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We introduce the level perimeter integral and the total curvature integral
associated with a real-valued function f defined on the plane RZ, as integrals
allowing to compute the perimeter of the excursion set of f above level  and
the total (signed) curvature of its boundary for almost every level z. Thanks
to the Gauss—Bonnet theorem, the total curvature is directly related to the Eu-
ler characteristic of the excursion set. We show that the level perimeter and
the total curvature integrals can be computed in two different frameworks:
smooth (at least C2) functions and piecewise constant functions (also called
here elementary functions). Considering 2D random fields (in particular shot
noise random fields), we compute their mean perimeter and total curvature
integrals, and this provides new “explicit” computations of the mean perime-
ter and Euler characteristic densities of excursion sets, beyond the Gaussian
framework: for piecewise constant shot noise random fields, we give some
examples of completely explicit formulas, and for smooth shot noise random
fields the provided examples are only partly explicit, since the formulas are
given under the form of integrals of some special functions.

1. Introduction. Considering a real-valued stationary 2-dimensional random field X =
(X (x)),cr2, defined on a complete probability space (€2, A, IP), we are interested in statisti-
cally describing the geometry of its excursions sets, defined for t € R by

Ex(t):={X >1} C R?

in a given bounded open subset of R?. In the following, U will denote an open bounded set
or simply R? when not bounded. We will focus on Ex (1) NU = {x € U; X (x) > t} as well
as dEx(t) N U its boundary trace on U, where as usual 0 Ex (t) = EX(t)\EX(t).

In view of the measurability of X, its excursion sets Ex(¢) are a.s. Borel sets for all level
t € R. When moreover X is a.s. upper semicontinuous, these random sets are a.s. closed
(see [30]) and, therefore, for bounded U, the set Ex(¢) N U is a compact random set. In di-
mension 2, the geometry of a compact “nice” set K C R? with piecewise C? boundary 9 K
may be described by three functionals: its area £(K), where L is the Lebesgue measure on
RR?, its perimeter Per(K) = H!(3K), where 7! is the one-dimensional Hausdorff measure,
and its Euler characteristic y (K) that counts the number of connected components minus
the number of holes. According to the Gauss—Bonnet theorem, when 0K is a disjoint finite
union of closed curves, x (K) is also equal to % TC(0K), with TC(dK) the total curvature
of the positively oriented curve 0K (see precise definitions and statements in Definition 2
and Theorem 1). Let us notice that these geometrical features are also used with different
conventions according to the setting. For instance, in convex geometry, for K a convex body,
intrinsic volumes, respectively, Minkowski’s functionals, are defined by Vo(K) = x(K) =1,
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VI(K) = YH'(0K) and V2(K) = L(K), respectively Wo(K) = S TC(OK) =7, Wi(K) =
%7—[1 (0K) and Wo(K) = L(K) (see [34]), while in differential geometry when K is a com-
pact 2-dimensional submanifold with C? smooth boundary, Lipschitz Killing curvatures of
K are defined by Co(K) = 5= TC(3K), C1(K) = 31! (0K) and C»(K) = L(K) and may be
extended to sets with positive reach (see [35]).

When considering stationary random sets, it is natural to define corresponding mean den-
sity functionals (see Section 9.2 of [33], for instance). They are usually defined considering
the limit behavior of a rescaled observation through a large window, say rU, for r large. Ac-
tually, this procedure allows to remove boundary effects. We adopt a similar point of view
in this paper, by removing boundary effect, using a window U that is open. Hence, for a
bounded open U we will focus on the mean area E(L(Ex(t) N U)), the mean perimeter
EPer(Ex(t),U)), and on the mean total curvature E(TC(dEx(¢), U)) of excursion sets.
Densities will then clearly appear as

E(L(Ex (1) NU)) = L(Ex () LU),
E(Per(Ex (1), U)) =Per(Ex(¢))L(U) and
E(TC(Ex(t), U)) = TC(Ex (1)) L(U).

As far as stationarity is involved, the mean area is not hard to find since
E(L(Ex() N U)) = /U E(Ly(x)ar) dx

= L(U)P(X(0) >1).

It follows that an exact formula can be set up as soon as the distribution of X (0) (that is the
same as any X (x) by stationarity) is known and L(Ex(¢)) = P(X(0) > ¢). Now establishing
formulas for the mean perimeter and the mean total curvature or Euler characteristic is more
difficult and requires additional assumptions on the field. Computing the Euler characteristic
of excursion sets of random fields is a problem that has received much attention. Indeed, in
many applications, the Euler characteristic is a very useful index of the geometry of the field,
as explained for instance in the review paper of R. Adler [2], or in the papers of K. Worsley
[37] or [38] where applications in astrophysics or in brain imaging are mentioned.

Despite its “global” definition (the number of connected components minus the number of
holes), the Euler characteristic of an excursion set is in fact a purely local quantity related, by
Morse theory, to the number of critical points of X in U, or by the Gauss—Bonnet theorem,
to the total curvature of the boundary of the excursion set. Here, we will extensively use this
second equivalence to obtain explicit computations of the mean Euler characteristic density
of the excursion sets of some random fields.

In the framework of Gaussian random fields, the first equivalence is usually used. For sta-
tionary isotropic Gaussian random fields, an explicit formula for any level ¢ may be obtained
for the expectation of the Euler characteristic density, only depending on the variance and
on the second spectral moment of the field. This is an important result with many statistical
applications. In particular, for large levels ¢, the Euler characteristic gives a good approxima-
tion of the probability that the supremum of the field is greater than ¢ and can therefore be
used as a p-value: this is the Euler characteristic heuristic (see [5], for instance). In a “tour de
force,” a central limit theorem has recently been established in [19] that proves the accuracy
of the estimation over only one sample path as the size of the observation is growing. There
are also some interesting results apart from the Gaussian framework for x2, F and ¢-fields
[37] as well as stable [3] or infinitely divisible random fields [4], for instance. A test of Gaus-
sianity can therefore be set up using the Euler characteristic of the level sets as proposed in
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[16]. However, most of the general results rely on strong smoothness regularity assumptions
and on conditional distribution densities that are often difficult to evaluate for non-Gaussian
fields.

Now, in this paper, we will be particularly interested in another family of infinitely divis-
ible random fields, that are not Gaussian, namely the shot noise random fields. A shot noise
random field is defined on R? by

VieRE X(x) =) gm (x —xi),

1

where the x; are the points of an homogeneous Poisson point process of intensity A in R2,
and the m; are “marks,” independent of the Poisson point process. Such fields allow explicit
computations and may appear, in view of their asymptotic normality in high intensity [21],
as a bridge between the Gaussian setting and the discrete models of stochastic geometry such
as the Boolean ones [34]. Several results for the computation of the perimeter were obtained
in our previous paper [11]. Since the study for all level ¢ is often difficult, we extend here
our point of view of working in a weak framework by considering the geometric quantities
as functions of the level ¢. Hence quantities of interest will be given, when it makes sense, by
the mean level perimeter integral E(LPx (h, U)) and the mean level total curvature integral
E(LTCx(h, U)) of X, where the level perimeter integral and the level total curvature integral
are defined, for / a continuous bounded function on R, by

(D) LPx(h,U) :=/Rh(t)Per(Ex(t), U)dt
and
2) LTCx(h,U) ::_/Rh(t)TC(aEX(t), U)dt.

Let us remark that this allows us to get information on the mean geometry of excursion
sets for almost every level ¢, and hence to give insights on their evolution according to the
level. We will in particular be interested in the case of functions h,, : t — ¢/ with u € R,
computing then the Fourier transform of ¢ — Per(Ex (¢), U) and t — TC(d0Ex (), U). This
setting will also allow us to recover and generalize some important results established in the
two different frameworks of Boolean models in stochastic geometry and of smooth Gaussian
random fields.

In Section 2, we propose a general definition of the level perimeter integral and of the
level total curvature integral of a function, that allows to compute the perimeter and the total
curvature (and, therefore, the Euler characteristic) of its excursion sets for almost every level.
Section 3 is devoted to the results on smooth (random) functions. In particular, our weak
framework allows us to get formulas for some isotropic fields, recovering known Gaussian
results. We introduce then elementary functions as a particular case of piecewise constant
functions (with piecewise smooth discontinuity set) in Section 4 and compute their level
perimeter and total curvature integral. We give explicit expressions for elementary shot noise
random fields, where the functions g,,, are elementary functions. This allows us to generalize
results of the literature (about the Boolean model [28], or about “random configurations”
[15D.

Let us finally emphasize that we have made here the deliberate choice of not working in the
weakest possible functional framework. Our goal is to work else with smooth or with piece-
wise constant functions (like the indicator function of a set having a piecewise C? boundary
for instance). But we believe some of our results can be extended to functions with a weakest
regularity. Let us also mention the recent work of R. Lachi¢ze—Rey in [25] and [24] that re-
lates the Euler characteristic to the three-point joint distribution of the random field. And also
the paper [23] where R. Lachiéze—Rey gives formulas for the Euler characteristic of isotropic
shot noise random field that are a.s. Morse functions.
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2. General framework.

2.1. Sets of finite perimeter and finite total curvature. We consider a Borel set E of R?
and an open set U C R2. We assume that the indicator function 1 is a function in SBV(U).
Let us recall (see [7]) that a function f belongs to SBV (U), the space of special functions of
bounded variation in U if f € L'(U) and has its distributional derivative representable by a
finite Radon measure in U, that is,

ff(x)%(x)dx:—/qﬁ(x)le(dx) V¢ € CH(U,R),VI=1,2
U ax; U

for some R2-valued measure Df = (D; f, D> f), such that
Df=VfL+(fT—f)veH' 2y,

where V f L is the absolutely continuous part of the Radon measure Df with respect to the
Lebesgue measure £ and (f — f‘)vﬂ-llljf is the jump part of Df, with J¢ the set of
approximate jump points of f. The set J; is included in the approximate discontinuity set Sy
that is the set of points where f is not approximately continuous (see [7] Proposition 3.64,
page 160 and Theorem 3.83, page 176 for more details).

This framework, used in our previous paper [11], is convenient to define the perimeter of
aset E in U such that 1z € SBV(U) as

Per(E,U) := ||D1g|(U)
= sup{/ 1p divpdx|p € CL(U, RZ), lolloo < 1} < +00.
U

It follows that, denoting by &1, the approximate discontinuity set of 1g, the set Sy, N U
(its trace in U) is included in 0 E N U the boundary of E in U. In order to get information
linked with length and Euler characteristic we make the stronger assumption that 0 E N U
coincides with Sy, N U (which is equivalent to say that the discontinuity points are exactly
the approximate discontinuity points in U), and is a piecewise C? plane curve.

Let us recall here some basic facts and definitions about plane curves, following [17].
When T is a piecewise C? simple oriented curve (possibly closed) we define a regular point
or a corner point x of I' by the following properties:

e Regular point: one can find an arc-length C? parametrization y : (0, &) — I' with x = y (s)
for some s € (0, £), with ¢ > 0, and a normal vector vr(x) = )/(s)J- e S with y/(s)J- the
+% rotation of the tangent vector y’(s). The normal cone (defined for sets with positive
reach [35]) of I at x is given by Nor(I', x) = {—vr(x)}. The signed curvature xr (x) of I
at x = y(s) is then defined as

kr (x) =y (s), vr (),

where (-, -) is the usual Euclidean scalar product on R?. Note that since y is an arc-length
parametrization we have H! (y(@0,¢e)) =e.

e Corner point: one can find a simple continuous arc-length parametrization y : (—¢,¢&) - I’
such that x = y(0) with y being C? on (—e, £)\{0} and y’ admits limits y'(07) € S and
y/(07) € S' at 0, with vy (x) := »/(07)* and v (x) := y’(0")* linearly independent (no
“cusp”) in S! such that the normal cone of I at x is given by Nor(I', x) = {—pvp (x) —
qvff(x); p,q >0}nN S'. We then define Br(x) € (0, ) the angle of the cone Nor([", x),
corresponding to the size of the jump of vr at point x and ar(x) = +8r(x) € (—m, ) the
turning angle at x, where the sign is given according to the orientation of the curve. Note
that we also have H!(y ((—¢, ¢))) = 2¢.
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We denote by Rr the set of regular points and by Cr the set of corner points of the curve
I'. In the following, we will also denote by H the zero-dimensional Hausdorff measure, that
is just the counting measure.

DEFINITION 1 (Piecewise regular curve). We say that I" is a piecewise regular curve if it
is a simple oriented curve given by a finite union of piecewise C? disjoint Jordan curves (i.e.,
simple closed curves) with a finite number of corner points such that ' = R UCr. It has a
finite length given by H!(I") = #!(Rr) and a finite absolute total curvature on any Borel set
U C R?, given by

TaC(T, U) = /R mU\/cr(x)}?‘-ll(d)c) + Z lar (x)] < +o0.
r xeCrNU

Notice that the definition of TaC is the same as the one introduced by Milnor in [29] for
closed curves. But here, in this work, we will pay a particular attention to the signed total
curvature, and not to its absolute value.

