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Abstract. This paper constructs a solvability theory for a system of stochastic partial differential equations. On account of the Kol-
mogorov continuity theorem, solutions are looked for in certain Holder-type classes in which a random field is treated as a space-time
function taking values in L”-space of random variables. A modified stochastic parabolicity condition involving p is proposed to ensure
the finiteness of the associated norm of the solution, which is showed to be sharp by examples. The Schauder-type estimates and the
solvability theorem are proved.

Résumé. Cet article construit une théorie sur la solvabilité d’un systeme d’équations différentielles partielles stochastiques. En raison
du théoréeme de continuité de Kolmogorov, les solutions sont recherchées dans certaines classes de Holder, dans lesquelles un champ
aléatoire est considéré comme une fonction spatio-temporelle prenant des valeurs dans ’espace LP des variables aléatoires. Une
condition de parabolicité stochastique modifiée impliquant p est proposée afin d’assurer la finitude de la norme associée de la solution.
En étudiant des exemples, cette condition est montrée étre optimale. Les estimations de type de Schauder et la solvabilité de I’équation
sont démontrées.
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Keywords: Stochastic partial differential system; Stochastic parabolicity condition; Schauder estimate; Stochastic continuity

1. Introduction

Random fields governed by systems of stochastic partial differential equations (SPDEs) have been used to model many
physical phenomena in random environments such as the motion of a random string, stochastic fluid mechanic, the
precessional motion of magnetisation with random perturbations, and so on; specific models can be founded in [3,7,13,
16,29,31] and references therein. This paper concerns the smoothness properties of the random field

u= ', ... ,u") R x[0,00) x 2> RY
described by the following linear system of SPDE:s:
du® = (allyd;juf + byl + copu? + fo) dt + (0l 0P + vEguP + gk) dwf, (1.1)

where {w*} are countable independent Wiener processes defined on a filtered complete probability space (2, F,
(F1)t=0, P), and Einstein’s summation convention is used with

l.,j=1,2,...,d; a,ﬂ:],z,.--,N; k=1,2,...,
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and the coefficients and free terms are all random fields. Considering infinitely many Wiener processes enables us to treat
systems driven by space-time white noise (see [22]). Regularity theory for system (1.1) can not only directly apply to
some concrete models, see for example [13,31,38,39], but also provide with important estimates for solutions of suitable
approximation to nonlinear systems in the literature such as [7,21,30] and references therein.

The literature dedicated to SPDEs (not systems) is quite extensive and fruitful. In the framework of Sobolev spaces,
a complete LP-theory (p > 2) has been developed, see [5,12,20,22,23,32,37] and references therein. However, the L?-
theory for systems of SPDEs is far from complete, though for p =2 it has been fully solved by [18], and for p > 2 some
results were obtained by [19,28,29,33] in the special case where the matrices ok = [a(i]fs] Nxn are diagonal or nearly
diagonal. The smoothness properties of random fields follow from Sobolev’s embedding theorem in this framework.

The present paper investigates the regularity of random fields from another aspect prompted by Kolmogorov’s conti-
nuity theorem, which ensures a continuous modification for a random field under some mild conditions. The key point
is to derive appropriate estimates on L”-moments of increments of the random field. This motivates one to consider a
random field as a function of (x, t) to the space L%, := L” () and to introduce appropriate L -valued Holder spaces, for
instance, as in [11,25,34]. Correspondingly, in this paper we shall consider the space Cg of all jointly measurable random
fields u satisfying

i
Elu(x,t) —u(y,t)|P >
lulles := | supE|u(x,1)|” + sup lux, 1) 5(y )| -
P t,x txy |x_y| )4 oo

with some constants § € (0, 1) and p € [2, 00). The space Cf, can be regarded as a stochastic version of classical Holder
spaces. If 8p > d, for each u € C8, it has a modification with Holder continuous in space by Kolmogorov’s theorem.

For the Cauchy problem for parabolic SPDEs (not systems), a C>9-theory was once an open problem proposed by
[22]. Based on the Holder class Cf,, it was partially addressed by [25] and generally solved by [10,11] very recently.

The theory says that, under natural conditions on the coefficients, the solution u and its derivatives du and 9*u belong
to a space C;Z, provided that f, g and 0g belong to the same space. In addition, [11] also obtained stochastic Holder

continuity in time for 8%u. Their established theory is sharp in the sense that the result cannot be improved under the
same assumptions. Extensions to the Cauchy—Dirichlet problem of SPDEs can be found in [26,27], and for more related
results, we refer the reader to, for instance, [2,6,36]. Nevertheless, okan -theory for systems of SPDEs is not yet known
in the literature.

The purpose of this paper is to construct such a C2*3-theory for systems of type (1.1) under mild conditions. Like
the situation in the L? framework this extension is also nontrivial as some new features emerge in the system of SPDEs
comparing with single equations. It is well-known that the well-posedness of a second order SPDE is usually guaranteed
by certain coercivity conditions. For system (1.1), [18] recently obtained W -solutions under the following algebraic
condition: there is a constant ¥ > 0 such that

. —
(Zagﬁ —oik gl

Kol el > kjgl? Ve e RN, (1.2)

Although it is a natural extension of the strong ellipticity condition for PDE systems (¢ = 0, see for example [35]) and
of the stochastic parabolicity condition for SPDEs (N = 1, see for example [22]), the following example constructed by
[19] reveals that condition (1.2) is not sufficient to ensure the finiteness of L’ -norm of the solution of some system even
the given data are smooth, and some structure condition stronger than (1.2) is indispensable to establish a general L? or
C?*3 theory for systems of type (1.1).

Example 1.1. Letd =1, N =2 and p > 2. Consider the following system:

(1.3)

du® = u§9 dr — y,u)((z) dw;,
du® = u;%f) dr + /LM,(CI) dw;

with the initial data

2

uD(x,0)=e" 7, u@(x,0)=0,

where ( is a given constant. In this case, condition (1.2) reads ,u2 < 2, but we will see that this is not sufficient to ensure
the finiteness of E|u(x, 1)|? with p > 2. Set v =u'D + /—1u'?, and the above system turns to a single equation:

dv = vy, dt + v/ —1pvy dwy (1.4
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with v(x, 0) = u (x, 0). It can be verified directly by It6’s formula that

1 exp{_(x+«/—_1,uwt)2}
V1I+Q+ ) 21 + (2 + )]

solves (1.4) with the given initial condition. So we can compute

v(x,t) =

Elu(x,n)|” =E|vx,0)]"
<2

2
1 1 _ px 5 7%‘[17 P [2
BN TR T AR ey (1

It is noticed that

pu’t 2—(p—Du?
— —
1+ Q2+ ud)t 2+ pu?

ast — oo,
which implies that if
w>—, (1.6)

the integral in (1.5) diverges for large 7, and E|u(x, t)|” = oo for every x.

