The Annals of Applied Probability

2020, Vol. 30, No. 2, 936-986
https://doi.org/10.1214/19-AAP1521

© Institute of Mathematical Statistics, 2020

VISCOSITY SOLUTIONS TO PARABOLIC MASTER EQUATIONS AND
MCKEAN-VLASOV SDES WITH CLOSED-LOOP CONTROLS

BY CONG WU! AND JIANFENG ZHANG?

Ywelis Fargo Securities, wucong085 @ gmail.com

2Department of Mathematics, University of Southern California, jianfenz @usc.edu

The master equation is a type of PDE whose state variable involves
the distribution of certain underlying state process. It is a powerful tool for
studying the limit behavior of large interacting systems, including mean field
games and systemic risk. It also appears naturally in stochastic control prob-
lems with partial information and in time inconsistent problems. In this paper
we propose a novel notion of viscosity solution for parabolic master equa-
tions, arising mainly from control problems, and establish its wellposedness.
Our main innovation is to restrict the involved measures to a certain set of
semimartingale measures which satisfy the desired compactness. As an im-
portant example, we study the HIB master equation associated with the con-
trol problems for McKean—Vlasov SDEs. Due to practical considerations, we
consider closed-loop controls. It turns out that the regularity of the value func-
tion becomes much more involved in this framework than the counterpart in
the standard control problems. Finally, we build the whole theory in the path
dependent setting, which is often seen in applications. The main result in
this part is an extension of Dupire’s (2009) functional 1t6 formula. This It6
formula requires a special structure of the derivatives with respect to the mea-
sures, which was originally due to Lions in the state dependent case. We pro-
vided an elementary proof for this well known result in the short note (2017),
and the same arguments work in the path dependent setting here.
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1. Introduction. Initiated independently by Caines, Huang and Malhame [24] and Lasry
and Lions [26], mean field games and the closely related mean field control problems have
received very strong attention in the past decade. Such problems consider the limit behavior
of large systems where the agents interact with each other in certain symmetric way, with the
systemic risk as a notable application. There have been numerous publications on the subject;
see, for example, Cardaliaguet [8], Bensoussan, Frehse and Yam [4], Carmona and Delarue
[11, 12], and the references therein. The master equation is a powerful and inevitable tool
in this framework, which plays the role of the PDE in the standard literature of controls and
games. The main feature of the master equation is that its state variable contains probability
measures, typically the distribution of certain underlying state process, so it can be viewed as
a PDE on the Wasserstein space. By nature this is an infinite dimensional problem. The master
equation is also a convenient tool for (standard) control problems with partial information
(see, e.g., Bandini, Cosso, Fuhrman and Pham [1, 2] and Saporito and Zhang [39]), and for
some time inconsistent problems as we will see in this paper.

Our main goal of this paper is to propose an intrinsic notion of viscosity solutions for
parabolic master equations which mainly arise from control problems or zero-sum game
problems in the McKean—Vlasov setting. There have been serious efforts on classical so-
lutions for master equations in various settings; see, for example, Buckdahn, Li, Peng and
Rainer [7], Cardaliaguet, Delarue, Lasry and Lions [9], Chassagneux, Crisan and Delarue
[13], Saporito and Zhang [39], and Bensoussan, Graber and Yam [5]. However, due to its
infinite dimensionality, all these works require very strong technical conditions. So there is a
cry for an appropriate notion of weak solutions. We remark that a classical solution requires
the candidate solution (typically the value function of certain control/game problem) to be
in C1-2 (in appropriate sense), while a viscosity solution theory will allow us to reduce the
regularity requirement to C. It is in general very challenging to establish the differentiability
of the value function (especially that with respect to the measures), so such a relaxation of
regularity requirement is desirable in many applications.

There have already been some works on viscosity solutions. A natural approach is to use
smooth test functions on the Wasserstein space; see, for example, Carmona and Delarue [10].
However, the involved space lacks the local compactness, which is crucial for the viscosity
theory, and thus the comparison principle does not seem possible in this approach. In an
alternative approach Pham and Wei [34] lift the functions on the Wasserstein space to those
on the Hilbert space of random variables and then apply the existing viscosity theory on
Hilbert spaces; see, for example, Lions [27-29] and Fabbri, Gozzi and Swiech [20]. Along
this approach one could obtain both existence and uniqueness. However, this notion is not
intrinsic, in particular, it is not clear to us that a classical solution (with smoothness in the
Wasserstein space of probability measures instead of the Hilbert space of random variables)
would be a viscosity solution in their sense. Moreover, the viscosity theory on Hilbert spaces
is not available in the path dependent case (see Ren and Rosestolato [37] for some recent
progress along this direction though), and thus it will be difficult to extend their results to the
path dependent case which is important in applications and is another major goal of this paper.
We remark that we are in the stochastic setting and thus the master equation is of second order
(in certain sense; see Remark 2.6). There are several works for first order master equations
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corresponding to the deterministic setting; see, for example, Gangbo and Swiech [21, 22] and
Bensoussan and Yam [6].

We shall propose a new notion of viscosity solutions, motivated from our previous works
Ekren, Keller, Touzi and Zhang [17] and Ekren, Touzi and Zhang [18, 19] for viscosity so-
lutions of path dependent PDEs. Our main innovation is to modify the set of test functions
so as to ensure certain desired compactness. To be precise, let V (¢, u) be a candidate solu-
tion, where p is a probability measure, and ¢ be a smooth (in certain sense) test function
at (¢, u), we shall require [¢p — V] achieves maximum/minimum at (¢, ) only over the set
[t,t 4+ 8] x Pr(t, n), where Pr (¢, ) is a compact set of semimartingale measures with drift
and diffusion characteristics bounded by a constant L. We note that, if we replace the above
Pr(t, u) with the §-neighborhood of u under the Wasserstein distance, as in [10], then the
latter set is not compact under the Wasserstein distance and we will encounter serious diffi-
culties for establishing the comparison principle. We should also note that, if the underlying
state space (on which the probability measures are defined) is a torus T¢ instead of R?, then
in the state dependent case the §-neighborhood of © under the Wasserstein distance is com-
pact and thus the theory is quite hopeful. However, for the applications in our mind it is more
natural to consider R¢ as the underlying state space, and in the mean time we are interested
in the path dependent case for which the §-neighborhood wouldn’t work for the torus either.

Our choice of Pr(t, n) is large enough so that, in many applications we are interested
in, the value function will be a viscosity solution to the corresponding master equation. On
the other hand, the compactness of Pr (¢, u) enables us to establish the basic properties of
viscosity solutions following rather standard arguments: consistency with classical solutions,
equivalence to the alternative definition through semi-jets, stability, and partial comparison
principle. The comparison principle is of course the main challenge. We nevertheless estab-
lish some partial results in the general case and prove the full comparison principle com-
pletely in some special cases. To our best knowledge this is the first uniqueness result in the
literature for an intrinsic notion of viscosity solutions for second order master equations.

As far as we know, all works on master equations in the existing literature consider only
the state dependent case, where the measures are defined on the finite dimensional space R?
(or the torus T¢). However, in many applications the problem can be path dependent, for ex-
ample, lookback options, variance swap, rough volatility, delayed SDEs, to mention a few. In
particular, Saporito and Zhang [39] studied control problems with information delay, which
naturally induces a path dependent master equation. The second goal of this paper is to estab-
lish the whole theory in the path dependent setting, namely the involved probability measure
w is the distribution of the stopped underlying process X.,;, rather than the distribution of
the current state X;. The main result in this regard is a functional 1t6 formula in the McKean—
Vlasov setting, extending the well-known result of Dupire [16] in the standard setting. To es-
tablish this, we require a special structure of the path derivative with respect to the measure;
see (2.16) below. In the state dependent case, such structure was established by Lions [30]
(see also Cardaliaguet [8] and Gangbo and Tudorascu [23]) by using quite advanced tools.
We provided an elementary proof for this well-known result, which was reported separately
in the short note [42], and the same arguments work well in our path dependent framework
here. We emphasize that, while this paper is in the path dependent setting, our results on
viscosity solutions of master equations are new even in the state dependent case.

Our third goal is to study McKean—Vlasov SDEs with closed-loop controls, whose value
function is a viscosity solution to the HIB type master equation. We note that in many ap-
plications closed-loop controls (i.e., the control depends on the state process) are more ap-
propriate than open-loop controls (i.e., the control depends on the noise), especially when
games are considered; see, for example, Zhang [43], Section 9.1 for detailed discussions. For
McKean—Vlasov SDEs, the two types of controls have very subtle differences even for con-
trol problems (and more subtle for games), and under closed-loop controls, the regularity of
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the value function becomes rather technical. By choosing the admissible controls carefully
and by using some sophisticated approximations, we manage to prove the desired regularity
and then verify the viscosity solution property. Again, while we are in the path dependent
setting, our result is new even in the state dependent case, and we believe our approximations
will be quite useful for more thorough analysis on functions of probability measure.

Finally, we emphasize that our master equation is parabolic, which mainly corresponds to
control problems or zero-sum game problems in the McKean—Vlasov setting, and the solution
takes the form V (¢, ;). The master equation induced by mean field games involves functions
in the form V (¢, x, ), and in the path dependent setting this becomes V (¢, @, i). The two
types of equations have some fundamental differences. On one hand, our master equation
could be nonlinear in 9, V, the derivative of V with respect to the probability measure f,
while mean field game master equation is typically linear in 9,V (but could be nonlinear
in d, V). On the other hand, mean field game master equation is nonlocal in d,V, which
destroys certain crucial monotonicity property and thus the comparison principle does not
hold (even for classical solutions). In fact, due to these differences, in many works master
equations refer only to the equations arising from mean field games, while those from mean
field control problems are called HIB equations in Wasserstein space. We nevertheless call
both master equations, since they share many properties and require similar technical tools.
So this paper studies mean field control master equations, and we refer to the recent work
Mou and Zhang [32] for weak solutions (instead of viscosity solutions) to mean field game
master equations.

The rest of the paper is organized as follows. In Section 2 we establish the functional Itd
calculus in the Wasserstein space. In Section 3 we introduce parabolic master equations and
present several examples, which in particular show some applications of master equations. In
Section 4 we introduce our notion of viscosity solutions and establish its wellposedness. In
Section 5 we study the McKean—Vlasov SDE with closed-loop controls and show its value
function is a viscosity solution to the HIB master equation.

2. Functional It6 calculus in the Wasserstein space.

2.1. A brief overview in the state dependent setting. We first recall the Wasserstein metric
on the space of probability measures. Let (€2, F) be an arbitrary measurable space equipped
with a metric | - ||. For any probability measures u, v on F, let P(u, v) denote the space
of probability measures I, ,, on the product space (2 x €2, F x F) with marginal measures
@ and v. Then the 2-Wasserstein distance of u and v is defined as (assuming (€2, F) is rich
enough)

2
2.1 V)= inf — wo||?dP , .
@.1) Wa (i, v) P,t,vé%w,w( [ llon— onlP P o w2)>

In the state dependent setting, one may set the measurable space as (R?, B(R?)) (or the
torus (T4, B(T?)) as in some works). Let P> (R?) denote the set of square integrable measures
on (R4, B(RY)), equipped with the metric ;. For an arbitrary probability space (2, F,P),
let L2(F, P) denote the Hilbert space of P-square integrable F-measurable R?-valued ran-
dom variables. Given a function f : P, (RY) - R, we may lift f to a function on L2(F,P):
F (&) := f(Pg), where Pt is the P-distribution of & € L2(F,P). Assume F is continuously
Fréchet differentiable, Lions [30] showed that the Fréchet derivative DF takes the following
form: for some deterministic function 4 : P; (Rd ) X RY — R4,

2.2 DF(§) = h(P¢, £);
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see also Cardaliaguet [8], Gangbo and Tudorascu [23] and Wu and Zhang [42]. Thus naturally
we may define 9, f := h. Note that 9, f is essentially equivalent to the Wasserstein gradient
in the optimal transportation theory; see, for example, Carmona and Delarue [11]. Assume
further that 9, f is continuously differentiable with respect to the second variable x, then we
have the following It6 formula, due to Buckdahn, Li, Peng and Rainer [7] and Chassagneux,
Crisan and Delarue [13]:

t
FBx,) = f(Px,) + EP[ [ 0ur@x. X0 ax,
2.3) 0

1 t
—+ 5/0 axauf(]P)XS, Xs): d<X>¢i|,

for any P-semimartingale X satisfying certain technical conditions, where - and : denote inner
product and trace, respectively.

Our goal of this section is to extend both (2.2) and (2.3) to the path dependent setting.
We remark that path dependence appears naturally in many applications. For example, in
option pricing theory, many exotic options like lookback options and Asian options are path
dependent, then their prices would satisfy certain path dependent PDEs. Another interesting
example is the rough volatility model, where the state process is non-Markovian and a path
dependent PDE is induced naturally even in state dependent models; see Viens and Zhang
[41]. All these models will naturally lead to path dependent master equations when extended
to the mean field framework. A more interesting example is the stochastic optimization in
standard framework but with constant controls, where a state dependent model will naturally
induce a path dependent master equation; see Theorem 3.5 below.

Throughout the paper, for an arbitrary process X, we use the notation

(24) XS,Z‘ :=Xt_XS’ OSSStST

2.2. The canonical setup in the path dependent setting. Throughout this paper, we
shall fix the canonical space Q := C([0, T'], R%), equipped with the uniform norm ||| :=
SUP;e(0.7] |o;|. Let X denote the canonical process, namely X;(w) := w;, F 1= {F}o<t<T :=
FX the natural filtration generated by X, P, the set of probability measures 1 on (2, Fr)
such that E#[|| X||?] < oo, equipped with the Wasserstein distance W, defined by (2.1). Note
that (2, || - ||) and (P2, W») are Polish spaces, namely they are complete and separable. We
may also use the notation P to denote probability measures. Quite often we shall use . when
viewing it as a variable of functions, and use P when considering the distribution of some
random variables or processes. Moreover, given a random variable or a stochastic process &
under certain probability measure P, we also use Pz :=Po & ~1 to denote its distribution un-
der P. When the measure [P is clear from the context, we may also use the notation L¢ := P¢.

The state space of our master equation is ® := [0, T] x P,. For each (¢, u) € O, let
H[0,:] € P> be the distribution of the stopped process X; .. under p. Since ]-";( = Fr, 0,1]
is completely determined by the restriction of u on F;. For (¢, ), (¢, 1) € ©, by abusing
the notation VW, we define the 2-Wasserstein pseudometric on ® as

1
@5) Wal(e o0, () o= (It = |+ WE o1, o ).

If a function f : ® — R is Borel measurable, with respect to the topology induced by W5,
then it must be F-adapted in the sense that f(t, u) = f (¢, ujo,,)) for any (¢, n) € ©. In par-
ticular, if f is continuous, then it is F-adapted. Moreover, for (¢, u) € O, let u; := o X, !
denote the distribution of the random variable X;. We say f is state dependent if f (¢, u) de-
pends only on u;, and in this case we may abuse the notation and denote f (¢, u;) = f (¢, u).
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In order to establish the functionAal It6 formula on ®, as in Dupire [16] we extend the
canonical space to the cadlag space 2 :=D([0, T), R?) (we use ™ to denote the extensions to
the cadlag space), equipped with the Skorohod distance

(2.6) dsk (@, &3/):=il)}f sup [|t — A1) + |@r — @],

< <
where A : [0, T] — [O T] 1s contlnuous strictly increasing, with A(0) = 0 and A(T)
Extend the notation X IF 772, @ as well as the 2-Wasserstein pseudometric on ® in an
obvious way, in particular, in (2.1) the metric ! —a)2|| should be replaced with dsk (@', @2).
Then (€2, dsg) and (P2, W,) are also Polish spaces.

2.3. Pathwise derivatives in the Wasserstein space. Let f : ® — R be continuous (and
thus F-adapted). We define its time derivative as
m f(t + (Sv ZI[OJ]) - f(t9 ﬁ)
8 9

2.7 O f(t, 1) =1
provided the limit in the right-hand side above exists.

REMARK 2.1. The o; f in (2.7) is actually the right time derivative. Due to the adapted-
ness requirement, similar to the pathwise analysis in Dupire [16], the left time derivative is
not convenient to define. Nevertheless, for the theory which we will develop in the paper, in
particular for the functional It6 formula, the right time derivative is sufficient.