DEFINITION 2 (Elementary set, perimeter and total curvature). We say that a Borel set
E C R? is an elementary set if dE is a piecewise regular curve (Definition 1) positively
oriented in such a way that the normals are oriented toward E. It follows that, for any open
bounded set U C R?, then 1z € SBV(U), the length of the curve d E N U is given by

H'QENU)=H' (Rye NU) =Per(E,U) < 400,
and its total curvature in U is

TC(BE,U)::/ UKaE(x)Hl(dx)—i- > apx) eR.

RoeN xeCypNU

The link between ' (9 E N U) and Per(E, U) follows from Gauss—Green theorem (see
Section 3.3 of [7]). Our definition of total curvature is the same as the one of Santald in
[31], Chapter 7. The total curvature is intrinsic, it does not depend on the parametrization of
the curve. But it depends on its orientation: if we reverse the orientation of the curve then
its total curvature is changed into its opposite. In particular, when E is an elementary set,
since dE = E€, its complement E€ = R?\E is also an elementary set, with for all U open
bounded set:

Per(ES,U) =Per(E,U),  TaC(dE®,U)=TaC(E,U) and
TC(ES,U) = —TC@E, U).

On Figure 1, we give examples of sets that are or are not elementary according to our
definition.

The link between the total curvature and the Euler Characteristic is given by the Gauss—
Bonnet theorem. Since the boundary of an elementary set is a finite disjoint union of Jordan
piecewise C? curves we can apply Gauss—Bonnet theorem (as stated in [17], page 274) for a
regular region.

THEOREM 1 (Gauss-Bonnet theorem). Let E be a bounded elementary set that is a

regular region (meaning that E = E), then the Euler characteristic of E is given by

> OlaE(X)>-

xeCyg

_ 1 _ 1
X(E) =5 TCOE) = (fRdE ko g (O)VH (dx) +
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O

Not elementary Not elementary Elementary

FIG. 1. Left: two sets that are not elementary sets according to Definition 2: the boundary of the first set has one
multiple point; for the second set, its boundary is not the union of disjoint piecewise C? Jordan curves. Right: an
elementary set.

REMARK 1. It is a well-known result of differential geometry of plane curves that the
total curvature of any regular simple closed curve is 2 or —2m (depending on the orientation
of the curve). This result is sometimes called Hopf’s Umlaufsatz, or also the theorem of
turning tangents ([17], page 396).

REMARK 2. Note that when E is a bounded elementary set and a regular region, then
we have seen that 0 E = 0 E€ and TC(0E€, U) = —TC(dE, U) for any open set U such that
E C U. In contrast, for Euler characteristic, we have to consider a compact set. For instance,
if V is a closed rectangle we can take V\E, and that yields x (V\é) =1—x(E).

The notion of elementary set is stable under union and intersection provided that the sets
are in “generic” position. Indeed, let us introduce the following definition.

DEFINITION 3 (Generic position). Let E and F be two elementary sets. We say that E
and F are in generic position if dE N dF is a finite set, included in Ryr N 'RyF and if for
x € dENJF, the normals vyg(x) and vyp(x) are not colinear.

When n > 3, we say that n elementary sets Eq, ..., E, are in generic position if for any
subset J C {1, ..., n} with cardinal greater than 3 we have ();c; dE; = & and if each pair
of sets are in generic position.

It follows that if Ej, ..., E, are elementary sets in generic position, then (?_, E; and
Ui_, E; are also elementary sets.

2.2. Level integrals for excursion sets.

DEFINITION 4 (Level perimeter and total curvature integrals). Let U C R? be an open
set and let f € SBV(U) be a real-valued special function of bounded variation defined on U'.
For t € R, we define the excursion set of f for the level ¢ as

Ef(t):={xeU; f(x) >t} CR%.

We assume that for almost every ¢ € R, the set E¢(¢) is an elementary set in the sense of
Definition 2 and that # — TaC(dE ¢ (1), U) is an integrable function on R. We then say that
the function f is of finite level total curvature integral on U. The level perimeter integral and
the level total curvature integral of f are defined for any bounded continuous function 4 on
R by

LPf(h,U):/Rh(t)Per(Ef(t),U)dt and

3)
LTCf(h,U):A;h(t)TC(aEf(t),U)dt.
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We simply denote V¢(U) for LPs(1,U) (=||Df||(U) by the co-area formula [7]) and
LTC;(U) for LTC (1, U).

Let us remark that when ¢ > sup;, f, then E ¢(t) "U = @ and, therefore, Per(E (1), U) =
TC(@Ef(t),U) = 0. On the other hand, when ¢ < infy f, then E¢(t) N U = U, and thus
0E ¢(t) NU = <. Therefore, we also have Per(E (1), U) = TC(AE (1), U) = 0. This shows
that the perimeter and total curvature are O for levels ¢ outside the range of f.

Let us also notice that when H is a C! diffeomorphism on R with bounded nonnegative
derivative h = H’, by a simple change of variable, the function H o f is also of special
variation and of finite level total curvature integral on U with Eg.r(t) = Ef(H 1)) so
that

Vo (U)=LPs(h,U) and LTCpos(U)=LTCy(h,U).

Link with Euler integral. Due to the additivity property of the Euler characteristic (valid
for instance on the class of polyconvex sets; see [14])

X(AUB) = x(A)+ x(B) — x(AN B),

it is natural to set up an integration theory with respect to the Euler characteristic [26, 36].
However, since y is only finitely additive, a careful choice of integrands must be done. This
problem was tackled by defining the class of constructible functions [32], then extended
by the class of “tame” real-valued functions in [9]. Following this framework, Bobrowski
and Borman obtained in [13] the first probabilistic statement about the persistent homology
generated by sublevel sets. We briefly recall the definitions used in [13] for comparison with
our setting. When f is a real continuous function defined on a compact topological set S, it
is said to be a tame function if the homotopy types of E(t) = {f >t} and {f <t} change
only finitely many times as ¢ varies over R, and the Euler characteristic of each set is always
finite. For such a function, a lower and upper Euler integrals are defined by

[ s = [t =0 - s <o)
S 0 - ’

[ = [ s = 0 - xir =n)ar
s 0 - '

where x (f > 1) = x(Ef(1)), x(f <t) = x(S) — x(f = 1), etc. Note that when U = (0, T)?
with some 7 > 0, and S = U, we have x(f >t) = x(S) =1 for any t < ming f, and thus
t — x(f >1t) is not integrable on R, explaining the above definition of Euler integrals.

In contrast, we can simply define LTC ¢ (U) for f a function of special bounded variation
and finite level total curvature on U. Of course, % TCEf(t), U) will not coincide with
x(E¢(t) NU) when the boundary of the excursion set is not included in the observation
window U. See also an illustration of this fact on Figure 2. But it can be seen as a “modified”
Euler characteristic, in a sense very similar to the one used in the book of Adler and Taylor
[6] or in the paper of Estrade and Ledn [19], where critical points in U are only taken into
account, and not the ones on the boundary of U. Moreover, when considering large domains
(that is rU for r going to infinity) the total curvature (in expectation) will grow like r2L(U)
whereas the sum of the turning angles on d (»U) will (in expectation also) grow like rHYOU),
being negligible for large r.

We will show how the perimeter and the level total curvature integrals can be computed
in different situations and we will apply it for computing perimeter and Euler characteristic
densities of some stationary fields. The first situation is the case of smooth (at least C?)
functions, and the second situation is the case of sums of piecewise constant functions (also
called elementary functions).
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>
>

FIG. 2. By the Gauss—Bonnet theorem, the Euler characteristic of the excursion set E ¢ (1) N U (in gray) is equal
to the total curvature of its boundary in the open rectangular domain U plus the turning angles at the points where
A(Ef(t) NU) meets 3U and also plus 7w /2 for each of the corners of the rectangle U that are in E ¢ (t). All these
special points are the ones marked by the small dashed circles on the figure.

3. Level integrals of smooth functions and random fields.

3.1. The case of smooth functions. We start by considering the case of smooth functions.
In the sequel, for f a C? function we denote by V f its gradient vector and by D f its
Hessian matrix.

PROPOSITION 1. Let U be an open bounded subset of R* such that its boundary is a
piecewise regular curve. Let f be a C? function defined on an open set containing U. Then
f is of special bounded variation and of finite level total curvature integral on U with

Vf(U)=/UHVf(x)de and LTaCf(U)S/UHDZf(X)szx’

where || - ||2 is the matrix norm subordinated to the Euclidean norm. Moreover, for h a
bounded continuous function on R, the level perimeter and total curvature integrals of f
are given by

LPf(h,U):/;]h(f(x))”Vf(x)”dx and

D2 f(x)- (VF(x)E, VD)
IV £ (x)]12

where if A = (ajj)1<i, j<2 is a 2 X 2 symmetric matrix and y = (y1, y2) € R2, we use the
notation

LTCy(h,U) = —/Uh(f(x)) Lyv fo=0dx,

A-(y.y)="yAy =anyi +any; + 2any1y.
PROOF. Note that since f is C' on an open set containing U we have that f € SBV(U),
and thus the set
Ef(t):={xeU; f(x)>1}

is of finite perimeter in U for a.e. + € R by the co-area f({mula (see Theorem 3.40 [7]).
Moreover, since f is actually CZ on an open set containing U, by Morse—Sard theorem (see
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[22], page 69 for instance), the set of critical values of f and of critical values of f restricted
to AU, denoted as f/3y has measure 0 in R. Hence for a.e. r € R, for all points x € U such that
f(x)=tthen V f(x) # 0 and for all x € Ryy such that f(x) =t then (V f(x), nay (x)*) #
0. Let 7 be such a noncritical value. Let us show that E'¢(¢) is an elementary set. We first
notice that

IEft)y={xeU; f(x)=t}U{x €dU; f(x) >1}.

By the implicit function theorem, if x € dE ¢(¢) N U, it is a regular point and one can find
a parametrization y given by an implicit form f(y(s)) = ¢, with x = y(s), normal vector
Y ()t =V f(x)/|IV f(x)| and curvature given by

D*f(x) - (Vf1(x), V)
IVl '

From the compactness of d E s (¢) and the fact that 7 is not a critical value for both f and f/3u,
we deduce that d E ¢(¢) is the finite union of disjoint piecewise C 2 Jordan curves that have a
finite number of corner points (more precisely this number is bounded by #°(C3r/) plus the
number of x € U such that f(x) = ¢, which is finite). Therefore, E ¢ (¢) is an elementary set
and we have that

Kf(x):i=—

TaC(dE ; (1), U) :/BE (t)mU|Kf(x)|'Hl(dx) <400
f
and TC(IE;(1),U) = fa - K ()H (@dx).
!

Now let us define « ¢ as a measurable function on U by setting for all x € U

D*f(x) - (Vf(x), Vf(x))
IVl
Let us recall the co-area formula for Lipschitz mappings (see [20], page 117, for in-

stance): for any nonnegative measurable or L-integrable function g, the function 7 +—
faEf(,)ﬂU g(x)H'(dx) is measurable and

4) Kp(x) =— Lyv fcoi=0-

_ 1
/U g |V )| dx = fR /a Ef(ng(x)H (dx) dt.

Taking g = 1, we recover the co-area formula:

— 1 —
/U||Vf(x)|| dx_/RH (VE;(1)yNU)dt = Vs(U),

while for g = |« 7|,

_ 1 _
LTaCf(U)—A;/E)Ef(t)m]}/cf(x)ﬁ-[ (dx)_/U|Kf(x)|||Vf(x)|| dx

= [ 1070l ax

in view of (4). Therefore, t — TaC(dE¢(¢), U) is integrable on R and f is of finite level
total curvature integral on U. Moreover, for # a bounded continuous function on R, using
again twice the co-area formula but now with max(g, 0) and —min(g,0) for g =ho f or
g = (h o f)ky, and subtracting we get

LP(h,U) = /U h(f )|V £ 0] dx,
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LTC(h,U) = /U h(f ()i (0)]| V£ ()] dx

B D% f(x) - (Vf()*:, V)
== [, Hr) MG

This can clearly be extended to complex valued functions 4 by linearity. [

Lyvrw=odx.

3.2. A general result for smooth stationary random fields. In this section, we consider
a smooth stationary random field X defined on R?. Let us introduce some notation for the
derivatives of X. A point x € R? is defined by its two coordinates x = (x{, x2) and we denote
for j,k=1,2,
X GED¢

Xj:=—— and Xj;:=

0x; axjaxk'

With these notation, it follows that VX = (g) and D?X = ())2; ;; ). Note that since X is

stationary, for any x € R2,
(X (x), VX (x), D2X(x)) 4 (X (0), VX (0), D2X(O)).

