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Cramér’s estimate for stable processes with power
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Abstract

We investigate the upper tail probabilities of the all-time maximum of a stable Lévy
process with a power negative drift. The asymptotic behaviour is shown to be exponen-
tial in the spectrally negative case and polynomial otherwise, with explicit exponents
and constants. Analogous results are obtained, at a less precise level, for the fraction-
ally integrated stable Lévy process. We also study the lower tail probabilities of the
integrated stable Lévy process in the presence of a power positive drift.
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1 Introduction and statement of the results

Let L be a real strictly a-stable Lévy process with characteristic exponent
\I/()\) — log(E[ei)‘Ll]) - _ (i)\)ue—iﬂapsgn(/\) - _ |)\|aei7ra(1/2—p)sgn()\)’ AER,

where a € (0, 2] is the scaling parameter and p = P[L; > 0] is the positivity parameter.
Recall e.g. from Lemma 14.11 and Theorem 14.19 in [19] that p € [1 — 1/«,1/a] for
a € [1,2] and p € [0,1] for o € (0, 1), and that with this normalization, for a € (0,2) the
Lévy measure of L has density

I'(1+4 «) (sin(ra(l —p)) sin(map)
V(J}) = - < ‘.’L‘|1+a 1{I<O} + Wl{w>0} .

Throughout, we assume that L takes positive values i.e. p # 0, and we exclude the
degenerate case a = p = 1 where L is a unit drift. With these restrictions, L has no
positive jumps if and only if « > 1 and p = 1/c.
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Cramér’s estimate for stable processes with power drift

Consider the positive random variable

Mopy = sup{l —17}.

It is well-known from e.g. Proposition 48.10 in [19] that

1 ifya>1

P[Mapy < o0] = { 0 ifya<1.

In this paper, we are concerned with the asymptotic behaviour of
PM, .~ > z], x — 00,

in the relevant case ya > 1. In the literature, the evaluation of such asymptotics having
various applications in insurance is coined as Cramér’s estimate. In the case of a linear
drift v = 1, we refer to (XI1.6.16) and (XI1.5.10) in [9] for random walks and to [6] and
[14, Section 7.2] for Lévy processes having one-sided exponential moments. Applied to
stable Lévy processes, the main result of [6] shows

IP[MC“/CM >z ~ e ", T — 00, (1.1)

for a > 1, and it is well-known that the asymptotics is in fact an equality - see [20] or
Corollary VII.2 in [4]. For more general power drifts and a class of Gaussian processes
fulfilling a certain scaling property, we refer to [12] which, applied to the important case
of Brownian motion with a parabolic drift, yields

PMy /22 > 1] ~ % exp{—zgjgx?’ﬂ}, T — 0. (1.2)
Let us mention that this estimate has been refined in Theorem 2.1 of [11], where a
complete asymptotic expansion at infinity is obtained - see also Lemma 2.1 and the
references therein for closed expressions of the density of M5 ; /3 » in terms of the Airy
function. The first result of the present paper is the following general estimate, extending
(1.1) and (1.2).

Theorem A. Assume ya > 1.
(a) If L has positive jumps, one has

sin(map)

P[Ma,,, > 2] ~ D(a—1/y)T(1+1/y) 27~

™

(b) If L has no positive jumps, one has

a—1

P[Ma,l/a,fy > fE] ~

l—~va —
—1 a— 1 — 1)~G-D ’y(a 1) }
po— eXp{ (= 1)y>T (ya —1) x

In the specific case « € (1/2,2] and v = 2, these estimates are somehow reminiscent
of those previously obtained in [5] in the framework of Burgers turbulence with stable
noise initial data. See Remark 2.6 below for more detail. Our arguments, quite different
from those of [5], rely on the compensation formula for the case with positive jumps and
on some ad hoc and rather involved estimates combined with Laplace’s method in the
spectrally negative case.

In the second part of the paper we consider the Riemann-Liouville (or fractionally
integrated) stable process with parameter g > 0, defined as

Lff’):/(t—sﬁdL 5/ $)PLyds, t>0.
0
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The process {L,Eﬁ), t > 0} is stable in the broad sense of [18], and by Proposition 3.4.1
therein we have
L L 14ap) VoL, (1.3)

Recall also that {L,(EB ) t> 0} is self-similar with index § + 1/a, non-Markovian, and that
it has a.s. continuous sample paths. Consider the positive random variable

M(aﬁ/)” = sup{Lg’B) — P,
o t>0
which can be viewed as an extension of M, , . Observe also from Theorem 10.5.1 in
[18] and self-similarity that
PM) < oo] = P[M,,,, < )

a,p,Y

for every 5 > 0. It is also easy to check that M((f,)m N M, .~ as 3 — 0 when ya > 1. As

a rule, the non-Markovian character of a given process makes its passage times across a
level more difficult to investigate and our second main result has a less precise character.
Here and throughout, we use the standard notation f(z) < g(z) to express the fact
that there exist two positive finite constants k1, ke such that k1 f(x) < g(z) < ko f(x) as
x — oo or as x — 0, the nature of the limit being clear from the context.

Theorem B. Assume ya > 1.

(a) If L has positive jumps, one has

IP[M(B

) 1—ya
a’ 9

I I
(b) If L has no positive jumps, one has

log PIM ) _ e erza)
og [Mayl/ow >z ~ Ca,B,y & E—DGFA)
_a Y+B—1—apB 1—vya
with Ca By = (a — 1) (f}/ + ﬁ)n—l (aIB + 1) (a=D(v+B) (’YO( — 1) -+ > 0.

The method to get these estimates differs here for the lower bound and the upper
bound. The former uses a simple scaling argument, inspired by that of [12], and amounts
to a comparison with the upper tails of L;. The latter relies on telescoping sums for
the case with positive jumps, and on a simple yet powerful association lemma in the
spectrally negative case - see Lemma 3.1.

In the last part of the paper, we study the lower tail problem for the integrated stable
process with a power positive drift. In a Gaussian framework, lower tail probabilities
have many applications described in [15]. In a self-similar framework they are connected
to the persistence probabilities, whose applications are also manifold - see the recent
survey [3]. We show the following.

