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Abstract

We study the recurrence/transience phase transition for Markov chains on R+, R, and
R? whose increments have heavy tails with exponent in (1,2) and asymptotically zero
mean. This is the infinite-variance analogue of the classical Lamperti problem. On
R+, for example, we show that if the tail of the positive increments is about ¢y~ for
an exponent a € (1,2) and if the drift at x is about bz 7, then the critical regime has
v = a — 1 and recurrence/transience is determined by the sign of b + c¢m cosec(wa). On
R we classify whether transience is directional or oscillatory, and extend an example
of Rogozin & Foss to a class of transient martingales which oscillate between +oo.
In addition to our recurrence/transience results, we also give sharp results on the
existence/non-existence of moments of passage times.
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1 Introduction

Lamperti’s problem describes how the asymptotic behaviour of a non-homogeneous
random walk (Markov chain) £, on R, whose increments have at least 2 moments is
determined by the interplay between the increment moment functions

p(w) =Bl —&n | & = ], and 32($) = E[(§n1 — gn)2 | & = ). (1.1)

Lamperti [8-10] showed, among other things, that the critical regime for the recurrence
or transience of &, is when zy(z) is comparable to s?(z). For further background and
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results, see [2,12] and the references therein; the continued interest of Lamperti’s
problem is due in part to its nature as a prototypical near-critical stochastic system.

In this paper, we study the heavy-tailed case where s*(z) = oo, but pu(z) is still
well-defined. Under mild conditions, if limsup,_,. #(x) < 0 then the Markov chain
on R, is positive recurrent, while if liminf,_,. pu(z) > 0 then the chain is transient
(see e.g. Theorems 2.6.2 and 2.5.18 of [12]). Thus the case of central interest is the
asymptotically zero drift regime where p(z) — 0 as z — oc.

We show that in the heavy-tailed case it is the interplay between the drift and the
tails of the increments that determines the asymptotic behaviour. For instance, suppose

]P[gnJrl - gn >y | fn = JJ] ~ Cy_a (1.2)

for some constants ¢ > 0 and « € (1,2), uniformly in z. Here s?(x) = oo, so Lamperti’s
classification does not apply. We show (Theorem 2.1 below) that if p(z) ~ bz~ for some
~v € (0,1), then the critical regime for recurrence and transience has 7 = a—1, and in that
case the process is transient if b + cm cosec(ma)) > 0 and recurrent if b + ¢ cosec(ra) < 0.

As well as classifying recurrence and transience, we quantify the recurrent cases by
determining which moments of return times to a bounded set are finite.

In addition to considering chains on R, we also consider chains on R, and give an
example on R2. On R, the situation is richer than on R, and also than in the case
where s%(z) = O(1), since oscillatory transience can occur, when liminf,, o &, = —00
and limsup,,_, . &, = +00, but nevertheless lim,_, |£,| = co. In the case of zero drift
(u(z) = 0), on R the chain is recurrent under mild conditions (see Example 2.5.6 of [12])
but on R zero drift does not imply recurrence when 52(z) = 00 (cf. Theorem 2.5.7 of [12]).
Rogozin & Foss [13] gave a concrete example on R of a zero-drift chain that is transient.
The example has heavy-tailed jumps, with exponent § € (1,3/2], inwards to the origin
from both the left and right half-lines. We show (Theorem 2.7 below) that the transience
in this case is oscillatory and give general conditions for behaviour of this kind, and also
show how an asymptotically zero drift perturbs the picture. Again, in the recurrent cases
we also study moments of passage times.

It is worth emphasising that for all our results the Markov property is not essential,
and can be dispensed with without complicating the proofs, only the notation: cf. [8] or
Chapter 3 of [12].

Apart from being interesting in their own right, stochastic processes on the positive
half-line are important in the study of higher-dimensional processes via the Lyapunov
function method (see e.g. [1, 4, 8,12]): for a Markov chain (, on R? the analysis
typically proceeds by considering a one-dimensional projection p : R? — R of the form
p(x) := ||z||”, for some positive constant v; then &, = p((,,) is a (not necessarily Markov)
process on R, and recurrence/transience of (,, and ¢, coincide. As a first step into
higher dimensions, we give an example of a heavy-tailed random walk on R? and show
how our approach can be used to provide conditions for recurrence and transience.

We briefly mention other relevant literature. The case of balanced tails (when the left
and right jumps have the same exponent) has been studied in several papers by Sandri¢
in both discrete and continuum settings: see [14-16] and references therein. The only
previous results on passage time moments that we know of are due to Doney [3] in the
case of a zero-drift, spatially homogeneous random walk, and a subset of the authors [11];
these include some special cases of our results, but not the asymptotically zero drift
regime. The case where even p(z) is not well-defined is quite different: see [7,11] and
references therein.

Transience is typically quantified either via almost-sure growth bounds on trajectories
or estimates of last-exit times. In a related context, results of both types are studied
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in [7] for chains with non-integrable increments. Although not directly applicable, we
believe the techniques used could be adapted to this setting.

Section 2 presents our main results, working in turn through the cases on R and R,
and finally giving an example on R? and an open problem for a reflected random walk
in a quadrant with heavy tails. Section 3 contains the tools that we need to determine
the asymptotic behaviour of our processes via the method of Lyapunov functions. These
include criteria for directional and oscillatory transience. Section 4 carries out the
analysis of our Lyapunov functions. Section 5 contains the proofs of the main results.
Technical results on integral computations needed for our Lyapunov-function estimates
are collected in the Appendix.

2 Main results

2.1 Notation

For all the models in this paper, we use the following notation. Let X be an infinite,
unbounded, measurable subset of R? (d € IN), equipped with its own o-algebra X. To
avoid unnecessary complications with conditioning, we suppose in the sequel that the
measurable space (X, X) is a standard Borel space. Let E := (§,,n € Z,) be a time-
homogeneous X-valued Markov process. Here and elsewhere, N := {1,2,3,...} and
Z, := INU{0}. The Markov process = is determined by its Markov kernel P : X x X —
[0, 1], specifying, as usual, the conditional law P(z, A) = P({,11 € A| & =12), forz € X
and A € X. By the Ionescu Tulcea theorem, the kernel P and the law of &, uniquely
determine a probability measure PP on the space X%+ that can be disintegrated into the
conditional measures P,[-] = P[ - | {; = «] for all deterministic initial conditions. We
write £, for the expectation corresponding to IP,. For n € Z,, define the increment
On+1 :=Enr1 — &, Consistently, the transition kernel of the chain is recovered from the
law of 6; given &y; to ease notation, we write 6 for 6,.

For x € R we write x4 := 21{z > 0} and z_ := —z1{z < 0}.

2.2 Walks on the half line

We start with X C R,;. We say that = is transient if lim, . &, = oo, a.s., and that
= is recurrent if liminf,,_, &, < ro, a.s., for some deterministic rp € R;. Fora € R,
define 7, := min{n € Z, : &, < a}. If Z is recurrent then P,[7, < oo] = 1 for any a > r
and any «; if, moreover, E,[7,] < oo for all a sufficiently large and any z, we say that = is
positive recurrent, while if for all a sufficiently large and all z > a we have E,[r,] = oo,
then we say that = is null recurrent. We typically (but not always) assume the following.

(N) We have limsup,,_, ., &, = +00, Py-a.s. for all z € X.
(Ty,p,c) There exist constants « € (1,2), 5 > «, ¢ > 0, and z € R4 such that

lim sup ‘y‘)‘IPm[GJr >yl —¢| =0, and sup E,[0°] < .

Y0 2>z >T0
Assumption (T, g,) includes a precise version of (1.2), and means that the jumps to the
right are ‘heavier’ than those to the left. Assumption (N) is non-confinement and rules
out uninteresting cases; it is satisfied if, for example (a) = is an irreducible Markov chain
on a locally finite X (see e.g. Corollary 2.1.10 in [12]); (b) for some ¢ > 0 the ellipticity
condition inf, > P.[f > €] > ¢ holds (Proposition 3.3.4 in [12]); or (c) in (T, g,.) we have
xo = 0 (Proposition 5.2.1 of [12]).

We present a recurrence classification for = which is an analogue in the heavy-tailed
setting of Lamperti’s classification [8,10]. Recall from (1.1) that u(x) := E,[6].
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Theorem 2.1. (i) Suppose that (N) and (T, g,.) hold. Then = is recurrent if

limsup(z®~*u(z)) < cr| cosec(ma)l, (2.1)
Tr—r 00
and = is transient if
liminf(z* p(x)) > cr| cosec(ra)|. (2.2)
r—r00

(ii) The chain = is positive recurrent if there exist « € (1,2) and v < o — 1 such that
limsup,_, ., E;[|0]|*] < co and limsup,_, . (z7u(z)) < 0.
Remarks 2.2. (i) Note that cosec(ma)) < 0 for o € (1,2), so part (i) says that the case
wu(x) <0 is recurrent, as one would expect, and shows what magnitude of positive drift
must be added to achieve transience.
(ii) Part (i) says that the critical case where yu(x) ~ bz~ for some b < cr| cosec(ra)|
is recurrent. In fact, this case is null-recurrent by Theorem 2.3(ii) below.

For the rest of the results that we present, we will also assume an asymptotic form
for the drift. This is partly for simplicity of statement, but also necessary to get sharp
transitions in our existence-of-moments results. The assumption is as follows.

(D,,5) There exist constants v > 0 and b € R such that lim,_, (7 u(z)) = b.

In the recurrent case, we can precisely quantify the recurrence by showing which
moments of passage times exist. Here and elsewhere I' denotes the (Euler) gamma
function.

Theorem 2.3. Suppose that the Markov chain = on R, satisfies (T, g ) and (D, ;). Let
q > 0. Then for all a sufficiently large and all x > a, the following hold.

(i) Ify>a—1thenE,[77] < 0o forq < 1/a, and E,[7d] = 0o for g > 1/a.

(ii) Ify = a—1 and b < cn| cosec(mar)|, then E,[7d] < oo for g < v*/a, and E[1d] = oo for
q > v* /o, where v* := v*(a, b, ¢) is the unique solution in (0, «) to

Do i P(O;)E(f*) V) 2.3)

(ifi) Ify <o — 1 and b < 0 then E,[r{] < oo for ¢ < %7, and E;[r]] = oo forq = -95.

Remarks 2.4. (i) In parts (i) and (ii), we always have null recurrence (IE,[r,] = c0), while
in part (iii) we have positive recurrence (E,[7,] < 00).

(ii) If = is a martingale satisfying assumptions (N) and (T, g,.), then (D, ;) is auto-
matically satisfied (for b = 0 and any ). Then = is recurrent by Theorem 2.1(i), and
Theorem 2.3(i) shows that the critical exponent for 7, is 1/a € (1/2,1); in the case of
a spatially homogeneous random walk, this fact is essentially contained in a result of
Doney [3]. In this sense, such a martingale with heavy tails away from the origin is more
recurrent than simple symmetric random walk on R, which has critical exponent 1/2
(see, e.g., [12, Example 2.7.6]) but is still null recurrent.