When X, VX and D2X have also finite second-order moment, X (x) and VX (x) are not
correlated, as well as VX (x) and D2X (x) (see [1], page 31, for instance). This is very useful
for Gaussian fields since it implies that V X (x) is independent from (X (x), D?X (x)).

Using the result of Section 3.1 and the stationarity of X, we have the following formula.

THEOREM 2. Let U be an open bounded subset of R* such that its boundary is a piece-
wise regular curve. Let X be a stationary C 2 random field on R2, such that X (0), X j(0) and
X jk(0) have finite expectations for all j, k =1,2. Then, a.s., X € SBV(U) with DX = VXL
and for a.e. t € R, the random variables Per(Ex(t), U) and TC(0Ex(t), U) have finite ex-
pectation such that for all h bounded continuous function on R, one has

E(LPx (h, U)) = /R h()E(Per(Ex (1), U))dt = LW)LPx(h) and

E(LTCx(h,U)) = /Rh(t)E(TC(E)EX(Z), U))dt = L(U)LTCx (h)
with
LPx(h) =E(h(X(0))|VX(0)|) and

- D?X(0)- (VX (0)L, VX (0)*+
LTCx(h)=—E<h(X(0)) © ﬁvx((o))nz © )1|VX(0)||>0).

dd
It follows that when the field X is isotropic, that is, X o A 14 X for all orthogonal matrices

A, then the above formulas reduce to,¥j =1, 2,

LPx(h) = %E(h(X(O))}Xj ©0)]) and

LTCx (h) = LTCY (h) + LTCY (h),
where
LTCY (h) = —E(h(X (0)) X j;(0)1jvx(0)]0)-

X1(0)X2(0)

D py = 4R( h
L1C 00 = 45(n(x ) 5

X12(0)1||VX(0)||>0>)-
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It follows that when X (0) admits a probability density px ), we get for the densities
defined in the Introduction, for almost everyt e R,Vj=1,2,

Per(Ex (1)) = %E(‘Xj(O)HX(O) =1)px (1),

TC(Ex (1) = [—E(ij(0)1||VX(0>||>0|X(0) 1)

+4IE<X1(O)X2(O)

VX (0)]2 X120 1jvx >0l X (0) = l‘)i|px(o)(t).

REMARK. Let us remark that assuming that the field X is isotropic and symmetric, that
is, X /dd —X, we get LTCx(h) = 0 for any even bounded function 4 and in particular for
h = 1. If moreover (X (0), X1(0), X2(0), X12(0)) £ (X (0), —X1(0), X2(0), X12(0)), we get

LTC§(2) (h) = 0 for any bounded function 4. This is in particular the case for isotropic fields
satisfying VX (0) independent from (X (0), X12(0)), as centered stationary isotropic Gaus-
sian random fields.

PROOF OF THEOREM 2.  According to Proposition 1, since X is a.s C2, it is a.s. of special
bounded variation and of finite level curvature integral on U with

VX(U)=fUUVX(x)y| dx and LTaCX(U)foHDzX(x)Hde as.

Since X is stationary, the finite expectation assumption implies that Vx (U) and LTaCx (U)
are nonnegative random variables with finite expectation. By Fubini’s theorem, this implies
that (¢, w) = Per(Ex ) (1), U) € L'(R x ©) and (1, w) — TaC(0Ex(w) (1), U) € L'(R x Q)
so that we also have (7, w) — TC(0Ex () (1), U) € L'(R x ). Moreover, a.s., for any h
bounded continuous function on R,

LPyx(h,U) = /R h(t)Per(Ex (1), U)dt and

LTCx (h,U) = /Rh(t)TC(aEX(t), U)dt,
with
LPy(h, U) = fU WX ())|VX ()| dx  and
D?X (x) - (VX (x)*, VX (x)1)
VX (x)|?

Hence, taking the expectation, Fubini’s theorem and the stationarity of X imply the results.
Under the assumption that the field is isotropic, we can exploit further on this formula.
First, let us recall that by Taylor formula, since X is a.s. C 2 we have a.s. for all x, z € R2,

LTCX(h,U):—/Uh(X(x)) 1yvx o >o0dx.

Xx+2)=Xx)+(VXx),z)+ %DZX(x) (2, 2) + oz—o(l1zl1?).
In particular, we obtain that, for any orthogonal matrix A,
V(X 0 A)(x) ='AVX (Ax) and D*(X o A)(x) ='A(D*X)(Ax)A.
Since X 0 A U id X, we deduce that

(X (x), VX (x), DX (x)) £ (X (Ax), 'AVX (Ax), "A(D*X)(Ax)A),
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and specifying to x = 0, it follows that
5) (X(0), VX (0), D2X (0)) £ (X (0),’AVX (0),"A(D*X)(0) A).

Hence (X(0), VX (0)) 4 (X(0),’AVX(0)) and for any 6 € [0,2m7), denoting u(9) =
(cos®,sinf) € S', one has (X(0), X;(0) 4 (X(0), (u(®), VX (0))), according to orthogo-

nal invariance (see Proposition 4.8 of [12]). Moreover, [|[VX (0)| = }‘ 02” [{(u(8), VX (0))|do
so that we deduce

E(h(X(0))|VX(0)]) = %fozn E(h(X (0))|{u(6), VX (0))]) 6

).

= %E(h(X(O))|X 5(0)

and the result for LPx (k) follows.
Now, let us consider LTCyx (). We introduce the random variable ® with values in 27T
(identified with [0, 27)), such that when ||[VX (0)]| > O,

vxO = (30) = IVXOl (Sng ).

For the sake of brevity, we drop the point notation (0) in the sequel of the proof. Then
D*X - (VX+,vxh
IVX|?
=E(h(X)(X1 sin? © + X5 cos’ ® — 2X 1, sin O cos O) 1 vx|=0)

_ E(h(X)(X“ ;—Xzz n Xy — Xli +2iX1262,~@

X0 —X11—2iX12 e
+ 1 e 2'O>1vxn>o>-

E(h(X) 1||VX||>O>

Hence introducing the complex random variables J = ||[VX ||€i®1HVX||>O and K = %(Xzz —
X11 — 2iX12), the rotation invariance (5) implies that for any 6 € [0, 27),

6) (X, J,K)Z (X, 7, 2K).

Now, we remark that

=ap(h) +az(h) + oz (h),

D*X - (VX+,vxh
IVX|>0

ElA
( O vxpp

where

Xn+X
ao(h) = E(M’Q(%)lvxnw) =E(h(X)Xj1jvx|>0)

=—LTC{ (h),
for any j € {1, 2}, using the fact that (X, X11) 4 (X, X22) by (5), and
(7) ax(h) = E(h(X)Ke* 1y x)=0).

But (6) irnplig:s that for allﬁeZ with n £ 2 and 6 € [0, 27), we have E(h(X)Ke"® x
1yvx=0) = ¢ " PEh(X)Ke"®1jyx|=0) = 0. It follows that

Olz(h) = E(h(X)?(EZiG — €_2i®)1||vx||>0) = 2iE(h(X)?Sin(2®)1||vx||>0).



MEAN GEOMETRY FOR 2D RANDOM FIELDS 573

Finally, we deduce that when # is real-valued, denoting by N the real part of a complex
number, since R(iK) = —%Xlz,

2Nar(h) = —ZE(h(X)Xlz Sin(2®)1||vx||>0) = —LTCg?) (h).

This concludes the proof for real-valued functions /. The result clearly extends to complex-
valued functions by linearity. Moreover, when X (0) admits a density px ), we can further
write

LPx(h) = f HOZE(X; 01X ©0) =1)px o 0 d,

LTngl)(h) =— | h(OE(X;;(0)1vx)>0lX(0) =) px (0 (1) dt,
R

X1(0)X2(0)

2 _
e o =4 [ 10E(JTea

X120 1vx©0)>0lX(0) = f)l?X(O)(t)dt,
such that for any continuous bounded function 4,
/ h(t)Per(Ex (1)) dt _/ h(t) E(]X;(0)||X(0)=1)px@(t)dt and

th(t)TC(EX(t)) dt

-/ h(l)[—E(ij(O)IHVX(O)|>0|X(0)=l)

. 4E(X1 (0)X2(0)

VX (0)]2 X12(0)1vx )01 X (0) = f>:|px(o)(t) dt,

implying the stated equalities for almost every r €e R. [

EXAMPLE. Let X be a stationary centered C? isotropic Gaussian random field. Then,

X1(0) being independent from X (0), we get E(|X1(0)]|| X (0)) =E(|X1(0)]) = 2“ , Where
A2 = Var(X(0)) > 0 denotes the second spectral moment. Moreover,

Cov(X (0), X11(0)) 37 px(0) —h2
X11(0)|X (0 X0)=——X(0)=—5-X(0),
E(X11(0)|X(0)) = Var(X (0)) 0) = o2 (0) 0)= " 0)
where py (x) = Cov(X (x), X (0)) and o2 = px(0), while by independence
X1(0)X2(0) ) <X1(0)X2(0))
———— X100 X)) = E{ ————— |E(X12(0)| X (0)) =0.
( R XnOIX©) e JEXROIX©)

Hence, since P(||VX (0)|| =0) =0, we get in this case that, for almost every ¢ € R,

— Thy 1 %
3 PCI‘(EX (l‘)) = - T e 2072,

— A 1 2
©) TC(Ex(0) = 51 ——=e .

Let us emphasize that this last expression yields exactly to the formula obtained for
2 E(x(Ex(t) NU))), stated for all € R, under additional assumptions on X (see (3.2.8) of
[2], for instance), where x denotes the Differential Topology (DT) characteristic of the set
and, therefore, TC(Ex (¢))/2m corresponds to the Euler characteristic density of Ex (¢).
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FI1G. 3.  Gaussian random field with covariance p(x) = e‘TzH"‘|2 for T =10. This sample has been obtained
using Matlab, with a discretized domain of size 210 5 10 pixels, using the circulant embedding matrix method.
Top right figure: empirical Euler characteristic as a function of the level t (computed thanks to the Matlab function
bweuler), compared with the theoretical value (red curve) of equation (9). Bottom line: Three excursion sets
corresponding respectively from left to right to the level t = —1, t =0 (i.e., the “critical level” where the Euler
characteristic turns from negative to positive), and t = 1.

Examples of such stationary isotropic random fields with comparisons between the the-
oretical values of TC(Ex(¢))/2m and an empirical estimate of Euler characteristic on the
square of fixed size [0, 1] are shown on Figures 3 and 4 (with 02=1and ry =272 for
T =10 and T = 100). The captions of the figures give the practical and technical details of
the simulations. Note that in view of the covariance functions, a scaling relation may be set
between T and the size of the square, explaining the convergence without boundary effects
as T increases.

It is more difficult to compute exact formulas in the general case where the gradient V X (0)
is not independent from (X (0), D?X (0)). However, we can use the following expressions that
allow more tractable computations. The proofs are technical and postponed to the Appendix.

PROPOSITION 2. Let W, X1, X5 be real random variables and let € € (0, 1].
1. FE(IWX1]) < +o0 and E(|W||X1]|'T¢) < 400, then

2 [t
E(WIX1)) == /O (WX sin(uX 1)) du

2. IFE(|W|) < 400 and E(|W|| X1 X2|¢) < 400, then

X1X3
E(WX2 + XZIX%+X§>°>

R R L
- _f / — a5 E(Wsin(v1 X1) sin(v2X2)) dvi dvs.
(v} +v3)
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FI1G. 4. Gaussian random field with covariance p(x) = Tl for T =100. This sample has been obtained
using Matlab, with a discretized domain of size 210 5 210 pixels, using the circulant embedding matrix method.
Top right figure: empirical Euler characteristic as a function of the level t (computed thanks to the Matlab function
bweuler), compared with the theoretical value (red curve) of equation (9). Bottom line: Three excursion sets
corresponding respectively from left to right to the level t = —1, t = 0 (that is the “critical level” where the Euler
characteristic turns from negative to positive), and t = 1.

Here, the improper integrals 0+°° are obtained as limyy_, 4 oo fOM .

Another useful result can be stated using the invariance property (6). The proof of this
result is also postponed to the Appendix.

PROPOSITION 3. Let W, J, K be complex random variables such that for any 6 €
[0, 27),

(10) W, 1K) L (W, %7, e2K),

and E(|\WK|) < +00. Then, writing J = Re'® 1,/|~0, on the one hand, for any g : 2T — R
continuous bounded 2w periodic function, one has

E(WKg(O)1,720) = c2()E(WK e*°1,11-9),

with c2(g) = %fozn efz’.”eg(Q) dO. On the other hand, if there exists € > 0 such that
E(WK||J|?) < 400, then

E(WK sin20O)17=0) =i /(‘)+OO %E(W?cos(vﬁﬁ(])))dv.

