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In this paper we present the Edgeworth expansion for the Euler approxi-
mation scheme of a continuous diffusion process driven by a Brownian mo-
tion. Our methodology is based upon a recent work (Stochastic Process. Appl.
123 (2013) 887-933), which establishes Edgeworth expansions associated
with asymptotic mixed normality using elements of Malliavin calculus. Po-
tential applications of our theoretical results include higher order expansions
for weak and strong approximation errors associated to the Euler scheme, and
for studentized version of the error process.

1. Introduction. In this work we consider a one-dimensional continuous stochastic pro-
cess (X;)refo.1] that satisfies the stochastic differential equation

(1.1 dX;=a(X,)dt +b(X;)dW;, with Xo=xo,

where (W;);¢[0,17 is a Brownian motion, defined on a filtered probability space (€2, F,
(F1)ref0.17, P). A simple and effective numerical scheme for the solution of (1.1) is the Euler
approximation scheme, which is given as follows. Let ¢, : Ry — R be the function defined
by ¢,(t) =i/n when t € [i/n, (i + 1)/n). The continuous Euler approximation scheme is
described by

(1.2) dX} =a(X] ) dt+b(X] ,))dW; with X§ = xo.

The probabilistic properties of the Euler approximation scheme have been investigated in nu-
merous papers. We refer to the classical work [3, 4, 10, 12—14] among many others. Asymp-
totic results in the framework of nonregular coefficients can be found in for example, [2, 6,
8, 19].

In this paper we are aiming to derive an Edgeworth expansion for the error process

(1.3) U" = X" - X.

Let us recall the classical convergence result for (U;")¢[0,1] from [10].

THEOREM 1.1 ([10], Theorem 1.2). Assume that the functions a, b are globally Lipschitz
and a,b € CY(R). Then we obtain the stable convergence

(1.4) V= iU 25 v oon (10, 1)

equipped with the uniform topology, where V = (V;):c[0,1] is the unique solution of the
stochastic differential equation

1
(15) th :Cl/(Xz)V[ dt+b/(Xt)‘/t dW[ — Ebl/(X;)dB, with V()ZO,
and (By):e[0,1] is a new Brownian motion defined on an extension of the probability space
(2, F, (Fi)ieo,11, P) and independent of the o -field F.
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We will see later that the limiting process V is an F-conditional Gaussian martingale with
JF-conditional zero mean. In particular, for each ¢ > 0, V; has a mixed normal distribution.
The aim of this work is to derive an Edgeworth expansion associated with Theorem 1.1.
More specifically, for any regular g-dimensional random variable F and any given times
0<T) <--- < T <1, we would like to determine the function p,, : RF x R? — R such that
it holds

(1.6) sup E[f(V}’l,...,V}’k,F)]—/ f(z,X)pn(z,x)dzdx| =0(1//n)
feCyk Rk xRY

for a large class of functions C, x. The methodology is based upon the work of Yoshida [22],
which applies Malliavin calculus and stable convergence to obtain the Edgeworth expansion
associated with mixed normal limits. Another key ingredient in the derivation of (1.6) is the
stochastic expansion of the error process U” and a nondegeneracy condition, which turns
out to be rather complex in the case k > 1. Related articles include [7, 16, 17], which have
studied Edgeworth expansions associated to covariance estimators, power variations and the
preaveraging estimator.

The paper is structured as follows. Section 2.1 presents various definitions and notation.
Section 2.2 introduces the relevant framework for the Edgeworth expansion of multivari-
ate weighted quadratic functionals, which plays a crucial role in the asymptotic analysis of
the Euler scheme. In Section 3 we investigate the second order stochastic expansion of the
standardised error process associated with the Euler approximation scheme and derive the
relevant Edgeworth expansions. Section 4 is devoted to several applications of our theoretical
results, including asymptotic expansion of the weak and strong approximation errors, and
density expansion for the studentized version of the error process. In Section 5 we discuss
some sufficient conditions for our main results. Proofs are presented in the Appendix.

2. Background.

2.1. Definitions and notation. In this subsection we introduce basic notation, some ele-
ments of the Malliavin calculus and the definition of stable convergence in law.

All vectors x € R¥ are understood as column vectors; ||x|| stands for Euclidean norm
of x and x* denotes the transpose of x. For x € RX and m € Z’jr we set x™ 1= ]_[];:1 x;nj
and [m| = ZIJ‘-ZI m . For any function f : R — R we denote by f @) its Ith derivative; for
a function f : RFxR? > R and o = (a1, a0) € Zﬁ X Z‘fr the operator d“ is defined via
d* = dy! dy? where (x1, x2) € R x RY. The set C fD (R¥) (resp. C! (R¥)) denotes the space of
I times continuously differentiable functions f : R* — R such that all derivatives up to order
[ have at most polynomial growth (resp. are bounded). For a matrix A € R¥*k and a vector
x € R¥ we write A[x®?] to denote the quadratic form x* Ax; similarly, for x, y € RF we write
y[x] for the linear form y*x. The function ¢ (-; i, A) stands for the density of the normal
distribution with mean 1 € R* and covariance matrix A € R¥*X_ Finally, 1 := v/—1.

We now introduce some notions of Malliavin calculus (we refer to the books of Ikeda and
Watanabe [9] and Nualart [15] for a detailed exposition of Malliavin calculus). The set IL”
denotes the space of random variables with finite pth moment and we use the notation Ly, =
N p>1 IL?; the corresponding IL.”-norms are denoted by || - ||L». Define H = L2([0, 1], dx) and
let (-, -)i denote the usual scalar product on H. We denote by D' the /th Malliavin derivative
operator and by &' its unbounded adjoint (also called Skrokhod integral of order /). The space
Dy, is the completion of the set of smooth random variables with respect to the norm

l 1/p
1Y Iz, = <E[|Y|”] +> IE[HD’"YHH’%@m]) :

m=1
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For any smooth k-dimensional random variable Y = (¥;)1<; < the Malliavin matrix is defined
viaoy := ((DY;, DY)u)1<i, j<k- We write Ay := detoy for the determinant of the Malliavin
matrix. Finally, we set D; oo = () p>2 Dy, ,. We sometimes write Dy, (R¥) to denote the space
of all k-dimensional random variable Y such that ¥; € D ;.

. d, .
We use the notation ¥, —> Y to denote the stable convergence in law. We recall that a
sequence of random variables (Y},),en defined on (€2, F, P) with values in a metric space E

is said to converge stably with limit Y, written ¥, LN Y, where Y is defined on an exten-
sion (€2, F,P) of the original probability space (2, F, P), iff for any bounded, continuous
function g and any bounded F-measurable random variable Z it holds that

2.1) E[g(Y,)Z] — E[g(Y)Z], n— oo.

The notion of stable convergence is due to Renyi [18]. We also refer to [1] for properties of
this mode of convergence.

Finally, for two vector fields V) and V| we denote by Lie[Vy; Vi] the Lie algebra gen-
erated by V| and Vp. That is, Lie[ Vy; V1] = span(U‘J’-';O X;), where ¥ ={V} and ¥; =
{(V,Vil;VeXj,i =0,1} (j = 1) with the Lie bracket [-, -]. Lie[Vy; Vi](x) stands for
Lie[Vy; V1] evaluated at x.

2.2. Edgeworth expansion associated with mixed normal limits: The quadratic case. In
this section we will present the framework of the (second order) Edgeworth expansions asso-
ciated with mixed normal limits introduced in [22] in the context of certain quadratic func-
tionals of Brownian motion. This setting is absolutely crucial for the treatment of the error
process V' as the dominating martingale term in the expansion of V" turns out to have a
quadratic form. One of our aims in this section is to study the sources of the coefficients of
the desired function p, (see (1.6)) without delving into technical details.

On a filtered Wiener space (2, F, (Ft)ef0,11, P) we consider a k-dimensional random
functional Z,, which admits the decomposition

2.2) Zn =M, +n"'?N,,
where M, and N,, are tight sequences of random variables. We assume that M,,, which will
have a quadratic form, converges stably in law to a mixed normal variable M:

(2.3) M, 55 M,

where the random variable M is defined on an extension (R, F, IP) of the original probability
space (2, F,P) and, conditionally on F, M has a normal law with mean O and conditional
covariance matrix C € R¥*¥_In this case we use the notation

M~ MN(0,C).

For concrete applications it is often useful to consider the Edgeworth expansion for the pair
(Z,, Fy), where F,, is another g-dimensional random functional satisfying the convergence
in probability
P
F,— F.
Obviously, such a framework is important when the statistic at hand does not only depend
on the sequence Z,, but also on an external random variable F' (in this case we may set

. . P
F, = F). In the statistical context the most useful application is the case where F,, —> C. In
this situation we obtain by properties of stable convergence that

F127, -4 N (0, idy)
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when F,, € R¥*k is positive definite and idy denotes the identity matrix. Thus, the asymptotic
expansion of the law of (Z,,, F;) would imply the Edgeworth expansion for the studentized
statistic Fn_l/zZn.

In the next step we embed the previous static framework into a martingale setting. We
assume that the leading term M, is a terminal value of some continuous (JF;)-martingale
(M?)efo,1], that is M, = M{. We also consider stochastic processes (M;);efo0,1] and
(CMtero,17 with values in RK and Rk*k respectively, such that

(2.4) M=M,,  C=(M), C'=(M"),  C,=(M"),.

Here the process (M;):<[0,1], defined on an extended probability space (Q, F,P), represents
the stable limit of the continuous (F;)-martingale (M )iefo.1], while C" denotes the quadratic
covariation process associated with M”. Denoting C,= =./n(C,—0C), F =./n(F,—F),we
also suppose that

2.5) (M", Ny, C, Fy) 25 (M, N, €, F)

for a random vector (M, N, C , F ) defined on an extension of (2, F, P).