2.3 Walks on the whole line: heavier outward tails

Now we turn to the case X C R. We first suppose that for x > 0, essentially the same
conditions (T, ) and (D, ) as above hold, while for z < 0 the symmetric version of
those conditions holds, so that the outwards increment always has a heavier tail than the
inwards one. This case closely corresponds to the walks on R, of the previous section.
In full, the assumptions are as follows. We extend the definition of p(z) := E.[f] to « € R.
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(N') We have limsup,,_, . |&,| = +oo, a.s.

out

To'5..) There exist constants a € (1,2), 8 > a, ¢ > 0, and x¢ € Ry such that

lim sup ‘yIP 9+>y—c’— hm sup ’yIP [6- >y—c’—0

Y=0 x>z R r<—xp
sup E,[0°] < oo, and SupE[9]<oo
>T0 z<—z0

(D’%b) There exist constants v > 0 and b € R such that

lim («7p()) = lm (~|e|"u(z)) = b.

T— 400 T——00

For = on R we now say that E is transient if lim,,_, |,| = oo, a.s., and recurrent
if liminf, o [€,| < 79, a.s., for some 1y € Ry. Setting 7, := min{n € Z, : || < a},
positive and null recurrence are defined analogously to the case of R, . With transience,
however, there are two distinct possibilities. We say that = is oscillatory transient if, a.s.,

hm |€n| = 00, and —oo = lim 1nf£n < limsup &, = +o0.
n—00 n—oo

On the other hand, we say that = is directional transient if lim,,_, . &, € {—00, +00}, a.s.
In the following theorem only directional transience appears; we will see instances of
oscillatory transience in the next sections.

Theorem 2.5. Suppose that the Markov chain = on R satisfies (N'), (Tg'; ), and (D, ;).
Then the following classification holds.

(i) If v > o — 1 then = is null recurrent.
(ii) Ify < a — 1 and b < 0 then = is positive recurrent.
(iii) If v < o — 1 and b > 0 then = is directional transient.
(iv) If y = a —1 and b < cr| cosec(war)| then E is null recurrent.
(v) If y =a —1 and b > cr|cosec(mar)| then E is directional transient.
The moments result here is essentially the same as that on R from Theorem 2.3.

Theorem 2.6. Suppose that the Markov chain = on R satisfies (Tg“g .) and (D/7 ). Then

the statements in Theorem 2.3 hold verbatim, given that 7, = min{n € Z; : |&,| < a}.

2.4 Walks on the whole line: heavier inward tails

Again with X C R, we now flip things around so that the inwards increment has the
heavier tail. Here more interesting phenomena occur. Our assumptions are as follows.

( 1;576) There exist constants 5 € (1,2), a > 8, ¢ > 0, and z¢ € R4 such that

lim sup |yBIP 0_ >y —c| hm sup |yﬁIP [0+ > y] ,C|70

Y= R0 x>z O g<—zg

sup E,[0¢] < oo, and sup IE,[62] < oo.

r>x0 z<—1z0
We also assume (ny ), and, where necessary, the following additional condition.
(T+) With S, ¢, and zg as in (Ta 3, ), there exists a constant § > 0 such that

sup |y Po[0- > y] —c| =0(y™°), and sup |y’P,[04 >y]—c| =O(y~°).

x>x0 r<—zg

EJP 24 (2019), paper 62. http://www.imstat.org/ejp/
Page 5/28


https://doi.org/10.1214/19-EJP322
http://www.imstat.org/ejp/

Markov chains with heavy-tailed increments and asymptotically zero drift

Our recurrence classification in this case is as follows.

Theorem 2.7. Suppose that the Markov chain = on R satisfies (N'), (Ta 3. .), and (ny,b)-
Then the following recurrence/transience criteria hold.

(i) Ify > —1 and 8 > 3/2 then = is null recurrent.

(ii) If v < B — 1 and b < 0 then E is positive recurrent.

(iii) Ify < 8 —1 and b > 0 then Z is directional transient.

(iv) Ify = 8 — 1 and b+ cmcot(w3) < 0 then = is null recurrent.

If assumption (T(}*) is also satisfied, then the following transience criteria hold.
(v) Ify> 8 —1and 8 < 3/2 then E is oscillatory transient.

(vi) Ify = — 1 and b+ cwcot(w3) > 0 then E is oscillatory transient.

Remarks 2.8. (i) For zero drift (b = 0), the phase transition at 5 = 3/2 was first observed
by Rogozin & Foss [13], assuming that the law of § depends only on the sign of &.

(ii) Note that cot(n/3) is decreasing on 5 € (1,2), tends to +c0 as 8 | 1, to —oo as
B 1 2, and changes sign at 5 = 3/2.

Theorem 2.9. Suppose that the Markov chain = on R satisfies (Ta 3, .) and (D;yb). Let
q > 0. Then for all a sufficiently large and all x > a, the following hold.

(i) Ify>f—1>1/2 then E,|[r, ]<ooforq< ﬂ I[Tg]:ooforq>2ﬁg3
(ii) Ify = —1 and b + crcot(wf) < 0, then E,[rd] < oo for g < v*/3, and E[1] = o0
for g > v* /B, where v* := v*(8, b, ¢) is the unique solution in (0, ) to
b 1-— (1 — I'(g—v*
c r'2e-pg+wv r'(B)
(iii) If y < f—1 and b < 0 then E,[7d] < oo for ¢ < 7+1’ and E,[r%] = oo for g > vﬁl

Remark 2.10. In the special case v = 0 and assuming that no jumps away from the
origin occur, the conclusion of Theorem 2.9(iii) coincides with Theorem 6(i) of [11].

2.5 Walks on the whole line: the balanced case

For the last of our models on R, the inwards and outwards tail exponents coincide.
(T‘gfi) There exist constants « € (1,2), ¢ > 0, and zy € R} such that

lim sup |y P, 9+>y—c| lim sup ’yIP [0 >y—c|—0 and

Yy—00 x>z Y—r00 >

lim sup |yaIP 9+>yfc|7 hm sup |yO‘IP [0- >yfc|70

Y70 <z X<l —x¢

We also assume (D’%b), and, where necessary, an analogue of (T;)

Theorem 2.11. Suppose that the Markov chain = on R satisfies (N'), (Tbal) and (Dv b)-
Then the following recurrence/transience criteria hold.

(i) If v > o — 1 then = is null recurrent.
(ii) If vy < o — 1 and b < 0 then = is positive recurrent.

(iii) If v < a — 1 and b > 0 then = is directional transient.
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(iv) If y = a — 1 and b + cm cot(%5*) < 0 then E is null recurrent.

If in addition, the limit assumptions in (Tlc’fi) are strengthened to O(y~°) for some § > 0,
then the following transience condition also holds.

(v) If y = a— 1 and b + cmcot(%5*) > 0 then = is oscillatory transient.

Theorem 2.12. Suppose that the Markov chain = on R satisfies (T}fi) and (D/%b). Let
q > 0. Then for all a sufficiently large and all x > a, the following hold.

(i) Ify>a—1thenE,[rd] < oo forq<1-1, and E,[rd] = oo forqg>1— 1.

(i) If y = a— 1 and b + cmcot(%*) < 0, then E,[r{] < o0 q < v*/a, and E[7{] = oo for
q > v*/a, where v* := v*(a, b, ¢) is the unique solution in (0, «) to

b, 'l —a)l'(a—v) wf{l=—a+v)'(1-a) I(a-—v*)
- =D [(2—v*) +I( )< r2-a+vs) F(a))

(iii) Ify <o — 1 and b < 0 then E,[r{] < oo for ¢ < %7, and Ey[r]] = oo forq = -95.

Remarks 2.13. (i) In the special case where the distribution of § is symmetric (so the
drift is zero), the conclusion of Theorem 2.12(i) coincides with Theorem 4(ii) of [11].
(ii) Sandric¢ [14, 16] considers symmetric or near-symmetric increment distributions,
but allows the exponent «(z) to vary with position « € R. In particular, if a(z) € (1,2)
is bounded away from 1 and 2, then [14, 16] give sufficient conditions for recurrence,
transience, and positive recurrence that generalize, under some additional conditions,
the relevant parts of our Theorem 2.11 (see the discussion in [16, pp. 465-466]). Similar
results for an analogous continuous-time model (Feller process) are obtained in [15].

2.6 Walks in higher dimensions: an example

We present a family of martingales on R? with heavy-tailed jumps that contains both
recurrent and transient walks. The example is deliberately simplistic for expository
purposes; the phenomenon could certainly be reproduced for more naturally motivated
random walks. Similarly, although the walks we describe here are 2-dimensional, this
example can easily be extended to any dimension d > 2.

Let 0 denote the origin of R%. For x € R? \ {0} write uy := x/||x||, and write v, for
the unit vector perpendicular to u, obtained by rotating u, anticlockwise by /2.

Our Markov chain Z on X C R? is constructed so that given & = x # 0 the jump 6
is given by 0 = xu,0® 4 (1 — x)v«07, where x € {0,1}, and 67,07 € R are independent
of x. If x = 1 we say that 0 is a radial jump, and if x = 0 we say that 6 is a transverse
jump. We also assume that Py[# = 0] < 1. We suppose that positive radial jumps are
heavy tailed, that negative radial jumps have bounded moments, and that the transverse
jumps are symmetric and also have heavy tails. Specifically, we assume the following.

(A) Forall x € R?\ {0}, Px[x = 1] =p® € (0,1) and Px[x = 0] =p” =1-p~.
(B) Forall x € R?\ {0}, Ex[0R] = Ex[07] = 0.
(C) There exist constants a € (1,2) and c¢* € (0,00) such that

lim  sup ‘y“IPx[Hf >y — cR’ =0.
Y0 xcR2\{0}

(D) There exists a constant 8 > « such that

sup B [(6%)7] < .
x€R2\{0}
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(E) Forall x € R?\ {0} and all y € Ry, Px[07 > y] = Px[0] > ], and there exists a
constant ¢” € (0, 00) such that

lim  sup |y°‘IPX[GI >yl — cT| =0.
Y00 xeR2\ {0}

Now E is transient if lim,_, ||| = oo, a.s., and recurrent if lim inf,, o ||| < 7o,
a.s., for some constant 7y € R... Set 7, := min{n € Z : [|&,|| < a}.

Theorem 2.14. Suppose that the Markov chain = on R? satisfies (A)<(E). Then the
following classification holds.

(i) IfpRc® +2p7¢7 cos(Z2) > 0, then E is null recurrent.
(ii) IfpRc® +2p7cT cos(Z2) < 0, then E is transient.

Moreover, in case (i), for all a sufficiently large we have E4[7I] < oo for ¢ < v*/a and
Ex[7%] = oo for g > v*/a and ||x|| > a, where v* is the unique solution in (0,1) to

T(a — )1 - a) D(955)T(1 - %)
R (e

=0. (2.5)

Remarks 2.15. (i) The theorem shows how the balance between radial and transverse
increments determines the recurrence behaviour of zero-drift random walks; for walks
whose increments have two moments, the analogous phenomenon is driven by the
increment covariance matrix, as described for example in [5] or [12, §4.2].