The spatial derivative is much more involved. Consider an arbitrary atomless Polish prob-
ability space (Q f IP’) Let ]LZ(Q R9) and ]LZ(SZ Q) denote the sets of P- square integrable
JF-measurable mappings & : Qo>Rland X: Q- Q, respectively. We first lift f to a func-
tion F: [0, T] x L3(Q; Q) — R:

2.:8) F.X)=f@.Py)=ft.Pg ).
We say F is Fréchet differentiable at (¢, X) with derivative DF(z, X) € L2(2; RY) if
(2.9) F(t, X 4+ €1.17) — F(1, X) = EF[DF(t, X) - €] + o(|£]12)

for all £ € L2(Q; RY), where ||&]|3 := EP[|£]2]. In particular, this implies that DF(z, X) is the
Gateux derivative: for all £ € L2(Q2; RY),

(2.10) E@’[DF(z, X) &)= 1im F@, X +eflyr) — F(, X)‘
&~ &

We emphasize that the above derivative involves only the perturbation of X on [t, T, but not
on [0, ). Moreover, since f is F- adapted, so DF(¢, X) actually involves only the perturbation
of X at . Our main result in this subsection is the following.

THEOREM 2.2. Let f:©® — R be continuous. Assume the lifted function F defined by
(2.8) is Fréchet differentiable and DF is continuous in the sense that

: P o o |2
o1 lim E[|DF(, X )~ DF(t, X)[*] =
whenever lim_ EF[d3 (X", X)] =0.
Then there exists an F;-measurable Sfunction Y : Q — R? such that
(2.12) DF(7, X) = ¥ (X;r.), P-as.

Moreover, \r is determined by f and fP’;(, and is unique P 5-a.s.
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PROOF. The uniqueness of v follows from (2.12) and the uniqueness of the Fréchet
derivative DF(z, X). Moreover, by the F- adaptedness of f, clearly DF(¢, X) is determined by
X, ., and thus so is 1. We prove the rest of the theorem in two steps.

Step 1. We first construct ¥ in the case that X is discrete: there exist @; € €, i > 1, such
that Y;o; pi = 1, where p; := P(X = @;) > 0. For any x € R\{0}, E C E; := {X = &},

and ¢ > 0, denote @ wl :=w; +ex1y, 77 and X=X+ ex1g1y; 7). Note that

X @) =) @1, (@) + 0ilg (@) + & 1p(®), @€
J#i
Then, denoting by 8. the Dirac-measure,
=Y pidia; + [pi — B(E)]81a,) + P(E)Sa).
JF#i
and thus
F(t,X +ex1gly ) — F(t, X)
)

EP[DF(, X) - x15] = lim
E—>

= tim = [ (1. X pidion + s — B + BEa )

e—0¢ ki
- f(l, ZPj(S{aj})]-
jz1

This implies that EP[DF(z, X) - x1g] = EF[DF(t, X) - x1z/] for any E, E' C E; such that
IP(E ) =P(E’). By Wu and Zhang ([42], Lemma 2), we see that DF(z, X ) - X is a constant on
E;: by setting £ = E;,

3 1
DF(t, X) - x = lim —[f(t, ijS{@j} + piﬁ{aﬁ”l[[ﬂ})
e—>0€&p; i

~1(-Zren)}

Jj=1

(2.13)

Since x € RY is arbitrary, DF(z, X)=y; e R4, P-a.s. on E;. Clearly there exists a Borel-
measurable function v : Q— ]Rd such that w(w,) = yi, i > 1, and thus DF(z, X ) =¥ (X),
P-a.s. Note that i is unique in IP’ -a.s. sense, and is determined by f and IP’ 7

Step 2. We now consider the general distribution of X. For each n > 1 since (Q dsk)
is separable, there exists a partition {O}',i > 1} C Q such that dsk(w, @) < 27" for all

o € Of, where @} € O;' is fixed. Denote X" = =Yiz1@;1gr (X). We remark that X" may
not be FX- -adapted, but such adaptedness is not needed here. Since X" is discrete, by Step 1
we have DF(¢, X") = ¢, (X" = Y, (X), where v, is defined by Step I corresponding to X",
and Y (@) := Y21 ¥ @) 10r (@), @ € Q. Clearly EF[d (X", X)] <272, then by (2.11)
we have

. Briv o 527
(2.14) nlggoE [|[¥n(X) —DF(@, X)|7] =
Thus there exists a subsequence {ny}r>1 such that 1/~/nk (f( ) — DF(z, X ), P-a.s. Define

Y(@) = lim i, (@)
k— o0
(2.15)
where K :={@ € Q: hm U (@) = lim P, (@)}

k— 00

Then P(X € K) = 1 and DF(z, X) = ¥ (X), P-a.s.
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Moreover, let X’ € LZ(Q; ﬁ) be another process such that I@’;(/ = I@’;(, and define X sim
ilarly by using the same {O}', @!,i > 1}. Then DF(z, Xy = ¥,,(X") for the same function
Y. Note that P(X’ € K) = IP’(X € K) =1, then limg_, o ¥, (X') = ¥(X’), P-a.s. On the
other hand, DF(z, X"") — DF(t, X’) in L2. So DF(z, X') = ¥ (X'), P-a.s., and thus v does
not depend on the choice of X. [

Given the above theorem, particularly the fact that i is determined by I@’X, we may in-
troduce a function 9, f : ® x © — R4 such that A, f(t, If’)ff, ®) = ¥ (@). In particular, this
implies: for any J;-measurable jt-square integrable random variable & : Q— RY,

f(t flo(X +esly )~ — ft, 2}
£

(2.16) BP0, f(t, 1, X) - €] =

COROLLARY 2.3. Let all the conditions in Theorem 2.2 hold true. Assume further that

the continuity of DF in (2.11) is uniform. Then there exists a jointly Borel-measurable func-
tion o, f :0 x Q— R? such that

(2.17) DE(t, X) =8, f(t, I@Xm, Xin), P-as.

Moreover, if 9, f (¢, -) is jointly continuous in Py x Qfor all t, then 0, f is unique.

PROOF. In Theorem 2.2, Step 1, noting that f is Borel measurable, then by (2.13) one
can easily see that 9, f'(t,>_ ;> Pjd(a)} @;) := W (®;) is jointly measurable. Now consider
the notation in Theorem 2.2 Step 2, and denote Un(t, @, ®) := Y (@) which is jointly mea-
surable in (7, i, ®). By the uniform continuity of DF, one can choose a common subse-
quence {ny, k > 1} such that wnk (X) — DF(t, X), P-a.s. for all X. Denote o f(t, [, ®) =
hmk_mownk (t, L, ®). Then 9, f is jointly measurable and (2. 17) holds true.

We now assume 9, f (¢, -) is jointly continuous in P, x € for all ¢. Notice again that

du f(t, [, -) is unique, fi-a.s. Then, when supp(ix) = Q, by the continuity of BM f, ;L, -) we
see that 9, f(z, ,u, -) is pointwise unique. Flnally, for any it € P, there exist Un € P, such
that supp(it,) = Q for each n and lim,,_, oo Wz(,um i) =0. Then 9, f (¢, iy, -) is unique and
limy,—, o 0y, f (¢, [, @) = 9, f (¢, [t, @). This clearly implies the uniqueness of 9, f (¢, i, ®).
O

Now given 9, f : O x @ — RY, assume du f (¢, -) is continuous and thus is umque In the
spirit of Dupire [16] we may define further the derivative function 9,0, f : O x Q — Rdxd
determined by: for all x € R¢,

A ft, i, &+ exly ) — 9, f(t, I, )
, .

(2.18) 00,0, f (t, L, @)x := lim
e—0

EXAMPLE2.4. Let f(r, 1) :=E"[X, [3 X; ds]—EF[X?JEP[ [§ X, ds] withd = 1. Then
o f(t, i) =EF[X7] — BF[X7JEP[X ],

t ~ o~
auf(z,n,a)zf Zasds—ZZD,E’“‘[f Xsds],
0 0

o~ tA
8B, f (1, 1, @) = —2ER [/ X, ds].
0
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PrROOF. First, note that

46

NN t4+6 N =
f<z+a,ﬁ[o,ﬂ>=E“[X, /0 des]—E“[X?]E“[ 0 des}

= f(t, ) + SEF[X?] — SE*[X?|EF(X,].

Then by (2.7) one can easily see that 9, f (1, ) = EF[X7] — EA[XFEP[X,].
Next, for any appropriate P and X on (2, F), we have

~ ™ ~ ~ ™ ~ o t ~
F(t,X) =IEP[Xt/O X ds] —EP[XE]]EP[/O X; ds]

Then,
F(t,X +&1,1))
- Eﬂ”[[i, +&] /I X, ds] — EP[[X, + g]Z]EE”[/t X, ds}
0
~ g z ~
— Fa. X)+E]P[§/ Xsds} EP[2£ X, + € ]EE”U X, ds}
0
This implies
- [ 50
DF(t,X)_/O X,ds —2X/E foXsds ,
and thus

t Tt
8./t 1. ®) =/ B, ds —mEMU X, ds}.
0 0
Finally, by (2.18) it is clear that 9,0, f (¢, T, ®) = —ZIEﬁ[fot X,ds]. O

DEFINITION 2.5. Let C1.1(©) be the set of continuous mappings f : 0 — R such that
there exist continuous functions o; f : 0 >R, ouf: OxQ—> R and 9 Oy f OxQ—
Rd xd

Moreover, let C ; L 1(@) cchil (@) denote the subset such that 9; f is bounded, and 9,, f,
00y, f have linear growth in @: for all (¢, X, ®) € O xQ,

REMARK 2.6. Our master equation (3.1) below will involve the derivatives o, f, 9, f,
00y, f, but not 9,9, f which can be defined in a natural way. The existence of 9,0, f is of
course a stronger requirement than that of 9, f, but roughly speaking it is weaker than the
existence of 9,0, f. In the literature people call master equations involving 9,0, f second
order, so our master equation is somewhat between first order and second order.

2.4. The functional It6 formula. For any L > 0, denote by Py be the subset of U E P,
such that p is a semimartingale measure with both the drift and diffusion characteris-
tics bounded by L. To be precise, u = Po X!, where (Q,F, IP) is a filtered probabil-
ity space, X; = Xo + J§ bsds + [} 65dBs, Xo € L2(Fo, P;RY), b: [0, T] x & — R and
6 :10,T] x  — RI*d are F- progressively measurable with |b|, §|cr|2 <L,and Bis ad-

dimensional (F, P)-Brownian motion. Note that, in particular, X is continuous in ¢, JL-a.s.,
namely supp(u) C 2 C 2. So p can actually be viewed as a measure on €2 and thus we use
the notation u instead of iz here.
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THEOREM 2.7. Let f € C;’l’l(@) and (. € 73L for some L > 0. Then

t
f(r,m=f(o,u>+f 8, f (s, ) ds
(2.20) 0

t N R 1t R R

PROOF. For notational simplicity, assume d =1 and 7 = T. The general case can be
proved without any additional difficulty. Fix u € Py and let (€, P, X) be the desired setting
so that . = Po X! Fixn >landletmr :0=19 <t; <---<t, =T be a uniform partition
of [0, T']. Recall (2.4) and denote

n—1
- - ~ -1
=D Xilia + Xrliry, @' =Po(X") 7
i=0
Xm0 =X 40X, 1 n0=Po (X", 6el0,1
= XA 0K o A T wo = 0( ) ) €[0,1].

Note that X}, = X7, + X, 1, 11,,.71- Then

F(T, ") = f(0, 1)

n

[f(ti"l‘l’ /"L,[Il(),tpﬁl]) - f(ti’ /"L,[,l(),ti])]

Il
- O

N

[[f(fi+l’ﬂ?o ) — f s 1o,4)]

0
[ (ti+1, M[Oz,m) S (tiv1s 1470471

n-le ety
= Z[/t 3zf(t, M?o,ti])df
.:0 l
2.21) l
/ P aﬂf(tl+1 I’Ln o X” G)th tl+l]d0]

n-1 14 1
+Z/ (9, f tt+lvﬂn’9vXZA-)XHJ;‘H]‘Z@

S IS o ) )
+ Z‘/(‘) /(; EP[awaﬂf(ti_i_l, I‘anes )(l’l,@@)el)(z""ti7L1 |2] d@ d@
i=0

=1+ +1
where I}',i =1, 2, 3, are defined in an obvious way.
We now send n — 00. Since X is continuous, I~P’—a.s., then, forany r € [0, T] and 6 € [0, 1],

(2.22) dsk (X", X) + dsg (X! .. Xen.) +dsk (X120 0 Xin) = 0, Paas,

where we always choose i such that #; <¢ < ;4. Since ||)~(”|| < ||)~(||, ||)~(”’9 | < ||)~(||, by the
dominated convergence theorem we have

N
Wa(i0,4,7> #10.01) + Walltio 7 10.1) = O
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Then, by the desired regularity of f, together with the boundedness of 9; f, (2.19), and the
fact that the b and & associated with X are bounded, we can easily have

Jim [£(T, ") = £(0.1")] = F(T. 1) = £(O, ),

T
lim I{ = / o f(t, n)dt;

n—oo

n—oo

2
-

. s . 1 ~
lim EPH/O /0 3wy f (tir1, ™0, X990 d6 do — 5 0y f 1, 11, X)

n—oo

im B[ [ 0 1o 30 = 370, 50

1.

Plug all these into (2.21), and recall that PoX 1= W, we can easily obtain (2.20). [

We remark that it is possible to relax the technical conditions required for the functional
Itd6 formula (2.20), in particular we can allow & € P, to be semimartingale measures with
supp(ft) not within 2. We also remark that, since (X ) is symmetric, in the last term of (2.20)
we may replace 9,0, f (s, i, X.) with

~ 1 ~ ~
(2.23) O "0 f (s, b, X) 1= 5[8wauf(s, 1 X) + [0 f (s, 1. )] ).
2.5. The restriction on the space of continuous paths.

DEFINITION 2.8.

1) Let C11.1(©®) denote the set of f : ® — R such that there exists fe Clvl’l(@) satis-
fying f = f on ®, and define, for all (¢, u, w) € ® x Q,

FfU, W =3 ft, 0, duflt o) =08, f(t, 1, ),
(2.24) 0 f (1, 1y ) 1= 80, [ (1, 1, @),
O™, f(t, ju, @) :=0™d,, f(1, w, w).

Moreover, we say f € C; L 1(@) if the extension f € C; L 1(@).
(i) Let Py denote the subset of i € P> such that p is a semimartingale measure with both
the drift and diffusion characteristics bounded by L

The following result is a direct consequence of Theorem 2.7.

THEOREM 2.9. Let f € "' (©).

(1) The derivatives 0, f, 9, f, asymau f do not depend on the choices of f
(i) Forany L > 0 and u € Pr, we have

t
Fe.w) = FO0. ) + / 8, f (5. 1) ds
(2.25) 0

t 1 P
+EM[/O A f (s, s X)'dXs+§f() aZYmaﬂf(s,M,X);d(X>s]

PROOF. (ii) follows directly from Theore@ 2.7 and (2.24). To see (i), the uniqueness of
o f is obvious. Now fix (¢, u) € ® and let f be an arbitrary extension. For any bounded
F,-measurable R9-valued random variable b,, let L € P, be such that it = u on F; and
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Xy — Xy =bls —t],t <s <T, ji-a.s. Following the same arguments as in Theorem 2.7, for
any 6 > 0 we have
1436

148 R
fats = fw= [ afeids+ B [ 87X bids|

Divide both sides by § and send § —>A0, we obtain the uniqueness of E“[auf(t, w, X) - byl.
Since b, is arbitrary, we see that 9, f (¢, i, X) is unique, p-a.s. Similarly, for any bounded
F;-measurable R?*4_yalued random variable o;, let i € P; be such that i = u on F;
and X is a fi-martingale on [z, T] with diffusion coefficient o;. Then similarly we can
show that E“[aj)ymaﬂf(t, w, X): U,JTT] is unique, which implies the p-a.s. uniqueness of

o, f(t, w, X). O

We remark that, under some stronger technical conditions, as in Cont and Fournie [14] one
can show that 9,9, f also does not depend on the choices of f. However, the analysis below
will depend only on a;ymau f, so we do not pursue such generality here.

REMARK 2.10. Let V e cHL1(@). If Vs, w) =V (¢, u;) is state dependent, it is clear
that 9,V (¢, u, w) =9,V (t, u, @) also depends only on the current state ;. Then naturally
we may consider d,d, V instead of 9,0, V. Throughout the paper we shall take this conven-
tion in the state dependent case.

3. Parabolic master equations and some applications. In this paper we are interested
in the following so called master equation:

LV(@t,u)=0, (t,n) € ® where
]LV(t, I’L) = 81‘V(t7 l’l/) + G(t’ w, V(t’ :u“)’ 8/,LV(t9 M, ')5 8wa}LV(ts ", ))5

G(t,u,y,Z,T) € R is defined in the domain where (t,u,y) € ® x R, and (Z,T) €
CYQ: RY) x CO(Q2; R4*4) are F;-measurable. We remark that G depends on the whole
random variables Z and I', rather than their values. Such dependence is typically through E#
in the form:

(3.1)

G=G(t,n, y, E*[Ga(t,n, X, y, Z,T)])

for some deterministic functions G| : @ x RxRF > Rand G, : © x @ x R x RY x R4*d
R¥ for some dimension k.