Theorem C. Assume ya > 1 and p € (0, 1). For every p > 0, one has

P { sup {Lgl) —&—utl"”} < 5—::| = c@IDGEI—TD
0<t<1

Above, we have excluded the case p = 1, where the estimate amounts by monotonicity
to the one-dimensional estimate IP[L; +u < ¢], which is exponentially small for ; = 0 - see
e.g. (14.35) in [19] - and zero for > 0. Theorem C is an extension of Theorem A in [16]
which deals with the case p = 0. In this respect, we should mention that the condition
ya > 1 on the drift power is optimal: in the Cauchy case o = v = 1, the same Theorem A
in [16] shows that the lower tail probability exponent depends on p. Our argument here
relies in an essential way on the strong Markov property of the bidimensional process
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{(L,El), L), t > 0} and is hence specific to the case 5 = 1. The other cases are believed to
be challenging. To give one example, for a = 2, 4 = 0 and 5 > 2 an integer, finding the
exact values of the exponents «,, in the asymptotics

P [ sup {Lﬁ”)} < 5] = ghn
0<t<1

as € — 0 is still an open problem on Brownian motion - see Section 3.3 in [3]. In our proof
the aforementioned association Lemma 3.1 plays also a significant role. Unfortunately,
its one-sided character prevents us from dealing with the case of a negative power drift.
We leave this question, whose connection to Burgers turbulence with stable Lévy process
initial data in the case o > 1 and v = 1 is precisely described in Section 4.1 of [3], to
future research.

2 Proof of Theorem A

2.1 The case with positive jumps

We will use the standard notation

(1
cy = %sin(wpa) >0

for simplicity. Defining for every = > 0 the stopping time
T, = inf{t >0; Ly > t" + «},

we have PIM,, , , > z] = P[T, < oo]. We also set K, = Ly, — T, — « for the overshoot

at 7. For every f : Rt — R™ measurable and such that f(0) = 0, the compensation
formula - see [4] p. 7 or Theorem 19.2 in [19] - implies

=B | Y f(Li- + AL =7 = 2) 1, curta vust, t4+a<L, +AL}
>0

=ciE [/ dt/ FLi+s =1t —2) 11, curia Vu<t, tr4o<Li+s} s717ds
0 0
o] o0
= Ct / dt/ E [f(Z — 7 — "L‘)l{Lu<’uﬂ+m Vu<t,t7+x<z}(2 - Lt>_1_a:| dz.
0 0

Taking f(u) = 1;,>0) and integrating in z, we obtain

c oo
P[K, >0, T, < o0] = i E [t +2— L) L1, curta vu<t}] dt
0

=& / E (57+17x%a_1L5)*°‘1 g, ds )z
[0 0 {z7e "L,<vY+1 Vv<s}

~ S </ (s74+1)7“ ds) 7
@ \Jo

sin(ma 14
~ % T(a— 1/y)T(1+ 1/y) 7
where the second equality follows by scaling, the convergence on the third line is
obtained by bounded and monotone convergence (decomposing into {L, < 0} and
{Ls > 0} inside the expectation), and the evaluation of the integral on the fourth line is
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standard. To conclude the proof, it remains to show that . does not creep at 7., in other
words that
PK,=0,T, <o0] = 0. 2.1)

The latter is in accordance with the well-known fact that I does not creep at a fixed level
x > 0 - see Theorem VI.19 and Lemma VIII.1 in [4]. However, this result does not apply
here since we consider the first passage time above a moving boundary. To show (2.1),
fix x > 0 and decompose

]P[LS > 57 —|—],‘] = Pl(S) + PQ(S)

for every s > 0, with

Py(s) IP[ZFTE +Ly, >s"+x, K, >0, T, <s|,

{Pl(s) = PLog, +T] >5", K, =0, T, < s

where L is a copy of L which is independent of (T;, Lt, ), by the strong Markov property.
On the one hand, we see by scaling and e.g. Property 1.2.15 in [18] that

P[Ls > s" +x] ~ & gl
«
On the other hand, we have
Pi(s) > PlLy_p, > 87, K, =0, T, < /2] > P[L; >2e5"" | P[K, =0, T, < 5/2]

and passing to the limit, we obtain

liminf s7*~! Py(s) > & PK, =0, T, < 0.

5—00 20(
Hence, we see that (2.1) is a consequence of

Py(s) ~ S gimre, 2.2)
«

Applying the compensation formula as above, we obtain
Py(s) = c+/ dt/ IP[ES_t—&—Lt—Fz > $T+x, Ltz > tV+x, L, <u'4zx Vu < ] z T gz,
0 0
Changing the variables z = s”y and ¢t = su, we see that cllgVo‘*ng(s) equals
1 o] L~ )
/ du/ P {sELl,u +sol,+8"y>s"+u,
0 0
so Ly > ST —y) + x, soL, <sTu' +aVu<l y~ T dy,

which converges as s — oo to

1 o0 1
/ du/ y iy = —.
0 1 «

This shows (2.2), and completes the proof. O
Remark 2.1. (a) Setting, here and throughout, L} = sup{Ls, s € [0,t]} for every ¢ > 0,
we have

lim P[M, ,, > z] = P[L] > z]

’Y—}OO
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for every = > 0. Passing formally to the limit v — oo in Theorem A (a), we can infer

I'(«) sin(rap) .

P[L} > a] ~ o (2.3)

™

which is a standard and rigorous estimate - see Theorem 10.5.1 in [18] and Proposition
VIII.4 in [4].

(b) Taking f(u) = 1(y>ryy for some 7 > 0 and applying as above the compensation
formula leads to the estimate

P[K, >rz, T, < o] ~ % (/ (r+u’+1)7¢ du) 27T~ (r 1)%7QIP[T,J < o0l
0

This implies the following limit theorem for the law of the renormalized overshoot:
Proposition 2.2.