(ii) Since cos(%*) < 0 for a € (1,2), there are walks exhibiting either behaviour for
any « € (1,2). Indeed, both the ratio ¢* /¢’ and the ratio p”/p’ can take any value in
(0,00), so for fixed a € (1,2) the walk is recurrent if either ratio is taken large enough,
and transient if either ratio is taken small enough.

2.7 Walks in higher dimensions: an open problem

We finish this section with an open problem concerning a partially homogeneous
random walk = on X = Z2. Partition Z?% into sets I := IN?, 4; := N x {0}, 4> := {0} x N,
and O := {0}. Suppose that P,[# = -] is determined only by which of I, 4y, A3, O
contains x. Write § = (1, 62) in coordinates. Suppose that Px[f; > —1]=1forallx € I
and j € {1,2}. Suppose also that sup, Ex[||0|]] < co. Denote by M; = E[f | { € A,] the
mean drift vectors on the axes, and by My = E[f | &, € I] the drift in the interior.

If My # 0 the problem can be essentially classified in terms of My, M; and M;: see
pp. 39-41 of [4]. The most subtle case has M = 0. If sup, Ex[||0]|?] < oo for some p > 2,
then also important is the covariance of 6 in region I: see pp. 56-58 of [4], or [1].

What about when My = 0 but the second moment is infinite? Concretely, suppose
that for ¢;,c2 > 0 and ay, a2 € (1,2), for j € {1,2} and y € IV,

Plo; =y | & € 1] = (c; +o(1)y ' ", asy — oo.
Thus the jumps of = are heavy-tailed away from the axes, but bounded towards the axes.

Problem 2.16. Classify the recurrence and transience of =.
The answer to Problem 2.16 may well depend on M;, M», the ¢; and «;, and also on

some analogue of the increment covariance matrix in the heavy-tailed setting.
3 Semimartingale criteria for real-valued processes

Central in proving our main results is the Lyapunov function methodology: we find a
function f so that f(¢,) satisfies a suitable semimartingale condition, which implies the

EJP 24 (2019), paper 62. http://www.imstat.org/ejp/
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desired properties of =. In this section we collect the semimartingale criteria that we
need; mostly this involves presenting known results, but a little work is needed to get
statements in the form that we want for establishing directional or oscillatory transience.

All of these results are stated for a real-valued stochastic process (X,,,n € Z,)
adapted to a filtration (F,,,n € Z. ). This generality, without assuming that X,, is Markov,
is useful so that we can apply the results to e.g. X,, = ||&,]| for &, € R? the model in
Section 2.6. First we present recurrence and transience criteria for processes on R;
these results are Theorems 3.5.8 and 3.5.6(ii) in [12].

Lemma 3.1 (Recurrence criterion on R ). Suppose that (X,,) is an (F,,)-adapted process
taking values in R4 and limsup,_,., X, = oo, a.s. Let f : Ry — R4 be such that
f(z) > 00 asz — oo and E f(Xy) < co. Suppose that there exist x1 € Ry and C' < oo for
which, for alln > 0,

=
=
e
3
+
=
\
kﬁ

(Xn) | Ful <0, on {X,, > z1};
(Xn) | Fo] <C, on {X, <1}

=
=
3
£

|
~

Then liminf,, - X,, < z1, a.s.

Lemma 3.2 (Transience criterion on R, ). Suppose that (X,,) is an (F,,)-adapted process
taking values in R, and limsup,_,., X,, = oo, a.s. Let f : R — R, be such that
sup, f(z) < oo, lim, o f(z) =0, and inf, <, f(y) > 0 for any = € R;. Suppose also that
there exists x; € Ry for which, for alln > 0,

E[f(Xnt1) = f(Xn) [ Fu] <0, on {X; > a1}

Then lim,, .o, X,, = oo, a.s.

Now we state the following two criteria for processes on R that apply to ‘two-sided’
Lyapunov functions. The recurrence criterion is Lemma 5.3.15 in [12] and the transience
criterion follows from Lemma 5.3.16 in [12] as in the proof of Theorem 5.3.1 there.

Lemma 3.3 (Recurrence criterion on R). Suppose that (X,,) is an (F,)-adapted process
taking values in R and limsup,, . |X,| = oo, a.s. Let f : R — R4 be such that
lim, 400 f(2) = lim,—, o f(z) = 00 and E f(Xy) < oo. Suppose that there exist x1 € Ry
and C < oo for which, for alln > 0,

=
=
<
3
+
=
S~—
I
"\h

(Xn) | Fu]l £0, on {|Xp| > 21};
(Xn) | Ful < C, on {|Xy] < a1}

8
s
P
3
+
=
S~—
|
~

Then liminf, _, | X,| < 21, a.s.

Lemma 3.4 (Transience criterion on R). Suppose that (X,,) is an (F,)-adapted process
taking values in R and limsup,,_, . |X,| = oo, a.s. Let f : R — R4 be such that
sup, f(x) < 0o, limy 4 o0 f(z) = lim,, o f(z) =0, and inf}|<, f(y) > 0 for any = € R.
Suppose also that there exists 1 € Ry for which, for alln > 0,

E[f(Xn41) = f(Xn) | Ful €0, on {[Xpn[ > 21}.

Then lim,, o | X, | = 00, a.s.
For processes on R, we also have criteria for directional or oscillatory transience.

Lemma 3.5 (Directional transience criterion). Suppose that (X,,) is an (F,)-adapted
process taking values in R and limsup,,_, . |X,| = oo, a.s. Let f : R — R be such that
sup, f(z) < o0, limg 4o f(x) = 0 and inf,<, f(y) > 0 for any v € R,. Suppose also that
there exists x1 € R for which for alln > 0,

E[lf(Xnt1) — f(Xn) | Fu] <0, on {X,, > x1};
E[f(*Xn+l) - f(*Xn) | fn} S 0’ on {Xn < *xl}'

EJP 24 (2019), paper 62. http://www.imstat.org/ejp/
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Then lim,, o, X,, € {—00, 400}, a.s.

Lemma 3.6 (Oscillatory transience criterion). Suppose that (X,,) is an (F,)-adapted
process taking values in R and lim,_, | X,| = oo, a.s. Let f : R — R, be such that
lim, 400 f(x) = 00 and E f(Xy) < co. Suppose that there exist 1 € R and C < oo for
which, for alln > 0,

E[f(XnJrl) - f(Xn> | ]:ﬂ] < 07 on {Xn > xl};
E[f(X’rH-l) - f(Xn) | ]:rb] <C, on {Xn < 3?1}5
E[f(=Xny1) — f(=Xn) | Fu] £0, on {X,, < —21};
E[f(_XnJrl) — f(=Xn) | ]:n] <C, on {Xn > —fl}«
Then liminf,,_,., X,, = —o0 and limsup,, ., X, = +00, a.s.

We give the proofs of these two results. A key step in the proof of Lemma 3.5 is the
following hitting probability estimate.

Lemma 3.7. Suppose that (X,,) is an (F,)-adapted process taking values in R. Let
f R — R4 be such that sup, f(x) < oo and lim,_,, f(z) = 0. Suppose that there exists
z2 € R for which inf,<,, f(y) > 0 and, for alln > 0,

E[f(Xpnt1) = f(Xn) | Fal 0, on {X;, > a2}

Then for any ¢ > 0 there exists x € (z2,00) for which, for alln > 0,

IP[ inf sz@‘fn} >1—¢, on{X, >z}

m>n

Proof. The idea is standard: the proof of Lemma 3.5.7 of [12], although that result is
stated for processes on R, carries over directly to this case. O

Proof of Lemma 3.5. Under the conditions of the lemma, it is clear that the hypotheses
of Lemma 3.7 hold for any x5 with 5 > 2; > 0 and for both (X,,) and (—X,,). So for any
x9 > 21 and £ > 0 there exists z € (z3,00) for which, for alln > 0,

IP[ inf X, > ‘fn} >1—¢, on{X, >z}, and

IP[ inf — X, > o ’]-'n} >1—¢, on{-X, >z}

m>n

In other words,

]P{{ inf X, > mg} U { sup X,, < —332} ‘ ]-'n} >1—¢, on{|X,| >z}

m2n m>n

Now, let 0, = min{n € Z; : |X,| > z}. Then, on {0, < oo},

]P{{ i1>1f X > ,7:2} U{ sup X, < —.1‘2} ‘ ]-'(,1} >1—¢, a.s.
m>o0,.

m>o,

But if 0, < oo and either X,,, > x5 for all m > o, or X,,, < —x5 for all m > o,, we have
that {liminf,, 00 X > 22} U {limsup,, ., Xm < —x2} occurs. Thus

IP[{ liminf X,,, > xg} U {limsupXm < 7172}}

m—oo m—00

>E {IP[{ ’n’LlIZlg'I X, > 1’2} U{ sup X, < —mg} ‘ Fam}l{am < oo}}

m>0,

> (1—-¢)Ploy < 0.

EJP 24 (2019), paper 62. http://www.imstat.org/ejp/
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Given limsup,,_, . | X»| = o0, a.s., we have P[0, < oo] =1, and since ¢ > 0 was arbitrary,

[{lgri)lglofX >x2}U{h£1_§;10pX < xz}}—l

Then, since x5 > x; was also arbitrary, with the fact that liminf, .., X,, > z and
lim sup,,_, . X < —y are mutually exclusive for z,y > 0, the result follows. O

Now we turn to the proof of Lemma 3.6. First, we give a variation on Lemma 3.1 for
processes on R; the proof from [12, p. 113] carries across directly to this setting.

Lemma 3.8. Suppose that (X,,) is an (F,)-adapted process taking values in R. Let
f: R — Ry be such that f(z) — oo as ¢ — +o0 and E f(X) < co. Suppose that there
exist x1 € R and C' < oo for which, for alln > 0,

E[f(Xn+1) - f(Xn) | fn} < 07 on {Xn > xl}' a.s.;
E[f(Xnt1) = f(Xn) [ Fu] < C, on{X,, < a1}, as.

Then
P[{limsup X,, < oo} U {hm me <z} =1

n—oo

In particular, liminf, .. X, < oo, a.s.

Proof of Lemma 3.6. Since lim,,_,« | X,,| = o0, a.s., we have that

[{ hm X, = +oo} U{ hm X,, = —oo} U {limsup X,, = limsup(—X,,) = oo}] = 1.

n— oo n—oo

But Lemma 3.8 applied to (X,,) implies that liminf,,_,, X,, < 0o, a.s., and hence X,, /4
+o00, a.s. Similarly, the lemma applied to (—X,) implies that X,, /A —oo, a.s., and
therefore lim, o | X,| = limsup,,_, ., X, = limsup,, , (—X,) = o0, a.s. O

Finally, we state two results that provide general conditions for the existence and non-
existence of certain moments of passage times. These are reformulations of Theorem 1
and Corollary 1 of [1] (see also [11, §6.1] or [12, §2.7]).

Lemma 3.9. Let (Y,,) be an integrable (F,,)-adapted stochastic process, taking values in
an unbounded subset of R, with Yy = y, fixed. Forx > 0, let o, :=inf{n >0:Y, <z}.
Suppose that there exist 6 > 0, z > 0 and x < 1 such that for any n > 0,

EY,i1 =Y, | Fn] < =6YF

no

on{n < o,}. (3.1)

Then for any p € [0,1/(1 — k)), E[o?] < 0.

