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Strong renewal theorems and local large deviations
for multivariate random walks and renewals

Quentin Berger*

Abstract

We study a random walk S,, on Z? (d > 1), in the domain of attraction of an operator-
stable distribution with index a = (a1, ..., aq4) € (0,2]%: in particular, we allow the
scalings to be different along the different coordinates. We prove a strong renewal
theorem, i.e. a sharp asymptotic of the Green function G(0, x) as ||x|| — 400, along the
“favorite direction or scaling”: (i) if Zle oy ! < 2 (reminiscent of Garsia-Lamperti’s
condition when d = 1 [17]); (ii) if a certain local condition holds (reminiscent of
Doney’s [13, Eq. (1.9)] when d = 1). We also provide uniform bounds on the Green
function G(0,x), sharpening estimates when x is away from this favorite direction
or scaling. These results improve significantly the existing literature, which was
mostly concerned with the case a; = «, in the favorite scaling, and has even left aside
the case a € [1,2) with non-zero mean. Most of our estimates rely on new general
(multivariate) local large deviations results, that were missing in the literature and
that are of interest on their own.
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1 Setting of the paper

1.1 Multivariate random walks, domains of attraction

We consider a d-dimensional random walk S = (S,,), > 0: So =0, and S,, := Z;’:l X,
where (X;); > o is an i.i.d. sequence of Z?-valued random variables (we treat only the
case of a lattice distribution for the simplicity of exposition, but non-lattice counterparts
should hold). We assume that X, is non-defective, i.e. P(||X1] < +o00) = 1 (et || - ||
denote the L! norm). If X; € IN¢, we then call S,, a multivariate renewal process, and
S = {So,S1,Ss,...} is interpreted as a random subset of IN? (with a slight abuse of
notations).
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Multivariate strong renewal theorems and local large deviations

We assume that S is aperiodic and in the domain of attraction of a non-degenerate

multivariate stable distribution with index o := (ay, ..., aq) € (0,2]%: there is a recenter-
ing sequence b,, = (bg), ceey bﬁf”) and scaling sequences afll), . ,a%d) such that, setting

A,, the diagonal matrix with A,,(i,7) = aSZ ), we have as n — 400
37(11) B bg) Sgd) _ bgld)

ag) e a%d)

AZY(S, —b,) = (

- ) =2 indistribution.  (1.1)
Here, Z is a multivariate stable law, whose non-degenerate density is denoted g, (x). As
in[35, 11, 28], we'allow the scaling sequences to be different along different coordinates.
The case where agf) =a, forall 1 < < d (thatis A, = a,l;) was considered by Lévy [26]
and Rvaceva [36], and will be referred to as the balanced case. We refer to Appendix A
for further discussion on generalized domains of attractions (here we only consider the
case where A, is diagonal), and for a brief description of multivariate regular variation.

1.2 First notations

For every i € {1,...,d}, S,(f) has to be in the domain of attraction of a «;-stable
distribution. Let us set Fj(z) := P(X\” < z) and Fy(z) := P(X\") > ).

When «; € (0,2), there exist some slowly varying function L;(-), and constants
pi,q; = 0 (with p; + ¢; = 1) such that

Fy(z) ~ p;Li(x)x~* and F;(—x) ~ ¢;L;(x)x™* asz — +oo, (1.2)

and when p; = 0 or ¢; = 0, we interpret this as o(L;(z)z~*"). Note that (1.2) is equivalent
to S being in the domain of attraction of an «;-stable law, «; € (0, 2), see [15, IX.8, Eq.
(8.14)]. When «; = 2, then we set

DN 2
oi(@) = B[(X1") 1y, < o] - (1.3)
By [15, IX.8, Thm. 1], having o;(«) slowly varying is equivalent to Sﬁf) being in the domain
of attraction of the normal distribution.

The scaling sequence aﬁf ) is then characterized by the following relation

Li(ag))(ag))f‘li ~1/n asn — +oo, if ; € (0,2);

) ) (1.4)
or,-(agf))(agf))*2 ~1/n asn — 4oo, ifa; =2.
Note that in any case, an ) is regularly varying with exponent 1/q;.
Regarding the recentering sequences bﬁf), we set (see [15, IX.8, Eq. (8.15)]):
b =0 ifa; €(0,1); b i=np ifa; >1; bP =npi(a?) ifo; =1. (1.5)

We defined p; := E[Xl(i)] when Xl(i) is integrable, and p;(z) := E[Xl(i)]l{lxu)l < w}].
1 x

1.3 Overview of the literature and of our results

The main focus of our paper is the behavior of the Green'’s function G(0,x) = G(x) :=
T P(S, = x), as ||x|| = +oo. The literature is vast in the case of dimension d = 1,
see e.g. [17, 14, 13] or [7] for some landmarks. It has also been studied in a variety of
papers in the case of dimension d > 2, but only in the balanced case («; = «), and in
some specific cases. Let us now present an overview of the conditions under which the
asymptotic behavior of G(x) is known (d > 2):
* In the case o = 2 (Normal domain of attraction), with non-zero mean: with some
moment conditions and along the correct angle x = (¢, [tu2/11]), see [34] (this has been
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improved in [12] and [39]), with an exponential tail condition, in a small cone around the
mean vector, see [8]. Some estimates away from the favorite directions are provided in
[32, Lem. 5], under a zero mean, finite variance condition.

x For a € (0,2), in the centered case (i.e. bsf) =0): if d/2 < o < 2 and along a given
angle, see [41]; if « € (0,1) and along a given angle, with an additional local condition,
see [41, Cor. 3.B]. This has also been proven more recently in [9] under an integro-local
condition. We also mention [38, Prop. 26.1] and [40] for simple moment conditions to
obtain the asymptotic behavior of G(x), in the case o = 2.

The contribution of the present paper is threefold: (i) we give the sharp behavior of
G(x) in the case « € [1,2) with non-zero mean, in a cone around the mean vector (we call
it favorite direction): this was missing in the literature—we also treat the case o = 1 with
infinite mean; (ii) we give uniform bounds on G(x), giving improved estimates when x is
outside the favorite direction; (iii) we extend the results to the case of random walks in
the domain of attraction of an operator stable distribution, allowing for different scalings
along the different components (and we weaken Williamson’s condition [41, Eq. (3.10)]
in the case a € (0,1)).

As a central tool, we prove some multivariate local large deviations estimates, i.e. we
go beyond the local limit theorem in a large deviation regime. This is of its own interest
since such estimates were missing in the literature, and appear central in controlling the
small-n contribution to G(x). We prove a local large deviation in the general setting, see
Theorem 2.1. Then we propose a new (and natural) multivariate Assumption 2.2, which
extends Doney’s condition [13, Eq. (1.9)] to the multivarate settind, and generalizes
Williamson’s condition [41, Eq. (3.10)]: we obtain a better local large deviation result
under this assumption.

Let us now give a brief overview on how the rest of the paper is organized. First,
we present our local large deviations estimates and our Assumption 2.2 (that gives a
sharper result), in Section 2. In Section 3, we state our strong renewal theorems (along
the favorite direction or scaling), that we divide into three parts: the centered case, i.e.
when b,, = 0; the non-zero mean case with a; > 1; the case «; = 1, that we set aside
because it needs additional care. In Section 9, we present the uniform bounds on G(x)
(in dimension d = 2 for simplicity). The rest of the paper, Sections 5 to 9, is devoted to
the proofs: Section 5 for the local large deviations, Sections 6-7-8 for the strong renewal
theorems, and Section 9 for the estimates when x is away from the favorite direction or
scaling. Finally, we collect in the appendix some useful comments: in Appendix A, we
recall some definitions and results about multivariate regular variation and generalized
domains of attraction; in Appendix B, we discuss further on our Assumption 2.2.

1.4 A general working assumption

We assume in the rest of the paper, mostly for simplicity of notations, that the left
and right tail distributions of X;, F;(—x) and F;(x), are dominated by subexponential
distributions.

Assumption 1.1. There exists some slowly varying functions (¢;); < ¢, and some y; > o
such that forallz € Nand ¢ € {1,...,d}

Fj(—x) + Fy(z) := P(Xl(i) < —x)+ P(Xfi) > ) < pi(z)x . (1.6)

When E[(X{i))z] = 400, we may take v; = «;, and ¢;(-) a constant multiplicative of L;(-).
When E[(X")?] < 400, we may take ¢;(-) and 7; such that don s 1 pi(n)nt T < oo

This assumption is essentially used to generalize (1.2) to the case a; = 2: the exponent
v; gives further information on the left and right tail distribution. It does not appear to be
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a real restriction (components are allowed to have a much stronger tail, having formally
~v; = 00), but is easier for presenting the results. Also, we used the same exponent for
the left and right tail distribution for simplicity, but all results can be adapted to the case
of different tail behaviors. A typical example we have in mind is when the distribution of
X, is regularly varying in R¢ with exponent — (7, ...,v4). We refer to Appendix A for a
definition of multivariate regular variation, see in particular (A.2)—we also present two
examples (Examples A.1-A.2) of distribution of X; we keep in mind.

2 Local large deviations

Let us start by stating the local limit theorem obtained by Griffin in [19] in our setting,
and disentangled by Doney [11] (it is proven in dimension 2, but as stressed by Doney its

proof is valid in any dimension): uniformly for x = (1, ...,14) € Z4,
all - alP(S, =x) — ga(xn) - 0 asn — +oo, (2.1)
With Xn 1= A;I(X - bn) - (wl?f)gll) sy Id?cl;)gbd) )

Our first set of results concerns local large deviation estimates, which improve (2.1)
in the case ||x,,|| — 4+00. But let us start by reviewing some of the existing literature. A
great part of it focuses on the balanced case (A,, = a,1y): in [25], large deviations are
proven, and in [42, 33], some sufficient conditions (that we do not detail here) are given
to obtain a local limit theorem of the type P(S,, € A) ~ nP(X; € A) —the case a = 1
is left aside. As far as the “non-balanced” case is concerned, we refer to [29, Ch. 9]
for large deviations estimates, see for example Theorem 9.1.3, where it is shown that
P((Sy,0) > x,,) is of the order of nP((X;,6) > z,,) when in the domain of attraction of
an operator stable distribution with no normal component.

To summarize, there exists no general result that would treat “mixed” Normal and
stable cases, and that would give a good (and general) local large deviation, under a weak
assumption. Our aim is therefore to provide simple local large deviation estimates, that
will be a crucial tool for our renewal results of Sections 3-4. We also give an improved
result below, under some more local assumption on the distribution of X;. The proof of
the local large deviation results are presented in Section 5.

2.1 A first local limit theorem

Let us denote Sn :=S,, — | b, | the recentered walk (we take the integer part of b,
simply so that S,, is still Z4 valued). As far as a large deviation estimate is concerned,
univariate large deviation estimates already give (we recall these results in Section 5.1
below) that there is a constant Cj such that for any x > 0,

& —Yi cx?
P(Sn > x) < Cy Z_&1111‘1‘1.(1} {ngp(ml) (zl) 7 4 exp ( - m)ﬂ{aizg}} , (2.2)
where the inequality S, >xis componentwise. We now give a local version of it.

Theorem 2.1. Assume that Assumption 1.1 holds. There exist constants c;,C such that
for any fixed i € {1,...,d} and x € Z with |z;| > ay), we have

aM - ald) x P(Sn =x) < C1ne;(|zi]) || 7" + Crexp (— cileil® )} F (2.3)

n noi(|zi)

The idea of this result is similar to that of [7, Theorem 1.1] for the univariate case
(where only the case « € (0,1) U (1,2) is treated), and we give the details in Section 5.2.

EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
Page 4/47


https://doi.org/10.1214/19-EJP308
http://www.imstat.org/ejp/

Multivariate strong renewal theorems and local large deviations

2.2 A local multivariate assumption for an improved local limit theorem

In dimension d = 1, better local large deviations can be obtained under a local
assumption on the distribution of X;, see [13] in the case a € (0,1) and [3, Thm 2.7]
in the case a € (0,2). We present here an assumption which can be thought as the
analogous of Doney’s condition [13, Eq. (1.9)] to the multivariate setting, and generalizes
Williamson’s condition [41, Eq. (3.10)]. We comment on that Assumption below.

Assumption 2.2. There exist a constant Cg, slowly varying functions (¢;)1 < i < 4 and

<

exponents (v;)1 <i<d4 (the same as in Assumption 1.1) such that for any fixed i €

{,....d}

Cagpi (|zi]) (1 + i) " i
P(X1 _ x) < d¥p (‘f D( |x |) % Hh\(z),\(‘xJD’ (2.4)
Hj:l(l + |z;]) P

where the functions h&i)(v) (u,v € N) fori € {1,...,d} verify:

M AP <1 ; (i) sup W) oo ;i) sup ?_)(“) < +00.
u}(]v>01+‘v| u,v > 0;u €[u,2u] hul (U)

(2.5)

First of all, we present two important examples that verify Assumption 2.2: they are
local versions of Example A.1 (independent case) and Example A.2 (dependent case).

Example 2.3. There are positive exponents ~; and slowly varying functions ¢;(+) (i €
{1,...,d}), such that P(X; = x) = [[, @i(z;) z; *T7, for x € N

Example 2.4. There are positive exponents 3, (8;)1 < i < ¢ With 5 > Z?:l 5;1, and ¢¥(-) a

slowly varying function, such that P(X; = x) = (X%, 2%) x (2L, %)’ for x € V.
Assumption 2.2 is verified with ~; := 3; (8 — ijl B; '), see Appendix B.

We mention that a two-dimensional, balanced, version of Example 2.4 is used in [18]
(it comes from the biophysics literature, see [16]): the dimensionisd =2, §; = 1, and
B=24+a, a>0.

Let us now give a general idea behind the choice of Assumption 2.2—assume for
simplicity that all x;’s are positive. We start with writing

P(X, =x)=P(X; =x | X\ € [#;, 22, Vi € {1,...,d})
x P(X{) € [21,22:]) x P(XY) € [2,205) Vj # | XV € [23,221]) .

First, conditioned on the event that X is in the rectangle [z1,2z1] X -+ X [z4,224], @
natural assumption is that the probability of being at one particular site is bounded by
o( Hle .I‘i)_l (i.e. uniform on the rectangle): this gives the first denominator of (2.4).
Then, P(X{i) € [z, 2x;]) is bounded by a constant times ¢(x;)z; ’* by Assumption 1.1: it
gives the first numerator in (2.4). The last term is, by Holder’s inequality, bounded by

[IP(XY € ), 22,) | X € [y, 20]) /7,
i

which accounts for the product of the hgfi)(xj) We keep in mind two cases: (i) when the
coordinates are independent (see Example 2.3), we recover h&?(zj) < z;“ for some a > 0;
(ii) when the coordinates are dependent (see Example 2.4), there is some threshold #(x;)
such that A% (z;) < (5 v t(;if))_"' for some a > 0, and this satisfies the conditions (2.5)
(we refer to Appendix B for more details, see (B.1)-(B.2) and below).
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We stress that the term hl( ) (lz;]) in (2.4) is central: in particular, item (ii) in (2.5)

%

insures that there is a constant C such that for any ¢,
P(X{") = 2;) < Coi(Ja) (1 + [asl) =+, (2.6)

which is Doney’s condition [13, Eq. (1.9)] for each component (generalized to the case
«; = 1). Also, we point out that Assumption 2.2 is similar in spirit but weaker than
Williamson’s condition [41, Eq. (3.10)], which considers the balanced case «a; = a <
min(d, 2), and says that there is a constant Ky < +oco such that for any x € 74,

P(X; =x) < Ko (1+[|z[)) P (X ]| > [1x]]) - (2.7)

((2.7) does not include the case of independent X (9’s, whereas our Assumption 2.2
does.)
Under Assumption 2.2, we are able to improve Theorem 2.1.

Theorem 2.5. Suppose that Assumption 2.2 holds. Then there are constants ce, C5 such
that for any x € Z¢

. Cy . e _ NERON:
P(Sn :X> < — G nllmd {n%(‘xi‘) || ™" + e ca(|zil/ay)’) ]1{0“:2}}.

[[iz) max{[z],an’} i€{ld}

The case of dimension d = 1 with a; € (0,2) is proven in [3, Theorem 2.7]: Theo-
rem 2.5 therefore generalizes it to the case «; = 2, and to the multivariate, non-balanced
case. It is a significant improvement of Theorem 2.1, in particular when (several) z;’s

are much larger than aﬁf ).

2.3 About the balanced case, and Williamson’s condition

We may obtain another bound if we consider the balanced case, and assume that
there is a positive exponent v, and some slowly varying ¢(-) such that

P(X1 = x) < o(x]]) x|~ (2.8)

This is a natural extension of Williamson’s condition (2.7) to the case o« = 2, and as seen
in Appendix B (when treating Example 2.4), it implies Assumption 2.2.