ASSUMPTION 3.1.

(i) G is continuous in (¢, u) and uniformly Lipschitz continuous in y with a Lipschitz
constant L.

(i) G is uniformly Lipschitz continuous in (Z, ") with a Lipschitz constant Lg in the
following sense: for any (¢, u, y) and any JF;-measurable random variables Z1, 'y, Z», ',
there exist J;-measurable random variables b;, o; such that |b;|, %|a, |2 < Lo, and

G(ta/’b’ y’ Zla Fl) - G(t’/’l’v vaZ’ FZ)

(3.2) 1+
= E“[bz 121 = 2o+ o010, 2T = Fz]]

We remark that, while (3.2) may look a little less natural, one can easily verify it for all the
examples in this paper. Moreover, when u is degenerate and thus Z, I' becomes deterministic
numbers rather than random variables, (3.2) is equivalent to the standard Lipschitz continuity.
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REMARK 3.2. By (3.2),itis clear that G depends on I" only through Y™ := %[F +I'],
and G is increasing in I"*¥™. So (3.1) depends on 9,9,V only through 8as)ym8MV, which is
unique (or, say, well defined) by Theorem 2.9(i).

DEFINITION 3.3. Let V e CLL1(©®). We say V is a classical solution (resp. classical
subsolution, classical supersolution) of the master equation (3.1) if

Lv(t,n)= (resp. >,<)0 forall (r,n) € ©.

In the rest of this section we show several examples, which can be viewed as some typical
applications of our parabolic master equations. We remark that the smooth differentiability of
the involved value functions are often very challenging (and in general may not be true), and
thus the main focus of this paper is the viscosity solution. However, for illustration purpose,
in this section we shall assume the value functions are smooth and verify they are classical
solutions of the corresponding master equations. We shall also show in some special cases
that the value functions under consideration are indeed smooth.

3.1. Stochastic optimization with deterministic controls. While the value function of a
control problem will automatically be path dependent if the coefficients are path dependent,
in this subsection we present a state dependent example which endogenously induces a path
dependent master equation. Consider a standard control problem:

Vo=supYj where
acA

t t
(3.3) X?=x0+/(; b(s, X?‘,as)ds—i-‘/o o(s, XY, a5)dB;,

T T
Yta:g(x%)Jr/t f(s,Xg",Yf‘,Z;",as)ds—/t 7% dB,.

Here B is a Pp-Brownian motion, the control « takes values in an appropriate set A, and
the coefficients b, o, f, g satisfy standard technical conditions which we shall not specify.
When A is the set of FB or FX“-progressively measurable processes, it is a classical result
that Vo = u(0, xo), where u is the solution to an HJB equation, and the optimal control «*, if
it exists, typically is feedback type: o) = I (¢, X;) for some deterministic function /.

In practice, quite often one needs some time to analyze the information (including the
time for numerical computation), and in operations management, one needs to place orders
some time before the parts are actually used. Mathematically, this amounts to requiring o; to
be F;_s-measurable, for some information delay parameter §. For simplicity let us assume
T <6, then o becomes deterministic. In the rest of this subsection, we shall consider the
problem (3.3) where

3.4) the admissible controls @ € A are deterministic.

This seemingly simple problem is actually more involved, and to our best knowledge is not
covered by the existing methods in the literature. The main difficulty is the time inconsistency.
Indeed, if one naively defines u (¢, x) as the value of the optimization problem on [¢, T'] with
initial condition X; = x, then u does not satisfy the dynamic programming principle and
consequently it does not satisfy any PDE.

In Saporito and Zhang [39] we investigated this problem in the case f = f (¢, X7, o). It
turns out that in this case the optimal o* takes the form: o = I (¢, £ x*), which is determin-
istic. To be precise, for any (7, 1) € ® and a € A (deterministic), let P"*% be the unique
solution satisfying ]P’[(’)’f[’]a = 1[0 and, for some P'-#-*-Brownian motion B%,

65 Xe=Xi+ [ bo.Xpapdr+ [ 0. X, a)dBy, selT]
t t
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PH#*%_a 5. Define

TR T
(3.6) Vo = s gt + [ G5 X ds |
aceA t

Then by [39] we have the following result.

PROPOSITION 3.4. Assume f = f(t,x,a), b, o0, [, g satisfy standard technical condi-
tions, and define V by (3.6) under (3.4). Then:

1) V(t, nu)=VI(t, ;) is state dependent and the dynamic programming principle holds:
forany t| < t2,

15 L
(3.7 Vo) = sup Vi B )+ [T B 16X w0)ds |
acA I
(ii) Assume V € C11-1(®) (more precisely CL11([0, T1 x P2(RY)) here, and also re-
calling Remark 2.10), then V is the classical solution to the following master equation:

0V (t, 1) + Sup B [Ga (1, ju, X1, 0,V (2, Xo), 00,V (2, 1, Xo), @) ] =0,

acA
V(T, u) =E"[g(X1)]
3.8)

1
where Go(t, u, x,2,y,a) := Ey : oaT(t,x, a)

+z-b(t,x,a)+ f(t,x,a).

(iii) Assume further that the Hamiltonian in (3.8) has an optimal argument a™ = 1 (¢, j1;),
and the following McKean—Viasov SDE has a solution:

t t
3.9 X;k = X0 +/ b(s, X;k, I(s, »CXé‘)) ds + / O’(S, X;k, I(s, ,szk)) d B,
0 ’ 0 '
Po-a.s. Then of :=1(t, Ext*) is an optimal control to the problem (3.3).

We remark that the expectation involved in (3.8) is a function of (¢, u¢, a), so the optimal
control a™* takes the form 7 (¢, ;) in (iii).

While induced endogenously, the master equation (3.8) is still state dependent. We now
consider (3.3) with nonlinear f, again with deterministic «. The general case is quite in-
volved, and we consider only a special case here: f = f(¢, X;, ¥;). Given (¢, u) € ® and
a € A, let P“#“ be defined by (3.5), and consider the following BSDE:

T
(3.10) YiRe = g(X7) + / FOr X YRR dr + Mp* — My,
N

s € [0,T], P-*“%-as. Here the component M of the solution pair (Y, M) is a P"*%-
martingale. If we set V (¢, 1) := sup,c 4 E*[Y; %] as in (3.6), then V will still be state
dependent, but in general the DPP in the spirit of (3.7) does not hold, because of the non-
linearity of f. To keep the time consistency, in this case we shall define the value function
as:

(3.11) V(t, ) := sup EF[Yy "],
aeA

Note that V (¢, u) is path dependent, in particular, V (T, u) = YOT”“L , where YT* is the solu-
tion to BSDE (3.10) under u. Then we can extend Proposition 3.4 to this case.
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THEOREM 3.5. Assume f = f(t,x,y), b, o, f, g satisfy standard technical conditions,
and define V by (3.11) under (3.4). Then:

(1) The following dynamic programming principle holds:

(3.12) V(t1, n) = sup V(tz,IPtl’M’a), 1 <.
acA

(i) Assume V € CL11(®), then V satisfies the path dependent master equation:
8;V(t, ,bL) + SUPEM[GZ(I, M, Xt’ a,LLV(t’ M, X)’ awaﬂv(t’ M, X)’ a)] = 0’

acA

(3.13) V(T, ) =Y, "

1
where Go(t, 0, x,2,Y,a) = 5)/ :craT(t,x, a)+z-b(t,x,a).

(iii) Assume further that the Hamiltonian in (3.13) has an optimal argument a™ =
I(t, jo,1), and the following McKean—Vlasov SDE has a solution:

t
X7 =x0+/ b(s, X7, I(s, Lxx ))ds
(3.14) ZO
+/ o(s,X;‘,I(s,EXjA‘))dBS, Po-a.s.
0

Then of :=I(t, Lxx ) is an optimal control to the problem (3.3).

PROOF. (i) We emphasize that, since the P'I-*¢ inside V (12, -) is deterministic, the DPP
(3.12) does not require any regularity or even measurability of V. Indeed, denote the right
side of (3.12) as V (¢, u). For any o € A, by the flow property of SDEs and BSDEs we have

1] 10,0 I, 1, o, P10,
Pl = P PTe and thus Yy' = Yy g

Note that P"-#% = 1 on Fy. This implies that
EX[Yg o] = EF Ty P ) < v (g, PO,

Then by (3.11) we see that V (11, &) < V(¢1, ). To see the opposite inequality, for any o € A
and any ¢ > 0, there exists a® € A such that

V (o, Pe) < BALYE T e

Denote &¢ := as1[0,4,)(s) + ot 1}, 71(s). Then clearly &° € A, ]PR)”’;;’]&S = IP’&)”Z’]“, and

B[y 2 E O S me P S By ] < v, ).

This implies that V (tp, P'"#%) < V (11, ) + ¢. Then it follows from the arbitrariness of o
and & that V (11, w) < V(t1, ).
(ii) By applying the functional It6 formula (2.20) on the right-hand side of (3.12) we obtain
the master equation (3.13) immediately. The terminal condition follows from the definitions.
(iii) Denote pu* := Ly+ and o := I(t, M>[k0,t])' Apply the functional It6 formula (2.20) on
V(t, u*) we obtain, for the G, defined in (3.13),

d
—V(t, n*
o (t, 1)

=0,V (t, W) +EF [Galt, u*, X1, 0,V (£, 1", X), 3,0, V (£, 1", X), )]
=8,V (1, ") + sup B¥ [Ga(t, ¥, X1, 0,V (t, 0¥, X), 8,0,V (¢, 11", X), a)],

acA
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where the last equality thanks to the fact that o™ is an optimal argument of the Hamiltonian.
By the master equation (3.13) we obtain % V(t, w*) = 0. Thus, noting that pu* = P%301@"

0,8 1,0
Vo= V(0,8 = V(T, u*) =1, "

That is, &™* is an optimal control. [

3.2. Mean field control problems. The mean field control problem is one major applica-
tion of the master equations, and will be studied in more detail in Section 5 below. Consider
a system of N controlled interacting particle system: i =1, ..., N,

. [ [ i
X1 =x; +_/0 b(s, X&'l g (X*7)) ds
t . [ |
(3.15) +/0 s, XO' Y, ag(X47)) d B
vo_ ¢
where u; = N ;S{X?’i}‘
l:

Here B' are independent Brownian motions, the control « is a closed loop control and is
chosen by a central planner (and thus the same o for all i), and the interaction is through the
empirical measure 1. Assume /’LO : N Zl 10{x;} — Mo, while highly nontrivial, under
appropriate conditions one can show that; see, for example, Lacker [25] (for relaxed controls),
the above system converges to the following controlled McKean—Vlasov SDE with initial
distribution Ly, = to:

t
xy==x0+:/ b(s, X%, Lye. og(X*))ds
(3.16) , 0
+f o(s, Xy, Ly, a5(X*))dBs, Po-as.
0

In many applications, the dynamics could be path dependent (e.g., SDEs with delays), so be-
low we extend (3.16) to the path dependent equation. Moreover, we shall consider a dynamic
setting. To be precise, fix ¢ and a process & on [0, 7], for a control o, let X¢ := & for s € [0, 7]
and consider the following equation on [¢, T'] under Py:

X0 =t [ bl X0 L (X7, ) dr
(3.17)

+ [ ol Xgh Lxg, 0 (X2,)) 4B,

Since we will only care about the law of X%, it is more convenient to use the weak formulation
in the canonical setting. That is, instead of fix Py and consider the controlled process X%, we
fix the canonical process X and consider the controlled probability P*. Now given (¢, ) € ©
and a control «, let P"*% ¢ P, be such that IP’E(’)”‘,’]O‘ = upo.] and, for s € [¢, T] and for some
IP"-#-*_Brownian motion BY, the following holds:

S
Xo= Xt [ bl Xon P (X,n0) dr
(3.18) o
+ / o (r, Xen Pl 0 (X, 0))dBY,  PHH%as.
t
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Note that « becomes a standard F-progressively measurable process now. Our admissible
controls are: for some appropriate set A and for any ¢,
Ay i={a:[to, T1 x 2 — A:forany ¢ € [fp, T] and
(3.19) any [Pp-square integrable process &,
SDE (3.17) has a unique weak solution}.

Then (3.18) has a unique solution P"-*¢ for any o € A;.
We are now ready to define our value function:

V(t,u):= sup J(t, u,a) where
OlE.A{
(3.20)

. T
J(@, p,a) = EE" [g(X, PHe) +/ f(s, X,P””’“,as)ds].
t

Similar to Theorem 3.5, we have the following result.

THEOREM 3.6. Assume b, o, f, g satisfy standard technical conditions, in particular
they are F-adapted both in X and in u, and define V by (3.18)—(3.20). Then:

(1) The following dynamic programming principle holds: for any t| < t;,

) TR
(3.21) V(t1, 1) = sup [V(tz,Ptl’“’“)—i-/ EF" [f(s,X,IP’“’“’“,as)]dS]
n

(ME.A{I
(i) Assume V € CLL1(®), then V satisfies the path dependent master equation:

0,V (t, 1) + B [sup Galt, 11, X, 0,V (1, 11, X), 80,V (2, 1, X), @) | =0,

acA

V(T,n)=E"*[g(X, )] where
(3.22)

1
Gy(t, n,w,z,y,a) = Ey :aoT(t, w, ,a)

+Z'b(t,(l),ll/,a)‘i‘f(t,a),,u/,a).

(iii) Assume further that the Hamiltonian in (3.22) has an optimal argument a* =
1(t, w, 1), and the following McKean—Viasov SDE has a solution:

t
Xf:xo—l—/ b(s, X*, Lx=,1(s, X", Lx*))ds
(3.23) o
+/ U(S,X*,ﬁx*,I(S,X*,ﬁx*))st, ]P’o—a.s.
0

Denote af := I1(t, X*, Lx+). If o«* € Ao, then it is an optimal control to the problem
V (0, 8xg)) in (3.20).

We remark that, since the control « is deterministic in Theorem 3.5, in (3.13) the sup, 4
is outside of the expectation [E# and thus the optimal control depends only on w, but not
on X. Here, in (3.22) the sup,. 4 is inside of the expectation £ and thus the optimal control
depends on X as well.

PROOF OF THEOREM 3.6. The proof of (ii) and (iii) are almost the same as that of
Theorem 3.5, we thus omit it. The proof of (i) is also similar, but since the involvement of
A; is quite subtle, as we will discuss in more detail in Section 5, we provide a detailed proof
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again. We emphasize that, even though « is random here, the P''*+% inside V (1, -) is still
deterministic and the DPP (3.21) does not require the measurability of V.
The proof relies on the following two compatibility properties of A;: for any ¢ < t,:

for any o € A;,, we have o, 71 € Ay,
(3.24) | 5 | 5
forany o' € A;,a” € Ay, wehave o :=a 1y, 1) + "1y, 77 € Ay

Now denote the right-hand side of (3.21) as V(zl, w). On one hand, for any o € A;,, de-
note & := oy, 7] and fi :=P"-*% Note that & € A;,, thanks to the first line of (3.24). Then
Pi#0 = Pl % and thus

- %)
J(rl,u,a>=J(rz,ﬂ,&)+E“[ f(s,X,ﬁ,aads}

n
- 5] ~
< V(. ) +E“[ [ re.x. ﬂ,as)ds] <V(n. ).
3]

This implies that V (¢, u) < V(tl, w). One the other hand, for any @ € A;, and any ¢ > 0,
there exists @ € A;, such that: again denoting fi := P'-A¢,

Vity, it) < J(t2, 1, @) + €.
Now denote & := aly, 1,) + a1, 7] € Ay, , thanks to the second line of (3.24). Then P" el —
P24 and thus

V(tz,/l)HEf‘[ " fe, X,;z,aads]

1

- n
< J(0, 1o @) +E“U 5. X, /:L,as)ds} te
t

=J(t, 1, @) +e<V(t,pn+e.
This implies V (¢, ) < V (11, w). O

For illustration purposes, in the rest of this subsection we show that V is indeed smooth
when there is no control, and hence the master equation is linear. For simplicity we assume
d=1,b=0,0 =1, and f, g do not depend on u and thus the path dependence is only
through X. For this purpose, let (¢, #) € ©, denote by IP’E)’“ € P, be such that ]P’f)’“ = 1 on
Fi andA X;.isa ]P)B’“ -Brownian motion on [z, T'] independent of F;. For g : Q- R, define
D;g: Q— Rby

8@+ el 1) — g(@)

(3.25) D;g(@) := lim
e—0 &

and define D,2 g : © — R similarly. We note that D, g is essentially the Malliavin derivative,
and in particular D;g = 0 if g is F;-measurable for some s < .