Lemma 3.10. Let (Y,,) be an integrable (F,,)-adapted stochastic process, taking values
in an unbounded subset of Ry, with Yy = yo fixed. Forz > 0, let o, :=inf{n > 0:Y,, < z}.
Suppose that there exist C,,Cy > 0, x > 0, p > 0 and r > 1 such that for any n > 0, on
{n < 0} the following hold:

E[Yn+1 Y ‘ F, ] Z Cl; (32)
E[Ynll Y, \ Fn] <OV, (3.3)
Then for any q > p, E[ol] = oo foryo > z.
EJP 24 (2019), paper 62. http://www.imstat.org/ejp/
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4 Lyapunov function calculations

4.1 Preliminaries

For the case X C R, we use the Lyapunov function f; : Ry — R, defined for v € R
by

folz) = [ (z) =

1 for0<z <1

The truncation at 1 is only necessary for v < 0, but for convenience we define f; as above
for all v € R. For processes on R we will use two related, but different, extensions of f
to the whole of R. These are defined for v € R as follows.

{x” for x > ]-a and fz(x) = f;(l’) = {

{x” forxz > 1,

|z|” for |z| > 1,

1 forz <1, 1 for |x| < 1.

The ‘two-sided’ function f» will be used to establish recurrence (with v > 0) and tran-
sience (v < 0); the ‘one-sided’ function f; will be used for distinguishing between
directional (v < 0) and oscillatory (v > 0) transience. Define

Di(z) := D} (z) == E[fi(€ny1) — fi(€n) | §n = z]. (4.1)

Our first estimate for the D; will be useful when the drift is dominant. In the
calculations here and in the rest of the paper, various constants C' < oo will appear,
whose precise value is not important, and may change from line to line.

Lemma 4.1. Suppose that either (i) X C R, or (ii) X C R. In either case, suppose that,
for some a € (1,2), limsup,_,, . E,[|0|*] < co. Lete > 0. Then for any v € (—¢,«), the
following asymptotics hold with ¢+ = 0 in case (i) and with ¢ = 1 in case (ii).

Di(z) = va" ' E,[0] + O(z %), asx — +oc.

Proof. Suppose that either (i) or (ii) holds, and take i = 0 or ¢ = 1 respectively. Let
v € (0,1), to be specified later. By assumption, E,[|§|*] < C for constant C' < co and all
x large enough; suppose that > 1 is such an z. For v < 0, f;(z) € [0, 1] for all z (in R
or R, as appropriate), while for v > 0, f;(z) is non-decreasing. Moreover, for all > 1,

6 > 7 implies that x + < 26'/7. These facts imply the bounds
CE,[|0"/71{|f] > 27}] forv >0,
P.[|0] > z7] for v < 0.

E.[[fi(x +0) — fi(2)[1{]0] = 27}] < {

Fix ¢ > 0 and v € (—¢, ). For v < 0, Markov’s inequality with the moments assumption
yields P [|0] > 27] = O(z~*7) = O(z¥~**¢), provided that we take v > 1 — “*£, which
we may since v +¢ > 0. If v > 0, take v > £ so that

EL[0171{10] = 27}] < 2"~ B, [}6]°] = O(a* =),

provided that v > 1 — £. Thus in either case we have
B[l fi(z +0) — fi(x)|1{|6] > 27}] = O(="~*"%)
for a suitable v € (0,1). On the other hand, for all z sufficiently large,
E. [(fi(e +6) ~ fi@)L{l6] <27} =" By [(14+270)" 1) 1{16] < 27} .

The Taylor expansion (1 + 2)” = 14 vz + 1v(v — 1)2%(1 + ¢2)”~2, valid for = > —1 and
where ¢ = ¢(z) € [0, 1], implies that, for all = sufficiently large,
|, [(fi(z +6) = fila)L{16] < 27}] = va® " E,[01{]0] < 27}]| < Ca” > T E, [|6]°],

which is o(z¥~%) since v < 1. Noting that E,[|0|1{|0| > z7}] < 2"~ *YE,[|0|*] and that
7 —ay <1—a+ ¢ provided that v > 1 — =, the result follows. O

EJP 24 (2019), paper 62. http://www.imstat.org/ejp/
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4.2 Lyapunov function on the half line

Lemma 4.1 is only useful for large drift; otherwise, we must use the tail assumptions
on the increments to evaluate more precisely the other contributions to D;. First we
consider X C R; the calculations in this setting will be a model for the other cases. Set

IMNa—v)I(1 - a).

I'2-v) (4.2)

ko(v) == ko(a,v) == (1 —v)

Note that v — ko(v) is continuous on (—oo, @).

Lemma 4.2. Suppose that the random walk = on R satisfies (T, g ). Then, for any v
for whicha — < v < a, asx — oo,

Do(z) = va’ " EL[0] + cva’ % ko(v) + o(z¥ ).

Proof. The case v = 0 is trivially true, since fo(£,+1) — fo(&n) is then identically zero. For
v # 0, the fact that g(0) = g(64) + g(—6_) for any function with g(0) = 0 yields

Do(z) = Ez[fo(z + 0+) — fo(z)] + Ez[fo(z — 0-) — fo(x)]. (4.3)
In the case v = 1, for x > 1 we can write (4.3) as

Do(z) = Bu[f,] — B[0_1{0_ <z — 1}] + E,[(1 — 2)1{0_ > = — 1}]

(4.4)
= B, (6] + E. (0 — (¢ — 1)1{6_ >z~ 1}],

and therefore
0< Dy(z) —E,[0] <EL[0_1{6_ >z —1}].

For x > xg, from the 8-moments bound in (T, 3,.) and the fact that 8 > a > 1, we get
B [0_1{0_ >z —1}] < (z— )" PE[P°1{l_ >z - 1}] < C(x — 1)* 7,

and therefore Dy(z) = E,[0] + o(z' %), as claimed.
Now suppose that « — f < v < «a with v ¢ {0,1}. For any = > 1, we can write
E.[fo(x +04) — fo(z)] = 2¥ E,[A; + As + Aj3), where we define the random variables

Ar=((1404/2)" —1—vb/2)1{0; < a2},
Ay = ((1+04/2)" —1— 10, /2)1{0, > z°},
A3 = 1/9+/l‘7

where ¢ € (0, 252) is fixed.

For IE,[A;], we use the Taylor expansion (1 + 2)” =1+ vz + v(v — 1)2%(1 + ¢2)" 2
for some ¢ = ¢(z) € [0, 1], valid for z > —1, and the fact that v < o < 2 to write

(14 2)” slv(v = 1)[° for z > 0,
2)V = 1—vz| < 1 ) B (4.5)
slv(v —1)|2°(1 + 2) for -1 <z <0.
Hence » 152
v(v —1)|0%
|A:] < T1{9+ <z}
and therefore E,[A4;] = O(2%72) = o(2~%), since € < 2—%
We now show that
[ee]
E.[As] = cvz™® / (1 +w)” ' = Du*du + o(z™%); (4.6)
0
EJP 24 (2019), paper 62. http://www.imstat.org/ejp/
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the integral here being finite by Lemma B.7 (with p =1 — a, ¢ = ). To get (4.6), define
g : Ry — R by g.(y) = (1 4+y/x)” — 1 — vy/x, which is differentiable with derivative
g.(y) = (v/x)((1 +y/z)"~! —1). Since ¢’.(y) > 0forally > 0if v < 0 or v > 1, and
g.(y) <O0forally >0ifv € (0,1), g, is monotonic, and applying Lemma A.1 we obtain

o0

E.[4s] = 0o (o VPL[0- > %)+ [ L) > o)y, @.7)

the integral being finite for any = > xg, since ¢, is continuous and finite over [z¢, c0), and

g.(y) = O(y*~1) as y — oo, so, by the a-tail assumption in (T, s ), the integrand decays

like y*~*~1. Another Taylor’s theorem calculation shows g, (z¢) = O(2%°72) = o(x~%).
We now consider the x — oo asymptotics of the integral in (4.7). First note that,

oo

/ 9o (y) P[0+ > y]dy —/ g;(y)cy‘“dy’ S/ 195 ()| 1y P04 > y] — ¢|y~“dy.

€ xc

Then by assumption (T, g,), for any § > 0 we can find z; € R, such that, for all z > z;,

)

| 16wl Bales > vy <5 |g;<y>|y—adysa] / o)y~ dy

because ¢/, (y) never changes sign. Also, by Taylor’s theorem again,

=

/ g;<y>y-ady\= / gL (9)lydy < Ca™ / (v — Dy "dy = o(a—)
0 0 0

since o« < 2 and € < 1. Therefore,

[e.9]

/ 9. ()P[0 > yldy —/ g;(y)cy‘“dy‘ <4 ‘/
x 0 0

€

g;(y)y‘“dy’ + o(x™),

and since ¢ > 0 was arbitrary, we have

/ T L WP, > yldy = (e + o(1)) / " L)y dy + o),

€

which, after the change of variable y = uz, and using (4.7), yields (4.6).
Thus from the fact that E,[fo(z + 04+) — fo(x)] = 2¥ Ex[A1 + A2 + A3], we obtain

E.[fo(x+0+)— fo(z)] = cva”™¢ /OOO((1+U)”1 —Du “dutvaz’ T E, [0, ] +o(z"~%). (4.8)

We now consider E,[fo(z—6_)— fo(z)] in (4.3). Fix (another) ¢ € (0,1) withe < WT_O‘

and € < BfT“; this choice is possible since o < 5 and v > « — . Note that, for v < 0, the
Lyapunov function satisfies fy(x) € [0,1] for all z € R, so that, for > =z,

|E.[(fo(z — 0-) — fo(x))1{0— > 2'*}]| < P,[0_ > 2' %] < Ca P79 = o(z~*), (4.9)

by Markov’s inequality, the f-moments assumption in (T, g,), and the choice of ¢. On
the other hand, if v > 0, then fj is non-decreasing and, for x > xg,

B, [(folw — 0-) — fo(@))L{0— > 2'~}]| < 2", [0_ > 2'¢] < Ca* P09 = o(a¥ ),
again, by choice of ¢. It remains to consider the random variable

(folw = 0-) = fo(@)1{O— < 2"~} =a"((1 - 0—/2)" = DL{H_ <’ 7},

EJP 24 (2019), paper 62. http://www.imstat.org/ejp/
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for all z sufficiently large. Using (4.5) for z = —0_/x, we obtain

lv(v —1)]02

|(1—6_/x)" =1+ vb_/z|1{6_ <z'"°} < 572

(1+0(z™9)1{6_ < z'~¢}.
Assumption (T, g,.) means that there exists 5’ € («,2) with limsup,_, . E, [05/] < 00, SO
that E,[021{0_ < z'~¢}] < 2@-810-9) [ [0%] = o(22~), by choice of . Therefore

E.lfo(x —0_) — fo(x)] = —va”" ' E[0_1{0_ < 2'°}] 4+ o(z” ™). (4.10)