REMARK. A closely related result is given in Corollary 2.3 of [23], that should rewrite
in our stationary setting, under additional assumption on X, as

A;Qh(t)X(EX(t))dt
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2
— —E(h (X (0)) [Z lvxeo, Xjj (O)}

j=1

2
+ h/(X((»)[Z 1VX(O)eQ,~Xj(O)2:|),

j=1

for h : R — R a C! function with compact support, Q1 = {x = (x1,x2); x2 < x1 < 0} and
07 = {x = (x1,x2); x1 < xp < 0}, and where x(Ex(t)) stands for an Euler characteristic
density. Under the assumption that X is also isotropic, according to Remark 2.5 of [23],

—2
2R (x0)|[VXO)).

E(h' (X (0)1vx©eg, X;(0)%) = Ton

Note that by stationarity, denoting e; = (1,0) and e; = (0, 1), forany j =1, 2,

1
E(h' (X (0))X;(0)?) = fo E(h' (X (te)) X j(tej)?) dt
1
:E(/O h/(X(zej))Xj(zej)zdz)

1
_ —IE(/O h(X(tej))ij(tej)dt) — _E(h(X(0))X ;;(0)),
integrating by parts and using again the stationarity of X. Moreover,
E(h(X(0)1lvxoeo,X;i(0) =E(h(X(0)g;(©)X,;(0)),

with g;(0) = Lper+(2—j,3—j) that is bounded but not continuous. However, if we as-
sume that (X (0), VX(0), X;;(0)) admits a density we can adapt the arguments of Propo-

sition 3, to compute ar(h) = @E(h(X(O))gj(G))f), with c(g1) = —%(1 + i) and

c2(g2) = —#(—1 + i) and we obtain

- 1 -
E(/ h(t))((EX(t))> dt) = — / h(t)TC(dEx (1)) dt,
R 2 Jr
by Theorem 2, since it is also assumed that | VX (0)|| > 0 a.s..

3.3. Smooth shot noise random fields. We consider here a shot-noise random field de-
fined on R? by

VaeR: Xo() =) gm (x —xi).
iel

where ® = {(x;, m;)}ic; is a Poisson point process on R2 x R4, defined on a probability
space (€2, A, P), of intensity AL x F, with A > O real, £ the Lebesgue measure on R2 and F
a probability measure on R?. Note that equivalently, we may define ® as an independently
marked Poisson point process where {x;}; is an homogeneous Poisson point process of inten-
sity A and the m; are “marks,” following a law F(dm) on R? (with d > 1) and independent
of the Poisson point process {x;};. Let g : R? x RY — R be a measurable function such that
the functions g, := g(-, m) satisfy

(11) fRz Rd\gm(x)\aer(dm) < +o0.

Then the random field X ¢ is well-defined as an almost surely locally integrable function on
R2 (see [11]). Moreover, the random field X ¢ is stationary. We will first give sufficient condi-
tions to ensure smoothness properties and also isotropy, in order to obtain explicit formulas.
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But then, since smooth shot noise random fields do not always admit a probability density
(we have discussed this through several examples in our first paper [10]), we will have to
work with their characteristic functions.

THEOREM 3. Assume that g : R* x RY — R is a measurable function such that for F-
almost every m € R? the functions gp, = g(-, m) are C3 on R? satisfying

(12) /RZXRd{ngm(x)}dxF(dm) < 400,

3|j|gm.

forall j= (ji, jo) € N?> with |j| = ji + j» <3 and where Dig,, = ~.Then Xo isa.s.a

Bx]“ axé
stationary C? field such that X, X j» X jk have finite expectation for j,k =1, 2, ensuring the
assumptions of Theorem 2.

If we assume moreover that for F-a.e. m, the function g, is invariant under rotations, then
X o is isotropic. It follows that, when we also have

(13) / |Dig,, (x)|*dx F(dm) < +oo0,
R2xR4
for |j| € {1, 2}, then for all u € R, denoting h,, the function t — ¢!,
- +00 ]
Py, (hy) = fo (V) So(a, v) do,
LTCY) (hy) = @(u, 0)S1 ().

7(2) +0oo 1
LTCY, (h) = [ So v)Sa0u.v)dv.

where ¢ is the characteristic function of (X¢(0), 01 X¢(0)) given by
gD(M, U) — E(eiqu>(0)+iv81Xq>(0))

=exp<xf [e/lun () +001 8 (0] _ l]F(dm)dx),
R4 xR2
So(u, v) = —iA / / 31 gm (x) ! 148m CITVIEm N g F (dm),
R4 JR?
Si(u) = —A/ / alzgm(x)ei”g’”(x) dxF(dm),
R4 JR2

Sa(u,v) =2 A; | A; [838m () — 9 g ()] D H18m (I g F (dm)

. . 2 P . 92 .
and the notation 0;, respectively, 0 I stands for FITE respectively @ for j e{l,2}.

REMARK. Let us remark that these formulas allow to get an explicit expression for a.e.
t as soon as one can identify the right members with some Fourier transforms (with respect
tou).

PROOF OF THEOREM 3. Following similar arguments as in Proposition 3 of [10], Con-
dition (12) will ensure that X¢ is a.s. a stationary C? field such that X, X j» X jk have fi-
nite expectation for j, k = 1, 2, and we can differentiate under the sum. In particular, for all
j=12,

0jXo(0) = 8jgm (x —xi) and 87 Xo(x) =) 87gm (x —x).

iel iel
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Hence the general formula of Theorem 2 is valid for X ¢.
Under the additional assumption on the kernel, we can prove isotropy. Actually, for any
k>1,uy,...,upeRand y1,...,yr € R2, one has (see, for instance, [10])

S Xy Yk g (yi—
E(e' Lj=1t) o1y =exp<k /Rd /Rz(e’ Y1 ujgm(yj—x) _ 1)dxF(dm)>.
Hence, for any orthogonal matrix A, by the change of variables x = Ay,
ik uiXe(Ay; i YK _uj m(AQyj—
E(ef T i Xo( y,)):epr/Rd /Rz(etz]_,u,g (AGj=3) _ 1)dyF(dm))
:E(eizﬁzlujij))

since g, 0 A = gy, for F-a.e.m € RY.
It follows that by Theorem 2, for any 4 bounded continuous function on R, one has

).

LTCY) (h) = —E(h(X6(0))37 X6 (0)1)v x4 0)]>0)

LPy, (h) = %E(h(X¢(O))\81X¢(O)

and for & with real values,
LTCP) (h) = —291(az (),
where
a2(h) = E(h(X0(0)) Koe* ©* 1v x4 0)=0),

for Ko = 1(33X(0) — 37X (0) — 237, X¢(0)) and O the angle of VX ¢ (0).
Assuming moreover (13) is enough to use Propositions 2 and 3 with ¢ = 1, and we can
further write

az(h) = 2iE(h(X(0)) Ko sin(20)1jv x4 0))=0)

+00 1 -
— 2 /O CE(h(Xo(0) Ko cos(v1 X0 (0))) dv

and
+00 ] .
Zmaz(h) = —4/ ;E(h(ch(O))qu) COS(U31X¢(0))) dv,
0
so that
LTC? (h) = “E(h(X(0)[82X (0
. B = [ Eh(Xe©)[3Xa0

— 37X (0)] cos(vd1 X(0))) dv,

that may be extended to complex-valued functions 4. Hence, taking &, = ¢/* for u € R we
remark that since ¢(u, v) = ¢(u, —v) =E(h,(X¢(0)) cos(vd; X¢(0))),

0
E(hy (X2 (0))31 X (0) sin(vd; X (0))) = —%(u, v) = So(u, vV)e(u, v).

This leads to the formula for LPy,, (%,). Similarly, using the fact that

Pu,v) = E(ei”Xd><0>+iv8%X¢<0>)

= exp(k /I;{d - [e””gm(x)ﬂa%gm(xﬂ — 1]F(dm) dx),
X



MEAN GEOMETRY FOR 2D RANDOM FIELDS 579
we can compute
0 0@ .
LTCy (hy) = l%(u, 0) = S1(w)p(u,0) =S (uw)p(u, 0).

Finally, introducing

@@, v, w)

— E(eiMXd)(O)-l-ivBlXc1>(0)+iw[322X<1>(0)—312Xd>(0)])
_ exp(k/ ( i{ugm (X) 031 g (X)F w82 gm (x)—7 gm ()1 _ I)F(dm) dx),
R4 xR?

since (Z(u, v, w) = (Z(u, —v, w) we also have
gz:J(u, v, W) = E(eiux@(o>+[w[322x“’(O)_alzx“’(0)] cos(91 X o (0)v)).
Hence,

E(hy(X9(0))[33 X0 (0) — 37 X9 (0)] cos(d1 X o (0)v))

8:
= —i 20 11,0, 0) = S, V)p(u, V). 0

EXAMPLE 1. We will consider here the example of a smooth isotropic shot noise random
field given by

VxeR? Xo(x)= Zﬁig(x —Xi),
iel

where {x;};c; is a Poisson point process of intensity A on R?, the 8; are independent weights
following an exponential distribution of parameter ;« on R and g is the function given by
gx) = exp(—a||x||2/2), with a > 0 a fixed number. As previously, for u € R, let &, be the
function defined on R by 7 — ¢/*/. When g follows an exponential distribution of parameter
WL, We can compute its characteristic function

m
w—iu

o . +00 .
Fp(u) =E("F) = / we''Se M ds =
0
And we also have that

. ) : 2
iupy _ iupy _
E(Be'"F) = _l_auE(e )= 7( RVE

Then, denoting by ¢ (u, v) the joint characteristic function of X ¢(0) and 9; X ¢ (0), we have

ou,v) = exp(k //[eiuﬂg(x)ﬁvﬁalg(x) —1]Fdp) dx)

2t 400 j(u —avr cos@)e—"/2
=exp A/ / s=rdrdf ).
0 0

W —i(u—avrcosf)e /2

This allows us to compute explicitly the law of X¢(0), since

2 400 iy ,—ar’/2
o, 0) = E(e"X2©) —exp( / / e rdrd@)

w—ine=’/2
m 2 A/a
B <M—iu> '
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This shows that X ¢ (0) follows a Gamma distribution of parameters i and 2w A/a. We can
also compute the level perimeter integral, and get, according to Theorem 3,

- +oo |
LPx,(h,) = /(; ;(p(u, v)So(u, v)dv,

with

oo p2r war? cos(@)e“”z/2
So(u,v):—ik/ / —_dodr.
0 0 (u—i(u—avrcosf)e—ar-/2)2

For the level total curvature integral, the first term can be made explicit, and it is given by
(see again Theorem 3) LTC% (hy) = S1(w)ep(u, 0), where

S1(u) = —x // B g(x)e" P8 F(dB) dx =: —1I,.

The integral /1 can be computed as follows:

I ;= //:Balzg(x)emﬂg(x)F(dﬁ)dx
[ ctoxt= a0 ama
R? (n —iug(xy, x2))
2r  p4o00
0 0 (IL — jue—ar /2)2
1 —i 1
:—2n<_—logu zu+ . )
i 2 m—1iu
This finally leads to
— 2h/a ;s q . 1
LTCY) (h,,)zznx< s ) <._10g“ A )
@ M_lu Lu l,(/ ,bL_lI/l

Let us note that, writing v = 2w A /a > 0, this term corresponds to the Fourier transform of

the function 2 A f,, where
(un)”

Fw+1)

1
'(v)

jut |
fv(t>=( —ut fo (W () — log(s)) ——s"~ e—sczs)ﬂt>o,

using the fact that the inverse Laplace transform of p +— p~"log(p) is given by s

‘;:)(—;;(l//(l)) — log(s)) (see [18], page 251), where ¢ is the logarithmic derivative of the I
function.

For the second term, LTCS?BI> (hy), we use the formula given by

7(2) +00 1
LTCT, (h) = [ St v)Sa v)dv,

where ¢(u, v) was computed above, and S, is given here by

too 27 2,3 c0s(20)e—9"" /2
Sz(u,v)z—A/ f parZeos@he T T4y g,
0 0 (u—i(u—avrcosf)e ar~/2)2

All these integrals can be efficiently numerically computed (using Matlab, for instance).
Some results, comparing empirical and theoretical curves, are shown on Figure 5.
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FIG. 5. First line: on the left, a sample of the shot noise of Example 1; in the middle: its empirical perimeter
t +— Per(Ex (1)) (blue stars), and the theoretical curve t — Per(Ex(t)) (red curve) obtained numerically by
inverting the Fourier transform of u = L Py (hy); on the right: the empirical total curvature t — TC(Ex (t))
(blue stars), and the theoretical curve t — TC(Ex (1)) (red curve) obtained numerically by inverting the Fourier
transform of u — LTCx , (hy). Second line: same experiments but with the shot noise of Example 2.

