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Gaussian fluctuations of the determinant of Wigner
matrices
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Abstract

We prove that the logarithm of the determinant of a Wigner matrix satisfies a central
limit theorem in the limit of large dimension. Previous results about fluctuations of
such determinants required that the first four moments of the matrix entries match
those of a Gaussian [53]. Our work treats symmetric and Hermitian matrices with
centered entries having the same variance and subgaussian tail. In particular, it
applies to symmetric Bernoulli matrices and answers an open problem raised in [54].
The method relies on (1) the observable introduced in [9] and the stochastic advection
equation it satisfies, (2) strong estimates on the Green function as in [12], (3) fixed
energy universality [10], (4) a moment matching argument [52] using Green’s function
comparison [21].
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1 Introduction

In this paper, we address the universality of the determinant of a class of random
Hermitian matrices. Before discussing results specific to this symmetry assumption,
we give a brief history of results in the non-Hermitian setting. In both settings, a
priori bounds preceded estimates on moments of determinants, and the distribution
of determinants for integrable models of random matrices. The universality of such
determinants has then been the subject of recent active research.
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Gaussian fluctuations of the determinant of Wigner matrices

1.1 Non-Hermitian matrices

Early papers on this topic treat non-Hermitian matrices with independent and identi-
cally distributed entries. More specifically, Szekeres and Turdn first studied an extremal
problem on the determinant of +1 matrices [49]. In the 1950s, a series of papers
[24, 23, 43, 55, 46] calculated moments of the determinant of random matrices of fixed
size (see also [28]). In general, explicit formulae are unavailable for high order moments
of the determinant except when the entries of the matrix have particular distribution
(see, for example, [17] and the references therein). Estimates for the moments and the
Chebyshev inequality give upper bounds on the magnitude of the determinant.

Along a different line of research, for an N x N non-Hermitian random matrix A,
Erdds asked whether det A is non-zero with probability tending to one as N tends to
infinity. In [33, 34], Kolmés proved that for random matrices with Bernoulli entries,
indeed det A # 0 with probability converging to 1 with N. In fact, this method works for
more general models, and following [33], [31, 50, 51, 11] give improved, exponentially
small bounds on the probability that det A = 0.

In [50], the authors made the first steps towards quantifying the typical size of |det A,
proving that for Bernoulli random matrices, with probability tending to 1 as NV tends to
infinity,

\/ﬁexp (—c\/NlogN) < |det 4] < w(N)\/ﬁ, (1.1)

for any function w(V) tending to infinity with N. In particular, with overwhelming
probability

log |det A| = (; + 0(1)) Nlog N.

In [29], Goodman considered A with independent standard real Gaussian entries.
In this case, he was able to express |det A|2 as the product of independent chi-square
variables. This enables one to identify the asymptotic distribution of log |det A|. Indeed,

one can prove that
log |det A| — 1 log N! + 3 log N

\/%logN

(see [47]). In the case of A with independent complex Gaussian entries, a similar analysis
yields

— 4(0,1), (1.2)

log |det A| — L log N! + 1 log N

\/ilogN

In [41], the authors proved (1.2) holds under just an exponential decay hypothesis on
the entries. Their method yields an explicit rate of convergence and extends to handle
the complex case. Then in [5], the authors extended (1.2) to the case where the matrix
entries only require bounded fourth moment.

The analysis of determinants of non-Hermitian random matrices relies crucially on
the assumption that the rows of the random matrix are independent. The fact that this
independence no longer holds for Hermitian random matrices forces one to look for new
methods to prove similar results to those of the non-Hermitian case. Nevertheless, the
history of this problem mirrors the history of the non-Hermitian case.

— A4(0,1).

1.2 Hermitian matrices

In the 1980s, Weiss posed the Hermitian analogs of [33, 34] as an open problem.
This problem was solved, many years later in [15], and then in [52, Theorem 34] the
authors proved the Hermitian analog of (1.1). This left open the question of describing
the limiting distribution of the determinant.
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In [16], Delannay and Le Caér used the explicit formula for the joint distribution of
the eigenvalues to prove that for H an N x N matrix drawn from the GUE,

log [det H| — 2 log N! + +log N

— A4(0,1). (1.3)
\/%logN
Analogously, one has
log |det H| — log N! + Llog N
ogldetH| - plog N+ glog NV 4 1 (1.4)

Vg N

when H is drawn from the GOE. Proofs of these central limit theorems also appear in
[53, 13, 7, 18]. For related results concerning other models of random matrices, see [48]
and the references therein.

While the authors of [53] give their own proof of (1.3) and (1.4), their main interest is
to establish such a result in the more general setting of Wigner matrices. Indeed, they
show that in (1.4), we may replace H by W, a Wigner matrix whose entries’ first four
moments match those of .47(0, 1). They also prove the analogous result in the complex
case. In this paper, we will relax this four moment matching assumption to a two moment
matching assumption (see Theorem 1.2).

Finally, we mention that new interest in averages of determinants of random (Hermi-
tian) matrices has emerged from the study of complexity of high-dimensional landscapes
[27, 4].

1.3 Statement of results: the determinant

This subsection gives our main result and suggests extensions in connection with the
general class of log-correlated random fields. Our theorems apply to Wigner matrices as
defined below.

Definition 1.1. A complex Wigner matrix, W = (wij), is an N x N Hermitian matrix
with entries

1 1
Wi ==z, i=1,...,N, Wi =—= (4 +iyy;), 1 <i<j<N.
\ 77 i @ m(xJ—Flyj) i<j

Here {z;;}1<i<n, {%ijh<i<j<n. {¥ijh1<i<j<n are independent identically distributed
random variables satistying IE (z;;) = 0, (z3;) = E (y7;) = 1. We assume further that
the common distribution v of {zi}1<i<N, {Tij}1<i<j<n, {¥ij }1<i<j<n, has subgaussian
decay, i.e. there exists §g > 0 such that

/ e‘sozgdy(x) < 00. (1.5)
R

In particular, this means that all the moments of the entries of the matrix are bounded. In
the special case v = 4(0,1), W is said to be drawn from the Gaussian Unitary Ensemble
(GUE).

Similarly, we define a real Wigner matrix to have entries of the form W;; = 4/ %x“

Wi; = \/ %ij, where {z;;},, j<n are independent identically distributed random vari-

ables satisfying I (z;;) = 0, E (x7;) = 1. As in the complex case, we assume the common
distribution v satisfies (1.5). In the special case v = #°(0,1), W is said to be drawn from
the Gaussian Orthogonal Ensemble (GOE).

Our main result extends (1.3) and (1.4) to the above class of Wigner matrices. In
particular, this answers a conjecture from [54, Section 8], which asserts that the central
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limit theorem (1.4) holds for Bernoulli (+1) matrices. Note that in the following statement,
our centering differs from (1.3) and (1.4) because we normalize our matrix entries to
have variance of size N~1.

Theorem 1.2. Let W be a real Wigner matrix satisfying (1.5). Then
log |det W[+ &

Vieg N
If W is a complex Wigner matrix satisfying (1.5), then
N
log |[det W + 5

\/%log]\f

Assumption (1.5) may probably be relaxed to a finite moment assumption, but we will
not pursue this direction here. Similarly, it is likely that the matrix entries do not need
to be identically distributed; only the first two moments need to match. However we
consider the case of a unique v in this paper.

= 4 (0,1). (1.6)

= #(0,1). (1.7)

Remark 1.3. Let H be drawn from the GUE normalized so that in the limit as N — oo,
the distribution of its eigenvalues is supported on [—1, 1], and let

Dy (z) = —log|det (H — )]

In [35], Krasovsky proved that for z;, € (—1,1), k = 1,...,m, z; # xj, uniformly in
R (ag) > L

—35,

B (= S omto) T (c (%) (1-2)

Q
m‘m\:

N(1>> (1.8)

e log N
< TI @) 5 (1o (55)),

1<v<pu<m

as N — co. Here C(+) is the Barnes function. Since the above estimate holds uniformly
for R (ay) > —1, (1.8) shows that letting

B Dy (z) +N(Jc2 — % — log2)

Dy(x) = 1 :
/5 log N
the vector (f)N (21),...,Dn (:cm)) converges in distribution to a collection of m inde-

pendent standard Gaussians. Our proof of Theorem 1.2 automatically extends this result
to Hermitian Wigner matrices as defined above. If one were to prove an analogous
convergence for the GOE, our proof of Theorem 1.2 would extend the result to real
symmetric Wigner matrices as well.

Remark 1.4. We note that (1.8) was proved for fixed, distinct z;’s. If (1.8) holds for
collapsing x;’s, this means that fluctuations of the log-characteristic polynomial of the
GUE become log-correlated for large dimension, as in the case of the Circular Unitary
Ensemble [8]. More specifically, let 5N(~) be as above, and let A denote the distance

between two points z,y in (—1,1). For A > 1/N, we expect cov (ﬁN(xLﬁN(y)) to

behave like loi(glva), and for A < 1/N, we expect it to converge to 1.