L (a:_le

T, < —|—oo> — Pareto(a—1/7) asx — oo.

Recall, indeed, that the standard Pareto distribution with parameter § > 0 has distribu-
tion function 1 — (r + 1)~% on (0, c0). This observation seems new even in the classical
case of a linear drift v = 1 with o > 1. Notice that still in the case of a linear drift,
the limit behaviour of the overshoot is very different for Lévy processes having finite
exponential moments. If we consider for example the tempered stable subordinator with
negative unit drift and Lévy measure having density

—CIT

ae

v(r) = T(1 = a)zott 1as0y

for some ¢ € (0, 1), then we are in the framework of [6] with w € (0,1) and p* < oo so

that C' > 0 in (5) therein. By Remark 2 of [6], this implies that K, converges at infinity

to some proper random variable - see also Theorem 4.2 in [13] for more general results.
(c) Inthe case @ > 1,p =1 — 1/« and v = 1, the Laplace transform of Mg, 1-1/a,1 can

be computed with the help of Zolotarev’s well-known general formula - see [20]: one

finds
1

1+ Ae-T
This Laplace transform can be easily inverted and yields the identity in law

]E[e_)‘Ma,lfl/a,l] —

d 1

M. 1-1/an Lo=T X Zoq

where L ~ Exp(1) and Z,—; has a standard positive (o — 1)—stable law with Laplace
transform
a—1
Ele*2e-1] = ¢

)

both random variables being independent. This shows that the law of M, ;_1/41 is
the so-called Mittag-Leffler distribution of parameter a — 1 which is studied e.g. in
Exercise 34.4 of [19] - see also the references therein. In particular, there exists a closed
expression for the survival function of M, 1_1/4,1 in terms of the classical Mittag-Leffler
function, which leads to a complete and simple asymptotic expansion at infinity: one has

(_1)n—1x—(()¢—1)n
I'l—(a—1)n)

IP[1\/[01,171/04,1 > :I:] = a—l(_xa_l) ~ Z

n>1

where we have used Formula 18.1(7) in [8] and the standard notation for asymptotic
expansions given e.g. in Appendix C of [1]. Observe from the complement formula for the
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Gamma function that the first term matches the one that can be derived from Theorem A
(a), in this specific case. Notice also the following closed formula for the distribution
function, as a convergent series:

o1 (_1)n711.(a71)n
PMasrjon < 2] = 1= Baa(=2"") = 3 5=y
n>1

Let us finally refer to [10] for related results in the presence of a compound Poisson
process.

2.2 The case with no positive jumps
Applying the strong Markov property at 7, and using the absence of positive jumps,
we get

oo

/0 (1—e ) P[L, > 1" +a]dt =E {1{Tm<oo} /O (L= e XN 15 s dt]
frnd ]E |:1{TI<OO} \/O (1 —_ eiA(Tg,ﬂ’t)) 1{t1/afj>(t+Tz)‘/7Tl} dt:|

where we have set a™ = max(a,0) and, on the right-hand side, Lisan independent copy
of L. Integrating both sides on (0, c0) with respect to A="~1d\ with v € (0, 1), we deduce

/ tVIP[Lt >t’y+1‘] dt=E |:1{Tw<oo}/ (Tw—Ft)U 1{t1/uz;r>(t+T1)7—T]}dt:|
0 0

_ 1+v v
= ]E |:1{TI<OO} Tw /0 (1 + t) I{ZT>T'Z71/G Spa,'y(t)} dt:l 3

where
(1+t)7 -1
Pay(t) = /e

is an increasing homeomorphism from (0, c0) to (0, 00), because ay > 1 and « > 1. This
implies the identity

Oou + -1/« _ 1+v > v
/0 t ]P[Ll >t / (try + .’ﬂ)] dt = E |:]-{T1<oo} Tm+ /0 (1 -+ t) 1{50;,17(T3L1~/a7’yzl+)>t} dt:|

1 v - o— T v
= 5 B [lncon T (4 b (@ L) - 1))
(2.4)

which extends to all v > —1 by analyticity, since Lf has moments of every order. We
will now study the asymptotic behaviour of both sides of (2.4), introducing the crucial
parameter

—1
R hk) Y
a—1

We begin with the left-hand side, which is easy.
Lemma 2.3. One has

/ tP[LT > 7YY + x)] dt
0

)

_TE(a—1) ")
(a=1)(ya—1)

“ 1—yo ay—1
exp {—(a —1)yeT (yao — 1)7@=1 gD } .
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Proof. By (14.35) in [19], we have the asymptotic behaviour

1
o 2(a-1) 2—a o o
) ~ ——— p2(a-D) ex —(a—1)ai—a go—1
pi(z) (e 1) p { ( ) }

at infinity, where p; stands for the density of the random variable ;. Making the change
of variable y = 57T and applying Watson’s lemma - see e.g. Theorem C.3.1 in [1], this
easily implies

1
2(a—1) o - o
PIL > ] ~ m:t_ﬂu*l) exp{—(a—1)aT=szaT1}. (2.5)

See also Theorem 2.5.3 in [21]. On the other hand, we can rewrite
v+l

/ t'PILT >tV +x)|dt = / s'P[LT > "% n(s)] ds (2.6)
0 0

where 7(s) = s~/*(s” + 1) reaches its global minimum on (0, c0) at s, = (ay — 1)~/7,
with peis
e 1" Yy —1) "=
Bs.) = va(a—1F and  gf(s) = 202D

«
Plugging (2.5) into the right-hand side of (2.6), we obtain

/ PP > Y (7 + 1) de
0

1
a2@-1)

- 2n(a—1)

vi(-v)/2 [ o o o 1lfv
m+/ s¥ n(s)2a-= exp{—(oz—l)am n(s)e—Tx WO} ds,
0

which yields the required asymptotic behaviour, by Laplace’s method. O

We will now analyze the right-hand side of (2.4), which is more involved. Introducing

the function
_ (U4+v)a

Do yp(z) = 2771 (L4 g7 (2) Y = 1)
on (0, 00), we can rewrite (2.4) as
) 1 - (1+1/)]a .
/ t'PILT > 7Y + x)] dt = o B e LE) ™ ®uq (T L]
0 14

