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The speed of critically biased random walk in a
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Abstract
We consider biased random walks in a one-dimensional percolation model. This model
goes back to Axelson-Fisk and Haggstrom and exhibits the same phase transition as
biased random walk on the infinite cluster of supercritical Bernoulli bond percolation
on Z¢, namely, for some critical value A. > 0 of the bias, it holds that the asymptotic
linear speed v of the walk is strictly positive if the bias A is strictly smaller than .,
whereas v =0if A > ..

We show that at the critical bias A = A, the displacement of the random walk
from the origin is of order n/logn. This is in accordance with simulation results by
Dhar and Stauffer for biased random walk on the infinite cluster of supercritical bond
percolation on Z<.

Our result is based on fine estimates for the tails of suitable regeneration times. As
a by-product of these estimates we also obtain the order of fluctuations of the walk in
the sub-ballistic and in the ballistic, nondiffusive phase.
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1 Introduction and main results

1.1 Introduction

In the physics literature, biased random walk on a percolation cluster is considered
as a model for transport in an inhomogeneous medium. The first rigorous study of biased
random walk on the infinite cluster of supercritical Bernoulli bond percolation on Z¢
was initiated in two parallel papers by Berger, Gantert and Peres [6], and Sznitman [22].
Both papers establish an interesting phenomenon, namely, if the strength of the bias
is positive but small, then the linear speed of the walk is positive, whereas it is zero
if the strength of the bias is sufficiently large. The sharpness of the phase transition,
which had been conjectured in the physics literature by Barma and Dhar [3], remained
open. An indication for the validity of the conjecture was provided by work of Lyons,
Pemantle and Peres [20], who had shown that there is an analogous phase transition
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for the simpler model of biased random walk on a Galton-Watson tree with leaves, and
that the phase transition in this model is indeed sharp. Moreover, the result of Lyons,
Pemantle and Peres includes the statement that the speed at the critical bias equals zero.
A rigorous proof of the sharpness of the phase transition for biased random walk on the
infinite cluster of supercritical Bernoulli bond percolation on Z? was eventually given by
Fribergh and Hammond [12]. In this paper, the authors conjecture that the speed at the
critical bias equals zero. What is more, in the physics literature, it was conjectured by
Dhar and Stauffer [9] that the displacement of the critically biased random walk from
the origin at time n (in the direction of the bias) is of the order n/logn.

In the present paper, we shall prove this conjecture for biased random walk on
a one-dimensional percolation cluster. This model was created by Axelson-Fisk and
Haggstrom in [1, 2] to be simpler than biased random walk on the infinite cluster
of supercritical Bernoulli bond percolation on Z¢, but to display qualitatively similar
phenomena. Moreover, the initial hope might have been to construct a model that is even
amenable to explicit calculations. And indeed, Axelson-Fisk and Haggstrom [1] were
able to express the critical bias as an elementary function of a percolation parameter of
the model. However, more complicated quantities such as the asymptotic linear speed
as a function of the percolation parameter and the strength of the bias withstood explicit
calculation so far.

Our proof of the fact that the displacement of the critically biased random walk
at time n is of the order n/logn is based on refined estimates for the tails of suitable
regeneration times that were introduced and studied in a joint paper of the second
author with Gantert and Miller [14]. Our bounds on the tails of the regeneration times
do not only hold for the critical bias but for a large range of biases including the whole
sub-ballistic and the ballistic, nondiffusive phase. This allows us to deduce the order of
the fluctuations of the walk in these phases. Our result on the fluctuations of the biased
random walk in the sub-ballistic phase parallels the corresponding results for biased
random walk on a Galton-Watson tree with leaves due to Ben Arous et al. [5] and is
more precise than the corresponding result for random walk on the infinite cluster of
supercritical Bernoulli bond percolation on Z¢ obtained in [12]. We further mention that
a limit law for the suitably scaled position of biased random walk among positive random
conductances on Z% in the sub-ballistic case, a model related to biased random walk on
the infinite cluster of supercritical Bernoulli bond percolation on Z? but without ‘hard
traps’, has recently been proved in [13].

Our work may also be seen in the wider context of biased random walks on random
graphs. We refer to Ben Arous and Fribergh [4] for an excellent recent survey of the field.
In particular, the model studied in the paper at hand bears similarities to one-dimensional
models related to trapping such as Bouchaud’s trap model (see [4] for background and
references) and one-dimensional random walk in random environment. We refer to the
lecture notes of Zeitouni [23] for an introduction to the latter model. For one-dimensional
random walk in random environment, the limit laws for the displacement have been
derived by Kesten, Kozlov and Spitzer [18] using a relation to branching processes, and
in the non-critical sub-ballistic case, but with greater precision, by Enriquez, Sabot
and Zindy in [10]. The more general case of random walk in a stationary Markovian
environment was solved in [21]. The latter setup is closer to our model as the percolation
cluster studied in the paper at hand can be generated from left to right in a stationary
Markovian way.

1.2 Model description

In this section, we give a brief introduction to the model and review some results that
are required for the formulation of our main results.
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Consider the ladder graph G = (V, E) with vertex set V = Z x {0,1} and edge set
E = {{u,v) € V?: |u—v| = 1} where | - | denotes the usual Euclidean norm on R?. If
v = (z,y) € V, we write x(v) = x and y(v) = y, and call « and y the x- and y-coordinate of
v, respectively.

In a first step, we consider i.i.d. bond percolation with retention parameter p € (0, 1)
on G, i.e., each edge e € F is retained independently of all other edges with probability
p, and deleted with probability 1 — p. As usual, we call an edge e € E open if it
is retained and closed if it is deleted. The state space of the percolation process is
Q = {0,1}*, which we endow with the product c-algebra F. The elements w € (2 are
called configurations. We interpret w(e) = 1 for w € 2 and e € F as the edge e being

open in the configuration w. A path between u,v € V is a finite sequence P = (e, ..., ¢e,)
of edges e; = (ug,u1),...,en = (Up—_1,Un) € E with up = v and u,, = v. The path P
is called open if w(ex) = 1 for k = 1,...,n. Let Qn, n, be the event that there exists

an open path connecting a vertex with x-coordinate —N; to a vertex with x-coordinate
Ny, and let P, n, n, be the probability measure on ({2, F) arising from conditioning i.i.d.
bond percolation with parameter p on the event Qy, n,. Then P, n, n, converges weakly
as N1, N2 — oo to a probability measure P, on (€2, F).

Proposition 1.1 (Theorem 2.1 and Corollary 2.2 in [2]). Foranyp € (0,1), as N1, Na — oo,
the probability measures P, n, n, converge weakly to a translation invariant probability
measure P; on (Q, F) satisfying P, (2*) = 1 where Q" = [y, y,en 25, Is the event
that a bi-infinite open path exists.

It is easily seen that P;-almost surely (a.s.), there is a unique infinite open cluster
C C V consisting of all vertices v € V which are connected via open paths to vertices
with arbitrary x-coordinate. We define P,(-) := P;(-|0 € C) where 0 := (0,0).

Henceforth, we fix a parameter p € (0,1). Most of the constants and objects defined
below will depend on p, but this will usually not figure in the notation.

After choosing an environment w € {0, 1}¥ according to P,, we define a random walk
on GG with bias A € R as follows. Let the conductances (c(¢)).cr be defined via

c((u,v)) 1= AWy ) € B,

Then (Y,)nen, is defined as the lazy random walk with conductances (c(e))ccr on C
starting at Yy := 0. More precisely, when at © € V, the walk attempts to move to
a neighbor v € V in G with probability proportional to ¢({u,v)). The step is actually
performed if w((u,v)) = 1, otherwise, the walk stays put. We denote the law of (Y},)nen,
on (V™. G) by P, , where § is the product o-algebra on V. Further, we write P} ,
for the law of the Markov chain with the same transition probabilities but with start at
v € V. By the symmetry of the law of w it suffices to consider the case A > 0.

The distribution P,  is the quenched law of (Y},),en, (given w). The corresponding
annealed law is obtained by averaging the quenched laws over w € (2 using P,. Formally,
we define the probability measure P on {0,1}¥ x VN as follows. For A € F, B € G set

P(A x B) := /APW,,\(B) P,(dw). (1.1)

Notice that IP depends on A\ and p even though both parameters do not figure in the
notation. For A > 0, under P, the walk (Y;,),en, is transient and there exists a critical
value . for the bias such that X,, := x(Y;,) has positive linear speed if A < \., and zero
linear speed if A > A.. This comes from the fact that the larger the bias, the more time
the walk needs to leave dead-ends in the direction of the bias.

Proposition 1.2 (Proposition 3.1 and Theorem 3.2 in [1]). Fix A > 0. The walk (Y,,)nen,
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is P-a.s. transient, and lim,,_,o 3= = ¥(\) P-a.s. with

_ >0 for\e(0,\),
v(A) =
=0 forA> )\

where \. = % log (2/(1 4 2p — 2p® — /1 + 4p2 — 8p? + 4p?)).

Existence of a critical value for the bias has been proven in similar models, e.g. in
[20] for biased random walks on Galton-Watson trees and in [12] for biased random walk
on the supercritical percolation cluster in Z?. In the present setting, ). is given as an
elementary function of p.

1.3 Main results

The main results of this paper concern the speed of biased random walk in the sub-
ballistic regime. If the bias is critical (A = A.), X,, is of order n/logn. This is in alignment
with simulation results for biased random walk on the infinite cluster of supercritical
bond percolation in Z¢ in [9].