Our method automatically establishes the content of Remark 1.4 for Wigner matrices,
conditional on the knowledge of GOE and GUE cases. The exact statement is as follows,
and we omit the proof, strictly similar to Theorem 1.2. Denote

2
Ly (z) =log|det(W — 2)| fN/ log |z — 2| dpsc ().
-2
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Theorem 1.5. Let W be a real Wigner matrix satisfying (1.5). Let{ > 1, k > 0 and let
(E](\}))Nzl, e (E%))Nzl be energy levels in [-2 + K, 2 — k|. Assume that for all i # j, for
some constants c;; we have

log 2 — )
—log N

L(LN ((Q) oo ((BD))) (1.9)

%logN

— ¢i; € [0, 0]

as N — oo. Then

converges in distribution to a Gaussian vector with covariance (min(1, ¢;;))1<; j<n (With
diagonal 1 by convention), provided the same result holds for GOE.
The same result holds for Hermitian Wigner matrices, assuming it is true in the GUE

case, up to a change in the normalization from ,/%ng to v/log N in (1.9).

Theorem 1.5 says Ly converges to a log-correlated field, provided this result holds
for the Gaussian ensembles. It therefore suggests that the universal limiting behavior
of extrema and convergence to Gaussian multiplicative chaos conjectured for unitary
matrices in [26] extends to the class of Wigner matrices. Towards these conjectures,
[3, 14, 45, 25, 36] proved asymptotics on the maximum of characteristic polynomials
of circular unitary and invariant ensembles, and [6, 42, 56] established convergence to
the Gaussian multiplicative chaos, for the same models. We refer to [2] for a survey on
log-correlated fields and their connections with random matrices, branching processes,
the Gaussian free field, and analytic number theory.

1.4 Statement of results: fluctuations of individual eigenvalues

With minor modifications, the proof of Theorem 1.2 also extends the results of [30]
and [44] which describe the fluctuations of individual eigenvalues in the GUE and GOE
cases, respectively. By adapting the method of [52], [44] proves the following theorem
under the assumption that the first four moments of the matrix entries match those of a
standard Gaussian. In Appendix B, we show that the individual eigenvalue fluctuations
of the GOE (GUE) also hold for real (complex) Wigner matrices in the sense of Definition
1.1. In particular, the fluctuations of eigenvalues of Bernoulli matrices are Gaussian in
the large dimension limit, which answers a question from [54].

To state the following theorem, we follow the notation of Gustavsson [30] and write
k(N) ~ NY to mean that k(N) = h(N)N? where h is a function such that for all ¢ > 0, for
large enough N,

N~ < h(N) < N°. (1.10)

In the following, 7, denotes the k'™ quantile of the semicircle law,

1 [ k
- f(4 — 12 -
o ), (4—= )+dx . (1.11)

Theorem 1.6. Let W be a Wigner matrix satisfying (1.5) with eigenvalues A1 < s <
.-+ < AN. Consider {\,}" | such that0 < k;41 — k; ~ N% 0 < 0; <1, and k;/N — a; €
(0,1) as N — oo. Let

/\kz‘ — Vk;

[ 4logN
'3(477%)]\]2

with 8 = 1 for real Wigner matrices, and 5 = 2 for complex Wigner matrices. Then as
N — o0,

X; =

i=1,...,m, (1.12)

]P{XlSgla"meng}%q)A(§17"'1£m)7
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where ®, is the cumulative distribution function for the m-dimensional normal distribu-
tion with covariance matrix A; j =1 —max {0, : i <k <j<m}ifi<j andA;; =1.

The above theorem has been known to follow from the homogenization result in
[10] (this technique gives a simple expression for the relative individual positions of
coupled eigenvalues from GOE and Wigner matrices) and fluctuations of mesoscopic
linear statistics; see [37] for a proof of eigenvalue fluctuations for Wigner and invariant
ensembles. However, the technique from [10] is not enough for Theorem 1.2, as the
determinant depends on the positions of all eigenvalues.

1.5 Outline of the proof

In this section, we give the main steps of the proof of Theorem 1.2. Our outline
discusses the real case, but the complex case follows the same scheme.

The main conceptual idea of the proof follows the three step strategy of [19, 20].
With a priori localization of eigenvalues (step one, [22, 12]), one can prove that the
determinant has universal fluctuations after a adding a small Gaussian noise (this second
step relies on a stochastic advection equation from [9]). The third step proves by
a density argument that the Gaussian noise does not change the distribution of the
determinant, thanks to a perturbative moment matching argument as in [52, 21]. We
include Figure 1 below to help summarize the argument.

First step: small regularization. In Section 2, with Theorems 2.2 and 2.4, we reduce
the proof of Theorem 1.2 to showing the convergence

log |det(W +ino)| + cn

Vlog N

with some explicit deterministic ¢y, and the small regularization parameter

5 .(0,1) (1.13)

(log M)
=—. 1.14
7o N ( )
Second step: universality after coupling. Let M be a symmetric matrix which serves
as the initial condition for the matrix Dyson’s Brownian Motion (DBM) given by

1 1
dM, = \/—NdB“) — §Mtdt. (1.15)

Here B is a symmetric N x N matrix such that Bf;) (1 < j)and Bff ) //2 are independent
standard Brownian motions. The above matrix DBM induces a collection of independent
standard Brownian motions (see [1]), B’t(k) / V2, k= 1,..., N such that the eigenvalues of
M satisfy the system of stochastic differential equations

dB® 1 1 1
Nosi N#Zkixk(t) 0 ok(t) | dt (1.16)

d$k<t) =

with initial condition given by the eigenvalues of M. It has been known since [40] that
the system (1.16) has a unique strong solution. With this in mind, we follow [10] and
introduce the following coupling scheme. First, run the matrix DBM taking Wy, a Wigner
matrix, as the initial condition. Using the induced Brownian motions, run the dynamics
given by (1.16) using the eigenvalues y; < y2 < --- < yy of Wy as the initial condition.
Call the solution to this system y(7). Using the very same (induced) Brownian motions,
run the dynamics given by (1.16) again, this time using the eigenvalues of a GOE matrix,
2(0), as the initial condition. Call the solution to this system (7).
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w

(€) Buryorey USWON

Matrix DBM dB;;

S
s

y(0) — y(7)
Eigenvalues DBM d By,

(2) Burdnop

Eigenvalues DBM dBy
(0 (1)

Figure 1: We show (1.6) holds for WT if and only if it holds for W, and we prove that
(1.6) holds for x(7) if and only if (1.6) holds for W,. Since x(7) is distributed as the
eigenvalues of a GOE matrix, it satisfies (1.4) and we conclude the proof. Note that
log | det W,| = 3" log |yx(7)| pathwise because B induces B.

Now fix € > 0 and let
7= N—¢. (1.17)

Using Lemma 3.1, we show that

Sy log |y (7) + o] — Soa; log |yk(7) + inol

1.18
Viog N ( )

and
i loglen(0) + 2| = 3 og [ye(0) + 2| (1.19)

Vdiog N

are very close. Here z; is as in (3.5) with z = iny. The significance of this is that since
z; ~ it, we can use well-known central limit theorems which apply to nearly macroscopic
scales to show that (1.19) has variance of order €. Consequently, (1.18) is also small, and
since x(7) is distributed as the eigenvalues of a GOE matrix, we have proved universality
of the regularized determinant after coupling.

Third step: moment matching. In Section 4, we conclude the proof of Theorem 1.2.
First, we choose WO so that WT and W have entries whose first four moments are close,
as in [21]. With this approximate moment matching, we use a perturbative argument, as
in [53], to prove that (1.13) holds for W if and only if it holds for WT. But as (1.18) is
small, this means (1.13) holds for W if and only if it holds for a GOE matrix. By (1.4),
this concludes the proof.

1.6 Notation

We shall make frequent use of the notations sy and mg. in the remainder of this
paper. We state their definitions here for easy reference. Let W be a Wigner matrix with
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eigenvalues \; < Ay < -+ < Ay. For §(z) > 0, define

1N 1
sw(z) = N;Ak — (1.20)

the Stieltjes transform of W. Next, let

—z+Vz22 -4

> (1.21)

Mese(2) =
where the square root v/22 — 4 is chosen with the branch cut in [-2, 2] so that v22 —4 ~ 2
as z — oo. Note that

mse(2) + +2z=0. (1.22)

Mse(2)

Finally, throughout this paper, unless indicated otherwise, C' (c) denotes a large (small)
constant independent of all other parameters of the problem. It may vary from line to
line.

2 Initial regularization

Let y1 < y2 < --- < yn denote the eigenvalues of W, a real Wigner matrix satisfying
(1.5). We first prove we only need to show Theorem 1.2 for a slight regularization of the
logarithm.

Proposition 2.1. Set

ao) = Y (gl + i1 —Tog ) — [ NS (i) d
& 0

=

and recall ng = e(loivm as in (1.14). Then we have the convergence in probability

9(no)
Viog N

To prove Proposition 2.1, we will use Theorems 2.2 and 2.4 as input. In [12], Theorem
2.2 is stated for complex Wigner matrices, however, the argument there proves the same
statement for real Wigner matrices.

—0

Theorem 2.2 (Theorem 1 in [12]). Let W be a Wigner matrix and fix 7 > 0. For any
E > 0, there exist constants My, Ny, C, c,cy > 0 such that

Cq)*"
Ka

P (%W (B+in) =S (mee (B + )] > ]@7) <!

E| < E, K >0, N> N, such that Ny > My, and ¢ € N with g < co (N7))*.

Remark 2.3. In [22], the authors proved that for some positive constant Cy, and N large
enough,

for alln <1,

eCo(loglog N)2

T

holds with high probability. Though this estimate is weaker than the estimate of Theorem
2.2, it holds for a more general model of Wigner matrix in which the entries of the matrix
need not have identical variances. On the other hand, we require the stronger estimate
in Theorem 2.2 in our proof of Proposition 2.1, and so we restrict ourselves to Wigner
matrices as defined in Definition 1.1. The proof of Lemma A.1 also relies on Definition
1.1.

