm4)
TA\x—p ylp T —y T \ax -4 Yyl T—y

We set, for x > p > r(uq B pp) and £ < 1(uq B up),

hoc,w (Kuz (Qﬂ.n (O‘)))’ ifae [GuaEENb (x)7 Oéz7+(,0)],
#) : ifae (az,+(p)7 L) : (A7)

z—p

i 1
0, 1f04>w7p
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and
hae(Kp, (Qu. (), if a € [ag,—(€), G, mu, ()],
T; @) =1 haw (55, ifac (T 7200, (0) (A.8)
0, ifa< ﬂ

The quantities above can easily be extended to the case x = p > r(u, B up) (only the first
line of (A.7) will be relevant). For x = p = r(u, B up), we set

T_,Im(a) =0 ifa>Gymy,(x)

and
T, () =00 ifa<G,mu(T)

For v := (y1,...,7p) a p-uplet of nonnegative real numbers, we now define,
LY(y) = T'(y), ify > r(pa B )

and, forany 1 <i < p,

y<|(}—tnf‘;ﬁ,ur { (%) + Irlnln } ) if r(/’La H Mb) <z< K;J,GEE;LIJ (%) 5
L () := T (1 ) + L8y )}7 if 2 > K, @, (%)
00, if v < r(pe B ),

with the convention that

1 . 1
Koo (7) — (aa B ) 0 Gy (1t B ) < —

1

Note that this rate function should not depend on the ordering of the ~;’s, which is
far from obvious on the formula above.

We can now state our main result. We recall that (Ul(l), ceey Ul(p )) are independent
random vectors uniformly distributed on the unit sphere. To simplify the notations, they
can be viewed as respective first column vectors of p independent matrices distributed
according to m},.

Theorem A.5. Under the assumptions (Hypux), (NoOut) and (NoDown), for any p € IN*
and any v € (R4 )P, the law of the largest eigenvalue /\maX of the matrix Xy := Ax +
UBNU*+YP | %Ul( )(Ul( ))*, defined in (2.4), under (m 1) ®@+Y) satisfies a large deviation
principle in the scale N with good rate function L%p ).

Before proving Theorem A.5, we need to state a variant of Proposition 16 in [20]. We
denote by P the standard Gaussian measure on R and we assume that (g1, ..., gn) follows

the law P®V. For any N-tuple of real numbers A := (\y,...,A\y) and = & {\1,..., A},

P
we denote by vy i\ (z) 1= —=F——

Zé\jzl 912
Proposition A.6. Let ()\f\’)NE]N*,lS,;SN be a triangular array of real numbers such that
LSV 8y~ converges to i, B uy as N grows to co. We denote by AN := (AN, ..., AN).

Assume that maxY | AN converges, as N grows to oo, to p > r(u, B ). Let x be a real
number such that, for N large enough, z > max)Y ; A\N. Then, for any a € R such that
a > G, my, (r), we have

lgﬁ}lgfn:llop N log PN (vy s~ (2) € [a — 8, + d))

= lim lim inf N log PN (vyan(2) € [a — 6,0+ 4]) = -1, (a). (A9)

60 N—oo
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Assume that min?_, AN converges, as N grows to oo, to ¢ < I(jiq B ). Then, for any
a € R such that o < G, @, (v), we have

1
lrilin lim sup N log PN (vy s~ (2) € [a — 8, + d))

N —oc0

= gﬁﬂ}\%i?of % log PPN (vy an (2) € [ — 6,00+ 8]) = T, ,(a). (A.10)

We will not give a full proof of Proposition A.6. This follows from an adaptation of
Lemma 18 and Proposition 16 in [20]. In Lemma 18 in particular, one can check that
the deviations above the mean (which is G/, m,,(¢) in the present case) may involve
not only the limiting empirical distribution but also the limit as N grows to oo of the
largest particle (denoted by maxY ; v; there and equal to m in the present case),
whereas the deviations below the mean may depend on the ffl]lrlifing smallest particle,
equal to m here.