Theorem 1.3. In the case A = )., there exist constants 0 < a < b < oo such that

lim P(-Az_ €[a,b]) =1.

=00 n/logn

We believe that this result cannot be improved to convergence in probability towards
a constant ¢ € [a, b].! We prove the theorem from fine estimates for the tails of suitable
regeneration times to be introduced below. Less accurate estimates for the tails of
these regeneration times derived in [14] revealed a second phase transition at A = A\./2,
namely, a central limit theorem for (X, ),en, with square-root scaling holds if and only if
A < A./2, see [14, Theorem 2.6]. Our tail estimates also give control over the fluctuations
of (X,)nen, in the remaining parameter range A € [A./2, 00).

Throughout the paper, we write

= A/
Theorem 1.4. Suppose that A > \./2, A\ # A..

(a) Let A\ = \./2, i.e., a = 2. Then the laws of(\)/(%)r122 under P are tight.
(b) Let )\ € (%, A¢), i.e., a € (1,2). Then the laws of (X;ng)ne]N under P are tight.

(c) Let A > )., i.e., a € (0,1). Then the laws of(X:;)nelN under P are tight.

n

In all three cases covered by Theorem 1.4, we do not expect that tightness can
be strengthened to convergence in distribution due to a lack of regular variation of
the tails of the regeneration times, see Lemma 4.8 and the proof thereof. Instead, we
expect only convergence along certain subsequences as found for biased random walk
on Galton-Watson trees, cf. [5]. We refrain from further investigating this phenomenon,
as our main goal in this paper is to derive the order of displacement of biased random
walk at the critical bias.

We continue with an overview of the organization of the paper. In Section 2, we
introduce regeneration points and times that go back to [14]. We review known results
about the regeneration points and times and state our main technical result, Proposition
2.5, which provides the precise order of the tails of the regeneration times. Based on
these tail bounds, we prove the main results in Section 3. Section 4 is devoted to the
proof of Proposition 2.5. Finally, in Appendix A, we provide an auxiliary result from
renewal theory.

1 However, it may be possible that convergence in probability towards a constant c(z) € [a, b] holds along
subsequences of the form z8", « € [1, 8) for some S8 > 1.
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2 Regeneration points and times

We use the decomposition of the percolation cluster at regeneration points from [14].
Regeneration points are defined in two steps. Given a configuration w € €2, a vertex
v = (x(v),0) € V is called a pre-regeneration point if v € C and (x(v), 1) is an isolated
vertex in w, that is, all three edges adjacent to (x(v), 1) are closed in w.

Lemma 2.1 (Lemma 5.1 and Corollary 5.2 in [1]). With P,-probability one, there exist
infinitely many pre-regeneration points both left and right of the origin.

We enumerate the pre-regeneration points in w by ..., R”7, R5™, RY™, ... such that
X(RP'¢) < 0 < x(RE™) and x(RE™) < x(RP™,) for all n € Z.
° ° e o—o
o o
Rlirle 0 Ropre Rll)re

Figure 1: Pre-regeneration points close to the origin

The pre-regeneration points can be used to decompose the percolation cluster into
independent pieces. For a,b € Z, we denote the subgraph of w with vertex set V|, ;) :=
{v €V :a<x(v) <b}and edge set Ej, ;) = {e = (u,v) € E: u,v € Vg, x(u) Ax(v) <
b, w(e) = 1} by [a,b) and call [a,b) a piece or block (of w). We then define

Wn = [X(Rgrfl)vx(RELre))v n e Z.

Using this definition, we may introduce the cycle-stationary percolation law PJ.

Definition 2.2. The cycle-stationary percolation law PJ is defined to be the unique
probability measure on (2, F) such that the cycles w,, n € Z are i.i.d. under P, with
each w, having the same law under Py as w, under P,, and such that R =0.

We write P° for the annealed law of the biased random walk and the percolation
configuration when the latter is drawn using P, instead of P,,. To be more precise, P° is
defined as PP in (1.1), but with P, replaced by P;.

Definition 2.3. We call av € V with x(v) > 0 regeneration point if

1. it is a pre-regeneration point and

2. the random walk (Y, ),en, Visits v exactly once.

It follows from the discussion in Section 4 of [14] that there are infinitely many
regeneration points to the right of 0. We set Ry := 0 and, for n € N, define R,, to be
the first regeneration point to the right of R,,_;. Thus, p,—1 < p, for all n € IN where
pn :=x(R,), n € Ny. Furthermore, let 7y := 0 and

T i=inf{k € No : Y, = R, }, n € IN.

Forn > 1, 7, is the unique time at which the nth regeneration point R,, is visited by the
walk (Y )kew,- In particular, 0 = 79 < 71 < .... We call 7,, the nth regeneration time. The
following assertions are known from [14] about the regeneration times and points.

Lemma 2.4 (Lemmas 4.1 and 4.2, Proposition 4.3 in [14]). Fix A > 0.

(a) Under P, the pairs (Tp+1—Tn, Pn+1—pPn), 1 € N are i.i.d. and independent of (1, p1),
and
]P((TQ—Tl,pQ—pl) S ) = IPO((Tl,pl) € |Yn 75 0 foralln > 1)
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(b) There exists some ¢ > 0 such that ]E[e‘%prpl)] < 00.
(c) It holds that E[(m2 — 7 )"] < oo if and only if Kk < o = A¢/A.
(d) The ballistic speed satisfies V(\) = E[ps — p1]/E[m2 — 71].

Lemma 2.4(c) indicates that P(72 — 71 > n) is roughly of the order n=® as n — co. We
give a more precise statement in the following proposition.

Proposition 2.5. For any A\ > log(2)/2, in particular for A > \./2, there exist constants
0 < ¢ £d < > (depending on p and \) such that, for alln € N,

en < P(ro—m >2n) <dn .

and
en”* <P(rp >n) <dn “logn.

log(2)

0 p 1

Figure 2: The figure shows A. and \./2 as functions of p. Our Proposition 2.5 giving
precise tail asymptotics for the regeneration times applies for A > log(2)/2, which is
strictly smaller than \./2 for any p € (0,1).

The bulk of the work in this paper is required to prove this proposition. Before we
turn to its proof, we first demonstrate in the subsequent section how the main results of
the paper, Theorems 1.3 and 1.4, can be derived from it. The proofs of these theorems
are generic in the sense that they do not use the particular definition of X,,, but will apply
to any random walk X,, for which there are regeneration points and times satisfying the
conclusions of Lemma 2.4 and Proposition 2.5.

3 Proofs of the main results

3.1 Preliminaries and notation

For random variables X and Y with distribution functions F' and G, respectively, we
say that X is stochastically dominated by Y, and write X <Y, if F(t) > G(t) for all
teRR.

Convergence in distribution of a sequence (X, ),cn of random variables towards a
random variable X is denoted X,, % X. Analogously, convergence in probability of X,
to X under P is denoted by X,, & X.

As usual, for sequences a,b : IN — [0, 00), we write a = 0,,(b) or a,, = o(b,,) as n — o©
if for every € > 0 there is an ng € IN with a,, < ¢b,, for all n > ng. We say that a and b
are asymptotically equivalent and write a ~ b or a,, ~ b, as n — oo if a,, b, > 0 for all
sufficiently large n and lim,,_, @, /b, = 1. Finally, we write a = O, (b) or a,, = O(b,,) as
n — oo if there exists some C > 0 such that a,, < Cb,, for all sufficiently large n.
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From Lemma 2.4, we infer that the 7,,, n € IN are the points of a delayed renewal
process on the integers. The corresponding renewal counting process and first passage
times, we denote by

k(n) :=max{k € Ng:7, <n} and wv(n):=k(n)+1,

respectively, where n € INy. Notice that k(n) = max{k € Ny : pr, < X}, n € Ny.

To infer Theorems 1.3 and 1.4 from Proposition 2.5, we shall choose a sequence
(&k)ren of independent random variables the &, k£ > 2 are iid., m—71 < & and
P(& > n) ~ dn~® as n — oo (where d is chosen as in Proposition 2.5). Then the
law of & is in the (normal) domain of attraction of an a-stable law. From general
theory it then follows that, after a suitable renormalisation, the first passage times
ve(t) == inf {k € N : Zle & > t} converge in distribution as ¢ — oo. This will imply
tightness of the first passage times v(n) with the same renormalisation. From this, we
shall derive the dual results for X,, which translate into the statements of Theorems 1.3
and 1.4.

3.2 Proofs of Theorems 1.3 and 1.4
We begin with the proof of the results in the sub-ballistic regimes.

Proof of Theorem 1.3 and Theorem 1.4(c). Suppose that A > . so that « € (0,1]. Let
an :=n*if o € (0,1) and a,, :=n/logn if « = 1. For n € IN, we have

Pi(n) Xn < Prv) _ Pr(n) v(n)
Gn ~ Gn T~ an v(n) ap

(3.1)

Since v(n) — oo P-a.s. as n — oo, Lemma 2.4 and the strong law of large numbers imply

v

—~

n)

(pk—pr—1) = E[pa—p1] P-a.s.
1

Pv(n) _ 1

v(n)  v(n)

Using Proposition 2.5, we can find independent random variables 7, k € IN and &, k € IN
such that ny,no, ... are i.i.d. and &5,&3, ... are i.i.d. and such that n; < 7, —7x—1 < & for
all £k € IN and

=
Il

Pim >n)~en™ and P(§& >n)~dn™®  asn— oo.