[sw (E +in) — mye (B +1in)| <
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Theorem 2.4 (Theorem 2.2 in [10]). Let p; denote the first correlation function for the

2
F : R — R continuous and compactly supported, and for any x > 0, we have,

[P (B4 i ) o= [ o

Remark 2.5. In fact Theorem 2.2 in [10] makes a much stronger statement, namely it
states the analogous convergence for all correlation functions in the case of generalized
Wigner matrices.

eigenvalues of an N x N Wigner matrix, and let p(z) = 5-,/(4 —v?),. Then for any

lim sup =0. 2.1)

N—=00 Be[—24r,2—k]

Corollary 2.6. For any small fixed x,v > 0 there exists C, Ny > 0 such that for any
N > Ny and any interval I C [-2 + k, 2 — k] we have

E(H{yx : yr € I}]) < ONJ[I|+7.

Proof. In Theorem 2.4, choosing F' to be an indicator of an interval of length 1 gives an
expected value O(1). Since the statement of Theorem 2.4 holds uniformly in FE, we may
divide the interval I into sub-intervals of length order 1/N to conclude. O

Corollary 2.7. Let E € [—2+k,2—k] be fixed and I3 = (E—$3/2, E+3/2) with 8 = o(N~1).
Then
Jm P ([{y € Ig}| = 0) = 1.

Proof. Let ¢ be any fixed small constant. Let f be fixed, smooth, positive, equal to 1 on
[-1,1] and 0 on [—2,2]¢. Then

P({yx € I}l > 1) <E({yr € Is}]) <E (Zf(N(yk - E)/€)> < 10e,

k

where the last bound holds for large enough N by Theorem 2.4. O

Proof of Proposition 2.1. We first choose 77 < 79 so that we can use Theorem 2.2 to
estimate

E(lg (no) — g @)l),

and then take care of the remaining error using Corollaries 2.6 and 2.7. Let

Bl

d
i = WN with dy = (log N)# ,

and observe that

E (g () ~ 9 ) =

/ NS (s (it) msc(it))dtDg[%E(NA(t))dt, 2.2)

n

where
A(t) =[S (swy (it) — mise(it)] -

For N sufficiently large, by Theorem 2.2 with ¢ = 2, we can write the right hand side of
(2.2) as

[ (aoe55) 5 e (s ) )

1 C dK o\
S/ﬁ <+ el )dt§(1+c)1og(ﬁ>_o(\/@>_ 2.3)

t N
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Next we estimate ), (log|yx + i7| — .|), and this will give us a bound for E (|g(7)|).

Taylor expansion yields

. i
> (log lyk + | — loglyxl) < > 5.

lyw|>7 lyw|>7 k

Define Ni(u) = [{yr : 7 < |yx| < u}|. Using integration by parts and Corollary 2.6, we
have

E Z” :IE)</;OZ§dN1(y)>:QﬁQAWIEuzg(y))dy:O(dN). (2.4)

yk\>n

We now estimate 3 - (log|yx + 17| —log|yk|). We consider two cases. First, let
Ay = by /N for some very small by, for example

1
— ¢ (logN)4

bn

For u > 0 we denote Ny(u) = |[{yr : An < |yx| < u}|. Then again using integration by
parts and Corollary 2.6 we obtain

M
El S (ol +iil - log u) =E(/A (logly+iﬁ|—loglyl)sz(y)>
N

AN <|yr|<f

< log (\/i)IE(N2 (#)) +/ﬁ EW:W) 4, — o (dN+leog (Zi)) —o (\/@)

AN Yy

It remains to estimate »_, |, (log|yx +ifj| — log |yx|). By Corollary 2.7, we have

P Y (loglys+iill —loglysl) =0 | > P ({yx € [-An, AN]}|=0) = 1. (2.5)
lye|<AN

The estimates (2.3) and (2.4) along with Markov’s inequality, and the bound (2.5),
conclude the proof. O

3 Coupling of determinants

In this section, we use the coupled Dyson Brownian Motion introduced in [10] to
compare (1.18) and (1.19). Define W by running the matrix Dyson Brownian Motion
(1.15) with initial condition WO where WO is a Wigner matrix with eigenvalues y. Recall
that this induces a collection of Brownian motions B( ) so that the system (1.16) with
initial condition y has a (unique strong) solution y(-), and y(7) are the eigenvalues of
W,. Using the same (induced) Brownian motions as we used to define y(r), define
2(7) by running the dynamics (1.16) with initial condition given by the eigenvalues of
a GOE matrix. We now prove Proposition 3.2 which says that (1.18) and (1.19) are
asymptotically equal in law, with main tool being the following Lemma 3.1.

To study the coupled dynamics of x(t) and y(t), we follow [38, 9]. For v € [0,1], let

A0) =vag + (1 —v) y (3.1)

where x is the spectrum of a GOE matrix, and y is the spectrum of Woy. With this
initial condition, we denote the (unique strong) solution to (1.16) by A(”)(t). Note that
A (1) =y(7) and )\(1)(7') = (7). Let

fE =e 3 gy = a0, (3.2)
k=1 "k -
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(see [38] for existence of this derivative). A key observation of [9] is that the time
evolution of ft(”) is, at leading order,

v V22 —4 y
A f) ~ R a. 1", (3.3)

i.e. it is close to a stochastic advection equation. This equation has explicit characteristics
given by (3.5) below, so that we expect

fr(2) = fo (2) -

This approximation was rigorously justified, relying on a cancellation of all singularities
emerging from the calculation of 0, ft(”) with It6’s formula. This is the content of the
following Lemma 3.1, from [9, Proposition 2.10]. This is of special interest for the study
of determinants because

% Xk:log M)~ 2| = et (1)) (3.4)

Indeed, (3.3) and (3.4) will give, by integration over 0 < v < 1, the fact that (1.18) and
(1.19) are very close, as mentioned in the outline of the proof.

Lemma 3.1. There exists Cy > 0 such that with ¢ = ¢“0(°e10sN)* forany 1y € [0,1], k> 0
(small) and D > 0 (large), there exists Ny(x, D) so that for any N > N, we have

P(‘ft(”)(z)— §”>(zt)‘ <J\fnv0<t<1,z:E+in,;\0]<n<1,|E<2—/¢> >1-N-D.

In the above, z; is given by

zt:%<e% (z+\/2274>+67% (zf 2274)). (3.5)

For z = ing (remember (1.14)), we have

t/mi +4
5 =i (no + 77(2)+> +0 (). (3.6)

For N large enough we have /N < 7 < 1, so that we can apply Lemma 3.1. Therefore,
integrating both sides of (3.4), we have by Lemma 3.1 that with overwhelming probability,

1
) . d y
> (loglxk(THlno\—loglyk(T)Jrlnol)=/0 » Ek log‘ki)(T)—Z‘dV

k
1 1 1
= 6%3‘%/0 W (z)dv = eéﬂ?/o (féy) (2)+ O (A;jyo)) dv = e%%/o féy) (zr) dv+o(1).

More precisely, the above estimates hold with probability 1 — N—P for large enough
N, with rigorous justification by Markov’s inequality based on the large moments

]E((fo1 (fT") (z0) — f (zT)> dv)?P), which are bounded by Lemma 3.1. As a consequence,
we have proved the following proposition.
Proposition 3.2. Lete > 0, 7 = N~ ¢ and let z, be as in (3.5) with z = iny. Define
g(t,z) = (log|zk(t) + 2| — log |yk(t) + 2I) -
k
Then for any § > 0,
Jm P (|g (7,in0) = g (0, 27)] > 6) = 0.
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4 Conclusion of the proof

We will conclude the proof of Theorem 1.2 in the real symmetric case in two steps.
The first step is to prove a Green’s function comparison theorem, and the second is to
establish Theorem 1.2 assuming Lemma A.1, proved in the Appendix.

4.1 Green’s function comparison theorem

In this section, we first use Lemma 4.1 to choose a WO so that WT given by (1.15)
and initial condition Wy, matches W closely up to fourth moment. We will then prove
Theorem 4.4, which by the result of Section 2, says that log | det W, | and log |det 7| have
the same law as N — oo.

Lemma 4.1 (Lemma 6.5 in [21]). Let m3 and m4 be two real numbers such that
my—mi—1>0, my <Cy (4.1)

for some positive constant C5. Let £ G be a Gaussian random variable with mean 0 and
variance 1. Then for any sufficiently small v > 0 (depending on C5), there exists a real
random variable {,, with subgaussian decay and independent of €% such that the first
four moments of

¢ =(1-7)% g +74eC
aremy (&) =0, ma (§') =1, m3 (¢') = ms, and

Ima (§') —my| < Cy

for some C' depending on Cs.

Now since W is defined by independent Ornstein-Uhlenbeck processes in each entry,
it has the same distribution as

eTPWo+ VI —e W

where W is a GOE matrix independent of Wy. So choosing v =1— e~ 7, Lemma 4.1 says
we can find W, so that the first three moments of the entries of W, match the first three
moments of the entries of W, and the fourth moments of the entries of each differ by
O(7). Our next goal is to prove Theorem 4.4 which says that with W, constructed this
way, if Theorem 1.2 holds for WT, then it holds for W. We first introduce stochastic
domination and state Theorem 4.3 which we will use in the proof.