A major contribution of this paper is the finding of a general coercivity condition that ensures us to construct a general
C?*9_theory for system (1.1). The basic idea is to impose an appropriate correction term involving p to the left-hand side
of (1.2). More specifically, we introduce

Definition 1.2 (MSP condition). Let p € [2, 00). The coefficients a = (a ) and 0 = (a ) are said to satisfy the
modified stochastic parabolicity (MSP) condition if there are measurable functlons )Jk Rd x [0, 00) x @ — R with
)Jk = Ajgka, such that
jk jk
Ha(p.a) i=2ag —olk otk — (p—2)(olk, — 1K) (015 — 20%) (1.7)

satisfy the Legendre—Hadamard condition: there is a constant x > 0 such that
Ags (P, MEE N 0" = k&P VEeR neRY (1.8)
everywhere on R? x [0, o0) x .

In particular, the following criteria for the MSP condition, simplified by taking A;’% =0 and )‘fxljs = (a + a”;) /2
respectively in (1.7), could be very convenient in applications.

Lemma 1.3. The MSP condition is satisfied if either

@) 2a —(p— l)oya Vﬂ or

ik
(ii) 24’ —a;’;a;ﬁ (p— 2)aya " wztha (aaﬁ —aﬁa)/2

satisfies the Legendre—Hadamard condition.

Evidently, the MSP condition is invariant under change of basis of R¢ or under orthogonal transformation of RV . Also
the Legendre—Hadamard condition (see for example [14]) is more general than the strong ellipticity condition. The MSP
condition coincides with the Legendre-Hadamard condition for PDE systems and the stochastic parabolicity condition
for SPDEs. Besides when p = 2 it becomes

(2a — oik o/ eism P = klgPInl® V& eRY peRY (1.9)

which is weaker than (1.2) used ip [18]. Moreover, the case (ii) in Lemma 1.3 shows that the MSP condition is also
reduced to (1.9) if the matrices Bik .= [U&%] NxnN are close to be symmetric. Nevertheless, the generality of the MSP
condition cannot be covered by these cases in Lemma 1.3, which is illustrated by Example 6.5 in the final section.
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Example 1.1 illustrates that in (1.7) the coefficient of the correction term p — 2 is optimal to guarantee the Schauder
regularity for the SPDEs (1.1). Indeed, if p > 2 is fixed and the coefficient p —2 in (1.7) drops down a bitto p—2 —¢ > 0,
we can choose the value of u satisfying

2 ) 2

<pi<—,
p—1 # p—1—¢

then it is easily verified that system (1.3) satisfies (1.8) in this setting by taking )»fyljg =0and p —2replacedby p —2 —e¢.
However, Example 1.1 has showed that when ¢ is large enough E|u(x, #)|” becomes infinite for such a choice of u, let
alone the ij -norm of the solution. More examples in this respect are discussed in the final section.

Technically speaking, the MSP condition is explicitly used to derive a class of mixed norm estimates for the model
system in the space L?(£2; W}'). Owing to Sobolev’s embedding the mixed norm estimates lead to the local boundedness
of E|0™u(x, t)|?, which plays a key role in the derivation of the fundamental interior estimate of Schauder-type for
system (1.1). A similar issue was addressed in [4] for an abstract stochastic equation on torus, in which the authors give a
stochastic parabolic condition depending on p for the well-posedness of some L? (X)-solution (p > 2 for general cases,
1 < p <2 with a stronger restriction for a special case), and show the sharpness of their condition. Very recently, [33]
establish an L”-theory for a class of complex valued stochastic PDE systems, see the last remark in Section 2.

As in the classic PDE theory, the results for linear equations are the building base for the study of nonlinear equations.
We point out that it is not hard to generalize our linear theory to the nonlinear case in which f, is Lipschitz continuous
w.r.t. u and du, and gg is Lipschitz continuous w.r.t. u as well.

The paper is organized as follows. In Section 2 we introduce some notations and state our main results. In Sections 3
and 4 we consider the model system

du® = (ag/'sa,-juﬂ + fa) dr + (a;’;a,-uﬁ + g{ft) dwi‘,

where the coefficients a and o are random but independent of x. We prove the crucial mixed norm estimates in Section 3,
and then establish the interior Holder estimate in Section 4. In Section 5 we complete the proofs of our main results. The
final section is devoted to more comments and examples on the sharpness and flexibility of the MSP condition.

2. Main results

Let us first introduce our working spaces and associated notations. A Banach-space valued Holder continuous function is
defined analogously to the classical Holder continuous function. Let E be a Banach space, O a domain in R? and 7 an
interval. We define the parabolic modulus

IXlp=Ix|+]f] forX=(x,neQ:=0x1L.
For a space-time function u : Q — E, we define

[ulh. o =sup{[0°u(X)| , : X = (x.1) € O, |s| =m},

|u|f1;Q = max{[u],f;Q k< m},

w]f = sup sup sup 0%u(x, 1) —0°u(y,)|lg
T te] x.yeO lx — y|°

s

E R E E
|u|m+5;Q = |u|m;Q + [u]m+8;Qa

[u]E — sup sup 10°u(X) —0°u(Y)| g
(m+6,6/2):Q |s|l=m X,YeQ X —YI3

’

E . E E
8] Gn15.5/2):0 7= 1Ulm; 0 + [WGus5.6/2): 0

withm e N:={0,1,2,...} and § € (0, 1), where s = (51, ...,54) € NY with |s| = Z;j:l s;, and all the derivatives of an
E-valued function are defined with respect to the spatial variable in the strong sense, see [17]. In the following context, the
space E is either (i) an Euclidean space, (ii) the space 22, or (iii) LY := LP(Q) (abbreviation for L% for both L?(Q2; RY)
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or LP($2; £2)). We omit the superscript in cases (i) and (ii), and in case (iii), we introduce some new notations:

L? } Ly
[ulm+s.pio = [2],% 5. 0 [w]on+s.8/2).p:0 == [u](m+6,8/2);Q’

Lj Ly
lleellm+s. p: 0 == |u|m+5;Qv el gn+s.5/2), p; 0 = |u|(m+5’5/2);Q'

As the random fields in this paper take values in different spaces like RV (say, # and f) or ¢> (say, g), we shall use | - |
uniformly for the standard norms in Euclidean spaces and in 02, and LY for both LP($2; RY) and L?(2; €2). The specific
meaning of the notation can be easily understood in context.