Also, assumption (T, 5.c) yields E,[0_1{0_ > z'~=}] < 2(-A1-2) F_[6°] = o(21~*), since
e < 552 < Z=%. Thus combining (4.8) and (4.10), we get

Do(x) = va" ' E,[0] + cz/x"_o‘/ (1 +uw)? ™t = Du"du + o(z" ™).
0

Finally, using Lemma B.7 with p = 1 — « and ¢ = v, the integral [;~((1+u)""! — 1)u=*du
isequal to (1 — v)I'(« — v)I'(1 — ) /T(2 — v) and the result follows. O

4.3 Lyapunov functions on the whole line

In the case of heavier outwards tails, the computations for f; and f> are naturally
related to those that we did for fj in the last section, so we can reuse many calculations
here.

out
a,B,c

Lemma 4.3. Suppose that the random walk = on R satisfies (T
which a — f < v < «, the following hold. First, as x — +o0,

). Then, for any v for

Dy (z) = va" L EL[0] + cva’ " “ko(v) + o(x” %),
where Kk is defined at (4.2). Second, as v — +00,

Dy (z) = vsgn(x)|z|" "  EL[0] + cv|z|” " “ko(v) + o|z|”~%). (4.11)

out

Proof. Suppose that z > 1. Here the relevant part of assumption (T3 .) coincides with
the assumption (T, g ) used in the proof of Lemma 4.2. Moreover, since fy(z) = fi(z) =
f2(x) forall z > 0 (and a fixed v), conditional on &,, = z it is clearly the case that f;(x+6.)
and f;i(x —0_-)1{0_ < x} do not depend on which i € {0, 1,2} we are using. Thus the
only difference from our computation in Lemma 4.2 arises from the possibility now that
0_ > x (which was previously precluded).

In the places in the proof of Lemma 4.2 where 6_ is allowed to be big, we used only
that (i) fo(z) = 1 for z < 1, (i) fo(z) € [0,1] for all x € Ry if v < 0, and (iii) fo(z) is
non-decreasing for x € Ry if v > 0. All of (i)—(iii) extend to z € R with f; in place of fj.
Thus the proof of the result for f; follows verbatim that of Lemma 4.2, replacing fy by
f1, and noting that some statements should be extended from R, to R.

Consider f>. Suppose that we can show that (4.11) holds for x — +4o00. If assump-
tion (Tg‘jg,c) holds for ¢, it also holds for —¢,,. Then by the symmetry fo(—z) = fo(x),
we may apply (4.11) to the process —¢,, to get that Da(—2) = E[fo(—&nt1) — f2(—&n)
—&, = 2] is, as * — 400, equal to the right-hand side of (4.11) but with I, [f] replaced by
—E_,[f]. This shows that (4.11) also holds for x — —oco. Thus it suffices to prove (4.11)
for x — +o00; so we take ¢ > 1, as in the first paragraph of this proof.

We describe how to modify the proof of Lemma 4.2 to obtain (4.11). For v = 1, the
analogue of (4.4) is

Dy(z) = Epl04] — B [0_1{0_ <2 — 1} + B, [(1 —2)1{z — 1 < _ < z + 1}]
+E,[(0- —22)1{0_ >z +1}]
=TE, [0 +E.[(0- — (x —1)1{0_ >z — 1} + B, [(- — (x+1))1{0_ >z +1}].
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It follows that 0 < Dy(z) — E.[0] < 2E,[0-1{0_ > x — 1}], and so Dy(x) = E,[0] +o(z' ™)
as before.

Now suppose that « — § < v < a with v ¢ {0, 1}. Following the proof of Lemma 4.2
exactly, we can show that equation (4.8) holds for f5 in place of f;. Now consider
E.[f2(x — 0_) — fa(z)]. The random variable (fo(z — 0_) — fo(z))1{0_ < !¢} can be
dealt with in exactly the same way as in the proof of Lemma 4.2, so to show that the
analogue of equation (4.10) holds for f5, it is enough to prove that, as + — +o0,

Eo[(f2(z — 0-) = fa(2))1{0- > 2"~} = o(a" ™). (4.12)

If v < 0 this follows in the same way as (4.9), since fa(z) € [0,1] forall z € R. If v > 0,
then fa(z — 6_) < fa(x) whenever 0_ < 2z, so we have

[Eo[(fole — 0-) — fo(2))1{z' "% < _ < 22}]]
< a'PLl0- > 217 < Cav P79 = o2V~ 9)

for small enough & > 0 because § > «. Since fo(z —0_) — fo(x) < 0¥ if §_ > 22, we have
[ [(fola — 0-) — f2(a))1{6- > 20}])| < E,[6"1{0_ > 22}] < Ca* 7 = o(a* )

because 8 > a. This proves (4.12), and hence also the analogue of (4.10) for f>. The
remainder of the proof exactly follows the proof of Lemma 4.2. O

Now we turn to the case of heavier inwards tails. Define

1-B4+v)I(v+1)I'(1-p)

k1(v) = k1 (B,v) = — T2—F+0) , and (4.13)
Ko (V) = ko (B, v) = T(v) (Wf(g)”) _ & _Ff;_”ﬂ)i(ly)_ 5)) . (4.14)

Lemma 4.4. Suppose that the random walk = on R satisfies (Ti;ﬁ,c). Then, for any v for
which 0 < v < 3, the following hold. (i) As x — +oo,

Dy (z) = va"  E,[0] + ca¥Pri(v) 4+ o(z" ).
(ii) As x — Fo0,
Do() = vsgn()|z" " Eu[0] + ev|z|” P ra(v) + of|z]" 7).

If in addition, assumption (T}) is satisfied for some 6 > 0, then the asymptotic expression
in (ii) also holds for —§, < v < 0, where §, = min{4§, 1}.

Proof. As in the proof of Lemma 4.3, for both results it suffices to suppose that x > 1
(and later to take x — +o00). Also, without loss of generality, we may suppose that
1 < B < a < 2. We can treat f; and f5 together for most of the computations. Indeed, let
i € {1,2}. Then, by the monotonicity of z — f;(x) for x > 1,

E.[(204)"1{64 > z}] forv >0,
P[0+ > z] for v < 0.

E, Hf?(x‘F 9+) - fz(l‘)| 1{9+ > x}] < {

Suppose that v < 3. Markov’s inequality with assumption (Tfj 3,c) implies that, for x > o,
P.[0, > 2] < Cx~® = o(z~"), and since v < 3 < a we also have

E,[071{0; > z}] < 2" *E,[071{0; > z}] < C2"~* = o(z" 7).
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Now consider E,|[|fi(x + 04) — fi(z) — va¥~10,]|1{0, < x}]. Using (4.5), and the fact
that (T, 5 .) holds for some a € (1,2), we can bound this expression by

v(v — 1)|63

¥ E, 5.2 T1{0; < x}| < Ca" B, [091{0; < x}] = o(a” 7).

Since #V ' B, [0, 1{0, > 2}] < 2¥~!. C2'~® = o(x¥~#), these results combine to give

E.[fi(x +0,) — fi(2)] = va’ P E,[0,] + o(z¥ 7). (4.15)
For the expectation E,[f;(z — 6_) — f;(x)], we consider the random variables
= (filz = 0-) — fi(z) + va""'0_)1{0_ < a7},
Bua = (o — 0-) — f(a) + v Y0 1{0_ > a°}
By = —va’"t0_,

where ¢ € (0, #) is fixed. For x > 1 we can write
|Biq1| = x”|(1 —0_Jx)" =1+ uH,/x]l{e, < ¢},

and using (4.5) with z = —f_ /z (valid since v < f < 2 and —0_/x > —2°! > —1 for
large enough z), we find that for ¢ € {1, 2}, for all large enough =z,

1
|Bi1] < ix”_Q\y(V — D021 —0_/x)"21{0_ < 2°} < |v(v — 1)]a" T2,

and therefore E,[B; 1] = o(z¥~?) by choice of ¢.

It is in the calculation of E,[B; 2] that we see the difference between the f;. Define
the function h; , : Ry — R by hi.(y) = fi(z —y) — fi(z) + va¥~'y, which, as a function
of y, is continuous on R and only fails to be differentiable at y = x — 1 and, in the case
of i = 2, also at y = z 4+ 1. Away from these two points, the derivative is

—v(r —y) L +vzv?t for0<y<a—1,
i o (y) = § var ™! forr —1<y<a+l, (4.16)
(i—Vv(y—z) t+vav=t fory>a+1.

Hence h; , is piecewise monotonic, and we can apply Lemma A.1 to get

o0

E,[Big2] = hi o (z®)P,[0- > z°] +/ R . (y)P[0— > yldy, (4.17)
and the integral is finite for fixed x > x, since as y — oo the integrand decays like y~*
(ifi=1,orift=2and v < 1) or y"*ﬁ*1 (if 2 = 2 and v > 1). Using (4.5) we find that
hix(25) = O(xVT2572) = o(aV~P).

Consider the integral in (4.17). Let 6(y) = sup,>,, sup,s, [2°P.[0_ > z] (y)
is non-increasing and, by assumption ( i;ﬁ’c), 0(y) — 0 as y — oo. From (4.16), using
Taylor’s theorem and the fact that 5 < 2, for any v € (0, 1) we obtain

vy vy

/ B (y)yPdy| = / 1, () ly P dy < 2272w — 1)| / 18y = o(a”?),
0 0

for x large enough that ¥ < x — 1 holds, and a similar bound holds with P,[f_ > y] in
place of y =¥, provided that in addition = > zy. Hence, for any x € (¢, 1),

/ h;,r<y>m[0_>y}dy / e, <y>cyﬁdy‘

20— > yldy — / R . cyﬁdy‘ + o(zvP).
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By (4.16), the sign of h] ,(y) is constant on (0, — 1) and on (z — 1,00) \ {z + 1}; thus

20— > yldy — / h; . )cy_ﬁdy‘

/ R . *’3dy’

Therefore, for x € (¢,1), as ¢ — +o0,

< 6(z") (

ﬁdyD .

/ hi o (Y)P[0- > yldy — / hé,x(y)cyﬁdy‘

e 0
x—1 0o

/ hé,z(y)yﬁdy‘ + / hé,z(y)yﬁdyD +o(a"F).  (4.18)
0 z—1

For both i € {1,2}, we get from (4.16) that for v > —1, v # 0,

x—1
/ hé,m(y)y‘ﬁdy’ =
0

by an application of Corollary B.5 with p =1 — 8 and ¢ = v. For ¢ = 2, Lemma B.6 (with
=1-— 4, g =v) shows that for -1 <v < 5, v #0,

/ ’z,gﬁ(y)y‘ﬁdy‘ =
x+1

More straightforward is the case ¢ = 1, where we have
o0

/ h’l,z(y)yﬁdy’ =
r+1

x+1
/ ! hgw(y)y_ﬁdy’ < 2ufz’ w—1)"F < Ca I,
.