Definition 4.2. Let X = (XN(u) N eNue UN) Y = (YN(u) :NeNue UN) be
two families of nonnegative random variables, where U" is a possibly N-dependent
parameter set. We say that X is stochastically dominated by Y, uniformly in u, if for
every e > 0 and D > 0, there exists Ny(e, D) such that

sup P [XN(u) > NYN(u)] < NP
ueUN

for N > Ny. Stochastic domination is always uniform in all parameters, such as matrix
indices and spectral parameters, that are not explicitly fixed. We will use the notation
X =0<(Y) or X <Y for the above property.

Theorem 4.3 (Theorem 2.1 in [22]). Let W be a Wigner matrix satisfying (1.5). Fix { > 0
and define the domain

S=8y():={E+in: [E|< N <p< ().
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Then uniformly fori,j =1,...,N and z € S, we have

da—m@+o<@g),

= -1 S(m(z)) | 1
Gij(z) = (W = 2); —m(z)5z‘j+0<< NnJFNn).

Theorem 4.4. Let ' : R — R be smooth with compact support, and let W and V be two
Wigner matrices satisfying (1.5) such that for1 <+i,5 < N,

oy ) E() a<3 (4.2)
B (w) = { E(:)+0(r) a=4, 4.3)

where 7 is as in (1.17). Further, let cy be any deterministic sequence and define

~ log|det (W +1ino) | +cn

where 1y is as in (1.14). Then
lim E(F (uxy(W)) — F (un(V))) =0. (4.4)

N—oc0

Proof. As in [53], where the authors also used the following technique to analyze
fluctuations of determinants, we show that the effect of substituting W;; in place of V;;
in V is negligible enough that making N? replacements, we conclude the theorem.

Fix (i,7) and let E(9) be the matrix whose elements are E,Sj) = 0;105. Let W7 and Ws
be two adjacent matrices in the swapping process described above. Since Wy, W5 differ
in just the (7, ) and (j,4) coordinates, we may write
U

Wy =Q+ Wo =

1 1
7U’ + —
VN R
where @ is a matrix with Q;; = Q;; =0, and

U= uijE(ij) + ujiE(ji) U= ﬁijE(ij) + ﬁjiE(ji)-

Importantly U, U satisfy the same moment matching conditions we have imposed on W
and WW. Now by the fundamental theorem of calculus, we have for any symmetric matrix
w,

N 1
log |det(W + ino)| = " log | + ino| = log [det (W +1)] — N%/ sw (in)dn.  (4.5)
k=1 Mo

From the central limit theorems for linear statistics of Wigner matrices on macroscopic
scales [39], (log|det(W +1)| — E(log |det(W +1)|))/+/log N converges to 0 in probability
(the same result holds with W replaced with V'), and from Lemma A.1 (which clearly holds
with 1 in place of 7), (E(log|det(W +1)|) — E(log |det(V +1)]))/v/log N — 0. Therefore
(4.4) is equivalent to

1 1
Jim B (ﬁ (N%/ sw (in) d77> —F (N%/ sy (in) dn)> =0, (4.6)
oo 7o 7o

where Ellog [det(W
~ 1 i _
By — p (Bogldet(W +0)) +en — )
Viog N
EJP 24 (2019), paper 96. http://www.imstat.org/ejp/

Page 13/28


https://doi.org/10.1214/19-EJP356
http://www.imstat.org/ejp/

Gaussian fluctuations of the determinant of Wigner matrices

We now expand sy, and sy, around sg, and then to Taylor expand F. Solet
R=R(z)=(Q—-2"andS=5(z)= W, —2)"".
By the resolvent expansion
S=R—-N'Y2RUR+...+ N"}(RU)*R — N=°/%(RU)°S,
we can write
1 1

N [ s (im)dy = / Tr (S(in)) dn

7o 7o

4
= /1 Tr (R(in)) dn + <Z N=™/2RM) (i) — N5/29> =R+¢

0 m=1

where

R™ = (—1)™ / Tr ((R(in)U)™R(in))dn and Q= / Tr ((R(in)U)*S(in)) dn.

To 70

This gives us an expansion of sy, around sg. Now Taylor expand F (I?i +¢) as
. N " » 5
F(R+&)=F(R)+F (R)¢+...+ FO (R+¢)& = 3 N7™2400  @.7)
m=0

where 0 < ¢ < ¢, and we have introduced the notation A™ in order to arrange terms
according to powers of N. For example

2

A0 ZF(R), A0 = F (R) R, a® = (8) 1 1 7 (&) (7))

Making the same expansion for W5, we record our two expansions as
N 5
2 <R+ gi) = S N =12,
m=0

with &; corresponding to W;. With this notation, we have

B (7 (i 6)) - B(F (4 6)) < (3 v (a7 - a7) )

Now only the first three moments of U, U appear in the terms corresponding to m = 1,2, 3,
so by the moment matching assumption (4.2), all of these terms are all identically zero.
Next, consider m = 4. Every term with first, second, and third moments of U and U is
again zero, and what remains is

E(F(R) (R - R")).

So we can discard A@ if

0

/1 E (Tr ((RUY'R) — Tx ((RU)4R)) ’ dy 4.8)

EJP 24 (2019), paper 96. http://www.imstat.org/ejp/
Page 14/28


https://doi.org/10.1214/19-EJP356
http://www.imstat.org/ejp/

Gaussian fluctuations of the determinant of Wigner matrices

is small. To see that this is in fact the case, we expand the traces, and apply Theorem
4.3 along with our fourth moment matching assumption (4.3). Specifically,

Tr (RU)'R) = > Z Rji, Ui in Rigis - - - Uiyig Rigj
7\
Writing the corresponding Tr for W5 and applying the moment matching assumption, we
see that we can bound (4.8) by

1
o(r) / SO S (1R, Ruyiy Risi Rigsy R )

0§ iy,

where the sums over i4,...,ig (above and below) are just sums over p, q, with p, q are
the indices such that U,,, U,, and Uy, U,, are non zero. To bound the terms in the
sum, we need to count the number of diagonal and off-diagonal terms in each product.
When j ¢ {p,q}, R;;, and R;,, are certainly off-diagonal entries of R. Applying Cauchy-
Schwartz, we obtain that for any v > 0,

1 1 1
T)/ > Y E(|Rji, RiisRiyis Rigir Rigjl) dn = O (TNH%/ NTldn> :
10 70

JE{p,q} i1s--508

Similarly;,

/77 Z Z (| Rjiy Rigis Riyiy Rigiy Rigj|) dn = O (7’]\76/2) =0 (N*E/Q) )

0 je{p,q} i1, ris

Since A® has a pre-factor of N2 in (4.7), and the above holds for every choice of
v > 0, in our entire entry swapping scheme starting from V and ending with W, the
corresponding error is o(1).

Lastly we comment on the error term A(®). All terms in A®) not involving  can be
dealt with as above. The only term involving €2 is F' (]%)Q and to deal with this, we can
expand the expression for {2 as above. We do not have any moment matching condition
for the fifth moments of U, 0, but (1.5) means that their fifth moments are bounded
which is enough for our purpose since A®) has a pre-factor of N~5/2 above. O

4.2 Proof of Theorem 1.2

In this section we first prove Proposition 4.5 and, using Lemma A.1, we conclude the
proof of Theorem 1.2.

Proposition 4.5. Recall T = N~¢. There exist g, C such that for any fixed 0 < € < ¢,
for large enough N, we have

ar (Z log |z (0) + iT|> < C(1+€logN).
k

Proof. We outline two proofs, which are trivial extensions of existing linear statistics
asymptotics on global scales, to the case of almost macroscopic scales. The tool for this
extension is the rigidity estimate from [22]: for any ¢, D > 0, there exists Ny such that
for any N > Ny and k € [1, N] we have

P (m — ol > N7 e min(k, N + 1 — k)*%) < NP, 4.9)

For the first proof, we use (4.9) to bound all the error terms in the proof of [39,
Theorem 3.6] (these error terms all depend on [39, Theorem 3.5], which can be improved
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via (4.9) to Var(uy (t)) < N¢(1+t]) and Var (Nx(p)) < N¢|¢l|f;,). What we obtain is that
if ¢ (possibly depending on N) satisfies [ [¢|19°3(¢) < N¥/1%, then Y~ ¢(z1) — E(Y ¢(w4))
has limiting variance asymptotically equivalent to

2
1 Ay 4— Mo 2 2 — 2
Vs :7/ ( ) Dadd + / ———du) ,
Wg[@} 27.‘.2 (_22)2 \/Wﬂ 2 L SD(/J’) \/m /1‘
(4:10)
where Ap = o (A1) — ¢ (Ma), AN = A1 — Ao, s = E (W;‘k), and 4 = 14 — 3 is the fourth

cumulant of the off-diagonal entries of W. We choose ¢(z) = ¢y (z) = 1 log(z? + 7%)x(z)
with y fixed, smooth, compactly supported, equal to 1 on (—3,3). Note that for £y small
enough, we have [ [t[10%(t) < N1/190, Then by (4.9) and (4.10),

A 2
Vivilog - ~irl]~ Vil < € [[ (55) tnara = [l 1660 ac.

and the above right hand side can be bounded as follows. We have

lon (€
1

—i€x
3 | el s

5 —7,5;1: 5/7’
X e
<C‘/+ g/ g sin(agr) o

For 0 < ¢ < 5, the inequality |sinz| < z shows |$n(£)] = O(1), and when & > 5/7,
integration by parts shows |¢n(£)] = O (52%) When 5 < ¢ < 5/7, first note

% % 3 1 5¢ -
/ Sin(gTJ’})%dgj:C-"_/ M(M:C—i—/ smy dy—|—/ MHZde.
0 z2+1 1 z r Y 1 y

, we see that the first term is O(1), and integrating by parts, we see
that the second term is O(1) as well. This means

/|5||soN |d£<C+C/ Lae=0(1+ logr),

which concludes the proof.