Further, we may choose ¢; independent of &, &3, ... such that P(&; > n) ~ dn~*logn as
n — oo. We set v,(n) := inf{k € N : Zle n; > n} and vg(n) = inf{k € IN : Zle & >n}.
Then it holds that v¢(n) < v(n) < v,(n) for all n € INy. Furthermore, Theorem 3a
in [7] says that there is an a-stable subordinator (Y,(t));>o with Laplace exponent
log Elexp(—sY,(t))] = —ts® for s,t > 0 such that

-1
n

aytvg(n) % e, X, and a,'ve(n) % ce X, (3.2)

where X, = sup{t > 0:Y,(t) <1} and 0 < ¢¢ < ¢; < oo. (Unlike in [7], here we allow
&1 to have a distribution different than that of &5, &5, .. ., but the contribution of the first
step vanishes as n — co.) The difference of upper and lower bound in (3.1) satisfies

Pu(n) _ P(n) _ Pr(n) = Pu(n)-1 v(n)

50 asn — . (3.3)
Qp Qp I/(TL) an

Indeed, the first factor on the right-hand side converges to 0 P-a.s. as n — oo due to
Lemma 2.4(b) and [15, Theorem 1.2.3(i)] while the family of laws corresponding to the
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second factor are tight by (3.2). Consequently, the difference in (3.3) converges to 0 in
distribution and thus in P-probability.

Now suppose o = 1. Then Y;(¢) = t P-a.s. and hence X; = 1 PP-a.s. The convergence
in (3.2) thus is in fact convergence in probability. This completes the proof of Theorem
1.3.

Finally, if 0 < a < 1, then (3.2) and v¢(n) < v(n) < v,(n) for all n € Ny imply that
the family of laws of (v(n)/n®),en is tight. From (3.1) and (3.3) we conclude that this
carries over to the family of laws of (X,,/n%),en- O

We now turn to the proof of the main results for ballistic, nondiffusive biases.

Proof of Theorem 1.4(a) and (b). We prove (a) and (b) simultaneously. Let a,, := nt/®in
the case « € (1,2) and a, := /nlogn if & = 2. For n € IN, we have

Pk(n) — NV < Xp—nv < Puv(n) — TLV'
an an Qn
By the strong law of large numbers, v(n)/n — 1/E[rs — 1] € (0,00) PP-a.s. This together
with Lemma 2.4 and [15, Theorem 1.2.3(i)] implies (p, () —Pr(n))/an — 0 P-a.s. On the
other hand,
Puin) =NV Pyn) — V(n)E[p2—p1] N v(n)E[pz—p1] — nv

Qn an Qn

The first summand converges to 0 P-a.s. by [15, Theorem 1.2.3(ii)] if « € (1,2) and it
converges to 0 in IP-probability by [15, Theorem 1.3.1] if o = 2. It thus remains to check
tightness of the family of laws of
E[ps—p1] — nv —n/E[r—
VBl ] 0¥ () —n/Blen]

Ganp ap

For this, uniform integrability of the sequence (a,,!(v(n) — n/E[r2 — 71]))nen is sufficient.
It thus remains to refer to Proposition 2.5 and Proposition A.1 in the Appendix. O

4 Proof of the tail estimate for regeneration times

It remains to prove the tail estimate for regeneration times, Proposition 2.5. This
will be done in this section. We begin with the analysis of traps, which will almost
immediately result in a proof of the lower bound in Proposition 2.5.

4.1 Traps and biased random walk on a line segment

As for biased random walk on the supercritical percolation cluster, the slowdown in
the model considered here is due to traps. These are dead-end regions stretching in the
direction of the bias. For (conditional) percolation on the ladder graph, this boils down
to parallel finite open horizontal line segments with no vertical connections.

To give a formal definition of a trap, we introduce some notation. For a vertex u € V,
we write v’ for (x(u), 1 —y(u)). Further, ife = (u,v) € E, we let ¢’ := (u/,v'). In particular,
e = ¢’ if e is a vertical edge, and ¢’ is the horizontal edge parallel to e if e is a horizontal
edge. Now we define a trap (in w) to be an open path P = (ey, ..., e, ) of length m € N
with edges ey = (ug,u1),...,€m = (Um—1,Un) € E such that

1. x(ug) =x(ug—1) + 1 and y(ug) = y(ug—1) fork=1,...,m;

2. the edges (ug,u() and e}, k = 1,...,m are open (in w);
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3. the edge (um,, um+1) is closed (in w) where w41 = (X(wm) + 1, y(um));

4. all vertical edges (uy,u},) for k =1,...,m are closed (in w).

Here, m is called the length of the trap, ug is called the trap entrance and u,, is called
the bottom of the trap.

trap end
e

-—0—0— 00— 0—0-
I

-¢—eo—0—o0—0 o

trap entrance bottom of the trap

The piece [x(ug),x(um+1)) is called (the corresponding) trap piece.

We define the backbone B to be the subgraph of the infinite cluster C obtained by
deleting from C all edges and all vertices in traps except the trap entrance vertices.
Clearly, B is connected and contains all pre-regeneration points.

.—0—I—<I © [ ] @ @ ] [} o—o *—o

{ ] [ ] [ 2 l @ @ © © © © @ l L 4
R™ 0 Rb™

.—0—I—<D @ I I o—o
R™ 0 Rp™

Figure 3: The original percolation configuration and the backbone

Due to the Markovian structure of the percolation process under P,, there are
infinitely many traps both to the left and to the right of the origin 0. Let 7},, n € Z be an
enumeration of all trap pieces such that T), is strictly to the left of 7, for eachn € Z
and that T} is the trap piece with minimal nonnegative x-coordinate of the trap entrance.
Denoting the length of the trap in the trap piece T;, by /,,, the following result holds.

Lemma 4.1 (Lemma 3.5 in [14]). (a) Under P, (En)n#) is a family of i.i.d. positive ran-
dom variables independent of {y with P,({; = m) = (e?* — 1)e=*™, m € N,

(b) There is a constant x(p) such that P,({o = m) < x(p)me=2*™, m € .

An excursion of the random walk (Y;,),en, into a fixed trap of length m can be identi-
fied with an excursion of a biased random walk (S, ),cn, on the line graph {0,1,...,m}
where m is the length of the trap. In order to use the classical Gambler’s ruin formula,
we first ignore lazy (i.e. attempted vertical) steps in the trap and study agile biased
random walk on {0, 1,...,m}, with probabilities for transitions to the right and left given
by

px = @_i% and ¢y :=1-px,

respectively. We further set v := g\ /py = e~2*. We write Pffw\ for the law of a biased
random walk (S, )nen, on {0,...,m} starting at k¥ € {0,...,m}, moving to the right with
probability p, and moving left with probability ¢, from any vertex other than 0, m. The
origin 0 is supposed to be absorbing and at m the walk stays put with probability p, and
moves left with probability ¢,. We write ET’jl , for the corresponding expectation. We
drop the superscript k, both in P} , as well as Ef, ,, if k = 1.

m,\’
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For k,l € {0,...,m} we write o := inf{j € Ny : S; = k}, o = inf{j € N: S; = k},
and oy = inf{j > 0:S; =1} on {Sy = k}. Lete,, :== P, (o < 0,) be the escape
probability from the rightmost node in the trap to the trap entrance without a rebound
to the rightmost node in the trap. By the well-known Gambler’s ruin formula, this is

ATl —ym 1=y
1—Am =7 p,\livm-

em = P&”,A(U(T <oh) = (4.1)

4.2 The proof of the lower bound
We are ready to prove the lower bound.

Lemma 4.2. There exists some c > 0 such that, for alln € N,
P(ro—m >n)>en™ and P(rp >n)>en™ @

In the next proof and throughout the paper, for a random variable Z and p € (0,1), we
write Z ~ geom(p) if Z is geometric with success parameter p, i.e., P(Z = k) = p(1 — p)¥,
k € INg.

Proof. According to Lemma 2.4, we find
P(ro—m1 >n)=P°(1y >n|Yy #A0forallk > 1) >P°(r; >n, Yy A0 forall k > 1).

On the other hand, as P(R)™ = 0) > 0, we can safely write

P(ry > n) > P(RG™ = 0)P(m > n,Y; # 0 for all k > 1|R;™ = 0).
P(RY™ =0)P°(11 > n,Y;, #0forall k > 1).

We therefore provide a lower bound for P°(r; > n, Yj, # 0 for all £ > 1). Under P;, there
is a pre-regeneration point at 0 as depicted in the figure below.
7, [} *—0—0—0—0

—‘0—0—»—0—0—0 .

Given there is a pre-regeneration point at 0 (as is always the case under P)), the law
of the percolation cluster to the right of the origin under P, and P coincides since the
wr, n € IN have the same law under P, and P;. We may thus argue as on p. 3404 of [1] to
conclude that the probability that directly to the right of the origin, there is a trap of
length m as in the picture above is v(p)e~2*<™ for some constant v(p) € (0, 1).

We write T for the time spent on the first excursion of (Y,,)ncn, into the trap right of
the origin. We have

P°(ry > n, Yy, #0forall k > 1)
> P°(T > n,there is a trap directly to the right of the origin).

Typically, after entering the trap the walk drifts towards the bottom of the trap and then
requires a geometric number of trials to leave again. It follows from the Gambler’s ruin
formula that for all m, hitting the bottom before leaving the trap has positive probability
bounded from below:

1

Pﬁw\(am < o0g) = >1—7v>0.