< 5(a") <

—1

1-x
I/ZCV_’B/ (1—w)'=1) u Pdu| < C2v =P (1+27"),
0

< Cg¥=P (1 + x_”) .

um”_ﬁ/ (w=1)"""+1)u " du
14—t

oo
Vx”fl/ yﬁdy’ < CxV P,
x+1

Trivially,

Thus from (4.18) we obtain, fori € {1,2},

/ i . (y)PL[0- > y|dy 7/ h;z(y)cyﬁdy‘ <C(1+z7)0(x™)x" =P 4+ o(zVP).
€ 0

This last bound is o(z¥~?) if either (i) v > 0, or (ii) §(y) = O(y‘5) for some ¢ > 0, and
—kd < v < 0; taking k < 1 close to 1, we can permit any v > —4. Thus, in either case,
from (4.17) with (4.16) we have that E,[B; 2] is equal to cvz’ P times

_/Olm_l((l—u)”l—l)uﬁdu+/1oo u*ﬁdu+(i—1)/m (u— 1) u"Pdu + o(1),

1 141

A final application of Corollary B.5 and Lemma B.6 (with p = 1 — 8 and ¢ = v) yields
expressions for E,[B; o] which, when combined with (4.15) and the fact that E,[f;(z —
0_) — fi(x)] = Ex[Bi 2] — va? L E,[0_] + o(x¥~7), give the claimed results. O

Finally, we state an analogous result in the case of balanced tails. The proof amounts
to combining elements of the proofs of Lemmas 4.3 and 4.4, and is omitted.

Lemma 4.5. Suppose that the random walk = on R satisfies (Tg?i). Then, for any v for
which 0 < v < «, the following hold. (i) As © — 400,

Dy (x) = va" P E,[0] + cx¥ " (vro(a, v) + k1o, v)) + o(z” ™).
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(ii) As x — +oo,
Dy(x) = vsgn(x)|z][" "t By 0] + evfa]™*(ro(a,v) + ra(a,v)) + ofz]"~%).

If in addition, the limit assumptions in (T}fi) are strengthened to O(y*‘s) for some 6 > 0,
then (ii) also holds for —¢, < v < 0, where §, = min{J, 1}.

5 Proofs of main results
5.1 The half line

First we establish our recurrence criteria.
Proof of Theorem 2.1. Under the conditions of part (i) of the theorem, Lemma 4.2 gives
Do(z) = vz’ (2 p(x) + cro(v) + 0(1)) , for v € (o — B, ), (5.1)

where kg is given at (4.2). If (2.1) holds, then there are ¢ > 0 and z; € R, such that
x* Lp(x) + e cosec(ma) < —2¢ for all z > x;. Since ko(0) = I'(a)T'(1 — a) = 7 cosec(ra),
we can find v > 0 such that cko(v) < e cosec(ma) + &. Then 2%~ u(z) + cro(v) < —¢ for
all x > x4, so that the right-hand side of (5.1) is negative for all z sufficiently large. Since
v >0, fo(r) = oo as x — oo, and Lemma 3.1 implies recurrence, noting (N).

Similarly, if (2.2) holds then we can find v < 0 such that the right-hand side of (5.1)
is again negative for all z sufficiently large, but now with fy(z) — 0 as z — co. Hence
Lemma 3.2 implies transience, again noting (N).

Finally, consider part (ii) of the theorem. Fix v = max{1 +~,1}; since 7 < o — 1, we
have 1 < v < a. Then Lemma 4.1 shows that, for any € > 0,

Dofa) = va*'=7 (a7 u(w) + O(a™=+))

Taking € > 0 small enough and using the fact that 27 pu(z) < —4§ for some ¢ > 0 and all
x sufficiently large, we get Dy(x) < —dv + o(1), and so Foster’s criterion (see e.g. The-
orem 2.6.2 of [12]) yields positive recurrence. O

Before proving Theorem 2.3 on moments of passage times, we state a lemma that
we will need for our non-existence-of-moments results in the case where the drift is
dominant.

Lemma 5.1. Suppose that (T, g,) holds, and liminf,_,.(z7u(z)) > —oo for some -y with
0 <y < a—1. Then, for any q > ﬁ, all a large enough, and all x > a, E,[rd] = cc.

Proof. Suppose that x > x(y. The idea is that the chain may start with a very big jump,
and then takes a long time to return to near 0 (a similar idea was used in e.g. the proof
of Theorem 2.10 of [7]). Fixn = 1+, and for z,y € R, let wy(x) = (y — z)"1{z < y}.
We claim that there exist yy € Ry and B < oo (not depending on y) such that

Elwy(§nt1) — wy(§n) | €n = 2] < B, forally > yo and all z > y/2. (5.2)

Given the claim, it follows from the maximal inequality in Theorem 2.4.7 of [12] that

; " —n
P ogrlrléngm <y/2 ‘ & > y] < P[Oénﬁ)gcnwy(fm) > (y/2) ‘ & > y} <4Bny™", (5.3)

forally > yp and all n > 1. Let a > x(. Then for z > a and any A € (0, 0),

P.lre >n] > E, [1{51 > AntMYPlr, > n | & > Anl/"]] . (5.4)
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Choosing y = Anl/" > 24 in (5.3) for A sufficiently large, we get, for alln > 1,
Plr, >n|& > Ant/" >1—-4BA™" > 1/2. (5.5)

Combining (5.4) and (5.5) and using (T, g,.), we get P,[r, > n] > ¢n=/" for some ¢ > 0
and all n large enough, uniformly in z > a > x¢. Since n = 1 + v, we get E,[r?] = oo for
x>aandgq > 1+7

It remains to prove (5.2). Under assumption (Tq g,.), we have sup,, E;[|0]?] < co
for any ¢ < ¢, so in particular this is true for ¢ = 7. Since x — w,(z) is non-increasing, if
z>y—1lthenwy(z+0) <wy(y—1-0_) <(1+6_)", so E [wy(xz+60) — wy(z)] < B for
any z >y —1,if y > yo > x¢ + 1, say. Suppose now that y/2 < x < y — 1. Then

[(wy (2 = 0-) —wy(2))1{0- > *5*}]

<E,
<E.[(0-+y—2)"1{y —x <20_}]
< CE,[07],

Ey[(wy(z +0) — wy (2))1{]0] > 57}]

which again is bounded, if y > yo > 2x¢, say. By Taylor’s theorem, for some C < oo,
|(1—2)7—1+n2| < C2?forall |z| <1/2. Thus

’wy(x+9)—wy(x)+n( — )" 16”1{|9| < 57} < CO*(y — x)"~

so that, since 6% = [0]"|9|>~" < C(y — x)*>~"|0|" on the event {|f| < 7=}, we have
B, [Jwy (2 + 6) — wy(2) + 0y — )" 10]1{]0] < 57}] = O(1).
Also E,[|0]1{|0] > 45%}] < C(y — =)'~ ". Putting these pieces together we get
E,[wy(z 4+ 0) —w,(2)] < C—n(y — )" " E,[0] < B, forally/2 <z <y—1,
by choice of n and the assumption on p(z). This completes the proof of (5.2). O

Proof of Theorem 2.3. We first prove part (ii) of the theorem. Assuming that px—1 u(x) =
b+ o(1), with kg given by (4.2) we get from (5.1) that Dy (z) = va¥~*(b + cko(v) + o(1)).
Recall that L logI'(z) = 1(z) is the digamma function, which is strictly increasing on
z > 0. For v < a, we have

d Tl -al(a—v)
Srate) = LI (1) w2 - 1) - wla =) - ).

Forv < o € (1,2) we have I'(1 —a) < 0, I'(a — v) > 0, and I'(2 — v) > 0, and since
Y(a—v) < ¥(2—v), we have k{(v) > 0forv > 1. Forv < 1, using ¥ (2—v) = ¢(1—-v)+ 1
and ¥(1 — v) < ¥(a — v), we also get x((v) > 0 for v < 1. Thus cky is strictly increasing
on [0, ), with ¢k (0) = e cosec(ma) < 0 and cko(v) — +oo0 as v — a.

Hence if b 4 ¢m cosec(mar) < 0 there exists a unique v* in (0, ) such that cko(v*) = —b,

i.e., solving (2.3), such that the following two statements hold.

(a) For all v € (0,v*) there exist § > 0, ;1 € R4 so that Dy(z) < —dz¥~* for all x > z;.
(b) For all v € (v*, ) there exist § > 0, 1 € R4 so that Dy(x) > dz¥~* for all x > ;.

Since fy(z) = 2¥ for 2 > 1, we can rewrite the inequality in (a) as Do(z) < —df(z)'~(@/¥),
so (a) implies that for any x < 1 — (a/v*) we can choose v less than but arbitrarily
close to v* so that (3.1) holds for the process Y,, = fo(&,). Therefore, for all ¢ < v*/a,
Lemma 3.9 shows that E,[r?] < oo for all a > 1, the constant given in (a), and any «.
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On the other hand, since Dy(z) = O(z¥~%) = o(1) for any v € (0,«), the process
Y, = fo(&,) satisfies (3.2). For r € (1,«/v), we note that

E[(fo(€n+1))" = (fo(&n))" | &n = 2] = Dg" () = O(z™). (5.6)

Since this is O(fo(z)"~(®/*)), we see that (3.3) also holds. Similarly, taking = p in (5.6)
and using statement (b), we see that inequality (3.4) holds for any p € (v*/v, a/v). Taking
v less than but arbitrarily close to « and applying Lemma 3.10 we obtain, for all ¢ > v*/q,
all a sufficiently large, and all « > a, that E,[r?] = cc.

Next consider part (i). In this case 2~ !u(z) — 0, so we may apply part (ii) with b = 0.
Clearly, the right hand side of (2.3) equals zero when v* = 1, so this is the (unique)
solution for b = 0, which yields the critical exponent 1/«, giving part (i).

Finally, consider part (iii). Here, we get from (5.1) that Dy(x) = va*~7"1(b + o(1)),
where 27771 = f(2)1~0+Y/¥ forz > 1. So, for b < 0 and any x < 1— 2!, we can choose
v less than but arbitrarily close to « so that (3.1) holds for the process Y,, = fo(&,). Then
Lemma 3.9 implies that E;[7?] < oo for all ¢ < ﬁ For the non-existence-of-moments
result, we apply Lemma 5.1 (note that we cannot use Lemma 3.10, since here Y, is never
a submartingale). O

5.2 The whole line

First we deal with the case of heavier outwards tails. Recall the definition of kg
at (4.2).

Proof of Theorem 2.5. Lemma 4.3 with assumptions (T°"% ) and (D;7b) shows that

a,f,c
Di(z) =v ((b+0(1)z" "7 + (c+ o(1))z" “ko(v)), as z — +oo, (5.7)
Ds(z) = v ((b+o(1)|z[* 7 + (c+ o(1))[z]" *ko(v)) , as z — £oo. (5.8)

out

Lemma 4.3 with the symmetries of assumptions (T, 5 .

) and (D’, ;) also gives
Di(x) := E[f1(=&nv1) — f1(=&n) | —&n = 2] (5.9)
=v((b+0(1)z" "7+ (c+o(1)z" *ko(v)) , as  — +oc.