The second proof is similar but more direct. Theorem 3 in [32] implies that for
z1 = iny, 29 = in at macroscopic distance from the real axis, and 7; = $(21) > 0,72 =
S (22) < 0, we have

1
Cov (; o

where f is a function uniformly bounded on any compact subset of C2. Using (4.9), one
easily obtains that the formula above holds uniformly with | (1) |, | (22) | > N~1/10,
and the deteriorated error term O(N~1/19), for example. Note that

Ty

’Z : >|§ c 5+ f(21,22) + O(NT1/?),

o A2 T Tk (771 - 772)

1
log |det(W + in)| = log |det(WW + )| —N%/ sw (iz) dz,
n

and log |det(W +i)| has fluctuations of order 1 due to the above macroscopic central
limit theorems. For for n > N~!/19, the variance of the above integral can be bounded
by [fi, 12 m dmdns < , which concludes the proof. O
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From (1.4) and Proposition 2.1, for some explicit deterministic ¢y we have

S log ok (7) + ino| + ex

Vieg N

— H(0,1), (4.11)

and Proposition 3.2 implies that

a1 108 [ye(r) im0l +on | Fusy 10g[2k(0) + 2| — Fur, 10g [k (0) + 2|
Vlog N Vlog N
Lemma A.1 and Proposition 4.5 show that the second term above, call it X, satisfies

E(X?) < Ce, for some universal C. Thus for any fixed smooth and compactly supported
function F,

B (F (sz:l log |y (7) + il +cN>>

— A4(0,1).

log N

o]

Viog N
E (F(4(0,1))) + o(1) + O (51/2) .

E (F (Ziv—l log |z (7) +ino| + cn I X)) o) (”F”Lip(E (X2))1/2>

With Theorem 4.4, the above equation implies

El(F log | det(W +ino)| + cn
Vlog N

and by Proposition 2.1, we obtain

N
E (F (%)) —E(F(/(0,1) +o(1)+0(e2). @12

Since ¢ is arbitrarily small, this concludes the proof.

)) =E(F(4(0,1))) +0(1) + O (%),

Appendix A: Expectation of regularized determinants

We prove the following result, which we use both in the proof of Theorem 4.4, and to
conclude the proof of Theorem 1.2.

Lemma A.1. Recall the notation 7 = N~¢, and let {z;}_,, {yx}+_, denote the eigenval-
ues of two Wigner matrices, W1 and W5. Then

E <Z log |z, + it| — Zlog lyr + iT) =0(1).
k k

Proof. By the fundamental theorem of calculus, we can write

N N?
Zlog|xk+iN‘s‘ +N/ S (sw, (in)) dn (A1)

Z log |zx + iT] =
k k=1

with sy as in (1.20), and § > 0. Writing the same expression for W5 and taking the
difference, we first note that by (4.9), we have that for any v > 0,

o
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Therefore, we only need to bound

RS (N/ E (sw, (in) — sw,(in)) dn) . (A.3)

Letz=E+inbein S (%) (as defined in Theorem 4.3), and define
f(2) = N (sw,(2) — swy,(2)) -

We will first estimate E (f(z)) for 7 < n < 5, where we can use Theorem 4.3. Then we
will use complex analysis to extend this estimate to 5 < n < N°.
Let 7 < n < 5. Following the notation of [22], let W be a Wigner matrix and let

N
v; =Gy —Mge, V] = %th Gz)=(W —2)"1.

We will use the notation W) to denote the (N — 1) x (N — 1) matrix obtained by
removing the i row and column from W, and w; to denote the i'® column of W@ after
removing W;;. We will also denote the eigenvalues of W by A\; < Ay < ...Ay. Let

G = (W — z)_l. Applying the Schur complement formula to W (see Lemma 4.1 in
[21]), we have

-1

Vi + Mge = *Z*msc+Wii* [ } +N G” 7Zi = (727m507([v} 7Fi))71
J#i
(A.4)
where
Zi = (1 - Ey)(w;,GDw;), Ei(X)=F (X\W“’)) R YiCii _ 5w,
N Gn
J#i
By Theorem 4.3,
1
T — [v]| = O« <w> ) (A.5)
so we can expand (A.4) around —z — m.. Using (1.22), we find
v = m, ([o] = o) + mi, (o] = T)* + O (([o] - T)°)
Gi;Gj;
=2, ([0l = Wi = 30 S92 4 7 ) o (] - T + 0 (0] - 7))
N Gii
J#i
and summing over ¢ and taking expectation, we have
E ((1 —m?2) Z vi>
i
9 N N
B GijGji | 3 12 T3
-5 (-2 ;; G Hmie (01T Xi:o (-], @e

since the expectations of W;; and Z; are both zero. We now use this expansion to estimate
E(f(z)). Since we 7 < 1 < 5, we have by Theorem 4.3 that

sc GZ]GJZ Msc al al 2 1 Mge
ZZ =N Z GijGji — Z(G”) +0< (Néni) TZZWUGM'

i i i,j=1 i=1 i ji

(A.7)
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Now observe that

= (- 2)”
and v N
1 1 1 1 , ,
— — = ——5 = 5w, (2) = sw, (2).
Ni& (-2 N kzzl (g — 2)° ' ’
Choosing C(z) = {w : |w—z| = Z}, we have
1 lsw, (2) — sw, (2)] 1
sy, (2) = sy, (2)| < 7 /C(z) ! = 2)22 d¢ = O Nop? (A.8)
by Theorem 4.3. Again applying Theorem 4.3, we have
m N m N 1 1
sc 2 sc 2
N (Gi)” = N (vi +mse)” = mge + O <N77) , and Z |GijGjil = O (77> .

i=1 i=1 i]

Putting together these estimates we have

P& (G1);; (G1);;  (Ga)y; (G2)yy
/r ZZN 1—m2 ( (Gl)u‘ - (GZ)M )dn

i=1 j#i

([0 (5) )

which is o(1). Next, consider

N N
md > (W] =T)? =md. > ([]* — 2]l +T7) . (A.9)
=1 =1

By Theorem 4.3, [v] = O (ﬁ) so summing over ¢ and integrating with respect to 7,

E( A an> 5 ([0 () :O<Nj;v+y>

for any v > 0. Next, we estimate E (m2, Y, I'?). Expanding I'?, we have

we find

2
1 [emerr GG GG

1—\3 — WZQZ + . Zj ]Z + ZZQ + 2 lZ lj jZ W,LZZ l] ]Z
N G N G G N i

(A.10)
By definition, we have E (W2) = 4. Therefore E ((Wl)i - (W2)227> =0, and by Theorem

4.3, we have
2

N
1 Gi;Gji 1
St (3 Gle) Lo (L)
m < .
AN Gii Nn?
i=1 j#i K
Next, we examine [E (Zf\; 1 Zf) Note that by the independence of w;(l) and w;(k) and

the independence of w; and G(*), we have

E, (<wi,G(i)wi>) =1 ZG’g;)wl(l)m =T (i G&lu?(k)) _ %Tr (G(i)) .

k,l k=1
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Therefore,

E (ﬁ; Zf) - iEW(i) (Ei <<<wi,G(i)wi>2) - (;Tr (G“)))Q)) . (A.11)

Expanding the first term on the left hand side above, we have

, 2 _
E, (<w G(’)w7;> ) =E | Y 6w k)G wi(lyw k) | . (A.12)
kLK1
The only terms which contribute to this sum are those for which at least two pairs of
the indices amongst k, k', [, !’ coincide. Consider first the case k =1, k' =1, k # k’. The
contribution of these terms to the above sum is

1 ‘ 2 1 N2
kz#a,a,za s (k) s () =<NTr(G“>)) —Nng_l(Gé.,i) .

The first term on the right hand side here cancels the second term on the right hand
side of (A.11). For the second term, by Theorem 4.3, we have

LSS ((60) -~ (6) ) o () A.13
ZW;;(( ! )kk_( 2 )kk>_ <(N%rlé) (A-13)

Next consider the case where k = &/, [ = I/, k # . We consider separately the case where
W has real entries, and the case where W has complex entries. In the first case, we
can assume that the eigenvectors of W have real entries. Therefore, by the spectral
decomposition of GG, we have

N

S5 () - (Sl ) -£5

i=1 k£l i=1 \ k1 ki i=1

Ty Z) ~(6)
k
Using (A.8) and (A.13), this gives us
1 < ()2 > 1
NQ;; ((Gl )kl B <G2 )kl) =0 (W) ’

If instead W has complex entries, this term is identically zero. Indeed the corresponding

expression becomes
N N2 2
>3 (el ((w(k)) <wi<l>>2) ,

i=1 k#l

and because we have assumed that that for ¢ # j, W;; is of the form z + iy where
E(z) = E(y) = 0 and E (22) = E (y?), we have E (W;;)* = 0. There remain two cases to
consider. Suppose k' =1,1' =k, k # [. Then

N
SO (S 6l i ZN2 ZG<“GEZLZ(G§;3Z)Q ,

i=1 k#l k=1

and we may estimate the difference of this expression at G; and G5 as we did the first
term on the right hand side of (A.7). Lastly, we consider the case k = k' =1 =1'. By
Definition 1.1 and Theorem 4.3, there exists a constant C such that