Theorem 2.6. Suppose that aﬁf) = a,, (balanced case) and that (2.8) holds. Then there
are constants cs, Cs, such that for ||x|| > a,, we have

1 —C X Q, 2
e I

P(S, = x) < Cane(|lx|) || 7@+ + }-

In practice, we will not use assumption (2.8) in the rest of the paper: it requires to
work in the balanced case, and would not improve our renewal results. We however
include Theorem 2.6 since it is an important improvement of Theorem 2.5, and may
reveal useful (in particular in the setting of [18] and [5] where (2.8) is verified).

2.4 Some conventions for the rest of the paper

First of all, all regularly varying quantities @, b, Li(+), i (+), pi(+)...) will be inter-
preted as functions of positive real numbers, which may be taken infinitely differentiable
(see [6, Th. 1.8.2]).

As we may work along subsequences and exchange the role of the X ()’s, we assume
that a%l) < - K a%d) (insuring in particular that a; > --- > ag)—the first coordinate
is the one with the less fluctuations. Finally, assume that a$’/a{/) — a;; € {0,1} for

j < (f agf)/a%j) — a € (0,1) then rescale the limiting law by a). Having a;; = 1 for all
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1 corresponds to the balanced case. We will also assume that: either bﬁf) =0 (asitis
the case when «o; < 1; a; > 1 with u; = 0; in the symmetric case for o; = 1), or that
bgf)/ag) — 400 (as it is the case when «; > 1 with u; € R* or o; = 1 with p; # ¢;)—the
only case where subtleties may arise is when «; = 1 with |u;| = 0 or +o00 and p; = ¢;. (If
bgf)/agf) — b; € R, then we can reduce to the case bgf)
of the limiting law.)

In the rest of the paper, we denote u V v = max(u,v) and u A v = min(u,v). For two
sequences (Un)n > 0, (Un)n > 0, We Write u,, ~ vy, is u, /v, — 1 as n — +00, u, = O(v,) if
u, /vy, stays bounded, and u,, < v, if u,, = O(v,) and v, = O(uy,).

= 0, at the expense of a translation

3 Strong renewal theorems

We now consider the Green function G(x) := Y .2 P(S,, = x), and we study its

behavior as ||x|| = +o0. If (S,)n >0 is @ (multivariate) renewal process, we interpret
G(x) as the renewal mass function, P(x € S).

3.1 About the favorite direction or scaling

In the sum 220:1 P(S, = x), the main contribution comes from some typical number
of jumps: identifying that number allows us to determine a favorite direction or scaling
along which we will get sharp asymptotics of G(x). Let us define n; := n;(x) for
i € {1,...,d} by the relation

b =2, i |bl)]/a) — +oo (b, and z; need to have the same sign), 51

asfi) =|z;| ifbV =0. '
Then n; is the typical number of steps for the i-th coordinate to reach x;. This definition
might not give a unique n;, but any choice will work, and n; is unique up to asymptotic
equivalence. If o; > 1 with p; # 0, then we have n; = |z;|/|ps|; if «; = 1 and p; € R* or
a; = 1 and p; # g; then we have n; ~ |z;|/|w:(|z;|)| (see details below, in Section 8.1); and
if b) = 0 then n; ~ x; Y (x;) " with ¢; = L; if o; € (0,2) and ¢; = o if o; = 2, thanks
to the definition (1.4) of aﬁf).

There are mainly three regimes that we consider,

I. Centered case: b,, = 0. The typical number of steps to reach x is n;, = min; n;; the
favorite scaling are the points x with x; < a%) for all 4, see (3.2) below.

II. Non-zero mean case: yu; € R* for some i, w1th al > 0. Let ig = min{4, p; # 0}: the
typical number of steps to reach x is n;, + O(am0 ); the favorite direction are the
points x with x; = bnl + O(anl ) for all 4, see (3.5) below.

III. Case «;, = 1, where iy = min{s, b( 2 # 0}. Assume that either y;, € ]I({ or p;, # q)m.
i0) i

The typical number of steps to reach x is n;, + O(m;,) with m;, = an;) /|, (am0 )|

(see Section 8.1); the favorite direction are the points x with z; = b%}o + O(a nto)
for all 7, see (3.9) below. Some more subtleties arise in that case.

We now present strong renewal theorems, i.e. sharp asymptotics of G(x), in cases
I-TI-11I, along the favorite direction or scaling (the proofs are presented in Sections 6-7-8).
Recall that g4 (-) is the density of the limiting multivariate stable law.

3.2 CaselI (centered): b, =0

We assume here that b, = 0, and that 7 ;' > 1, so that 3°,, LafP - afPy
+o00, and S,, is transient. We leave aside for the moment the case d = 1, o1 = 1
(considered in [3]), and the case d = 2, « = (2,2), which are marginal cases—the
transience of the random walk depends on the slowly varying functions L;(-).
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Theorem 3.1. Suppose b,, = 0 and Z?zl ozi_l > 1, and that (i) Z?Zl ozi_l < 2 or (ii)
Assumption 2.2 holds. Recall the definition (3.1) of n;. If ||x|| — +oo such that for
alll1 <i<d

mi/asfl) —t; € R” as |z1| = +oo  (t; = sign(z1)), (3.2)

then we have that,

C > -
G(x) ~ alll K with Co = / w2tz lga (tlul/‘”, .. 7tdul/‘”) du. (3.3)
0

(1) (d

anl e anl

Recall nq ~ |$1|a1¢1(|l‘1|)_1 with (bl =L ifaq € (0,2) and ¢1 =0y ifag = 2.

We refer to (3.2) as x going to infinity along the favorite scaling. Note that under
(3.2) we have n; ~ |t;|*n;, so we can exchange the role of the coordinates if needed.

Comments on the balanced case

In the balanced case, a!)) = |z1| and o; = a: we obtain that if either « > 2/d or
Assumption 2.2 holds and if z; /21 — t; € R* foralli € {1,...,d},

G(x) ~ COL|171|0‘7d¢7(|x1|)717 with C, = a/ vi 17y, (tlv, e ,tdv) du, (3.4)
0

with ¢ = Lif o € (0,2) and ¢ = o if « = 2 (d # 2). This recovers Williamson's result [41]
(we used a change of variable for the integral), under weaker conditions if « < d/2.

The marginal case d =2, a = (2,2)

In the same spirit as for the case d = 1,a; = 1, b%l) = 0 (studied in [3, Sect. 3.2]), we treat
here the case d = 2 with & = (2,2) and b,, = 0. We give here a renewal theorem (along
the favorite scaling) in the case where S,, is transient, i.e. if Z:fl(ag)af))‘l < 4-00.
Theorem 3.2. Suppose that d = 2 with a = (2,2) and u; = pe = 0 (b,, = 0), and assume
also Z;:;(a;”a;?))*l < +00. Recall the definition (3.1) of ny, ny. If||x|| — +oo such that
zg/agl) (equivalently n; /ns) stays bounded away from 0 and +o0o0, we have that

1
G(x) ~ ga(0,0) Z NONOR

n>=n

(ag)af))*l vanishes as a slowly varying function.

In the balanced case (an ) = an), then S,, is transient if and only if f;roo u(‘fZ‘u) < 400
(recall the definition (1.3) of o(+)), and we can rewrite the above as: if ||x|| = 400 such

that |x1|/|z2| stays bounded away from 0 and +oo, then

Note thatny — Y

n>=n

oo du

as |z1| = +o0.

G(x) ~ 29(0,0) /

oy U0 (u)’

3.3 Case II (non-zero mean): u; # 0 for some ; with «; > 1
Let iy be the first i such that p; # 0, and assume that z;, and x;, have the same sign.

Theorem 3.3. Assume that «;, > 1, u;, # 0, and that u; = 0 for i < ig. Assume that one
among the following three conditions holds:

(i) Y oyt <2; (i) v, > Y o;';  (iii) Assumption 2.2.
i=1 i#io
EJP 24 (2019), paper 46. http://www.imstat.org/ejp/

Page 8/47


https://doi.org/10.1214/19-EJP308
http://www.imstat.org/ejp/

Multivariate strong renewal theorems and local large deviations

Recall that n;, = |x;,|/|1i,|, See (3.1). If ||x|| — +oo such that forall 1 <i<d

(l‘i — bgzl)o)/aslzl)o —t; €R as |l‘io‘ — 400 (tio = 0), (3.5)

(if (i) or (ii) does not hold, assume that t; # 0 fori’s with bgf) = 0), then we have that

clak?) oo
G(x) ~ (1)710((1), with C’a = / ga(tl +/{1u,...,td+/ﬁdu) du. (3.6)

anio <. a‘”io —o0

where we set k; = p;a; 4,11 » 4} (recall Section 2.4, a; ;, = 0 if o; < uy).

As for Theorem 3.1, we refer to (3.5) as x going to infinity along the favorite direction.

Comments on the balanced case

If a$P = a, and «; = «, case II corresponds to having o > 1 and one p := (u1,. .., 1q) # 0.
If a > d/2, if v;, > (d — 1)/2 (in the case 7;,, > a = 2) or if Assumption 2.2 holds
(put otherwise if (i),(ii) or (iii) in Theorem 3.3 holds), we therefore obtain that for
t= (tl,...,td) Withti #Oifui :0,

C/ +o0
G(lrp +art]) ~ W with C} = / Jo(t +up)du, asr— +oo.  (3.7)

In the symmetric case where we have u; = u # 0, the result simplifies: let us state it
along the diagonal 1 = (1,...,1) for simplicity,

P
G(rl) ~ W/—oo g(vl)dv asr — +oo.

Indeed, we used that a,./|,,| ~ ||~'/*a,, and a change of variable for the integral.

3.4 Caselll: o;, =1

Let us define iy = min{s, by # 0}, and assume that «;, = 1 with either p;, € R* or
Di, 7 ¢i,- For an overview of results and estimates on (univariate) random walks of
Cauchy type, we refer to [3]—many of the estimates we use below come from there.

Having p;, € R* or p;, # ¢, ensures in particular that |bgf°)|/a$f°) — +o0:

« If p1;, € R* then b0 Hion and ali®) = o(n) (|pi,] < +o0 implies that L;, (z) = o(1)).

# If |iy| = 400 then by ~ (piy — giy)nliy (i) With £ (z) := [ Ly, (u)u~"du which
verifies 4;,(x)/L;,(x) — 400 as ¢ — +0oo, see [6, Prop. 1.5.9.a]. Since on the other hand
al®) ~ nL;, (a'?), we get that i/ = o(|b\i)]).

* If p;, = 0, then similarly, blio) —(Piy — Gip)1}, (a£§°>) with /7 (z) := [ Lig(wu?,
which also verifies ¢;,(x)/L;, () — 400 as  — +o0o0. We also get that alio) = 0(|b5f°)|).

Analogously to Section 2.4, if a; = 1, we work along a subsequence such that the
following limit exists

- 2L EeR forizig (i, = 1) (3.8)
e ) o) .

If a; < 1 we set a;,;, = 0. We stress that it is possible to have a;;, > 0 even if q; ;, = 0.
For instance, take L;,(z) = 1 and L;(z) = logz: we get that al® ~n, and oY) ~ nlogn
$0 a;;, = 0; but we have that y;,(n) ~ logn and p;(n) ~ (logn)?, so @;;, = 1/2.

EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
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Theorem 3.4. Assume that «;, = 1 with p;, € R* or p;, # ¢;,, and that b = 0 for
i < 19. Suppose that Assumption 2.2 holds. Define k; = a;i,1{; > 4.}, and recall the
definition (3.1) of n;,. If ||x|| = +o0 such that forall 1 <i < d,

(2 =03 )/ai) =t € R as |vi| = +00 (i, = 0), (3.9)

(with t; # 0 when b}’ = 0) then we have

1 C// a’EZO) o0
G(x) (io))| . (1)0‘ ”’(d) , withCl = / Jo (t1 + R, ..., tq+ kdu) du. (3.10)
.. a

~J
|:ui0 (a"zzo angg N -

(%0)

Note that ng, ~ |@,| /|1, (|12i, )|, and piy(any) ) ~ piy(|25,]) @s |z4,| — +o00, see Section 8.1.

)

Again, we refer to (3.9) as x going to infinity along the favorite direction.

Comments on the balanced case

In the balanced and symmetric case, we have oY) = a, and b} = b, (ui(z) = plx),
R; = 1). The favorite direction is the diagonal 1 = (1,...,1), and we can write, for
t=(t,....ta),

. oo C// . oo
GrL+ [ayjumt]) "~ ! — with c;’:/ Jo(t +ul)du. (3.11)

|,u(1")\ X (ar/\u(r)\) -0

Indeed, n;, ~ 7/|u(r)], and we also used that p(an, ) ~ p(lbs, |) = p(r), see [3,
Lemma 4.3].

As a simple example, take Example 2.4 with 8, = 1, § = 1+ d: P(X; = x) =
ca ||x]|70FD for 2 € N9, and P(X\” > n) ~ c;/n. We have a; = 1, and a, ~ n/ci,

u(n) ~ c1 logn: we therefore get that G(r1 4 (r/logr)t) ~ c¢(logr)?2r—(@=1) as r — 4o0.

4 Renewal estimates away from the favorite direction or scaling

In this section, we provide bounds on G(x) that hold uniformly on x: in particular,
this sharpens our estimates when x goes away from the favorite direction or scaling
(one would have C,, C/, or C”, — 0 in Theorems 3.1, 3.3 or 3.4). We do not obtain sharp
asymptotics for G(x), mostly because the local large deviation estimates of Section 2 are
not sharp—first of all because our Assumption 2.2 does not give the precise asymptotic of
P(X; = x). Let us stress that in [4], the authors manage to obtain the sharp asymptotic
of G(x) in a specific setting (with application to a DNA model): X; € IN2, and the local
probabilities P(X; = x) are known asymptotically, one coordinate having a heavy-tail,
the second one having an exponential tail. One should also be able to obtain the sharp
asymptotics of G(x) for instance in Example 2.4, but we do not pursue it here to avoid
additional lengthy and technical calculations.

We also stress that having uniform bounds on G(x) turn out to be useful, for instance
when studying the intersection of two independent (multivariate) renewal processes S =
{Sn}n >0, 8 ={S,}n > o with same distribution. Indeed, E[|[SNS'|] = > ,. P(x € S)?,
and to known whether S N S’ is finite, good bounds on G(x) = P(x € S) are essential.
The main contribution to E[|S N S’|] will come from points along the favorite direction,
and one needs to know how fast G(x) decreases when x moves away from it. We refer to
[5, App. A.2] for some results on the intersection of two independent renewal processes.

For the simplicity of the exposition, we only present the case of dimension d = 2. Also,
we will work under Assumption 2.2. Often, results will be sharper in the case of renewal
processes, as will be outlined in our theorems. We divide our statements into three
parts: b, = 0 (centered); bfll), bg) # 0 (non-zero mean for both coordinates); b£§°> # 0 and
bgfl) = 0 (mixed case). The proofs are presented in Section 9.

EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
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4.1 Case I (centered case), b,, =0

Let us leave aside the marginal case d = 2 a = (2,2): we have a; ' + a5 ' > 1. Recall
the definition (31) of n; (nl ~ \xi\a'i¢i(|xi|)_1 with ¢z = Lz if o; € (0,2) and ¢z = 0; if
a; = 2), and let ig, i1 be such that n;, = min{n;,no} and n;, = max{ny, na}.
Theorem 4.1. Assume that b,, = 0, and that Assumption 2.2 holds. Then for any § > 0,
we have a constant Cs such that for any x € 7?2,

Csn; i\ Ve 4ol —1
G(x) < oo () withy = (1 o) 2 @)
a'guz)ag’mz) nio ! al +0[2 +1

If (Sp)n > o Is a renewal process (necessarily a1, a2 < 1), we can replace v by 1 + ozi_ll.
Clearly, Theorem 4.1 improves (3.3) in the regime n;, /n;, — +oo.

About the balanced case

If o, = o € (0,2] and a'?) = a,, we obtain that under Assumption 2.2, for any 6 > 0
there exists a constant Cs such that for any x € Z?, setting z;, = min{z, 72} and
x;, = max{wy, T2},

2—«
24’

.\ —0+6
G(x) < Cslaig |26, )7 (22) T with 0= (1+0) (4.2)

0
with ¢ = Lif o € (0,2) and ¢ = o if @ = 2. where (recall n; ~ z; *¢(z;)~1). If (Sp)n > 1 is
a renewal process (necessarily « € (0,1)), then we can replace 6 by 1 + a.

4.2 Case II-III (non-zero mean), subcase (a): b;l), bg) #0

Let us consider the case when for both : = 1,2 we have: either o; > 1 and p; € R*, or
«; = 1 and p; # g;. This insures that bg) # (0 for i = 1,2, and places us in the setting of
cases II and III of Section 3.