Now, we shall introduce a particular type of quadratic functionals. For a sequence of time
points (7;)1<j<k not depending on n with 0 < 77 < --- < T, we consider a sequence of
partitions 7" = (#;)1<j<m, of [0, 1] such that 0 =19 <t <--- <1, and that {T}}<j<x C
{ti}1<i<m, for every n € N. Here #; may depend on n though we omit n for notational sim-
plicity. Let I; = [t;_1, ;) and |[;| =t; — t;_1. Suppose that n* Zm" |I;]> = O(1) as n — oo.
Next, we consider a cadlag adapted stochastic kernel K" = (K" J N<j<k :[0,1] — R* satis-
fying

K™/ (t)=K"/(ti_y) fortel; and K™/ (t)=0 ift>T;.

The aforementioned sequence of quadratic type martingales M" = (M™/) ;< j<k 1s defined
by

(2.6) M IZK Tt 1)/ dW,dw,, tel0,]1].
IS RAV S T |
Let K : Q x [0, 1] — R be a continuous adapted process and set
i1l )
2.7 Il = 2 ) K@) dr, se(Tj_1,T;].

In order to present the Edgeworth expansion for the pair (Z,, F;) we need to define two ran-
dom symbols o and &, which were introduced in [22]. Indeed, all coefficients of the desired
function p,, (see (1.6)) are contained in these two random symbols. We call o the adaptive
(or classical) random symbol and & the anticipative random symbol. The adaptive random
symbol ¢ is defined by

o(z; iu, iv) = @[Eu)®*] + o (2)[1iu] + o> (2)[iv],

where o/, j = 1,2, 3, are measurable functions satisfying

1
ol(My) = [C|fva(M1>]
(2.8)

a?(My) = [N|.7-"\/a(M1)] o3(My) =E[F|F v o (Mp))].

Let K(¢t) = (K (1) 1{t<Tj})1§ j<k- The anticipative random symbol & is defined by

1
(2.9) o(iu, iv) = %/0 K [iulos(iu, iv)dt,
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where

2
o;(iu, iv) = ( [ ®2]—i—D,F[lv])
+

L
2
( —D,D,C[u®*] + D,D,F[iv]).

The derivative D; D, stands for limg4, Ds D,. The full random symbol is defined by
o=0+o0
and has the form

(2.10) o(z;iu, iv) = X:c(),(z)(iu)o’1 (1v)*2,

where o = (a1, ap) € Z’; X Z?%- In this case, we define the function p, via
Palz,x) =E[¢(z; 0, O)|F =x]p" (x)

2.11
(@11 + 0723 (—d)® (—dy)* (Elea (@) (: 0, O F = x]p7 (0},

which is the approximative density of (Z,, F;,) in the quadratic setting. We now provide
some heuristic arguments for the definition of the random symbols ¢ and . For the sake of
simplicity, we will ignore integrability issues and refer the reader to Section B.2 for precise
details. As is common in Edgeworth expansion theory, we are considering the second order
expansion of the joint characteristic function

(2.12) E[exp(Z,[iu] + Fu[iv])]

before applying Fourier inversion to obtain the formula (2.11). To this end, we introduce the
following notation:

W (u, v) —exp< C[(1u)®?] +F[1v]> e (u) :exp(M,"[iu] — %Ct"[(iu)@z]),

en(u, v) = %(Cn — O[EwW®*] + (Fy — F)[iv] +n~ V2N, [1u].

Due to the identity

exp(Zu[iu] + Fuliv]) = W (u, v)(l + \/ﬁelf\/_ﬁl)(l + \/ﬁeXp(‘g”(j’r_lv)) — 1)’

we deduce the approximation
(2.13)  E[exp(Zu[iu]l + Fu[iv])] # E[¥ @, v)] +n~ 2 @, v) + n 7202 (u, v)
with
Wlu, v) :=n'PE[W(u, v)(exp(en (u, v)) — 1)]
and
W2 (u, v) :=n1/2E[\Il(u, v)(ef —1)].

Due to the convergence in (2.5), we can link the quantity ! (u, v) to the random symbol
o defined in (2.8). On the other hand, the random symbol & is implicitly defined via the
convergence requirement

E[W(u, v)7 (1u, 1v)]:= lim Wa(u, v).
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In general it is not easy to recover the random symbol o (iu, iv) from the above convergence.
However, in the quadratic setting o (iu, iv) can be explicitly computed as demonstrated in
(2.9) by the integral representation of the term e} — 1 and an application of the integration by
parts formula of Malliavin calculus (cf. [22], Section 6).

In the following discussion we will determine the function p, in the framework of the
error process associated with the Euler scheme.

3. Edgeworth expansion for Euler approximation. In this section, we will derive the
Edgeworth expansion for the vector (V7,, ..., Vp ) associated with the Euler approximation,
where 0 =Ty < T1 < --- < Ty <1 are fixed time points. Following the framework discussed
in Section 2.2, we will first derive the stochastic decomposition as in (2.2) and show the
central limit theorem as in (2.5). Finally, we obtain Edgeworth expansions under appropriate
conditions.

3.1. Stochastic expansion of the error process. Here we derive explicit expressions for
the first and second order approximation of the normalised error process V. The following
well-known lemma, which is a straightforward consequence of [t6’s formula, will be a helpful
tool.

LEMMA 3.1. Assume that (Y;):c[0,1] is the unique strong solution of the stochastic dif-
ferential equation

(3.1) dY, = (¢;Y; + &) dt + (d Yy +dy)dW,  with Yo = yo,

where (¢t)ie[0,1], (Ct)tef0.1]> (di)ie[0.1]s (dt)te[O,l] are predictable stochastic processes. Then
the process (Y;)i¢[0,1] exhibits an explicit solution given by

t - ~
Y, =X, [yo +/(; 2;1((53 —dyds)ds + d; dWS)],

t t 1
%, =exp</0 dy dW +/O (cs — 5df) ds).

Applying the same argument, we deduce that the limiting process V introduced at (1.5)
can be written explicitly as

(3.2)

1 t
V——_¥ / S1bb/(X,) d By,
t ﬁ t 0 K ( )

where the process (X;);>¢ is defined by

(3.3) 2,_exp</ b (X,)dW, +f ( ) )(X )ds)

Since the process X is F-measurable, we see that V is an F-conditional Gaussian martingale
with F-conditional mean zero.

In the first step we will obtain an explicit representation of the leading term of the nor-
malised error process V' defined at (1.4). This stochastic expansion can be also found in the
proof of [10], Theorem 1.2. Nevertheless, we will prove this result for the sake of complete-
ness.

THEOREM 3.2. Let us consider the process

(3.4) fzt/ 2, kPP (XD () (Ws = W, (o)) d W,
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where X is defined in (3.3). Then it holds that

— P
sup |V — V| —o0.
tel0,1]

We remark at this stage that the process (X, 17’;),6[0,1] is a continuous martingale of
quadratic form with random weights. Thus, second order Edgeworth expansion for the func-
tional V:’ can be deduced from the corresponding expansion for the pair (X;, X, 17?).

In the next step we need to determine the second order stochastic expansion for the stan-
dardised error process (V/");c[0,1]- Apart from rather complex approximation techniques, the
result of Lemma 3.1 is crucial for the next theorem. We remark that this statement has an
interest in its own right.

THEOREM 3.3. Assume that the functions a, b are globally Lipschitz and a, b € C*(R).
Define the process (R}});>0 via

r ., n / X"
dR} = <2ﬁa XO(V))? + V/nb((6)* = a') (X}, () (We = Wo, (1)

N

n
— Vnad (X} )t — @a(1)) — sza”(xgn o)Wy — W, (,))2) dt

3.5 1 b2
G- + (mbﬁ(xt)(vzn)z + «/E(b(b')z - T)(XZ,,(,>)(Wr — Wo,)*
— \/ﬁab/(X(’;n(t))(t — (z))) dw,
=: R!'(1)dt + R}'(2)dW,.

Then the process /nR" is tight and we have that

J/n sup

tel0,1]

v — (V, + E,f AR — b (X,)R™(2) ds))‘ o
0

Theorem 3.3 implies that, for any fixed ¢ € [0, 1], we have the stochastic expansion V,' =
X (M 4+ n~Y2N") with

. t
(36) M'=x7'V, N'= ﬁfo Y dR! — b (X,)R"(2)ds) + op(1).
The next proposition determines the functional limit of the process (M", N", ./n(C" — C)).

PROPOSITION 3.4. Assume that conditions of Theorem 3.3 are satisfied. Then we obtain
the functional stable convergence

3.7) (M", N", Ju(C" — C)) 25 (M, N, C) onC((0,1])%,

where the limit (M, N, 6) is defined in (A.15).
We remark that the three-dimensional limit (M, N, C ) is an JF-conditional Gaussian pro-

cess. This property will help us to compute the classical random symbol o (z, iu, iv) in the
next section.
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3.2. Multivariate Edgeworth expansion associated with the Euler scheme. In this sec-
tion we will investigate the multivariate Edgeworth expansion for the vector (V{fl, ces V7’3k )
applying the representation introduced at (3.6). According to the Edgeworth expansion the-
ory demonstrated in Section 2, we will first derive the density expansion for the vector

(Z1;, Zﬁ)lfjsk with Zj = M;Ej + n_l/ZN%. For this purpose we consider a g := (k + gq)-
dimensional random variable

G=(Z1,.... 1. F),

where F is a ¢g-dimensional random functional.
We define the k-dimensional (F;)-martingale with components

M" = (Mrr;lin(tjj))ze[o,l],

which obviously satisfies the terminal condition Mf’j = Mz, for j =1,..., k. Similarly,
we set N/ = N;ﬂ We introduce the set of increasing numbers (#;)o<i<m, via {t;} = {j/n:
j= .,n}U{Ty, ..., Ti}. In the notation of Section 2.2 the martingale M™/ satisfies the
representatlon (2.6) with

(3.8) K™ (s)=-x_1 bb'(X"

o 5) r o) 0.7 (9a(s)) and  K(s)=—37"'bb'(Xy).