ZE (Z (GS;Z)Q wi(k’)|4> = Om?,(z) + O (Nl ) . (A.14)

k=1 n

Nl
W=

EJP 24 (2019), paper 96. http://www.imstat.org/ejp/
Page 20/28


https://doi.org/10.1214/19-EJP356
http://www.imstat.org/ejp/

Gaussian fluctuations of the determinant of Wigner matrices
Therefore

35, (3 (), o - @) o] ) =m0 ().

k=1

In summary,
N
E (Z [(zl)f - (ZQ)fD —0(1). (A.15)
=1
Returning to (A.10), by Theorem 4.3 we have

N

N
Wi GijGji 2\\ 5 1 GijGjZ' . N7
Z N Gii < Z (E (Ww)) D N Gii =0 N%n

i=1 j#i i=1 J#i

for any v > 0. We also have that E (W;;Z;) = 0. To bound the remaining term in (A.10),
we first note that using the same argument as we did to prove (A.15), we have

E <|Zi\2) =0 <J\}77) . (A.16)

Applying Theorem 4.3, we therefore conclude that

GGl | _ <N”>
B 2 ; Gi; \we )

for any v > 0. Putting together all of our estimates concerning (A.10), we have

([E( e o

where we used 73 = O(1). Returning to (A.9), by Cauchy-Schwarz and Theorem 4.3
we have that for any v >0

In total, we have

E </5 (1 T;Q ) Z ([v]? = 2[v]T; +T2) dn> =0(1). (A.18)

Finally, we have

using (A.D).
In summary, we have proved that for z = (E +in) € S (1f5), and any v > 0,

Cm5,(2) N7
E =—3"_ 10 A.19
) = 1 O (o o
In particular, this means that
5
/ E(f (in))dn = O(1)
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)
To complete the proof of this lemma, we need to estimate |, 5N E(f (in))dn. Let

A=) = E(f(2), (=) =q (1) |

z

The function ¢ is clearly bounded as |z| — oo, so G is bounded at 0, which by Riemann'’s
theorem is therefore a removable singularity. By (4.9), this means

P <cj(z) is analytic in C\ { <—oo, —;) u (;, oo> }) >1-N"P,

and so with overwhelming probability, we can write

O T O (3 NV S A (5
o) =atw) = o [ opae= oo [

de (A.20)

where w = 1 and we choose C,, = {z + iy : |z| =4, |y| = 4} so that w is inside Cr, and ¢
is analytic there. Now we can estimate the right hand side using (A.19) and (4.9). Since
S(z) > 5, we have supgcc. O(1). Furthermore, for z € [4 —it,4 +i7], by (4.9)
we have

1
l€—we] ™

=)
m\rk—z yr— 2

Therefore, using (A.19), when |S(z)| > 5, for any v > 0, we have,

1 4N N7 T
q(z §sup0(/ —dx—I—/ —d +/ N"’d):O NY7#),
1)< 2 Tmag O\, 32 T arEp T, M) =0

and so

] =

If (=) =

=0 (1).

Né NS
/ IE(f(2))]dn = / (CmS(Z) +0 (NH)) dn=0(1)+ 0 (N""s+) . (A.21)
5 5

1 —m3.(2)

This completes the proof of Lemma A.1. O

Appendix B: Fluctuations of individual eigenvalues

In this appendix, we prove Theorem 1.6. The main observation is that the determi-
nant corresponds to linear statistics for the function R log, while individual eigenvalue
fluctuations correspond to the central limit theorem for $log. We build on this parallel
below. The main step is Proposition B.1, which considers only the case m = 1, the proof
for the multidimensional central limit theorem being strictly similar.

In analogy with (4.5), for any n > 0, define

%log(EJrin):%log(EJrioo)f/ §R< 1, )du, (B.1)
" E—iu

with the convention that 3'log (E + ico) = 7. Then we can write

E
Slog (F +in) = g — arctan <) , (B.2)
n
and as  — 0", we have
0 E>0
Slog(E) =
T FE<O0.
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Proposition B.1. Let W be a real Wigner matrix satisfying (1.5). Then with log det(W —
E) defined as

N
Slog (det(W — E)) = Y Slog (A — E),
k=1
we have
L3 log (det(W — E)) = N [ poo(z) da
Fog (@etW — £) - N [Zpuele)de o 3
~Vlog N
If W is a complex Wigner matrix satisfying (1.5), then
1 log (det(W — - N se
3 log (det( [r S (0,1). (B.4)

;w%logl\f

Before proving Proposition B.1, we prove Lemma B.2 which establishes Theorem 1.6
with m = 1, assuming Proposition B.1.

Lemma B.2. Proposition B.1 and Theorem 1.6 are equivalent.

Proof. We discuss the real case, the complex case being identical. We use the notation

Ak — Yk . 4log N
Xy = ——, Y, = A< + —_—
k Tlog N k(f) {j ] Yk g (4 ’Y )N2
(T

with X} asin (1.12). Let

410gN

QLR 4 N2 1
=N [V @) de, 0(3i(6) = 1 VioEN.

The main observation is that

Yi(€) — e (Yr(€))
v (Yi(8) v (Yi(§)

P(Xk<s>=1P<Yk<£>>k>=1P(

Now observe that by (1.11),

Tt+E 44 log NN2 3
N/ ) dz*kJr log N +o0(1).
This proves the claimed equivalence. O

The proof of Proposition B.1 closely follows the proof of Theorem 1.2. In particular,
the proof proceeeds by comparison with GOE and GUE. In the following, we first state
what is known in the GOE and GUE cases. Then we indicate the modifications to the
proof of Theorem 1.2 required to establish Proposition B.1.

The GOE and GUE cases

Gustavsson [30] first established the following central limit theorem in the GUE case,
and O’Rourke [44] established the GOE case. Here the notation k(N) ~ NY is as in
(1.10).
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Theorem B.3 (Theorem 1.3 in [30], Theorem 5 in [44]). Let \{ < Ay < --- < Ay be the
eigenvalues of a GOE (GUE) matrix. Consider {\,};~, such that 0 < k;41 — k; ~ N,
0<0;,<1,and k;/N — a; € (0,1) as N — oo. With ~y, asin (1.11), let

A — Vi,
X;= 2k i om,

1logN
o(4-7, )N
where 8 = 1,2 corresponds to the GOE, GUE cases respectively. Then as N — oo,

P{X1 <&, 0, X S&m} = a (&1, 6m),

where ®, is the cumulative distribution function for the m-dimensional normal distribu-
tion with covariance matrix A; ; =1 —max {6y : i <k < j <m} ifi <j, and A;; = 1.

By Lemma B.2, the real (complex) case in Proposition B.1 holds for the GOE (GUE)
case. Therefore we can prove Proposition B.1 by comparison, presenting only what
differs from the proof of Theorem 1.2. We only consider the real case, the proof in the
complex case being similar. Each step below corresponds to a section in our proof of
Theorem 1.2.

Step 1: Initial regularization

Proposition B.4. Let y; < y2 < --- < yn denote the eigenvalues of a Wigner matrix
satisfying (1.5). Set

g(n) = (log (yx + in) — logyx) — /17 NR (msc(is)) ds,
k 0

1
and recall ny = e(loiVNH . Then g (no) converges to 0 in probability as N — co.
Proof. Agai hoose 7 = & = (s 1y
roof. Again, we choose ) = 9 = *=—. Then

Blg(m) g I <B [ N IR (s() — R (e ()] du

Theorem 2.2 holds whether we consider s or S (s), so that exactly the same argument as
previously shows E[g (0) — g (7)| = o (v/Iog N).

1
e—(log N)B

Next define by = “———. As by is below the microscopic scale, by Corollary 2.7,
Y (Slog(ay +iff) — Slog (1)
|zk|<bn

converges to 0 in probability, as the probability it is an empty sum converges to 1.
Consider now

> (Slog (zx + i) — Slog (z1)) - (B.5)

‘Ik|>b1\r

Let Ni(u) = |{zr < u}| and note that

7'7 ~
Slog (x) — Slog (x +i7y) = / R ( ! ) du = arctan (U) .
0 x

T —iu

To prove (B.5) is negligible, it is therefore enough to bound E(|X|) where

X = /Z)N§|x|§10 arctan (”) AN, (z) = /10 arctan <Z> A(N; (@) + Ny (=) — 2N, (0)).

X b
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After integration by parts, the boundary terms are o(1) and

ﬁ/lo E(|N1(z) + Ni(—2) — 2N:(0)])
b

21 dx

N

remains. Split the above integral into integrals over [by,a] and [a,10] where a =
exp(C(loglog N)?)/N for a large enough C. On the first domain, Corollary 2.6 gives
the bound E(|Ny(z) + N1(—z) — 2N1(0)|) < CNz + 6 for any small § > 0. On the second
domain, by rigidity [22] we have |Ny(x) + N1 (—x) — 2N1(0)| < exp(C(loglog N)?), so that
the contribution from this term is also o (y/Iog N). O

Step 2: Coupling of determinants

With the notation of Section 3 we have,

4 X
'3 (fy (ino)) = M Z (3 log (/\;(@V)(t) + i770)) .

We can therefore proceed in the same way as Proposition 3.2 to prove the following.
Proposition B.5. Let ¢ > 0, 7= N~° and let z, be as in (3.5) with z = iny. Let
g(t,2) =Y (Slog (xx(t) + 2) — Slog (y(t) + 2))
k
Then for any 6 > 0, limy_,oc P (|g (7,i10) — g (0, 2,)| > &) = 0.