EXAMPLE 2. This example is the same as the previous one, except that the §; follow
now a Laplace distribution of parameter ., and the shot noise random field has therefore the
additional property of being symmetric. Here,

— , too 1 w?
_ B — — —puls| __ =
Fg(u) =E(" )_/_oo 2ue’”se mslds = e
And we also have that
. 0 2iu,u2
E iupy — — (e iuf e/

Then, denoting again by ¢(u, v) the joint characteristic function of X ¢ (0) and 91 X ¢ (0), we
have

o, v) = exp(A / / [e/uPs () FivBog () _ l]F(d/S)dx)

27 400 _ 0 2 ,—ar?
:exp(—)»/ / (u = avr cos6)7e 2rdrd@).
0 0

w2 4 (u — avr cosf)2e—ar

This allows us to compute explicitly the law of X ¢ (0), since

QO(M, O) — ]E(eiqu>(0))
2t pdoo g 2p—ar?
= exp( / / —————rdr d0>
,lL + u2e—ar

_( ,LL2 )ﬂk/a
M2+u2 '
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This shows that X ¢ (0) follows a symmetric generalized Laplace distribution of parameters u
and X /a. We can also compute the level perimeter integral, and get according to Theorem 3,

- —+00 1
TPy (hy) = / ~ o, v)Sou, v) dv,
0 v

with now

dodr.

+oo 27 2 2ar? cos(0)(u — avr cos Q)e“”2
So(u, v) = A/ / >
(U2 + (u — avr cosf)Ze—ar)?2

For the level total curvature integral, the first term can also be made explicit, and it is given
by (see again Theorem 3) LTC“) (hy) = S1 W) (u, 0) with

S1(u) = —A / / Botg(x)e"PEN F(dB)dx =: —AI,.

Here, the integral /1 can be computed as follows:

I = //ﬁa%g(x)ef“58<X>F(dﬁ)dx

/ a(ax (X1 x2) 2iug(xy, x2) >
B 1= Dz (w2 + u?g(x1, x2)?)?

7 koo (ar?cos?0 — 1)
= f / 2iuau 5 rdrdf
0 0 (MZ + u2€—ar )2

i (1 u? +u? 2u? )
= —(lo - .
. 108 2 2t

dxidxy

This finally leads to

LTC(l)(h)=M—n< u? >nx/a(log 2 N 2u? )
Xo u \pu?+u? wr4u?  pt4u?)

For the second term, LTC;?C)l> (hy), we use the formula given by

+00

0 1
Lrc® (h,) = /O (V)2 ) do,

where ¢(u, v) was computed above and S is given here by

S20,0) =2 [ - / 2 —2ular? cos(26) (u — avr cosere "

dodr.
(u2 + (u — avr cos0)2e=*)2

Again, all these integrals can be efficiently numerically computed (using Matlab, for in-
stance). Some results, comparing empirical and theoretical curves, are shown on Figure 5.
Notice that the theoretical curves (red curves) present some oscillations that are due to the
numerical approximations we have made (indeed to numerically compute the integrals, we
had to truncate them, and since the Fourier transform is involved, this results in some oscil-
lations).
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4. Elementary functions and elementary shot noise random fields.

4.1. Elementary functions. We introduce now the class of elementary functions that are
piecewise constant functions defined more precisely in the following way.

DEFINITION 5 (Elementary function). We say that a function f defined on R? is an

elementary function if there exist an integer n, nonzero real numbers ay, ..., a, and n ele-
mentary sets (Definition 2) denoted Ay, ..., A, that are in generic position (Definition 3),
such that
n
=) arla,.
k=1

Let us remark that since R? itself is an elementary set, constant functions on R? are ele-
mentary functions.

In Section 2, we have seen the definitions of regular points and corner points of a curve.
We here extend these definitions to elementary functions.

We first introduce some notation. For a point x € U and a real positive number p, we recall
that B,(x) denotes the open ball of radius p and center x. For an oriented simple piecewise
C? curve y and a point x on y, then for p small enough, B, (x) \ y is made of two connected
components. These two “half-balls” are respectively denoted by B:{ (x,y)and B, (x,y). The
half-ball B; (x, y) is the component that is on the side of the normal v, to y.

Let us make the important and useful remark that the discontinuity set Sy of an elementary
function f =} ; a;14, is equal to the union of the 0 A;:

Sf=UaAl~.

Indeed the inclusion Sy C | J; 0A; is obvious, and the reverse inclusion holds since all the g;
are nonzero. Therefore, a point x on the discontinuity set belongs else to a single d A; and
it is then a regular discontinuity point or a corner discontinuity point, or it belongs to two
boundaries dA; and dA; and it is then called an intersection discontinuity point. See Figure 6
for a schematic representation of the three types of points.

To be more rigorous, here are the definitions and some notation.

e A point x is a regular discontinuity point for f if there exists p > 0 such that Sy N B, (x)
is a simple C? oriented curve y separating the ball B, (x) in two half-balls B; (x,y) and
B (x, ), and there are two real numbers f*(x) > f~(x) such that f(y) = f(x) for all
yE B;L(x, y)and f(y)=f (x) forall y € B;(x, y). We will denote

ve(x)=v,(x) and ky(x)=ky,(x).

FIG. 6. The three types of points of the discontinuity set of an elementary function. From left to right: a regular
discontinuity point, a corner discontinuity point and an intersection discontinuity point.
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e A point x is a corner discontinuity point for f if there exists o > 0 such that Sy N B, (x)
is a simple piecewise C? oriented curve y having only one corner at x. We write « rx) e
(—m, ) the turning angle of y at x. As for regular discontinuity points, y separates the
ball B,(x) in two half-balls B;r (x,y) and Bp_ (x, v), and moreover, there exist two real
numbers f+(x) > f~(x) suchthat f(y) = f*(x) forally € Bf (x,y) and f(y) = f~(x)
forall y € B, (x, y). The turning angle at such a corner point is denoted

ar(x) =oay,(x).

e A point x is an intersection discontinuity point for f if there exists p > 0 such that Sy N
B, (x) is the union of two different simple and oriented C 2 curves y; and y; in generic
position and such that {x} = y1 N y». Each curve separates the ball in two half-balls, and
there exist 4 real numbers [~ (x) < ff x), frx)=f T (x) with at least 3 different values,
such that f = £~ (x) on B, (x,71) N B, (x,2); f = f7 (x) on B, (x,y1) N BS (x,72);
f=rF@)onBf (x,y)NB, (x,y2) and f = f¥(x) on B} (x,y1) N B} (x, y2). And we
define

Br(x) =dg (Vyl (X), Vy, (x))
= min(|Arg vy, (x) — Argv,, (x)
€ (0,m),

L2 — |Arg vy, (x) — Argvy, (x)])

the geodesic distance between vy, (x) and v, (x) on § L

Let us remark that for an elementary function, at an intersection discontinuity point
x, we must also have f1(x) + ff)=fx+rf *(x). Indeed one can write locally
f(x) = f1(x)+ f>(x) with x aregular discontinuity point for both f| and f>. Hence f+(x) =
ST + £ () and 7 (x) = f (x) + f; (x) sothat £~ (x) + f(x) = fF(x) + f ().

DEFINITION 6 (Elementary function on U). Let U be an open set of IiRZ. We say that
a function f defined on U is an elementary function on U if there exists f an elementary
function such that for all x € U we have f(x) = f(x).

PROPOSITION 4. Let f be an elementary function, and let Ry, Cy and Iy denote re-
spectively the set of regular, corner and intersection discontinuity points of f. Then for all
t €R, E¢(t) is an elementary set (in the sense of Definition 2). Moreover, if U is an open
subset of R? and f is an elementary function on U, then f is of finite total variation and
finite level total curvature integral on U with

(15) Vf(U)=||Df(U>H=/ [T — f~@]H dx), and
T\’,fﬂU
_ + = 1
LTaCf(U)_/RmU[f x)—f (x)]|;cf(x)|3'-[ (dx)
+ Y [T = @] )]
(16) xeCrNU
+ Y [T —max(fF(x), fZ(x)
erfﬂU

+ min(fF(x), fZ(x)) — £~ (0)]Bs(x) < +00.
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If h is a bounded continuous function on R, and H is a primitive of h (for instance, H(t) =
fot h(u)du), then the level perimeter integral and the total curvature integral of f are given

by

a7 LPs(h,U) = /R ﬂU[H(f’L(X))—H(f_(X))]’Hl(dx),
f
LTCs(h,U) = [H(fT(x)) — H(f~ (x0))]er()H! (dx)
RsNU
f

+ Y [H(f @) —H(f @)]esx)

(18) xeCrNU

+ Y [H(ff @)+ H(f )

x€ZyNU

— H(fZ () = H(f{ ()] (x).
In particular, when h =1, we get LP (1, U) = V¢ (U) and

LTCy(U) = /R ﬁU[f+(X) — [T @)k )M (dx)

!

+ > [ = fm@]es ).

xeCrNU

19)

REMARK. Notice that equation (19) does not involve the intersection discontinuity
points of the function f. In particular, this implies that if f and g are two elementary func-
tions such that their elementary sets are all in generic position (which is equivalent to say
that their discontinuity sets Sy and S, are in generic position), then f + g is an elementary
function and we have

Vige(U)=V;(U) + Vo(U) and LTC4o(U) =LTCs(U) + LTCy(U),

for any bounded open set U. This result is quite striking, but we have to underline that it
does not hold in general for other classes of functions. Indeed, in the previous section we
have considered smooth functions f and the formula for the level perimeter and the total
curvature integral were obviously not linear in f. Here, the main point is that when f and
g are elementary functions in a generic position, then the two measures Df and Dg are
mutually singular, which is not the case in general for any two functions f and g.

PROOF OF PROPOSITION 4. Since f is an elementary function, we can write f =
n =14 1 Aj with ay, ..., a, real numbers and Aj,..., A, elementary sets in generic po-
sition. Let us assume that m = Ca.rd(f(]Rz)) > 2. Otherwise, if m = 1, then for all ¢ € R,
Ef(t) =3 or R? and, therefore, Per(E¢(t),U) =TaC@OEs(t),U) =TCOEs(2),U) =0.
In the following, we denote the values of f by v; < --- < v, and set vg = —oo. We first
remark that E (1) = @ for t > vy, Ef(f) = R? for ¢ < v and Ef(t) = Ef(v;) for v;—y <
t <v; and 2 <i < m. The set of discontinuity points is given by Sy = J/L, 0Es(v;) =

;?:1 0A ;. Since the sets (A )<<y are in generic position, each d E ¢ (v;) is a piecewise reg-
ular curve and, therefore, E (v;) is an elementary set with Per(E ¢ (v;), U) = Hl(Rf NTI;)
for I'; ;== 9 E ¢ (v;) NU. Now, for x € I'; we must have fT(x)>v; and f~(x) < v; and since
I'; C Sy, we can write

I =Ty ﬂRf) U (I ﬂCf) udT; ﬂIf).
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If x € Ry or x € Cy, then there exists a unique j such that x € dA; is a regular or corner
point of dA ; with kr; (x) =k ¢(x) or ar, (x) = a s (x). Otherwise, if x € Zy there exist j # J
such that x € 9A; N9 A j» and x may become a corner point or a regular point for I';. Indeed,
if v; <min(fF (x), f1 (x)), then x € Cr; with ar; (x) = —B7(x). Without loss of generality,
we may assume that ff (x) < frx). If ff (x) <v; < f (x) then x is not a corner point of
['; but a regular point. If v; > max( fj (x), fZ (x)), then x is again a corner point of I'; with
ar; (x) = By (x). Therefore,

TaC(Fi,U):/I_ - kr ) H dx)+ > oy
f

xGFiﬂCf

1

+ 2 By max(r w1~ ) T Loy min( @~ (@)

xel'iNZy
while
e U= [ ko @n+ Y ape)
TinRy xeliNCy
+ 2 BrO@ s max(r w1~ ~ Loy min( @, 1~ )
xel'iNZy
and

Per(I;, U) = f H' (dx).
FiﬂRf
Now, let & be a continuous bounded function on R and H a primitive of /. For the level
perimeter integral, we have
m v;
LPs(h,U) = / h(t)Per(dE (1), U)dt = Z h(t)Per(I';, U) dt
. & :

=2 Vi-l

3

=) [H () — H(vi—1)]Per(T';, U)

i=2

= [ Y[HE) - Homnlin 0H' @),
Rri=

When x e Ry NU = J/L, T, we denote by i(x), (resp., j(x) > i(x)), the minimal (resp.,
maximal) index i = 2, ..., m such that x € I'; and then f~(x) = vj(x)—1, (resp., fT(x) =
Vj(x))- It follows that

m J(x)
Y [H@) — Hui—)|ir,(x) = > [H() — H(vi-1)]
i=2 i=i(x)

(20) =HWju) — HWix)-1)

= H(f) = H(f~ ().