Recall the definition (3.1) of n;: we have n; ~ |z;|/|u1i(Jz;|)| (both if a; > 1 or o; = 1).
Let us also define m; := aﬁf}/lm(aﬁf}) : in Section 8.1, we see that m; = o(n;), and that
the typical number of steps for the i*h coordinate to reach z; is n; + O(m;) (this is trivial if
a; > 1). Let us stress that the favorite direction (|2 — bgi)| = O(aSSR), T — bg};\ = O(agi)),
see (3.5)-(3.9)) corresponds to having n; — ny = O(m;) for i = 1,2. We will state only the
case n; < ng, the other case being symmetric.

Theorem 4.2. Suppose that Assumption 2.2 holds, and that for i = 1,2: either o;; > 1

and p; € R*, or a; = 1 and p; # ¢;. Then for every § > 0 there is a constant Cs such that,

for all x € Z? (recalling the definition (3.1) of n;, and of m; := a\t) /| (a$))),
(1) If nq < ng < 20y,

G(x) <
aliy i (als) ma m

Cs g " (n2—n1)’1+5(n2—n1)5

y {(W)MR(D(W )+ (M)’“QR(Z)(M _ nl)} ,

mi ma
(4.3)

with R (m) = ]1{0416(0,2)} + (m27% + 6icm/mi)]l{ai:2}.
(i) If no > 2n4,

G(X) < Cs (nl V néA(’Yz/”/l)) « n;(1+72)+5 < C6n2—’v2+5 ) (4.4)

145
ny" .

IfS,, is a renewal process, then G(x) = 0 as soon as nq > |1, in particular if ny >

EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
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We stress that in the case ay, @z > 1, then we can replace n; by x;/u; (x; and p; with
(4)

|zi|®

the same sign) and m; by a

About the balanced case

In the balanced case (a;’“ = a,), Theorem 4.3 gives the following:
«If o> 1,n; =x;/p;, and |ny — na| = |z1/u1 — x2/p2|: the bound (4.3) (together with
(3.7) for the case |s| < a,) gives, for any |s| < r

G((r, 1 22r] +5)) < g<1 A (%)_(MMR@(ISI)) (4.5)

[¢79

(RA(Js]) = 1if a < 2 and RP)([s]) = |s[> 72 4 e~clsl/er if o = 2). For |s| > r, then (4.4)
gives that G((r, [ 527] +s)) < Cs|s| 772+,

x If = 1 and p1,pue € R*, then we have |u; — pi(an)| = O(L(ay))], so |ny — na| =
|x1/p1(an, ) —ne/p2(an,)| = |21/ p1 — 2/ p2| +O(n1L(ay,)), provided that z; < x2 (equiva-
lently ny =< ng)—note also that niL(a,,) = O(ay,, ). We therefore get the same conclusion
as in (4.5). The case |s| > r is similar to the case a > 1 above.

x If @ = 1 with |u;] = 400 or 0, we assume additionally that the distribution is
symmetric: we have p;(n) = p(n) (we actually only need this for n large). Then, using
Claim 5.3 below, we have |u(an,) — ft(an,)| = O(L(ay,)) provided that z;/z, (hence
n1/n2) is bounded away from 0 and +oo: we get |niu(an,, ) — nop(an,)| = |n1 — najw(an, ) +
O(n2L(ayn,)), with noL(a,,) = O(an,) = O(an,). It gives, as long as z; =< x5, that
In1 — na| < p(z1)|z1 — 22| + O(an, ). Using (4.3) (and (3.11) for the case s < a,/,(,)), we
obtain that for any |s| < r

—2+46
G((r,r+s)) < ¢ ( ——v 1) : (4.6)
[ @r /1)) N 1))

We used that m; = an, /|p(an, )| ~ arjjuey)/I(r)| (m1 = mo). In the case [s| > r, then
applying (4.4) gives that G((r,r 4 s)) < Cs|s|~'19, using also that ny > c5 s'9".

We mention that assumption (2.8) would not improve much (4.5)-(4.6): the improve-
ment would be only at the level of the slowly varying function, that are absorbed by the
exponent . We refer to the end of Section 9.2 for a discussion.

4.3 Case II-III (non-zero mean, mixed), subcase (b): bgf‘)) #0, bgfl) =0

Here, we consider again the setting of cases II and III of Section 3, in the case where
the second coordinate is “centered”.

Theorem 4.3. Suppose that Assumption 2.2 holds, and that there is {ig,i;} = {1,2}
such that: bﬁfl) = 0 and, either o;, > 1 and u;, € R*, or a;, = 1 and p;, # ¢i,- Recall
the definition (3.1): we have n;, ~ |z;,|/|wi, (|2i,|)], @and n;, ~ |z, | =% ¢y, (|25,])~F with
¢i, = Ly, ifay, € (0,2) and ¢;, = 0y, if a;, = 2. There is a constant C and for any § > 0
there is a constant Cs such that for any x € Z?:

(1) If ng, < Ny,

21/ et i <
oo« —C G [T ey <12,
|y (a2)als) |0 ifa;, >1/2.

IfS,, is a renewal process (necessarily «;, € (0, 1)), then there is an exponent (s > 0 such
that G(X) < C(; (nil)Q_l/ah |;17i0 |_(1+’Yio)+6 -+ e_C(nio /711'1)<‘S .
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(i) If ng, > ny,, we set ms := (|zg, [Yir/ Yoo v (n; )1 +9) A (ny,)' =% (and ms = +oo if

(nio)1+6 > (ni1)1_5), and we have

Cs s
Gx) < 4y (1 Amg |z, |77 (4.8)

Mgy

)
C,;nio

(i1)
a"il

IfS,, is a renewal process, G(x) < (nig| @, |70 + e—cé("n/"mo)lf‘sjl{ailzz}) }

Notational warning: In the rest of the paper, we use ¢, C, ¢/, C’,... as generic constants,
and we will keep the dependence on parameters when necessary, writing for example
ce, C. for constants depending on a parameter ¢.

5 Proof of the local large deviations

In this section, we prove the local limit theorems of Section 2: Theorem 2.1 in
Section 5.2, Theorem 2.5 in Section 5.3, and Theorem 2.6 in Section 5.4. But first of all,
let us recall some univariate large deviation results.

5.1 Univariate large deviations: a reminder of Fuk-Nagaev inequalities

We start by giving a brief reminder of useful large deviation results for univari-
ate random walks (i.e. we focus on S(!) in the domain of attraction of an «p-stable
distribution—this will be useful throuhout the section. Most of these estimates can be
found in [31], but the case a; = 1 was improved recently, cf. [3]. This will enable us to
obtain local limit theorems for multivariate random walks in the next section.

In the rest of the section, we denote M,(f) ‘=maxi; < k<n X,(f). We refer to Section 5
in [3] for an overview on how to derive the following statement from [31].

Theorem 5.1. Suppose that Assumption 1.1 holds. There are constants c, ¢ such that
xifay € (0,1)U(1,2), foranyl <y <z

2/
P(S(V =) >z M) <y) < (C%Ll(y)y““) .
X

x if oy = 1, for every ¢ > 0, there is some C. > 0 such that, for any = > Csagll) and
I1<y<z

(1—-e)z/y w/aﬁf))l/f

P(SM — b0 > o MY < y) < (cﬂnLl(y)y—l) 4o :
X

xifag =2, foranyy < x
Z 22
PSS - > 2 MY <y) < (cgny*”lwl(y)) ¥ 4 Qe T
x

The case oy € (0,1) U (1,2) is given by Theorems 1.1 and 1.2 in [31] (we also refer to
Section 3 of [7], which contains a simpler proof of that fact). The case oy = 1 is given in
[3, Theorem 2.2]. The case oy = 2 is given by Corollary 1.7 in [31].

As a consequence of Theorem 5.1, there is a constant ¢y such that, whenever = > a%l),

ZE2

P(SUV — b > 2) < conpr ()™ + coe” 0nor@ Ly, oy . (5.1)

Indeed, the left-hand side is bounded by P (MS" > 2/4) + P (S5 — b5 > &; M) < 2/4).
Using a union bound, and because of Assumption 1.1, the first term is bounded by a
constant times nep; (x)x~ 7. For the second term, we use Theorem 5.1, which gives that

-if a; € (0,1) U (1,2), it is bounded by a constant times (nx_o‘lLl(a:))4;
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-if a1 = 1, is it bounded by a constant times (nLl(a:)a:‘l)4(1_E) + e—cl@/ai)te

-if @ = 2, it is bounded by (nx‘”lwl(x))Q + e=ca®/(nor (@)

Another useful consequence of Theorem 5.1 is the following: let C, C’ be two (large)
constants, with C’ < C/10, then there is a constant ¢’ such that for any = > Cal, we
have

P(Sy(Ll) b(l) > z, M(l) < Cl (1)) (Tl<,01( )$_71)2€_C,,z1/a§3) n e_c//(zl/ang))2]l{a1:2} .
(5.2)

We used (n¢;(x)r~71)? for technical purposes (it is needed in the following), but the
bound is also valid without the square (or even without this term), bounding ny; (x)z~™
by 1 if z is larger than Ca%l).

Indeed, Theorem 5.1 gives that the left-hand side is bounded by

(1) C/:El/agzl) / ’
(cmm(asll))(aﬁf))_Vl a; ) e m/a gy e @
1

To obtain (5.2) from this, we use the following. (1) If a; € (0,2) then Ly = ¢y, v =
a1 and nLq(ay, ¢ )) (ag))o‘lLl(aS))*l so the first and second term are smaller than
exp(—c xl/a( )) provided that xl/agll) > C. Then we use that exp(—c’xl/agf)) is bounded
by a constant times (xl/a%l))_‘lal exp(—c”xl/agll)) with ¢/ > ¢ since z1 > CaY’, and
then that (z;/ a£}))—4a1 is bounded by a constant times (nL1(z1)z7*)? thanks to Potter’s
bound [6, Thm. 1.5.6] (recall the definition (1. 4) of al). 2) If aq = 2, 1 (a) (@)~ is
bounded above by a constant times ¢(z1)z] " (an )/xl) 1 (by Potter’s bound, since v; > 1).
Therefore, the first term is bounded by (n¢(zq)z; ™ )“1/“ times exp(—c”xl/agll)) since
> Cal. We also used that noi(a ¢ )) o' when a = 2.

5.2 Proof of Theorem 2.1

We fix i € {1,...,d}, and consider some x € Z% with z; > ani). Recall that Sn =
S, — |bn]. We denote d,, := 3 |b,] — b|,,/2, so that S,, — £ |b,] =S|, /2) — dy.

We decompose P (S, = x) according to whether SL /2] %Lbsf)j > x;/2 or not, so that

—

P(Sn = x)
<P(S, =%5],/0] — TP > 2:/2) + P(S, = x; S — S o S0 > w/2).
(5.3)
The two terms are treated similarly, so we only focus on the first one. We have
P(S, =x; 801, > :/2+dY) (5.4)
- Z P(S|n/2) = 2)P(Sn = S[ns2) = [bn] +x—2)
zcZ¢

> 3160 | +ai/2

¢ ¢ () i
< WD @ Y. P(Spp=2)= 0@ P(S),) 0 — 5169 = 2:/2)

zeZ?
L
> 2Lbn J+-’ti/2

where we used the local limit theorem (2.1) to get that there is a constant C' > 0 such
that for any ¥ > 1 and y € Z¢, we have P(S; = y) < C’(a](;) e al(fd))*1

Then, in order to use (5.1) for the last probability, we need to control 1 [b(z)J — b(l)

ln/2)
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Claim 5.2. There exists a constant ¢ > 0 such that for all n

dh = Lb(”J — b2, > —ca).
Proof. When «; € (0,1) we have that bgf ) = 0 so this quantity is equal to 0. When «; > 1
we have b,(c’) = ku; in which case % |nu;] — [n/2)p; > — pi. When oy = 1, this is more
delicate but not too hard:

n i i n i i
haa?) = [n/2)pi(al) o) > 5 (ni(a?) = pilaly) o)) = lalagnz))|
> —c (nLl( (2 )) + |/Lz(a(z )D Z - c/aff) .

For the second inequality we used [3 Clalm 5.3] that we reproduce below (separate
the positive and negative part of X1 ), using also that an) /aLn /2) is bounded by a
constant. O

Claim 5.3 (Claim 5.3 in [3]). Assume that o; = 1. For every § > 0, there is a constant c;
such that for every u > v > 1 we have

1
m“%( — pi(v )| (U/U)

Additionally, if c=! < u/v < ¢, we have that %@)’M(U) — pi(v)] < Cllog(u/v)|.

Therefore, pr0v1ded that x; > C4a£f ) with some constant C, large enough, Claim 5.2
gives that + Lb )J - bl_n/QJ — x;/4, so that

P (S0 — $L0) > 2i/2) <P(S()s) b0y > 2i/4), (5:5)

and then (5.1) provides an upper bound. Plugged in (5.4), this concludes the proof
of Theorem 2.1, possibly by changing the constants to cover the range x > agf ), T <
C4a£f). O

Note that with the same method, using Theorem 5.1 instead of (5.1), one is able to
obtain a local version of Theorems 5.1.

Proposition 5.4. There are some Cy4,C5 > 0 such that, for any x with x; > C’4a£f), and
I<y<u

Cs )
ga(l)”'ad (SLn/2j i /4, MLn/QJ y) (5.6)

The proof of this proposition is a straightforward transposition of the proof of The-
orem 2.1, we leave the details to the reader (for the univariate setting, we refer to
Proposition 6 in [3] and its proof). We also state two other bounds (in dimension d = 2
for simplicity), that will be useful in the proof of Theorem 2.5.

Claim 5.5. There are constants Cg, C; such that, for any x = (x1,x2) with x; > C6ag),
andany 1l <y <

Cr

P(SWY > 21,82 = 29, MY < y1) < @

P(S0 = o /4 M)y <) (5.7)

For any x = (1, z2) with x1 > Cgagll), To > CGaf), and any 1 < y; <1, 1 < yo < 29,

P(S, =x, MV <y, MP < o) (5.8)
Cr a(1) & /2050 a(2) 2) 1/2
S @ T Olayay 2 21/16: Miyjay <) TP (S > @2/16, M)y <)
EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
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Then we can use Theorem 5.1 to control the probabilities in the right-hand sides.

Proof of Claim 5.5. We prove only (5.8), the proof of (5.7) being 1dent1ca1 as that of (5.6).

We decompose the probability into four parts, according to whether 5" /2] -3 ngl)j > x;/2
or not, for + = 1,2: there are two terms we need to control (the other two being
symmetric).

(1) The first term we need to control is

P(Sn:x,M(l) y1,M(2) yg,SE;)/%—%Lb(lJ xlforz—l 2)

< D P(Suyzy = (o2, My <wi MUy, <)
z1 > sar+i 0] X P(Sn - SL“/2J = (21— 21,02 — ZQ))
22 > Saa+1 (b))
C ) (1) ) () ®
S b By 2 301+ 51007, Sy = 32+ 52 iy <y M{Do) <)

For the last inequality, we used the local limit theorem (2.1) to bound the last probability
by C/(a&l)a% )) uniformly in x1, x2, 21, 20, and then summed over z1, 2. Then, we use
Claim 5.2 to get that, provided z; > C6a£f ) with Cs large enough, the last probability is
bounded by

&(1) &(2) (1) (2)
P(SU:,/2J /% Sm/zj Z 411$2’M[n/2j < y17MLn/2j < 92)

(1) (1) /2551 &(2) (2) 1/2
gP(SL /2| Z lxl’M[n/2J <) P(SLn/ZJ 2 %IQ’MULNJ <y2) 7,

where we used Cauchy-Schwarz inequality at last.
(2) The second term we need to control is

P(Sn =X, My(bl) < yl’M’V(LZ) < y27sfylz)/2j %Lb(l 1= % SE?/QJ 2 ng?)J < %@) (5.9)
< Z P (Sn/2) = (21,22), M [n/2J y1)
z1 2 %931-1-%\_175})] 9
22<%I2+%Lbf)J X P(Sn — SLn/QJ = (1‘1 —Z21,T2 — 2’2), max Xz( ) < y2) .