The rest of this section is devoted to the proof of Theorem A.5 in the case p = 1. For
p > 1, the proof'is very similar, except that instead of conditioning by the deviations of the
extreme eigenvalues of Hy, we will condition on the deviations of extreme eigenvalues
of the model at step p — 1.

Proof of Theorem A.5 in the case p = 1. We recall that we stick to the case f = 1. Let
1 > 0 be fixed. As in the proof of Theorem 2.5, the exponential tightness is straightfor-
ward : forany N > 1,

Again, using e.g. Theorem D.4(a) and Corollary D.6 in [1], it is enough to show that,
for any x € R,

- 1 N
lim lim sup i log(my)®? ()\N €lr—0d,z+ (5])

510 N oo max

— Vi Timing L 12 (YN _
= limliminf - log(m})®* (W € o~ 8.2+ 9]) = ~L{(2).

For any z which does not belong to the spectrum of Hy, one can write
_ _ _ 1 @y =177
det(zIN XN) = det(zIN HN)'Vl " (Ul ) (ZIN HN) Ul .

Therefore, z is an eigenvalue of Xy which is not an eigenvalue of Hy if and only if

1
U1 eIy — )0 =

The Haar measure is invariant by unitary conjugation, so that if Hy = Uy DnUy;, then

U (zIy — Hy)~'U" and (UM)*(2Iy — Dy)~ U have the same law and one can
assume in the sequel that Hy is diagonal. Moreover, as Ul(l) is a column vector of a

matrix distributed according to the Haar measure, the equation now reads

N
1 g? 1
WO TR T
=1 ‘ > 9;
=1
with (g1, ..., gx) having distribution P®V,
EJP 25 (2020), paper 14. http://www.imstat.org/ejp/
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For any (A1,...,Anx) and (v1,...,vy) such that Zl Lv? = 1 fixed, we define on
(maxY, \;, c0), the function

AR
f,\7U:Zb—>ZZ_)\_U?.

This function is decreasmg and continuous on (max.Y_, \;, 00), uniformly on (v1,...,vx)
such that Zz , v? = 1. Therefore, there exists a function €, going to zero at zero, such
that for z € (max¥; \;, ), fo(z) = & - if and only if, for any 6 > 0 small enough, for any

z€z—0,2+46], filz) € {7—11 - 5,\(5), ot 5,\(5)}. Let z > r(u, B up) be fixed. Let y such

that r(u, B ) <y <z and set 7y := “¥. For any 7 < 1), similarly to the definition of
E}{,J7 in (3.6), we introduce

Ef = {Aﬁax [y7y+n],d(uN,uN)<N1/4}

The analys1s will be the same, except possibly for y = r(u, B p). We have that for any

UeEYy X A = AHN) ¢ [y, y + n). Therefore, if we denote by
N
__ _ 1 g4 1 9
on(z,9) e +)° REl
Sogp =2t g2
1=1 =1 !
then (Hx)
ly =AY n

owtmy) o)l <y <

Therefore, for any n < 1o, there exists a continuous function ¢, going to zero at zero
such that, for any § < n and NV large enough,

(mi)®? ({)\fxax €[z -39, m-&-ﬂ}mE&J\\f;)

_ PON g ml, ({ﬁ(x,y) e [1 (), — +s(6)] } n E%E)

st et

= P®N X m}v (UN(Z‘7y) S |:/y — 6((5), 7 + 8(6):| Egjjvm) m}V(EYJ/\,m) (A].].)
1 1

The probability measure on the right handside is P®" ® m}, because oN (x,y) can be
seen as a function of U of law m}; and of (g1,...,gn) of law P®V.
If we assume that 7,0 < @%m and for all ¢ € IN*, \; < y + 71, one can choose &)

uniformly in (Ay,...,Ax). Now, let U € Ey be chosen. We denote by A\ := y and for
any 2 <i< N, AN := A\ Then 4 LN /\IN converges to fi, B g and max¥ | AN = y.
By Proposition A.6, if G, @, (v) < 7% we have
lim lim inf —1ogP®N <UN( ) € {1 —ey(9), 1 + 577(6)] Eﬁ’?j) =-T" (1) ,
310 N—oo N M M " Y\ i

so that

1 1 1
®2(\N__ _ > _7+ =0
%{I&l}\r]nmf ~ log(my) 22 (AN, € [z — 8,2 + 4]) > T, <’Yl) + A}gr{l)o logmN(ENn)