Definition. The Holder classes C"+°(Q; L%) and C;'f:”s’a/ 2(Q: L?) are defined as the sets of all predictable random
fields u defined on Q x € and taking values in an Euclidean space or £ such that 2l m4-s, p; 0 and [zl +5,5/2), p; 0 are
finite, respectively.

The following notations for special domains are frequently used:
Bx)={yeR:ly—xl<r},  Q:(x,)=Bx) x@—r’il,
and B, = B, (0), O, = 0,(0,0), and also
Q1 (x) == Br(x) x (0,T], Qr=9,r(0) and Qr:=R?x(0,T].

Assumption. The following conditions are used throughout the paper unless otherwise stated:

(i) Foralli,j=1,...,danda,B=1,..., N, the random fields agl-g, bfxﬁ’ cqp and fy are real-valued, and O'(iﬁ, Vyp and
8o are £2-valued; all of them are predictable.
(ii) agﬁ and ‘7;,3 satisfy the MSP condition with some p € [2, 00).

(>iii) For some § € (0, 1), the classical Cj? -norms of a;/;s, bgﬁ and cqg, and the C ;""3 -norms of (T‘iﬂ and vyg are all domi-
nated by a constant K.

We are ready to state the main results of the paper. The first result is the a priori interior Holder estimates for system

(1.1).

Theorem 2.1. Under the above setting, there exist two constants py € (0, 1) and C > 0, both depending only ond, N, «,
K, p and 8, such that if u € C23(Q(X); Lb) satisfies (1.1) in Q1(X) with X = (x,t) € R? x [1, 00), then

248192
P[0 8] 5.5/2). p: 0,0 x)

<=

_d
< Lo’ Ms.pi0,00 + Pllg+s.pr0,00 + 0 2 [Ellel 2 417} @1

for any p € (0, pol, provided the right-hand side is finite.

By rescaling one can obtain the local estimate around any point X € R? x (0, 00).
The second theorem is regarding the global Holder estimate and solvability for the Cauchy problem for system (1.1)
with zero initial condition.

Theorem 2.2. Under the above setting, if f € Cﬁ(QT; LPY and ge C}CJ”S(QT; L2y with T > 0, then system (1.1) with
the initial condition

ux,00=0 Vvx eR?

admits a unique solution u € ijg’a/z(QT; LDy, and it satisfies the estimate
Nl 245.5/2).p:0r < CeT(I1f s, p:or + Ngli4s.p:07 ) 22)

where the constant C depends onlyond, N, k, K, p and §.
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Remark. Theorem 2.2 still holds true if the system is considered on the torus T¢ = R?/Z? instead of R?.

Remark. The above theorems show that the solutions possess the Holder continuity in time even for time-irregular
coefficients and free terms. A similar property of classical PDEs is well-known in the literature, see for example [9,
24] and references therein. In view of an anisotropic Kolmogorov continuity theorem (see [8]) the solution obtained in
Theorem 2.2 has a modification that is Holder continuous jointly in space and time.

Remark. Although we only consider the real valued SPDE systems in this paper, our method can also be applied to the

complex valued case, as long as the complex valued coefficients a = (agé) and o = (o(i]é) satisfy the following complex
version MSP condition:
There are measurable complex valued functions )fo]% :RY x [0, 00) x 2 — C with )\’ L )»%k , such that

g . o
Agg(p,3) :=2alﬂ—a}’,§ayﬂ (p—2(o0, — 2% (5 Ghg = M)

satisfy the Legendre—Hadamard condition: there is a constant x > 0 such that
Re[Aly(p, MEE TP = k&P > VEeC! nec

everywhere on R? x [0, 0c0) x Q.

The readers can check out that Theorem 3.1 still holds true for the complex SPDE system with the complex version
MSP condition in hand, which is the key theorem to guarantee the whole theory workable. Very recently, [33] also
proposed a stochastic parabolic condition for complex valued SPDE systems and established an L? theory.

3. Integral estimates for the model system

Throughout this section we assume that aéf/.g and aég depend only on (¢, w), but are independent of x, satisfying the MSP

condition (in this case )\fx]% is chosen to be independent of x) and

‘aéjﬁ , 0;{3’ <K, Vt,o, 3.1

and we consider the following model system
du® = (a;{gai,-uﬁ + fa) dr + (o;’;a,»uﬁ + gl’;) dwf. (3.2)

The aim of this section is to derive several auxiliary estimates for the model system that will be used to prove the interior
Holder estimate in the next section.

In this section and the next one, we may consider (3.2) in the entire space R" x R. On the one hand, we can always
extend (1.1) and (3.2) to the entire space if we require u(x, 0) = 0. Indeed, the zero extensions of u, f and g (i.c., these
functions are defined to be zero for ¢ < 0) satisfy the equations in the entire space, where the extension of coefficients
and Wiener processes are quite easy; for example, we can define a;]ﬂ (t) =8 and oélé =0 fort <0, and w; := w_; for
t < 0 with w being an independent copy of w. On the other hand, we mainly concern the local estimates for the equation
(3.2) in the following two sections, so we can only focus on the estimates around the origin on account of a translation.
Indeed, we can reduce the estimates around a point (xo, fy) to the estimates around the origin by a change of variables
(x,t) > (x —xq,t —1p).

Let © € R? and H™(O) = W3'(O) be the usual Sobolev spaces. Let I C R be an interval and Q = O x I. For
p,q €[1, oc], define

LPLIH!(Q):= LP(Q; LY(1; H"(O; RY))).

In what follows, we denote 0™ u the set of all m-order derivatives of a function u. These 9" u(x) for each x and (w, t) are
regarded as elements of a Euclidean space of proper dimension.