EXAMPLE 3.7. Letge C)(Q;R)and f € C)([0, T] x 2; R). Assume D, g, D?g, D, f,
Df f exist and are bounded, and D, g (@), thg(&)) are jointly continuous in (¢, @) under the
distance d((t, @), (t', @) := |t —t'| +||&—&'|, D; f (s, ®), D? f (s, ®) are jointly continuous
in (¢, s, @) under the distance d((t,s,®), (t',s', @) ==t —t'| + |s — §'| + |@sp. — @, , .
Define

(3.26) Vi, p) = E%" [g(X) +/T £(s, X) ds].
t
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Then V e C ;’1’1((9) and satisfies the following linear master equation:
1
8[V(t, /'l') + EH[_awa,uV(t’ M! X) + f(t7 X):| - 07

(3.27) 2
V(T, n) =EF[g(X)].

PROOF. The proof follows similar arguments as in Peng and Wang [33], which deals with
semilinear path dependent PDEs, so we shall only sketch it. We remark that the continuity of
f implies its F-adaptedness.

First it is clear that we can extend (3.26) to all (¢, &) € @ in an obvious way. Denote
(@ ®; w)s := ws1j0,1(s) + [® + w5 — w11, 71(s) for all @ € 2 and w € Q. Then

Ve, 1) =E*[u(r, X)]

T
where u(, @) := EF0 [g(&? Rt X) +f f(s, 0 X) ds].
t

By straightforward computation, we have

T
BV (1, 71, ®) = dou(t, D) = EPO[Dtg(a @ X)+ [ Dy f(s,5@: X) ds},
t

where 9d,u is Dupire’s path derivative as in (2.18). We note that in this particular case 9,V
actually does not depend on w. Then

T
300, V (1, 1, B) = 0y (t, ®) = EPO[D,Zg(a R X) + / D?f(s,0®; X) ds]
t

By our conditions, it is quite obvious that V, 4,V 9,0,V are continuous.
On the other hand, note that

V(I +8. B — V. B =EF[ul +8, Xi0) —u(t, X)].
Fixtandtr+d,lett =1ty <--- <t, =t + 4. Recall (2.4) and denote, for 0 <m <n,

m
XM= @in ) Xyl 11 + Xoy Ap, 71

i=1

Note that
n—1

OR X = nli)nolo|:6/\0m‘ + Zl Xe Vti0) + Xt,-l[tn,T]:| =nli)ngo D Gl
1=
Wi Qri5 X =in. + Xpy, Ay, 71 = xm0.
Then, denoting xnmo . xnm O Xt tmst tns1,T)>

E[g(@ ®; X) — g@n @115 X)]

= Jim EPg(x"") — (X)) = fim_ 3" EF[g(x") — g(x"")]

n— 00
m=1

n
= > EX[g(X™" " + X1,y i dis 1) — (X))

m=1

g(XI’l,m—l)thm_l’tm

n
. _ 1
= lim 37 B [Dtmg(xn’m DX + EDl%n

m=1

1
+ 51028001 = D2 (X" X2, |
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for some random variable 6,, taking values in [0, 1]. Note that, under PY, X tm_1.1, and X n,m—1
are independent. Then

E*[D,, g(X"" ") X, 1.0] =0,
EP"[thmg(X"’m_l)thmfl’,m] = EP‘)[thnlg(X”’m_l)][tm —t1]

and

EPO[[D2, g (X"~ ) — D2, (X" )] 2

tm— 1tm]{

l—

< C(E™[ sup D} g(x"" 1) = D} g(x" )P |EF[1X,, 4, 1)
0<6<1

1
< C(EP[ sup |D g(x" =10y = D o(x™ ™) ]) = 1.
0<6< "

Then, by the assumed regularity and the dominated convergence theorem, we can easily show
that

EFo [g(?o ®: X) — g(@1n. ®yr15 X)]

~ lim ZEPO D7 (X" )]ltm — tm1]

2 n—>oo

—2 / EF[D}g(@in. + Xt Air.5) + Xi s Lis.1) + Xoss, djts.7))] ds
t
This implies
.1 Por . (~ ~ 1 Porn2 ./~
Sh_f)r(l)gE [8(® ®; X) — g(@in @145 X)]ZEE [D;g(@®; X)].

Similar results hold for f. Then

M(f + 8, C/L;./\t) - M(t, 6/5)
)

u(t,w) = (}1_1)1})

— _EPOI:l

1 T
D3 @®, X)+ 5/ D2f(s, 5@ X)ds + f (1,5 @, X>].
t

Since 0,V (¢, i) = Eﬁ[atu(t, X )], then one can easily verify the result. [l

3.3. Stochastic control under probability distortion. In this subsection we study another
application of the parabolic master equation. Probability distortion is an important tool in
behavioral finance, in particular the prospect theory; see the survey paper Zhou [45] and the
references therein. We say a function « : [0, 1] — [0, 1] is a probability distortion function if
Kk is continuous, strictly increasing, and « (0) =0, «(1) = 1. Given a random variable £ > 0,
introduce a nonlinear expectation:

(3.28) E&] ::/O k(P& = x))dx

The following properties are straightforward:

o Ifk(p) = p, then E[£] = E[£].
e In general, £ is nonlinear: E[&] + &] # E[&1] + E[&].
o & islaw invariant: if Lg, = Lg,, then £[&1] = £[&].
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In prospect theory, typically « is in reverse S-shape, namely concave around 0 and convex
around 1. Indeed, assume « is smooth and & has density f(x), then it follows from the
integration by parts formula that

fte)= [ KB =) foxdx.

Note that «’(p) is large for p around 0 and 1, so at above integration the probability density

f (x) is amplified by «” when x is around 0 and oo, which is referred as probability distortion.
Mathematically, the main challenge in this framework is the time inconsistency in the

following sense. Assume X is a Markovian process, g is a positive function, and denote

o0
(3.29) u(t,x) :=E[g(X7")] = /0 k(P(g(X7) > y|X; =x))dy.
Then the flow property (hence the DPP when controls are involved) fails:

E[g(X7)] # Eut, X))].

In particular, the above function u does not satisfy any PDE.

One remedy for the above time inconsistency is to consider Ly, , instead of X/, as the state
variable. Then the expected PDE becomes a master equation. To be precise, assume d = 1
and recall the Pj" in Example 3.7 and recall Remark 2.10.

EXAMPLE 3.8. Assume the distortion function « € C!([0, 1]) and g€ CS(R; R.). De-
fine

(3.30) V= [k XD )y, (wco.

Then V is state dependent: V (¢, u) = V (¢, us), and V € cLL1([0, T] x P2 (R)) satisfies the
following master equation:

1
a[V(I, M) + EE“[BXBMV(L M, X[))] = 0,
(3.31) -
V(T, “):/o k(u(g(X7) =y))dy.

PROOF. Itis clear that

V(t,u):/o k(EH[I(t, X, v)])dy

(a—2)?2

where I (¢, x, y) ::/ 2T 7.

1
—————¢€
g (ly,00) /27 (T — 1)

One can easily check that
o0
BV (. 1) = /O B X D)EA[0, 1, Xy, )] dy:
o /
a,,,V(z,u,x)=/0 (BRI X, 1)])0cT (1, x, y) dy:

o
axa,bLV(tv I’Lax) :‘/(\) K/(]EM[I(I’XZ’ y)])axxl(tax» )’)dY-

It is clear that 9,1 (¢, x, y) + %8”1 (¢, x,y) =0. This implies (3.31) straightforwardly. [l
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REMARK 3.9.

(i) While £ is a nonlinear function, the master equation (3.31) is actually linear. The
nonlinearity is only in the terminal condition: the mapping u +— V (T, ) is nonlinear in the
sense that V(T, Lg, 15,) # V(T, Lg,) + V(T, Lg,).

(i) In Ma, Wong and Zhang [31], we introduced a dynamic distortion function « (¢, x, p)
to recover the flow property for the corresponding u in (3.29) in some special cases. In Exam-
ple 3.8, we instead raise the “dimension” of the state space from R to 7, (IR) so as to recover
the flow property. We remark that this approach works for many time inconsistent problems,
including those in Section 3.1. However, in practice it may not be reasonable to use V (¢, u)
as one’s utility at time ¢, because by that time one observes a path of X; ., then it is not rea-
sonable to consider the whole distribution of X;.. which involves other paths. Nevertheless,
when one observes the value Xg = xg at time ¢ = 0, the master equation (3.31) provides a
nice characterization for the value V (0, 8y,)).

We next extend the above discussion to control problems under probability distortion,
which to our best knowledge is new in the literature. Recall the 4 in (3.19), and similarly as
(3.18) we determine P"-*-* by the following controlled SDE on [z, T]:

N N
(3.32) X, =X, +/ b(r, X, o, (X))dr +/ o(r,X,a,(X))dBY, P-*%as.,
t t
where b, o, a are all F-adapted. Our value function is: given g : 2 — [0, 00),
o0
(3.33) V(t,w)i=sup [ k(P (g(X)=y))dy, (1,10)€0.

aeAY0

Note that g(u) := fooo k(u(g(X.) > y))dy is actually a deterministic function of i. Then by
considering f = 0 and terminal condition g in Theorem 3.6, we obtain the following.

COROLLARY 3.10. Assume b, o, g satisfy standard technical conditions, k is a proba-
bility distortion function, and define V by (3.32) and (3.33). Then:

(1) The following dynamic programming principle holds:

(3.34) V(t1, ) = sup V(lz, }P’t"“’a), <.
acA

(ii) Assume V € CH11(®), then V satisfies the path dependent master equation:

BV (t, 1)+ E“[sup Ga(t. X, 8,V (t, . X), 9,0, V (£, . X), a)] —0,

acA

(335) V= [~ w0z y)dy

1
where Gy(t,w, z,y,a) := Eyaz(t, w,a)+zb(t,w,a).

(iii) Assume further that the Hamiltonian in (3.35) has an optimal argument a* =
1(t, w, w), where I is uniformly Lipschitz continuous in w, and the following McKean—Vlasov
SDE has a solution:

t
X;“:xo—i-/ b(s, X*, 1(s, X", Lx*))ds
(3.36) ZO
+/ o (s, X*, 1(s, X*, L)) d By
0

Then of :=1(t, X*, Lx~) is an optimal control to the problem V (0, §(x,)) in (3.33).
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4. Viscosity solution of master equations. We emphasize again that the smoothness of
V required in Theorem 3.6 is very difficult to verify. In this section we propose a notion of
viscosity solution for master equation (3.1), which requires less regularity, and establish its
basic properties.

4.1. Definition of viscosity solutions. For (¢, 1) € ® and constant L > 0, let P (¢, n) de-
note the set of I’ € P such that Pjo ;) = uo,r) and Xy, 77 is a P-semimartingale with drift and
diffusion characteristics bounded by L, in the spirit of the Py, introduced in the beginning of
Section 2.4. Note that we do not require X to be a w-semimartingale on [0, ¢]. The following
simple estimates will be used frequently in the paper: for any (¢, u) € ®, 6 € [0, T —t], and
L>0,p>1,

@.1) sup EF[ sup |X, 7] =C, 185,
PePy (t,10) 1<s<t+§
The following compactness result is the key for our viscosity theory.

LEMMA 4.1. Forany (t, ) € ® and L > 0, the set [t, T] x Pr(t, u) is compact under
Wh.

PROOF. We first show that Py (¢, i) is compact. Let {P"},>1 C Pr (¢, ). By Zheng [44],
Theorem 3, Pr (¢, n) is weakly compact, then there exist a convergent subsequence, and
without loss of generality we assume P" — P € P (¢, u) weakly. Note that

IXI < 1Xonll+ sup 1Xesl <2[[1Xen ]V [ sup 1X,41]]:
t<s<T t<s<T
Since P" = u on F;, || Xsa.|| has the same distribution under P” and p. Moreover, since
P, € Pr(t, n), for any R > 0 and any n, by (4.1) (with 6 =T — t) we have

EX[I1X 121 gx )= 8)]

< 4B [IXin Py, oy + sup X1,

R
su Xt s>~ ]
t<s<T Pr<s<7 | X1,51=7}

=B [IX0n Py, gy ]+ 4E5 | sup (X

R
Sup; ¢ Xi s>~ :I
t<s<T pTSASTl r,s|72}

8
M 2 O P, 3
<4EMTIXIP L0 8] + 2B [I;3£T|Xt,s| ]
CL
R
Thus, by the dominated convergence theorem under j,
. P, 2 : u 2 —
lim supE™[IX I Lyxjzr] <4 lim EXLIXI7Y ). 8] =0.

R—00,>1

< AEM[IX 1Py )] +

Then it follows from Carmona and Delarue ([11], Theorem 5.5) that
lim W, (P",P) =0.
n—oo

Next, let (#,,P,) € [t, T] x Pr(t, n). By the compactness of [¢, T'] and P (¢, u), we may
assume without loss of generality that 7, — ¢* and P, — P. Then

Wa((tn, P, (1%, P)) < Wa((tn, Bu), (£, Py)) + Wa((t*, Py), (%, P))
< (|t = | + BB Xy = Xpon I2])? + Wa(Py, P)

1
<Clty —t*|2 + Wo(P,,P) > 0 asn— oo.
This implies that [¢, T] x Pr (¢, i) is also compact. [
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For the viscosity theory, another crucial thing is the functional It6 formula (2.25). For this
purpose, we shall weaken the regularity requirement for the test functions, which will make
the theory more convenient.

DEFINITION 4.2. Let0 <t <t <T and P C P, such that X is a semimartingale on
[t1, 2] undereachP € P. Wesay V € clll ([, r]xP)if V e CO([tl, 2] x P) and there ex-
isto;V € CO([tl, Bl xP), 0.V, 0,0,V € CO([tl, 2] x P x 2) with appropriate dimensions,
such that the functional 1t6 formula (2.25) holds true on [#1, ;] under every P € P.

Moreover, let Cg’l’l([tl, 1>] x P) denote the subset of Cl’l’l([tl, ] x P) such that 9,V is
bounded and, for some constant C > 0,

[0, V(t, 1n, )|+ 0,0,V (¢, u, w)| <C[1+ |@|] forP-ae.wandall PeP.

REMARK 4.3.

(i) By Theorem 2.9, C,' "' (®) € CV1U([1y, 12] x Pr(t1, ) for all (11, 1), L, and p €
P>, and the derivatives 9;V, 9, V, 82’,ym8MV are consistent.

(i) For V e CcVVI([t, 1] x Pr(t1, 1)), following the same arguments as in Theo-
rem 2.9(1), o,V, 9, V, af;ymaﬂv are unique. Since by Remark 3.2, G depends on I' only
through '™, so the uniqueness of ;) 0,V is sufficient for our purpose.

(iii) When P is compact, for example, P = Pr (¢, i), the continuity implies uniform
continuity as well as boundedness. In particular, in this case V and 9;V are automatically

bounded and the linear growth of 9, V', 9,0,V in w is also a mild requirement.

For a function V : ® — R, we now introduce the following set of test functions:
Pyl =1t.1+ 8] x PLt. ),

Abvie,w ={e ey (PLE) 1@ — V), w) = 0);

42 Avews= J [eedAfviw: inf (p- V) P)=0};
0<8<T—t (S’P>€7”L’,’§

Avew:= | [eetfvew: sip -V, By=0}.
0<8<T—1 (s.P)ePL

DEFINITION 4.4. Let V € CY(®).

(i) We say V is an L-viscosity subsolution (resp. supersolution) of (3.1) if Le(t, ) >
(resp. <)Oforall (#,u) e ®andall p € ALV(t, u) (resp. ZLV(t, n)).

(i) We say V is an L-viscosity solution of (3.1) if it is both an L-viscosity subsolution
and an L-viscosity supersolution, and V is a viscosity solution if it is an L-viscosity solution
for some L > 0.

REMARK 4.5.

(i) Our main idea here is to use Pr (¢, i) in (4.2), which by Lemma 4.1 is compact under
W, and in the meantime is large enough in most applications we are interested in. This is
in the same spirit as our notion of viscosity solutions for path dependent PDEs; see Ekren,
Keller, Touzi and Zhang [17] and Ekren, Touzi and Zhang [18, 19].