Step 3: Conclusion of the proof

We reproduce the reasonning from (4.11) to (4.12) to prove Proposition B.1 in the
real symmetric case. From [44] and Proposition B.4, for some explicit deterministic cy
we have

22;1 Slog (zk(7) + i) + N
Viog N
and Proposition B.5 implies that with
o S Slog (@k(0) + 2¢) = XY, Slog (ye(0) + =)
Viog N ’

— ¥ (0,1), (B.6)

we have
S Slog (ys(r) +imo) + e
Viog N
Lemmas B.6 and B.7 show that [E(X?) < Ce, for some universal C. Thus for any fixed
smooth and compactly supported function F,

ZNzl Slog (yx () +ino) +¢ 1/2
IE(F( k \/l’;giN 0 N)):E(F(/(o,l)))+o(1)+o(a/).

With Theorem 4.4 (its proof applies equally to the imaginary part), the above equation
implies

+X = 4(0,1).

Slog det(W +iny) + cn
E|F
Vlog N

and by Proposition B.4, we obtain

~logdet W + % _ 1/9
E (F <Jm>> = E(F(/(0,1))) + o(1) + O (5 / ) . (B.7)

Since ¢ is arbitrarily small, this concludes the proof.

)) = E(F(¥(0,1)) +0(1) + 0 (¢/2),
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Lemma B.6. Recall the notation 7 = N~ and let {z}2_,, {yr}._, denote the eigenval-
ues of two Wigner matrices, W1 and W5. Then

N N
lim E (Z%log (xp +i7) — Z%log (yx + iT)) =0(1).

N—o0
k=1 k=1

The proof of this lemma requires only trivial adjustments of the proof of Lemma A.1,
details are left to the reader. Finally, we also have the following bound on the variance.

Lemma B.7. Recall the notation T = N ¢ and let {z},}}_,, denote the eigenvalues of a
Wigner matrix W. Then there exists ¢y > 0 such that for any 0 < € < g9 we have

N
Var (Z Slog (zr + iT)) <C(l1+4c¢clogN). (B.8)
k=1

For the proof, let x[_5 5 be a smooth indicator of the interval [-5,5] and px(z) =
x(z)Slog (x +ir). Our first proof of Proposition 4.5 shows it is enough to check that
S/ |¢N(§)|2 |€]dé = O(1+logT). We can verify this bound by integrating by parts as
before. Alternatively, we can use the second proof of Proposition 4.5 based on the
resolvent, which applies without changes.

References

[1] Greg W. Anderson, Alice Guionnet, and Ofer Zeitouni, An introduction to random matri-
ces, Cambridge Studies in Advanced Mathematics, vol. 118, Cambridge University Press,
Cambridge, 2010. MR-2760897

[2] Louis-Pierre Arguin, Extrema of log-correlated random variables principles and examples,
Advances in disordered systems, random processes and some applications, Cambridge Univ.
Press, Cambridge, 2017, pp. 166-204. MR-3644278

[3] Louis-Pierre Arguin, David Belius, and Paul Bourgade, Maximum of the characteristic poly-
nomial of random unitary matrices, Comm. Math. Phys. 349 (2017), no. 2, 703-751. MR-
3594368

[4] Antonio Auffinger, Gérard Ben Arous, and Jifi Cerny, Random matrices and complexity of spin
glasses, Comm. Pure Appl. Math. 66 (2013), no. 2, 165-201. MR-2999295

[5] Zhigang Bao, Guangming Pan, and Wang Zhou, The logarithmic law of random determinant,
Bernoulli 21 (2015), no. 3, 1600-1628. MR-3352055

[6] Nathana€él Berestycki, Christian Webb, and Mo Dick Wong, Random Hermitian matrices and
Gaussian multiplicative chaos, Probab. Theory Related Fields 172 (2018), no. 1-2, 103-189.
MR-3851831

[7] Folkmar Bornemann and Michael La Croix, The singular values of the GOE, Random Matrices
Theory Appl. 4 (2015), no. 2, 1550009, 32. MR-3356887

[8] P. Bourgade, Mesoscopic fluctuations of the zeta zeros, Probab. Theory Related Fields 148
(2010), no. 3-4, 479-500. MR-2678896

[9] Paul Bourgade, Extreme gaps between eigenvalues of Wigner matrices, arXiv e-prints (2018),
arXiv:1812.10376. MR-3112927

[10] Paul Bourgade, Laszlo Erdds, Horng-Tzer Yau, and Jun Yin, Fixed energy universality for
generalized Wigner matrices, Comm. Pure Appl. Math. 69 (2016), no. 10, 1815-1881. MR-
3541852

[11] Jean Bourgain, Van H. Vu, and Philip Matchett Wood, On the singularity probability of discrete
random matrices, J. Funct. Anal. 258 (2010), no. 2, 559-603. MR-2557947
[12] Claudio Cacciapuoti, Anna Maltsev, and Benjamin Schlein, Bounds for the Stieltjes transform

and the density of states of Wigner matrices, Probab. Theory Related Fields 163 (2015),
no. 1-2, 1-59. MR-3405612

EJP 24 (2019), paper 96. http://www.imstat.org/ejp/
Page 26/28


http://www.ams.org/mathscinet-getitem?mr=2760897
http://www.ams.org/mathscinet-getitem?mr=3644278
http://www.ams.org/mathscinet-getitem?mr=3594368
http://www.ams.org/mathscinet-getitem?mr=3594368
http://www.ams.org/mathscinet-getitem?mr=2999295
http://www.ams.org/mathscinet-getitem?mr=3352055
http://www.ams.org/mathscinet-getitem?mr=3851831
http://www.ams.org/mathscinet-getitem?mr=3356887
http://www.ams.org/mathscinet-getitem?mr=2678896
http://arXiv.org/abs/1812.10376
http://www.ams.org/mathscinet-getitem?mr=3112927
http://www.ams.org/mathscinet-getitem?mr=3541852
http://www.ams.org/mathscinet-getitem?mr=3541852
http://www.ams.org/mathscinet-getitem?mr=2557947
http://www.ams.org/mathscinet-getitem?mr=3405612
https://doi.org/10.1214/19-EJP356
http://www.imstat.org/ejp/

Gaussian fluctuations of the determinant of Wigner matrices

[13] T. Tony Cai, Tengyuan Liang, and Harrison H. Zhou, Law of log determinant of sample co-
variance matrix and optimal estimation of differential entropy for high-dimensional Gaussian
distributions, J. Multivariate Anal. 137 (2015), 161-172. MR-3332804

[14] Reda Chhaibi, Thomas Madaule, and Joseph Najnudel, On the maximum of the CSE field,
Duke Math. J. 167 (2018), no. 12, 2243-2345. MR-3848391

[15] Kevin P. Costello, Terence Tao, and Van Vu, Random symmetric matrices are almost surely
nonsingular, Duke Math. J. 135 (2006), no. 2, 395-413. MR-2267289

[16] R. Delannay and G. Le Caér, Distribution of the determinant of a random real-symmetric
matrix from the Gaussian orthogonal ensemble, Phys. Rev. E (3) 62 (2000), no. 2, part A,
1526-1536. MR-1797664

[17] A. Dembo, On random determinants, Quart. Appl. Math. 47 (1989), no. 2, 185-195. MR-
0998095

[18] Alan Edelman and Michael La Croix, The singular values of the GUE (less is more), Random
Matrices Theory Appl. 4 (2015), no. 4, 1550021, 37. MR-3418850

[19] Laszl6 Erdés, Sandrine Péché, José A. Ramirez, Benjamin Schlein, and Horng-Tzer Yau,
Bulk universality for Wigner matrices, Comm. Pure Appl. Math. 63 (2010), no. 7, 895-925.
MR-2662426

[20] Laszlé Erdos, Benjamin Schlein, and Horng-Tzer Yau, Universality of random matrices and
local relaxation flow, Invent. Math. 185 (2011), no. 1, 75-119. MR-2810797

[21] Léaszlé Erd6s, Horng-Tzer Yau, and Jun Yin, Bulk universality for generalized Wigner matrices,
Probab. Theory Related Fields 154 (2012), no. 1-2, 341-407. MR-2981427

[22] Lé&szl6 Erdés, Horng-Tzer Yau, and Jun Yin, Rigidity of eigenvalues of generalized Wigner
matrices, Adv. Math. 229 (2012), no. 3, 1435-1515. MR-2871147

[23] G. E. Forsythe and J. W. Tukey, The extent of n-random unit vectors, Bulletin of the American
Mathematical Society, vol. 58, Amer. Mathematical Soc. 201 Charles St., Providence, RI
02940-2213, 1952, pp. 502-502.

[24] R. Fortet, Random determinants, J. Research Nat. Bur. Standards 47 (1951), 465-470. MR-
0047274

[25] Y. V. Fyodorov and N. J. Simm, On the distribution of the maximum value of the characteristic
polynomial of GUE random matrices, Nonlinearity 29 (2016), no. 9, 2837-2855. MR-3544809

[26] Yan V. Fyodorov, Ghaith A. Hiary, and Jonathan P. Keating, Freezing transition, characteristic
polynomials of random matrices, and the riemann zeta function, Physical Review Letters 108
(2012), no. 17, 170601.