Our C?*%-theory is grounded in the following mixed norm estimates for model system (3.2), in which the modified
stochastic parabolicity condition (1.8) plays a key role.
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Theorem 3.1. Let p € [2,00) and m > 0. Suppose f € Lf)LtzH;"_l(Qr) and g € LZL%H;”(QT). Then (3.2) with zero
initial value admits a unique solution u € L)L H"(Qr) N LLL? H" T (Qr). Moreover, for any multi-index s such that
|s| < m,

HaguuLf)Lch§ +[[0%u.| Lo = C([Jos£] RAE) i [o%¢] LZL?L%)’ (3.3)
where the constant C depends onlyond, p, T, N, k,and K.

The proof of Theorem 3.1 is postponed to the end of this section. A quick consequence of this theorem is the following
local estimates for model equations with smooth free terms.

Proposition 3.2. Letm > 1, p>2,r>0and 0 <60 < 1,and letu € LLL®H™(Q,) N LLL2H"™*1(Q,) solve (3.2) in
O, with f € Lf;LtzH;”_l(Qr) and g € L(IZ)L?H;”(Q,). Then there is a constant C =C(d, p,k, K, m, N, 0) such that

m—1
[0" w11 1200 + 18" x| 21202000 < Cr 7" " Mtlipr202 00, + € 2o r " O F 12121200,
k=0
m
+C %rim% [ akgHLZL}Lg(Q,)' (3.4)
Consequently, for 2(m — |s|) > d,
HSQ?W"” L SO gz,
m—1 m
+C Z pr el ” akf LELZL2(Q)) +C Zr*|5|*d/2+k ” 8kg “LZLtzL)zr(Qr)' 3-5)
k=0 k=0

Proof. It suffices to prove (3.4) as (3.5) follows from (3.4) immediately by Sobolev’s embedding theorem [1, Theo-
rem 4.12]. Moreover for general r > 0, we can apply the obtained estimates for r = 1 to the rescaled function

v(x, ) :=u(rx,r’t), ¥(x,1)eR? xR

which solves the equation

dv* (x, 1) = (agy (1) ;0P (x, 1) + Fa) dt + (o1 (r20) 80P (x, 1) + GX) dpf, (3.6)
with
Fa(x,t)zrzfa(rx,rzt), Glgl(x,t)zrg(rx,rzt), ﬁ,kzr_lwle.

Obviously, % are mutually independent standard Wiener processes.
For any 6 € (0, 1), choose cut-off functions ¢¢ € C{°(RY™), £ = 1,2, satisfying i) 0 < ¢* < 1,i)) ¢! =1 in Q0 sz and
¢" =0 outside Q1, and iii) % =1 in Qp and 2 = 0 outside N2 Then vy = ¢fu (£=1,2) satisfy

dvff = (agsdijvl + foa)dt + (olf 0] + 3 ,) dwf, €=1.2, (3.7)

where
ﬁ'a - é.efa - a(lxjﬂ( fiuﬂ)x_]- + a(l)t]ﬁé‘)fi)t_/uﬁ + (atgf)ua’
Fo=¢lgk—oikcluf, e=1,2.

Applying Theorem 3.1 to (3.7) for £ =1, s =0 and for £ =2, |s| = 1, we have
el reor2c0 5 + 1cllizr2i20 )

< C(lullp2i200,) + 1 ini2200,) + 18121202 (0,):
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0%l

5
LoLe12(0g) T 0% HLZL?L%(Q@)
5 5
= C("”"LZL,QLE(Q@) +9 ””LOP)L%L}((QJ@) | + ||f||L£jL,2L§(Q¢§) + 19 gl'LﬁL?L%(Qﬂ))‘
Combining these two estimates, we have (3.4) for m = 1. Higher order estimates follows from induction. The proof is

complete. (]

Another consequence of Theorem 3.1 is the following lemma concerning the solution for equation (3.2) with the
Cauchy-Dirichlet boundary conditions:

u(x,0)=0, VxeB; (3.8)

ulx,t)=0, V(x,t)edB, x(0,T]. '
Proposition 3.3. Let f = fO+8; f  and f°, f'..... f4, g € LLL?H"(Q,.,2) for all m > 0. Then problem (3.2) and
(3.8) admits a unique solution u € LZ)L%HXI(Q”z), and for each t € (0,r%), u(-,t) € LP(Q; C™(B,; RN)) with any
m > 0and e € (0,r). Moreover, there is a constant C = C (n, p) such that

”u”Lé’]LtZL)Z((Q”Z) = C(r2 || fO ||Lap)L12L%(Q”2) —+ r|| (fl’ ceey fd’ g) L{;L?Lﬁ(sz))' (39)

Proof. The existence, uniqueness and smoothness of the solution of problem (3.2) and (3.8) follow from [18, Theo-
rem 4.8], and (3.9) from (3.3) and rescaling. We remark that, although the results in [18] used condition (1.2), Lemma 3.4
below ensures that those results remain valid for the model equation (3.2) under condition (1.9) that is implied by the
MSP condition. O

The following lemma is standard (cf. [14]).

Lemma 3.4. If the real numbers Af)‘[é3 satisfy the Legendre—Hadamard condition, then there exists a constant € > 0
depending only on d, N and k such that

- 5
/Rd AqggOiu®dju? ze/Rd |0u|
forany u € H'(R%; RV).
The rest of this section is devoted to the proof of Theorem 3.1.

Proof of Theorem 3.1. According to Theorem 2.3 in [18] the model system (3.2) with zero initial value admits a unique
solution

we LZLPHM(Qr) N Ly LTHI ! (Qr).

Noting that u € Lf,L;’O H"(Qr)N Lf)L?H ;"‘H(QT) follows from estimate (3.3) by approximation, it remains to prove
(3.3). As we can differentiate (3.2) with order s, it suffices to show (3.3) for m = 0.

By It6’s formula in Hilbert space (see Theorem 4.32 in [7]) for |lu(, t) ||iz, we derive

dlluc. 07
= /R{I[—(Zazg — a;];o){z)aiuaajuﬁ +2u” fo + ZG;]éaiuﬂg(]; +|g*]dxds

+/Rd 2(o;§u“a,-uﬂ +u“g§)dxdwf. (3.10)

p

12 one has

Applying It&’s formula to [|u(-, ¢)||

dfuc.n]z

p -2 ij ik _jk i
= E||u||z2 /‘J[—(Zcz;//3 - a}‘,';o)‘/’ﬁ)aiuaajuﬁ +2u® f, +20;’/§8,~u’3g§ + |gl*]dx dr
/R
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+ wl{\lulldaém||"||IZ;4 Z[/Rd (oihu® P +u®gl) dedt
k
+ ol /Rd( ol aiuP + ugk) de duf.
Recalling the MSP condition for the definition of )Jk and that kg’% = )Jﬁka, we compute
aﬁu“a ub = ( Oup )J'jg) *iuf + /\g’;u“aiuﬂ
= (o — Mg )u®0;u” + ;wﬁa (u*uP),
so by the integration by parts,

/ aﬂu“a ul dx = / ’ "‘8 uP dx.