[n/2] <i<n
Then, we can use Proposition 5.4, say for the second probability: indeed, we have that
uniformly for the range of 25 considered,

_ (2)
P (S, — Sins2) = (w1 — 21,2 — 22), X XS Y2)

A 2
=P(S|u2) = (31— 21— D], w2 — 20 — [C, 1), M2 ) < 92)

c @)
S 0, P(S, >

2
22/16, M), < y2)
where we used that x5 — 25 — Lbf/)zj xo/4 > C4a 2) (thanks to Claim 5.2). Using this in
(5.9) and summing over z; and 25 (and using again Claim 5.2), we finally get that (5.9) is
bounded by

c
(1) (2) (

arn’ an

P(sW

2y > 0/4 M,

y)P(S?) = a/16, MW4J ya) -

Ln/ 2J [n/a)] =

Let us stress that, to obtain the statement of Claim 5.5, we additionally use that

&(1
PS>z /4, M > 21/16, M[}), <)

ln/2) Z y1) < QP(S(

Ln/2J ln/4] =

This comes from splitting the left-hand side according to whether s n / e LbL" s2)) = x1/8
or not, and using again Claim 5.2 to get that |[b,/4| — 1 [b|n/2/]| = #1/16. O
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5.3 Proof of Theorem 2.5

Let us write the details only in dimension d = 2 to avoid lengthy notations, the
proof works identically When d > 3. Also, we only deal with x > 0. We fix a constant
Cs (large). The case =1 < Cysap, ),xg < Cy an falls in the range of the local limit
theorem (2 1), so we need to consider only two cases: ml > Csan, ), z9 < O3 an (the case
r1 < Cy an ,xz > Cy an is symmetric) and z; > Cy an ,x2 > Cgany’.

5.3.1 Case T 2 Cg ag), T2 g CS (1»22)
We will treat three different contributions, by writing, for some Cy > 0
P(S,=x) =P(S, =x, M{") > 2,/8) (5.10)
+ P(Sn = X, Mfll) € (Cy ag),xl/S)) + P(Sn = X,Mrgl) < C’ag)) .

For the last term, we use Proposition 5.4, together with Theorem 5.1 (more pre-
cisely (5.2)), to get that it is bounded by a constant times

O -~ 7c”x a(l) 7C” x a(l) 2
oo ] ICHTE R vy
ar ' an

Then, we can use that e—cw1/al’ < c(a%l)/xl)e*c//wl/as) provided that xl/ag) is large
enough (and similarly for the last term), to get that

A C _ ,
P(Sn =X, MT(ll) < CQQS)) g (2) <n<P1($1)961 71 + e—c (ml/asg))z]l{Ch:Q}) . (511)

T10n

In order to treat the first two terms in (5.10), we control the probability, for k € Z,

P(S, =x, MV € [2Fz;,2"ay)) (5.12)
2k+1.'L'1
=n Z Z P(X; = (u,v))P(sn 1= (1 —u,x2 —v) + 6n,M(1) 2k+1x1) ,
u=2kzx, vVEZ
where we set 9, := |b,| — |b,_1], which is uniformly bounded by a constant. By

Assumption 2.2, we get that, for any u € [2¥z;,2%+12) and v € Z,

P(X1 = (u,v)) < cpr (w)u” ) x : +| |h(l)(| v|) (5.13)
< /9~ k(1+71)+nlk| —(1471) h%m(‘“‘)
s plo)n T

We used Potter’s bound [6, Thm. 1.5.6] to get that for x; sufficiently large, for every
n > 0 there is a constant ¢, > 0 such that ¢(2Fz1) < ¢,2"*lp(z1) for any k € Z, together
with item (iii) in (2.5).

Since this bound is uniform over u € [2¥z;,2**!z,), we may sum over u the last
probability in (5.12): note that

2k+111
Z P(Snfl = (x1 — u,z9 — v) + 8, MY < 2k+1x1)
u=2Fx, R
_ P82 =2 — v+ 8 ifk> -3,
= &(1) 1 ”(2) _ (2) ar(1) k41,
P( n—l>2x1 21 =22 —v+0n , My’ <2 ) ifk< —4.
(5.14)
EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
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e When k£ > — 3, we therefore get from (5.12) that (taking < v, in (5.13))

P(S, =x, M{" € 2%z, 2"z )) (5.15)

hok |U‘
14+ 2kx 2
< n2 % p(zy)zy ¢ 71)§: 1+1|U| P(S?, =25 —v+6?)

1
< n2 Fp(ay)ay T x —
oD
We used the local 11m1t theorem to get that there is a constant C' such that for any z € Z,
P(S,(f_) =2z) < C/an , and then that ) _, hor,, (Jv])/(1 + |v]) < C for some constant C

not depending on k or x1, thanks to item (ii) in (2.5). From this, we obtain that

P(S,=x,M{" >21/8) = Y P(S, =x, M €2z, 2" ay)) (5.16)
k> -3
¢ ~(14m)

< @ ne(ry)w,

e When k < — 4, we use Claim 5.5 in (5.14), so that plugged in (5.12) we obtain that

P(sn = X7M7(ll) S [ kl‘ 2k+1$1))

h
< en2 FAmA) HA“) Z 12]:?|v\ P(St(n71)/2j > %m,MT(ll) < 2k+1x1)

C —(1471) 5—k(2 1 k+1
< @WJ(%)% 72 (HI)P(SL(n 12 = @1/8, MY < 28 gy

where we used again item (ii) in (2.5) to bound ), hor,, (|v])/(1 4 [v]) by a (uniform)
constant, and took n = 1. Then, we can use Theorem 5.1 to get that there are constants
¢, ¢ such that uniformly for k < — 4 with 252, > Coall,

P(S|(n-1)/2) = 1/8, M) < 2" ay) (5.17)
/Z—k

c _ ¢ R ) _x .
< (z n@1(2km1)(2km1)1 ’Yl) Te cll/asLl ]l{alzl} +e cl%/n01(2k11)]l{a1:2}
1

_p\—c'27F _e (@
< (C//Q k) +e c'xzi/a,, )

Indeed, we used that since 2%z, > Cya'l’, we have that n1(2¥21)(2%21)~" is bounded
by a constant. Also, in the case a; = 2, we used that 01(2 z1) < o1(z1), and that
by definition of a'; ) we have 22 /no(x1) > c(xl/asll)) Ul(an )/ o1(x) = cxl/ag) (the last
inequality comes from Potter’s bound).

Therefore, summing over k between —4 and —|log,(x1/ C’gag,l))J we finally obtain that
P(S, =x, MY e (Ca%l),xl/S)) is bounded by a constant times (2) o(z1)z; T times

[logz (z1/Coal)]

’ I\ —cok 3+
Z 2k (2+’Yl) ((C’Qk ) c2 + e_cml/aﬁll)> g C _|_ (%) le—czl/agbl) . (518)
k=4 an

Note that the second term is bounded by a constant, uniformly for z;/ a%l) > C. Therefore,
we conclude that

. C -
P(S, =x, MV € (Call),21/8)) < (1) (14m) (5.19)
an
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As a conclusion, (5.10), combined with (5.11), (5.16) and (5.19), gives that

a C — 1 —c(z1/aP)?
P(Sn=x) <5 (ner (o) 7+ e )

an

< 4(}(2) (nsol(:cl) T 4 e (@ /an)?
1

L2y ) - (5.20)

Notice that, in the case a; < 2, we have y; = o, and n ~ (asll))alapl(a,(ll))_l, so that the
second term is negligible, since the first term is bounded below by a power of x;/ a%l ).
We also used that (z1/ ag)) exp(—cxy/ a%,l)) is bounded by a constant times exp(—c'z;/ ag))
with ¢’ > ¢, provided that z; > Cga,s}).

5.3.2 Case z; > Cgan), To = C’gan)

Again, we decompose the probability according to the value of MT(LD, M7(l2). As a first step,
we write

P(S,=x)=P(S, =x, M) < Cyall) i =1, 2)+P(S =x, M) >C'9a(i)i:172)
+P (S, =x, MM > Cyal), MP < Cyal?)
+P(S, =x, M) <Cyal), MP > Cyal?). (5.21)

Term 1. Let us bound the first term in (5.21). We use Claim 5.5 (more precisely
(5.8)), together with Theorem 5.1 (more precisely (5.2)) to get that

P(S, =x,M" < Coal?) i=1,2) (5.22)
C — —c"z1/all) —c"(z1/all))? 1/2 —cxo/a? 1/2
< ((mpl(:cl)xl O PN R BTy
c’ _ Wy24

Note that we also used that (5.2) is also bounded by exp(—cxg/agf)) for the first in-
equality. Then, we used that (a + b)'/? < a'/? + b/2 for any a,b > 0, and then that
L e—cri/al) < %efclmi/“(rf) for xi/ag) large.

Qn

Term 3. We now bound the third term in (5.21) by a constant times (z122) ™ nep; (21)2;
We proceed as for the previous section (5.12)-(5.19). The analogous of (5.12) is, for
kel

P(Sn =X, Mr(Ll) S [Qkxl, 2k+11‘1)7 M7(l2) < Cg (J,g?))
2k+111

<no Yy Y PXi=(uv)

u=2"21 9 < Coal P(Sn—1= (1 —u, 3 —v) + &y, MY

nl

< 2M 1, MP), < Coa®) .

Then, one bounds P(X; = (u,v)) by using Assumption 2.2 (as in (5.13)), and by summing
over u € [2¥z1,2*"12,) one needs to control (analogously to (5.14))

ifk> -3, P(SP, =2y —v+62, MP < Coal?),
ifk< —4, PS> 2,/2,8P =2y —v+62, MY, <2M ) MP, < Coa?),
(5.23)
uniformly over v < Cga
EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
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The first probability in (5.23) is treated by using Proposition 5.4, together with (5.2)
(and the remark below): since z5 — v + 57(12) is bounded below by z5/2 uniformly in the
range of v considered (and assuming that Cy < Cs/2), we get that

A~ C 2
P(5,2) = 22— v+ 0P, M, < Coa?) < e/ < —. (5.24)
Qn 2

We used the fact that z5 > Cgag) for the last inequality. Hence, we get that for k > — 3

P(S" = X’M7(11) € [2k$132k+1x1)7M75,2) < C9a£12))
. : o, (J0])
<=2 k(lJr“rl)JrW\k‘lmp(xl)j7 A+m) o 2k,
T2 ! vezzd 1+ |v]

)

and the last sum is bounded by a constant uniform in k, z;, thanks to item (ii) in (2.5).
Summing over k£ > — 3, we get that, analogously to (5.16),

N C _
P(S, = x, MY > 2, /8, MY < Cy ag)) < I—mp(azl)xl (4m) (5.25)
2

For the second probability in (5.23) (with £ < — 4), we invoke Claim 5.5: one can
easily adapt the proof of (5.8), using that o — v + 67(L2) > x9/2 uniformly for the range of
v considered, to get that

P(S’S)l > x1/2,.§'7(1221 =29 — U+ 5,(12),M(1 < 2k+1x1,M£221 < Oy ag))

_ n—1
C e (1) b1 \1/25 0 &(2) @) o)\ 1/2
< @P(SWM > a1/32, M), <2"a)) TP (S, 2 22/32, M), < Coal?)
C 2k 1 C ook ’ 1
< E((62716) 2 + efcml/ag,y)>efcm2/a£,,2> < ;((szk) 2 +e ¢ ml/a%)> ) (5.26)
an 2

For the second inequality, we used Theorem 5.1, more precisely (5.17). Therefore, we
obtain that for k < — 4 with 2¢z; > Coa'?,

P(Sn =x, MV € [2Fz;, 2 1)), MP) < Cgaf))

c. _ - 2k o o) hok g, (V)
< =2 k(1+’71)+7l|k|n 1)z ( +"/1)( 2 k +e¢ x1/al, ) « 2 : 2k gy 7
X9 plan)ey ( ) et 1+ |v]

with the last sum bounded by a constant uniform in &, z;. Summing over k between —4
and — Llogz(xl/C’gag))J (as done in (5.18)), we get that

N C -
P(S, =x, MY e (Coall x1/8), M? < Cy agf)) < gc—ncpl(xl)xl (4m) (5.27)
2

To conclude, we have that
N C _
P(S, =x, MY > Cyall, M) < Cy ag)) < —np1(z1)z] (+m) (5.28)
€2

Term 4. We now bound the fourth term in (5.21). We stress that the treatment is not
completely symmetric to that of Term 3, since we wish to obtain a bound that depends
on the tail of the first coordinate (i.e. on ¢; () and 71), whereas (5.28) above yields the

bound %ngpg(zg)xl_(lﬂz). We however proceed analogously: we control

P(S, = x, MY < CyalV, MP) € [2Fz,, 2M24])
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Then, for k£ > — 3, instead of (5.24), we use Proposition 5.4 together with (5.2) to get
that

. C B .
P(5y = a1 —o+ 60, M0, < Coall)) < = (nelwe; ™ +ee@/a?) - (5.29)

We end up with, analogously to (5.25),
P(S, =x, MV < Coa), M? > z,/8)

c - —c(zy/atD —
< . (mﬂ(xl)% Moy emelor/ay )2) ne(r2)x, (+m)
1

Also, for k < — 4, instead of (5.26), we get
P(szl—)l =T —v+ 5511)7S7(1221 = 932/2,Mr(i)1 <Gy af),Mﬁi)l <2May,)

c w
< ﬁ (nso(xl)iv;’h + 6_0($1/a53))2) ((02_k) 2 + e ¢ xz/af)) )

an

and, analogously to (5.27), we obtain
P(gn =X, Mr(bl) < Cg Clsll), MT(LQ) S (Cg ag), .132/8))

< xg (mp(ih)xl_% + efc(m/ai,,l))Q) mp(xz)x;(l-&-m) )
1

All together, and since mp(a:g)x; " is bounded by a constant (since zo > Cy a£? )), we
obtain

P(S, =x, MY < CoalV, M > Cyal?)) < (ne(e)ar ™ +eme@/a?) - (5.30)

X1Tg

Term 2. It remains to deal with the second term in (5.21), which is the most technical.
We will estimate the probabilities, for k, j € Z

P(S, =x, MV € [2%21, 2" 0y), M) € (2725, 27 0y)) =: Py(k,j) + Pa(k,j). (5.31)

Here, we split the probability into two contributions: either the two maxima in M,(Ll), Mr(f)
are attained in one increment (with both coordinates large), see (5.32), or the two maxima
are attained by separate increments, see (5.39).

Part 1. The first contribution is, using a union bound and the exchangeability of the
X;’s

Pi(k,j) = P(Sn =x,3i € [1,n] s.t. X; € [2%21, 26 21) x (229, 27 ay), (5.32)

1 k+1 2 41
oktly, 9itlg, M,’(L ) < 2 + xler(z ) g 2]+ I’Q)

<n Y Y P(Xo=(w,v)

u=2kzx, v=27x9

X P(én,l = (r1 —u,z2 —v) + 6n,MT(Lljl < 2k+1m1,M£231 < 2j+1w2) .

Then we use Assumption 2.2 (item (i) in (2.5)) to get that there is a constant C' such that
for any j, k, and any (u,v) € [2¥2q, 28 2y) x [2724,27F 1 25), we have

P(X1 = (u,v)) < Oy (2Fx1)(2F2,) =7 (27 25) 1 (5.33)
—(1471)
< k) +nlklg—j pr(z1)z,
EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
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Therefore, in (5.32), we can sum over u, v the last probability, and we treat it differently
according to whether £k > — 3 or not and j > — 3 or not (similarly to (5.14)): after
summation over u, v, we obtain the following upper bound

ifk< —4,5< —4, PV, > 2./2,8P > wp/2, MV, <280y M, < 21a,),
ifk< —4,j> -3, P(SWY, >a/2, MY, <2"a),

ifk> —3,j< —4, PSP, >20/2, M,y <27H2,),

ifk> —3,j> —3, 1

Then, we can use Theorem 5.1 to get that for £ < — 4 with 2%z > Cy ag) we have, with
the same argument as for (5.17),

N —c —k ’ 1
P(5), > o /2, MY, < 25Hay) < (279) 7 e m/al (5.34)

and similarly for the second coordinate. In the case k < — 4, j < — 4, Cauchy-Schwarz
inequality allows us to to reduce to this estimate.
Going back to (5.32), and using (5.33), in the case k,j > — 3 we get that
+oo +oo ] Cl
Z Py(k,j) < Z —ngpl(arl)xf(H%)Q_kZ_J < —mpl(xl)x;(H%). (5.35)
T2 X2

k,j=-3 k,j=—3

Inthecase k < —4, 7> — 3 (thecase k> — 3, j < — 4 is symmetric), we get that
C — - lo— ’
Pl(k7 ]) < ;nwl(xl)ﬁfl (1+’Yl)27k(2+’yl)27j ((C2fk)7c o=k + e—c Il/agll)) .
2

Hence, we obtain (the calculation is analogous to that in (5.18))

—4

S ; c —(1471) cry\3t7 _ )
Z Z Pl(kvj) < 7”901(161)1'1 " (C+ (ﬁ) e czy/al] ) ]

o j= T
k 1 gz(ml/cgaﬁf)” j=-3 2 §
(5.36)

Inthe case k < —4, j < — 4, we get that

C _
Pi(k,§) < nipr(an)ay 7
2
« 24’@(2+71)27j((627/79)702_’c + e*C‘Tl/“S)) ((0273')70/2_-7. + efc’:vl/af)) ’

and a similar calculation as above gives

—4 —4

. _C _
Z Z Pi(k,j) < x—n(pl(acl)xl (4m), (5.37)
2
k=—log, (x1/Ceal’)] j=—log,(x2/Coal’)]

All together, we obtain that

C -
Z Z Pi(k,j) < ey (z1)z] ™. (5.38)
12

k> —logy(z1/Coall) j > —logy(wa/Coall?)