(ii) When V is state dependent: V (z, u) = V (¢, iy), the above definition still works.
However, in this case it is more convenient to change the test functions ¢ to be state de-
pendent only. In particular, we shall revise (4.2) as follows:
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o ALV (1, n) and A“V (2, 1) become ALV (¢, ;) and A~V (2, )
o Pr(t, ) becomes Pr (¢, ;) where the initial constraint is relaxed to P, = u;;
e the extremum is about [¢ — V](s, Py) for (s,P) € [, t + 6] x Pr(t, ).

(iii) In the state dependent case, if we work on torus T¢ instead of R? (namely the state
process X takes values in T¢), then the following §-neighborhood is compact under W;:

(4.3) Ds(t, wr) :={(s,Py) € [t, 1 + 8] x Pa(T) : Wh (P, i) < 8},

and we expect the main results in this paper will remain true by replacing Pr (¢, ;) with
Dj(t, j1;). However, we lose such compactness on P,(R¢), for example, i, := %S{nz} +[1 -

%]8{0} € P>(R) converges to d(py weakly, but not under ;. So our definition of viscosity
solution is novel even in the state dependent case.

4.2. Some equivalence results.

THEOREM 4.6 (Consistency). Let Assumption 3.1 hold and V € Cy' "' (®). Then V is a
viscosity solution (resp. subsolution, supersolution) of master equation (3.1) if and only if it
is a classical solution (resp. subsolution, supersolution) of master equation (3.1).

PROOF. We shall only prove the equivalence of the subolution property. If V is a vis-
cosity subsolution, note that V itself is in AXV (¢, ), then clearly LV (¢, 1) > 0 and thus
is a classical subsolution. Now assume V is a classical subsolution. Fix (¢, u) € ® and
Qe ALV(t, w) for some L > Ly, where L is the Lipschitz constant in Assumption 3.1.
Given F;-measurable random variables b;, o; with |b;]|, %lot |><L,letPePi(t, n) be such
that X, . is a P-semimartingale with drift b, and volatility o;. Then, denoting ¥ :=¢ — V,

0<y@+46P) -y
")
:/H [8,¢(s,P)+EP[bt-8M¢(s,P, X)—{—%J,G,T:Bwaul//(s,lf”, X)Hds.
t

Divide both sides by é and send § — 0, we obtain
1
0= 800+ B by 8,0 1.t X0+ 5000, 2003, 1. e X0 |

Sety:=V(t,uw) =o(t, n), Z1 =00, u,-), Z2:=0,V(t,u,), 'l :=0,0,9(t, 1, -), and
[ :=0,0,V(t, ,-). Let b, and oy be as in (3.2), then

0 S al(p(tv /’l’) —8;V(t, ,LL) +G(tv M? y’Zlv Fl) - G(Z’ ,bL,y,Zz, FZ)
=L@, n) —LV(E,w),
and thus Le(¢, ) > LV (¢, ) > 0. That is, V is a viscosity subsolution. []

As in the standard viscosity theory, we may alternatively define viscosity solutions via
semi-jets. For¢t € [0, T], y € R, v € R and F;-measurable Z, I" € CO(Q; ]Rd) X CO(Q; RdXd)
with |Z(w)| + |I'(w)| < C[1 + ||o||] for some C > 0, define paraboloids as follows: for all
(s,P)e[t, T] x P>,

1
4.4) ¢V A (s, P) =y +uls — 1] + EP[Z X+ EF 1 [Xr,stT,s]]

For any (t, 1) € O, it is clear that ¢"¥*#T e 1 ([1, T] x PL(1, w)) with:
(45) at@(h /‘L) =V, apb(p(tv u, ) :Z’ az)ymau(p(t, M, '):Fsyma
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for ¢ := ¢V 1.1 Z.T" We then introduce the corresponding subjets and superjets: for L > 0,
TV =, Z,T) ¢V OV ET e Ay @ )
TV, ) = {w, Z,T): "V 0020 e ALV @, w)).

(4.6)

THEOREM 4.7. Let Assumption 3.1 hold and V € C°(®). Then V is an L-viscosity
supersolution (resp. subsolution) of master equation (3.1) if and only if, for any (¢, u) € O,

v+G(t, 1, V(t, ), Z,T) < (resp. >)0
4.7 .
Y(v,Z,T) e jLV(t, w) (resp. iLV(z‘, Ww).

PROOF. “=—" Assume V is an L-viscosity supersolution at (¢, u). For any (v, Z,I") €
7L V(t, w), since ¢V &m0, 2.1 ¢ 7lL V (¢, i), then it follows from the viscosity property of
Vand (4.5) that 0 > Lo, w)=v+ G(t, 1w, V(t, 1), Z,T).

“<=" Assume (4.7) holds at (¢, u) and ¢ € XLV(I, w) with corresponding §. Denote

v:=0V(t, 1, Z:=0,9(, 1, "), [':= 00,0, 1, ),
ve:=v—e(1+2L) Ve=>DO0.

4.8)

Then, for any (s, P) € [t, ¢t + 8] x Pr(t, 1),
grV BT (5. B) — (s, P)

N N
:/ [ve — drp(r, )] dr +EP|:/: [Z+TX:,— 0,0, P, )] -dX,
t

+ %_/:[F — 00y (r, P, )] :d(X)r:|.
By choosing § > 0 small, we may assume without loss of generality that
|0r0(s,P) —v| <e, ]EPHSM(p(s,]P’)—Z—FX,,sH <e,
E[|8,0,0(s, ) = T|] <,
for all (s,P) € [t,t + 6] x Pr(t, ). Then,

(4.9)

PtV O 2 (¢ Py (s, P) <[s —t][ve —v + &+ Le + Le] =0.

Since ¢ € 71LV(I, i), this implies immediately that (v, Z,I") € 7LV(t, ©). By our as-
sumption we have v, + G(t, u, V(t,u), Z,T) < 0. Send ¢ — 0, we obtain Le(f, u) =
v+ G(t,u, V(t, n), Z,T) <0. That is, V is an L-viscosity supersolution at (z, ). [

REMARK 4.8. Technically speaking, since we can use the semi-jets to define viscosity
solutions, our viscosity theory does not require the functional Itd6 formula. Instead, it is suffi-
cient to have the It6 formula for the paraboloids in (4.4). But nevertheless the functional Itd
formula is crucial for classical solutions and is interesting in its own right.

Finally, the following change variable formula is also important for comparison principle.

THEOREM 4.9.  Let Assumption 3.1 hold and V € C%(®). For any constant A € R, define
Vi) ="V, Gy, Z.T):=e"G(t,p.e My, e Z,eT).
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Then V is an L-viscosity solution (resp. subsolution, supersolution) of master equation (3.1)
if and only if V is an L-viscosity solution (resp. subsolution, supersolution) of the following
master equation:

(4.10) WV, ) —AV(t, W)+ G(t,w, V,3,V, 8,0, V) =0.
PROOF.  We shall only prove that the viscosity subsolution property of V' implies the
viscosity subsolution property of V. The other implications follow the same arguments.

Assume V is an L-viscosity subsolution of (3.1). Let (v, Z, f) € QLV(Z, W) with corre-
sponding 8y > 0. Then, for any (s, P) € [¢, ¢t + do] x Pr(t, 1),

r: [X,,SXIT,S]] > Vs, P).

N =

V(t, )+ s — 1] +EP[Z X+
Thus
1
V(t, 1)+ vls — 1]+ EP[Z Xis 43T [Xf,sX,Ts]} > MV (s, P)

where v:i=e M9, Z:=e MZ, T :=e MI.

Note that V is continuous and [¢, ¢ + 8] x Pr (¢, ) is compact, then V is bounded and
uniformly continuous. Thus

HCTV (s, Py =[1+ s —1) +o(s — )]V (s, P)
=V, P)+ AV, wls —t]+o(s —1).

Therefore, for any ¢ > 0, there exists § € (0, dp) such that, for (s, P) € [, t + 6] x Pr(¢, n),
P 1 T
Vi, n+ [v —AV(t,w)+ 8][S —t1+E | Z - X5+ EF : [X,,SX,’S] > Vs, P).

This implies that (v — AV (£, ) + &, Z, T') € JEV (¢, w), and thus
v=AV(t, w)+e+G(t,u, V(t,n), Z,T)>0.
Since ¢ > 0 is arbitrary, we have
v—AV (@, w)+G(t,pu, V(t, 1), Z,T)>0.
This implies immediately that
D—AV(t, ) +G(t, u, V(t, 1), Z,T) > 0.

That is, V is an L-viscosity subsolution of (4.10). [

4.3. Stability. Forany (t,,y, Z,I') and § > 0, denote
ok(t,u,y,Z2,0):={(s,P, 5, Z,T): (s, P) € [t,1 + 8] x PL(t, ),

4.11) ’ )
5 -y <8.E7[1Z - 2> +1G — GI*] < 8°}.

THEOREM 4.10. Let L > 0, G satisfy Assumption 3.1, and V € C°(®). Assume

() for any € > 0, there exist G¢ and V¢ € C%(®) such that G¢ satisfies Assumption 3.1
and V¢ is an L-viscosity subsolution of master equation (3.1) with generator G¢;
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(ii) as ¢ — 0, (G?, V?®) converge to (G, V) locally uniformly in the following sense: for
any (t,u,y, Z, '), there exists § > O such that,

sup [[G* = G]es, P, 5, Z, 1)
(4.12) ,P,5,Z2,1)e0k (t,11,y,2,1)
+|[VE=V](s,P)|]]— 0,

as € - 0. Then V is an L-viscosity subsolution of master equation (3.1) with generator G.

PROOF. Let ¢ € JTlLV(t, @) with corresponding §p. By (4.12) we may choose &y > 0
small enough such that

(4.13) lim p(e, §p) =0,
e—>0

Where’ denOting ()’0» ZO’ FO) = ((p(t7 /’L)7 aﬂ(p(t’ /’Lv ')’ aa)au‘P(t’ /’L’ ')’

p(e, 8) = sup [|[[G®—G](s,P,y,Z, T
(s.P,y,Z.T1)€Of (t.1t.y0. Z0.T0)

+[[VE = V], P)|].
For 0 < 6 < 8¢, denote ¢s(s, P) := ¢(s,P) + §[s — ¢]. Then

[‘PS - V](t’/’b) = [gﬂ— V](t7 ,bL) =0

< inf — V]t +46,P inf — VI +46,P).
_PG;?(Z’M)W 1 + )<P€7;?(W[<pa 1t +45,P)

By (4.13), there exists €5 > 0 small enough such that, for any ¢ < ¢;,

4.14 —vel(, inf —VE(t + 5, P).
(4.14) [@s ]( “)<Pe%?<¢,u)[% [t +35,P)

Then there exists (¢*, P*) € [¢, t + §) x Pr (¢, ), which may depend on (g, §), such that

*:: f _VE ]P): —VS *]P*
‘ (s,IP’)e[z,t—li—r(lS]XPL(t,M)[¢8 165, ) = [gs 1(e*, P¥)

This implies immediately that
0 = gs — c* e AFVE(t*, P).
Since V¥ is a viscosity L-subsolution of master equation (3.1) with generator G*, we have
0 < [3¢5 + G*(, 05, 9up5, Jdpups) | (£*, P¥)
(4.15) =[0r0 +3+ G°(-, V®, 040, 0,0,,9)](t*, P¥)
<[00+ G(-, V®, 0,0, 0,0,9)](t*,P*) + 8 + p(e, 8o).

for £ and § small enough. Now send § — 0, we get

O S [al(p + G(a VS? au‘/)7 aa)au(p)](t» I’L) + /0(8, 80)

Send further & — 0 and then §o — 0, we obtain the desired viscosity subsolution property of
Vat(t,n. O



964 C. WU AND J. ZHANG
4.4. Partial comparison principle.

THEOREM 4.11 (Partial comparison principle). Let Assumption 3.1 hold, V! be a vis-
cosity subsolution and VZa viscosity supersolution of (3.1). IfV1 (T,-) < VX(T, ") and either
viec, " (©)orviecy"(®), then v < V2.

PROOF. We shall prove by contradiction. Denote AV := V! — V2. Assume without loss
of generality that V2 e C;’l’l(G)) and that ¢ := AV (¢, u) > 0 for some (¢, ) € ©. Define

c
(4.16) c* = sup |:AV(S, P)— ———
(s, P)elt, T1xPL(1,11) 2(T —1)

Note that AV is continuous and [¢, T] x Pr (¢, u) is compact, then there exists (t*, P*) €
[t, T] x Pr(¢, u) such that

(T —s)}.

AV (¢, P*) — 2(%0@—:*):&.

By considering s = in (4.16) it is clear that c* > 5 > 0. Moreover, by the boundary condition
that AV (T, -) <0, we see that t* < T. Define

— 2 * ¢ _
o(s,P):=V(s,P)+c¢ +2(T—t)(T s).

Then @(t*,P*) = VI(t*,P*). Since Pr(t*,P*) € Pr(t, ), for any s > t* and P e
Pr(t*,P*), we have ¢(s, P) > V! (s, P). This implies that ¢ € A*V!(t*, P*), and thus

0 < Lo(*,P¥)
= 0p(t*, P*) + G(¢*, P*, (¢, P¥), 00 (¢, P¥, ), 000 (t*, P*, -))
c
2T —1)

+ G, P*, o(t*, P*), 9, V2 (t*, P*, ), 8,0, V2 (", P¥, ).

== atvz(t*,IP*) -

By Theorem 4.9, we can assume without loss of generality that G is decreasing in y. Then,
since p(t*, P*) > V2(t*, P*) + ¢* > V2(r*, P*), we have

c
2T —1)

+ G(t*, P*, V2(t*, P*), 8, V2(r*, P¥, ), 8,0, V2 (t*, P*, )

0<d V", P*) —

C C

_ 2 % k) _
=LV ) 2(T—t)S 2T —1)’

thanks to the classical supersolution property of V2. This is a desired contradiction. [

4.5. Comparison principle. Given g € C?(P3, R), define
1) V(t, w):=inf{y @, w): ¥ €Uy},
V(t, )= sup{(t, 0) : ¥ €U},
where
U = {w : ® — R adapted, continuous in u, cadlag in ¢,
and30=19 <--- <1, =T such that

Y e Cé’l’l([t,', ti-i-l) X Pr(t, w)) forany t;, u € Pr, L > 0};
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Hg = {zp el :y(T,-)> g, and for the corresponding {t;},
(4.18) Yy, <y, and on each[t;_1, #;),
V¥ is a classical supersolution of master equation (3.1)};
Zlg = {w el :Y(T,-)<g,and for the corresponding {t;},
Yy, > Y, —, and on each [t;_1, t;),
V¥ is a classical subsolution of master equation (3.1)}.
Under mild conditions, for example, when g and G(t, u, 0, 0,0) are bounded, one can

easily see that Z{ and U are not empty.

PROPOSITION 4.12. Let Assumption 3.1 hold, g € C°(P»,R), and U, #2. If V €
C%(®), then V is a viscosity subsolution of master equation (3.1).

PROOF. Fix (t,u) € ®. Let ¢ € ALV (¢, n) with corresponding & > 0. For any ¢ > 0,
let ¥¢ e U, be such that e, u) = V(t,u) — e. It is clear that (s, P) < V(s,P) for
all (s,P) €[, T] x Pr(t, ). Denote ¢s(s,P) := ¢(s,P) + 8[s — t]. For ¢ < 8 and any
P e Pr(t, u), we have

[ps — ¥°1t, ) = [V — ¥°]t, ) <& < 8% =[ps — @It +8,P)
<[ps — VIt +8,P) < [ps — ¥*](t + 5, P).
Then there exists (t*,P*) € [#,t 4+ §) x Pr (¢, u) such that

t* P*)=c":= inf — (s, P).
( ) ¢ (.Y,]P’)e[t,t—i-é]><77L(t,u)[(p(S v ](S )

This implies that ¢§ := @5 + c* € ALy e (1%, P*). By Theorem 4.9, we may assume without
loss of generality that G is increasing in y. Then by Theorem 4.6 we have

0 < Loj (%, P¥)
= 0@(t*,P*) + 8+ G(t*, P*, v °(r*, P*), du0(¢*, P*, ), 0,0, 0(t*, P*, -))
< 0p(t*,P*) + 8 + G(t*,P*, V.(t*, P*), 0,0(t*, P*, ), 3,0, 0(t*, P*, ).
Send § — 0, we have (t*, P*) — (¢, u). Then the above inequality implies Lo (z, u) > 0. U

THEOREM 4.13. Let Assumption 3.1 hold and g € CO(PQ; R). Assume V| and V> are
viscosity subsolution and viscosity supersolution of master equation (3.1) with Vi(T, ) <
g < Vo (T, -). Assume further that U 2 and Ug are not empty and

(4.19) V=V=V.

Then Vi <V <V, and V is the unique viscosity solution of master equation (3.1).