Using the MSP condition and Lemma 3.4, we can dominate the highest order terms:
_ 2
—||u||i§ /Rd (2a” - ayaayﬂ)alu djuf dx + (p —2) Z(/ ol u® diu ﬂdx)
§—||u||i% /Rd(zal] _U)/C(U)/ﬁ)al Olaj ﬂdx
+(p— 2>||u||LZZ/ ol dx

=—||u||i)2( /Rd[za"f —a;’;ayﬂ (p—2)(0ik, — ik ) (g ol M")]au 3;uf dx
< —€llul}; |19ul,.
So we have
dfuc, 0]z

Enun 22 (—ellul, + 20wl g fl g+ Cliglys + Clloul 2 llgll2) dr

-2
+ plul; /R(aﬂu“auhu ) dr dut

A

)43 -2 -2
< [—Tnunig |Bull7; + Cllall, + Cllall 7, (1£15,-1 + ||g||i§)}dt
+p||u||§;2/ (o diuP + u® g ) dx dwy. (3.11)
X R4

Integrating with respect to time on [0, s] for any s € [0, T'], and keeping in mind the initial condition u(x,0) =0, we
know that

a7 +—/ el ||au||L2dt
< c/0 [l 72 + el > (A1, 1+ g l72)] dr

N
+/0 p||u||i;2/R [o2ku®0;uf + u®gk]dx dwf, as. (3.12)
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Let T € [0, T'] be a stopping time such that

5 s oy +B( [ o) <o
te0,7] * 0 *

Then it is easily verified that the last term on the right-hand side of (3.12) is a martingale with parameter s. Taking the
expectation on both sides of (3.12), and by Young’s inequality and Gronwall’s inequality, we can obtain

sup Elut A 0)|", —HE/ |23 oo |2,
t

<CE/ 152211, + lgI2) dr. (3.13)

On the other hand, by the Burkholder—Davis—Gundy (BDG) inequality (c.f. Theorem 4.36 in [7]), we can derive from
(3.12) that

E sup Ju(]”, —HE/ a2 fouo) |2, a
t€l0,1]

< CE/O a5+ lw@] 527 (11,0 + g12,)]de

2 1
2(p—2) @ k :
+ CE ||u|| ( aﬂ” “Biuf +u ga)dx dr¢ (3.14)

and by Holder’s inequality, the last term on the right-hand side of the above inequality is dominated by

1

2p—2 2
CE[/ lull |u||i§||au||i§+||u||i%||g||i§)dt]

1
T 2
2 -2 -2
scE{ sup |lu()|?) [/ (e 25" 10ul? 5 + ull?, ||g||iz)dr] }
1€[0,7] * LJo ¥ x ¥ x
1 r ‘ p—2 2 i p—2 2
=5E sup [u@|, +CE |l loulp,de+C | i gl dr,
tel0,1] x 0 X X 0 X X
which along with (3.13) and (3.14) yields that
E sup |u@)|?, <CE/ Ju]72 IIfIIH L+ lgliz,) dr
t€l0,1]

T
§C]E[ sup Hua)Hi;z/ (LF13, - + ||g||iz)dr]
ref0,7] *Jo * *

1 T p)
<-E Sup ||u(r)||Lz+c1E[/0 (= +||g||i§)dt}

[\)

Thus we obtain the estimate

P

T
EE sup )]z <1E[/0 (IIfIIfL,X_HrIIgIIi_%)dt} = F (3.15)

with C = C(d, N, K, p, T).
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In order to estimate ||du, || Lrr2r2s We g0 back to (3.10). Bearing in mind Condition (1.8) (actually here we only need
the weaker one (1.9)) we can easily get that

T T X
‘}u(r)|‘i§+e/() ||8u(t)‘}i%dt§/ /d(Zu“fa+2o(;’/§8,-uﬂg§—|—|g|2)dxdt

/ / u *quf +u”gl) dx dwf,

where e is the constant in Lemma 3.4. Computing E[-]?/? on both sides of the above inequality and by Holder’s inequality
and the BDG inequality, we derive that

E(/O w7 dt)

T Lz T
IE(/ ||u(t)||§,1dz)2+CF+CE// ogpu® iuf +u”gh) dx dwy
x 0 JRI
P

2 7
(/ Hu(t)HHldt> +CF+CE Z/ {/Rd bu® oiuP +u°‘g§)dx} dt]

! 2 5 [ [T 2 2 2 §
B[ lwolyar) e el [l (o 1 + 1wl

P

IA

-

IA

~ |

IA

-

2

1 T 2 2 p
=5E / [ou)[zdr) +CE sup [u)]L, +CF.
0 * tel0,7] "

which along with (3.15) implies

E sup Hu(t)H1L72+IE(/ |u@)|3 dt) <CF,
t€l0,7] X 0 X

where the constant C depends only ond, p, T, k, K, N, but is independent of 7. Note that ¢ that depends on d, N, and
k has been absorbed into the constant C. Finally, by taking the stopping time 7 to be

N
Ty :=inf{s >0: sup Hu(t)Hiz +/ HBu(t)Hiz dr > n} AT,
1€[0,s] x 0 x
and letting n tend to infinity we obtain the estimate (3.3) with m = 0. Theorem 3.1 is proved. (|

4. Interior Holder estimates for the model system

The aim of this section is to prove the interior Holder estimates for the model equation (3.2). The conditions (1.8) and
(3.1) are also assumed throughout this section. Take f € C)?(Rd xR; LY) and geC ; (Rd x R; L) such that the modulus
of continuity

w(r):= esssup (||f(x, ) — f(y, t)||L£ + ||8g(x,t) — 8g(y,t)HL5)

teR,|x—y|<r
satisfies the Dini condition:

1
z(r) dr < oo.