1—Am
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The probability of leaving the trap from the bottom without rebound to the bottom is e,,.
In order to visit the trap in the situation as depicted above, two steps to the right at the
start suffice. Thus we get

o e)\ 2 - - m
P°(r >n, Y, # 0 forall k> 1) > (W> S A (p)e M BL (T > 0,0 < 00)
m=2
(L =7e*(p) o~ —an 1
> M1 —em)" T,
—(ek+1+e—)\)2ze ( € )
m=2
Restricting this sum to the term of order Z := ‘ll‘z)gg ZI leads to

o (1- ’7)62’\7(1)) —2Xc |2 n—1
]P(len,kaéOforallkzl)zme H(1—em)
(e = 1)y(p)
T (M 14eN)?
o (2 =1)v(p)

= s e aE SR = D)1+ o (1),

6_2)\‘:@(1 o eiil)n—l

O

Let (S),)nen, be a biased random walk on Z that mimics the steps of (S, )nen, Without
staying put. More precisely, set Sj, := 0 and for n < oy, let

a1 =S, +1 ifS,y1 =5, +1lorS,41=95,=m,
=8 =1 if Spey =S, — 1.

After (S, )nen, hits the absorbing state 0, we let (S),),cn, move along as the usual biased
random walk on Z with probability p, to jump right. For z € Z, write P7 , and E7 , for
the law of (S],)ncn, starting at Sy = z and the corresponding expectation, respecfively.
For k € Z, set

ol :=inf{l >0:8] =k}.

We start with a well-known fact about biased random walk on Z.
Lemma 4.3. For x > 0, it holds that

, _ \/ﬁ
E%y,\[m“q _ 1 1 —4p .

QQ)\LI?

For completeness, we include a brief proof.

Proof. Let z > 0 and f(x) := E% N [:c"%]. On the one hand, the Markov property gives

f(@) = prz + gaf (@) (4.2)

On the other hand, lim,\ o f(z) = 0 due to dominated convergence. Hence, solving (4.2)
for f(x) yields the stated formula. O

We divide the time spent between the visits to the first and second regeneration point
7o — 71 as follows.

To—T1 = (T2 — Tl)B + (19 — 7y )t10PS

where (1, — 71)8 and (7, — 71)""*P" are the time spent in the backbone and in traps,
respectively, during the time interval [y, 72). The following Lemma holds.

Lemma 4.4 (Lemma 7.5 in [14]). For any x > 0, we have E[((2 — 71)%)"] < cc.
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This and Markov’s inequality imply the following result.
Lemma 4.5. It holds that P((1, — 71)8 > n) = o(n™%) as n — cc.

To obtain an upper bound on P(r; — 71 > n), we thus need to consider the time spent
in traps. We write (75 — 71)'"?P® as

7

T Vi
tra S § E
(TQ PS = Zja

where T is the number of traps in [p1, p2), V; is the number of visits in the ith trap in
[p1, p2) and T;; is the time (Y,,)nen, spends during the jth excursion into the ith trap in
[plv p2)‘

4.3 Tail estimates for the time spent in a single trap

If we fix a percolation environment w, the time spent in a single trap of length m can
be split into the time spent on bottom-to-bottom excursions and the time spent to reach
or leave the bottom without a rebound to the left- or rightmost, respectively, node of the
trap. This leads to the following result for a fixed number of excursions into a single
trap.

Lemma 4.6. Let (S, j)nen,, j € N be i.i.d. copies of (S,)nen, starting at 1. Further, let
T;i™* be the absorption time at 0 of the walk (S, j)nen,, j € N. Let R := Ej | [o0f] = 15—
Then, for any! € IN, there exist independent 71, ..., Z; ~ geom(e,,) and my € IN such that,
form > mg and n € IN, we have

l
Pm,A(ZTqua >n> <2Pm>‘<ZZJ > 4TLR>

j=1
+3lmax { Py, y (0150 > 2,00 < om), Py A (015m = 2, 0m < 00),

Pl (om0 > g5.00 < 0,5) )

Proof. Let Z\9) be the number of returns to m of (S, ;)nen, before absorption. For
completeness, we define Z(/) := 0 on the event where (Sn,j)nem, Visits m at most once.
By the strong Markov property, Py, \(Z) = k) = P \(om < 00)(1 - em)ke,, fork € IN
and P,, »(ZVY) = 0) = P}, (00 < om)+P A(Om < 00)en. We write Ty, k =1,..., ZU) for
the durations of consecutive excursions of (Sn’j)nemo from m to m, and let Tjk, k> ZW),
be a family of i.i.d. random variables distributed as the duration of an excursion of
(Sp)nen, from m to m conditioned on the event {o,}, < o¢}. When starting at 1, the
walk (S,,)nen, either hits the absorbing state 0 before reaching the trap bottom, or hits
the bottom, does a geometric number of bottom-to-bottom excursions, and then gets
absorbed. We have

l l l ASY
qu,a _ qu,a qu,a

P ST 2 ) = Ban (L1 2 [ Smpe - S S22 7)

j=1 j=1 j=1 j=1 k=1
l ! 1 zW n

qu,a qu,a T

PN AR MR D ILAES )

j=1 j=1 j=1 k=1

<PmA(Z§T > )

j=1 k=1
+ 3l maX{Pgl’)\(ol > 63,00 < am)7Pﬁl’)\(01Hm > GI,Um < 00)

-0 = 1
o (Oma0 > &,00 <o)}

|3
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The second term in this estimate stems from the fact that the duration of an excursion
into the trap differs from the duration of its bottom-to-bottom excursions either by o1_.¢
on the event {0y < 0,,} or by the times required to reach and finally leave the bottom on
the event {o,, < 0o}.

We can safely replace Z(), j = 1,...,1 by an independent family of i.i.d. random
variables Z; with law geom(e,,) under P, . As Tjk,j =1,...,1,k € IN are nonnegative
and i.i.d., we have

l l n l n
Pm7A<ZZj<n> = Pm’A<ZZj<n7ZT1k>2Rn> +Pm7>\<ZZj<n,ZT1k<2Rn>
j=1

j=1 k=1 Jj=1 k=1

n B Z1+...+ 2, N
< Pm,A(ZT1k>2Rn> +Pm,>\( Z Tk <2Rn)

k=1 k=1
Z;

n l
= Pm,A(ZT1k>2Rn> +Pm’)\(ZZTjk<2Rn).

k=1 j=1k=1

This implies

Z; l n
mx(zz k2 2Rn> SPmA(ZZj zn) +Pm,A<ZT1k > 2Rn). (4.3)

=1k=1 j=1 k=1

Using Markov’s inequality, the Markov property, stochastic domination and Lemma 4.3,
for u > 0, we have

n
Pm)\(Zle > 2Rn) < efQ”R”E,’Z [G#Jj'—" ’072 < Uo]n < 672“R”E%7)\ [e“"ﬁn
k=1

_ e—2uRn<1 — /11— 4p>\q>\e2u)”.

2gyet

The function f : [0, 3 log (4pm )] — R given by

1—+1-4 21
f(p) == e 2uR Pagre

2qxet

is differentiable and satisfies

f(0)=1_(;q:2%)=1, J70) p—

Hence, there exists & > 0 with f(i) < 1, and
f(m) \"
mA<k21T1k>2R ) <1_ern 'Pm)\(Zl Z?’L)

As e,, — 0 for m — oo, there exists mg such that % < 1 for all m > myg. This and (4.3)
lead to

l n
- f(i)
Pm,A<ZZTjk > 2Rn> < Pm,A(ZZj > n) + (l—e Pua(Z1 2 )
j=1k=1 Jj=1
l
< 2Pm,A(ZZj > n)
j=1
for m > mg. O
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Lemma 4.6 can be adapted to the case where the random walk is allowed to take
lazy steps. Let (S1%%Y),,c, be the lazy biased random walk on the line graph {0, 1,...,m}
that moves to the right with probability e*/(e* + 1 + ™), to the left with probability
e /(e + 1+ e?) and stays put with probability 1/(e* + 1 + ¢~*) from any vertex other
than 0, m. The origin 0 is again supposed to be absorbing and at m, the walk stays put
with probability (e* +1)/(e* +1+e~*) and moves left with probability e=* /(e + 1 +e~?).
Slightly abusing notation, we again write P, » for the law of (S%#Y), <, starting at

S(l)azy =1, and E,, ) for the corresponding expectation.
Lemma 4.7. Let (Sii?y)nemo,j € N be i.i.d. copies of (51%),,cn, starting at 1. Further,
let T;;" be the absorption time at 0 of the walk (S}ﬁj-y)nemo, j€N. Let R:= Ej ,\[0]] =

ﬁ and ry > e** + ¢*. Then, for any | € NN, there exist independent Z1,...,Z; ~
geom(e,,) and m; € W such that, for m > mg V m; and n € N, we have

l l
u n
Pm,)\(g Tg Zn)ﬁgpm,A(E ZjZM)
Jj=1

j=1
+ 3l maX{Pl (O' > —=—,00<0 ) Pl ((7 — > o, <o )
m,A\Y1=0 = G » ©0 m)s Em AX\Y1—=-m Z g Om 0/,

P (0m—0= g 00<0m) |-

Proof. We have
z v

l i
DT D Dy,

j=1 j=1 k=1

where 71", j € IN are as in Lemma 4.6, and Z ;, k,j € IN are independent random

variables distributed as the number of times the walk (5*), ¢, stays put before it

n,j
changes its position for the kth time. Since the probability for (Siﬁ?y)nemo to change

its position at any vertex other than the absorbing state 0 is bounded from below
by p = e */(e* + 1 + e ), we have Zk,j < Zy; where Z, ;, k,j € N is a family of
ii.d. geometric random variables with success probability p. Notice that E,, z[Z11] =
(1—p)/p = e** +e* > 2. Thus, the additional lazy steps essentially slow down the original
walk by a factor (1 — p)/p. The claimed inequality follows by arguments similar to those
used in the proof of Lemma 4.6. Further details are omitted.