PROOF. First one can easily show that V is lower semicontinuous and V is upper semi-
continuous. Then by (4.19) V is continuous, and thus it follows from Proposition 4.12 that V
is a viscosity solution of master equation (3.1).

To see the comparison principle, which implies immediately the uniqueness, we fix an
arbitrary ¢ € Hg. First notice that V{(T,-) < g < ¥ (T,-). Since V| is continuous and
W(T,) < Y (T—, ), we have Vi(T—,-) = Vi(T,-) < ¥(T,-) < ¥(T—, ). Now apply the
partial comparison principle Theorem 4.11, one can easily see that Vi(z,-) < ¥ (t,-) for
t € [t,—1,t,). Repeat the arguments backwardly in time we can prove V| < ¥ on ®. Since
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Y e Hg is arbitrary, we have V| < V. Similarly, one can show that V> > V. Then it follows
from (4.19) that Vi <V <V,. [

The following result is a direct consequence of the above theorem.

_ THEOREM 4.14.  Let Assumption 3.1 hold and g € C O(Py; R). Assume there exist
(G",g") and (G", g") such that, for each n:
(i) G", G" satisfy Assumption 3.1 and g", g" € CO(Py; R);

(ii) the master equation (3.1) Kl;fh generator G" (resp. G"™) and terminal condition g"
(resp. g") has a classical solution V" (resp. v,

(i) Gn <G <G g, <8 <8

(V) limy—oee V' =limy_ 0o V" =: V.
Then comparison principle holds for master equation (3.1) with generator G and terminal
condition g, and V is its unique viscosity solution.

PRrROOF. Clearly V" is a classical supersolution of master equation (3.1) with generator
G and terminal condition g, and it satisfies = g. Then V'>V. Similarly V" < V. Then
(iv) implies (4.19) and thus the statements follow from Theorem 4.13. [J

4.6. Some examples. In this subsection we provide two examples for which we have the
complete result for the comparison principle. While only for these special cases, the results
are new in the literature, to our best knowledge. The comparison principle for more general
master equations, especially the verification of condition (4.19), is very challenging and we
shall leave it for future research.

EXAMPLE 4.15. Consider the setting in Example 3.8, but relax the regularity of « to be
only continuous. Then the V defined by (3.30) is in C 0([0, T] x P2(R%)) and is the unique
viscosity solution of the master equation (3.31).

PROOF. (i) One can easily verify that V is continuous and the DPP (3.21) becomes:
(4.20) Vi, u) =V(t+8, (P5"), ). (€. €0.
Denote v := ;. Now let L > 1 and ¢ € ALV (¢, v). Clearly IP’E)”“L € Pr(t,v). Then

@)= V() = V(i 48, (B5"),15) St +8, (B5"),1)-
Apply the 1t6 formula, this implies

o< s 5. (B0 yas + BB [ A d
= : t(p(t+ ’( 0 )s) s+ : l/«(p(s’( 0 )s’XS) X

1 t+6 m
oy [ st ), X a0,

9 m 1 phn fa
— [ [oote+ 8. €51+ S [anuts. (B, X0) s
Divide both sides by § and send § — 0, we obtain

1
0rp(t,v) + SEY[0:90(1, v, X0)]| 2 0.
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That is, V is a viscosity subsolution at (¢, v). Similarly one can show that V is a viscosity
supersolution at (¢, v), hence a viscosity solution.

(i1) We next prove the comparison principle, which implies the uniqueness. Assume |g| <
Co. Then (3.30) can be rewritten as

Co "
V(1) :=/0 K (Pe"(e(X7) = y)) dy.

Since « is continuous on [0, 1], it is uniformly continuous, then there exists a smooth molifier
kp such that k, is strictly increasing and |«,, — k| < % Denote «,, := Kk, + % K, =Kn— %,
and define

_ Co ;
Valt,p) = /0 (P (e(X7) = y)) dy,

Co "
V, (@t :=/O k,(Py" (e(X71) = y))dy.

We remark that x,, and «, does not satisfy the boundary conditions: «(0) = 0, K(D =1.
Nevertheless, following the same arguments in Example 3.8, one can easily see that V,, and
V,, are classical solutions of master type heat equation (3.31), with terminal conditions

_ Co
wuwo:ﬁ Tu((g(X1) > ) dy,

Co
Lﬂno:ﬁ ik, (1(g(X1) = ¥)) dy,

respectively. It is clear that V, <V <V, and lim,_ o V, = lim,_ o V, = V. Then the
result follows from Theorem 4.14 immediately. [

The next example considers the following nonlinear (state dependent) master equation,
which can be viewed as a special case of (3.8) (see [39]):

1
@21 o V(t, n)+ EE"[BXBMV(:, w, X))+ Gi(E[8,V(t, 1, X)]) =

V(T, p) = EF[g(X7)].

EXAMPLE 4.16. Assume:

(i) g is Lipschitz continuous with a Lipschitz constant Lg, and G| € C O([=Lo, LoD);
(ii) Either g and —G are convex, or g and —G are concave.

Then the master equation (4.21) has a unique viscosity solution V € CY([0, T1 x Pa2(R)).

PROOF. Let G’ and g, be smooth molliﬁers of G and g, respectively, such that |G —
1

Gl < 1 , lgn — gl < 1 Denote@rf '=G”—|— , Gl =Gl — n,gn ::g,rl—i,g =8n— -
Then (Gl ,8,) and (G”, 8, ) are smooth and still satisfy (i) and (ii) with the same Lg. By
Saporito and Zhang [39], Theorem 3. 1, the corresponding master equations (4.21) have a
classical solution V,, and V,,, respectively.

Now by Theorem 4.14 it suffices to show that V, and V, converge to the same limit.
Without loss of generality, we assume G is convex (and g is concave). Denote

b(a):= sup [ay—Gi(M]. bp(a):= sup [ay—GTi(y)], aeR.
ye[—Lo, Lol ye€[—Lo,Lo]
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By [39] (or following similar arguments as in Section 5 below), we have

Vot ) = supEPS" [8<XT 4 [bnm) - %][T _ t])],

aeR
V(. 1) = sup EF” [g(XT + [bn(co 4 l][T - r])].
aceR n

Itis clear that |b, — b| < % Then it is straightforward to show that

lim Vu(r, ) = lim V(e p) = V(¢ ) = sup N [g (X7 + b(@)[T —1])].

n—oo acR

Now the result follows directly from Theorem 4.14. [

5. McKean-Vlasov SDEs with closed-loop controls. In this section we apply our vis-
cosity theory to the mean field control problem introduced in Section 3.2. Recall (3.17), (3.18)
and (3.20), we shall assume the following.

ASSUMPTION 5.1. b, o, f are F-progressively measurable in all variables (¢, w, u, a) €
[0,T] x Q x P> x A (and in particular [F-adapted in both @ and ), and g is progressively
measurable in (w, u) € Q x P,. Moreover:

(i) b, o are bounded by a constant Cg, continuous in @, and uniform Lipschitz continuous
in (w, ) with a Lipschitz constant Lg:

[(b.0)(t, 0, a) — (b,0)(t, &', 1, a)| < Lo[|@in. — o). | + Wa(kio.0 i70.7)]:

(ii) f(¢,0, 80}, a) is bounded by a constant Co, f is continuous in a, and f and g are
uniformly continuous in (w, @) with a modulus of continuity function py:

|[ft, o, p,a) = f(t,0, 1, a)| < po(|win —wpp || +Wal(@, ), (2, 1)));
glw, ) — g0, 1) < po(|w — & + Wa((T, w), (T, 1))).

(iii) ¢ = b, o, f is locally uniformly continuous in ¢ in the following sense:

|(p(S, WA, /’L[O,l‘]a Cl) - (p(t’ w, [, a)‘
< C[1+ llwinll + Walugo, i, 8P Jpo(s — 1), 1 <.

(iv) oo ' is positive definite.

We remark that one sufficient condition for (iii) is that A is compact, and the nondegener-
acy of o in (iv) is used in Lemma 5.13 below, but we do not need uniform nondegeneracy.

The choice of the admissible controls is very subtle, with (3.19) as one example. We shall
discuss alternative choices in details at below. One basic requirement is that the corresponding
value function should satisfy the DPP.

5.1. Open-loop controls. In this subsection, we consider open-loop controls, namely
o; = o4(B.) depending on B, where B is a Brownian motion in a probability space
(2, F,Pg). There are two natural choices: (i) Atl, where oy = a(s, (Br.r)i<r<s) 1s adapted
to the shifted filtration of B; and (ii) A,Z, where oy = (s, (Br)o<r<s) 1s adapted to the full
filtration of B. For the standard control problems, they would induce the same value func-
tion. However, in our setting the issue is quite subtle. To be precise, for an F2-progressively

measurable process & on [0, ] and a control «, let Xﬁ’s’a =&, s €0, t], and, for Py-a.s.

S S
Xé’s"" =& —i—ft b(r, Xt’é’“,ﬁxt,g,a,a,)dr+/t o(r Xt’s’a,ﬁxr.é.a,(xr) dB,,
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which has a unique strong solution under Assumption 5.1. Introduce the value functions: for
i=1,2,

T
(5.1) Vi(t, §) := sup EPO[g(X’f’“,Exr,s,a) + / f(S,Xt’g’a,ﬁxhé,a,as)ds]
acAl !
The following example shows that A,l is not a good choice.
EXAMPLES.2. Letd=1,A=[-1,1],b(t,0,n,a)=a,0 =1, f =0, and g(w, n) =
g(u) = — Var(Xr).

1) Vi(t,&) < Vo(t,&) when & = (T —t)sign(By) and T — ¢ > 1.
(i1) Vj does not satisfy the DPP: Vi (#1, &) # SUP e 4! Vi(tr, X159,
1

PROOF. (i) Forany (¢,&) and o € Atl, notice that & is independent of « and thus is also
independent of X IT’S’a —&;. Then
(5.2) Var(X55%) = Var(&) + Var(X55% — &),
thus Vi(¢,&) < — Var(§) = —[T — t]%. On the other hand, set o := — sign(B;), s € [t, T].
Then o € A%, X7 x5 = By, and thus
Vo(t, &) > Var(B, 1) = —[T —t] > —[T — t1* = Vi (¢, §).
(i1) Denote h () := sup,, Aé — Var( fo a5 ds + B;)]. Then by (5.2) one can easily see that
Vi(#,8) = h(T —1) — Var(§;).
Assume by contradiction that DPP holds. Then, forany 0 <t < T,
h(T) = V1 (0, 8;0)) = sup Vi (t, X0%)
aeAO
= sup [A(T — 1) — Var(X>"*) ] = h(t) + h(T —1).
txe.AO

Following the same arguments we see that / is linear in #. Since || < 1, it is clear that

Var(/()tozsds+B,> =E[<Azasds+3t—E[/OzastDz]

=E[(B, + 0()])*1 =E[|B:|*] + 0(t) =1 + 0(1).

Then

h(t
lim Q =—1, andthus Ah(t)=—t.
t—0

On the other hand, fix t € (0, T) and set a5 :=[(—1) vV (— TB_’I) A 111, 71(s). Then

T
/0asds—i—BT:(t—T)v(—B,)/\(T—t)—l—B,—i—Bt,T.
Thus
T
—h(T)<Var</ ozds—}—BT)
0
=Var((t —T)V(=B)A(T —t)+B)+T —t
=g ([|B,|—[T ) +1 -1
EP0| Pl+T —t=t4+T—t=T.

This is a desired contradiction.

[
[1B
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Technically, the choice of Atz would work; see, for example, Bayraktar, Cosso and Pham
[3]. The following results can be proved easily, in particular, the viscosity property in (iii)
follows similar arguments as in Theorem 5.8 below, and thus we omit the proofs.

PROPOSITION 5.3. Let Assumption 5.1 hold and define V,(t, §) by (5.1). Then:
(1) V; satisfies the following DPP: for any t| < t3,

n
Vo(t1,€) = sup |:V2(l2, th,é,a) + Epo[f(s, Xt,é,a’ Lytéa, O{S)] ds:|.

aeA,zl f

(i) Va(t, &) is law invariant and thus we may define V;(t, ) by Va(t, &) = Vy(t, L¢).
(i) V;eC 9(®) and is a viscosity solution of the HIB type of master equation (3.22).

Despite the above nice properties, in many applications the state process X is observable
while the Brownian motion B is used to model the distribution of X and may not be observ-
able. Then it is not reasonable to have the controls relying on B. The issue becomes more
serious when one considers games instead of control problems. We refer to Zhang [43], Sec-
tion 9.1, for detailed discussions on these issues. Therefore, in the next subsection we shall
turn to closed-loop controls.

5.2. Closed-loop controls. We now assume o depends on the state process X§%. One

choice is to use the (state dependent) feedback controls: oy = « (s, X;’g’a); see, for example,
Pham and Wei [34]. However, we prefer not to use this for several reasons:

e In practice it is not natural to assume the players cannot use past information;
o It seems difficult to have regularity of V (¢, u) without strong constraint on «;
e It fails to work in non-Markovian models, which are important in applications.

We shall assume « is IFXr’s’a—measurable, namely oy = a (s, (Xﬁ’s’a)ofrfs), and thus we are
considering (3.17). As mentioned in Section 3.2, in this case it is more convenient to use weak
formulation. That is, we shall use the canonical setting in Section 2.2, and consider the op-
timization problem (3.18) and (3.20). However, under closed-loop controls, the regularity of
V (t, ) is rather technical. In this section we content ourselves with the following piecewise
constant control process:

A = [oc:EInandt:t0< -+« < t, = T such that
(5.3) -
oy = Z hily, 1,1)(s), where h; : Q — A is F,-measurable ¢.
i=0
We emphasize that here we are abusing the notation A with (3.19). So throughout this section,
our optimization problem will always be (3.18)—(5.3)—(3.20).

REMARK 5.4.

(1) Each o € A; here also satisfies the requirement in (3.19), and thus (3.18) has a unique
(strong) solution P"** € Py (¢, u), where L > Cy vV [%Cg] for the bound Cyp in Assump-
tion 5.1(i). In particular, P"*:* satisfies the uniform estimate (4.1).

(ii) Obviously the A; in (5.3) also satisfies (3.24). Then following the same arguments as
in Theorem 3.6(i) we see that, under Assumption 5.1, V satisfies the DPP (3.21).
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REMARK 5.5.

(i) Although (3.17) (and (3.18)) has a strong solution, the formulation (3.20) is still dif-
ferent from the V>(¢, &) in (5.1). Indeed, by the piecewise constant structure, one can easily

see that FX"* is the same as the filtration generated by the process Bs =& ljo,n(s) +[& +
B; 11, 71(s), and thus one may rewrite a(s, X E(’)i(]x) as a(s, B[O,s]) for some measurable func-

tion a. However, note that B[o, 11 = &[0.1] 7 Blo.1]> so this control is still not in .42, Indeed, in
many practical situations, at time ¢, one can observe the state process &.»;, but not necessarily
observe an underlying Brownian motion path in the past. That is the main reason we consider
the closed-loop controls in this paper.

(ii) The regularity of V, and V, in Proposition 5.3(iii) is straightforward. However, the
above subtle difference makes the regularity of V in (3.20) quite involved, as we will see in
Example 5.6 and Section 5.3 below.

EXAMPLE 5.6. Letd=1, A=[-1,1,T=1,b=0,0(t,n,a)=1+d> f=0,
glo,n)=g(w) = %E“[X‘l‘] — (E“[X%])z, and .,48 consist of constant controls: a; = ag(Xyp),
Vvt € [0, 1]. Then V(?(,u) = SUP, A0 g(P%#@) is discontinuous in w € Ps.

PROOF. Let g := dj0) and i := %[8{5} +8{—¢y]. Itis obvious that limg_, 0 Wa (e, o) =
0.Forany o € A%, we have oy = a(0) and X = [1+|ao(0)|2]BY, P*#_a 5. Then, denoting
c:=1+4 |ap(0)|? and P¥ := PO~ we have

1 po 4 « 21\2
g(POH%) = gEP [c*BY"] — (E¥[?|B¥|°])” =0, andthus V{ (uo) =0.
On the other hand, for each & > 0, set o; := ap(Xo) := 1{x,>0;. Then
X = [8 + ZB(IX]I{XOZS} + [—8 + B‘lx]l{xoz_g}, POHe g,
Thus, denoting P? := [PO-Heor

g(PPe)
= L [Bg o)+ (87 )] - (LB B 40 4 (57— o7])

= l[51 + 186 +2¢%] — (1[5 +252])2 _ 2 g2 2
6 2 4 30

Therefore, for all £ > 0 small,
Vo (e) = % — 26— %e“ >2> 0=V (1o)-
This implies that Vé) is discontinuous at . [
Nevertheless, by using piecewise constant controls A;, we have the following theorem.