Part 2. It remains to control the contribution when the maxima in M,(Ll), M,(LQ) are
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attained by separated increments, i.e.
Po(k, j) = P(Sn =x,3i#£ e [1,n], s t. XV e [2Fzy, 2" ay), MDY < 2¥ ey, (5.39)
X(P € [2005,27 g),, M) < 27y )

2k+1gy 29t ¢,
(BT ¥ Y X PR

u=2kx; v < 29t1py s < 2k+1yy t=27129

X P(Sn_Q =x— (u,v) — (8,¢) + 05, + dp—1, ]\4751_)2 < 2k+1x1,M,(L2_)2 < 2j+1x2) i

Again, we use Assumption 2.2 to bound the first two probabilities: for the ranges of
u,v and s,t considered, using item (iii) in (2.5), we have

h(l) v
P(X; = (u,v)) < cg—k(1+v1)+n\k|¢1(xl)x;(Hn) % 2k, (1)) ’
1+ v
(5.40)
» . S S (1))
P(X, = (s,1) < c2—3( +71)+’7‘J|<p2(3:2) 5 72) o ﬁ

Then, we may sum the last probability in (5.39) over v and ¢ in the range considered,
and get after summation (using also that for the range of v and s considered we have
v < Py, s < 26 1g)

ifk< —4,5< —4, P(SV, > 21/2,8%, > 2p/2, MV, <260y M, 5 < 21a,),
ifk< —4,j> -3, P(SW, > /2, MY, <25,

ifk> —3,5< —4, P(SY,>10/2,M,_p < 27H1y),

ifk> —3,j> -3, 1,

and to treat these terms, we can again use Theorem 5.1, in the same way as for (5.34).
Then we can sum over v and s and use item (ii) in (2.5) to get that > hé’“);vl (lv)/ (1 + |v])
Going back to (5.39), and starting with the case k,j7 > — 3, we get

—+o0

n _ _ .
Z Py(k, 5) Z C(2>‘P1(I1)$1 M) ) (2o )ary 1 H12) 2 7Kg~

k,j=-3 kyj:*S

< C"ngol(xl):U;(H'“)mpg(xg)x;(pr%) )

Similarly, and using (5.34), we get thatif s < — 4,7 > — 3 (thecasek > —3,j < —4
is symmetric)

Py(k, §) < O/Wpl($1)$1_(1+71)n§02(IQ)I'Q_(LHZ) « 27k(2+’yl)27j((027k)7c/27k n efc'xl/a;})) '

As above (with the same argument as in (5.36)), we therefore get that

—4

~+o00
Z Z PQ(k7j) < Cnsol(xl)xl_(1+71)n902($2)$2_(1+72) .

k=—logy (z1/Coall)) ] I=—3
An identical argument holds in the case k < — 4,5 < — 4, and we end up with

> > Py(k, §) < Crnpr(1)zy 7 ngg (wa)z; 72 (5.41)

k> —logy(z1/Coall)) j > —logy(wa/Coall’)

71
< .

ne1(xy)r,
I1%2 ¢1(71) 1
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For the last inequality, we used that x5 > Cgag), so that nps(z2)x, 7

constant, thanks to the definition (1.4) of aSEX

Therefore, going back to (5.31), and using (5.38)-(5.41), we obtain that

is bounded by a

N C _
P(Sn = X, M,(Ll) > Oy a%l), M,(LQ) > Oy ag)) < . ney(zy)z] ™. (5.42)

Conclusion. Let us collect the estimates (5.22), (5.28), (5.30) and (5.42): plugged
into (5.21), we finally obtain

P($, = x) < < (Wl(xl)x;n 4 e—c@m/ai)?q {m=z}) , (5.43)
X1

This concludes the proof of Theorem 2.5, since the same bound applies to any coordinate.

5.4 Proof of Theorem 2.6

Again, we prove only the case of the dimension d = 2 for simplicity. Recall that
we work in the balanced case, so we write a,, = aﬁf ) and a = «;. Let us assume that
|x1| = |z2|, so that c|z1| > ||x|| = |z1| (the other case is symmetric). Suppose also for
simplicity that x; is positive (so we can drop the absolute value), and z; > Csa,. We
write

P(Sn = x) = P(Sn =X, Mle) > 331/8) + P(Sn = X, MT(LU € (Cy an,x1/8)) (5.44)
+P(S, =x, MM < Cya,).

The last term in (5.44) can be bounded using Proposition 5.4, together with (5.2)
S C - —CXT a —Cl\T a 2
P(Sn = X, Mél) < 09 an) < W(ng@(ﬂ?l)xl 71@ 1/an +e (z1/an) ]l{a1:2})

_ C 2
< Cnp(zy)ay @ + We*dﬂﬁl/an) Lioy_oy,  (5.45)
an
where we used that e—¢%1/an (an/x1)? provided that x,/a, > Cg with Cy large enough.
For the first term in (5.44), because of the exchangeability of the X,; and thanks to a
union bound, we get

P(S, =x, MV > 2,/8) < > nPXi=y)P(Spc1=x-y+d,) (5.46)

YEZ2,y1 = x1/8

< C’(p(azl)x;(%ﬂ’) Z P(Sn,l =x—-y+ Jn) < C’(p(azl)x;(%ﬂ’) .
YEZ2,y1 > x1/8

Here, we used (2.8): P(X; = y) is bounded by a constant times ¢(||y||)||y|~?*" for the
range of y under summation (and it is bounded by a constant times go(xl)xl_(””)).

It remains to control the middle term in (5.44). We write

R llogz(21/Coan)] _ _
P(S, =x, MY e (Cy an,1/8)) = Z P(S, = x, M(V) ¢ [2*(J+1)x1,27]a}1))
j=3
[logy(z1/Coan)] . 4
< Z Z nP(X; = y)P(Sn,l =x—-y+d,, Mfll) < 2_3331)
J=3 YEZZy1 > 27Dy
[logy (z1/Coan)] _ A ,
< W)(xl)x;(zﬂ) Z 2(d+1+7)(]+1)P(SSL1_)1 > x1/2,M,§1) < 2‘%1) .
j=3
(5.47)
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For the last inequality, we used (2.8) to bound P(X; = y) < cpo(|ly|)|ly||~3t7): this is
bounded, for y with y; > 2-U*+V 2, by a constant times @(2*@*1):51):61_(d+7)2(j+1)(2+w,
with ¢(2-U+Yz,) < 27p(x) thanks to Potter’s bound. Then, for every j, the sum over
y with g, > 270tz gives rise to P(S\, > z,/2, M{" < 2791,) (recall that 6" is
bounded by a constant).

Then, it remains to use Theorem 5.1, more precisely (5.17), to get that the last sum
in (5.47) is bounded by

[log, (z1/Coan)] _
Z QAN (07) =02 4 g=¢'mfan)
j=3

which is bounded by a constant. Therefore we have that
P(Sn =x, M,(Zl) € (Co an,x1/8)) Cny(xy)x, —2+) (5.48)

Together with (5.45)-(5.46), this conclude the proof of Theorem 2.6 (recall 21 > c||z||).

6 Proof for case I (centered): b, =0

In this section, we prove Theorem 3.1 (and Theorem 3.2 in Section 6.4 below). Recall
the definition (3.1) of nz 1t verifies a% ~ |x;|. We work along the favorite direction, that
is we assume that x;/ al) = t; € R* for any i € {1,...,d}, which is equivalent to having
n; ~ |t;|“ny (the reference coordinate is the first one, but this is only for commodity).
We fix € > 0, and we decompose G(x) into three subparts:

(Enzljl Z Z )P(Snx). (6.1)

n=1 n=eni n=e~1n;+1

The middle part gives the main contribution: we treat it first, before we show that the
other two parts are negligible. In this section and in the rest of the paper, we often omit
the integer part: for instance, we do as if en; and e~ 'n; were integers.

6.1 Main contribution

Because n; ~ |t;|*n;, we have that for e < n/n; < ¢! the probability P(S,, = x) falls
into the range of application of the local limit theorem (2.1). We have

n1 571n1 1 T g 871n1 0(1)
p(s (B )y e
HZ;H R;H agll) o agfl) a$}> aﬁfi) n:z;n aﬁ}) . a%d)

The second term is negligible compared to the first one, so we focus on the first term.
Since a( ) s regularly varying with exponent 1/«;, we get that uniformly for n/n; €
(e,e7h),
7 . 1 (673
) =(1 +0(1))a£f1) X (n/nl) fos

Using also that xz/agfl) =1; +o(1) as n1 — oo, and since g4 () is continuous, we get that

L (1+o0(1 on +eotag niy1/ ni\1/
1 CY1 aq 1 aq 1 aq
3 P(S, = x) — o d) Z ( )" ga(h(;) eesta(Sr) )
n=eni Oy p= —=en
2! = -4 ot -1/« —1/a
=(1+o0(1 ))ﬁ u” =% go (tu o tqu 4)du.
any * an, £
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By a change of variable, we therefore get that the first term in (6.1) is

n 1>
(1+ o(l))ﬁ / T g (tlvl/o‘l, e ,tdvl/ad) dv. (6.2)
any -

(e7%%

6.2 Third part in (6.1)
Using the local limit theorem (2.1), we have that there is a constant C such that

-1

1 € m
2 PE=¥<C ), -m g <Cm g

n>e~1lng n>e—lny an —1n1 —1711

M. gD~

For the last inequality we used that (as, ! is regularly varying with exponent

— Z?:l 0% < —1. Using again the regular variation of a,(f), we get that there is a
constant ¢ such that the second term in (6.1) is
d o7t n1
Z P(Sn = X) < CEZ’:l K ! ﬁ (63)
n>e~1lng Gny v Gny

6.3 First part in (6.1)

Let us first consider the case Zle a; ' < 2. By Theorem 2.1, and since |z;| > a'V) for
n < eny, we get that
ENny ENy C s
D PSa=x) <Y g (ner(eDlen 7 e Ve 0 )
ne1 Ay’ c A
C'em)” - Cem  —c(fosl/alt))?
W‘Plﬂl’lmxﬂ "+ W P g, =2y -
Qeny eny nq

Here, we used for the first term that n/ (an1 ---a;'”) is regularly varying with ex-

ponent 1 — Y% ;! > —1. For the second term, we bounded (@l - al)~t by
(@l - al?) =2 (ny /n)? and also e=<(1711/93)* by (n /ny)2e~¢ (=11/a.”)* provided that ny /n is
large enough (i.e. ¢ small enough). Then, we use that (a,ﬁ” e aﬁf”))*1 is regularly varying

with exponent — Z‘j 1 a‘l that nyp1(|z1]) |17 is bounded above by a constant (thanks

to the definition (1.4) of o', together with |z1| = an1 )), and that |x1\/a€n1 < ce7 /20 (by
Potter’s bound): we finally end up with

eny C"'ny a3 oo ey
- —ce
E P(S 7(1) @ x (e +ce ). (6.4)
ny

In the case where Zle ozi_l > 2, we need to use Assumption 2.2. For n < en; we have
that |z;| > c|t; |a(’) tie/*iq{¥), and we get that for n, sufficiently large, by Theorem 2.5
ENniy ENni

C _ —e(|zy a(1))2
D P =% < ) o (e (el |7+ 7 e 0, y)
n=1 n=1

CI

S @ ((en1)*@1(lzi]) |77 + enqe

- Qny

e /e

Lay=2})

For the second inequality, we used that |z;| > ca%l) for all i (since |¢;| > 0), and that
|o:1|/a£l > c|x1|/am1 > el/?2m for all n < en; (thanks to Potter’s bound). Then, since
that n1¢1(]z1])|z1|~"* is bounded by a constant, we get that

ENq

c’n1 e~/
ZP(Sn = X) NS W(EQ + ce € 1) . (65)

Any - Ay
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Conclusion

Collecting (6.2) together with (6.3) and (6.4)-(6.5), then letting n — 400 and finally
¢ | 0, we obtain (3.3).

6.4 Proof in the marginal case d =2, a = (2,2)

Again, we work along the favorite direction (see (3.2)), so that in particular we have
n1 ~ Ang for some constant A > 0 (recall the definition (3.1) of n;). For € > 0 fixed, we
split the Green function as

571n1 —+00
=Y PS.=x)+ > PS,=x). (6.6)
n=1 n=e~1n;+1

The main contribution comes from the second sum. Thanks to the local limit theo-
rem (2.1), we get that for n sufficiently large

P(S,=x)= a%l)lag) (ga (%, %) + 0(1)) )

'n; we have that |z;|/ a'l) < 261/2 for |z1| large enough (thanks to the definition

Forn > e~
of n; and the fact that a( ) i 1s regularly varying with exponent 1/2), and also we have

> 1e7'ny so that 2] /a'?) < 2A~1/2c1/2. All together, and since g4 is continuous at 0,
for every n > 0 we can choose ¢ small enough so that for large enough |z;] < |z2]

Ja (07 O) - Ja (07 0) +n
9al0.0) =1 pig, —x) < 90D 0
argll)agf) agll)ag)

(1) (2))

Then, since v — > > J(an an is slowly varying, we get that for n; large enough

+oo
1
Y P(S.=x%) < (9a(0,0)+20) 5 (6.7)
n=e"ln;+1 n>n; 9n Qan

and a similar lower bound holds, with 27 replaced by —27.
We now treat the first sum in (6.6). First, for n < eny, Theorem 2.1 gives that

C (1)y2

P(Sn = X) g m X (nspl(xl)x;’Y + B*C(ml/an ) )

Exactly as what is done above to obtain (6.5), we obtain that

EN1 /

2 - —ee (1 falD)? ceny
> _P(s, D ,C )((5”1) pr(x1)”7 +enge ' ) S oo
ni

n=1 an1 Qny Qn,y

For eny < n < e ny, the local limit theorem (2.1) gives that there is a constant C' > 0
such that

571n1 571n1

C C ny
2 PBu=x< ), 0,0 S 0,0 (6.8)
NnN=eni n=eni n TL] n1

As a conclusion, we get that there is some constant C’ such that

E_l’ﬂl
1
- /
Z P(S, =x) <] (1) (2) O( Z (1)a(2))' (6.9)
n=1 n

Qny Qny n=ng N

The last identity comes from [6, Prop. 1.5.9.a.], since (a;“aﬁl ))‘1 is regularly varying

with exponent —1, and summable. This concludes the proof of Theorem 3.2.

EJP 24 (2019), paper 46. http://www.imstat.org/ejp/
Page 27/47


https://doi.org/10.1214/19-EJP308
http://www.imstat.org/ejp/

Multivariate strong renewal theorems and local large deviations

About the balanced case

Let us write a, = o, and L(+),0(-) in place of L;(-),0;(-). The walk S,, is transient if
and only if 37> (a,,) =2 < +00. We may compare the sum to the integral f1+°°(at)‘2 dt
which by a change of variable u = a; (by definition of a; we have t ~ (a;)?/o(a;)),
dt ~ 2udu/o(u): we get that [;">(a;)"2dt < +oo if and only if [;"™ ui‘%z) < 4o0. With
the same change of variable, and using that a,,, ~ |z,

, we get that
*i 1 /+°° dt /+°° 2du
(an)?  Jny (@)?  Jigy uwo(w)’

n 2= n 1 x1]

which gives the announced result.

7 Proof for case II (non-zero mean): ;; # 0 for some i with o; > 1

In this section, we prove Theorem 3.3. Recall our notations: we have pu; =0 (bgf ) = 0)

for i > ip, and p,, # 0 with o, > 1. We set n;, := x;, /s, (z;, and p;, need to have the
same sign), and we also denote m;, := agfo), so that the typical number of steps for the
io-th coordinate to visit z;, is n;, + O(m;,). For simplicity, we work with f;,, z;, > 0. We
consider the case where ||x|| — 400 along the favorite direction, recall (3.5).

We fix € > 0, and decompose G(x) into three subparts:

-1
Nig e My

G(x)=< ) W )P(Sn:x). (7.1)

n<nig—e"tmi,  n=ng—e"tmyy  n>ng+eimg,

The main contribution is the second part, that we treat first, before we show that the
two other parts are negligible.