Suppose that v = « — 1. Similarly to the proof of Theorem 2.1, if b 4 ¢ cosec(wa) > 0
then, since ko(0) = 7 cosec(r), we can find v < 0 such that v(b + cko(v)) < 0, so that
D;(z) < 0 and Di(z) < 0 for all = sufficiently large. Lemma 3.5 with function f; then
implies directional transience, giving part (v) of the theorem. If b + cr cosec(ra) < 0,
then we can find v > 0 such that v(b + cko(r)) < 0 again, so, by (5.8), Dy(z) < 0 for
all |z| sufficiently large, and then Lemma 3.3 with function f, implies recurrence. The
latter case also includes b = 0, so we get the recurrence in both parts (i) and (iv) of the
theorem. The null recurrence follows from Theorem 2.6, which we establish below.

Finally, if v < o — 1 then for all z sufficiently large, D;(z) and D/ (x) have the same
sign as vb. For b > 0 we can choose v < 0 such that Lemma 3.5 with function f; implies
directional transience. For b < 0, we can take v = 1 + v € (0,«) to see by (5.8) that
Dy(z) < —¢ for all = outside of a bounded set, so Foster’s criterion (e.g. Theorem 2.6.2
of [12]) gives positive recurrence. This proves parts (ii) and (iii) of the theorem. O

Proof of Theorem 2.6. Suppose first that v+ = o — 1. Then we have from (5.8) that
Dy(x) = v|z|"~*(b+ cko(v) +o(1)). This is the same asymptotics as for Dy(x) in the proof
of Theorem 2.3, and we can follow that proof with Y;, = f3(§,,). Setting b = 0 also gives
the case v > a— 1. Inthe case v < a— 1 and b < 0, Lemma 5.1 carries through for x > 0,
and a symmetric argument works for x < 0. O
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We turn to heavier inwards tails. Recall x; and x5 from (4.13) and (4.14). Note that,
although the right hand side of (4.14) is undefined at v = 0, we have k2(0+) = k2(0—)
(see the proof of Theorem 2.7, below), so that we can extend k5 to a continuous function

n (71, ﬂ) .
Proof of Theorem 2.7. Now we have from Lemma 4.4 that

(z) = (v(b+o(1)z" "7 + (c+ 0(1))$V_6I$1(V)) , as & — +00,
Dg(x) =v((b+ 0(1))|x\”_1_7 + (c+o(1) |z Pra(v)), as z — Foo,
(v(b+o(1)z" "7 + (c+ 0(1))x”*ﬂ/<;1(1/)) , as & — +o00.

.T

cka(v) + o(1)). Using the fact that T'(v) ~ 1/v and T'(z + v)/T(2) = 1 + vyp(z) + O(v
as v — 0, we get ka(v) = (1 — 8) — ¥(8) + O(v). Hence 2(0) := k2 (0+) = r2(0—)
(1 = B) — ¢¥(B) = weot(nB). So if b + cwcot(nf) < 0, then we can find v > 0 so
that Dy(z) < O for all |x| sufficiently large, and Lemma 3.3 implies recurrence. If
b+ cmcot(mf3) > 0, then we can find v < 0 so that again Ds(z) < 0 for all |z| sufficiently
large, and Lemma 3.4 implies transience (here we need (T}) to allow us to take v < 0 in
Lemma 4.4). Moreover, k1(v) = —1 4+ O(v), so that we can find v > 0 so that D;(x) <0
and D}(z) < 0 for all = sufficiently large, and Lemma 3.6 shows that transience is
oscillatory. This proves parts (iv) and (vi) of the theorem, up to showing null recurrence
in part (iv), which is covered by Theorem 2.9.

Now suppose that v > 8 — 1. When § < 3/2, we can simply apply part (vi) with b = 0,
and the fact that cot(n) > 0 gives oscillatory transience. For 8 > 3/2 we can apply
part (iv) to get null recurrence. Thus we verify parts (i) and (v) of the theorem.

Finally, suppose that v < 3—1. Lemma 4.1 shows that D;(z) = vbx”~7"}(1+40(1)), for
v in an interval (—¢, «), and the same holds for D} (z). If b < 0 we may take v = 1+ v < «
to get positive recurrence (e.g. Theorem 2.6.2 of [12]), establishing part (ii). If b > 0 we
may take v < 0 to conclude directional transience by an application of Lemma 3.5 with
function f;, giving part (iii). O

where Dj is as defined at (5.9). Suppose first that v = 8 — 1. Then Dy (z) = v|z[*?(b+
?)

Proof of Theorem 2.9. Suppose first that v = 8 — 1 and b+ cw cot(w3) < 0. Then Dy(z) =
v|z["=P(b + cra(v) + o(1)). The function ks, is continuous on (—1, 3) with b + cko(0) =
b+ ercot(nf) < 0 and ka(v) — +oo as v — (3, so the equation b + cka(r) = 0 has at
least one solution in (0, 3). Since k5 is continuous on [0, §), analytic and non-constant
on (0,8), with b + ck2(0) < 0, the zeros of b + ck2(v) can accumulate only at v = 3, but
this is ruled out since k2 (v) — 400 as v — (. Thus there are finitely many v € (0, 8) with
b+ cko(v) = 0. Call the smallest one v, and the largest v*.

To show that v, = v*, we adapt an idea from Lemma 11 in [11]. Given 0 < v; < vy < 3,
by Jensen’s inequality, E.[(f5* (x + 0))"2/"1] > (B, [f5* (v + 0)])"2/*", so that for z > 1,

() + Dy (@) 2 (3 (@) + Dy ()"
= |2]* (1 + |2| ™ Dy ()"
= f2(2) + 2 fal 7 DR w) 4 of[a] ),

using the fact that DY (x) = v|z|"~#(b + cka(v) + o(1)). Using this again and simplifying
we obtain ko (vg) > Kka(v1) +0(1), i.e., ka(v2) > ka(v1). Thus ks is non-decreasing on (0, )
and so b + cka(v) = 0 for all v, < v < v*. Thus we must have v, = v*.

Hence b + cka(v) < 0 for v € (0,v*) and b + cka(v) > 0 for v € (v*, §). The proof of
part (ii) of the theorem now follows that of Theorem 2.3(ii), setting Y,, = f2(&,).
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If v > 8 — 1, we may apply the b = 0 case of part (ii), assuming 5 > 3/2 so that
cot(mf) < 0. We observe that x2(28 — 3) = 0, so v* = 28 — 3. This gives part (i).

Finally, if v < 8 — 1 and b < 0 we get from (5.8) that Ds(z) = v|z|*~7"1(b + o(1))
for v € (0,0), and following the argument in the proof of Theorem 2.3(iii) gives the
existence-of-moments result. For the non-existence result, the argument for Lemma 5.1
works with minor modifications: the big jump being taken in the other direction. O

Finally, we turn to the balanced case. In essence, the results follow from the fact that
the three leading order terms of D; and D, appearing in Lemma 4.5 are the obvious
combination of the terms of D; and D, appearing in Lemmas 4.3 and 4.4: namely, a drift
term (common to both Lemmas 4.3 and 4.4), an outwards-tail term (as in Lemma 4.3),
and an inwards-tail term (as in Lemma 4.4 but with g replaced by «).

Proof of Theorem 2.11. We give a sketch of the argument in the critical case where
v = a — 1. For transience and recurrence, we use f; and get from Lemma 4.5 that the
sign of Dy (x) for v ~ 0 and large |z| is determined by

b+ c(ko(0) + k2(0)) = b + cm(cosec(ma) + cot(ma)) = b+ emcot (Z2).

In the critical case transience is again oscillatory, since in D;(z) the key quantity is
v(b+ cko(0)) + k1(0) which is —1 4+ O(v). We omit the details, as they are similar to the
previous proofs. O

Proof of Theorem 2.12. We give a brief sketch of the argument; it is again similar to
previous proofs. For the critical case v = o — 1 and b + e cot (22) < 0, we get from
Lemma 4.5 that Da(z) = v|z|"~*(b+ c(ko(v) + Kk2(v)) + o(1)), and part (ii) follows in a
similar fashion to previous proofs, in this case because x( + k2 is increasing on (0, a),
with b+ ¢(ko(0) + k2(0)) < 0 and ko (v) + Kk2(v) = o0 as v — a.

For v > a — 1 we apply the b = 0 case of part (ii) noting that k(o — 1) + ka(a — 1) =0,
so v* = a — 1, which yields part (i).

Finally, for the case v < a« — 1 and b < 0, part (iii) follows as in previous proofs, the
argument for Lemma 5.1 also working in the balanced case. O

5.3 Example in the plane
Proof of Theorem 2.14. For v € R we define the Lyapunov function g : R2 — R, by

Jxl for x| > 1,
g(x) =

1 for x| < 1.
Suppose throughout that ||x|| > 1. Using assumption (A), we can write
Elg(€n+1) = 9(6n) | &n = x] = p® Exlg(x + uxf™) — g(x)] +p” Ex[g(x + vx8”) — g(x)].
Considering first the case of a radial jump, since x = ||x||ux, we have
Ex[g(x +ux0™) — g(x)] = Ex[([|x]| +6™)” — |Ix]"].

In the same way that Lemma 4.3 follows from the assumptions (TS"f .) and (D’%b) of

«a,B,c

Section 2.3, here assumptions (B), (C), and (D) imply that for any v € (a — 3, a),
By [g(x + ux07) — g(x)] = " v|[x]|"~*ro(o, v) + o([[x]|" %), as [|x|| = oc.

(Note that the process ||&,|| does not itself satisfy assumptions (TS"f .) and (D;,b) of

a,B,c
Section 2.3, as the law of its increments is not sufficiently uniform in x.)
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We turn to the transverse jumps. Let ¢ € (0,2 — «). Since ||x + v, 07 ||2 = ||x||> + |67 |2,

v _ v/2
g+ vx07) = g()[ {0712 < ¥} = Il [ (1 -+ Il 72107 12) " = 1] 110712 < x|},
which is bounded by a constant times ||x||**¢~2 for all ||x|| > 1. Thus, by our choice of ¢,
Ex(lg(x +vx87) — g(x)[1{07 |* < [[x[|*}] = o(||x["~*). (5.10)

The function gy : R. — R defined by g, (y) = (||x||? + y)*/? — ||x||" is differentiable and
monotone on R with gx(y?) = g(x + vxy) — g(x), so Lemma A.1 implies that

Ex[(9(x +vx87) — g(x))1{|67 > > ||x]*}]

= gx(|Ix[|%)Px[167 * > [1x]|] +/

lIxIl=

oo

1%
Ul + )¢ Py 07 > yldy.  (5.11)

Similarly to (5.10), we have g« (||x||¢) = o(||x]|*~¢). For the above integral, assumption (E)
and the substitution y = ||x|?u shows that (5.11) equals

Tolx]r= / (14 )20 2 du 1 of x|,

provided that a € (1,2) and v < « so that the latter integral is convergent. Using the
substitution t = (1 + u)_l, and combining the result with (5.10), gives

1
Exlg(x+ o) — g(0)] = T (1 o(1) [ 650 -
0
Therefore, recalling the beta integral and the definition of x( from (4.2), we obtain

Elg(€nt1) = 9(&n) | &n = x] = v|x|"=* (% wo(a, v) + p7 " ro(a/2,1/2) + 0(1)) .