Therefore, we get

LPf(h,U):/R (H(fT(x)) — H(f~(0))H (dx).

f
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Now, for the total absolute curvature, we have

/Rh(t)TaC(aEf(t),U)dt:Z Y h) TaC(Ty, U) di

i=2" V-1

NE

[H (vi) — H(vi—1)] TaC(T';, U).

2

||
S

Then, using the above formula for TaC(I';, U), we get the sum of three terms. The first one
is given by

m

>o[Hw)—Hw-)] [

ke ¢ ()| 1 (dx)
i— fﬂF,’

= [ ler(ol Y o[H @) — Himn]ir, () @),
Ry i=2
Using equation (20), this first term is equal to
[ TH( @) = B @)l 01 @
RfNU

Similarly, the second term is equal to

SIH@)—H@w-D] Y lop)

i=2 xel'iNCy
= X [H(fY @) = H(f~@)]es@)].
xeCrNU

Finally, the third one is given by

m

> [H@) — Hwi-1)]

i=2

x Yy 1B OOy, o max( £+ o). £~ )y T Loy <min( £+ (o). £~ ()

xeliNZy
Jjx) k(x)
= > ﬁf(x)( > [Hw) - Hi-D]+ Z[H(v,-)—H(v,-_n]),
x€ZpNU i=l(x)+1 i=i(x)

where we have introduced k(x) and [(x) with i(x) — 1 < k(x) <I(x) < j(x) such that
min(ff(x), fZ-(x)) = vk and max(ff(x), fZ(x)) = vix), with the convention that
S =0 1) = j(x) and 5% = 0/if k(x) = i(x) — 1. It follows that this third
term is equal to

Z Br(x)(HWjx) — HWix)) + (H k) — HWix)—1)))
xEIfﬁU

=Y Br@)(H(f" () — H(max(fF(x), fZ(x)))

x€ly

+ H(min(fj(x), fZ() = H(f~@)).
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In particular, for & = 1, we obtain formula (16). The same computations as above give the
result (18) for LTC ¢ (h, U). Indeed now, the third term is equal to

m

> [H@) — H(vi-1)]

i=2

X D0 BrO@y e @ o) ~ Loy zmin( @, @)

xel'iNZy
J(x) k(x)
= ﬁf(x)< > [Hw)—Hi-p]— > [H(w)—H(vi_l)])
x€Ly i=l(x)+1 i=i(x)
= > BrOH(fT ) + H(f~ ) = H(fF ) = H(f ()
x€ly

Taking again & = 1, we obtain (19). Finally, let us remark that since the above results
depend only on the values of f in U, they also hold when f is an elementary function on U
in the sense of Definition 6. [J

4.2. Level perimeter and level total curvature of an elementary shot noise random field.
As in Section 3.3, we consider here a shot noise random field defined on R? by

VxeR?  Xo() =) gm (x —xi),
iel
where ® = {(x;, m;)}ics is a Poisson point process on R2 x RY of intensity AL x F, with
A > 0 real, £ the Lebesgue measure on R? and F a probability measure on RY.

We will first give formulas for the level perimeter and total curvature integrals of X¢ on
an open bounded set U in the case where the g, are elementary functions on R?, then we
will compute their expectation. Finally we will give explicit results in the case of weighted
indicator functions of random sets, obtained from a deterministic compact elementary set
and regular region D, by random rotation and dilation. Specific computations for disks with
D = D(0, 1), and for squares with D = [0, 1]2 are linked with some recent results on Boolean
models.

Throughout the rest of this section, we also assume that for F-almost every m € R?, the
gm are elementary functions on R?, with compact support, satisfying (11) and such that

(21) A; Ve (R?)F(dm) < +00 and /R LTaCy, (R?)F (dm) < 400,

where V,, (R?) and LTaC,,, (R?) are defined by (15) and (16) choosing U = R2. For F-
almost every m, g, is assumed to have a compact support that can be included in a square
[— T, Tin]?* with T, € Ry, and its maximal value [|gy lloo = max;_y 1 12 |gm| is finite. We
will assume moreover that

(22) / T2F(dm) < +oo and / llgm lloo F (dm) < +00.
R4 R4

Note that the first assumption of (22) implies that there is a.s. only a finite random number
of g, denoted by N(U), contributing to the values of X¢ on the bounded open set U C
(=T, T)?, for some T > 0. Indeed, it is clear that

NU) < #{i: U N (xi + =Ty, T, 1) # D) < #{iz i lloo < (T, + T},

with ||x]lec = max(|x1], |x2]), for x € R% It follows that E(N(U)) < A Jga 4(Tw +
T)?F (dm). Since F is a finite measure, under (22), we get

(23) E(N(U)) < +oc.
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In the following, we will use the notation 7, to denote the translation of x in R?2 (ie.,
7,y = y + x for all y € R?). We will also denote ®; = ® \ {(x;, m;)} fori € I, D =\
{(xij,m;), (xj,mj)} fori # j in I, and their associated shot noise random fields

Vi, Xo,(x)= ) gm(x —x) and
k;k#i

Vil Xe,(0)= D> gm(x—x0)

kik#ik#j

THEOREM 4. Assume that for F-almost every m € R?, the function g,, is an elementary
function on R2 (Definition 5) satisfying (11), (21) and (22), and such that

(24) fR ) HO(S,,, \ Ryg,) Fdm) < +00,

(25) ./Rded - ’HO(Rgm, N 1Ry, ) dx F(dm)F(dm') < +o0,
HO({y e Ry , N Ry, ;

(26) /]RdeR{d /RZ (1y € Re, N TR,

vg (¥) =g, (y —x)})dx F(dm)F(dm') = 0.

Then, almost surely, for all bounded open set U C R?, X ¢ is an elementary function on U
and its discontinuity set on U is given by Sx, N U where Sx,, = J; Tx; 8m; may be written as
Sxe = Rxy UCxq Ux,, with:

e Ry, = (U; ;R o, I\ (Ui~ TxiRgm,- N ijRgm]-)’ and if x € Rx, N U, there exists a
unique i such that x € T, R, . ‘

o Cxo =U; t,Cyg,, . and if x € CXCD N U, there exists a unique i such that x € 7,,Cg,, .

o Ix, = (U 1y gm,) U (Ui, j2 T R, NTx; Rgmj) and if x € Ly, NU, only two situations
occur:
— there exists a unique i such that x € Ty, Igm .
— or there exists a unique pair {i, j} with i ;é J such that x € Ty, Rgm,- N1y, Rgmj-

In particular, a.s.

Vi (U)=) Vg, (1_,U) and LTCx,(U)=) LICq, (t_yU).
i i

PROOF. Since it is sufficient to prove the result for all rectangles U = (a1, b1) X (a2, by)
with ay, az, b1, by € Q, we only have to prove it holds almost surely on some fixed rectangle

= (a1, b1) x (az, by), with a; < by and ay < b;. Let us notice that we already have proven
that X¢ € SBV(U) in Theorem 2 of [11] in a more general framework. However, we need
here to be more precise on its discontinuity set Sx, C [J; Ty, ngl_ .

Let us first remark that when Ag is a finite set of points of R? depending on the marked
Poisson point process ® = {(x;, m;)}, as soon as E(H°(Ag)) < +00, one has

UAq)j N rijgmj =J as.
i
This follows from the fact that, by the Slivnyak—Mecke formula (see [8] Theorem 1.4.5),

E(HO (U Ao, N rx_,.sgmj» =h E(H(Ap N 1:S,,,)) dx F(dm)
J

< AE(H’(Ag)) fRd L(Sg, ) F(dm) =0
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since £(Sg,,) = 0, using Fubini theorem and the translation invariance of both H" and L.
Our first assumption (24) implies that

(27) U 7 (Sen, \ R, ) N 7;Sg,, NU =2 as.
Lj# '
and as a consequence we have U; . 7x; S, N rijgmj NU =U; jz ™ Re, Ny, Rgmj nU

a.s. Indeed, taking Ap = {J; Ty, (ngi \Rgm,« )N U, Campbell formula (see [8] Theorem 1.4.3)
ensures that

E(H'(Ag)) < A /R o HOE(Se, \ Ry,) NU) dx Fidm)

<AL(U) f  H(Sq, \ Ry, )F(dm) < +00.
R
Then (27) follows from the preceding remark since

U 7 (Sep, \ R, ) D 7;Sg,,, NU = UAe, N T S, -
i,j# J

The second assumption (25) will ensure both that

(28) HO(U T Rigm; N Tx; Ry, N U) <00 as.
i,j#
and
(29) U Tx,-Rgml- N tijgmj N ‘L’kagmk NU=a as.
ijk#

Here, we set Ao = U; j+ Tx; Ry, N Ty; Rgmj N U. Using again the Slivnyak—-Mecke formula
and Campbell formula we obtain that

E(H(Ag))

<x2/ / HO(t, R, N1y R, , NU)dxF(dm)dx' F(dm’
<32 L M@ R, NToRy, N U) dxF(dm) dx'F (dm')

<22L(U) / )

RY xR /Rz HO(Ré’m/ N1y Ryg,, ) dx F(dm)F(dm') < +o0.

It follows that H°(Ag) < 400 a.s. and Uk Aa, N Tkagmk = a.s.
Finally and similarly, the last assumption ensures that

{y IS U Tx,'Rgmi ﬂrijgmj NU;
(30) i,j#
Vg, (¥ = Xi) = :l:vgmj (y— Xj)} = as.

This follows from the fact that the expected ° measure of this set is zero, according to the
Slivnyak—Mecke formula and Campbell formula, Fubini theorem and translation invariance.

Now, let us remark that X ¢ coincides on U with Xz where o= {(xi,m;) € ®; 1o, [Ty,
T, 1NU # @} and N(U) = #® is a.s. finite, as a consequence of (23) under the assumption
that [pa T,%F (dm) < +00. Moreover, X, is an elementary function (as a finite sum of ele-
mentary functions in generic position thanks to (28), (29) and (30)) and, therefore, X ¢ is an
elementary functionon U. [J
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THEOREM 5. Under the hypothesis of Theorem 4, assuming moreover that

3 /Rded AI;Z(Hgm”oo + ”gm/”oo)

x HO(Rg , N TRy, ) dx F(dm)F(dm') < +o0,

then the random variables Vx ., (U), LTaCx, (U) and LTCyx,, (U) have finite expectation for
any bounded open set U. Moreover, one has

E(Vx, (U)) = ALWU) /R Ve, (R)F(dm) and

E(LTCyx, (U)) = AL(U) /R LTC,, (R*)F(dm).

It follows that for a.e. t € R, the random variables Per(Ex, (t), U) and TC(0Ex, (1), U)
have also finite expectation such that for any h continuous bounded function, denoting by
hx4(0) the function s — E(h(X¢(0) + ),

E(LPyx, (h, U)) :/Iz&h(t)E(Per(Exd)(t), U))dt = L(U)LPx, (h),

and
E(LTCyx, (h,U)) = /Rh(t)IE(TC(aEX¢ (), U))dt = L(U)LTCx, (h),
where
LPy, () = A /Rd LP,, (Ax (0. R?) F(dm),
LTCx, (h) =1 /R (LTCy,, (hxy 0, R?) + 1 (hxy(0), m)) F (dm),
with

I (hxe(0), M)

1
= E/Rd /1%2 Z d51(vgm(Z—x),ng/(Z))

€T Ry MRy

m' &

gt _ N
X / (hxo0) (5 + & (z — X))
8

—hxo0) (s + &,z —x)))dsdxF(dm').

PROOF. First note that the results on the perimeter follow from Theorem 2 and Proposi-
tion 1 of [11] since in view of (11) and (21) we have [ga ||gmllgyra) F (dm) < +00. Actually,
it yields that

E(LPy, (h, U))
& (2)
=) [ (7 B+ X 0) s @
=il [ [ (rao(s@) ~ Frao(gu@)H @ F @m)

—ALW) [ LPy, (ixgc0 B F(dm).
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where we introduced H x, (o) to denote a primitive of the function hx, (o)
Moreover, according to Proposition 4, one has a.s.

LTaCy, (U)

< Z LTaCy,, (t—x;U)
i

+21 ) H (1R, Nt R, N U (18 oo + llgm lloo)-
iL,j# ‘
By the Campbell formula,

E(ZLTanm_ (r_xl.U)) :/ LTaC,, (7_xU)Adx F (dm).
; ! R2xRd
Hence, by the Fubini theorem,
— 2
E(Z LTaCg, (7_y, U)) =ALU) / LTaC,,, (R?) F(dm) < +00.