7.1 Main contribution

Since the summation index ranges from n;, — sflmio to n;, + €*1mi0 and because we

work in the favorite direction, we obtain that P(S,, = x) falls into the range of application
of the local limit theorem (2.1). We have that

Nig +s’1mio P(S ) Nig +€Zlmio 1 (LL'l _ bsll) 2y — bgj))
n —X) = Ja gy
n=n,; —e—lm.; n=n; —e—lm. agzl) ce agzd) 04511) agzd)
=Niq io =n;, io

ni0+671m10 0(1)

+ —_— .
D@

n=n;,—e~tm;,

The second term is negligible compared to asfi(’o) / (a%o e a%diz) ), so we focus on the first

term. Let us consider the different terms (z; — b )) / a'? for the range considered. First
of all, notice that n = (1 + o(1))n;,, since m;, = o(n;,): it gives in particular that
al) = (14 o(1))al) .

* If a; > 1, then bﬁf) = un = bﬁf}o + pi(n —n;,), and hence

(4) (4)

T — by x; — by n—n; n—mn;

TL =1 +o(1)—m—+ (U +o()pi—g— =ti+pi—pg— +o(l)  (7.2)
Nig

an Qn, Qn,

uniformly for |n — n;,| < e~'m;,. We used that (z; — bﬁi?o)/a,ﬁjﬁo —t; € R, cf. (3.5).
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* If bgf) = 0 (in particular if ¢ > g), then more directly, using (3.5)

) .
S = (4 o(1) <

Gn anqyo

=t; +o(1). (7.3)

« The last case we need to consider is when «; = 1. Then b’ = nui(ag )) and we have

1 i i In — ”z | n i)
(@) b’EL) - b%i)o < o |M1< ) (i) |/‘i(a£L ) 273 (agz,)o)|
TL@O nzo nio
The first term goes to 0 as n;, — +oo, uniformly for |n — n;,| < 1mm- indeed, m;, is

regularly varying in n;, with exponent 1/a;, < 1, in contrast with agh which is regularly

varying with exponent 1 (and | m(a%? )| is a slowly varying function). For the second term,
we have n ~ ”20' and ”10 /an’i)O ~ L; (aﬁf}o)*lz we can use Claim 5.3 to get that the ratio

|pi(a$f ) — uz(anm)|/L (anlo) goes to 0, since ay, )/a goes to 1. We therefore obtain that

uniformly for [n — n;,| < e 'm,,, using again (3.5),
(i) (@)
Ty — bn bnm
- = +o(l)=t;+0(1). (7.4)
agf) gll:)o)

Combmmg all the possibles cases in (7.2)-(7.3)-(7.4), and recalhng Section 2.4 (i.e.
aSJQU ~ i, anlo ) we get that for all 4, uniformly for |n — n;,| < e tm;,,

D

n—n; .
=t;+ K; : 04 0(1) with k; = ai7iouiﬂ{i > o} (7.5)
20
(recall m;, = agff) and that if a;; < a;, we have qa;;, = 0). Because g, is continuous, we
obtain that

-1 -1
Nig+e "My, Nnigt+e My,

1+ 0(1) n—
PSa=x)=— @ 2 ga(ntm

anm

n—mn;
tg+ Iidio)
2 )

n=n;,—e~tm;, niy p— =n;,—e~tmy,

(70) et
an;
(1+0(1))(1)7°w)/ ga(tl—l-mu,...,td—I—mdu) du.

an .. a/nb 571
20 20
(7.6)
The last identity holds thanks to a Riemann sum approximation, as m;, = aﬁffo) — 400.
7.2 Last part in (7.1)
We prove that there are constants Cig, C11 such that for every r > Ci9m;,
+o0 (%0)
011 Cln r s —c . )2
> PEu=x< 5 5 (WT”““% (r)r o 4 eI 1 ). (.7)
n=n;,+r Apg, anq‘,o %0

Forr. := ¢~ tm;, = 5‘1a$3f0) we have n;, i, (7:)r= " < ceo thanks to the definition (1.4)

(10)

of an;’: we therefore get that
+oo (%0)
Cll CLnl —2
> P(S.=x) <y (@ e ). (7.8)
n=n; +e"tm, anio anio
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Let us now prove (7.7). For any n > n;, + r with r > Ciom;, and (¢ large enough,

(i0) _

we have that z;, — bp" = (N4, — n)psy < — a$”): we can use Theorem 2.1 to get that

C —i —c(n—n;,)?/(ali0))?
P(S, =x) < m(n%(n_%)(n_%) Yig 4 e—cln—nig)?/(ai®) ]1{%_0:2})_

(We used that a(“)) </d m;, for n > n;,.) We therefore get

+oo +oo Cn
2. PBu=x)< > g —gwnln—m)n—ng)

n=mn;, —+r n="m;, —+r

—c(n—n;y)?/(ali0))?
+ Z e e Lo, =2 (7.9)

n=n;,+r CLn ccGp

Let us deal with the first sum. If » < n;,, it is bounded above by a constant times

27L7j0

n PR
Yo @ P i) (n = ng,) T Y i (n)n

n=n;,+rtn " tn n>2n10 : "
2—7ig
N4, 1oy, "y c'ni, 1—ys
S @y Pio (1) 770 4 cpio (nig) 5 < @y Pio(r)r "o
An * - Qnyg A, * - Ang, An * - Qnyy

(7.10)

For the first sum we used that ~;, > 1, and for the second sum that the sequence under
summation is regularly varying with index 1 — ;, — Z?Zl a;, ' < —1. Inthe case r > Niy,
the first term in (7.9) is bounded by a constant times
2—7i
r 0 C n; s
i (")~ @ S T y Ty Pio (1) .
a,r‘ “ .. ar

"7—0 : "10

For the second sum in (7.9) (o, = 2), we get in the case r < n;, that it is bounded by

2n;
C 2 (i0)
- - —c((n—mniy)/miy) —c(n/ali0))?
) @ ( > e o)/mio)” 4 D e )
anzo an7,0 n=n;,+r n>2n;,
C —c(r/mqg)? —c (i /mig)? Cag?o) —c(r/mqg)?
<y (mae i alma) € e e "
Angi, © " Angg A, - Ang

For r > n;, the same bound holds with alio ) e=c(r/mi)) replaced by a'"e—(/ai®)* which

is bounded by a'/® ) e—c(r/af®)? This term is therefore negligible compared to (7.10) (in

the case r > n;,). ThlS concludes the proof of (7.7).

7.3 First part in (7.1)

We again split the sum into two parts:

N —sflm,,U nig /2 m70
Y PS.=x)=) PS,=x)+ Z P(S, =x). (7.11)
n=1 n=1 n=n;, /2+1

The second part in (7.11) can be treated in the same manner as for (7.7): we have for
any Clomio <r< ni0/2

Mol C’ag‘)) r 2
Z P(S, =x) < ﬁ( nm(pm( Y~ Yio 4 e—clr/mig) ]l{ai(,:Q}) . (7.12)

n=n;,/2+1 Anyg n,
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Indeed, this comes from the same argument as for (7.9)-(7.10)—we are able to use
Theorem 2.1 since z;, — bEfo) > a£30> for n < n;, — C1om4,. Then, using (7.12) with
r. = e tm;,, we get as for (7.8) that

nig—e”'mig Ca%io) _2
P(S, =x) < ﬁ(ﬂl*l +e 7). (7.13)
n=n;q /2+1 Anig *** Angg

It remains to control the first term in (7.11), and this is where we use one of our
assumptions in Theorem 3.3.

(i) Ifo 1 ofl < 2 or (ii) v, > Z#m i_l We invoke Theorem 2.1: there is a constant

C' such that uniformly for n < n;,/2 (so x;, — b( i) > = cng, = agf(’)) we have

C
P(Sn = %) <~ (i (ig )i, "0 + 70/ L o). (7.14)
an “ e an
First of all, bounding below asf ) by a constant, we have
E (miy falio)? (nig fmi0)? asl)
—c(nig /ay,© o —c(niy /m; _ i

Z We 0 ]l{a1:2} < anoe 0 o = O(l)a(l) B f]a(d) ) (715)
n=1 mn n Mig Mig

the last identity being valid since e~¢(" o/ mig)® decays faster than any power of n;,.
* If Zle a; ! < 2 we get that n/ (a;” e a%d)) is regularly varying with exponent larger
than —1, so that

n¢0/2

2—; (%0)
c —Yig C’n ® i (Miy) o Ang,
Zl W”‘%(”%)” s a(l) O 0(1)a(1) O (7.16)
n— n N Mg Tig Mg

To obtain the o(1), we used that (,010 (nlo)n Y a(“’ is regularly varying with exponent
2 — v, — 1/, < 0 (recall that v;, > oy, > 1)
* In the case where Zid:l a; b > 2 with v;, > Ditio a; ', then

3

Nig /2 n alio)

Vi ~ —Yig __ n;
Zl ﬁ”%o(nm)no * < @(ngg)ny, 0(1)W (7.17)
n—= n Nig Tig

since the sum grows like a slowly varying function ¢ (or remains bounded). The o(1)
comes from the fact that asfi"o) / (asblli aslz) ) is regularly varying with exponent larger
than —v;,,.

(iii) If Assumption 2.2 holds Forn < n;,/2, we have z;, — o > g, = a'®): Theorem 2.5
gives that

C
I, (s — b5 v al)

P(S, =x) < (”sﬁ(mo)n Yo 4 gm0/ ]1{%=2}> '

We notice that if b\’ = 0, then since we assumed that ¢, # 0, we have that |:U | > ca,(fi)o

for all n < n;,/2, provided n;, is large. Otherwise, we write |z; — by | > |b — b )\ -
|x; — bgf ) Since we work along the favorite direction we have |z; — b% L)O < cagf ) Also,

i) pld) | >

using that b( is regularly varying with exponent 1 we have that |bni,i0 — by’ = c|bgfi)0
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unlformly for n < n;,/2. Therefore, using that |b( )|/a — +oo, for n < n;,/2 we have
|z — )| >c b(“’) agf) provided that n;, is large enough. All together, recalling also
that |x;, — b5f7°)| > cn;,, we get that

(I47i0) ¢ —c(nig/mig)?
P(Sn:X) < o (d) (nlo)no 0 +ﬁe c(nig /mig ) ]l{aiOIZ}'

QAn; * - Anyg QA * - Any

Summing the second term over n < n;,/2, (7.15) already gives that it is negligible
compared to (7.6). For the other term, we have

Nig /2 (Z(]) C (i0) (i0)
"1 (1+ @) a/n't 1—7; a’”z
e m)ng, S gy, () = o) gy, (7.18)
=1 Qn;, " Qny, Qngy * Gy, Ungy * " Ongg

the last identity holding since v;, > 1.
As a conclusion, we obtain in all cases (i)-(ii)-(iii) that

Nig /2 (i0)

An;,
> P(S =o(1 )ﬁ. (7.19)

n=1 Qn;, Qn;,

Conclusion

Combining (7.6) with (7.8), (7.13) and (7.19), then letting n — +oc0 and finally ¢ | 0,
we get the conclusion (3.6).

8 Proof for case III: ;) = 1

In this section, we prove Theorem 3.4.

8.1 Preliminaries

Recall that b = 0 for all i < iy, and that c;, = 1 with b°) 2 0 (and [b;*|/a'®) — +00).
Recall that n;, is such that bef(} = X, (bgffo) and z;, need to have the same sign). First, we
stress that 11, (a$”)) ~ i, (|b5°]) (this is trivial if z;, € R*, and we refer to Lemma 4.3
in [3] in the case |u;,| = +oo or 0 with p;, # ¢;,): we get that pu;,(a (“’)) ~ iy (|24, ]),
and hence z;, = b5330> ~ N, tio (|Zi,]). We therefore conclude that n;, ~ x;, /1, (|4, |) as
|¢;y] = 400 (provided that z;, and p;,(|z;,|) have the same sign).
We also define

all?) Liy(a%?)

a0 @] g (0]

= o(n;,) - (8.1)

mg;, ‘=

We used the definition (1.4) of agf(’) for the asymptotic equivalence, and then that
L;,(z) = o(psy(x)) (both if y;, € R* or p;, = g;,, thanks to [6, Prop. 1.5.9.a]). We stress
that the typical number of steps for the iy-th coordinate to reach z;, is n;, + O(m;,). The
intuition is that, when looking for which n we have that z;, — bio) (= piio) b(lo)) is of order

io
aglo) (10) and us1ng that |b n7

is roughly of the order of (n — nlo)\pzo(a%fg)ﬂ (see
(8.4) below for details) we find that n—n,, has to be of the order of an’fo) /| hio (aﬁff’o))\ =:my,.
This intuition is confirmed in [2, 21], where it is shown that (N (z;,) — n;i,)/m;, converges
in distribution as |z;,| — +00, where N(xz;,) = inf{n, S50 > x;,} is the first passage
time to z;, (if z;, > 0).
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Then we fix £ > 0, and again split G(x) into three parts:

—1
Nig+e "My,

G(x)=< ) R )P(Sn:x). (8.2)

n<nig—e"tmi,  n=ng—e"tmyy  n>ng+e"img,
As suggested above, the main contribution is the middle sum. In the following, we work

with z;, and p;, (x;,) positive, simply to avoid the use of absolute values.

8.2 Main contribution

For the middle sum in (8.2), the fact that we work along the favorite scaling tells that
we can use the local limit theorem (2.1), and get that

-1 -1
Nig+e "My, Nig+e "My,

1+ o0(1) iy — b zq— b
S PS.=x)= > a(l)---a(d)ga( O ). ®3)

n=n;,—e"1m;, n=n;,—e~"tm;,

Note that, for the range of n considered, we have that n = (1 + o(1))n,, (recall (8.1)), so
that a) = (1 + o(1))al)..
* if ¢ > ig or o; < 1 then bg) = 0: thanks to our assumption (3.9), we get that
Ty
(4)

anio

= (1+o(1))t;.

* if a; = 1, then we get that for [n — n;,| < e 1my,

v — b0 a =0l (g, —n)pi(al))

Mg . .
ag“)u ag”)o a’g"')o sL7)0 ’

The first part goes to ¢; € R, thanks to (3 9). The last part goes to 0 thanks to Claim 5.3

(recall n;, ~ a%)oL (ag)()) 1), since an /an) goes to 1. For the middle part, we use

assumption (3.8) to get that p; (am0 )/ anzo ~ @;,M;,. In the end, we obtain that uniformly
for |n — n;,| < e tmy,

— by, @ Qi io

7(1) t; +

anm mlo

(15, — 1) + o(1) . (8.5)

Using this in the sum (8.3), and with the definition #; = a;,1(; » ;.3 (With a;;, = 0 if
a; < 1), we get thanks to the continuity of g, that the right-hand side of (8.3) is
ng +6_1mi
1+ 0(1) 0 0
o @ 2 e (tl iy

Anig = Ongy e nig—e "ty

(nlo —n),...,tq+

10 mio

my; e ~ -
_ (1+o(1))ﬁ/ Go(ts + Fru, .. ta+ Rqu)du,  (8.6)
1

Angy * " Qg

where we used a Riemann-sum approximation to obtain the last integral.

8.3 Third term in (8.2)

First of all, let us stress that there is a constant C'5 such that for 2n,, > n > n;, +
012 m;,, We have

Tig — bgziO) = (nio - n):u‘io(a‘gzip)) (lu’lo( (o )) :ulo( (10)))
< el(nig —n)pio (af?)) < —aff?). (8.7)
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We used that uio(agffo)) ulo(agf‘))) = O(L;,(a (i"))) for n;, < n < 2n;, (see Claim 5.3), and
the fact that n;, L;, (a%“)) ca%z ) Forn > 2n,,, we have that z;, _pl0) < cbgffo) < aﬁfj’o).
the first inequality comes from the fact that by, (i)
the second from the fact that b, (i /a(m) — +o0.