O

In the annealed case, Lemma 4.7 translates into a tail probability of basically order
n~ % (given the trap is actually seen).

Lemma 4.8. Let R, ry, mg, m1 be as in Lemma 4.7 and p > 0 such that E%,/\[e‘“’lz] < oo.
Further, let T;7™, i € Z, j € N be a family of random variables which are independent
given w and with T;;"" given w being distributed as the hitting time of the entrance of
the trap in T; by (Y,)nen, under P, x» when (Y, )ncn, starts at the right neighbor of the
trap entrance. Then

n_
el n= 4 ¢ple H6irx fori # 0,

!
P(ZE?HHZN,&ZWOVWOS _on
= 1t n=>logn + chle” "6lrx  fori = 0,
where ¢; = ¢1(p, A), ca = ca(p, A), ¢} = ¢ (p,\), ch, = c4(p, \) are positive, finite constants
neither depending on n norl.

Proof. Using Lemmas 4.1 and 4.7, we can estimate P(Zgzl T > n, b > mo V m)

using independent 71, ..., Z; ~ geom(e,,) and T;}“, j=1,...,1, r» and R as defined in
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Lemma 4.7 by
l oo .
IP(ZTiajnnZnagiszvml> = Z Pp(ﬁim)Pm7A<ZTzf;uzn>
J=1 m=moVmi j=1

9] l
—2Acm . n
<3 Y ai(me pm,A(Zz %R)
m=mgoVmi j=1
oo
+ 31 Z ai(m)e_Q’\CmmaX{Pnlw\(alﬁoz%,Uo<am),Pﬁm(alﬁm2#,am<00),

m=moVmi

Pﬁﬂ¢ma02#ﬂ(><0$)}, (4.4)

where a;(m) := (e2*¢ — 1) for i # 0 and ag(m) := x(p)m. We consider the second series
first. For y € {0, ..., m} we write

h(y) = P, \(00 < o).
Due to the Gambler’s ruin formula we have h(y) = 'yly__i;yn The law of an excursion of

(Sp)nen, starting from either 1 or m to the origin 0 conditioned on o < o}, is Doob’s
h-transform, i.e., the corresponding transition probabilities are

h(z)

rY = Yy = 222
m,)\(Sl Z|UO < Um) h(y)p(y,Z)’

where y € {1,...,m — 1}, 2 € {0,...,m} and p(y, z) := P, ,(S1 = z). Fory € {1,....m — 1}
this implies
PoalS1=y+1loo <oy)  hiy+1)ply,y+1)

= <7,
Py (Si=y—1log<oh)  hly—1)ply,y—1)

whereas
P\ (S1 =mlog < o}f,)

m

P,;Z,\(Sl =m — 1|00 < 0'747_7,)

=0<n.

In other words, conditioned on o < o}, the walk (S,,),cn, drifts towards to the left at
least as strong as the unconditioned walk drifts towards the right. Estimating all three
quantities in the max-term by corresponding quantities for (.5/,)nen,, the biased random
walk on Z, we get

maX{Pﬁ)\(Ulao > GZZ;)\aUO <Om), Pq}n,)\(o'lﬂm > #, 0m <00), Py A(Om—0> #700 <U;)}

0z z 0 7z
< max { Py, (o7 Zﬁ)aP%,A(Umzﬁ)apz,,\(ffmzﬁ)}

m_ﬁl,”Lf)\)

Using Markov’s inequality and Lemma 4.3, we get that for p > 0 with E%’ N [e‘“’?] < 00,

o0

3 Z ai(m)€72)\cmPZ0,)\ (Uvzn 2 Glrvlq)

m=mqoVmi

o
=" VA
< 3le Mt E ai(m)e_mcmE%/\[e“”l}m
m=moVmi
N 1 — /1 —4pygre2\™
— 3l Hairy § ai(m)e—2A0m< Prdx > .

2 et

m=moVmi
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The latter series is finite. To see this, notice that if A < ., we have e=2* < ¢=22 = @
and thus
1— /1—dprgre?s
o2 YD <1
2q et

as 1 — 4/1 —4pagre?* < 1 and 2pye” > 1. If on the other hand A > )., we have
Ey. /\[e“"%] < Ej,. [e#77] and the series converges using the same argument.
For the first series on the right-hand side of (4.4), we use the union bound to get

00 l
—2Xcm . n
3 Z a;(m)e Pm,,\(jz_:lzj > 4r>\R>

m=mqoVmi

=
>

00
S 3l Z O‘i(m)672>\cmp’rn,)\ (Zl Z 47_an) .
A

m=mqoVmi

We set ng = (ﬁ] We have 7; & LmQj where ¢; is an exponential with

expectation 1. Therefore, as ﬁ < -

oo oo

3L ai(m)e ™M Py (Zr =) <31 Y ai(m)e NPy (€1 > o).

m=mqoVmi m=moVmi

Using Fubini’s theorem and the fact that e,, > (px — )™, we get

3l Z ai(m)e 2*™m P, \(e1 > emng) = 31 Z ai(m)e*”‘cm/o Lie,nno,00) (x)e ™ “da
m=moVmi m=moVmi

00 9]
< —x . —2Acm Cim )
< 31/0 e mE:Oal(m)e ]l[%mg((“ o) 0)700)(m)da?

For i # 0, we can estimate this by
> —x . —2Acm
31/0 e mz::Oai(m)e 1 L log( (prgk)no)}oo)(m)dx

o] 2
_ (Pa—a)ng) e —1
S 3l € alog( x )72)\6 de
0 1 —e 24

3e2Ae moaler](AraR)®

jetlp—e,
(Pr — @)™

The corresponding term for i = 0 can be bounded by c¢}l*“"'n~%logn where ¢; € (0, 00)
does not depend on n or [. The derivation of this bound is similar but slightly more
tedious. O

4.4 A coupling

As the times spent in different traps are not independent, further work is needed
to transfer the tail estimate for the time spent in a single trap to the time spent in the
possibly several traps inside a block [p;, pi+1). Therefore, we introduce a random walk
on a subgraph wP of the initial environment w as follows. We take the initial graph w
sampled according to P, or P} and modify it as follows. For each trap P = (e1,...€m)
in w with trap entrance uy and edges e; = (ug, u1),...,€m = (Um—1,Un), We delete the
edges ey, ..., e, from w and also the vertices u, ..., u,,. We further delete the opposite
vertices u}, ..., u,, and replace the parallel edges e, ..., e}, (u,, ,ul +(1,0)) with a single

y-mo
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edge connecting u(, and u,, + (1,0) with resistance given by the sum of the resistances
of the single edges. We shall call the vertex u, opposite the former trap entrance an
obstacle. Should this procedure lead to the deletion of 0, we assign x-coordinate 0 in wP
to the obstacle that replaced the trap piece which contained 0 in w. In this way, we also
obtain new conductances c® on wP.

(3,1) (2,1)

N S B LT

0 0

Figure 4: Comparison of w (left) and the resulting w? (right). Normal vertices are drawn
as filled circles, the obstacles as filled boxes.

By the series law, the corresponding resistances r° between the first obstacle v to the
right of 0 that replaces a trap piece covering x-level k to k + m + 1 and its neighbors u to
the left and w to the right satisfy

((u,v)) = r((u,v)) = e AXWHX) — o=A2k=1)
and
k+m k+m } | oA
r((v,w)) = ; r({J,y(v)), (4 + L y(v))) = ;C e~ A2+ _ e—A(%ﬂ)ﬁ

Based on this, we define the pruned random walk as the lazy random walk (Y,?),cn, on
wP with transition probabilities proportional to the conductances

CP(<U7U>) _ ek(x(u)-&—x(v)) . (1 . 6—2/\)p(v)

where x(u) < x(v) and p(v) is the number of obstacles with x-coordinate € [0,x(v)).
More precisely, if Y? = u, then the walk attempts to step from u to v with probability
proportional to cP({u,v)). If the edge between u and v is present in wP, then the step is
actually performed, otherwise the walk stays put.

Roughly speaking, (Y,?),en, is the lazy random walk on the non-trap pieces of w
when all traps are set to have infinite length. Intuitively, as the traps in w have finite
lengths, the embedding of (Y,?),cn, into w will lag behind the random walk (Y},)nen,-
Regenerations of (Y,?),cn, also amount to regenerations of (Y, ),en, without implications
on the lengths of the traps in the underlying piece of w. Furthermore, (Y,?),cn, can be
used to bound the number of visits to any trap by a quantity independent of the trap
lengths, thus greatly reducing the difficulties in transforming the estimate of Lemma 4.8
to an estimate for the time spent in the whole block [p;, p;+1) in w. To make this precise,
we give a coupling of (Y;?),en, and (Y, )nen, with the described properties. Technically,
the coupling is such that we obtain processes with the same distributions as (Y;,)nen,
and (Y,?),en, and the desired properties, but we shall again refer to them as (;,)nen,
and (Y?),en,, respectively, once equality of the corresponding laws is established.