, ' R

]
Moreover, by the Slivnyak—Mecke formula,

B(( X MO0 Ray, 17 Re, 001l + g, 1))
i,j#

= HO T Re NTR ,NU
/I;{ded \/IZKZXRZ (Tx &m T Em )
% (Ilgm lloo + llgm'lloo)A” dx dx' F (dm) F (dm’)
2
=2e@) [ [ [ eery oy, (gnlloo + g o)

x H(dz) dx F (dm)F (dm')

=A2LU / f + g
@ [, | (lznlleo +ligull)
x H'(Rg , N7 Ry,) dx F(dm)F(dm') < +o0,
by assumption (31). It follows that E(LTaCx, (U)) < 400 and, therefore,

E(fR|TC(8EX¢(t), U)|dt> < +o00.

So, for a.e. t € R, the random variable TC(0Ex, (t), U) has a finite expectation and ¢
E(TC(0Ex,(2), U)) is afunction in L'(R). Note that since LTCx,(U)=3; LTCgml_ (t—x,U)
we simply get by Campbell formula and Fubini theorem that

E(LTCyx, (U)) = AL(U) /R ) LTC,,, (R?)F(dm).

Now, let /2 be a continuous bounded function with primitive denoted by H. We already know
thata.s. LTCx,, (h, U) = [ h(t) TC(0Ex, (1), U) dt may be written as the sum of three terms
Ry, + Cp, + I, with finite expectation under our assumptions. By the Fubini theorem, it follows
that

E(LTCx, (h, U)) = /R h()E(TC(dEx, (1), U)) dt = E(Ry) +E(Cp) + E(Iy).
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For the first term, we have

E(Ry) = IE( / HXEE) — H(Xa ) kxe (z)?-[l(dz)>

(o]

— + .
B E(Z \/‘;x,' Rgm,' nu [H(X(Dl (Z) + gmi (Z i ))

— H (X, (0 + g5, — ), @ — 50 H(d2))

— e
B /szRd /,ngmmU E([H(Xo(2) + g, (z — X))

— H(X0(2) + g,,(z — x))])kg,, (z — x)H' (d2) A dx F (dm),

by the Slivnyak-Mecke formula. Using the translation invariance of both 7! and £ and the
stationarity of X ¢, we get that

o @)
/ ) E(h(Xo(0) + 5))kg,, (2) dsH' (dz) F (dm)
8

E(Ry) = 1L(U) /Rd /Rg ()

(32) =L@ [ [ Frao(sh)

— Hxo0) (g5 (2)))kg, QM (dz) F (dm).

Similarly, for the second term we have

E(Ch)=E( 3 [H(X$(Z))—H(X¢(Z))]ax¢(z)>

ZGCX(DHU

= E(Z Lrery,Cyp, nulH(Xo,;(2) + g (2 — X))

— H(Xq>i (2) + g,;i (z — xi))]ozgmi (z— xi)Hl(dZ)>

(33)
= AL(U) /R Y E(H(XeO + g @)

7€Cq,,

— H(X¢(0) + g, (2))])atg,, (2) F(dm)

=AL(U) fRd Y (Hxoo(gm @)

7€Cq,,

— Hxy0)(8m (2))tg, (2) F(dm).
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Finally, the last term may be itself decomposed in two terms, say I = I ) 1}52). With

similar computations, we get that IE(I n )) is equal to

AE(U)/ > (fg o (h(X9(0) +5))ds

7€lg),

mI(Z)
_ /g E(h(X(0) +s))ds>,3gm (z)F (dm)
8

(34) w(2)

—)\ﬁ(U)/ Y [Hxoo(gm (@) + Hxo0)(8n ()

€7y,

— Hx ) (81 (2)) — Hxo(0)(gm7 ()] F (dm).
Adding (32), (33) and (34), we recognize
AL(U) fR LTCq,, (hxy ), R?) F (dm).
For the remaining term, let us introduce
Ami,m_;h(t’ I—Xj,Z— -xj)
& (z—x})
=/7 T+ g 2 = xi) +5)
gmj (Z_xj)
—h(t + g, (2 —x;) +5)]ds

for z € 7, Rg,, N rijgmj. Since 7, Ry, N fx,-Rgmj = rijgmj N1y R, the term IE(]}EZ))
is equal to

1
E(EZ Z Aml—,mjh(chl-j(Z),Z—Xi,Z—xj)

i#] €T Ry, Ny Rgm/- nu

s (v, = 10, 2 = 37) )

= / / E(Apmh(Xo(2). 2 — x.2 —x'))
zeergmﬂr /Rg ,NU

X dgi(vg, (2 —x),vg (2 — x’)))»2 dxF(dm)dx'F(dm’),

by the Slivnyak—Mecke formula. By change of variables, translation invariance of 7" and £,
and stationarity of X ¢, we get that E(/ }52)) is equal to

A2 _
Pl fRded / 2. E@nwhxeo0.2-x.2)

€T R,y MRy,

X dg1(vg, (z = X), vy ,(2))dx F(dm)F (dm')
=A2£(U) AJI(EXQ(O),M). 0

REMARK. Let us notice that choosing #,(s) = e’ for u,s € R we have hy, x,0) =
E(e*X*©) % h, and by linearity

LPg,, (7 x40 R?) = E(e"** ) LPg, (hy, R?)  and
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LTCy,, (hu,xq0). R?) = E(e"** ) LTC,, (1. R?).

It follows that Fourier transforms of ¢ — Per(Ex(¢t)) and ¢t — TC(dEx(t)) are given for
u € R by

(35) LPy, (h,) = AE(e"X2©®) f LPg,, (. R?) F (dm)
R
and
LTCx, (hy)
= AE(e X)) A; ) [LTCgm (hu, R?)
(36) + &/ / Z (eiug;}(z) _ eiug,;/(z))
2 Jre Jr? 2€TL Ry MRy,

gm(@=x)
X /7 e dgi(vg, (z = x), v ,(2))ds dxF(dm’)} F(dm).
gm (z—x)

4.3. Explicit computations. In this section, we will give some explicit computations of
the mean level total curvature function of elementary shot noise random fields. These results
generalize the results of Decreusefond et al. [15] obtained for indicator functions of a square,
and also the known results on the Boolean model (that correspond to the excursion set of
level t = 1). We will also show some numerical simulations.

Let us first recall, as already used in Theorem 3, that for shot noise random fields, the
characteristic function of X ¢ (0) is explicit and given by

VueR, E(e"*e®)= exp(k/ (e/8m™) 1)dxF(dm)>.
R

2 R4
We will consider here D an elementary compact subset of R2. Its boundary I' = D is

a finite union of positively oriented, closed simple curves, piecewise C? and of finite total

curvature, that is, TaC(I", R?) < 400. Note that by the Gauss—Bonnet theorem, we have

TC(T, R?) =27 x (D).

We will focus on the case where the marks are of the form m = (b,r,0) € R x [0, +00) x
[0, 2] € R? with d = 3, with distribution F(dm) = Fg(db)Fg(dr) x Fe(d#) and functions
gm given by

Vx eR?, g, (x) =blg,p(x),

where r D is the dilation of D by the factor r, and Ry denotes the rotation of angle 6. We will
denote b = max(b, 0), b~ = min(0, b) such that for x € dRygr D, we have g (x) =b* and
gm-(x)=b" with gt (x) — g,,-(x) =bT —b~ =|b| and b= (b" — b7 ) sgn(b).

We denote by B (resp., BT = max(B,0) and B~ = min(B, 0)), R and ® independent
random variables with distributions Fp, Fr and Fg. We will mainly focus on the case where
® is uniform on [0, 27r], that is, Fe(df) = %1[0,27{] d6 for random shapes with uniform
rotation; or on the case where ® = 0 a.s., that is, Fg = §g corresponding to simpler marks
m=(b,r).

THEOREM 6. We assume that

E(|B|) < +00 and E(R?) < 4oo0.
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We denote the mean perimeter and the mean area of Rgr D by

D= /R _Per(Rgr D) Fr(dr) Fo(d6) = Per(D)E(R)  and

a:= / L(Rgr D) Fr(dr)Fe(df) = L(D)E(R?).
R2

Then X ¢ satisfies the assumptions of Theorem 4 and 5 and
E(LPx,(U)) =ALU)E(|B|)p and E(LTCx,(U))=271L(U)E(B)x (D).
Moreover, when Fg is the uniform law on [0, 2], then, for all u # 0,
Fg+(u) — Fp-(u)_
iu

’

| e Per(Exy () de = 1B (¥4 )
R

A; e TC(Ex, (1)) dt

— )\’E(eiqu:.(O))
1 — - —
X i—u(zﬂ(FB(M) —1)x(D)+ E(FB+ (u) — Fp- (M))2ﬁ2>»

where Fg, respectively FI; or F/‘B\—, denotes the characteristic function of B, respectively,
B or B™. In the case where B =1 (=B™) a.s., we deduce that Vk € N, Vt € (k, k + 1],

Z(Ev (D) Lsas (@)
L(Exe)=P(Xo0) = k+1)=1—¢ ;OT
while
R Ak
Per(Ex, (1)) = re %ﬁ and
(37) !
(ra)k

TC(dEx, (1)) =2mre

A, PP )
D) — 25+ g,
Kl (X( b .

PROOF. Since H'(RgrT) = rH (') and TaC(RgrT, R?) = TaC(T", R?), the gm’s are
elementary functions, and for F(dm) almost every m = (b, r,6), writing L = HN (D) =
Per(D), we have

Ve, (R*)=1|blrL and LTaC(g,, R?) = |b| TaC(T, R?).
Let us remark that equation (11) becomes
/ / |gm (x)|dx F(dm) =E(|B|)a < +oo.
R4 JRR2
Equation (21) is easily checked since

[Rd Ve, (R?)F(dm) = E(|B|)E(R)L < 400 and

f | LTaCy, (R?)F (dm) = E(|B|) TaC(T", R?) < +o0.
R

Assumption (22) also follows from the fact that @ < +o00 and E(|B|) < +00. For (24), let us
remark that 7, = @ and C,,, = RorCr so that ’HO(ng \ Rg,) = #(Cr), ensuring (24), by
assumption on I".

Now, in order to check (25) and (26) we need a kind of kinematic formula.
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LEMMA 1 (Kinematic formula). Let f be a measurable nonnegative function on
[—, 71)2, periodically extended to R2, and let Ty, T be two piecewise regular Jordan (sim-
ple closed) curves. Let I, 1, (f) be defined by

IF],Fz(f) = /RZ Z f(Argvl“l(Z)’Arg VFQ(Z —.X')) dx.

zelliNt, "y
Then
Ly Ly i s
G| f(91<s1>+—,92<s2>+—)
0o Jo 2 2

X |sin(61(s1) — 62(52))| ds1 ds2,

(38)

where the curve I'| (resp. I'2) of length L| = HY(T)) (resp., Ly = HU(T»)), is parametrized
by s1 +— y1(s1) (resp., by so +— y2(s2)) where sy (resp., s2) is arc length, and 61(s1) =
Argy((s1) (resp., 02(s2) = Argy;(s2)).

PROOF. A heuristic proof of this result is given in the book of Santal6 [31]. But it can be
made fully rigorous using the co-area formula for Lipschitz mappings. Indeed, if F : R?

R? is Lipschitz, then for any nonnegative measurable function v on R?, the co-area formula
(see [20] or [7]) states that

./]R2 v(y)|det(DF (y))|dy =/RZ</F_1(X)U(t)H0(dt)> dx =/}thd;(x)v(t)dx.

Now, we use this formula with F' given by F(s1,s2) = y1(s1) — y2(s2) for (s1,s2) €
[0, L;] % [0, L>] (and extended to R2 by periodicity, for instance), and v given by v(sy, s2) =
FO1(s1) + F., 62(52) + 5)L(5,.55)€[0.11x[0, 5] Since T’y and T are piecewise regular Jordan
curves, they have only a finite number of corner points and, therefore, y; and y» are differen-
tiable except at a finite number of points, and we can compute at a regular point y = (s1, 52)

|det(DF ()| = |det(y(s1), y3(52))| = [sin(61 (s1) — 62(52))|.