The anticipative random symbol & is then defined through the identity (2.9). Now, we turn
our attention to the adaptlve random symbol o. We introduce random variables M,, N, € R
and C,,, C € RF*¥K vi

Nyp = (N?’J)lgjgk’

(3.9) ~ . o ~
w= (M M) g C=(Criat;) 1<), j/<k-

From Proposition 3.4 we may deduce the stable convergence

(3.10) (My, Ny, /0(Cp — ©)) 25 (M, N, C).
see (A.19). We now have the identity
(3.11) o(z; iu, iv) =o' @)[(1w)®*] + o*()[iul, z,u € R¥,

where the quantities o 1(z) and o%(z) are associated to the limit (H Y , C) via (2.8). Com-
bining two random symbols, we end up with the approximative density

PP (@, %)
(3.12)  =E[¢(z:0,0)|G = (y,0)]p% (. x)
+ 0723 (—d )M (—d)* (—dy) ™ (E[ca (29 (25 0, O)|G = (v, x)]p% (3, x))

with (z, x,y) € R x R¥ xR and « = (a1, o, a3) € ZX x ZX x Z% (cf. (2.11)). The random
coefficients ¢, (z) are computed explicitly in Section A.S5.
We will assume the following condition:

(A) The functions a and b are in C*°(R) and all their derivatives of positive order are
bounded.

Recall that the variables ]I{ are defined by (2.7).
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(C1) Forevery p>1land j=1,...,k,

IEA
I:Tj_51|
Wesetl =k +q+8.

(C2) F € Dpy1,00(RY), sup,, . co.1) I1Dry,....rpy FllLr < 00 for every p > 1 and m =
1,...,£4+ 1. Moreover, r = D, F and (r, s) = D, F (r <s) are continuous a.s.

(C3) detog € Loo-.

Under the aforementioned conditions we obtain the following theorem, which is the main
result of this paper.

< Q.
Lp

sup
se(Tj-1.T))

THEOREM 3.5. Suppose that conditions (A), (C1), (C2) and (C3) are fulfilled. Then, for
every pair of positive numbers (K, y),

sup E[h(Z,,G)] — / h(z,y, x)p(Z" (7, v, x)dzdydx| = O(n—l/Z)’
Rk xRF xRY

he€€k k.q(K,v)

where E i 4 (K, y) denotes the set of measurable functions f : R* x R¥ x R? — R such that
|f @y, < KA+ Nzl + Iyl + XD forall z, y € R* and x € R,

As a consequence of Theorem 3.5 we finally obtain the approximative density of the pair
(Vu, F) for V,, = (V}’l, - V{fk ) and an external g-dimensional random variable F'.

COROLLARY 3.6. We set
1
(3.13)  pi¥m F’(z,x>=/k ———p D@V e VL Yk X) .
R+ yl e y
Under the conditions of Theorem 3.5 we obtain that

sup
he& q(K,y)

E[l’l(Vn, F)] — /I;Qk h(z, x)p(Vn F)(z,x)dza’x 20(1’1_1/2).

Theorem 3.5 relies on the nondegeneracy of G (cf. (C3)). When k > 2, the nondegeneracy
becomes a global problem and it is not so straightforward to consider the question in full
generality. However, a localization method provides a practical solution. In Section 5 we will
discuss some sufficient conditions to show the rather complex assumptions (C1) and (C3).

4. Applications.

4.1. Strong and weak error expansions. As the first application of the density expansion
introduced in (3.13) we study the strong and the weak approximation error associated with
the Euler approximation scheme.

PROPOSITION 4.1 (Weak and strong approximation errors). Suppose that conditions of
Theorem 3.5 are satisfied.

(1) (Strong approximation error) Let pn” (z) be the marginal density of V,, obtained

from pn )(z x), defined at (3.13), by projection onto the first component and let U, =
(X T X’;k) (X1, ..., X1,). Then we obtain the following expansion for the L¥-norm
of the approximation error

I/p
E[IU.11P]7 =n—1/2( fR 21?2 a’z) +o(n™'72).
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(ii) (Weak approximation error) Consider a function f € C*(R¥) such that the second
derivative of f has polynomial growth. Setting p,gv"’F)(z, x) = p1(z,x) +n" 2 py(z, x) we

deduce the asymptotic expansion

E[f(X%.....X%) — (X7, ..., X7)]

_— /R - ((vm), 2)- p2(zx) + %z* Hess f(x)z - p1(z. x)) dzdx +o(n").

We remark that the weak error expansion of Proposition 4.1(ii) has been obtained in [3,
4] for k = 1 and the discrete Euler scheme. Furthermore, the authors proved that the error of
the expansion in Proposition 4.1(ii) is O(n~?), which is more precise than o(n~"). We note
however that the theory developed in [3, 4] is not sufficient to obtain the density expansion
(3.13) of Corollary 3.6.

4.2. Studentized statistics. In this part we will apply results of Section 3.2 to derive the
density of the studentized statistic. To avoid complex notation, we restrict our attention to the
case k = 1.

To this end, let T € [0, 1]. We note that Vi = X7Z% and V7 ~ MN(0, S7) with Sp =
E%CT. Then, the studentized statistic is

%4 zZn
(4.1) L ——
VSt JCr

Hence, it suffices to derive the density of the studentized statistic Z7 //C7.
We write (3.11) in the form (see also Section A.5)

o (z, iu, 1v) = Hiz(iu)* + (Ha + Hsz + Haz?) (iu).
Moreover, since F = C in o;(iu, iv) of (2.9), we may write (2.9) as
T (iu, iv) = Hs(iu)® + 2Hs(iu)(iv)
+Ho(1u)® + d4He(iu)(1v)? + 4He(iu)* (1v).
Applying the definitions (2.8) and (2.9) as well as (A.21) and (A.24), we get

LT3 LTINS
7-[125/0 Uy ds(/o ug ds) ,
T T ps s T -1
HZZ/ vsdes+AT(3)+/ /ujldr(l—/ u}ldr(/ u}ldr> )dhs,
0 0o JO 0 0
T T -1 T s 2 T -2
’Hg:/ uézds(‘/- M;Ids> , 7—[4:/ </ ulldr> dhs</ M;Ids> ,
0 0 0 0 0

1 il 1 il
Hs = —/ K (t)D;D;C dt, He = —/ K(t)D;C dt,
4 Jo 8Jo

4.2)

where dhy = Z;((@” — b'b")(X5)ds + " (Xs) dWy) /2, the processes (ug)se0.1]> (Vs)se[0.1]
have been introduced in Proposition A.1 and A7 (3) is defined in (A.16). Adding the two
random symbols, we obtain the full random symbol

;
4.3) o(z,iu,iv) =) c;(R)Ew)™ (1v)",
j=1
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where the components of (m,n) = ((m;,n;))i<j<7 and c(z) = (c;(z))1<j<7 are given by
(m,n) = ((1,0), (2,0), (1, 1), (3,0), (1,2), 3, 1), (5,0))
and
c(2) = (Ha + Haz + Haz?, Hiz, 2Hs, Hs, 4He, 4He, He).

In view of Theorem 3.5 and denoting C = Cr, Z,, = Z., we obtain that

7
P72, x) = $(2:0,)p (1) + 07123 pi(zi ),
j=1

where for each j we have
Pz, x) = (=d)™ (=dx)"™ (¢(2: 0, x) p© (D)E[c; (2)|C = x]).

Note that, in this case, most of the terms are the same as in [17], Section 6. Hence, adopt-
ing their derivations, which just use the integration by parts formula, we easily obtain the
following identities:

|8 G/VRIP G0 dzdx =E[H2C™2] [ ey (v:0. Dy
+IE[’z'is]/}Rg(y)(y2 — 1) (y;0, ) dy
Jrﬂ‘i["r'ﬂtcl/z]/Rg(y)(y3 —2y)¢(y:0, ) dy,

| #@/VRIpa 0 dzdx =E[HiC7] [ e Hs ()9 330 dy.

|, #@/VRIpaG 0 dzdx = —E[HsC ] [ g0 ~23)9:0. 1 dy.

[ 8@/VDpsex) dzdx =E[HsC ] [ g Ha()g (0. 1 dy,

[ #@/Vpsx dzdx =EHsC ] [ g0 ~45)0 0. 1) dy,

fR _8(z/VX)po(z, x) dzdx = —2E[HeC /7] /R g =7y  +6y)d(y:0. ) dy,

[ 8@mpr. 0 dzdy =E[HaC ] [ eI Hs()8(r: 0. D .
where H3(y) = y> — 3y and Hs(y) = y° — 10y 4 15y. We obtain the following result.

COROLLARY 4.2. Under conditions of Theorem 3.5, the second order Edgeworth ex-
pansion is

@4 pPNCH) =g (0, D) +n (310, D(ary + ax(y? — 1) +azy?).

where
a1 = E[H,C 712 = 3E[#,C/2] — E[HsC /2] + 3E[He C /2] — 2E[H4C /],
ay = E[H3],
a3 =E[H,C7 V2] + E[H4C'2].
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5. Some sufficient conditions.

5.1. On condition (C1). In this section we will give a sufficient condition for (C1). We
are working in the setting of Section 3.2 imposing assumption (A). We consider the following
condition:

(C1%) (i) infyrer [b(x)] > 0.
(i) There exists a compact set B C R such that:

(a) infyepe |b'(x)| >0,
(b) X252, |bU) (x)| # 0 for each x € B.

For example, in the setting of null drift, if X, visits the set {x : b'(x) = 0} after some time,
then X, does not diffuse there and we never get nondegeneracy of ¥; thereafter. This explains
the necessity of a global condition like (C1%)(ii)(a). As a matter of fact, such a degenerate case
is essentially in the scope of the classical expansion for a martingale with an exactly normal
limit (cf. [20]). Now we have the following result.

PROPOSITION 5.1.  Condition (C1) holds under (A) and (C1%).