First, let (O;);cz be an enumeration of the obstacles in wP such that ... < x(O_;) <
0 <x(0p) < x(0O32) < .... Starting from wP, take an independent family (L;);cz of random
variables, with (L;);o independent of w. We re-insert at O; a trap piece with a trap of
length L;. Here, we let L; have the same distribution as ¢; for i ## 0. For i = 0, let the
law of Ly given x(Op) > 0 be the law of ¢;. Further notice that if x(Op) = 0, then, by the
definition of Ty and T3, either 0 is one of the two leftmost vertices in T3 or 0 € int(7p)

EJP 24 (2019), paper 23. http://www.imstat.org/ejp/
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which consists of all vertices from Tj except the two leftmost and the two rightmost
vertices. Thus, we define the law of Ly given x(Op) = 0 by

Pp(O S Tl\O cTy Umt(To))Pp(El S )+Pp(0 S 1nt(T0)\0 cTy UlIlt(To))Pp(Eo S |0 S lnt(To))

In other words, we toss a coin with probability P,(0 € T} |0 € T3 Uint(Ty)) for heads. If
the coin comes up heads, we sample the value of L using an independent copy of /;
(under P,). If the coin comes up tails, we sample the value of Ly using an independent
copy of £y (under P, given that 0 € int(7}), this random variable satisfies the bound in
Lemma 4.1(b)). Additionally, if the coin comes up tails, we shift horizontally by a value
k € {1,..., Lo} according to the distribution under P, of the position of 0 in T given
0 € int(7p). This gives a new configuration w. By construction, @ 2 w.

Slightly abusing notation, we write wP for both wP and the subset of & corresponding
to it. We further write V(wP) and V(@) for the corresponding vertex sets. Consequently,
we write u = v for vertices u € V(wP), v € V(&) if v is the node in & corresponding to u
in wP. Given wP and w, we define a random walk (), )nen, on V(wP) x V(@) x {-1,0,1},
where the first and second component (up to random waiting times) behave like (Y,2),cmn,
and (Y;,)nen,, respectively, and the third component exclusively acts as a memory of the
directions taken at certain nodes. This is to ensure that (Y, )ren, is a Markov chain.

At each time n € Ny, first a candidate Y22 = (V2 Vot ,, Vsf ;) for the next
step is chosen and afterwards the chosen step is taken only if the corresponding edges
in wP or w, respectively, are open:

Yn 1 otherwise, Yn,2 otherwise

’ _{y;afﬁl WP (D Vi) =1, _{mﬁz i (P Vi) =1,
n+1,1 — n+1,2 —

__ ycand
and Vi 13 = nf1,3-

We start at )y = (0,0,0) and give the transition matrix of (¥, )nen, in a case-by-case
description depending on the position (u,v,w) € V(wP) x V(@) x {—1,0,1} at time n.

(1) If w = v when regarding w® as a subset of &, and if u # O, for all i € Z, we let
(Vn)nen, attempt to do exactly the same steps in its first two components. In that case

(w+ (1,0),v+ (1,0),0) with probability —&—,
Vit = ¢ (u—(1,0),0 — (1,0),0) with probability ————,
(u',0',0) with probability ~—l—.

Note that if v is a trap entrance in @, a step to the right by ( ,ijr“ffl, 5?{12) induces a
lazy step of (Vk.1)kew, Whereas (Vi 2)ken, moves into the trap. In that case, as will be
described in detail below, (V. 2)ken, Will make an excursion into the trap afterwards
whereas (Vi 1)ken, will stay put in « until (Y 2)ken, returns to the trap entrance v.
Similarly, when a step of (Vi,1)ken, to the left means moving to an obstacle, (Vg 2)ken,
will then step onto a backbone node in @ \ wP. In this case (Vi 1)ren, Will also stay put
until (Vg 2)ken, reaches a node in & N wP.

Figure 5: The figure shows possible transitions on non-obstacle backbone-nodes from
(u1,v1), (u2,v2) and (us, v3), where u; in wP ‘equals’ v; in @.
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(2) If u = v, but u = O, for some ¢ € N, then the step in the first component is taken
according to the conductances c?. The second component mimics this, but with the
additional option to move right even if the first component does not. This is to adjust
the transition probabilities of the second component to match those of (Y, )nen,. If the
first component moves right, we demand that the second component leaves the coming
trap piece at the right end, which we encode in the third component. Since we further
want the walk in the second component to have the same law as (Y},),c,, we have to
make sure that in total, it leaves the trap piece at the right resp. left end with the correct
probability. These restrictions lead to a system of linear equations for the transition
probabilities whose solution is given as follows.

. er(1—e ) er—e
(u+(1,0),v+(1,0),1)  with prob. A P TT = ST
(u—(1,0),v— (1,0),0)  with prob. %,
(u',0',0) with prob. ———,

Vit = q (u—(1,0),v +(1,0),1)  with prob. ;<25 (¢}, 11 — S5,
u— (1,0),v + (1,0), —1) with prob. e * (25 — —1—~ — ——=¢/ .,),
1+e er-1+4e 1+e L;+1

(v/,v+(1,0),1) with prob. i (e}, \; — %),

- 1 1 1
(', v+(1,0),-1) with prob. 1= — sre= — Trex et

where L; is the length of the trap right of v and

;o et et 1—e2A

JR— 1 -
= Sy ex b (Om <00) = s T

is the probability that the biased random walk (S}, ),en, on Z starting from 0 first makes
a step to the right and then hits m before 0.

U v [

C LTI ) B B

Figure 6: Transitions from obstacles. Depending on the value of ), 3, after a step to
the right it is already determined whether the random walk on @ hits the boundary of
the trap piece at v or v*.

(3) If v is in the interior of the backbone part of a trap piece in w (and thus not in
wP), then we write L, for the length of the corresponding trap. In this case, the first
component of (¥, )nen, stays put while the second component moves in the trap piece
with transition probabilities according to the biased random walk (Y},),cn,, possibly
conditioned on the event that the boundary of the trap piece is first hit at the left-
or rightmost end, respectively. Let py o, px,—1, pr,1 be the transition matrices of the
lazy biased random walk (S, )nen, on {0, ...,k} (which steps to the right, steps to the
left or stays put with probability proportional to e*, e~* and 1, respectively) and the
lazy biased random walk on {0, ..., k} conditioned on {0 < o} resp. {0y > i}, where
oj :=inf{n € Ny : S,, = j}. Then we set

(u,v+ (1,0),w) with probability pr,, 11w (%v, % + 1),
Vit = (u,0 = (1,0),w) with probability pr, 41, (%, %0 — 1),
(u, v, w) with probability pr, +1,w (v, %),

where x, € {1, ..., L, } is the relative horizontal position of v in the trap piece.

EJP 24 (2019), paper 23. http://www.imstat.org/ejp/
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U1 V2

*—4 ° *—o—0o—o
@)

o ° ° o—eo o 9o o

Figure 7: Transitions in the backbone part of trap pieces. If ), 3 € {—1,1}, then it is
predetermined that the walk hits the boundary of the trap piece at v; or v,, respectively.

(4) If v is a trap node in @, the first component of (Y, )nen, stays put while the second
component moves inside the trap with transition probabilities according to the biased
random walk (Y},),en,. That is,

(u,v+ (1,0),0) with probability ﬁ
yeand — & (u,v — (1,0),0) with probability

n e
(u,v’,0) with probability

1
erl+e—>

L : Lo

Figure 8: Transitions in the dead end part of trap pieces

(5) Finally, when v € @ N wP, but the positions of the two components of (V,,)nen, do
not correspond, the second component stays put, while the first component moves with
transition probabilities given by the conductances cP:

(u+ (1,0),v,0) with probability proportional to c?({(u,u + (1,0))),
ycfﬁl{i =4 (v —(1,0),v,0) with probability proportional to ¢P({u,u — (1,0))),

T

(uw',v,0) with probability proportional to P ({u, u')).

Figure 9: Transitions on the backbone when coordinates do not coincide. In this case,
the walk on & waits at a trap end or a vertex opposite a trap entrance. This vertex must
be passed by the walk on wP provided that this walk is transient to the right. The walk
on wP pauses until the walk on @ hits its position.

We write P, for the distribution of the environment (w”,®) and P, ; , for the quen-
ched law of (V,)nen, as described above. With these, we define a measure P’ on
({0,1}F x {0,1}F) x (V2 x {-1,0,1})No, endowed with the product o-Algebra, by

P/(A x B) = /A 7 o (B) PLA(WP, 3)).

Sometimes, the walks on wP and @ are at different positions (when wP is embedded in
w). Then, depending on the particular situation, one of the walks waits while the other
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moves until they meet again. The times at which each of the walks moves without being
forced to hold as described above are collected in the following sets:

Ny :={n € Ny : Y, is at a vertex in @ corresponding to a vertex in w’},

Ny:={neWNg:YVp1=Vn2}tU{n € Ng: Y, isin the interior of a trap piece}.

Let (s1,5)ken resp. (s2,k)ken be enumerations of Ny resp. N; in ascending order. Then
the following processes coincide in law with (Y;?),en, and (Y;,)nen,, respectively. More
precisely, with

(yg)nE]No = (yslm,l)nE]l\Toa (an)nG]N(, = (y52y7742)'ﬂ€]1\10

the following lemma holds.