(2.7)
Taking v = 1 and observing that ;" (t) ~ (t/y)=T as t — 0 and ok (t) ~ t7a-1 as
t — oo, we get

lim @, ,,(z) = (14+1)yT™s > 0  and lim @, ., (r) = 1.

z—0 T—00

Therefore, since ®, ., is continuous and positive on (0, c0), we have
0 < inf {Payu(2)} < sup{Pa,q,,(2)} < oo
z>0 z>0

Going back to (2.7) and using the facts that Zf has positive moments of every order and
is independent of 7)., we finally get from Lemma 2.3 the crude asymptotics

P[T, < o0] =< exp {—(a -1) ’yﬁ (ya — 1)&21‘}) xﬁzj) } . (2.8)

In order to obtain an exact asymptotics and finish the proof, we will need the following
technical lemma.
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Lemma 2.4. For every v € (—1,v— 1/a — 1], the function ®, -, is an increasing homeo-
morphism from (0, c0) to (0, 1).

Proof. First, it is easy to see from the aforementioned asymptotics of ¢, , at zero and
infinity that
;lg}) Doy w(z) =0 and xlgrolo Poyu(r) =1

forv € (—1,v7—1/a —1], and it is plain that ®, -, is continuous. Since ¢, -, increases on
(0,0), we are reduced to show that

(tv)
(14 2)"" —1) z7a-1

zZ = (I)OWYJ/ (SOQ,’Y(Z)) = ( )(1+u)a
(14 2)7 —1) e

increases on (0,00). Setting y = (1 + 2)” — 1 and f.(z) = (1 + )¢ — 2°, we obtain

a—1

(Pay (Pan(2) T = (fl%y(y-l))%f (v™")

1
:
which, since f, decreases for ¢ € (0,1}, shows that ®, ,, increases for v > 1 and
v € (—1,v —1]. Assuming last 7 < 1, we need to prove that

14+v

T Guw(@) = (frm (m))a_% (fr@) "

5

decreases on (0,00). Setting ¢ = “,;—” € (0,1), we compute

)= () T Y ehannl®) (g
A Tr Ry ( E Ay fi(x>>< Y(1+2) ( T ch(x))'

It is easy to see that x — x!7¢f.(x) increases from (0, +o0) to (0, c), and we finally obtain

((C — 1)’704 + 1)ga,y,u(gj) <

Ioyw(T) < St <0
assoonasv <y—1/a—1. O
Corollary 2.5. For every A > 0, one has
P[T, < A] 0
P[T, < +od]

as xr — oQ.

Proof. Set v = ¢ — 1 with ¢ > 0 small enough for ¢, - ._; to increase on (0, c0). By (2.7)
and the fact that L] and T, are independent, we have

(oo} —_— ~
5/ t=IPILY > VO +a))dt = E [1{%@} (Lf) e @a’y’gl(T;/a—WLf)}
0
> E {(Zf)‘ @ay,yys_l(Al/aij)} P[T, < AJ.

Combining now the crude asymptotics (2.8) and Lemma 2.3, we deduce that there exists

K > 0 such that
IP[TI < A] < e-l-vg

K v — 0
P[T, < too] —

as x — o0, taking € > 0 small enough. O

EJP 24 (2019), paper 17. http://www.imstat.org/ejp/
Page 9/21


http://dx.doi.org/10.1214/19-EJP275
http://www.imstat.org/ejp/

Cramér’s estimate for stable processes with power drift

We can now finish the proof. Taking v = 1 in (2.7), we first decompose the quantity
yaTT / O P[LT > 7YY + )] dt
0
into

E[(L])=*] P[T; < oo
1

+ m = [1{Tac<oo}(l’;r)ﬁ ((I)‘%%Vo (Tgcl/a_’yLir) = Po vy (0+))} ’
a,y,vo

Applying Lemma 2.3 and the moment evaluation

1

E(ED)™1] = ——

which is e.g. a consequence of (2.6.20) in [21], we see that the proof will be complete as
soon as

E |17, <o) (LT (@ (T 7ET) = Py (04)) | = o(P[T < o)), 7= 0.
(2.9)
But, decomposing according to {7, < A} or {7, > A}, the left-hand side of (2.9) is
bounded by

p (@ 10 (2)} PIT, < 4]
a—1 .>0

# B [T 50 { i G ED) = 04} PIE < o
z>A

and (2.9) follows by Corollary 2.5, the continuity of ®, . ,, at zero, and dominated

convergence. O

Remark 2.6. As mentioned in the introduction, in the case v = 2 our Theorem A echoes
a large deviation estimate which had been previously obtained in [5]. More precisely, if
we set

Mg}pﬁ = sup {L; —t"} and Mg}pﬂ = sup{L; —t"},
te(0,z] t>x
then the main result of [5] states that
P[M,,, > MY, ] < o2
if L has positive jumps, and that
7[93] [:L’} Qa:ll
IOgIP[Ma,l/a,Q > Ma,l/a,2] ~ —RaqX

for some explicit k, € (0,00) if L does not have positive jumps. Roughly speaking, when
x is large the event

@,p,2 = ==a,p,2

{M[x] > Ml }

amounts to the fact that the translated process L; — L, — (t — x)? crosses a level of size

2?2 for some t > z, which explains heuristically why the asymptotics of

7]

PM. ,>M* ] and PM

2
a,p,2 = a,p,2 2 >’

P,

are comparable. One might wonder if all our above arguments could not help refine the
results of [5], but we have not investigated this question.
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3 Proof of Theorem B
3.1 The lower bound

This part is easy and relies essentially on the identity (1.3). Introducing

T¥ = inf{t >0, L =42} and TP = inf{t >0, L{¥ = (P 4+1)zatrro },

x

we see by the scaling property {L;f), t >0} L {y5+1/aL§5)7 t >0} withy = 277 that