5.2. On condition (C3) for nondegeneracy of G in the case k = 1. The problem of non-
degeneracy of o can be reduced to local properties of the stochastic differential equations
in the case kK = 1. Consider a system of stochastic differential equations in Stratonovich form

(5.1 dX; =Vo(X)dt + V1(X;) o dW,, Xo = (x0, 1, f)

for a (2 + ¢)-dimensional process_Yt = (Y;j))jzl,u, where V; = (ng))jzl,m (i=0,1)
are vector fields. The elements of V;’s are specified as follows:

1
V@) =ax) =alx) — S0 (x1), V@) =b(xy),

1
VO @) = (x1)x2 = {a () = 5 (6 CebCen) — (6 ) )}xz,

2
Vi@ =0 (.
Suppose that the vector fields V,@ (i =0,1) are smooth and their derivatives of positive
order are bounded, and that the g-dimensional random variable F is represented by the third

element of X7 as F = X(T3), T € (0, 1]. In the case F @, X, is (X(l) X(z)) and V; are

(V(l) V(Z)) (i=0,1 respectlvely By definition, XT = X7 and XT =X7.

The Lie algebra generated by Vi(i=0,1)atxe R2*4 is denoted by Lie[V 1, Vol(X),
namely, it is the linear span of the vectors in U2, V; with Vo = {V(X)}, Vi = {[V ; (%), V];
VeVi_1} (i eN), where [V, W](x) =DV (x)W(x) — DW(x)V(x) with DV (x) being the
derivative of V at x. A simple criterion for nondegeneracy of o is provided by the Hérman-
der condition (see Section 2.3.2 in [15] for details).

PROPOSITION 5.2. Let k = 1. For a constant Xo, if spanLie[V 1, V1(Xo) = R*t4, then
(C3) holds.

A variation is the case where F has a component X7, that is, F = (X7, F1); F; may be
. -0 . . .
empty. If we have a representation F; = X (T ), then Proposition 5.2 remains valid.
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The nondegeneracy problem for og becomes a global one when k£ > 1 since we need
nondegeneracy of X7, — X7, but the support of X7, is no longer compact. Though we could
assume some strong condition that gives uniform nondegeneracy over the whole space, it
would be a quite restrictive solution. Instead, in Section 5.3, we will consider a different
way by slightly modifying Theorem 3.5, but such modification keeps the error bound of the
approximation meaningful in practice.

5.3. Localization. To convey the idea simply, we shall only treat the case F =
(X Tj) j=1,....k» While more general cases can be formulated in a similar manner.

Let us consider the situation of Section 5.2 with the system (5.1) of stochastic differential

equations for X, = (X(l) X(z)) = (X1, Zp).

(D) Lie[V{, Vol(x,1)=R?forx e I.

For positive numbers K and y, let £(K, y, I) be the set of measurable functions / : R3* —
R such that A(z, y,x) =0 when x; € I¢ for some j € {1,. — 1}, x = (xj)j=1,...x» and
that |h(z, y, x)| < M(1 +|z|—|—|y|—|—|x|)V for all (z, y, x)eR3

Denote by (X;(s, x), Z(s, (x, ¥))) the stochastic flow defined by

dX:(s,x) =a(X;(s,x))dt + b(X;(s,x)) odW;,

dzl‘(s7 (x7 )’)) = é,(Xt(sa -x))zt (S9 (-xv y))dt + b/(Xl‘(s’ -x))El(Ss (-xa y)) © dWl
with (X (s, x), 2Zs(s, (x,¥))) = (x,y),0<s <t < 1. Assume conditions (A), (C1) and (D).
Then by Proposition 5.2 and Theorem 3.5, for each x;_y € I and y; 1 > 0, there exists a
density

(Vi =V¢ NS (Tt (o1 yj—)). X7, (Tj—1.%-1))
](é‘j 77],XJ|)’J 1, -xJ 1)_pl’l ! e ! ! (g]»n]»-xj)

with initial value (ETFI , XT,-,,) = (yj—1,xj—1) of the system starting at time 7;_ that gives
the asymptotic expansion

E[hj(v’;‘l] - VTH‘jilvy;l]EijXTjNEijl =Yj—1, XTj,1 =xj—l]
—/R3hj(§j,77j,xj')%§j)(§j,nj,XjIYj—l,Xj—1)d§jd77jdxj

— 0(n—1/2)

uniformly in ;€ £(K, y) for every (K, y) € (0, 00)2. Indeed, g\ (¢}, 0. xjlyj_1. xj_1) is
the density p,(¢;,n;,x;) in the one-step case starting from time 7';_; and the initial values

Xo=xj_1 €1 and Xy = 1. Then we obtain a function q(z” 6 (z, ¥, x) that approximates the

distribution of (Z,, G) with G = ((ZT )j=1,...k> (XT])j_l 77777 k)

a9z, y, x) = ]_[q(’) J = 2l Y Y X1y X )Y
Jj=1
for (z,y,x) = ((zj)j=1,..k> (V) j=1,...k» (Xj) j=1,...k)> (20, Yo) = (0, 1). We should remark
that this function is defined only when x;_; € I for j =1, ..., k. Now we give a localized
version of Theorem 3.5.

THEOREM 5.3. Suppose that Conditions (A), (C1) and (D) are fulfilled for some finite
closed interval I. Let G = ((ETj)jzl ,,,,, ks (XTj)jzl ,,,,, k). Then, for every pair of positive
numbers (K, y),

sup |E[h(Z,,G)] —/ h(z,y, x)q(Z” 9z, y,x)dzdydx =o(n’1/2)
R x R x RF

he&(K.y.I)
asn — oo.




1984 M. PODOLSKIJ, B. VELIYEV AND N. YOSHIDA

For a sketch of the proof of Theorem 5.3, we notice that the function /# admits the estimate

k
\h(z, y, )| < My [](1+ Izl + lyj] + |x;1)"
j=1

for some (M1, y1) € (0, 00)?. Then repeated use of the approximation yields the desired error
bound.

The asymptotic expansion for (V,, (X1;) j=1
conditions of Theorem 5.3.

) as in Corollary 3.6 also follows under

.....

APPENDIX A: STOCHASTIC EXPANSION AND VARIOUS LIMIT THEOREMS

Throughout this section all positive constants are denoted by C although they may change
from line to line. Furthermore, due to a standard localisation procedure (see, e.g., [5]) all
continuous stochastic processes (Y;):c(0,1] can be assumed to be uniformly bounded in (w, )
when proving Theorems 3.2 and 3.3. In particular, it applies to stochastic processes Y; =
a®(X;) and ¥, = bV (X,) for I =0, 1, 2. For a generic diffusion process (Y;):c(0,1] of the
form (1.1) with bounded coefficients we obtain the inequality

(A.1) E[|Y; — Ys|P] < Cplt —s|P/? forany p>0andt,s €[0,1],

which holds due to the Burkholder—Davis—Gundy inequality. We will use the notation Y" i o
Y to denote the uniform convergence in probability sup, (o 171Y/" — Y;| N 0. In the proofs
we will deal with sequences of stochastic processes of the form

[nt]

Y= Z &',
i=1

where £, i =1,...,n, are F;/,-measurable random variables with E[["|”] < co for any
p > 0. The following statements trivially hold:

[nt]

(A2) YE(E] -0 = vy,
i=1
[nr] [nt]

. <p. n P
N E[EFi-tyn] —3 Y, and Y E[() I1FG-1)/m] —> O
(A3) i=1 i=1

u.c.p.

= Y'3Y.

A.1. Proof of Theorem 3.2. We state the decompositions in the differential form for the
ease of exposition. Applying Taylor expansion we conclude that

dv!' = n(a(Xy, ) —a(Xn)dt +/n(b(Xy, ;) —b(X1)dW;
= Vn(a(X}) —a(Xy)) dt + /n(a(X} ;) —a(X]))dt
(A.4) +Vn(b(X]') = b(X)))dW, + V/n(b(X}, ;) — b(X]))dW,
=((d'X)+aV'+a")de
+ ((B' X))+ BV = N/nbb (X)) (Wi — W, ) + b") d Wy,
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where the processes @”, @”, b", b™ are defined as
af =d'(X7)—d' (X0, &"=nla(X}, ) —a(X])),
b =b/(X[") = b'(X0), b =n(b(XG, () — (X)) + B (X, () (Wi = W, ),

and X}, X} are certain random variables with |X;’ — X < |X} — X¢l, | X" — X4 <

| X} — X;|. In particular, it holds that X 2% x and X 2% . Using Lemma 3.1 we thus
can write

t
th = Ztn </(; (E?)_1(~/n - (b (XZ) +bn)(b/n \/_bb ( [ (s)) W‘Pn(V)))) ds

t ~
+/(‘) (E?)_] (b;n - \/ﬁbb/(xgn(‘g))(Ws - W(p,,(s))) dWS)v

where the process X" is defined by

=t =exp( [ (X + )W,
(A.S)

+/ <a (Xs) +ay ——(b(X )+ ) )ds>-

Comparing the representation of V;* with (3.4), we just need to show that

(A.6) » 2y,
t
(A.7) / »lamds =80,
0
t ~
(A.8) /zs—lb;”dws 20,
0

(A2 / 70X 4 ) (B = Vubb (X, () (Ws = Wes, ) ds =0,

where the process X has been defined in (3.3). Since both af and 5? are bounded as assumed

in the beginning of Section A, and a”" ep 0, b" i (because X" X x , X P X and
a,b e CX(R)), we readily deduce the convergence at (A.6). To show the convergence at (A.7)
we use the decomposition a* = a! 4 a2 with

N
~/n ! _\/_a ( ®n (s)) b(XZn(”))qu’
@n(s)
a? = /n(a' (X{") = a'(Xg, () (X5, ) — X)

—\/_a( (p(v))_/;:(q) a(X (pn(u))du

n\s

where X! is a certain random variable with | X" — X?| < |X? — Xgn(s) |. Since X" i X,
and all involved objects are assumed to be bounded, we conclude by (A.1) that

E[|a"?[] < Cen

with €, — 0 as n — oo. Thus, we obtain

t
1. u.c.p.
/ PN 1aé"’2 ds — 0
0 s
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by an application of (A.2). Now, we notice that ]E[Zl;”’llf(ifl)/n] =0 and E[|a™ 21<c.
Thus, we deduce that