Theorem 4.1. Letu € C2 ' (Q2; L?%) satisfy (3.2). Under the above setting, there is a positive constant C, depending only
ond,N, K, k,and p, such that for any X, Y € Q1/4,

A 1
|%u(X) — d2u(¥)| SC[AM—i—/ =) dr—i—A/ =) dr},
@ 0 r A r
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where A :=|X — Y|, and
M=l p1202 0, + I Mo pr + gl pro) -
Then the interior Holder estimates are straightforward:

Corollary 4.2. Under the same setting of Theorem (4.1) and given § € (0, 1), there is a constant C > 0, depending only
ond, N, K, k and p, such that

) I Ws.p: 01 + Ngll+s.p: 04
[[8 u]](8,5/2)»p;Q1/4 = C|:”u”L5L,2L§(Q1) + 8(1—29) ’

provided the right-hand side is finite.

Proof of Theorem 4.1. Letting ¢ : R” — R be a nonnegative and symmetric mollifier and ¢°(x) = "¢ (x/¢), we define
u®® =@f xu®, £ =¢° x f, and g = ¢° * go. Then it is easily checked that f* and dg® are also Dini continuous and
has the same continuity modulus @ with f and dg, and

1£5 = £lllg,pre + & — £l pire = O
[8%uf (X) — 8*u(X) |.p =0, ¥XeR'xR,

as ¢ — 0. On the other hand, from Fubini’s theorem one can check that u® satisfies the model equation (3.2) in the
classical sense with free terms f° and g°. Therefore, it suffices to prove the theorem for the mollified functions, and the
general case is straightforward by passing the limits.

Based on the above analysis and the smoothness of mollified functions, we may suppose that (cf. [11])

(A) f,geLbL?HF(Qr)NCk(Qr; LY) forall k € Z, and R > 0.
We can also set X = 0 without loss of generality. With p = 1/2, we define

0':=0Q,0=0,(0,0), £eN={0,1,2,...},

and introduce the following boundary value problems:

{dua,e = [ajydijuP’ + £ (0.0 dr + [0 0;uP* + gk (0. 1) + x78; % (0, 1)] dwf @1

u®t=u* ond,Q",

where 9 Q! denotes the parabolic boundary of the cylinder Q¢. The existence and interior regularity of u* can be direct
yielded by Proposition 3.3.
Given a point Y = (y, s) € Q1/4, there is an £( € N such that

A= |Y|p c [p£0+2’ pEO‘l’l)'
So we have

[8%u(Y) — 8%u(0) ”LZ

IA

[8%u’0 (0) — 8%u(0) |r + 82 (¥) — 9%u(¥) |p+ [82u’o () — 8%u’(0) e
=: N —i—N{ + N>. 4.2)

As Nj and N are similar, we are going to derive the estimates for Ny and N. The constant C in the following claims
only dependsond, N, K, k, and p

Claim 4.3. [|3" (u® — ul+1)|”0’p;Q(+2 < CpE—mt=mys (pt), where m € N.

Proof. Applying Proposition 3.2 to (4.1), we have

][ |ul _ue+1|2 12
Ql+l

14 +1 —ml—
|||3m(u —u ) =Cp™ L2

|||0,p;Q[+2 = = Il,m
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(hereafter we denote fQ = H@ /, 0 with | Q| being the Lebesgue measure of the set Q C R"**1), and by Proposition 3.3,

1/2
<szew(pZ).

L2

Jy = H][ ‘uz —u’z
Q(+1

So we gain that
Ipm < Cop™ ™" (Jy + Jpg1) < C,o(z_’")z_’"w(p@).

The claim is proved.

4
Claim4.4. N, < C [/ 2O g,

Proof. It follows from Claim 4.3 that

4

> Jo%ut ) = 7 u )] < C D (o) < c/p
@ 0

(=) (23

0
@) dr,

r

which implies that 92ut (0) converges in LY as £ — oo, if the limit is 92u(0), then

P (r)

r

dr.

Ny =[0%u"(©0) = *u(0) | » < D [0%u©) — 0’ (O)] » < c/
=L 0

So it suffices to show that limy_, o [|0224(0) — 32u(0)|| 2= 0. From Proposition 3.2 with p = 2, we have
2 - 2 2
sup [0*u’ — 8%u|,, <Cp “IE][ |’ —u|”+ CIE][ (|fG.t) = £(0,D)]
Qb+l @ ot okt

+p % |g(x, 1) — g(0,1) — x'3;2(0, t)|2+|8g(x,t)—3g(0, t)|2)dX
+C p2€kE][ (‘akf|2+|ak+1g|2)'
Qi,

The additional assumption (A) on f and g together with Proposition 3.3 implies

p74eE][ |ue — u|2
QZ
< CE]ée(|f(x, H—£O,0) +p g, 1) — g0, 1) — x'0,0,1)|") dX

< szr(,oe)2 —0, asf— oo.

4.3)

And it is easier to obtain that the last two terms on the right-hand side of (4.3) tend to zero as £ — oo. Thus,

limg—, oo [|32u¢(0) — 32u(0) ||L3) = 0. The claim is proved.

Claim 4.5. N, < Cp“o(M + fplzo 20 dr).

Proof. Define h* = u’ — u’~! for ¢ = 1,2,..., 40, then

Ny = |9*ufo(¥) = *uo O

Ly
< [8%°¥) — 9%u’(0) ||L5 + Z||32h‘(Y) — 3%ht(0) “LZ'
=1

O
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As 0; juo satisfies a homogeneous system in Q1 forany i, j =1,...,d, it follows from Proposition 3.2 that, form =1, 2,

|||3m(8ij”0)|||o,p;gl/4 = C” aijuo ||L5L,2L§(Q]/2)
<C(|a;u’ — 9iju

o2z t 1%l 2i20,)
= C(”””LZL%L%(Q]) + |||f|||0‘p;Q1 + |||g|||],p;Q1) =CM,

and for —1/16 <s <t <0and x € By,

|9%u00x, 1) = 92u0x, )| 1o = ”/ 3 (8%u? 0)dr+/ ol 0; (0*uP0) dw¥

Ly
=cvi=s(ll9*lly, g, + 19*llo c0,,.)
<CM+t—s5s.
So combining above two inequalities we have
|9%°(¥) = 3*u’ )|, < CM|Y], < CMP™.
Next, by Claim 4.3,
P N0 B g o ger + 10* R g, et = o™ (0571,
thus, for —p2*h < <0 and |x| < ptot!,
[82h* (x, 0) — 3*h“(0,0)|| = Co tam (pt1)
and
|9%h e, 1) = 920 x, 0| p = H/ 3 (8%hP) de +/ ol 0i (92hP") dwf y
= C(P B o, gror + 2713 By, g141)
< szo—zw(pZ—l).
Therefore,
Ny < CMpho +C§:p£° Lo (pt1) < Cp£°<M+/ w(r) r>.
(=1
The claim is proved. ([l
Combining (4.2) and Claims 4.4 and 4.5, we conclude Theorem 4.1. 0

5. Holder estimates for general systems

This section is devoted to the proofs of Theorems 2.1 and 2.2. We need two technical lemmas whose proofs can be found
in, for example, [11].