Therefore, we can use Theorem 2.5 (recall ;, = 1) to get that for all n > n;, + Ciam,,,

is regularly varying with exponent 1,

C’agfo)
all. )

n

P(S, =x) < Ly (|5 — b)) sy — b0 72 (8.8)

Then, for any n;, > r > Ciam;,, setting j = n — n;, so |z;, — bsfo)\ > cyulo(a%m) (see

(8.7)),

Znig Ca,EZO 277,10 ' N
> P(s iy D Mo Lio (hia (a52))) (hio (al)2)))
7r,:nio+r nl0 te "’0 j=r
Cla 517'0) 1 _ .
< (1) U(d) X T (i0) ’LO (T,LLL[)( (20))) (T/.Lio (a,g;loo))) . (89)
anlo anlO j223 0( n'LO )
Then, setting r = ¢ 1m10, and using the definition (1.4) of a(“’) we get that
214
C"em;,
> P(S, =x) < < —m (8.10)
n=n;, —0—5*1mi0 "10 Tig

For the sum with n > 2n;,, we use (8.8) with the fact that z;, — bsf") < - cb&fo):

an i i0)y—2
2. Pa=x)< ) @ nLi, (0) (05")
n:2ni0 n—2ni0 n n
C”a (i0) ' ‘ 0(1)m'
__ Mo 2 . (i0) (i0)\—2 _ _“\")o
< a(l) o a(d) X nmem (b’nlo )(bnlo ) a(l) - a(d) . (811)
Mig Nig nig Ny

For the summation, we used the sequence under summation is regularly varying with ex-
ponent smaller than —1. For the last o(1), we used that bgffu) ~ N fhig (agffo)) ~ N i (bﬁffo)),

and that L;, (b)) /s, (b gff)o)) — 0.

nlo

8.4 First term in (8.2)
Asin (8.7), we have z;, —b(i") ( o) for N /2 <n<n;

gives the same bound as (8.8): for any r > Ci2 m,,, settlng J=n4 —n (x, — beO’ <

o —C12m;,. Hence Theorem 2.5

cyum(amo )), we have as in (8.9)

Tl T CCLT;OO nio/? (z ) . (o)) —2
Z P(S Z nzo io ];U'lo mOO ))(]:uio(anioo>
n=n;, /2 n10 7“0 Jj=r
C’mi -
< ey L (i (02) (g ai)) T (812)
niy ** Orig,

With r = e~'m;,, we obtain the same upper bound as in (8.10).

For the term n < n;,/2, we use that z;, — o) > el ") provided that n;, is large
enough. Since we work along the favorite direction (3.9), we have that |z; — bn)| canl
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for all n < n,,/2 (recall we assumed ¢; # 0 if bgf) = 0): Theorem 2.5 gives that

40“530) (i0) (p(i0))—2
P(Sn=x) <~ nLio (052) (02)
Angy « Ay
Hence, similarly to (8.11), we get that
nig /2 1, (30)
C'ap, A o(1)m;
710 2 1 (p(i0)y(p(i0) io
Z P (1) . (d) x nZoL'LO (b’nqo )(bn70 ) a(l) a(d) (8.13)
”lo "10 Mg MNig
Conclusion

As for the previous sections, collecting (8.6) together with (8.10)-(8.11) and (8.12)-
(8.13), then letting n — 400 and finally € | 0, we get the conclusion (3.10).

9 Proofs when x is away from the favorite direction or scaling

In this section, we prove the renewal estimates when away from the favorite direction
or scaling, i.e. we prove Theorems 4.1 (in Section 9.1), 4.2 (in Section 9.2), and 4.3 (in
Section 9.3). Again, let us work with all z;’s positive in this section, to avoid the use of
absolute values. Recall also that we work in dimension d = 2 with a # (2, 2) and under
Assumption 2.2.

9.1 Case I, proof of Theorem 4.1

Recall that n; is defined up to asymptotic equivalence by agh) ~ x;, and 20711 are

such that n;, = min{ni,n2}, n;, = max{ny,n2}. In such a way, we have that xz/am >c
for i = 1,2. Let us work in the case where z;, /amO C43 for some large constant C3
(otherwise one falls in the favorite scaling (3.2)): it is equivalent to having n;, /n;, larger
than some large constant Cj;. We let n;, < m < n;, (we optimize its value below), and
decompose G(x) into two parts

Gx) =3 PS.=x)+ 3 P(S.—x). ©.1)
n=1 n=m-+1

For the first part, since z;, > caﬁfl) for n < m < n;,, Theorem 2.5 gives us that

P(S,=x) <

C
2)

7 ) (i1)y2
n; («Tz ):L' —Yiq +e c(xiq /ayt’) 1 0 =2 )
(m1Va$L1))(xQVa5L)( S fon =2

(41)
C(n el jaf)? C G 1
W (F“ + 6 1 ]l{a11,2}> CL(I) (2) ' (i1) Mg, ’

~
Qn; Tiy niy Angg anil

For the second inequality, we used that z;, V ag”) >a (i‘)) , that z;, > (il) for all n < n;,,

and also that z;, ~ a%f), so that in particular ;, (z;, ), i < ¢/n;, by definition of a%l).

Therefore, we get that

m (i1)
ZP(Sn =x) < (le)nl(oz) X a?”’) mom (9.2)
n=1 Qng, An;, anlill Thiy Thig

For the second part in (9.1), we fix some 6 > 0 (small), and we use the local limit
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theorem (2.1) to get that (using that al_l + a;l >1)

fp(s — %) < f C__em
! h agzl)ag) h a’l(”l}b)aggl)

n=m-+1 n=m-+1
CsTg m o\ e
< QoMo (7> (9.3)
0@ " \y,
nig Ungg 0

with k5 = afl + a2 —1—-96 > 0. We used 1n the last inequality that n/(a%l)an )) is

regularly varying with exponent 1 — o - a2 , together with Potter’s bound.
Then, it remains to optimize our ch01ce of m: combining (9.3) with (9.2), and using
that there is a constant c¢s such that a(“> / am1 < es(ng, /ni,) /@110, we get that

Cn; N\ ~1=a— 19/ m \2 m o\ ks
e <o () ™ G +Go) ) 9.4
(x) oD o@ \Ung, )t n) 0-4)
< Cnlo (&) —rs(1+1/0i+6)/(2+ks) .

For the last inequality, we optimized in m, by choosing m/n;, = (n;, /n;, )T/ @ =0/ tnrs),
This gives the first part of the statement, i.e. (4.1).

In the case where (S,,),, > o is a renewal process, i.e. X; > 0, (in particular «; € (0, 1)),
then one has a much sharper estimate than (9.3). Indeed, we have the following large
deviation result: for all n > Cl3n1 (so that z;, < a(l0 /4),

; i —¢4
P(S, =x) < afll)ca@msfz)/)zj < Tio/2) < (1)0( )e_C(xiO/a%O)) ° (9.5)

n '(l

for some exponent (;, (whose value depends on «;,). The first inequality follows from
the same argument as for (5.3)-(5.4), we leave the details to the reader. The second
inequality is a large deviation result, see for instance [1, Lemmas A.3]. As a consequence,
we have the analogous bound as in (9.3),

T P(S CsMig ,c(a(io)/a(io))*iio
=X)< ——==¢€ Tig L .

> P(Sn=x) NN

n=m ’I’L70 Mg

The last part decays faster than any power of m/n;,, so that (9.4) holds with ;s replaced
by an arbitrarily large constant. This gives the second statement of Theorem 4.1.

9.2 Case II-III (a), proof of Theorem 4.2

Here, we assume aq, asy 2 1 and for i = 1,2: either p; € R*, or o; = 1 with p; # ¢;.
Recall that n, is such that bnl = x; (we work in the case where they are both positive),
and m; = anl /ul(am ) (one can replace ul(agh)) by w; if @; > 1). Note that in any case we

have m; = o(n;) as n; — +oo.

9.2.1 A preliminary estimate

We prove first the following result, that will be useful in this section and the next one:
fori=1,2

n;+m

1

if m € [mj, nyl, 4 — < log (1 + —);

:Zm oV jzi = bD] T pilal) )
‘ (9.6)

“ 1 C
if m > 2n;, - - < - - logm .
2 TV A0 o) el
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To show this, recall that |z; — bgf)| < can) for all n between n; — m; and n; +m; (see
(7.5) and (8.5)). Therefore, we have that

ni+m;

D

n=n;—

1 cm; c

ma alf v |lz; — bﬁf)l al) #11((15;

N
~—

Then, for n; + m; < n < 2n; (so |z; — bsf)| > c’aﬁfi), see (8.7) in the case o; = 1),
setting j = n — n; we have |z; — bﬁf)| > cjui(a,(f,?) (this is trivial if a; > 1): we obtain for
m € [m;, n;]

n;+m 1 m

> > < g (14 5).

) _po T (ol , m
n=n;-+m; an \ |x'L n | j=m; jlu“b(anl) :U“'L(ani) o

A similar argument holds for the sum between n — m and n — n;, and this concludes the
proof of the first line of (9.6). ‘ ‘ ‘ A ‘
For n > 2n;, we have |x; — bgf)\ > cbgf) (which is larger than a,(f), recall bgf)/agf) — 400).

Therefore, using b} = nui(ag )), we get that

m m

Z _;< Z C(_ < ¢ ) log(m/n;)

WS a v |z = 0D S na(a) T (@) A pa(05)

The last inequality comes from the fact that: either y; is a positive constant (so the bound
is trivial); or p; = +oo (if a; = 1, p; > ¢;) S0 p(x) ~ (p; — ¢:)¢(x) with £(-) non-decreasing,
so ui(agf)) > c,ui(agfi)); or u; =0 (if a; =1, p; < q;) so pi(x) ~ (¢ — pi)¢*(x) with £*(-)

non-increasing, so ,ui(aﬁf )) > cui(a%)).

9.2.2 The case n; < no < 2n4

Let us mention that the case ny < n; < 2ne would be treated symmetrically. We let
m = (ng —n1)/2 so that ny + m = ny —m, and we assume that m > m; V mq (otherwise
we are in the favorite direction). We write

ni+m —+o00

G =( >+ Y )PE.=x). 9.7)
n=0

n=ns—m-+1

For the first term, we split it according to whether n < ny — m or n > ny — m. For
n € (np —m,ny +m), and since n < ny — my, we have that |zo — bﬁf)\ > cmug(aﬁ))

(see (8.7)): Theorem 2.5 gives that
C

PS,=x){ —————F—+
" adv |z — b%1)|
—(1+ 1 cmpa(a®) /a2
x (o (mpa afZ) (mpa(ali)) ™7 4 e e g,y )
n

Then, by (9.6), and using that nse(a'2)(al)~(1+22) < C/a'?) (together with Potter’s
bound), we obtain for any § > 0

ni+m

> P(S,=x)

n=ni—m
Cslog(m/my) m \ —(I+az)+é _ B 2
< (2)7/(1) % ((7) (mMQ(ang?)))az 2 c(m/mz) 1{a2:2}) .
Qngy 1 (anl ) ma
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Notice that as = 75 if ag € (0,2): we can rewrite the above as

ni+m

A —(14a2)+3
S PS.=%) < M o ()T R 9.8)
n=ni;—m a’( )/’l/ ( ( )) m2

where we set R (m) = 1 if a; € (0,2) and RO (m) = m2 % + ¢=¢(m/m)” if o; = 2 (in
which case m(afff) is a constant).

For the terms with n < n; —m, we use again Theorem 2.5: since |z —b )| cmul(a&))

(see (8.7)), and setting j = ny — n so that |z — b( )| cgug(agm)) we have

P(S, =x)
C . . —(+ 1 i (e /a2
< 7(2) % (n(Pl(jﬂl(aSlll)))(],U/l(agl))) (I471) + ﬁe (G 7L1)/ n’) ]l{al:2}) .
mpz(an ) an

Therefore, summing over j as done in (8.12)-(8.13) (in the case a; = 1, the case a; > 1
is identical), we obtain as in (9.8)

ny—m C B
> P(S.=x) < (— - or(mpn (@) (mp (@) 7+ e )

= mpz(al)) N (b))
05 mN\—1/m\—a1+dé )
S e ) <1>)( ) <mT> x B (m). 9-9)

Similarly, we can treat the cases no — m < n < ne +m and n > ny +m, and we get
that

no+m
B C5log(m/mo) (I4o1)+s 1)
2 PE.=0 < e () x RM(m).
oo ! —1 —ao+6
S P(S.=x)< %(ﬁ) (ﬂ) x R (m).
n=ngz+m an M( ) m ma2

Notice that aél),ug(af)) = a%)ul(agh)) x (m1/ms2), so that we can re-write the above as

na+m
1 —1 —a1+6

Y P(S.=x)< %(ﬂ) (ﬁ) R (m), (9.10)
n=ns—m Gngy 1 (anl ) ma m1

+oo

C —(14a2)+48

Y P(S.=x)< ﬁ( ) R®(m). (9.11)

n=ns+m T2 N’ ( )

All together, combining (9.8)-(9.9) and (9.10)-(9.11), and bounding log(m/m;) by a
constant times (m/m;)?, we can conclude that

" — —a —aa
9 i ()G G R () Ao,

which concludes the proof of (4.3), recalling that we chose m = (ny — nqy)/2.

9.2.3 The case ny > 2n,
Agaln the case na < n;/2 would be treated symmetrically. When ny > 2n,, we choose
=3ny/4ify; <y, and m = ngz/“ V (3n1/2) if 71 > 2. We write

m

<Z+ Z ) S, =x). (9.12)

n=1 n=m-+1
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For the first term, since n < m < 3ng/4, for any ¢’ there is a constant ¢y such that
|z — b( )| c(;/né & , so that Theorem 2.5 gives that for any § > 0 we have a constant ¢
such that, for n < m,

Cs _ s 1 _ 176'/ (2)y2
P(Sy = %) <~ % (mx (ma) AFH0 e )
v |z — bﬁf)| a%) {o2=2}

Here, the second term decays faster than any power of n, (if the term is present, a%) is

regularly varying with exponent 1/2), so it is negligible compared to the first term. Then
summing over n < m and using (9.6), we obtain that

> P(S, =x) < Cym' 0 (ng) =172+ (9.13)

n=1

For the second term in (9.12), we divide it into three parts: m < n < 3na2/4;
3n2/4 < n < 2ng; and n > 2ng. For m < n < 3ng/4, we use again that |zo — (2)\ > cyml™
and |z, — b(l)\ > by (recall m > 3n1/2), so that Theorem 2.5 again gives that for any
>0

1
P(S, = x) < Csny "Hx (n(b<1> )~y

—e(b) /7q(1)y2 —145 vy =&
( e—clbr’/az”) Tga =0y ) < Csng " oxn 1790,
an

For the last inequality, we discarded the exponential term since it decays faster than
any power in n, and used that n > m > /") to bound n$n? by nin—? (by picking
0=0+30(1 A (y2/71))) . Summing over n > m, and since v, + 0 > 1, we get that

3" P(S, =x) < CjnyHomiTn (9.14)

For 3ny/4 < n < 2ny, we use that |z; — bg)| > cn2 9 to get by Theorem 2.5 that
(discarding the exponential term as above)

C
P(Sn = X) < (1)—6(2) X N9 (n2>_(1+71)+6,
an’ V|ze — by |

so that, summing over n, (9.6) gives that 23;23”2/4 P(S, = x) < Cjny " which is
smaller than a constant times n, 120 1-7 gince m < ng (and vy; > 1).

For n > 2ng, we use that both |z; — b(1)| and |zg — 2)| are larger than cyn!=?":
Theorem 2.5 gives that P(S,, = x) < Cn~ (1+72)+0  Then, summing over n > 2n, gives
that 3., P(S, = x) < Csny 12 Chny 1 F20ml-—n,

To conclude the argument, we get that G(x) is bounded by a constant times

—(14+2)+6

ng X Ny if ng <ni,
145, —(1+72)+6 —1+46, 1— —w2+(ﬁ—1)+5'
moin, +ng Tm T < Cqn, " ify1 > v,n "’2/71>n1,
_ +5’
Ny ” if ’Yl X 72,

where we used the definition of m in the last inequality (indeed, the optimal m is n”/ m

but we have the additional conditions that m > n; and n < n3). This concludes the proof
of (4.4).
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About Assumption (2.8)

Let us explain briefly why assuming (2.8) does not improve much the bounds (4.5)-(4.6)—
we consider the case when n; < ny < 2n;. Set again m = ne —n;. Forn < ng —m
(= n1 + m) we have that |b£12) — x9] = ¢(n — n2)pe(ay,,) so that Theorem 2.6 gives that
P(S,, = x) is bounded by a constant times

—(2+ ]' —c((n—n a a 2
nap((n = n2)pia(an,)) ((n — n2)pa(an,))~ 7 + ayEe e g

Hence, summing over j = ny—n between m and n», and using that ns < ¢(an,)(an,) ™
(and mg = an,/p2(an,)) we get that

ni+m

—(1+7) C —c(m/a )2
E P(S, =x) < now(muo(x mus(an, + e m2) Qo=
n—0 ( ) p2(an,) 290( pal 2))( pal 2)) Ay 12Oy ) {o=2}

C (( m )*(1+a)+5

2
< (m)a—"/ +e—c(m/m2) Ty )7
an2ﬂ2(ana) {o=2}

my
which gives the upper bound in (9.8) up to the factor log(m/m;). Similar bounds hold
for the other terms, showing that the use of Theorem 2.6 does not bring any real
improvement.