/ s 'a /nlds_/ - (sfé"lds—k/ _l(s))””ldslﬂ;()

which follows by a combination of (A.2) and (A.3). Indeed, it holds that

[nt] i
f T ds = IZE,nla LB (XLL) [, (Ws = Wii) ds + op(D),
and (A.3) can be applied to the last line. Consequently, we have (A.7). Finally, we show the
convergence at (A.8). Observe the decomposition

by = /(b (X{") = b'(X, () (X, () — XF)

S
b () ([ atdut [T b0 = (X, aw)
" @n(s) @n(s) "
As for the term 51;"*2 we deduce that E[IE;” |1 < Ce, with e, — 0asn — o0o. Hence, we obtain
(A.8). The proof of (A.9) combines the proof methods of (A.7) and (A.8). Consequently,

- P
sup |V =V} | — 0,
t€l0,1]

which completes the proof of Theorem 3.2. [

A.2. Proof of Theorem 3.3. The derivation of the second order stochastic expansion is
more involved than the expansion of Theorem 3.2, but the underlying methodology is similar.
For simplicity of exposition we sometimes use the same notation as in the previous section
although they might have a different meaning. Instead of the first order approximation in the
last line of (A.4), we may further develop

dV!'=d (X)V/'dt + (b'(X)V]" — /nbb (X}, ) (Wi = Wy, 1)) dW;

<2fa”(x,( ")? = nba (X3, ) (We = Wy, )

A0 (K] ) = a0) = 5 (X )W~ W) ) di
1
<2\/_b//(X’)(Vn) - %bzb”(xg ) Wi = W)

— b/ (X" ) (- <pn(t))>th+é,"dt+l;;’dW,,

where a;' and 15{‘ are stochastic processes, whose negligibility in the involved asymptotic
expansions is shown in exactly the same manner as in (A.6)—-(A.9) (although these terms
have a different meaning in this subsection).

Now, recall the definition of the first order approximation V? at (3.4). By Lemma 3.1 this
process satisfies the stochastic differential equation

AV} =d (X)V, dt + b/ (X)V] dW, = S5, b6 (X, () (Wi = W) dW;

—J/nE 2 z)b "(X;)bb' (X" on (t))(W, — Wy, 1)) dt.
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Observing the definition of the stochastic process d R} = R} (1) dt + R}'(2) dW; at (3.5), we
deduce by Lemma 3.1 and the negligibility of the terms a}', b}’ the decomposition

_ t
i v zt/ SoH(RY(1) — B/ (X,) R (2)) ds + R"(2) dWy) + op(n~"?),
0
where X has been defined in (3.3). This finishes the proof of Theorem 3.3. [l

A.3. Some notation and an intermediate result. In this section we introduce several
process, which are required to define the limit (M, N, C) in Propositition 3.4. For this purpose
we introduce the following notation:

A =n [ 5B — ) (XD ) nls +1) = 5) W,
(A.11) —nfE Lab! (X2 ) (s — @u(s)) dWy

_1 " be// 5
[ (00 = T ) (X0 ) W = Way )2 W,

(A.12) Af(z)=2n3/2/0( S (X )P nls 1Y) = 5) (W — Wyyi0) AW,

t
A =n [ E7a((b) - @) (X, 0)(s — a() ds
(A.13) 0

n t
— 2 B R 0 = 26()) (X, ) (W = Wi )2 ds.
Our first asymptotic result is the following stable central limit theorem.

PROPOSITION A.1. Assume that the conditions of Theorem 3.3 are satisfied. Then it
holds that

L":= (M", A"(1), A"(2)) 2 L = / vy dW; + /.(us —v,v?)' 2 d By
(A.14) 0 0
on C([0,1])°,
where (B;)ie0,1] IS a 3-dimensional Brownian motion defined on an extension (Q,F,P) of
the 0rlgmal probability space and independent of F, and the processes vy = (vsl, vf, vg’)
= (uy )1<i,j<3 are defined by

ab' +a'b  b*’
2 4 )(X)

1
27p' (x0)), uP =0 = —— (37 (X)),

N s 3(S

=2 ([ -+ ((b’>2 20 (w0 - )]

+ (ab')* —abb' () —a b”)) (Xy).
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PROOF. Note that L” is a continuous martingale with mean zero. According to [11],
Theorem 1X.7.3, it is sufficient to prove that

t t
(L”)t&/ g ds, (L”,W)tl/ veds,  (L",Q), —>0 Vre[0,1],
0 0

where the last statement should hold for any bounded continuous martingale Q with
(W, Q) = 0. The first two statements follow by a straightforward but tedious computation

taking into account that X7 N X forany s € [0, 1], supy¢(o,17 |#n (s) — s| — 0 and the con-
tinuity of involved processes/functions. The third condition is a consequence of the formula
(fowsdWs, Q) = fé ws d(W, Q)y =0 for any predictable process (wy)sefo,1]. O

Now we are in the position to define the limiting process (M, N, C) introduced in Proposi-
tition 3.4:

(M,N,C)= (Ll, % / S(LD((@” — b)Y (X ds + b (Xs) dWy)
(A.15) 0
+ L2+ AQ3), L3>,

where L = (L', L2, L?) has been introduced in Proposition A.1 and the process (A;(3)):¢[0,1]
is defined as

/1 1 1 1 1
(A.16)  A,(3)= fo x; 1<5a(b/)2 + Eb(b’)3 — 5ac/ — Za’/bz - Zb%’b”) (X,)ds.

. . . P
A.4. Proof of Proposition 3.4. First of all, it holds that SUP; (0,17 |[AY(3)—A;(3)| — O,

which is due to [10], Theorem 7.2.2. Second, using the identities (W, — W,)2 — (u—r)=
2 [ (Ws — W,)dW; and

(A17) [ o=vodas= ["w-nar,
r r
which hold for any b > @ and any continuous semimartingale Y, we obtain that
Vn(Cl' — C;) = AT (2) + op(1).
Recall the decomposition introduced in (3.6):
N'"= \/ﬁfot 2N dRY — b (X)R"(2) ds) + op(1).

Observing the definition (3.5) of the process R" and applying (A.17) to the setting r =
(i —1)/n,u=i/nand Yy =b((b)* — a’)(XZn(S))WS, we deduce the identity

/ n 1 U n / n
dR" —b'(X,))R"(2)dt = (ma (X)(V")? = nad (XE )t = ea(D))

- ?b%”( o)) Wi — Wo,1)°
1
- b/(xo(ﬁb”(xt)(vk)z — Jnab! (X" )t = ga(®))
B b2b//

+ «/ﬁ<b(b/)2 T) (X, 0) W = WW"(’))2>) a
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(Tb/,(xt)(vn)
2

b 1
2
+ ﬁ(b(b/) - T)( (p”(,))(W; </Jn(t))2
2 n -
+v/nb((b')” =) (X, ) gn(t +n7") —1)
— V/nab'(Xy, ))(t — @n(t))) dW;.
Hence, we obtain the decomposition

- \/ﬁfot S (dR! — b (Xs)R'(2) ds) + op(1)

t
=AY(1)+ A7 (3) + %/0 ES_I(VS”)Z((a” —b'b")(Xs)ds +b"(Xy) dWs) + op(1).

Now, due to convergence (A.14) in Proposition A.1 and the properties of stable convergence

we deduce that (M", A"(1), A*(2), A"(3), =, X, W) —> (L', L%, L3, A(3), =, X, W) on
C ([0, 1])7. Hence, by [11], Theorem VI1.6.22, and continuous mapping theorem for stable
convergence applied to the function H : C([0, 17 — €0, 1])3

1 .
H(y):= (yl 2t yat o /0 y5() " (1(9)ys())*((@” = b'B") (ye(5)) ds + b" (v6(5)) dy(s)), y3)

we obtain that
dsl

(M, N (C" - C)) 2

This completes the proof of Proposition 3.4. [

(M,N,C) onC([0,1])*.

A.5. Computation of the coefficients ¢, in (3.12). We start with the computation of
the random symbol & (z, 1u, iv) introduced at (2.9) in its general form. Recall that in our the
setting we have that

_ _ Lt
K@) =(=%,'bb'X)1y<1)) ;< and C,=§/O (=716 (X)) ds

We also recall that for diffusion models of the form (1.1) the Malliavin derivative DX, is
computed as the solution of the SDE

D X; =b(Xy5) + /ta/(Xu)Ds(Xu)du + /t b,(Xu)Ds(Xu)qu

if s <t, and DgX; =0 if s > ¢. According to the formula (2.9) we need to compute
o (iu, iv) = 1 [ K@O)[iulo,(iu, iv)dt for u € R and v e R¥+9, and

2
o (iu, iv) = (—%D,é[u‘m] + D,G[iv])

1 ~
—i—(—ED,D,C[u@z] + D,D,G[iv]),

where the matrix C € R¥*k has been defined in (3.9) (recall that G € R¥*9), Observing the
above identity we obtain the decomposition

5
o(iu,iv)= > " (iu, iv)

m=1
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with (& = (a1, ap, 03) € Z’_i X Zﬁ X Zi)

ol iv)y= Y (i)™

ooy |=5

10 & - ~ ~ >
= 8 ,/0 Z K1) j; (D;C) 3 (D:C) jy s H(luj’) at,
J

Lreeesj5=1 r=1
72(iu, iv) = > Co (1)1 (1v)@2293)
a:lag|=3,|(az,a3)|=1
1 1 k k—|—q_ N 3
- 5/0 Y Y K0, (D05 (DG, (g [[ (L),
J1seenj3=1 ja=1 r=1
7 (iu, iv) = > Co(Lu)¥ (1v) @223
(A.18) wilen =1, (@2,03) =2
:=§/0 S Y K, (DG (DG jy Gy, [[ Gy,
J1=1j2,j3=1 r=2

1 1 k L - 3
Tliu, iv)= Y ce(iw)* = Z/o Y K0 (DDC)jyj [[(Auj)dt,
j

ay:log|=3 Lheenn j3=1 r=1

o (iu, iv) = > Co (Lu)¥ (1v) @223
a:lay|=1,|(az,a3)|=1

k k+g

1 rl —
=5 | X RO, D06ty o).