PM,, > o] = PITP < oo] = PIT{Y < odl. (3.1)
Setting 1
s, = argmin{s A7/ (s7F 1 1)} = (}Y;ff)w
and
me = min{s V(T 4 1), 5> 0} = aly+ B)(af +1) 7201 (ya — )36,
a further scaling argument implies
PIT® < o0 > P[L®) > (57 +1)207 | = P[Ly > (1+aB)Y/“m,z507]. (3.2)

When L has positive jumps, applying Property 1.2.15 in [18] to the stable random variable
L, and using (3.1) and (3.2) yield the required lower bound

1—yo

P[Mg@w >z > kxFE T — 00,

for some x > 0. When L has no positive jumps, we obtain from (2.5), (3.1) and (3.2) the
required lower bound

1—~va
liminf 2 @00 log PIM?) > 2] > —co 5.4

T—00 a,l/ey =
3.2 The upper bound in the case with positive jumps
Introducing the parameter

_ yo —1
°= aq+p €OV

and fixing ¢ > 0 small enough such that = 2°(1 +£)°~! > 1, define the stochastically
increasing family of stopping times

TER = inf{t >0, L — (1 4+e)F1+8a0 = 2629}, k>o0.
Since ]P[ﬁgﬁ’k) < o0] = 0 as k — oo, by (3.1) we have the telescoping decomposition
PMY) | > 2] = PTPY <o = Y (P[igﬂv@ < o0] — PITPFHD < oo]).
k>0

We first consider the case v + 3 > 1. Setting rj, = (3 x 2%(1 + £)*)7+7 , we can bound

sup {Lg’B)} > k0
te(0,rk]

PTPR < o0] < P +P [sup{Lgﬂ) — (1 +e) R’} > Qkx‘;}

t>rE

< P[L;>7"3"12°] + P {sup{Lgﬁk —(L4e) Pty > 2k+2x5] ,
t>0
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where in the second line we have used the a.s. inequality sup,¢[g {Lgﬂ)} < L7, which is
obvious, and the equally obvious deterministic inequality

(t+ )P > 0B )P (3.3)

for all t > 0, which follows from v 4+ 8 > 1. The next step is to write down the process
decomposition

Tk t
L,Eﬁ)m - (5/ (t+ 7 —u)’ ' Lydu + t° Ln-,) + ﬂ/ (t—$)* " (Lyir, — Ly, ) ds
0 0
(3.4)

Tk —~ ~
(5/ (t+re—u)’ ' Lydu + t° er) + LY < (t+rm)Lr, + LY
0

Il

with {ng, t > 0} an independent copy of {Liﬁ)7 t > 0}, which implies
P [Sup{LEi)r,c — (L 4e) MHF20} > 2k+2x5}
>0

< PTPHD < o0] + P [sup{L:k (t+ 1) —e(1+e) k1700 > 2’“‘1335}
t>0 )

< PITPHAD) < o] + P {05 rfL:k + sup{cg L:kt'B —e(14e) F1prHPg0) > 2k+1x5} )
JRAS: ,

where ¢z = 2/°~1 and we have used (¢ + s)? < cg(t? + s7) for all ¢, s > 0. The second
term on the right-hand side is bounded by

P L>|1< Z nk3§7lcglx§:| + P [iglg{cﬂ L,’:ktﬁ e (1 +8)7k71t"y+ﬁx5} Z Qkx5:|
=P {LT > nk36flcglx5} + P[L] > nknx‘s]
for some positive constant « not depending on k, z. Setting # = min{x, 35‘1c§1} > 0, and
putting everything together, we finally obtain
3R7T (o) sin(mrap) 1-1a

PM{), >a] <33 P[L]>5"ka’] ~ r1—np-oy i
k>0

where the estimate follows at once from (2.3) and direct summation. This completes the
proof for v+ 8 > 1. The case v + 8 < 1 follows along the same lines, except that (3.3) is
not true anymore. We hence set

3 1
_ 1 = -1« 9k(1 a8, k>0.
A 20+ € (0,1) and 7 (BAT x 281 +¢)¥)7=+8, >0

Using the obvious inequality (¢ +r4)7F > (1 — A\)7+2 + Ar?*7 leads first to
P[TPP < o] < P[L} 2738 12%] + P Eglg{LgﬁLk — (1= N1 +e) i) > 2k+2x6} .
Then, we can bound
P iEE{LEQk —(1=XN1+ 6)7kt7+ﬁx5} > 2k+2x5]
< PTP*) < o] + P {sup{ZL:,c (t+7)° —e(14e)F 180 > 2k+2x6] )

t>0

and the proof is finished similarly. O
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3.3 The upper bound in the case without positive jumps

The argument relies on the following well-known association lemma, which will also
be used during the proof of Theorem C.

Lemma 3.1. Let F,G be two bounded functionals on the Skorokhod space D(R™,R)
being both non-increasing or both non-decreasing. Then, one has

E[F(Lu, u> 0)G(Ly, u>0)] > E[F(Ly, u> 0)]E[G(Ly, u > 0)].

Proof. By cad-lag approximation, it is enough to consider the case when F, G depend
only on a finite number of points. With the notation of Chapter 4.6 in [18], we are hence
reduced to show that the random vector (L, Ly,, ..., L, ) is associated for every n > 2
and 0 < t; < ... < t,. By independence of the increments we have (L, L,,..., L, ) =
(X1, X1 + Xo,..., X5 +...+ X,,), where the X,’s are mutually independent real random
variables, making the vector X = (X;,..., X,,) trivially associated. We can then apply
e.g. Exercise 4.25 p. 220 in [18]. O

Let us now finish the proof. For simplicity, we will set T, for ngﬂ ) Let ¢ > 0 and fix
§ small enough such that 7 = 1 — (1 —¢)(§ + 1) > 0. Using the absence of positive
jumps, we obtain

/ PILY) > (1= )Pt 4+ 2)dt > / P {LEB) LY > (1 -t TP T, < +oo} dt
0 0

§
> /0 P [Lg@(m) —LP > T 1< T, < +oo} dt.
(3.5)