Taking the limit of the right hand-side as 1 goes to zero, we get using Theorem 2.5 that
1 1
®2 _ o+ (2 ()
lim lim - log(mi) (Aax € [0 = 80+ 8)) 2 -, (%) I'y) = =157 (x),

where the last inequality was obtained by optimizing on y.
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Assume now that r:=r(p, Bup) <z < K, Bu, (7—11) Similarly to (3.6), we define, for
y < (o B pp)

EZ]!\}’ . {)\gm [:l/ y+77] )‘max ['—77"+77}7d(MN7VN) <N” 1/4}

and N
—1
1 g? 1 g%
Hy) N — N
z‘:1$—)\§ N)Zng € yzg?
= i=1

For n small enough and § < 7, we can then write as above

(mA) P2 (Mo € 2= 8, +0]) > (mh) P> (AN € 2 — 0,0 + 0] N7

max

1 1
=P%"® m}\f (vN,(CE) € [’Yl —eq(9), % + 577(5)} N E?V’m)

1 1 _ _
=P® @mk (vNy_(x) € [ —&,(0), P + 677(5)} |E}"’Vn) m}V(E]y\,n) (A.12)

In this case, by Proposition A.6,

1 1 1 1
. .. QN Y= | — -
hml}\rfnlnf ~ log P (vw,(x) € [ —e,(0), X + En(é):| |E;/v,n> =-T1,, ( > )

610 Y1 Y1
so that

lim hm inf 1 log(m )®2()\N €lz—0,2+9])=-T, 1 + lim inf 1 logmi (E%7)

610 N—oo N max =Y\ v, Nooo N NAZNu/:
(A.13)

The last step to prove the lower bound in this case is to check
1
Y, 1

l;%llni}gfﬁlogmN(ENn) > —I..(y). (A.14)

Then, taking the limit as ) goes to zero in (A.13) and optimizing in y gives the required
lower bound.

We now prove (A.14). Similarly to Lemma 4.2 and 5.1 (by symmetry between the
smallest and largest eigenvalue), one can show that there exists a unique ¢, < 0 such
that, for any n > 0 and N large enough,

il 91, 2
()\gln [y_n7y+n]7d(NN7VN)<N 1/4) 2§
Applying Corollary A.4, as 0, < 0, we have that, for any > 0 and N large enough,

N Mo € [r=mr 1)) > 3, (A.15)
so that, for any > 0 and NN large enough,
1,6y Y,— 1
With this ingredient, the proof of (A.14) goes as in the proof of Proposition 2.4:
_ 1506, H)
1 Y, _ N\"y>»
E =E 1,22
. 1 1,0 _
> inf 150, A)I%(0,, Bymy " (E% ),
> i T oEee O AT O B ()
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so that, using again Lemma 3.4, we get:

Y, s 1
%%I%Iggofﬁ logmN (EN n) 2 Imln(eyvy) - lrﬁ{)lge ( ) Imln( )

The strategy to get the upper bound is similar: we know that, for N > 1, A\ ¢
[-K, K] and \Y, € [-K, K]. For any § > 0, there exists p € N* and p1, ..., p, such that
[-K,K]CU_ [p;i — 0, pi + 9]

1
Assume that G, my, (v) < 5.

() ox € [ = 6, x+5]) (mA)** (\x € [ = 8,2+ 0] N {d(fu, vy) < N7V

max

(d(fiv,vy) > N~HY)

I A

ml
my
P
Z )E( )\ﬁdxe[x—é x+ 8 NEY5)

+ mN(d(NN7 vy) > N7V4).

We then use Lemma 3.3 to get rid of the last term and apply the same strategy as before,
combining the relation (A.12) and Proposition A.6 for the main term.

Assume now that G, m,, (r) > 711 We apply the very same strategy with Ef\}'”é_ instead
of EX; ; and the bound (A.14). O
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