Lemma 4.9. We have

(y»,];)nE]No = (Y»,i))’rLE]Nm (YH)HE]N(J = (Yn)nelNo-

Proof. Since (J®)nen, and (Y,?)nen, are defined on the same environment, and the
environments of (V;,)nen, and (Y, )new, are identically distributed by construction, it
suffices to check the quenched transition probabilities of (Y}, )nen, and (V2)new,, re-
spectively. One can check that the transition probabilities of (J?),cn, coincide with
those of (Y,?),cn,, thus the equality in law of (Y;?),cn, and (YP),en, follows from the
Markov property of (¥, )nen,- For (Y, )nen,, at most nodes this is also obvious except for
transitions at obstacles and inside trap pieces. However, it suffices to show that on ob-
stacles, steps into the different directions are taken with the correct probability and that
excursions on the following trap pieces end on the left resp. right end with the correct
probability, i.e., that (¥, 3)nen, takes value —1 or 1 with the correct probability. This
amounts to a system of linear equations which is solved by the transition probabilities

defined under (2). The result now also follows from the Markov property of (V,,)nen,. O

From now on, all results concerning (Y,,)nen, Will be discussed in terms of the process
(Yn)nen, under P’. To ease notation, we shall write (Y, )nen, and P for (V;,)nen, and P/,
respectively. We shall also write ¢; though technically referring to L;. Consequently, we
shall not distinguish between (Y;P),en, and (V?),en, nor between w and @.

Lemma 4.10. For A > \* := %, especially for \ > 2<, it holds that lim,, o, x(Y;?) = oo
a.s.

The proof of the lemma is very similar to that of Proposition 3.1 in [1]. We include it

for completeness.

Proof. It is sufficient to show that 0 is a transient state for the biased random walk on
V(wP). We use electrical network theory. Write RP(0 «+ oo) for the effective resistance
between 0 and +o0 in the random conductance model on w? with conductances P (e) for
e € F with wP(e) = 1. Using Thomson’s Principle [19, Theorem 9.10]1, we infer

RP(0 > 00) < EP(6)

for all unit flows 6 from 0 to oo where P () is the energy of the flow §. Here a flow 6
from w to oo is a mapping 0 : V(wP) x V(wP) — R satisfying the properties

(i) 6(v,w) = 0 unless there is an open edge connecting v and w in wP;
(ii) O(v,w) = —0(w,v) for all v,w € V(wP);

(i) >, ev(wr) 0(v,w) = Ly (v) for all v € V(wP).
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The energy of the flow 0 is EP(0) = 3 . o=y 0(e)?/cP(e) where 0(e)* = O(v,w)? if
e = (v,w). Since there are no traps in wP, there exists an infinite open self-avoiding
path P = (ej,eq,...) connecting 0 with oo. This path never backtracks in the sense
that the sequence of x-coordinates of the vertices on this path is nondecreasing. Now
define a flow 6 from 0 to co by pushing a unit current through P. More precisely, if
en = (Un—1,u,) With ug := 0, then let O(u,—1,u,) =1 = —0(upn, up—1) for all n € N and
O(v,w) = 0 whenever (v,w) is not on the path P. For every x-level n € N, there is
at most one edge e in P connecting the two vertices with x-value n. The resistance
of this edge is bounded by rP(e) < e=2**(1 — ¢=2*)7P(") where p(n) is the number of
obstacles with x-value < n. There are at most n such obstacles. Therefore, rP(e) <
e~2 (1 — e2))™", Further, for every n € IN, there is exactly one edge on P leading
from a vertex with x-value n — 1 to x-value n. The resistance of this edge is bounded
by 7P(e) < e A= (1 — ¢=2A)7P() < ¢~ A2n=1)(] — ¢=2M)~" Consequently, the energy
EP(0) is bounded by

EP(0) =Y 0(e)*rP(e)

ecP
o~ —A(@n—1 22 22 e e P\
S1+Z(67(n7)+€7 n)(17€7 )7n§1+26 Z(m) .

n=1 n=1

The latter series is finite iff % < 1 or, equivalently, A > % =: \*. Comparing this

with \./2, for which we have an explicit formula in terms of p given in Proposition 1.2
with unique minimizer p = 1/2, we have

e

It also follows from the proof of Lemma 4.10 that for v € wP and A > \./2, the escape
probability at u, i.e., the probabilty to leave u and never return, is uniformly bounded
from below. For u € wP, let of :=inf{n > 0:Y,? = u}. Also let RP(u <> 0o0) and cP(u) be
the effective resistance between v and +oco and the sum of conductances of all incident
edges at u, respectively, in the random conductance model on wP with conductances
cP(e) for e € E with wP(e) = 1. Then pushing a unit current from « to +oo as in the proof
of Lemma 4.10, we get

1
cP(u)RP(u <> o0)

w,)\(UE = OO) =
S 1
= 36(2x(u)+1)>\(1_6—2/\)p(u)e—2)\x(u)(1_6—2>\)—p(u)(1+262>\ ZZO:1 (1672>\ )n)

—e—2X
1

= 0. 4.5
(12 s () @

Let RY, RS, ... be an enumeration from left to right of the pre-regeneration points in
wP which are visited exactly once by (Y,?),en,. Further, let pf = 0 and pP, := x(R?) for
n € IN. Finally, for n € IN, let 7P be the unique time k with X} = pP. We refer to the RP’s
and 72’s as regeneration points and times, respectively, of the pruned walk.

Lemma 4.11. With P-probability 1, there exist infinitely many regeneration points of
(YE)HG]NO .

Proof. This can be proven along exactly the same lines as for (Y;,)nen, in [1, Lemma 5.1],
as the argument there only relies on a uniform lower bound on the escape probability at
any pre-regeneration point u. Here, (4.5) gives this estimate. O
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Lemma 4.12. Let A\ > \*. Then there exists § > 0 such that

E° [85(P5’—minjew X(Yfp))] < 0.

Furthermore, E°[(7])"] < oo for any k > 0.
Both statements still hold true when IE° is replaced by E.

Proof. We shall only give an informal description of the proof as the details of it can be
adapted from the proofs of Lemmas 6.3 through 6.5 in [14].

The basic idea is to consider the walk (Y,?),en, at fresh points. The first fresh
point F} is the first pre-regeneration point to the right of the origin visited by the walk
(Y,?)nen,- If the random walk hits this fresh point only once, then F} = R}. Otherwise,
the random walk will return to F}'. In this case, the second fresh point F} is the first
pre-regeneration point to the right of F} that has not been visited by the random walk
before hitting Flp for the second time, and so on (see also Lemma 6.4 in [14]). The
distances between two fresh points are i.i.d. given they are finite.

Using the uniform bound on the resistance to +oco given in the proof of Lemma 4.10,
valid for A > \*, one infers that the number of fresh points before and including the first
regeneration point is stochastically bounded by a geometric random variable.

If, on the other hand, the distance between two consecutive fresh points, a left and
a right one, is large, say > 2m, then there are two options. Either the walk made an
excursion of length at least m to the right between the first two visits of the walk to the
left fresh point, or there is no pre-regeneration point on the percolation cluster from
distance m to distance 2m to the right of the left fresh point. Both possibilities are
exponentially unlikely in m. The first one because it requires the walk to backtrack at
least m steps to the left, which has probabilty bounded by a constant times (e~ /(1 —
6*2)‘))*7" (adapt the proof of Lemma 6.3 in [14]). The second one by [14, Lemma 3.3].

Consequently, p} can be bounded from above by a geometric number of independent
random variables all stochastically bounded by a nonnegative integer-valued random
variable with some finite exponential moment. From this, large deviation estimates imply
that p} has exponentially decaying tails.

The proof of E°[(77)"] < oo for arbitrary x > 0 can be adapted from the proof of
Lemma 6.5 in [14], a brute-force estimate which carries over immediately. O

4.5 Proof of Proposition 2.5
We are now ready to give the proof of the tail result for the regeneration times.
Proof of Proposition 2.5. For each n € IN, we have
P(ry— 71 >n) <P((r2 — 7)" > n/2) + P((12 — 1) > n/2).

The time spent on the backbone can be neglected due to Lemma 4.5. We now estimate
the time spent in traps. From Lemma 4.1 in [14], we infer

P((r — )" > n) = P°(r"*"° > n|X;, > 1 forall k € N).

If 0 is a pre-regeneration point (or just connected to +oo via a path that does not visit
vertices with x-coordinate strictly smaller than 0), the argument that leads to (24) in [1]

gives
Choe ™) 1—e?