Lemma 5.1. Let ¢ : [0, T] — [0, c0) satisfy

m
P1) <0p(s)+ Y Ai(s—1)7" VO<t<s<T
i=1
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for some nonnegative constants 0, n; and A; (i =1, ...m), where 0 < 1. Then

m
p(0)<CY AT,

i=1

where C depends only on n1, ..., 1, and 6.

Lemma 5.2. Let p > 1, R > 0and 0 <s < r. There exists a constant C > 0, depending only on d and p, such that

S

r— —s—d/2
[l ps0n = €~ [l o + Ce™ "2 [ENully ]

foranyu e C"(Qg; L) and € € (0, R).
Now we prove the a priori interior Holder estimates for system (1.1).

Proof of Theorem 2.1. With a change of variable, we may move the point X to the origin. Let p/2 <r < R < p with
p € (0, 1/4) to be defined. Take a nonnegative cut-off function ¢ € C3° (R¥*1y such that £ = 1 on Q,, ¢ = 0 outside Qg,
and for y >0,

1y pymiss <CAR )7
Set v = ¢u, and

() =ags (0.0, &) =0lk.0),
then v = (v', ..., vV) satisfies

dv® = (a0 0,0F + for) di + (51500 + &) dwf
where

foo=(aly — ally)coju + (blpt —2a350,8) du”

+ (capl — 53§3ij§)uﬁ —qu® +¢fY,
gk = (agfé - j’;);aiuﬁ + (v{;B; - &;’ga,-;)uﬁ + g%,

Obviously, &;jﬂ and 6&’;} satisfy the MSP condition with A = A(0, t). So by Lemma 5.2,

17 s, ps0n < (e + Kp)[0%u]5 0, + CLAR =) 2P0l 1212
+ [f1s.p:08 + CLAR =)l £ 0. p: 0 -
& 11+5.p:0n < (¢ + Kp) [l 245,05 + CLAR =) 2Pl 112120,
+ [gli4s.p:08 + C1R — 1) ligllo, p: 0g-
where C; =C1(d, K, p, €). Applying Corollary 4.2, we gain that

[9%4]5.6/2.p:0,

< Cof (e + Kp®)[0%ul 5.52), prgp + CLR =) 2272wl 11212

+ [fTs.p:08 + CLAR =) I fllo.p: 0g + [8]145.p: 0% + CLR =) ligllo,p: 0r |-

where Co = C2(d, N,k, K, p,8). Sete = (4C2)_1, then

Ca(e +Kp®) <= forany p < (4C2K)™/° =: py.

N =



Stochastic parabolic systems
Thus, by Lemma 5.1 we have

[9°ul 5,520, < C 02"l 12120,) + 0 WS ls.ps0, + 07 llglizs pi0,):

where the constant C depends only on d, N, k, K, p, and 8. The proof is complete.

1245

]

Proof of Theorem 2.2. The solvability of the Cauchy problem follows from the a priori estimate (2.2) by the standard

method of continuity (see [15, Theorem 5.2]), so it suffices to prove the a priori estimate (2.2).

We may extend the equations to R? x (—00,T] x by letting u(x,t), f(x,t) and g(x,?) be zero if + < 0. Take
T €(0,T] and R = pp/2, where pg is determined in Theorem 2.1. Applying the estimate (2.1) on the cylinders centered

at (x, s) forall s € (—1, 7], we can obtain that

2
[9°u](s.5/2),p: 0 e () = C(||“||L{;L,2L§(QZR,,()¢)) + 1 lls, s Qog e v + NG M 145, p: Qog o ()
= C(”””LZL%L%(QZRJ(X)) + |||f|”6,p;Q, + “lg”|l+8,p;Qr),

then by Lemma 5.2,

el 245,572, p: Qg 2 (x) < C(llulngLtng(QZRJ(x)) + 0 fllls,p:0, + Ngli+s,p: 0, )-
Define
1
P
M; g(u) = sup (][ E|u(y,f)|pdy> , Mg (u) = sup M; p(u).
0<t<t Br(x) xeRd

Obviously, ”u”LZL,zLE(QzR Loy = Cd, p, RYMp(u). So (5.1) implies

sup [lull2+5,5/2), p: O - ) < C3(M{@) + I flls, p: 0, + NIgl1+5, p: 0, )-

xeR4
To get rid of M} (u), we apply 1t&’s formula to |u|?:

. . 1 i
dlu|? = plulp_z[u"‘(ag’ﬁaijuﬁ + b di + copuf + fo) + 3 > (oikoiu? +g(]§)2} dt
I

p(p—2)1

M

_ ; 2
(luj0y |1 |? 4Z(a&§u°‘8,-u5+u°‘g§) dr +dM;,,
k

where M; is a martingale. Integrating on Qg . (x) x 2 and by the Holder inequality, we can derive that

sup E/ ]u(y,t)\pdySCﬂE/ (|0%u|” + [u|” + 1 £17 + 1gI7) dX
tef0,7]  J Br(x) Qr.r(x)

with C4 = C4(d, N, K, p), which implies that
M ) < Cat([lull2, p: g . ) + 1 f o, ps 0, + lgllo,p:0.)

= Car ((sup Nl 15,502, pi 00 + 110, . + llgllo.pi. ).

xeR4

Substituting the last relation into (5.2) and taking 7 = (2C3 Cy)~ !, we get

sup llell2+s,5/2), p: 0r c vy < C(Nfllls, p: 0, + NIgM1+s5,p: 0, )
xeR4

and equivalently,
Nl 215.5/2).p:0: < Cioy (I s, p:0, + lglhss. p:0.)
with C;) =C)(d, N, «, K, p,8) > 1.