We saw in the proof of Theorem 2.1 that x¢(a, 0) = 7 cosec(wa), and using the fact that
cosec(a) = 2 cosec(2a) cos(a), we get that the leading order coefficient is

vm cosec(ma) (pRc® + 2pT ¢ cos(%)) + o(v), as v — 0.

Since cosec(ra) < 0 for a € (1,2), if pRe® + 2p7 ¢7 cos(mra/2) > 0 then there exists
a v > 0 for which E[g(&,+1) — 9(&n) | & = x] < 0 for all large enough ||x||, and we
get the recurrence in part (i) of the theorem by Lemma 3.1 applied to X,, = ||¢,|| with
f(z) = fo(x) (which tends to 0o). On the other hand, if pRc® +2p7 ¢7 cos(ra/2) < 0, then
there exists a v < 0 for which again E[g(&,+1) — 9(&) | & = x] < 0 for all ||x|| large
enough, and we get the transience in part (ii) of the theorem by Lemma 3.2 applied to
Xn = €] with f(x) = fo(z) (which now tends to 0).

Finally, existence and non-existence of moments in the recurrent case follow by a
similar argument to that in the proof of Theorem 2.3 in Section 5.1: indeed, further
analysis of %Ho(a, v) shows that it is positive for v € [0,a) and o € (0,1) U (1,2),
and therefore for any a € (1,2) the functions v — ko(e,v) and v — ko(a/2,v/2) are
continuously increasing on [0, «). Then, the expression

PReRro(a,v) + T rola/2,v/2)

is finite and continuously increasing in v on [0, ), by assumption it is negative for v = 0,
and it is clearly positive for v = 1. Hence there is a unique v* € (0, 1) that solves (2.5).
Applying Lemmas 3.9 and 3.10, it is possible to show that Ex[79] < oo for ¢ < v*/a, and
Ex[7d] = oo for ¢ > v*/a. In particular, Ex[7,] = co and = is null recurrent. O
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A An integration by parts formula

The following lemma, based on the partial integration formula for the Riemann-
Stieltjes integral, is a mild generalization of Theorem 2.12.3 of [6].

Lemma A.1. Let X > 0 be a random variable, and g : R; — R a continuous function.
Let the finite partition ag =0 < a1 < --- < ax41 = oo of R4 be such that g is monotonic
on [a;,a;+1) and differentiable on (a;,a;+1) for each i =0, ..., k. Then, for any a > 0,

E[lg(X)1{X > a}] = g(a)P[X > a] + /00 g (z2)P[X > x]dz,

a

where both sides converge or diverge simultaneously.

Proof. By assumption, for each i =0,...,k — 1, the function ¢ is continuous on [a;, a;41]
and E[g(X)1{a; < X < a;41}] is finite and, using e.g. Theorem 2.9.3 of [6], is equal to

/aHl 9(z)dFx(x) = g(a;+1)Fx(aiy1) — g9(a;)Fx (a;) — /(MH Fx(v)g'(z)dx

= 9(a;))P[X > a;] — g(ait1)P[X > a;1] + /%rl 9'(z)P[X > z]dz.

i

If a < ay, then a € [aj,a;41) for some j < k, and similar reasoning gives

aj4+1
Elg(01a < X < a;1}] = 9@PIX > 0] ~gla)PIX > apa]+ [ ¢/ @PIX > sl
Consequently, the result follows if

Elg(X)1{X > ar}] = g(ar)P[X > ax] + /°° g (2)P[X > z|dx

Qg

and both sides converge or diverge simultaneously. In other words, without loss of
generality, we may assume that a > ak.

Under this assumption, we may also assume that g is non-negative and non-decreasing
on [a, 00), by passing to £(g(x) — g(a)) as necessary, and therefore for all b > a,

Elg(X)H{X > a}] > E[g(X)1{a < X <b}] + g(b)P[X > b] > E[g(X)1{a < X < b}].

Applying the partial integration formula to the middle term above, we obtain
b
Elg(X)1{X > a}] > / §(2)P[X > 2)de + g(a)P[X > ] > E[g(X)1{a < X < b}].

and the result follows by taking the limit b — oo, since the right hand side tends to the
(possibly infinite) limit E[g(X)1{X > a}] by monotone convergence. O

B Some useful integrals

Recall that the beta function B(p, q) is given by

B(p,q) = m = B(q,p)-

The incomplete beta function B, (p,q), defined for 0 < z < 1 by the integral

Bw(pv Q) = /0 up—1<1 - u)q_ldu7 (Bl)
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is usually only defined for p, ¢ > 0, in which case B;(p, q) = B(p, q¢). However, the integral
in (B.1) is finite for any ¢ € R provided that x < 1 and p > 0, so we extend the definition
of B, (p, q) to this full range of the parameters. Note that then

B(p,q) ifqg>0,

(B.2)
00 ifqg <0.

1;%1 B.(p.q) = {

The following recurrence relation is well known, but since it is usually assumed that
q > 0, we repeat the proof here.

LemmaB.1l. For0 <z <1,p>0,andq € R,
qB.(p,q) = (p+ q)Bo(p,q + 1) — 2P(1 — 2)°.

Proof. Since p > 0, we can write B,(p,q) = B.(p,q+ 1) + B:(p + 1,q), where all three
terms are finite. Evaluating ¢B,(p + 1, ¢) using integration by parts, yields

qBo(p+1,q9) = —2"(1 = 2)? + pBa(p,q + 1),
which when combined with the previous identity gives the result. O

LemmaB.2. For0 <z <1,p>—1,andq € R,
p/ uP (1= w)? ! = Ddu = (p+¢)Bu(p+1,9) + 2”((1 — 2)7 - 1).
0

Moreover, forp > —1,p #0, and g > 0,

N A - I'(pIg) 1

lim P 1w - Ddu=(p+q)—2— =, (B.3)

lim | (1 —u) ) (p Q)F(p+q+1) ’
Remark B.3. The identity (B.3) is easily proved when p > 0 and ¢ > 0 (direct evaluation
with the beta integral) or when p > —1, p # 0 and ¢ > 1 (integration by parts); however,
the region —1 < p < 0 and 0 < ¢ < 1 is not covered by either of these cases.

Proof. Let ¢(u) = uP~((1 —u)9~1 — 1). Taylor’s theorem around u = 0 gives an ¢ € (0, z)
such that |¢(u)| is bounded by a constant times u? for u € [0, ], while, as x < 1, |¢(u)] is
uniformly bounded for u € [¢, z]. Thus, since p > —1, the integral is finite. Integrating by
parts, noting that lim, o u?((1 — u)?~! — 1) = 0 since p > —1, we get

p/m uP (1 —w)Tt = 1)du = 2P ((1 — x)'rl —1)+(g—1)Bs(p+1,qg—1),
0

and applying Lemma B.1 yields the claimed identity. When ¢ > 0, by the first part of
the lemma and (B.2), the integral foge ¢(u)du converges as z — 1 to a finite limit, which
equals ppﬂB(p +1,¢) — 1/p, and gives the claimed expression since pI'(p) =T'(p+1). O

LemmaB.4. For0 <z <1,p>—1,andq € R,
p(p — 1)/ (1 —w)!+qu—1)du= (p+q)(p+q+1)Be(p+1,4+1)
0

+2? (1 =2)™ (p+ (p+ q)z) + (p— 1)gz — p).

Moreover, forp > —1,p ¢ {0,1}, and g > —1,

N T(p—l(g+1) ¢ 1

lim WP 2(1=—w)4qu—Ddu= (p+ +qg+1 +-—-——. (B4
lim | (L=u)?+qu—1) (P+q)(p+qg+1) Totat2 T» po1 (B.4)
EJP 24 (2019), paper 62. http://www.imstat.org/ejp/

Page 26/28


https://doi.org/10.1214/19-EJP322
http://www.imstat.org/ejp/

Markov chains with heavy-tailed increments and asymptotically zero drift

Proof. The integral in the first display is finite for x < 1 and p > —1, by a similar
argument to that in the proof of the Lemma B.2, since the integrand behaves like u? as
u — 0. Then, integrating by parts yields

(p—1) /0z uP 2 ((1—u)?+qu—1)du = a:p_l((l—a:)q—&—qx—l)—i-q/oz uPH (1 —u)?t —1)du,

and the required identity follows after applying Lemma B.2 and then Lemma B.1. When
q> —landp ¢ {0,1}, using the first part of the lemma and (B.2), the integral [; u?~?((1—
u)? 4+ qu — 1)du converges as z — 1 to

+q)(p+q+1 1
r+alp+aq )B(p+1’q+1)+g_ 7
p(p—1) p p—1
and the result follows since p(p — 1)I'(p — 1) =T'(p + 1). O

We can now collect the statements that we will need in the body of the paper. The first,
Corollary B.5, is for ¢ > 0 no stronger than the identity (B.3) above, but for ¢ € (—1,0) it
quantifies the rate of divergence of the integral as x — oc.

Corollary B.5. Letp > —1,p#0andq > —1,¢ #0. Asxz — o,

. .- _ T(p)T(g) 1

Proof. The case p = 1 follows by a direct evaluation of the integral. Otherwise, for any
g€ R, and p > —1, p ¢ {0,1}, integration by parts yields

- / e (— )t - du= (- e P @ g1 -2 ) — 1)

1—z~ !
~p-1 [ w0+ g 1du
0
which is valid for any z > 0, since p > —1. For ¢ > —1,
L—a P e +q(l -2~ 1) =27+ g~ 1+o0(1),
and the claimed identity follows from (B.4). O

The remaining two results are more straightforward.

Lemma B.6. Forp,q € R withq> —1,¢q#0,andp+q¢ <1, asx — oo,

°° - - - I'(l—p—qT(g)
uplu—lqldu:—x——l— 1-— +o(1).
J e =+ (== o
Proof. Integrating by parts, we find
q/ wP M u— 1) du= —(1+2 P e — (p— 1)/ uP~%(u —1)%du,
14zt 1421

which is valid for any 2 > 0, since p + ¢ < 1. The change of variable v = u~! yields

o0 EEa)

/ up72(u—1)qdu:/ v PTI1—v)idv=B(1—-p—q,q+ 1)+ 0(1),
141 0

by (B.2), provided ¢ > —1. Now note that —(1+271)P~1279 = —279+40(1) forg > —1. O
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Lemma B.7. Forp,gc Rwith—-1<p<0Oandp+q<1,
<o - I'(l—p—ql(p)
WP (14w = Ddu=(1—¢q

|t nau = 0 -G
Proof. Integrating by parts, we find

(oo} o0

p/ uP (1 +w)? = Ddu = —(g - 1>/ uP(1 4 u)~2du,
0 0

which is valid since —1 < p < 0 and p + ¢ < 1. Setting v = (1 +u)~! yields

s} 1
/ up(1+u)q72du:/ v P71l —v)Pdv=B(1l—-p—q,p+1),
0 0

and the identity follows using the fact that pI'(p) =T(p + 1). O
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