By (1.3) and a change of variable, the left-hand side equals
/ PILY) > (1—e)tPt +2]dt = k. / ¢~ TreB P[Ly > (1+af)V /ot~ 1/ (tT5e5 +c.x)] dt
0 0

for some positive constants ., c. such that ¢. — 1 as ¢ — 0 and, by Lemma 2.3, we first
deduce

log / PL? > (1 — )t + 2] dt ~ —cap(cex) T D0
0

We shall now separate the proof according as 5 > 1 or 5 < 1.
Assume first S > 1. Bounding the right-hand side of (3.5) leads to

/ PILY) > (1—e)tP4a)dt > 6P [ inf_ {u™ (L) L)} > -, 1< T < oo
0

u>1,t<d

whence

]P{ inf {u_ﬂ_“’(L(ﬁ(z

AN >
u>1,t<68 w(t+1) — L )} =>-n, T <OO}

< 5—1/ PILY > (1 — )t? ) + 2] dt + P[T, < 1]. (3.6)
0

We next observe that the contribution of P[T}, < 1] in the right-hand side of (3.6) is
negligible, using the obvious bound

P[T, <1] < Plrp <1]
with 7, = inf{t > 0, Lﬁﬂ) = z}, the crude estimates

logP[r, <1] < logP[Ly > x] < —x=-1
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and the strict inequality
ay—1 «

< .
(a=1D(B+7y) a-1
Above, the crude estimates are a consequence of (1.3), (2.5) and

PIL{Y > 4] < Plr, <1] < P {Sup {L:} > w] = aP[Ly > 4],

t<1
the last equality being well-known as the reflection principle for spectrally negative

stable Lévy processes - see e.g. Exercises 29.7 and 29.18 in [19]. Finally, we notice that

1+t I
WP L ey — L) = 5/0 (L+t=9)"" = (1=5)" Mzyy) 22 ds

is an increasing functional of {Ls, s > 0}, because 8 > 1. Since 1(7, <} is also an
increasing functional of L, we deduce from Lemma 3.1 that

i —B—(7,8) B
P Lzlffg(;{u A/(Lu(t+1) - Lq(; ))} >—n, T, < oo}
i —B=(7(B) _ 7 _ .
=F Lzlﬂtfga{u (Lugesny = L)t 2 77} P[T, < o0] = kP[T, < o9

for some « > 0 not depending on x. Putting everything together, we get

__l1—ya “307*1
limsup @ D05 logP[T, < 00] < —capqc™ V07,
xr—r0o0

which, letting ¢ — 0, completes the proof in the case g > 1.
Assume second 3 < 1. We set

1
o = — )Pt = — 881 s7ds
5[ (0= = (=g

which is a positive increasing function on (0, 00) such that oy — 0 as ¢ — 0. Replacing

T
120 = 2 [ () - s
(7 0
we deduce using a change of variable that
® ® 1 s ] n
LTI(t+1) 7LTm +§T£+V > 6Trﬁ/1 (1+tf5)67 LSdes—Tfhﬁ(t) il;}é {Lu - QO}UW}

where hg(t) =1+ th— (1+ t)ﬁ is increasing in ¢. Going back to (3.5), and taking a < 6,
the right-hand side is then greater than:

alP |Fs(L) — hﬁ({) sup {LS - 27]57} > —n/2, Sx7T < Ty < oo} (3.7)
Oq

VLB >0

where .
Fs(L) = Binf +t(letfs)ﬁfl inf ﬁds
t<s Jy 1

u>1 uY

is an increasing functional of L. We next observe that, cutting (3.7) in two as in (3.6),
the second term will be negligible by taking § small enough since

P[T, < 6277] < P[r, < 6277]
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and
_1 1 _ay—1 _aBf+1l  _ ay—1
log P, < dx7+7F] =< logPP[Ly > 5_ﬁ_ixa(3+ﬁ>] = —§ T g DGR,

Thus, it remains to deal with the term:
P[E5(L) > —n/4, Ty < o] — P {hg(a) sup {Ls - ”SV} > 775%:%] .
s>0 20'a 4
From Theorem A and using the scaling of L, the second term behaves as
1 n n v 1 ~ya—1
logP | hg(d) (0q) 7T sup {Ls — 557} > 157xﬁ+7 = —(0,) 7@ D g@-DGTA
s>0

which is negligible by taking a small enough. The proof is then concluded as in the case
B > 1 by applying Lemma 3.1 to the term P [F5(L) > —n/4, T, < o0]. O

Remark 3.2. In the particular case 8 = 1 of the integrated stable process, we may
proceed as in the proof of Theorem A, and obtain a more precise upper bound. The
strong Markov property at T, for the two-dimensional process

{(Lgl)aLt>7 t Z 0}7
a scaling argument and (1.3) imply firstly

/ o PILY > 147 4 g at
0

— 1+ 12
= E{l{Tﬁw}Tw /O 1+ Ol{ZTHtTI)”O‘(LTI(1+7)TJ)>TJ”“wa,w(t)}dt}

where 9, (t) = 717V ((t + 1) — 1 — (1 +~)t) is again an homeomorphism from (0, c0)
to (0,00), and 7T}, and L are independent. We can then bound

/0 o P[LY > Y L g)dt > E {1{%@}@}% /0 (1+t) 1{Zl+>ml/a%ﬁ(t)}dt} ,

using the crucial fact that the derivative of ¢t — Lgl) —t1*7 at T, which equals Ly, — (1 +
~v)T7, is a.s. non-negative. This leads to

A+tvg)e
~ya—1

1
1+I/O

/ n IP[Lii- > t—l—l/a(t1+7+x)] dt > E [1{Tw<w} <ET> \IJ(X’V(T;/Q—’Y zf)
0

where
_ (+vg)a

\I/a,’y(l’) = x o1 ((1 + '(/J;}Y(LB))H'VO B 1)

is again bounded away from zero and oo, by the fateful choice of vy. We finally obtain

P[T, < od] < ks / POPILE > -1V (1 4 )] dt
0
for some x € (0,00), and an appropriate modification of Lemma 1 yields

1 N __ya—1
P, 2 0] < iy oxp{—can o)

at infinity, for some other 4, € (0, c0). Unfortunately, the precise lower bound which can
be derived from (2.5) is different: one gets

(1) N ai—iw (17707—1
P[Ma,l/a,y Zx] > R_x2@=D0+7) exXp § —Cq,1,y T @ DTN

for some k_ € (0,00), and the exact polynomial speed before the exponential term
remains unknown. We believe that this speed is given in the lower bound, and we refer
to Remark 3.4 (c) below for a general conjecture.