P, (Y, 0 foralln € IN) > = = .
w,)\( n7é )_ €>‘+1—|—6_A €A+1+6_)‘ Desc
Integration with respect to P; gives
Pesc < P°(Y,, 20 foralln >1) <1.
EJP 24 (2019), paper 23. http://www.imstat.org/ejp/
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Notice that the same bound holds when IP° is replaced by IP. Thus

PO (r{"** > n|X, > 1 forall k € N) < ——P° (/"™ > n, X, > 1 for all k € IY).

pCSC

Analogously, when estimating P(7; > n), the time spent on the backbone can be neglected
by Lemma 4.12, so that it suffices to bound P(7;"™*”* > n) in this case. We shall only
estimate P°(7"*"* > n, X}, > 1 for all k € IN) as P(7;"*”® > n) can be estimated similarly.
To this end, we consider (Y},)nen, and (Y,?),cn, as constructed in Section 4.4. Further,
we use the family 77", ¢ € Z, j € N of random variables introduced in Lemma 4.8.
By construction, the number of times (Y,,),cn, Visits any node in w which is not in the
interior of a trap piece can be bounded by the number of times (Y;P),en, Visits the
corresponding node in wP. This holds in particular for all trap entrances. By Lemma
4.11, there exist regeneration points of (Y,?),cn,. These also are regeneration points for
(Yn)nen,- We have

T Vv oy
P° (77" > n, X;, > 1 for all k € IN) <IP°<ZZTZ-]- >n> <IP°<ZZT;}““ >n),

i=1 j=1 i=1 j=1

where T is the number of traps in [0, p;), V; is the number of visits to the ith trap, 7}, is
the time (Y;,),en, spends during the jth excursion into the ith trap, and (7;3""); jew is a
family of random variables independent of (wP, (Y;?)nen,) such that the 73", i, j € IN are
independent given the family (L;),en with T7"™ being distributed as the duration of one
excursion of (Y, ),en, under B,  into a trap of length L;. Since (p},7]) and (Tgn“)i_jem
are independent, we can write this as

Py T o oo
SOREAEDE zzw(m LTI 9 wriEty
i=1 j=1 k=1 1=1 i=1 j=1
oo o0 k l
DMLV IR0 30 Dk EET) BT
k=11=1 i=1 j=1
First look at ]P(Z; I3 > n) for fixed i and [ € IN. We write this as

l
P(ZT;}““Zn> <Z a’“n>n€ <m0\/m1)+IP<Z a““n>n€ >m0\/m1)
j=1

with mg, m; as in Lemma 4.8. With P, y and T;;u i,7 € IN as in Lemma 4.7, Markov’s
inequality and the convexity of z — 2% on [0, c0) give

l moVmi—1 l
P(ZTZ‘M 2 n, by <mgo V ml) = Z P, (4 = m)Pm,/\<ZTi(;'u > n)

j=1 m=1
a+1
< (moVmy max N Tqu a—l
_( 0 )me{l,...,mOle 1} rn Z
l
< (mgVm max E I TaMetlpy—al
_< 0 1)m€{1,...,m0\/m1—1} m,)\|: z;( K )
j=
= (moVm)I@Ttn=o71 max E TaMat+t]
( 0 1) me{l,....moVmi—1} m,)\[( Zl) ]
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Let N(k) be the number of times the walk (S),),en, Visits vertex k € {1,...,m}. Note
that in order to describe T}}", we also need to take lazy steps into account. This means
that, under P, », we have the following identity in law,

m N(k)
qulawzz ]-+Zkl
=1

k=1
where N (k) has distribution geom(ey) and the Z ;’s are a family of independent random

variables, independent of (N(1),..., N(k)), with distribution geom(%) for k =

1,...,m—1,1 € Nand geom(ﬁ) for k = m, | € IN, respectively. Since m < mgVm,
and the escape probability e; is nonincreasing in k, we can bound e by e,,,vm, for all
k € {1,...,m}. We use this to stochastically bound N (k). In combination with the
convexity of x — %! on [0, o) this leads to

m N(k)

B [(T2)H1] = mAKZ Z 1+ Zky ) +1}

k=1 I=1
<m® Y En A [N(B) ] By [(14+ Zim) ]
S (mO \ ml)aJrlEm,)\[Na+1]E77L,)\[(1+Z)a+1]

where N ~ geom(e,,,vm,) and Z ~ geom(ﬁ). Thus

max Em[(TAM*H] < e(mo,my, A) = c(N)

mée{l,....mogVmy—1}

for some constant ¢(\). Combining this with the estimate for 22:1 T7™ in the case of
traps of length larger or equal to mg V m; from Lemma 4.8, we get that there exists
d' = d'(p,\) > 0 such that

l
IP(ZT%HH > n) < d/ (la+1n—(a+1) + la+1n—a 4 le*#ﬁ)_

j=1

We further conclude
<ZZT‘”‘“ > n> < k]P<ZT1““ > )
=1 5=1
a+1 —« n
b (1) () )

< ka+2la+1d/(0(n—a) + n—a) + kld/eip’ﬁl:‘i\k, 4.7)

Note that when estimating = under P, all calculations using Lemma 4.8 involve an
additional factor of log n. Combining (4.6) and (4.7), we get

NgE

P° (Tltraps > ’fl) < d P° (Plf — k77-{“) = l)ka+2104+1n*0‘(1 + On(l))

k,l=1

+d Z P° (0 =k, 7P = 1) kle "75F. (4.8)
k,l=1

For k,l € IN, we write

PO (o} =k, P =1) =P°(rP =1) - P°(p} = k7P = 1).
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As the second factor vanishes for & > [, we get

00 oo l
SOP(} =k, P =D)EOTRAH =S CPO(rP = )10 Y PO (ph = k|7 = 1)kt
k,l=1 =1 k=1

NE

< PO(rf =)t

N
Il
—

Hence, it follows from Lemma 4.12 that the first sum on the right-hand side of (4.8)
is bounded by a constant times n~“. For 7; under P, this becomes a constant times
n~“logn. It also follows from Lemma 4.12 and Markov’s inequality that, for any « > 0,

7P (e} = kP = ) kle MTRE =S PP =01y PO(p) = klrp = 1) ke HTNE
k=1 =1 k=1

SE((r)] e
=1

Setting [* := , /mﬁ we get

oo
Z A P T Z [T Hazey + Z i PRaTEIN
=1

1<l I>1*

w

o0 o0
< 67“'67«/\(1*)2 ZlfnJrB + (l*)7’€2+ Zlﬂ‘;r3 _ 0(7170[)
=1
for sufficiently large k. O

A Uniform integrability of renewal counting processes

In our proof of Theorem 1.4, we use that the suitably renormalised renewal counting
process of a delayed renewal process is uniformly integrable. The following result is
(more than) sufficient for our purposes.

Proposition A.1. Let &;,&3,... be a sequence of i.i.d. random variables independent
of & such that P(§; > 0) = 1 for k € N, where P denotes the underlying probability
measure. Suppose there are constants d > 0 and o € (1,2] such that P(§&; > t) < dt~¢
for all t > 1. Then, with p := E[&)], S, == Y)_ &, v(t) == inf{n € N : S,, > ¢} and
a(t) :=tY/* ifa € (1,2) and a(t) := \/tlogt if « = 2, it holds that

exp (HM) is uniformly integrable for every 6 > 0 (A.1)
a(t) t>2
and
((V(t)_t/“)p ) is uniformly integrable for every p € (1, @) (A.2)
a(t) =/ t>2

for which there exists an r > p with E[£]] < co.

The statements (A.1) and (A.2) have been shown in [17] in the case where the &,
k € IN are i.i.d. and &; is in the domain of attraction of an a-stable law. Unfortunately, we
have not been able to apply a coupling argument in order to deduce uniform integrability
here from the main results in the cited source. However, the proofs given in [17] apply.
We shall provide a sketch of these proofs with the necessary changes needed here.
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Sketch of the proof of Proposition A.1. Let § > 0, and denote by ¥ and ¢ the Laplace
transforms of ¢; and &, respectively, i.e., ¥(A) = E[exp(—A&1)] and ¢(A) := E[exp(—A&2)]
for A > 0. Arguing as in (2.2) of [17], we infer

e (1] <10 U )t [ e

where the difference to (2.2) in [17] is a factor ¥(\)/p(\), which appears here since we
allow the first step to have a different law than the other steps. Equation (2.7) in [11,
XIII.2] and Proposition 2.5 give

oo o0

p(A)=1—p\+ )\/ (1—e P& > x)dz <1 —pA +/ (1—eM)(1Ade™*)da.
0 0
The third summand on the right hand side is the second-order term of the Laplace
transform of a random variable with tail probability 1 Adxz~ for x > 0. From [8, Theorem
8.1.6], we thus infer that it is O(A%) as A — 0 if a € (1,2) and O(A?|log)\|) if a = 2.
Choosing \* := A\/a(t), this gives

*u * 'u}‘ -2 _L)\ L OO_ _% -« = -1
M Pp(\F) < (1—1—@4—(9@ )) (1 a(t)+a(t) /0(1 e 5 )(1Adx )da:) =1+0(t1),
thus

sup (e’\*“go()\*))t/” < 00.
£>2

Further, the proof of (2.3) in [17] applies and gives

> z ) 2B
sup eCp(A*) e dz < o0
0

t>to

V() —t/n
a(t)

for ¢ty and )\ sufficiently large. Uniform integrability of (exp(6
from the Vallée-Poussin criterion.

Turning to the second assertion, pick 1 < p < a and r € (p,«) such that E[{]] < oo.
Following the proof of (2.5) in [17] with mild adaptions, we obtain

))e>2 now follows

E[(v(E[S,n]) —n)"] <7+ const - E[|S, — E[S,]|"] = O(a(n)")
as n — oo. Here, the last step follows from
E[|S, — npl"] < 27N (E[IS) — pl"] + B[S, — S1 — (n— 1)u[").

By assumption, E[S]] = E[¢]] < oco. Further, positive and negative part of £&; — u can
be stochastically dominated by a nonnegative random variable with tails of order z=¢.
Hence it follows from [16, Lemma 5.2.2] that

E[|S, — S1— (n—1)u|"|] = O(a(n)") asn — .

The rest of the proofis asin [17]. O
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