9.3 Case II-III (b), proof of Theorem 4.3

Here, we assume that bgfl) = 0 and that either o;;, > 1 and p;, € R*, or a;; =1 with
Dis # ¢i,- Recall the definitions (3.1) of n;: in particular, n;, ~ z;,/ uio(agffo)) (we work
in the case where both z;, and pu;, (asffo)) are positive), and agfjl) ~ |z;,|. We also define
My = agfi"o)/uio(a%i"o)) as above. The case where n;, /n;, is bounded away from 0 and +oo

corresponds to the favorite scaling (3.5).
9.3.1 The case n;, /n;, small

Let us start with the case when n;, < cn;, with ¢ a small constant. We split G(x) into

"770/2 400

G(x) = ( RS )P(Sn = x). (9.15)

n=1 n=n;, /2+1

For the second term, we can use the results of Section 7 for the case a;, > 1 (combine
(7.6)-(7.8)-(7.13)) and of Section 8 for the case a;, = 1 (combine (8.6)-(8.10)-(8.11)-
(8.12)). We get

+oo C
P(S,=x)< — . (9.16)
(i0)y  (i1)
n=n;, /2+1 Hig (anio )anio

Recall that if y;, € R7, then we can replace p;, (aﬁffo)) by a constant.

For the first term in (9.15), we use that for n < n;,/2 then x;, — bgf") > x5, /4> aﬁf‘”
so that Theorem 2.5 gives

C —(14+7ig) 1 —exy (ig)
P(S, =x) < 7@1)(”%‘0 (@ig)z;, 0+ G0 € o far IL{otio:?}>
|2, |V an an
c’ — (14
NS W X ny;, (l‘io)xio( v 0) . (917)
Liq an
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We discarded the second (exponential) term since it decays faster than any power of n;,.
Summing over n, we get that (recall |z;, | = agfill))

niy /2 (1+ ) Ny N
Vi
S pis, < Cautp (3 S )
11 n=n;,; +1
2—1/a, .
< (xz )l’ (I4+7iq) % 0571 lnm if (679 < 1/2, (9.18)
o Cn? /agfjo) if a;; > 1/2.

We used that n/ al is regularly varying with exponent 1 — 1/a;,, which is smaller (resp.
larger) than —1 if o;; > 1/2 (resp. if oy, < 1/2).
Notice that since n;, ~ x;, /i, (aﬁlf’o)) we get that

n C % 7 i C
Diy (!L‘ZO){,C O(1+’Yzo) (ZO) < o) 1% o(x(lg)) (xio)l Yig < G (919)
a"LO amo Hig (3710) Hig (a"zg ) Hig (a“zo )a”zo

Indeed, either v;, > 1, or ;, = 1 in which case ¢;,(z;,)/ i, (xiy) — 0 @s z;;, — +oc.
Together with (9.16), this gives (4.7).

The case of a renewal process

If S,, is a renewal process (necessarily a;, < 1), we can improve the bound (4.7). For a

fixed > 0, we set m :=n;, x (n;,/n;,)°, which is larger than n;,, but smaller than n;, /2.
We write

The first term is treated as above, using (9.17) (note also that z;, V aﬁ, RIS caml))

- m’ —(147i4) 2- (1+ i )+26
Z P(Sn - X) < Cﬁ(plo (Iio)xio o < GCs (nll) a” o
n=1 My

where we used that m = n;, (ns, /1, )°, together with n;, <z}, and also aliv > nlll/a” -
For the remaining term, we use that,

Z P(S, =x) =P(3n>msuchthat S, =x) < P(S(“) <)

m
n>m

< exp (= efali) /ali)) =) < exp (= (nig/ni,) ")

for some (5 > 0. The second line follows from the large deviation result [1, Lemmas A.3]
(we have z;, > alit /2) with an exponent (;, that depends on «;, < 1. The second
inequality comes from the definition of m = n;, x (n,/ni,)°.

9.3.2 The case n;, /n;, large

Let us take some m € (2n;,,n;, /2) (the choice is optimized below), and we write

m

(Z+ Z )RS, =) (9.20)

n=1 n=m-+1
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For the first term, we us that z;, — bgfl) > cxy, = aﬁfl) (n < ny, /2), so that thanks to

Theorem 2.5 we have

C
b(io) | Va (10)

(1))2

P(S, =x) <

1
< L (oo e
|3y —

L, =2 ) - (9:21)
Therefore, summing over n < m and using (9.6) above, we get that

- Clogm 1 Y B (e
Y PSp=x)<———~ — ( (2 )z 4 emc@n fali g ) 022
n=1 ( X) ﬂio (nio, m) le i : ('T 1)1' Te ! {(111—2} ( )

with fii, (nig, 1) 1= prig (0115, ) A puig (aii)) = i 'm =072 |
For the second term in (9.20), we use that |y — bgf‘))\ > cbﬁf‘)) for n > 2n,,, so that
Theorem 2.5 gives us
¢ (U0 (b))~ (17%)

As in (9.17), we discarded the exponential term appearing in the case «;, = 2, since it
decays faster than any power of n. Therefore, in the case v;, > 1, we have

S ¢ —Vi ¢ =i
ZHP(S" =X) < 5 g Pio ()N < —5 i (m)m! 0. (9.23)
n=m Ni; n2>2m iy

For the case v;, = 1, we refer to the bound (9.26) below: we find that the sum is bounded

by a constant times (affjl) g (aﬁfo)))

Combining (9.22) and (9.23), and using z;, = a%;j, we get that in the case v;, > 1
Cs
(1)

Qn;|

G(x) <

(=10l (a4 e ) @2

Then, we are left with the choice of m: we take m < nl1 % 50 that the last term decays
faster than any power of m, and we only have to optimize m!*% x (m ™Yo + x; " (nig i, )%).
We therefore choose m > (x;,)Y1/%0 V n;,. In the end, we obtain that the paren-
thesis in (9.24) is bounded by m1+5(nioxil)%;%1 < mg/x;%l, where we have put
ms = (|, |71/ 70+ ()19 ) A (ng, )19 for some ¢ slightly larger than 6 (if (ng, ) % <
(n;,)'+%" then take ms = +00). This gives (4.8).

Alternatively, we also obtain from Theorem 2.5 that for any » (using z;, V agf ! agfjl))

1
P(S,=x) < (C)x ) o)
anlfl an® V |z, — by

o e e e AL VY R CR )

Summing over n, and treating the different parts of the sum according to whether
n < Ny —Miy, N E (Niy — My, Ny +my, ) (in which range |z, —bgf°)| <a)yorn > n+m;,,
we obtain as in Sections 7-8 that

C 1
Z P(S 0 N (9.26)
nll Hig (a‘n70 )

This gives a general bound, in case the above (9.24) does not give a satisfactory bound
(for instance if mg = +00).
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The case of a renewal process

In that case, we have that P(S,, = x) = 0 forall n > z;, ~ niou(aﬁffo)) (notice that
Wi, (z) = 1). Hence, we have that

2ni0 Hig (a’g‘j,io>)

’ C'logn; i —e(a1) aliny?
G(X) = Z P(Sn = X) < % (nio‘Pil (Iil )l'il’y '+e C(a"il /a”io) 1{%‘122}) ,
n=1 M’io (a'nzo )a'nil

where we used (9.22) with m = 2”1‘0%0(@%’0))1 and also that uio(agfo)) > uio(a%")) since

u is non-decreasing. Noting that agbifl) / agziilo) is bounded below by (n;, /n;,)*~%/2 in the

case «;, = 2, this gives the bound in Theorem 4.3.
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A Generalized domains of attraction and multivariate regular vari-
ation

A.1 A few words on generalized domains of attraction

We stress that the convergence (1.1) is a special case of generalized domains of
attractions (called operator-stable distributions): in general, the renormalization matrix
A, is invertible, and does not need to be diagonal as in our case. A few relevant and
historical references are Sharpe [37], Hudson [24], Hahn and Klass [22, 23], and a
comprehensive overview of the subject can be found in [29]. We stress that a local
limit theorem exists in general, see [19]. We also mention that when A,, is diagonal, all
marginals X (9 are in the domain of attraction of an a;-stable distribution, which is not
necessarily the case in operator-stable distributions, cf. [30].

Sharpe [37] found that one can decompose a multivariate (operator-)stable distribu-
tion into the product of two marginals, one normal and one strictly non-normal. In our
setting, it means that if we set dy = max{i; a; = 2}, then the stable law Z in (1.1) has two
independent components: (Z1,...,Zq,) normal, and (Z4,+1, - - -, Zq) strictly non-normal,
the convergence of these two marginals being enough for the joint convergence see
[35, 28]. Then, we refer to [29] for a characterization of the convergence to an operator-
stable distribution (either normal or strictly non-normal), in terms of regular variation
in R? of the distribution of X; (this is a generalization of Feller conditions [15, § IX.8],
i.e. (1.2), to the multivariate case).

In the simpler case we are interested in, that is when the matrix A,, is diagonal,
Resnick and Greenwood [35] (resp. Haan Omey and Resnick [20]) first gave a characteri-
zation of the domains of attraction in dimension 2 (resp. d), with the help of a (simpler)
theory of regular variation in R?. We summarize it below, but we first recall the definition
of regularly varying function in R?, as introduced in [35, 20].

A.2 About regular variation in R4, and convergence to stable distributions

The theory of regular variations in R is well established, and an exhaustive and
seminal reference is [6]. The study of regular variation in R¢ turns out to be very rich,
and has also been extensively studied, starting with [35, 20, 27]: we refer to [29, Part II]
and references therein for more details. Here we give a brief (simplified) definition in
the special case we are interested in.

First, a function r : Ry — IE{‘}r is said to be regularly varying with exponent g =
(B1,...,Bq) if the components r;(-) are (one-dimensional) regularly varying functions with
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respective indices ;. Then, we say that the function f : R¢ — R is regularly varying at
+o0 (resp. 0), if there exists a regularly varying function r : Ry — Ri (called auxiliary
function) with index 5 € Ri (resp. B € R%), and € € {—1,+1} such that

lim 7f (r(t)x)

t—+o0 te

=¢(x) VYxeR?\{0}. (A.1)

The function ¢ : R?\ {0} — R? verifies ¢(\°x) = A\*¢(x) for all x # 0 and \ > 0, where
we denoted \* = (\%,...,\%). Then, p = ¢3! is called the index of regular variation
of f.

Similarly, a measure 7 is regularly varying at oo (resp. 0) if there exists a regularly
varying function r : Ry — RY with index 8 € R? (resp. 8 € R%), and € € {—1,+1} such
that,

lim W(T(t)dx)

t—+o0 te

= w(dx). (A.2)

for some measure @ which cannot be supported on any proper subspace of R?, and which
verifies w(A\?dx) = A\*w(dx). Then p = ¢3! is called the index of regular variations of 7.

We are now ready to give a necessary and sufficient condition for S to be in the
domain of attraction of an «-stable distribution (in the case of a diagonal A4,,), as stated in
[35, 20]. Since the convergence of the two marginals (71, ..., Z4,) (to a normal law) and
(Zdo+1, - - -, Zq) (to a strictly non-normal law) is enough, we state the results in the case
where dy = d or dy = 0. First, S is in the domain of attraction of a non-degenerate normal
law if and only if the truncated second moment function &(x) := E [(X1,x)21(x, x)|<1}]
is regularly varying at +oo with index (2,...,2). On the other hand, S is in the domain of
attraction of a strictly non-normal law if and only if Px, (+) is regularly varying at infinity
with index (p1, ..., p4) € (—2,0)¢ (with p; = —a, the scaling sequences being al =r,; (n),
with r;(-) defined by (A.2)). We stress that having P(X; > x) regularly varying at +oo
with index —(v1,...,74) is a sufficient condition sufficient condition for being in the
domain of attraction of an a-stable distribution, with & = (a, ..., aq), a; = v A 2.

Finally, let us give two examples of regularly varying distribution of X; (IN?-valued)
we have in mind, that can be thought as “fully independent” and “fully dependent”
cases—one can easily think about other, intermediate, cases.

Example A.1. There are exponents (7;)1 < ; < ¢ and regularly varying functions (¢;)1 < i < d

such that
d

PX; > x)= H gi(zi)x; ", forx e N?, (A.3)
i=1
We have Fj(z) ~ ¢i(x;)x;
_(’711 e 7’Yd)~
Indeed, if we set r;(t) such that Fj(r;(t)) ~ t~! as t — +oco, we have that r(t) =
(r1(t),...,7a(t)) is regularly varying with index (v; ', ...,7;"). Then, for any x € R%\ {0},
we get

7, and P(X; > x) is regularly varying at +oco with index

d
Jlim #P(Xy > r(t)x) = ¢(x) with (x) = ;x;m‘l{wj:ovj#} .

This shows that P(X; > x) is regularly varying with index —(y1, ..., v4)-
Example A.2. There exist positive exponents 3, (8;)1 < i < 4, and slowly varying func-
tions ¢, (1;)1 < i < 4 such that

d d

P(X, > x) = w(zw(xi)x?"') x (Z?ﬁi(a:i)xfi)iﬁ . forx e N (A.4)

=1 i=1
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We have that Fj(x) is regularly varying with index —v; := —3f;, and P(X; > x) is
regularly varying at +oco with index —(v1,...,74).

Again, setting r;(¢) such that F;(r;(t)) ~t~! as t — +oo, we have that r(¢) is regularly
varying with index (y; ', ...,7;"). For any x € R?\ {0}, we then have that

d _
lim ¢P(X; > r(t)x) = ¢(x)  with ¢(x) = (Zlﬁ) 4

t—o00

This shows that P(X; > x) is regularly varying with index — (1, ..., 74)-

B Comments on Assumption 2.2

Let us comment on conditions (2.5) in Assumption 2.2, and in particular on the
summability of hffi) (|z;1)/(1+]z;]). Indeed, in view of the discussion below Assumption 2.2,
a natural idea would be to simply bound P(ij) € |z;,2x,]V5 # i | X{i) € [zi,2x,]) by 1,
so items (ii)-(iii) in (2.5) would not be necessary. However, by doing so, one would not
be able to derive the bound (2.6) for each coordinate (there would be an extra factor
(log xi)dfl), but having (2.6) turns out to be essential in our study. Similarly, condition
(iii) in (2.5) may appear artificial, but it is here for technical purposes, in order to be
able to bound hgf)(v) uniformly for v in some interval (recall the proof of Theorem 2.5 in
Section 5.3). We want to stress here that the condition (2.5) is actually very weak, and is
verified in natural examples that come to mind.

About Example 2.4

We now show that Assumption 2.2 is verified in the case of Example 2.4. For simplicity,
we present calculations in the case d = 2 without slowly varying function (¢ is a constant):
forx € N2, P(X; = x) = co(xfl + mgz)_ﬂ, with 81,82 > 0 and 8 > 61_1 + B;l, for some
constant cg. We can write, setting v, = 51(8 — ;" — ﬁ;l),

B1

—(14m),—B1/B x5\ ~h
P(Xy = (1,02)) = cor; a4 (14 22 (B.1)
Ty

_ % x;(1+m)(L262>1/ﬁ2(1+ x?“)*ﬁ
T2

Hence, we have the bound (2.4), with

B2\ =B 1-Bp2
Vo =m0 (am) ) <ol (am) )
h’ () = 575 L+ 57m S min o5 s ; (B.2)

the last inequality coming from considering whether v is smaller or larger than u/1/52.
It remains to verify that hqgl)(v) verify (2.5): for item (i), one easily verifies that h&l)(v)
is bounded by 1, since g > 1/85; item (iii) is also trivial. For item (ii), we sum over v
depending on whether v < u”/%2 or v > uf1/P>

h(l)(v) wbBL/B2 1 1

u —BB2

> o S > wbi /B T (=FBB1/ B > v Sl+e,
v>1 v=1 v>ub1/B2

and the constant does not depend on u (we have that Y, _ s, /s, v %2 < c(uf1/P2)1=5P
since 3B, > 1). Similarly, we have P(X; = (z1,22)) = ;—Cl’;v;(HW)hg)(;vl), with v, :=
Bo(B— Byt — Byt and h,ff) (v) as defined in (B.2) but with $; and /3 swapped.
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Moreover, using a Riemann sum approximation, we get that >_, - ; h,(f)(v) /v con-

verges to [, t(1 4 t72)"Pdt as u — +oo (recall (B.2)). Going back to (B.1) and summing

over x5, we therefore get that P(Xfl) =1x1) ~ clxl_(lﬂl) as r; — +oo.

This can be generalized to the setting of Example 2.4: we get that Assumption 2.2 is
verified, and we find that there is a constant ¢, (depending only on 3, ;) such that

P(Xl(i) = 1) ~ Co w<$fl) X (:ci)_(1+7i) as x; — +o0o, (B.3)

with v; := 3;(8 — Zle B;"). Details are left to the reader.
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