THEOREM 5.7. Under Assumption 5.1, there exists a modulus of continuity function p
such that

|V (t1, ) — V(t2, v)| < CoOMa((t1, 1), (2, 1))
+ C[1+Wa(uo,n1, S ][12 — t1]1.

Assume further that f is bounded, then V is uniformly continuous in (t, (1).

5.4)
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The proof of this theorem is quite involved, so we defer it to the next subsection.
Given the above regularity, we can easily verify the viscosity property.

THEOREM 5.8. Under Assumption 5.1, V is a viscosity solution of the HJB type of mas-
ter equation (3.22).

PROOF. Fix L > 0 such that |b|, %|a|2 < L. We shall show that V is an L-viscosity
solution.

Step 1. We first verify its the viscosity subsolution property. Assume by contradiction that
V is not an L-viscosity subsolution at (¢, u), then there exists (v, Z,I") € J L V(t, u) with
corresponding &, such that

(5.5) —ci=Lo(t, 1) = v+ E“[sup Gat, 1, X, Z, T, a)] <0,

acA

where ¢ := ¢"V W0 2.1 For any o € A;, applying the functional Itd formula we have

t+48
(5.6) ot +8, P —o(t, u) = L¥(s, P""*)ds,
t

where, abbreviating P := PH-#-¢,

LY(s,P*) =a +EX [[b(s, X, PY ) - [Z+TX, ]

(5.7) |
+ EF : O’OT(S, X, Pa,as)ﬂ.

Note that

(5.8) LY(s, P*) — Lo(r, n) = I1(s) + L(s) —EX[ £ (s, X, P, ay)],

where

() =B [Gat, 1, X, Z, T, o) = sup Ga(t, 1, X, Z, T, @) |;

acA

L(s) :==E¥ [z [b(s, X, PY ag) = b(t, X, pu, )] + b(s, X, P, a5) - T X;
1
+ 51" : [O‘O’T(S, X, P% a5) — oo (1, X, 1n, o) ]

+[f(s, X, P* o) — f(2, X, M,Ols)]]-
It is clear that I1(s) < 0. By Assumption 5.1(ii) and (iii), we have, for s € [t, t + §],
EF[£ (s, X, PY, a5) — f(1, X, i, )]
=EX [[f (5, X, P%, at5) — (5, Xenor 14[0,1]> Us)]
+ [f (s, Xinos o, 05) — f(E, X, 1, ) ]]
< CE" [po(I Xsn. = Xenl + W2 (P . 110.17))]
+ CE[1+ 1 X P 2o 8).
Since b, o are bounded, by (4.1) one can easily see that

lim sup EF [PO(”XM- = Xinll + WZ(P?(),S], M[O,z]))] =0.

8—>an_,4’
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Then, for some § = §(t, ) > 0 small enough, we have
EP [ (s, X, P% o) — £(t, X, p, ay)] < %

for all s € [¢,t + 8] and all « € A,;. Similarly, recalling that by definition Z, I" have linear
growth in w, we may have the desired estimates for the other terms in I5(s), and thus I>(s) <
5. Therefore, (5.8) implies that

L (5. ) + B [ £ (s, X. P*, )] = Lip(t, 1) + 11 ) + 1o(s) < —3.

Plug this into (5.6) and recall (4.2), we get

s
V(I+S,Pt’“’“)+/ EP [f(s, X, P¥ a5)]ds — V(t, n)
t
t+45 "
S(p(t+8,IP’t’“’°‘)—<p(t,M)+/ EP[ (s, X, P%, a5)] ds
t

1438 P> C(S
:/ (L0 (s, B) + EF'[ £ (5. X. P o) || ds < =5 Vare Ay,
t

Take supremum over « € A;, this contradicts with the DPP (3.21); see Remark 5.4(ii).
Step 2. We next verify its viscosity supersolution property. Assume by contradiction that

V is not an L-viscosity supersolution at (¢, ), then there exists (v, Z,I") € 7L V(t, ) with
corresponding §, such that

(5.9) ci=TLo(t, W) = v+ E“[sup Ga(t,u, X, Z, T, a)] )

acA
where ¢ := ¢V ©:0.0.Z.T Note that G»(, u, X, Z, ', a) is F;-measurable, there exists an
J:-measurable A-valued random variable «; such that

(510) U+EM[G2(t5M7X’Z’FaaI)]Z%

Now let o5 := oy, s € [, + 8] and denote P := P""*¢, Clearly a € A;. Applying the func-
tional Itd formula we have

t+38
(5.11) ot +68,P) —ot, pn) = LY(s, P)ds,
t

where IL¥ is the same as (5.7). Similar to the estimate of I>(s) in Step 1, for § > 0 small
enough we have

v+EF[Ga(t, i, X, Z, T, o) ] — [L%(s, P) +Ep[f(s, X, Pap]] <

10

Then, by (5.10),

LY(s,P) + EF[f(s, X, Pa)] = =, selt,t+3].

A~

This implies

t+46
V8P4 [ G X Ban]ds = Ve
t

t+48
zgo(t-l-S,IP’)—I-/t EF[f (s, X, P, ;)] ds — o(t, i)

t46 cd
:/ [L%0(s, P) + EF[ £ (s, X, P, ;)]] ds > T

Again this contradicts the DPP (3.21). [



974 C. WU AND J. ZHANG

We remark again that the comparison principle for HIB master equation (3.22) is quite
challenging and we shall leave it for future research.

REMARK 5.9. Under nice conditions, in particular when the comparison principle for
the master equation (3.22) holds, by Proposition 5.3 and Theorem 5.8 we see that V =V,
for the V, defined by (5.1) and Proposition 5.3(ii). This is well known for standard control
problems, and is also known in state dependent McKean—Vlasov setting; see Lacker [25].

However, for zero-sum games, the open-loop controls and closed-loop controls are quite
different; see, for example, Pham and Zhang [35], Sirbu [40] and Possamai, Touzi and Zhang
[36] in the standard setting. While in this paper we consider only the control problem, we
expect our arguments will work for zero-sum game problems with closed-loop controls in
McKean—Vlasov setting. We note that such game problem is studied in recent work Cosso
and Pham [15] by using strategy versus open-loop controls.

REMARK 5.10. The restriction to piecewise constant controls makes it essentially im-
possible to obtain optimal controls. As we understand such restriction is mainly for the regu-
larity of the value function V. In Possamai, Touzi and Zhang [36], we studied the zero sum
games under general closed-loop controls (but without involving the measures) and faced
similar regularity issues. However, in [36] we obtained the desired regularity when b and o
do not depend on the path and then proved the verification theorem for optimal controls. It
will be interesting to remove the piecewise constant constraint in this framework when » and
o do not depend on p.

5.3. Regularity of V. In this subsection we prove Theorem 5.7. To simplify the notation,
in this subsection we assume d = 1. But the proof can be easily extended to the multidimen-
sional case. Introduce

Vo(t, n) := sup J(t, u,) where J is defined in (3.20) and
acA?
n—1
(5.12) A =ta = Z hills g, € Ar ithereexist 0 < sy < --- <s,, <t
i=0

such that h; = h; (X5, ..., X5, X[r.5) fori =0,...,n—1¢.

That is, h; depends on X|o ;) only discretely. Since .A? C Ay, clearly Vo(t, u) < V(t, u). We
will actually prove Vy = V, then it suffices to establish the regularity of Vj.

To see the idea, let us first observe the following simple fact. Given an arbitrary probability
space (Q, F , I@’) and a random variable ¢ with continuous distribution, then for any other
random variable Z, there exists a deterministic function ¢ such that

(5.13) Loy =Ly,

where £ denotes the distribution under P. Indeed, denoting by F the cumulative distribution
function, then ¢ := Ff_l o F; serves our purpose. In Example 5.6, assume L£; = po and

ﬁf = . The discontinuity of V(? at ug is exactly because there is no function ¢ such that
(5.13) holds. The next lemma is crucial for overcoming such difficulty. Recall the P(u, v)
and the product space (2 x @, F x F) in (2.1), and denote the canonical process as (X, X').
Moreover, for a partition 7: 0 <s1 < --- < s, <1, 4 € P>, and two processes &, n on a
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probability space (£, F,P), we introduce the notation

pr = o Koo Xo) ™ B o= G B

(5.14) ) 1
- e P 21\2

1€ =l ¢ = ln = nllp := (BF| max 16, — ny; ])".

LEMMA 5.11. LetO<t<T, u,ve P, PeP(u,v). Then for any ¢ > 0,8 >0, and
any partitionw : 0 < sy < --- < s, <t, there exist ap;:obczbigity space (2, F,P), two contin-
uous processes (&, n), and a Brownian motion B on (2, F, P) such that:

(1) Le =, Ly =v,and n is independent of B;
(i1) &, is measurable to the o -algebra o (0, B[o,g]).
(i) 1§ —nlp, <IX —X'llp, +e.

PROOF. We prove the lemma in several cases, depending on the joint distribution v, . Fix
an arbitrary process n with £, = v. Note that we shall extend the space (2, F,P) whenever
needed, and we still denote this process as 7.

Case 1. vy is degenerate, namely vy = 8((x,,....x,)} for some (x1,...,x,) € R™, and thus
Ns; =Xj, P-a.s. Pick a Brownian motion {f}s }se0,5] independent of n (which is always doable
by extending the probability space if necessary). In the spirit of (5.13), one can easily con-
struct a m-dimensional random vector éﬂ = (51, cees §m) such that [,gn =y and éﬂ is mea-

surable to the o-algebra a(é(jq)a js,j=1,...,m) C O’(é[o’g]). Moreover, by otherwise

m

extending the probability space further, it is straightforward to extend £ to a continuous pro-
cess & such that L¢ = p and &;; = &;;, j =1,...,m, P-a.s. Finally, since vy is degenerate,
we have

_n2 =EP _.2_u[ _.2]__rz
1€ =l , =B] max |&, — ;1P| = B[ max 1Xy, —x; ] = |X = X|5 -

This verifies all the requirements in (i)—(iii).

a partition {O;};>1 C B(R™) of R” such that (xi, ...,x,’;1) € 0;. Let BEO?(S] be a sequence of
independent Brownian motions such that they are all independent of 5. For each i, define a
conditional probability:

. 1 —
W (E):=—P(X, €E, X, €0;), EeBR").
i
Then by Case 1, one may construct a random vector é;, =q@; (Bfo, 5]) measurable to a(é[’b’ 5])
such that Eg,- = u'. Define

B:=Y B'lo,(nx). &= &.10,(nx).
i>1 i>1

We now verify the desired properties. First, since all B! are independent of 7, then B is also
a P-Brownian motion. Moreover, forany 7 : 0=ty <--- <t, =6 and any E, E € B(R"),
P(B; € E,n; €E) = Z]f”(]g’f% €E,n; €E,ng € 0;)
i>1

= Z]TD(B}T € E)P(n; € E,ng € 0;)

i>1
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=Y P(Bz € EYP(z € E. 1z € 0))
i1
=P(B; € E)P(n; € E).
That is, B is also independent of 7. Next, since O; is a partition, we see that Er 1=

Z,>1<01(BO,;])10 () = Yi=19i(Bos)lo,(nr) and thus &, is measurable to o (1,
Byo,51). Moreover, note that é’ s are also independent of 7, then

P& eE)=) PEL€E nz€0;)=) PE. € E)P(nz € 0))

i>1 i>1
=Y W(E)pi=) P(Xx € E X} € 0;)
i>1 i>1

=P(X; € E)=u(Xy € E).

That is, Eéﬂ = . Then similar to Case 1, by extending the space if necessary, we may

construct & such that £z = and &, = £, P-as. Finally,

1€ =l , = B[ max 1&; — ;| = ;Ep[g@ &, = 15,1710, ()]
= Z}EP[ max |§l —xj} 1o, (nﬂ)]

i=1 1<j<n

= > EF[ max & — xi[*]P(nx € O1)

i>1 I=j=n
= 2o [ 1Yoy =5 = T X, 10, (X2

= 2 a1y = X, P10, (X0 | =B ma 1, = X,

2
= HX - X,Hp,n'

Case 3. We now consider the general case. Let {O;} be a countable partition of R™ such
that for each i, the diameter of O is less than & /2. For each i, fix an arbitrary x’ € O; and de-
note p; := vz (0;). By otherwise ehmmatmg some i, we may assume p; > 0 for all i. Denote
Ny i= Zl>1x 1o, (nx) and X’ =) i>1x'1g;(X}). By Case 2, there exist a P-Brownian
motion Bg 5) and a continuous process £ such that:

e L =pand Bis independent of 7. Moreover, from the arguments we may assume further
that B is independent of 7; ~ ~
e Each ésj is measurable to o (1)x, Bjo.s]) C 0 (0, Bjo.s1);

o EF[maxi<;<p |&; — 7is; 11 = EF[maxi<j<m | Xs; — X; 171,
This verifies (i) and (ii). To see (iii), note that [n;; — 7;;| < % |X/ X’ | 5. Then

1

(E@[Ef?n 18 = s |2]> 2

1€~ s,

= (E@[lf;a;n &, — ﬁs,F])% +2
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(EP[ max | Xy, X;,H)% —I—%

1<j<m

< (EF[ max |X,; _ij| ])%—FS—HX X' ||]pn +e.

1<j<m

This completes the proof. [

REMARK 5.12.

(i) As mentioned right before the lemma, the main difficulty of establishing the regularity
of V at v is due to the possible degeneracy of v, and thus in the above lemma one may not
be able to write £ as a function of 7. Our trick here is to introduce the independent Brownian
motion E[O,g] (which always has continuous distribution) and then Lemma 5.11(ii) holds.

(i) The construction of &, which relies on (5.13), works only for finite dimensional ran-
dom vectors. It is not clear to us how to generalize this result to the case where the m-tuple
(s1,...,8n) is replaced by the uncountable interval [0, #]. This is why we need to consider
value function Vj first.

LEMMA 5.13. Under Assumption 5.1, Vyy is uniformly continuous in ., uniformly in t.
That is, there exists a modulus of continuity function p such that, forallt € [0, T], u,v € P,

(5.15) |Vo(t, w) — Vo(t, v)| < pOMa (110,11, vi0.17))-

PROOF. Letusfixte[0,T], u,veP,ae A?, and £,8 > 0. Choose P € P(u,v) such
that

(5.16) EF[HX,A. — X;/\_||2] < c(% + &2 where co := Wh (ij0.1], Vio.11)-

Our idea is to construct some & € A? such that P-¢ is close to P"*¢ in certain way.

By (5.12), we assume o = Z;’:—Ol h?(X,TO, Xt 1,1411, Where g : 0 < s? << Sr?m =

tand t =19 <--- <t, =T. We shall fix n, and assume § < minj<;<,[#; — t;—1]. But to
obtain a desired approximation, we shall consider ﬁner partitions 7 : 0 <1 < < sy =1
such that 7o C . Clearly, we may rewrite o = h (X, X011 147+ Let (Q ]-" IP’)
B, & and n be as in Lemma 5.11, corresponding t0 (t, n,v,m,¢&,8, IP’). Denote B‘; = Bs_,,
B :=Bs 515, 5 €[t, T]. Itis clear that P"*% = P o (X*)~!, where X ,, = &0, and, for
i=0,....,n—1ands € (t, tj+1],
S
X? = Xg + g b(l’, on, EXa, h,‘(%'n, ([);Ji])) dr

(5.17)

S
o(r, X%, Lx«, hi(gnv ﬁ,ti])dBf'

1
Step 1. We first construct & € AY and X := X""¢ with X{o,,] := 10, and
(5.18) dXs:=b(s, X, Lg,a5)ds +o(s, X, Ly, @5)dB., s>t ,Pas.