J1=1 =1

To complete the computation we need to determine the quantities D,5 and Dy Dté (the
corresponding quantities for the random variable G are not computed since it is a general
object). Applying the chain and the product rule for the Malliavin derivative we deduce that

~ TinT
(DiC)jjr = lit=1;nT,) f DEIA(B0) + D) (X Di X — (bb) (Xs) PY) ds
t
with
S S
P = b’(X,)—i—/ (@" —b'b")(X,)D; X, du—i—/ b"(X,) D X, dW,,.
t t

Similarly, we have that

N

~ TinTy -2 n3 27007
DDy =lusryary [ EBE) + 52 X DD,
t

+((B)) +5b(b') " + B2(b")? + b*B'D") (X ) (D X,)?
— (b6’ (X) D, PF = 2P} (2(b(b')’ + b?B'B") (X) Di X5 — (b')* (X)) ds.

Now we turn our attention to the computation of random symbols o 1(z) and ¢2(2) intro-
duced at (3.11) (see also (2.8)). First of all, applying Propositition 3.4, we deduce that
~ ~ ~ o~ dy o~ o~ — .
(My, Ny, Vn(Cyp — C)) —> (M, N,C) with

(A19) N .
M = (Mr;)1<j<k, N = (N1;)1<j<ks C=(Criat)) 1<), j'<ks
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where the process (M, N, C ) has been defined in (A.15). We start v with the computation of
the random symbol o 1(2). Due to Proposition A.1 the limit (M, C) is mixed normal with
JF-conditional mean zero, that is,

~ — O11 ®13)>
M,C)~MN (O,
( ) < <®31 O33

Tj/\Tj/ 1 T,‘AT,-//\TJ*/\TJJ 3
@11:(/ U ds) , @33:(/ u; ds) ,
0 1<j,j'<k 0 I<i,i’,j,j'<k

T/'/\Tj//\Ti 13
O3 = (/ Ug ds) .
0 1<i,j,j' <k

-
Here we interpret ®3 as an array (@{é ’l)lgi,j’jrgk and for any vector y € R* we define

OpRry= Zle @{é/’i y; € RF*k_ Since the vector (M , C) is F-conditionally Gaussian we read-
ily deduce that

with

(A.21) al(z) = u,z e RK,

To compute the random symbol o2(z) we first use the decomposition
N, =N}!+ N?
with

1 t
N!= 5 /O (LD ((@” = b'b")(Xs) ds + +b"(Xs)dWs),  N2>=L>+ A,(3),

which follows from (A.15). Setting N = (N%j)lsjsk’ i = 1,2, we deduce from Proposi-
tion A.1 and (A.15) that

~ O11 Orxk
M,N?*) ~ MN (0, ( ))
( ) 2% | (0, w) Oexe  ©on

where i = (14j)1<j<k and

Ty 2%k
I j :=/0 vdes+ATj(3), (0, u) € R,

O = </0TjATj/ > — (v2)%) ds>

Hence, we conclude that

(A.22) E[N*F Vo (M)]=pu.

1<j,j'<k

Let us now deal with the term N'. Recall that M, = L,l. We use again Proposition A.1 to
conclude that

o I8
(Mg, M7y, ...,M7,) ~ MNj 1 (O’ (@éﬁ @ﬁ)) ’

where

K sAT;
s 11 s _ o1 1xk IS (@S \*
11_/ u, dr eR, @12_(/ u, dr) e R, 05 = (0%)7,
0 0 1<j<k
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and ®1; has been defined at (A.20). Hence, we deduce that, conditionally on F Vv a(M ),
M is normally distributed with mean ©,07; 'M and variance e, — @1281116)’2‘1 Setting
dhy =3;((a” = b'b"(X)ds +b" (X, )dW )/2, we then obtain the identity

(A.23) E[ﬁwfw(ﬁ)]:(/() (0507 M)* + 0, — /1“2®1_11®/2S1)dhs)1 »
=J=
Finally, from (A.22) and (A.23) we deduce the identity
T.
(A24) g2(z>=u+(f h(©07)2) + 6 — o ®111®21)ds> |
0 1<j<k

We conclude the computation by setting

o(z; iu, iv) = o' (@) [(1w)®*] + a*(2)[1ul.

A.6. Proof of Proposition 4.1. Part (i) of the statement is a direct consequence of

Corollary 3.6 applied to the function /(z) = ||z]|”. Now, we set X" = (X”l, e, Xr%k) and
X = (X7, ..., X7;). To obtain part (ii) of Proposition 4.1 we apply Taylor expansion to con-
clude that

FX") = fX) =(Vf(X),X" - X) + %(X” — X)* Hess f(X)(X" — X)

1
+ E(X” — X)*(Hess f(Y") — Hess £f(X))(X" — X)
for some random vector Y* € R¥ with ||[Y" — X|| < || X" — X|. In particular, Y" 2x
Observe that

E[(X" — X)*(Hess f(Y") — Hess f(X))(X" —=X)] =o(n"),
whichisdueto f € C 2(R¥). We deduce the expansion
E[f(X7,,.... X7) = f(X1y, ..., X1)]

:nq/ <<Vf(x) 2) pa(z JC)+lz*HeSSf(x)Z‘pl(Z x>) dzdx+ o)
Rk xRK ’ , 2 ’

since, according to Theorem 3.5 and Corollary 3.6 applied to F' = (X7,, ..., X7,), it holds
that

/Rk Rk<vf(x), z)- p1(z,x)dzdx =0,

because the dz-integral is taking over an odd function in z. This completes the proof of
Proposition 4.1. [

APPENDIX B: GENERAL RESULT FOR THE EDGEWORTH EXPANSION
ASSOCIATED WITH MIXED NORMAL LIMITS

In this part, we will build upon the quadratic functionals framework as in Section 2.2 and
provide the corresponding Edgeworth expansion in this setting. We will use Theorem B.1 be-
low as an intermediate result for proving the main result involving Edgeworth expansions of
Euler schemes (Theorem 3.5). The case of Theorem B.1 is similar in spirit to [22], Theorem 4,
but we will require quite different nondegeneracy arguments.

Before we proceed to the main result, we introduce some conditions. Following the nota-
tion of Section 2.2, our first set of conditions relates the kernel K” to K and introduces some
integrability assumptions, which are similar in spirit to assumptions imposed in [22]. Recall
that F e RY,set{ =k + g + 8 and let%<d< %
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B1) () K*"(t) € ]D)Z+1,00(Rk) and there exists a density D,
derivative such that

- K" (t) representing each

,,,,,

sup HDrl rmKn(t)”]Lp <00
71-m€(0,1),
t€[0,1],neN

.....

forevery p>landm=0,1,..., £+ 1.
(ii) Forevery p>1land j=1,...,k,

sup  sup |[K™ () = KOlj<ry, , =0
I<i<mpte(ti_1,t;)
as n — 00.
(iii) Forevery p>1land j=1,...,k,

I 7!
[Tj —S}

n i P N BRI
¢, 7= (Mm])t - Ctj = E/ K(S)zds'
0

sup
s€(Tj-1,Tj)

From (B1)(i), (ii) we deduce that

< OQ.
Lr

Furthermore, (B1)(iii) implies
j Jjoy-l
(B.1) (CTj — CTj—l) € Loo—

for j =1, ..., k. Inparticular, det C~' € Loo_ for C = (C{'Ajz)lfjhjsz.
Now, let us set

(B.2) Co=n(Cp—C),  Fy=+/n(F,—F),

where C, = C{ with C}' = (M™ 1, M”’jZ),)lsjl,jzsk. In the validation of the asymptotic
expansion a truncation functional s, : € — R¥ will play an important role; see Section B.4
for its explicit definition. We will assume that it satisfies conditions (B2)(ii) and (B3) be-
low. We set £, = 2[q/2] + 4 and present the next set of assumptions that determines the
asymptotic distribution of the vector (M", N,,, C,,, F,;) along with some new integrability
conditions.

(B2) (i) F € Dey1,00(RY), sup,, 1 co.1y 1Dry,....r FllLr < 00 forevery p > 1 and m =
1,...,£+ 1. Moreover r = D, F and (r, s) — D, F (r <s) are continuous a.s.

(i) F € Deg1.00(RY), Ny € Dpg1.00(R¥) and s, = (53]) € Dy, oo (R¥). Moreover,

sup{ICulle.p + | Fulles1,p + INulles1,p + lIsnlle, p} < o0
neN

for every p > 1.

(iii) (M", N,,, én, fn) ﬂ (M, N, 6, f) for a random vector (M, N, 6, f) defined on
an extension of (2, F, P).

(iv) For u € R* and v € R4, the conditional expectations o 1(2), 02(z) and o3(2) (cf.

(2.8)) are in the polynomial ring Dy, ~(R)[z] (the set of polynomials in z with coefficients
in Dy, o (R)).

Finally, we will require a nondegeneracy condition on the pair (M}, F). Let us introduce the
process

X/ =t oM M F).
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(B3) (1) For each j =1,...,k, there exists a sequence (‘L’,{)neN C (Tj-1,Tj) such that
sup, T < T and that
sup P[detoy; <s]]=0(n")
IE[T,{,TJ'] '
for some v > £/6.
(i) limsupn_)ooIE[(s,{)_”] <ooforevery p>land j=1,... k.

Under above conditions, the nondegeneracy of F is ensured and it has a differentiable
density function p’. Thus, the following function p, is well defined:

pn(z, x) =E[¢(z; 0, O)|F = x]pF (x)

B.
(B-3) 1V S (d) (—d) 2 {Elea (26 (23 0, O F = x]pT ().

The error of the approximation of the distribution of (Z,, F;) by p, is evaluated by the
quantity

An(f) = ’E[f(zn, Eo) = [ & 0patex) dzdx

for f € &,4(K, y). The set & (K, y) is introduced in the same way as & i 4 (K, y) from
Theorem 3.5 except that it deals with function defined on R¥ x R?. The main result of this
section is the following.