EJP 24 (2019), paper 17. http://www.imstat.org/ejp/
Page 15/21


http://dx.doi.org/10.1214/19-EJP275
http://www.imstat.org/ejp/

Cramér’s estimate for stable processes with power drift

3.4 A more precise estimate in the Brownian case

In this paragraph we specify the general results of [12] to the process L in the case
a = 2, and we get a refinement of Theorem B (b). Observe that in this framework we
can also consider the wider range 5 > —1/2. The following proposition is a consequence
of Theorem 1 in [12] but the exact asymptotics does not seem to have been written
down anywhere, and we hence provide a detailed proof. It turns out that a transition
phenomenon occurs at 5§ = 1/2.

Proposition 3.3. Assume v > 1/2.
(@) If B € (—1/2,1/2), there exists k3, > 0 such that

(8) ;ﬁ(i*?’v) 2y—1
P[M2,1/2,'y > x] ~ Kﬁ,’ym( BFDGFB) exp —Co B3y T TP &

(b) If B > 1/2, there exists kg > 0 such that

(8) - L i 21
P[M, )y, = 2] ~ Ry x20F7 exp | —Co,5, 2 7% .

Proof. With our normalization for the characteristic exponent, one has L; ~ A(0,2) and
a scaling argument implies

where .
Mﬁw = sup {\/25 + 1/ (t—s)?dB, — t7+5}
t>0 0

and {B;, t > 0} is a standard linear Brownian motion. Setting H = 8 + 1/2, the process

t
X, = \/26+1/(t—s)ﬁst, t>0,
0

is Gaussian with mean 0 and variance ¢, and self-similar with index H. With the
notation of Section 1 in [12], we have

1
284+ 1\ %7 C2,8,y
= d A =2/—2=-. .
50 (27_1) an 55+ 1 (3.8)

We now wish to apply Theorem 1 in [12], whose statement deals with case H € (0,1)
but we can actually consider any H > 0 by Remark 1 therein. Following (7) in [12], we
need to evaluate the behaviour of E[(Y; — Y;)?] as ,s — so, having set V; = ¢t~ X, for all
t > 0. Because of the time normalization, we have not found any precise reference for
this behaviour in the literature and so we give the details. For 0 < s < ¢, we compute

E[(Y; - Y. = 2 — Is(a)

with z = st~1 € (0,1) and
1
Is(a) = 2028 + 1)@/ (1= wP( - 2u)? du.
0
We need to study the asymptotic behaviour of Iz(z) asy = 1—z — 0. If 8 > 1/2, rewriting

Is(z) = 2(28+1)/1— y/o (1 —u)??(1 +yu(l —u)~Y)? du,
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making a Taylor expansion of order 2 of both quantities in y and evaluating the two
underlying Beta integrals leads to

_ . (26 + 1)y2 2
This shows that (7) in [12] holds with
_ _(@28+1)
a = 2 and D = 74(25 — 1)53 (3.9)

If 8 < 1/2, the argument does not apply because the second Beta integral diverges. We
first rewrite

Is(x) = Wzﬂ[_ﬁ 1 ] _ Wzﬂ{_ﬁ B+1

T ;& 9
B+1 B+2 B+1 B+2 Y

where the first equality follows from Euler’s integral representation and the second one
from Pfaff’s transformation for the hypergeometric function - see respectively 2.1.3(10)
and 2.1.4(22) in [8]. Applying next the residue transformation 2.1.4(17) in [8], we obtain

Iy(z) = 2$5+1/22F1[5 :2157 25;3“1} (B ;(1_)2)(2@ 5B1/2,28+1
(B +1) 28+1 2
2 - (28 + 1) cos(wf3) g+ 0,

This shows that (7) in [12] holds with

_ r2(B+1) .
I'(28 + 1) cos(nf) s ™!

a = 20+1 and (3.10)
Putting (3.8) and (3.9) (resp. (3.10)) together with (10) (resp. (9)) in [12], using the
standard estimate v/27U (u) ~ u~'e=*"/2 for the tail of the unit normal distribution, and
proceeding to the necessary simplifications, we obtain our required asymptotics with
the two different regimes. O

Remark 3.4. (a) For 5 = 1/27 the transformation 2.1.4(18) in [8] with m = 2 exhibits a
logarithmic term: one has the non-trivial closed formula

y2

2(1-y)

where 1) is the digamma function. This implies

Liyp(z) = 2+ (¥(3/2) — ©(3) + log(y) — log(1 —y))

(t —s)?log |t — s

E[(i/t _Y€)2] ~ = 28(2)

as t,s — sg, and we cannot apply the results of [12]. We believe that

— 2y—1
PIMYY7) > a] ~ k(logx)’ ¥4 exp {—02,1/2,v ZCHTD }

for some « > 0 and § # 0 to be determined, the logarithmic correction being heuristically
due to the 1-self-similarity of

t
t — / Vit — s dBs.
0
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(b) The constants kg and Ag can also be evaluated from Theorem 1 in [12], but
they have a complicated form in general. For 8 > 1/2, one gets

a2y -8y
P T N\ weap, 28— 1)(2y - 1)

For 8 € (-1/2,1/2), one obtains

28(2y—1

) 1
_ H2,6+1 ,% 2y -1 @BFD(FBA) FQ(/B—l—l) )25+1
S V2B+1)(2y - 1) b+ A7 (26 + 1) (r(w +1) cos(f3)