The corresponding partitions for & will be 7 and t =) <tp+6 <11 +5 < --- <
th—1 +6 < t, = T. First, fix an arbitrary ap € A and set &5 := ag for s € [ty, 19 + J).
Then we may determine X on [t0, to + 6] by (5.18) with initial condition X 0 = M- Since
the SDE (5.18) has a strong solution and o is nondegenerate, we know the o -algebras
oMy, B[o 51) = 0 Nz, X[1,10+s]) (abusing the notation o here') Then, by Lemma 5.11(ii),

Ex = ¢z, X{1.10+61) for some function ¢. Set (1, Xir.r+81) := ho(@ (s Xt t9+81) =
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ho(€r). "1:hen, for s € [tg + &, 11 + 8), setting & := ﬁo(nn, )?[t,,ﬁa]) = ho(&;), we may de-
termine X further on [ + §, #1 + 8] by (5.18). Next, again since o is nondegenerate, we see

that X7; , | is measurable to

o (€x, stto,lll) C 0 (M, Bio.s+n-10) €0 (s X1,y 461)-

Then hy(&;, X‘[);Jl]) = ﬁl(nn, X[I,“Jﬂg]) for some function f;. For s € ( + 6, + 6], set
oy = ﬁl(nn, )N([t,tﬁ(g]) = h1(&y, Xﬁ,n])' Repeat the arguments, we may construct & € A?

such that, for the corresponding X determined by (5.18),
(5.19) &g =hi(r, Xir.40) =hi(Ex. X0 ), s €[t +8,tip1 +6).
Step 2. We next estimate the difference between X and X . Denote

AXg =X, — X%, AsXy = Xsp5 — X,
5.20 . s
(520) OSCs(X) = sup | X7y 2l

t<ri<ry<T,rp—r1 <8

Note that, for s € [£, T — 6],

| Xs48)n — X | < IEa- — nencll + sup |AsX,| +OSCs(X).

t<r=<s

By Assumption 5.1(i) and (iii), for ¢ = b, 0, f, and s € [#;, t; 1],

EX[lo(s +8, X, L, hi(6x XE 1) — (s, X%, Lxa, hi(Exs X2, )]

< CEPH(/J(S +8,X, L, hi(&x, 1)
— (s +8, X¢. Lz, hi6r, g )]
(5.21) + CE™[|(s +8. X%, Ly, hi(Ex. X3,)
— (s, X%, Lxo, hi(&x, fé,ti]))|2]
< CE7[|Xiamn = XS P+ [1+ 1 X5, P13 0))

< CE"[ll5in = el + sup 145X, 17 +0SC3(X) | + Cupp ().
t<r<s
Note that we may rewrite (5.18) as, for s € [#;, ti+1],

N

f(s-f—(s :)?l,'-i-(s + b(r+8’Xv£)~(7hi(§”’xﬁ,ti]))dr

1
N ~
+ a(r—f—(s,X,,Cj(,/’li(Sn, ﬁ,z,-]))dBf'

I

Compare this with (5.17), then it follows from standard arguments that

EF[ sup 15X, P]
(5.22) ressT=o

< CEP[|As X, + |En. — nen 1?4+ OSCE(X)] + Cpupd(8).
Note that, for s € [t, T — §],
|AsX¢| = [ Xsts — Xi| + & — 0e] < En. — nen.ll +OSCs(X);
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|AX ] < |AsXs] +0OSCs(X), selt,T —35l;
|AXS] < [AsX7—5] + X5 = X7| +[X] = X§ 5
< |AsX7_s| +OSCs(X) +0OSCs(X®), se[T —86,T,
where OSCs(XY) is defined similar to (5.20). Then (5.22) leads to
EED[ sup |AXS|2]

t<s<T
< CE*[lI&n. — nin|I> + OSC3(X) 4+ OSC3(X*)] + C,.05(5).
Since |b], |o| < Co, by Revuz and Yor ([38], Chapter I, Theorem 2.1) one can easily see that
(5.23) EP[|0SCs(X)|? + [0SCs(X*)|?] < C/8 < Cp2(5).

Here we assume without loss of generality that pg(§) > 6 i (otherwise replace pg with pg(8) VvV
1 .
84). Then, noting that |AX || < sup, o7 [AXs| + En- — nenclls

(5.24) E [I1AXI?] < CE[llgn. — ninIP] + Cunf 0).
Step 3. We now estimate Vy(¢, ) — Vo(z, v). By Assumption 5.1(ii) and (iii), we have
J(t, ) = Vo(t,v)
<Jt, pu,a)—J(,v,a)

:Ep[g(xavﬁX“) —8(X, Ly)
n=looni
+Z[ f(S,Xa’ﬁxa,hi(gn, ([);,t,‘]))ds
i=0""

n=2 piy ~
(5.25) - Z/t_ Fls+8,%, Ly hi(Er, X2, ) ds
2},

t+8 5 T -
7 . R Ly a0) ds —f £, X,[f;(,&s)dsi|
T—6

t
< CE"[po(| AX || + WalLxe, L))
+ [T+ X+ | XY] +WalLz, 810p) + WalLxe, 801)]p0(8)]
< CE[po(1AX || +Wa(Lxa, £3))]+ Cpuvp0(8).
Note that we may assume without loss of generality that py has linear growth. Then,
J(, w,a) — Vo(t,v)
< CE [po(IAX ||+ WalLxa, L)) 1{jax]>co]

(5.26) + Cpolco+WaLxa, L)) + Cpuvpo(8)
C s & 1
< aIEP[HAXMQ] + Cpo(co + (E"IIAX7])2) + Crvpo(8),

where ¢ is defined by (5.16). Note further that, denoting |7 | := minj<;<p |s; — 51/,
&en- — nea-ll = OSCir(10,11) + OSCir|(mo,1) + max [&; — ;|-
0<j<m
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Plug this into (5.24); by Lemma 5.11(iii) and (5.16) we have
E°[JAX?]
< CEP[OSCE, (§0.) + OSCy Grio.)] + 1§ = 0l + Cp(®)
< C[E*[OSC, (Xj0,)] + E'[0SCl (Xj0.)] + | Xin: = X) 0. |5, + 7]
+ CLpi(8)
< C[E*[OSCZ, (X[0.7)] + E'[OSC2 (Xj0.1)] + ¢ + £2] + CLpd (8).

|| ||

Plug this into (5.26), and note that o depends on g, but not . Then, by sending § — 0,
& —> 0 and 7| — 0, we obtain

C
J(t, @) — Vo(t,v) < awzzw[o,t], v10.11) + Cpo(co + Walie[o.11, vio.r1))

= CWa (10,11, v0,11) + Coo(2Wa (10,11, vio,11))-

Now by the arbitrariness of « € A?, we obtain

Vo(t, ) — Vo(t, v) < CWa(rio.1. vio.r1) + Cro(2Wa (0,115 Vi0.11))-

Following the same arguments we also have the estimate for Vy(¢, v) — Vy(t, 1), and thus
complete the proof. [l

LEMMA 5.14. Under Assumption 5.1, we have V = V.

PROOF. By definition, it is clear that Vp < V. To prove the opposite inequality, we fix
(t,n) € ® and o := Zl'-‘:_ol hi (X106 14,5, € Ar as in (5.3). Fix Py, B, and & being such
that Py o (S[O,,])_l = i, and let X% = X"5-% be defined by (3.17). We shall prove J (¢, i, @) <
Vo(t, 1) in two steps.

Step 1. We first assume all the functions &; : C([0, #;]) — R are continuous. For each
m > 1, consider the partition 7, : 0 =53’ <--- <, =1 be such that 5" = ;1—'t. Define

hm(’?nm, n[t,ti]) =h; (77% . )
(5.27) ’ (0.1
where nf’é’ 1] 1s the linear interpolation of 7, and nf't”ti 1= Nt

Denote o™ := Z;’:—Ol R (X s Xie.6) Lt i) €AY, and define X™ := X"$*" in an obvious
way. We shall estimate AX" := X" — X*.
Clearly AX"" =0 for s € [0, t]. For s € [to, t1], we have

S S
Xy=&+ | b(r, X% Lxe, ho(§o,n)dr+ | o(r, X%, Lxe, ho(o,1) dBr;
to fo

S

X{ =&+ [ b(r, X", Lxm, hy (Ex,,. &)) dr
0

+ | o(r, X", Lxm, b (G, &) dB;.

fo
Since hg is continuous, it is clear that

Tim EP[|Af (&, &) — ho(Go.m|* A 1] =0.
By Assumption 5.1(i) and (iii), it follows from standard arguments that

(5.28) lim EP[|AX" [|*]=0.
m—o0

A
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Next, for s € [t, t2], we have

1

S
X% = X% + /t b(r, XY, Lo, h1 (Eo.0, X2, 1)) dr
1
S
+/ O(ry Xa9£Xa9hl($[0,l]9X([:;’tl])dBr;
3]

s
X;n :X?l/l—F b(l", Xm,ﬁxm,hrln(gnm,X?Z’tl]))dl"

1

N
+ O'(r, Xm,ﬁxm,hlln(fnm, Erll,ll])) dB;.

0]

Since /1 is continuous, by (5.27) and (5.28) we have
: P 2
Jim EO[|AT (6, X{7 1) — R (Ero.n. X[ )" A 1] =0.

Then, similar to (5.28) we have lim,,, _, oo IEPO[HAX;’Z1 A ||2] = (. Repeating the arguments we
obtain

lim EPo[|AX™|*] =0,

m— 00
. 2 .
mll)mooEPOthn(énm’ Xf'l/l,li]) - hi (5[0,1‘]’ Xﬁ,li])‘ A 1] = 0’ I <n.

Now by the regularity of f and g in Assumption 5.1(ii) and (iii), we have
— 1 m
(5.29) T, poo)= lim J(t, . a™) < Vo, p).

Step 2. We now consider the general Borel measurable functions /;. We shall construct
o = Z?:_ol hi" ()fn (0, 11;.541) € Ay such that each h}" is continuous and, for the correspond-
ing X" := X159,

. P 2
lim B[R} (X[6,1,1) — hi (X[o,,1)|” A 1] =0,

m— 00

(5.30) 5
lim EPO[HAX’" [F']=0 where AX™ := X" — X*.
m—0oQ

Then by Step 1 we have J (¢, x, «'™) < Vy(¢, ), and similar to (5.29) we can easily show that
J(@, p, o) =limy, 00 J (1, u, ™) < Vo(t, ).

We now construct A" recursively in i. First, denote Xf’é’t] := &[0, Then [[AX}, || = 0.
Assume by induction that we have constructed X f’é’ti] such that

. 2
(5.31) Jim E[[AXE, [T =0.

For h; : C([0, to]) — A, by Lusin’s lemma, there exist continuous functions fz;" :C([0, 4] —
A and closed sets K" C C([0, #;]) such that

(5.32) hi'=h; onK{" and lim Po(Xfy ¢ K;")=0.
For each m, since fz:” is continuous, by (5.32) we have

: - - 2
lim EX[[A}" (X{y ) — A" (Xfo.)|" A 1] =0.

k—o00

Then there exists &, such that

~ i (ko ~ 2 1
EPOHhT(X[O,t,-]) - h;n( ([)é),ti])| A 1] = n_1 Vm.
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This implies that
BR[| (Xig) = hi (X, 0)* A 1]
< CEM[A] (X3',) — R (X, 0)[* A 1]
+ CEP[|A7 (Xfo 1) — hi(Xfy 1)) * A 1]
< % + CPo(X(o,. ¢ Ki") >0 asm — co.

By considering the subsequence k,, and set hf’" = fz}", we obtain

(5.33) lim EXO[[ni" (X5, ) — hi(Xf )] A 1] =0.

m— 00

By choosing the subsequence k,,, and for notational simplicity, we assume k,,, = m, then we
constructed the desired 47" under assumption (5.31).
Next, for s € [#;, ti+1] and for ¢ = b, o, denote

DG = pls, X Lo, WX ) = (5, X, Lo, (X5 1)
Since b and o are bounded and uniformly Lipschitz continuous in (w, @), we have
EPOHW(S» X", Lxm, hzm(xf’é,ti])) — (s, XY, Lxa, hi(xﬁ),t,-])‘z]
=E"[|[p(s, X" Laom, b (X[5.1,1))
= (s, X Lo B (X[ )]+ A []
< CER[|axy, | + |a¢]' ).
Note that
N
Xe = X%+ /t b(r, X%, Ly, hi(XS ) dr
N
+ . o(r, X, Lxe, hi(X{o 1) dBr;

)
Xxm =X;7+/,. b(r, X, Ly, (XD, ) dr

N
+ | o(rn X", Ly, b (X[g,,,1) dBr.

t

By standard arguments one can easily see that

lit1
B ax;,, ') = CEP[faxy, P+ [ [lab P+ oy Plas |

/RN VA
By (5.33) (with k,;;, = m) and the dominated convergence theorem, we have
. P lit1 ) )
lim E o[/ [|Ab" 2+ |Ac”| ]ds:| o0,
ti
This, together with (5.31), implies that lim,,_, IEPO[HAX Z’+ A ||2] = 0. Then the induction

procedure can continue, and by possibly choosing a subsequence, we construct the desired
hi" satisfying (5.30) for all i, hence completing the proof. [
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PROOF OF THEOREM 5.7. First, by Lemmas 5.13 and 5.14, we see that V is uniformly
continuous in u with certain modulus of continuity function p. Now let #; < > and u, v € Ps.
By DPP (3.21) (see Remark 5.4(ii)) and noting that f has linear growth in (w, @), we have

|V (1, ) = V(t2,v)| < sup [\V(tz,IP’“’“’“) - V(t2,v)|

OlE.Afl

! 1, 4,0
+ [CE L X B ) s
151

(5.34) e
<pW2 (]P)[O’,tz’] ,V[0,121))

5] L
+Co / [1+EF LI X on ] + Wa (P4 810))] ds.

n

Note that, since b and o are bounded, for s € [#1.12],

i, 0,1,
Wh (P> vio.a1) < Waigo.u1, vio.n1) + Wa(Pls)' s 110.41)

=

<Wa (0,115 V[0,12]) + (EPII'M’Q[ sup | Xy — Xy, |2]>

N=<s<tp
<Watt0.01, Vo)) + Clta —1)? < CWA((t1, ), (12, v):
E X 1]+ W2 (P 8101)
< CEF"" (11 X;n.1%]

< CEF™ (11X a2+ sup 1Xs,, ]

n=r=s

= CEF[|| X a0 11%] + CE]P’””"“[ sup IXMIZ]

f<r<s
< CE*[| X a17] + Clta — 1] < CEF[II Xy 1P] + C.
Then
|V (t1, ) = V(t2,v)| < p(CWa((11, p), (12, ))
+ C(L+EH[1 X )2 12 — 1.

This proves (5.4).
Moreover, if f is bounded, then (5.34) implies that

V(11 w) = V2. 0)| < pOVa(BiG vio.a) + Clia — 1]
< p(CWh((t1, ), (t2,v)) + Clt2 — 11].
This implies that V is uniformly continuous in (¢, n). U

5.4. A state dependent property. We conclude this section with the following state de-
pendent property.

THEOREM 5.15. Let Assumption 5.1 hold. Assume further that b, o, f, g are state

dependent, namely (b,o, f)(t,w, 1, a) = (b,o, f)(t,wr, s, a) and g(w, u) = g(wr, 1r),
then V(t, u) =V (¢, ) is also state dependent.
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PROOF. By Lemma 5.14, it suffices to show that Vy(z, u) = Vo(¢, v) for all ¢, i, v such
that u; = v;. We proceed in three steps.

Step 1. First, one may construct P e P(u, v) such that P(X, = X}) = 1. Indeed, one may
construct it such that the conditional distributions are independent: for any &, &’ € Cg(Q),

EF[£(Xin )8 (X],)] = B (B [E(Xen) X JE 8 (X7,0) 1 X) = X/

Step 2. Forany 7 :0=s9 <--- < s, =t and & > 0, § > 0, we may mimic the arguments
in Lemma 5.11 and construct (2, F, P, B, &, ) such that:

e L¢=pu, L) =v,and n is independent of B;
e &, is measurable to the o -algebra o (1, E[o,g]).
o EF[|E —n 1<%

Indeed, since P(X, = X)) =1, in Cases 1 and 2 in Lemma 5.14, it is obvious that & = n;. In

Case 3, we can show that EF[|&, — n,|?] < &2

Step 3. We now mimic the arguments in Lemma 5.13 to prove Vy(¢, u) = Vp(t, v). Fix
an arbitrary & = >0 hi (X, Xir.6) 1156, € A with the corresponding partition 77 : 0 <
S| < --- < su = t. Consider the notation in Steps 1 and 2 in this proof, and introduce P, B’,
B%, X9, )~(, 8 as in Lemma 5.13. Similar to (5.22) we can prove

EF[ sup |Xs — X¥[*] < CEF[j& — ] + Cpd(0) < Ce> + Cupd 0).

t<s<T
Moreover, following the arguments in (5.25) and (5.26), we can show that

J(tv M, (X) - VO(t’ V)

< CEF [ po( sup [|®s — X¥|+ Wa(Lg , £x)])]+ Cpuv0(®)

t<s<T
< Cp(Ce + Cpupo(8)) + Cpvpo(8),

for some modulus of continuity function p. Send €, § — 0, we obtain: J (¢, u, o) — Vp(t,v) <
0. Since « is arbitrary, this implies that Vy(t, u) < Vp(¢, v). The opposite inequality can be
proved similarly, and thus Vo (¢, ) = Vo(t,v). 0O
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