THEOREM B.1. Suppose that Z,, is given by (2.2) with M,, defined by (2.6). Suppose that
(B1), (B2) and (B3) are satisfied. Then

(B.4) sup Ap(f) =o(n""?)
fegk,q(K,l/)

as n — oo for any positive numbers K and y .
We will sketch the proof, basically following the ideas of [22], Theorem 4, but outlining

the difference caused by the multiple stopping in the present situation. Note that as in [22],
Theorem 4, it suffices to verify assumptions of [22], Theorem 1.

_ B.1. Construction of the truncation functional ¥, from s, and other variables. Let
d satisfy the inequality 1/3 < d < d < 1/2, where the constant d has been introduced before
assumption (B1), and define &, by

&, =10""02|C, — C* +2[1 + 4detoqy, (557!
ICl'—C, - C" + Cs|nd>8
' dtds.
+/[.0,1]2< |t —s|3/8 g
We define Q,, = (M,, F), R, = (N, fn) and set
R, =0, (n"""*(DQy. DRy)u +n " (DRy, DQy)s +n~ DRy, DRy)m).

Let ¥ € C*°(R; [0, 1]) be a function such that ¥ (x) = 1 if |[x] < 1/2 and ¥ (x) = 0if |x| > 1.
We introduce the random truncation

Y = Y EDY (02 |RL)P).

Remark that v, is well defined because so is o*énl under the truncation by §,. In fact, if

&, <1, then detog, > sff /4, that is nondegenerate thanks to (B3)(ii). Therefore crénl makes

sense on the event {§, < 1}. We are defining ¥, = 0 on the event {&, > 1} since ¥ (§,) =0
there. Thus, v, is well-defined.
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B.2. Characteristic function and its decomposition. Let Zn = (Z,, F,,) and let 2;‘{ =
Zy Fy? fora = (a1, o) € Zﬁ x Z2. Define

8% (u, v) = B[y, Z% exp(Zn[iu] + Fuliv])]
for u € R¥ and v € RY and let

(B.5) ¢%(z,x) = @)+ /

Rk+g

exp(—z[iu] — x[1v])8% (u, v) dudv.

The existence of the integral (B.5) can be verified by the nondegeneracy of the Malliavin
covariance matrix of (Z,, F;) under the truncation by y,,. We define the quantities

W(u,v)= exp(—%C[u@’z] + iF[v]),
enu,v) = —%(cn — O)[u®?] + i(Fulv] = Flv]) + in" V2N, [ul,
1
et =exp(1M71ul + 3¢ [u?]),

R 1
Ll(u)=e!(u)—1 and e(x)= / e ds.
0
Finally, we introduce the functions
@, (u, v) = I*E[ef ()W (u, v)en (u, v) € (8 (1, ) Y],
D2 (u, v) = IE[L} ()W (u, v) ¥y ].

The existence of CD,IZ’“(u, v) and @,%*"‘(u, v) involving e} (u) W (u, v) is ensured by the trunca-
tion yr,. Let us set

®%Y (u, v) = d“E[W (i, v) ¥ ].
Then g% (u, v) possess the decomposition

8%, v) = %% (u, v) + 1% (u, v) + D2 (u, v).

B.3. Error bound. We apply [22], Theorem 1, by verifying conditions [B1], [B2], [B3]
and [B4]¢ m, n therein under our assumptions (B1), (B2), (B3). Remark that “¢” therein corre-
sponds to d+8, whered =k + g . Condition [B1] follows from (B2)(iii) and a standard central
limit theorem with a mixed normal limit. Condition [B2], is verified by (B2)(i), (B1)(1)—(ii),
(B2)(i1) and the definition of &,.

Condition [B3] is verified as follows. C™/ and C/ are expressed as

nj Mn am, 0 ) ti At s 2
C,” =n / K™/ (ti_1) f (f dW) ds
! ; i=1 / ti— At \Jti_q '

and
. 1 rinT;
cl = —/ " K (5)2ds.
2Jo
Routinely, we have

tim [n? sup |/ — /|| =0
ool refo,1] p
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for every p > 1 from (B1)(i) and (ii). Therefore, [B3](i) follows as
Pll&| > 1/2] < P[n|C] — C1| > 1]+ Pdetoys < /]

[ek —c,—c”+cs|n07>8 1 ]
P s tds > —
- [/[0,1]2( i — 5|3/ dds = 15

—0

as n — oo thanks to (B3)(i) and (B1)(ii). By the definition of &,, on the event {|£,| < 1},
n1=3/2|C,, — C| < 1 for large n, which is [B3](ii). Moreover, [B3](iii) follows from (B3)(ii)
since limsup,,_, .o E[1{g,1<1} detagkp] <limsup,_, o E[47(s5)~P] < o0.

1

Condition [B4]¢ m.n(i) is rephrased as (B2)(iv). The present ¢ is in S (a +3,5,2) in par-
ticular; see [22], p. 892, for the relevant definitions. Thus, [22], Theorem 1, gives the error
bound

sup  A(f) =0(n_1/2)
fe&q(K,y)

if the following two conditions are fulfilled:

(B.6) Tim n' 20 (u, v) = 9°E[W (u, v)5 (1u, 1v)]
foru e RF, veR? and o € Zi’_, and

(B.7) sup  sup 2|, v) |02 (u, )| < o0
" (u,v)eA(d,d)

for some & = e(ar) € (0, 1) for every o € Z3, where A%(d,d) = {(u,v) € RY; |(u, v)| <
n&/z}.

We obtain (B.6) as in [22], Eq. (41), except for the parts concerning the derivation of [22],
Egs. (38) and (43), by a nondegeneracy argument. We shall show (B.7). By using duality
twice for the double stochastic integrals, we have

nl/ZCI),zl’“(u, V)

=n Z Cap,ay

ap,aj:ap0t+aj=a

Moot i
XZ/ /E[BaOK"(t,-_l)[iu]BalDr{eg’(u)Ds(\lJ(u,v)lﬁn)}]dsdr
i=1"h-177

for some constants ¢y, a,. We have
D, {el (u) Dy (W (u, v)¥,)} = el )W (u, v)o (n,r,s; iu, iv)
=FG,H o (n,r,s; iu, iv),
where

F? = exp(M?[iu]l 4+ F[iv]),

G = exp(—%(cl — cs>[u®2]>,

i =exp( 5 (C1 - €)[u®?))
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and o(n,r,s; iu, 1v) is a polynomial random symbol of fourth order in (u, v) with coeffi-
cients in Dy_7 oo (R).

First, we will consider the case = 0, and estimate nl/zq)%’o(u, v). Let s € (Tj—1, Tj).
Then M} = (M;l’l,...,M;}’,{:l,Ms"’j,...,M;”k). We will estimate the speed of the de-
cay of the expectations of .the components of nl/ 2@%’“@1, v) for (u,v) € Ag(a,cz). Our
strategy is as follows. For s € (r,{, T;), we apply the integration-by-parts formula for

(M;l’l, e, M%’,il_l, My’ | F) to obtain the decay |(uj, ..., uj,vi,..., vq)|—(d+1_8), where
u=uy,...,ur) and v = (vy, ..., vy). For that, we need to show that the D-derivatives of

Gy and HY up to £-times are L.,-bounded uniformly in (u, v) € Ag((vzl, d) and n € N, under
the truncation by v,,. We see that this property holds for H} by (B1)(ii). For Gy, we verify
the property as follows. The multiple D-derivative of Gy is a linear combination of terms of
the form

o k
{l_[ DAa( Z H;qul-,u,-z) }Gs (Ax =ra@-1)+1s s Fa@), 1 <a(l) <a2) <---)
a=1 i1,ip=j
that is bounded by G times a polynomial p of random variables
Da, 1L Lvr, 77 I
max , max | ————— | | max , |ui)i=j,...k|-
i=j,k| Tj — s i=josk LTy — (s V Ti—1) i=jkl i =
Indeed,
k . .
‘DAQ( Z Hlslmzuilulé)
i1,i2=j
k i1 AL
. Zilyi2:j l)AC(]IS1 2/(Ti]/\iz - S)”i]”iz k Hil/\iZ T . o
= P A Z s /( IARAYY) S)”H”lg
Zil,i2:j ]IS /(Til/\iz _S)uiluiz i1,in=j
- i A -1
< |(Da "2/ (Tiy iy — S))il,igzj,..,,kH(Hlsl 2/ (Tiyniy — s))il,igzj ..... k|

X

9

k
20 I (Toniy = )iy

i1,ix=]

where we used
1/2
ST S IS, = (sup s [®]) " < |52
v:lv|=1
for any non-degenerate symmetric matrix S. Moreover, the identity
]IiVTifl

i1 Aip A _
det(]ls /(Tll/\lz S))il,izzj,...,k - ' 1_[ L Tt _ (S v Ti—l)

can be used to estimate the inverse matrix in the above expression.
The term pGsy is I ,-bounded due to (B1)(i), (iii) and

k m
sup ( > Iujui, | Gy < oo
ueRk,w, i1.ir=1]
set;_y.1p 12T

foreverymeNand j=1,...,k.
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If j = k, then this estimate is sufficient for our use. When j < k, we also use the nonde-
generacy of the matrix

M(Tjy1, To) = <1 /Tw K(r)%n)

2T, i1ia=j 1,k

and the estimate
(B.8) (Cy — CH[u®?] = M(Tjs1, T [Wjs1, - - up)®?]

in order to obtain the decay |(u 41, ..., ux) |—(&+1—g)' For (B.8), we note that

k S\/TilAiz 1 d 2
> / K (1)?dtu; u;, =/ Y Lo (Oui | K@)*dt
s S \i=1

i1,ir=1

1 2
Z/T,- (Zl[o,m(t)ui) K(n)2dt

i=1
k Til/\iz 2
= Z f K ()" dtu;, uj,.
inia=j+1° 1
By (B.1) we have
(B.9) det M(Tj 41, Te) ™' € Loo—,
and hence (B.8) and (B.9) imply that

m 1 - m
(B.10)  |(jt1,-- -, up)] exp(—i(cl—c.o[u@z])scm|M<Tj+1,Tk) I

is Loo—-bounded uniformly in (u 11, ..., u;) for every m € N. Finally, we may use one of
the above estimates of the decay, depending on [(u1, ..., uj, vi,..., )| > [(Wjq1, ..., up)l
or not.