(5.1)

(5.2)

(5.3)



1246 K. Du, J. Liu and F. Zhang
Let us conclude the proof by induction. Assume that there is a constant C(g) > 1 for some § > 0 such that

el 216.5/2), p:05 < Cisy(1F s, p: 05 + N4, p: Q)

Then applying (5.3) to v(x, ) = 1>0) - [u(x,? + S) — u(x, S)], one can easily derive that
ol 245,672, .00 < Cery (1f s, ps Q5. + Mg lhigs, pr e + €l )55 ima)

<2C)CCs)(1f s, p; Qsr + NEM145, p: O )

with C =C(N, K) > 1, so

el 2+5,5/2), p; Qsse < MV 248,8/2), p: 0c + 2M@ll245,5/2), p: O
<4C)CCes) (1 f 5, p: Qs.v + I1gM1+5,p: Q)

that means C(s4¢) < 4C(,)C~‘C(3). By iteration we have Cg < Ce€S with C = Cd,N,k, K, p,$), and the theorem is
proved. U

6. More comments on the MSP condition

In this section we discuss more examples on the sharpness and flexibility of the MSP condition (Definition 1.2). We
always let d = 1 and assume that the coefficient matrices A = [aqg] and B = [0,p] are constant. We write M > 0 if the
matrix M is positive definite.

Under the above setting the MSP condition can be written into the following form if we set [)‘gjs] =(B+B)/2—-A
in (1.7).

Condition 6.1. There is a symmetric N x N real matrix A such that
A+ A —B'B—(p—=2)(Tp+A) (T +A)>0 (6.1)
where Tp := (B — B’)/2 is the skew-symmetric component of B.

Example 6.2. consider the following system

du® = u;a) dr + ()\u)(cl) — /m)(cz)) dwy,
@ _,® M () (6.2)
du'® = uyy dt + (uuy’ + Auy”) dwy,
with x € T =R/(27Z), real constants A and u, and with the initial data
UV, 0) +VTu@(x,0) =Y e eV, (6.3)

neZz

Evidently, if 22+ ,uz < 2, then system (6.2) satisfies the condition (1.2), and from the result of [18], it has a unique
solution u = (uV, u@)’ in the space L3(Q; C([0, T]; H™(T)) with anym >0and T > 0.

To apply our results to (6.2), we should assume it to satisfy Condition 6.1. In the next two lemma, we first simplify the
condition into a specific constraint on A and p, and then prove it to be optimal.

Lemma 6.3. Let p > 2. The coefficients of system (6.2) satisfy Condition 6.1 if and only if they satisfy (6.1) with A =0,
namely,

M+ (p-Du?<2. (6.4)
Proof. By orthogonal transform, A + A’ — B'B — (p — 2)(Tg + A) (T + A) is positive definite if and only if

2= (A4 1%) = (P = Dhmax > 0, (6.5)
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where Amayx is the larger eigenvalue of (Tg + A) (Tg + A). For A = ,u[ ] we have

2 _ 132 _
(TB+A)/(TB+A)=M2|: a’+ (-1 ac+bc+a b]

ac+bc+a—b b+ (c+1)?

whose larger eigenvalue is

2
)»max=%(a2+b2+262+2 \/ +4(ac+bc+a—b)2.

Obviously, Amax > /L2.
Once (6.5) holds for some A, we get (6.4), namely (6.1) holds for A = 0. Now we prove the only if part. The proof of
if part is trivial. O

Therefore, if (6.4) is satisfied, then sup, .y Ellu(x, )||” < oo for any ¢ > 0; if it is not, even some weaker norm of
u(-, t) is infinite for large ¢ as showed in the following lemma.

Lemma 6.4. Let p>2and \> 4+ p? < 2. Ife := A%+ (p — Du? —2 > 0, then
E|u(., ’)”LZ(T) o0

foranyt >2/e.

Proof. Denote v =u'") + /—Tu® that can be verified to satisfy
dv=vy, dt + (A + \/—_IM)UX dw;

. e .. 2/ . .
with the initial condition v(x,0)=)", ,e " e ~1nx for x € T. By Fourier analysis, we can express

v(x,t) = Z Uy (t)e“/__l’”,

neZ

where vy, (-) satisfies the following SDE:

dv, = vn[—n2 dt + (—p 4+ v/—1M)n dwt], v, (0) = e
From the theory of SDEs, we have

v (1) = e~ 2SOt =y =G Hanwn)
where f(¢) =24+ 2+ ,u2 — Az)t. So we derive

‘vn(t)}z = exp{—f(t)n2 — Z;ant}

2 Wl
=ow{-ro(n+ 555 ) + 5

and by Parseval’s identity,

[oC. 02y =27 Y o]

nez

2 2 2
_ W |wy |
_Z”Zexp{ m(“f(r)) M }

nezZ

2 2
22nexp{—f(t)+ th(lt);| }
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Thus, we have

E|u(., ’)||L2<T) IE“”("I)”ZZ(T)

> (27)"Eexp _Pf(t) n pulw)?
- 2 2@
2
= (2m)Pe PF O Eexp {PM . }
2f@®)/t
2
= Q2m)Pe Pf O exp Pi |w;| :
224+ p2 =22+ 2171
2
)P /2e=Df 1)]2 I PI dy.
=@m) R T2 P Inp el

The last integral diverges if

2
pu
- 0.
2422l

This immediately concludes the lemma. ]

Indeed, some specific choices of A in Condition 6.1 like A = 0 usually lead to a class of convenient and even optimal
criteria in applications. For instance, the above discussion shows how the skew-symmetric component of B substantially
affects the L”-norm of the solution of system (6.2). But in general, the choice of A still heavily depends on the structure

of the concrete problem.

Example 6.5. Let p >3 and A > p > 0. Consider

1422 0 [0 —u
A—|: 0 1+M2:| and B_I:)‘ 0i|.

For the sake of simplicity, we restrict the choice of A in the form [0 ¢ ] Then we have

A+A —B'B—(p—2)(Tg+AN) (T +A)

2
diag{zﬂz—(p—z)( +ﬂ> 2+u2—<p—2)(c—”—“) }

2 2
=: diag{g(c), h(c)}.

As p>3and A > u > 0, it is easily to check that

M (p-20+w? (- p)?
Ah = — — ,
rcneeg{g(c) ©)=2+ > : Prem
where the maximum is attained when g(c) = h(c), i.e.,

S 2p-2)

So one can easily assign some specific values to p, A and u to let A and B satisfy Condition 6.1 but not with A = 0, for
example, (p, A, u) = (3,3, 1). This shows that the choice A =0 does not always lead to the minimal requirements.
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