[27] Yan V. Fyodorov and Ian Williams, Replica symmetry breaking condition exposed by random
matrix calculation of landscape complexity, J. Stat. Phys. 129 (2007), no. 5-6, 1081-1116.
MR-2363390

[28] V. L. Girko, Theory of random determinants, Mathematics and its Applications (Soviet Series),
vol. 45, Kluwer Academic Publishers Group, Dordrecht, 1990, Translated from the Russian.
MR-1080966

[29] N. R. Goodman, The distribution of the determinant of a complex Wishart distributed matrix,
Ann. Math. Statist. 34 (1963), 178-180. MR-0145619

[30] Jonas Gustavsson, Gaussian fluctuations of eigenvalues in the GUE, Ann. Inst. H. Poincaré
Probab. Statist. 41 (2005), no. 2, 151-178. MR-2124079

[31] Jeff Kahn, Janos Komlés, and Endre Szemerédi, On the probability that a random +1-matrix
is singular, J. Amer. Math. Soc. 8 (1995), no. 1, 223-240. MR-1260107

[32] Alexei M. Khorunzhy, Boris A. Khoruzhenko, and Leonid A. Pastur, Asymptotic properties of
large random matrices with independent entries, J. Math. Phys. 37 (1996), no. 10, 5033-5060.
MR-1411619

[33] J. Komlés, On the determinant of (0, 1) matrices, Studia Sci. Math. Hungar 2 (1967), 7-21.
MR-0221962

[34] J. Komlds, On the determinant of random matrices, Studia Sci. Math. Hungar. 3 (1968),
387-399. MR-0238371

EJP 24 (2019), paper 96. http://www.imstat.org/ejp/
Page 27/28


http://www.ams.org/mathscinet-getitem?mr=3332804
http://www.ams.org/mathscinet-getitem?mr=3848391
http://www.ams.org/mathscinet-getitem?mr=2267289
http://www.ams.org/mathscinet-getitem?mr=1797664
http://www.ams.org/mathscinet-getitem?mr=0998095
http://www.ams.org/mathscinet-getitem?mr=0998095
http://www.ams.org/mathscinet-getitem?mr=3418850
http://www.ams.org/mathscinet-getitem?mr=2662426
http://www.ams.org/mathscinet-getitem?mr=2810797
http://www.ams.org/mathscinet-getitem?mr=2981427
http://www.ams.org/mathscinet-getitem?mr=2871147
http://www.ams.org/mathscinet-getitem?mr=0047274
http://www.ams.org/mathscinet-getitem?mr=0047274
http://www.ams.org/mathscinet-getitem?mr=3544809
http://www.ams.org/mathscinet-getitem?mr=2363390
http://www.ams.org/mathscinet-getitem?mr=1080966
http://www.ams.org/mathscinet-getitem?mr=0145619
http://www.ams.org/mathscinet-getitem?mr=2124079
http://www.ams.org/mathscinet-getitem?mr=1260107
http://www.ams.org/mathscinet-getitem?mr=1411619
http://www.ams.org/mathscinet-getitem?mr=0221962
http://www.ams.org/mathscinet-getitem?mr=0238371
https://doi.org/10.1214/19-EJP356
http://www.imstat.org/ejp/

Gaussian fluctuations of the determinant of Wigner matrices

[35] I. V. Krasovsky, Correlations of the characteristic polynomials in the Gaussian unitary ensem-
ble or a singular Hankel determinant, Duke Math. J. 139 (2007), no. 3, 581-619. MR-2350854

[36] Gaultier Lambert and Elliot Paquette, The law of large numbers for the maximum of almost
Gaussian log-correlated fields coming from random matrices, Probab. Theory Related Fields
173 (2019), no. 1-2, 157-209. MR-3916106

[37] Benjamin Landon and Philippe Sosoe, Applications of mesoscopic CLTs in random matrix
theory, arXiv e-prints (2018), arXiv:1811.05915.

[38] Benjamin Landon, Philippe Sosoe, and Horng-Tzer Yau, Fixed energy universality of dyson
brownian motion, Advances in Mathematics 346 (2019), 1137-1332. MR-3914908

[39] A. Lytova and L. Pastur, Central limit theorem for linear eigenvalue statistics of random
matrices with independent entries, Ann. Probab. 37 (2009), no. 5, 1778-1840. MR-2561434

[40] H. P. McKean, ]Jr.,, Stochastic integrals, Probability and Mathematical Statistics, No. 5,
Academic Press, New York-London, 1969. MR-0247684

[41] Hoi H. Nguyen and Van Vu, Random matrices: law of the determinant, Ann. Probab. 42
(2014), no. 1, 146-167. MR-3161483

[42] Miika Nikula, Eero Saksman, and Christian Webb, Multiplicative chaos and the characteristic
polynomial of the CUE: the L'-phase, arXiv e-prints (2018), arXiv:1806.01831.

[43] H. Nyquist, S. O. Rice, and ]J. Riordan, The distribution of random determinants, Quart. Appl.
Math. 12 (1954), 97-104. MR-0063591

[44] Sean O’Rourke, Gaussian fluctuations of eigenvalues in Wigner random matrices, J. Stat.
Phys. 138 (2010), no. 6, 1045-1066. MR-2601422

[45] Elliot Paquette and Ofer Zeitouni, The maximum of the CUE field, Int. Math. Res. Not. IMRN
(2018), no. 16, 5028-5119. MR-3848227

[46] A. Prékopa, On random determinants. I, Studia Sci. Math. Hungar. 2 (1967), 125-132.
MR-0211439

[47] Grzegorz Rempata and Jacek Wesotowski, Asymptotics for products of independent sums
with an application to Wishart determinants, Statist. Probab. Lett. 74 (2005), no. 2, 129-138.
MR-2169371

[48] Alain Rouault, Asymptotic behavior of random determinants in the Laguerre, Gram and
Jacobi ensembles, ALEA Lat. Am. J. Probab. Math. Stat. 3 (2007), 181-230. MR-2365642

[49] Gy Szekeres and P. Turdn, On an extremal problem in the theory of determinants, Math.
Naturwiss. Am. Ungar. Akad. Wiss 56 (1937), 796-806. MR-0004215

[50] Terence Tao and Van Vu, On random +1 matrices: singularity and determinant, Random
Structures Algorithms 28 (2006), no. 1, 1-23. MR-2187480

[51] Terence Tao and Van Vu, On the singularity probability of random Bernoulli matrices, J. Amer.
Math. Soc. 20 (2007), no. 3, 603-628. MR-2291914

[52] Terence Tao and Van Vu, Random matrices: universality of local eigenvalue statistics, Acta
Math. 206 (2011), no. 1, 127-204. MR-2784665

[53] Terence Tao and Van Vu, A central limit theorem for the determinant of a Wigner matrix, Adv.
Math. 231 (2012), no. 1, 74-101. MR-2935384

[54] Terence Tao and Van Vu, Random matrices: the universality phenomenon for Wigner ensem-
bles, Modern aspects of random matrix theory, Proc. Sympos. Appl. Math., vol. 72, Amer.
Math. Soc., Providence, RI, 2014, pp. 121-172. MR-3288230

[55] P. Turédn, On a problem in the theory of determinants, Acta Math. Sinica 5 (1955), 411-423.
MR-0073555

[56] Christian Webb, The characteristic polynomial of a random unitary matrix and Gaussian
multiplicative chaos—the L?-phase, Electron. J. Probab. 20 (2015), no. 104, 21. MR-3407221

EJP 24 (2019), paper 96. http://www.imstat.org/ejp/
Page 28/28


http://www.ams.org/mathscinet-getitem?mr=2350854
http://www.ams.org/mathscinet-getitem?mr=3916106
http://arXiv.org/abs/1811.05915
http://www.ams.org/mathscinet-getitem?mr=3914908
http://www.ams.org/mathscinet-getitem?mr=2561434
http://www.ams.org/mathscinet-getitem?mr=0247684
http://www.ams.org/mathscinet-getitem?mr=3161483
http://arXiv.org/abs/1806.01831
http://www.ams.org/mathscinet-getitem?mr=0063591
http://www.ams.org/mathscinet-getitem?mr=2601422
http://www.ams.org/mathscinet-getitem?mr=3848227
http://www.ams.org/mathscinet-getitem?mr=0211439
http://www.ams.org/mathscinet-getitem?mr=2169371
http://www.ams.org/mathscinet-getitem?mr=2365642
http://www.ams.org/mathscinet-getitem?mr=0004215
http://www.ams.org/mathscinet-getitem?mr=2187480
http://www.ams.org/mathscinet-getitem?mr=2291914
http://www.ams.org/mathscinet-getitem?mr=2784665
http://www.ams.org/mathscinet-getitem?mr=2935384
http://www.ams.org/mathscinet-getitem?mr=3288230
http://www.ams.org/mathscinet-getitem?mr=0073555
http://www.ams.org/mathscinet-getitem?mr=3407221
https://doi.org/10.1214/19-EJP356
http://www.imstat.org/ejp/

	Introduction
	Non-Hermitian matrices
	Hermitian matrices
	Statement of results: the determinant
	Statement of results: fluctuations of individual eigenvalues
	Outline of the proof
	Notation

	Initial regularization
	Coupling of determinants
	Conclusion of the proof
	Green's function comparison theorem
	Proof of Theorem 1.2

	Appendix A: Expectation of regularized determinants
	Appendix B: Fluctuations of individual eigenvalues
	The GOE and GUE cases
	Step 1: Initial regularization
	Step 2: Coupling of determinants
	Step 3: Conclusion of the proof

	References