Following the proof of [22], Theorem 4, that is, the procedure (a)—(g) therein with the
additional truncation

~ i—17—1
1//r{’s = ¢(2[1 +4detG(M;£il ..... Mn.jfl M?’j,F)(S'{) ] )7

Tj_p M
we obtain the desired decay of

mp

t; t;
nZ/p lse(n{,T;)/, E[0% K" (t;—1)[1u]d® D, e () Dy (W (u, v),) )] ds dr

i=1"0i-
for @ = 0. A similar estimate can be shown for a general .
For s € (T 1, 1,]), we apply the integration-by-parts formula for

,1 ,Jj—1
(M7;",.... M7 F)

to obtain the decay |(u1,...,uj_1,v1,...,vq)|_(d+1_‘9). In order to obtain the decay
[(uj,..., uk)l_(d“_e), we use the nondegeneracy of

. 1 Til/\iz
J N 2
/\/l(rn,Tk)_(2 /t’{ K (1) dt>i1,i2=j K

.....

Then we repeat a similar procedure as in the previous case to obtain the desired decay. We
deduce (B.7) by combining the above estimates.
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B.4. Proof of Theorem 3.5. We will verify conditions (B1), (B2) and (B3) for Theo-
rem B.1 under (A), (C1), (C2) and (C3). Recall that

K(s)=—3.'bb'(Xy),

L=2k+q+8, ty =2[q/2] + 4 and we are assuming that a, b are in C°°(R) and all their
derivatives of positive order are bounded. As mentioned just before assumption (A), the func-
tionals ¢, (z) in the representation (2.10) of the full random symbol ¢ and also in (3.12) are
associated with o of (3.11) and & of (2.9).

Conditions (B1)(i), (ii) are obvious. Condition (B1)(iii) is assumed by (C1). In the present
situation, ﬁn = 0 since F,, = F. Condition (B2)(i) follows from (A) and (C2)(i). (B2)(ii) will
be checked later after constructing s,. Condition (B2)(iii) is already obtained in (3.10). The
property (B2)(iv) has been observed to derive the expression (3.11).

We shall consider nondegeneracy of the Malliavin covariance matrix o(x, x,) of (X1, Xy),
where

| P
Xi= (Mg ,....Mg" " Mg7) and Xp=(Z7,...,Tp)

for Sy =Ti,...,8;-1=Tj_1 and S is either s € [(Tj—1 + T;)/2, T;]. We will estimate the
Malliavin covariance matrix o(x, x,). Let 6; =i/n. Let

0i (1) = /(WO A1) — WO AD))
and
EW)=n((WO At)— WO 1 AD)) — (0 At —6i1 AD)).
Then, as in [21], we have

n
Dngl’fL =Y 2K O~ )0i (S)1(0,_ 1 78,.0i18,0(F)

i=1
n—1 n

+n_1/22< > DrK(Gi—l)Ei/(Su))l(eflAsM,eiAsM](V)
i=1 \i'=i+1

foru=1,..., j. Therefore,

o(n, 1, w2) = (DMs, . DM§, )y

n 0; n
= Z[e |:2K(911)77i(5m)+n—1/2 3 D,K(e,-l)g,-/(sm)]l[o,sm](r)
i=1"Y-1

i'=i+1

n

x [2K<9,-_1>n,-<sm>+n—”2 > DrK(ei_os,-/(SM)}1[o,sH2](r)dr
i'=i+1

+ 0L (n'1?)

= & (n, 1, n2) + O (n=12)

for wy, ma =1, ..., j, where 6 (n, i1, u2) = o1(n, ny, u2) + o2(n, 1, n2) with

n 0
Gi(n, w1, p2) = fg (2K G~ (Su)) 110.5,,,107) (2K (0i—1)i (S)) 110.5,,1(r) dr
i=1""i-1
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and

n 91' n
Ga(n, i, p2) =y /9 <n1/2 > DrK<0i_1>s,~/(Sm>)1[o,sm]<r>
i=1""i-1

i'=i+1
n
x (n—‘/2 > DrK(ei_os,-/(Sm))1[o,s,12](r>dr
i'=i+1
for 1, u2 =1, ..., j. Moreover, for G = (G"),=1,....7,
o(n, p,v) = (DM_’Q’M, DG")y
n 9i n
= / [M(e,-_l)m(SM) +n2 3 DrK(ei_os,-/(Su)]1[0,5,11]@)
i=170i-1 i'=i+1
v —-1/2
x D,G"dr + Opr(n™/%)
=6, n,v)+ OLP(I’l_l/Z),
where

n 9[. n
HUNRYEDY /9 (n—”2 > DrK<9i_1>sif<Su>>1[o,s,L](r>DrG“dr.
i=1""-1

i'=i+1
Let

1
o, vy, ) = / D,G"'"'D,G" dr.
0

Then it is easy to see that the matrix

[(52(71,#1,#2)) (5(11,//«,‘)))}
(6, w, )" (6(n,v1,12))

is nonnegative definite. As we will see, the matrix (6 (n, vi, v2)) is positive definite almost
surely. Therefore,

(5’2(7’[, "1, MZ)) - (6'(’19 M, v))(&(n, Vi, v2))_1(&(n7 W, U))*

is nonnegative definite, and hence

det[(c?(n,m,uzz) (5(n,/¢,v))}
(6(n,m,v))"  (6(n,vi,12))

= det| (5 (n. 1. 12)) = (6.1, 11 ) (3 (. v1.v2)) ™ (G e )" |
x det(6 (n, vi, 12))
> det(61(n, 1, n2)) det(6 (n, vy, 12)) =: M,,.

Now M,, converges in Ly to

Siy ASpy 5 1 y ;
Moo 1= det[/ 4K (1) dt] x det[/ D,G" D,G Zdr]
0 uyp2=1,....j 0

with rate n~!/2. Define s,{ by
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Then sup,, .y ||s,£ lle,p < oo for every p > 1 and every j, so that (B2)(ii) holds additionally
by (A). But M, is nondegenerate, that is,

(B.11) M €Loo
due to (Cl) and (C3). This shows (B3)(ii). Moreover, the estimate M, — My =
OL,_ (n=1/2) and (B.11) proves (B3)(i). Hence, the proof of Theorem 3.5 is completed. [

B.S. Proof of Proposition 5.1. We need to show that

1!
|:Tj —S}

forevery p>1land j=1,...,k.Lets € (T;_1, T}). Recalling (2.7), we have

B 11
Tij—s 2Tj—s

<
Lr

(B.12) sup
s€(Tj-1.T))

T;
/ 272 bb (X)) dr

. 2 1
>— inf X 7°x
2 rels, 1)1 T;—s

T;
f {bb' (X)) dr.

By (C1%) and the compactness of B, there exist a finite set ' C B, a positive constant ¢ and
an integer m > 2 such that

(B.13) {bb' (x)}* = minc™/?(1 A |x — ™)
zeN

for all x € R. Indeed, by (C1%)(i) and (ii)(a), there exists a positive constant ¢’ such that
infyepe{bb'(x)}? > ¢’. For each z € B, by (C1%)(ii)(b), there exists an integer j. > 1 such that
bU(z) # 0 and b'(x) = ((j, — D)"Y (2)(x — z)/=~! 4 ... for all x near z. Therefore,
from (C1%)(i), for each z € B, there exists a positive constant ¢, and a neighborhood B; such
that {bb’ (x)}?> = c,(1 A|x —z|™=) forall x € B., withm, = (j, —1)> > 0. Since B is compact,
one can find a finite set A" C B such that B C |J,c s B;, and hence

bb' (x)}? > min(min c. ) (1 A |x — z|M3en M

{ (X)} - ze/\/(z’e/\/cZ >( X — 2] )

for all x € B since there exists z for each x € B such that x € B;. If we set ¢ =
(min{c’, min e cz})z/’" for m = max{2, max,cnr m;} we obtain (B.13).

Let § > 0 and By := {x : dist(x, N) < 28}. Let s; =5 + i(Tj — s)/n. Then, there exists
ng € N independent of s such that for n > ny,

ol [P < ]
r r=
Ti—sJs n3m/2

cmrooTi m 1
|:Tj—s/; ?éln(l/\|Xr—Z| )dTSW]

IA
~

<IP’[ c /Tj . (1/\|X |2)d - 1:|
min — r<—
T LT =5t zeN rot ~—n

c Si 1
f min(1 A X, —z*)dr < —, inf miA1}|x,—z|<n—1/2}

b
si_y ZEN nv relsi—1,silze

Z C Si 1
< P|: / (1/\|Xr—Z|2)dF§—4, sup  |X, —z] <n—1/3i|+0(n_L)’
1 Tj =S8 Jsiy n* uelsiopsil
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where L is any positive number independent of s; in fact, on the event {inf,¢[5, | 571X

z| <n~1/2} for 7 € N, the process X keeps SUP,ers, .51 1 X — 2l < n~1/3 with probability
1 —0m L1, and min, cn | X,» — 2’| = |X,» — z| for n > ng since the points in N are
isolated. The first term of the right-hand side of the above inequality is bounded by

>y

zeNi=1

Si

—ZZP[ f 1X, —z|? dr< 1 X, eBoforallre[s,_l,sl]:|
eNi= —Si-1

for large n. Since on the bounded set By, the process X, behaves like a Brownian motion, the

last probability is bounded by cfln exp(—cin) for some positive constant c¢; independent of

s € (Tj-1,T;), which follows from a similar inequality to [9], Lemma 10.6. Consequently,

we obtain (B.12) by using the estimate

Si 1
/ | X» —zl dr< , X, € Bgforallr € [s;_1, s,]:|
] Si—1

o0
sup  E[[[7]= sup / pt? P[0y <171 dr
SE(ijl,Tj) SE(Tj—l,Tj) 0

o.¢]
<> p+ 12 sup Py <n ] <00
n=0 se(Tj-1,T))

for Ty = (T — )~ [/ {bb'(X,)}?dr and p> 1. O
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