X
<t<T

(VEBa(t) - )}

for {Bg(t), t > 0} a standard fractional Brownian motion with Hurst parameter H =
B + 1/2. In the literature on extreme values, the constant Hjp4q is usually called the
Pickands constant and we refer to [7] for more detail. It does not seem to the authors
that the Pickands constant is explicit, save for 5 = 0 where the reflection principle and
Laplace’s method yield

V2 T3/2 ! ©_ eT@-n?
]E[exp{orgtang( QBt—t)H =1+ ﬁ ; \/§</O Te 3 dx) ds ~ T,

1
Hypiq = TlgI;OTIE {exp {Oma

so that H; = 1 and

1
f00 = =1

in accordance with Theorem A (b).
(c) From Proposition 3.3, it is plausible to conjecture that for « € (1,2) one has

® % %
P[Ma,l/a,’y > 1] ~ Kgpy 2@ TR @ DG GXP{—caﬁﬁxmf Ter )}

if € (0,1 —1/«)and

]P[Mml/aﬁ > x] ~ Ry T2@DOFH eXp{ —Cq, g,y LD

if 3> 1—1/a, where kg and &, s, are some positive and finite constants.

4 Proof of Theorem C
Following the notation of [16], we will set

)
R —
a(l—p)+1

once and for all. The upper bound follows easily from

P[sup (L 4t} < s] < P[sup {£} <s] < nedh

0<t<1 0<t<1
for some k € (0,00), where the first inequality follows from p > 0 and the second one
from Theorem A in [16] and scaling.

The lower bound is more involved and we will need the strong Markovian character

of the two-dimensional process {(L,El), L), t > 0}, setting P(, , for its law starting from
(z,y) € R?, with the convention P = P ). Define the stopping time

R, = inf {f, >0, Lgl) + ME%I‘,L’_’Y = O}
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and observe first that, by scaling and translation,

R e T

0<t<1

Notice also that P(, ,y [R. < Ry] = 1 for every < 0 and y € R, because i > 0. Applying
the strong Markov property at R., we obtain

P(-10) [Ro 2 27%7] = B1 [IP B+ > 207

{x:RE}:|

ya—1 1+
(—H&‘ atl Rs ’Y)LRE

whose right-hand side is, by comparison, smaller than
P(-10) [Re > &7

T B0 {1{R€<s‘a11} IP(_M%T; R _p(14~)e SFT RY) [Ro > 5”“]] :

Indeed, the derivative of ¢t — LEI) + pe WY at R, equals L, + p(1+ 7)5?511 RY and
is a.s. non-negative under P(_; o). On the other hand, a further scaling argument shows
that

P(_I,_y) [Ro > t] =P x%ﬂRo > t]

(—L—yw*ﬁ“) [

for every x,y,t > 0. If we now assume p < 1 this implies, again by comparison,
__a_ a— a— > ¢ atT
B0 [l{RESE 13 P e e iy 0 26 H]]
=E_ 1 _a P N o o
o l {(Rese o¥1} (_1,_}1@(14’_7)(8?4»1]35)"{&74»11)
% [(uxl-w 5%&@1)?1 Ry > 5‘&3»1:|
{z=R:}

a(y+1) P Gl G2 )
IP(—L—l—’Y) xr otl RO > pette (at1)2
{z=R.}

<E1,0

~eltd) _ o _a?(y4D
< Pa—1y) {ROGH Ry > p~a+Te™ a1

where Eo is an independent copy of Ry. Putting everything together, we obtain

o a ~al+l) a o2 (v+1)
P10 [Re 2 e a5 2 P10) [Ro > 267557 =Py 1y [Ro "Ry > pw e }

Now by Theorem A in [16] we have
IP(—l,x) [Ro > 1] =< t=f

for every « € R and since a(y + 1) > a + 1, we can also infer from Lemma 2 in [17] that

~o(y+1) 0(at1)
P 119 [By™™" Ro > t| < t=GFD.

This implies that there exists two finite constants ko > k1 > 0 independent of u, e such
that

__a _af_ _0 _ _ab
]P(fl,o) I:REZE a+1] 2 K1 EatT — K,Q,U/’YJFIEO‘+1,
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which completes the proof of the lower bound for p < jip with g = (k1 /2k2)7+D/¢ > 0.

Assuming finally ¢ > po and setting g = uawafl and fip = p; " for simplicity, we have

P [ sup {Lil) +ut1+”} < E:|
0<t<1

=P | sup {LE” +t1+7} < gﬂail
lo<t<p

I atl
> P | sup {Lil) +t1+7} < gfip®

L0<t<p J

[ atl
>P| sup {L,(fl) —&—t“‘”} <0, sup {Lgl) —i—tH"y} < efig® }

Lito<t<pi 0<t<fio

S| osup {1V 4 oty - (1) 4 14y Lo
p ¢ Tt <0|P| sup <L;/ +t < g
fio <t<ji Lo<t<fio

=P | sup {L,(fl) +t1+7} < O] P | sup {Lgl) —&-Motl""y} < 5]

lo<t<1

for some x > 0, where the first and fifth equalities are obtained by scaling, the fourth
inequality follows from Lemma 3.1, and the last inequality is a consequence of the strict
positivity of [ip. This completes the proof. O

Remark 4.1. Using the same argument and Lemma VIII.4 in [4], one can show the
following lower tail probabilities estimate for the Lévy stable process with a positive
power drift. If ay > 1 and p € (0,1), then for every u > 0 one has

P [ sup {L:+ pt"} < 8] = £, (4.1)
0<t<1

We leave the detail, which is simpler than the above, to the interested reader. This
estimate for small values echoes the persistence result for large time obtained in Theorem
1 of [2], which reads

P { sup {L; +put?} < 1} = 7rte®) (4.2)

0<t<T

for every p > 0, with ay < 1,p € (0,1), and under the additional assumption « € (0,1).
Observe that in the absence of self-similarity, the estimates (4.1) and (4.2) are different
ones and cannot be deduced from one another, save for y = 0.
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