And we also notice that if x € R? and ¢ = (s1, 52) € F~'(x), then x = y(s1) — y2(s2) and
therefore z = y1(s1) belongs to both I'y and 7,12, and y»(s2) = z — x. This concludes the
proof of the lemma. [J

In particular, taking f = 1, it follows that I, r,(1) < L{L>. Note also that we moreover
have the exact formula

2n  p2nw 2
/ / IRyt Ry > (1) dO dO' =27 x f |sin(0)|dOL Ly =27 x 4L1Ls,
0 0 0

according to a generalization of Poincaré’s formula (see [31], for instance). Using the fact
that I is a finite disjoint union of Jordan curves, we obtain that I, g T (1) < L%rr/, since

the length of RgrT, resp. Ry:r'T, is rL, resp. r'L, with L = H!(T") the length of I" and
2 27w
/ IRyrr Ry (1) dO do' =27 x 4L%rr.
0 0

It follows that
0 l
/Rded | MRy, N TRy, ) dx F(dm)F (dm')

-/ /[02 o oy () Fold6) Fo (d6)) Fr(dr) Fi(dr)
2 J[0,27

2
54L2(f rF,(dr)) =4p°,
R+
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with p = LE(R) = HY(T)E(R) the mean perimeter, proving (25).
Moreover, for f (61, 02) = 1g,=¢, + 19,=0,+7, Where = stands for equality modulo 27, we
clearly have

IF]Tz(f) =0,

in view of (38). Since I' is a finite disjoint union of Jordan curves, it follows that
HO eER, , Nty R,
Lo [ 700y €Re, 1R,
ve ,(¥) =%, (v — x)})dx F(dm)F(dm’)
= I o Fo(dO)Fe(d9')Fr(dr)Fg(dr') =0,
/Ri /[0,2n]2 RorT. Ry r'T (f)Fo(d0) Fo(d0") Fr(dr) Fr(dr')
so that (26) holds. Therefore, we get the statement of Theorem 4. Moreover, we also get

Ly Ll 4 g o) HO(Ry,, 1Ry, ) dx Py F(dnd
X

<47 /RXR("" +|V/|) Fa(db) Fg (db') = 8F°E(|B) < 400,

and (31) is also satisfied so that Theorem 5 holds.
Note that, we simply have

E(Vx, (U)) = AL(U) /Rd Ve, (R*) F(dm) = LL(U)E(|B|)p
and
E(LTCyx, (U)) = AL(U) A; | LTC,, (R?)F(dm) = AL(U)E(B) TC(T', R?),

using the fact that LTC,, (R?) = (b* — b™) x sgn(b) x TC(I', R?) = bTC(I', R?). Since
TC(I", R?) = 27 x (D), we obtain the first general statement. For u % 0, we can explicitly
compute the characteristic function of X ¢ (0), given by

E(eiuX<1>(0)) — exp(k /
R

where F, p(u) =E(e"B) = Ir ¢'"b Fp(db) is the characteristic function of B. We also have,
writing h,, as previously,

) 2(eiugm(x) _ l)F(dm) dx) — ekﬁ(ﬁB(u)*l)’
xR

b+ iub+_eiub—
LP,, (h,,R?) = f M H (RorTYdt = rH' () ————
b~ U
bt .
LTC,, (h B2) = [ e sgn(b) TC(Ror T R?) di

eiub+ _ iub™
=TC(T, R*) ————— sgn(b),
u
so that
_Fg+(u) — Fg-(u)
[léd LPgm (hu’ RZ)F(dm) =p 2 iu :
and
Fg(u) — 1

/ LTCq,, (hu, R?) F (dm) = TC(I', R?)
R

iu
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Therefore
Fp+(u) — Fp—(u)

u

LPy, (h,) = AE(e"Xe )5

Moreover, the last term in (36) may be expressed as
+

. R bT .
/ f (ezub+ _ plub ) / oS s
R4 JRZxR4 b~

x Y dgi(ve,(z—x),vg,(2)) dx F(dm)F (dm)

2€T Ry MRy,

_ ™ = DFp(db)) + (S (1 — &) Fy (b))
(39) iu
. fRi /[0,271]2 Trgrr,Ryrr (f) Fo(d0) Fo(dO') Fr(dr) Fr(dr')

€ = DFp@b) (o (1 — ) Fg(db'))

iu

x [ [ Trurr (o) Fo(d9) Fo(d6') Fr(dr) Fa(dr)
R2 J10,2712

where f(01,60;) = min(|0; — 6»|,2mr — |67 — 62]) (distance between two angles) and

S (01,62) = f(w +01,02).
This last expression may not be simple to compute. However, assuming from now on that
Fo(do) = %]l[o,zﬂ] df, we obtain by (38), for two Jordan curves I'y, Iy,

/[0 - IR@F],RQ/FZ(f)F@(dQ)FG)(d@/)
,2JT

1 27 pLy Ly
:Z/o /0 /O [sin(61(s1) — 62(52) — )|

X min(|01 (S]) — 92(S2) -0 , 2w — ’91 (S]) — 92(S2) — 9‘)dS1 dS2d9
=L{L,.

Similarly, we have
[ Irr im0 Fo(d6) Fo(d6) = LiLa.
[0,27]%
Since T' is a finite disjoint union of such Jordan curves, we get

/[0 2P IRerr,Rg/r/F(f)FG)(dQ)F@(dQ/)
,LTT

N [0,27]2 IRWF’RQ’V’F(fﬂ)F@(dQ)F@(dQ/) = L%rr.
2

It follows that for uniform rotations, we have

LTCx, (hy)
_ uxeOn 1 (2= A —~ 2
— AE(e Ko )E<(F3(u)—1)TC(F,R)+§(FB+(u)—FB(u)) P )

When moreover B =1 a.s., Bt =1 and B~ =0 a.s., we can deduce an exact formula
for the area, perimeter and total curvature densities of the excursions of X ¢. Actually, in this
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case X ¢(0) follows a Poisson law of parameter Aa, which is enough to compute L(Ex,, (t)) =

P(X¢(0) > 1) for any ¢ € R, and FB+(M);FB_(M) = I (;;)—1 is the characteristic function of

a uniform random variable Z on [0, 1], while I@(u)%u)_l is the characteristic function of
Z + 1. Then, considering Z independent from X ¢ (0), we can write

LPy, (h,) = AE("X*O+Z) 5 and
LTCxe ' )
LTCx, (hy) = X[E(elu[ch(O)-f—Z]) (TC(F, ]RZ) _ §ﬁ2>

n E(eiu[X¢(0)+z+1])§ﬁz]
2

Note also that since here the random field X ¢ has integer values, then Vk € N,
Vie(k,k+1], {xeU;Xo(x)>t}={xeU; Xo(x)>k+ 1}

and, therefore,

Per(Ex, (1)) =Per(Ex,(k+1)) and TC(dEx, (1)) =TC(dEx,(k+ 1)).

Hence we can conclude that Vk € N, Vr € (k, k + 1],

- _(am\k
Per(Ex, (1)) = /\e—”%— and

(40) ‘ k -2
TC(3Ex, (1) = he ™ ()f : (TC<F R?) - % +z——k>

Note that, thanks to the Gauss—Bonnet theorem, we have TC(T", R?) = 2 x (D), so that we
can rewrite this as in (37). O

Let us remark that formula (37) only involves the Euler characteristic, the mean perimeter
and the mean area of the shapes. When k = 0, we find the formula of the mean Euler char-
acteristic density of a rotation invariant Boolean model as obtained by Mecke and Wagner in
[28] and by Mecke in [27] stating that

. E(x({x €erU; Xo(x) > 1})) _ oD
F—+00 T LU)

with mo(D) =a, m1(D) =p/2m and ma(D) = x (D) /7. Actually, defining the Euler char-
acteristic density as x (Ex (1)) = TC(0Ex,(t))/2m we get, forall k e Nand r € (k, k + 1],

B =0 (1 )
X (Ex, (1)) = 0 (D) — yp +4 —k

recovering the results of Boolean model for £ = 0 in dimension 2 (see page 389 of [33]).
The typical behavior of x (Ex, (k)), as a function of k € N, is the following:

ama (D) — A>m (D)%),

e It starts, when k is small, by being negative. This is explained by the fact that {X¢ > k} is
essentially made of one big connected component with many small holes in it. In particular,
the minimum value of x (Ex,, (k)) is achieved for an integer denoted k_. The explicit value
of k_ can be computed from equation (40). The formula is not very nice, but it has a simple
asymptotic behavior when A is large, since then we have

k_=2a—~/ @+ 0().
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FI1G. 7.  Shot noise random field with indicator functions of random disks. This sample has been obtained using
Matlab, with a domain of size 2000 x 2000 pixels, a Poisson point process of intensity A = 0.001, and random
disks of radius R = 50 or R = 100 (each with probability 0.5). Top middle and right figure: empirical perimeter
and Euler characteristic as a function of the level t (computed thanks to the Matlab functions bwperim and
bweuler), compared with the theoretical values (red stars) of equation (37). Bottom line: Three excursion sets
corresponding respectively from left to right to the level t = 15, t = 19 (i.e., the “critical level” where the Euler
characteristic turns from negative to positive) and t = 25.

e Then, after k_, the density x (Ex, (k)) increases and it crosses O in the interval that con-
tains ko where

_  2ma _
For this level, there are as many connected components as holes.

e After ko, the density x (Ex, (k)) is positive and it increases till a value k and afterwards
it decreases and goes to 0 as k goes to infinity. As for k_, the value of k.. is explicit, and
its asymptotic behavior when A is large is

kip=xa+vra+ O(l).

EXAMPLE 1 (Random disks). We assume here that D = D(0, 1) is a disk of radius
1, and that B =1 a.s. In this case, we have TC(0D) = 2n x (D) =2n, p = 2rE(R) and
a = nE(R?). Note also that since Rgr D = r D for all 6, whatever Fg is, the shot noise ran-
dom field has the same law as the one with marks given by m = (b, r) € [0, +oo)2 c R?,
with distribution G (dm) = Fp(db) Fr(dr). An example of such a random field with compar-
isons between the theoretical value of E(TC(0Ex +(0),0)) /27 of Euler characteristic and an
empirical estimate on a large domain are shown on Figure 7. The caption of the figure gives
the practical and technical details of the simulation.

Let us remark that we can also compute the mean level total curvature for a nonisotropic
shape. This is the case of squares, for instance, as developed in the following example.

EXAMPLE 2 (Random squares). We assume here that D is a square of side length 1
and ® =0 a.s. with F(dm) = Fp(db) Fr(dr)do(df) or equivalently that marks are given by
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m = (b,r) € R x [0, +00) C RZ, with distribution G (dr) = Fg(db)Fg(dr). In this case,
I' = 3D is made of four line segments, with TC(I", R?) = 27 x (D) = 27, p = 4E(R) and
@ = E(R?). On the boundary of a square, the curvature is 0, and it has four corner points with
a turning angle equal to /2. Now, considering the first term of (36), we get for u # 0 and
hu(t) =™,

/Rd LTC,,, (h,)F (dm) = TC(T, RZ)%.

For the second term, using (39) and according to the kinematic formula (38), the only re-
maining terms are for 6;(s;) = 61(s2) £ % for which

£ (01(s1), 62(s2)) = min(|6; (s1) —
= % = fx(01(s1), 02(52)).

61 (s1) — 62(s52)])

It follows that
Ir, r,(f) == x8ry xrp=1Ir, r,(fr),

and note that

/ Z dg1(vg,, (z —x), v, (2))dx = % x 8r xr'.

2€Tx Ry ﬂRg y
Hence, the second term in (36) becomes

f f (18w @) _ oi18,())
2 Jrd JRZxRA

zerXRgmﬂRg ,
he—x)

X (/ e’ ds>d51 (Vg (z = x), vg ,(2)) dx F(dm)F (dm’)

gm (z—x)
_; Fpr () = Fp-()?)

iu

 (Fpe() = Fp-()* 5
iu 16°

71/2 rr' Fr(dr)Fr(dr')

Finally, in this case
LTCx, (hy)
= HE(e X0 0) 1 ((Fyt) — 1) TC(N ) + 2Py () — - (u))zfa)
u

and it corresponds to [ e'“TC(0Ex, (1)) dt.
For B =1 a.s., taking the inverse Fourier transform as previously, we obtain Yk € N,
Vie(k,k+1],

—\k —2
g (Aa) ( A P )
1— L
¢ T 16p * 16z

It is illustrated on Figure 8. This formula generalizes one of the results of Decreusefond et
al. [15]. Indeed, considering the Boolean model made of squares of constant size R = 2¢ a.s.
for some ¢ > 0, we get for k =0, and a > 0,

1
(41) X(Exy (D) = 5 —TC(0 Exy (1) = 1

| I
Vi€ .11, E(TCOEx, (). (0.0)%) =a’x(Ex, (1)

= kaQe_)‘(zg)z(l — k(28)2),
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FIG. 8. Shot noise random field with indicator functions of random squares. This sample has been obtained on
a domain of size 2000 x 2000 pixels, with a Poisson point process of intensity A = 0.005, and random squares of
fixed side length R = 100. Top middle and right figures: empirical perimeter and Euler characteristic as functions
of the level t, compared with the theoretical value (red stars) of equation (41). Bottom line: Three excursion sets
corresponding respectively from left to right to the level t =3, t =5 (i.e., the “critical level” where the Euler
characteristic turns from negative to positive) and t = 8.

that corresponds to the mean Euler characteristic of the Boolean model in dimension 2, con-
sidered in the torus of size a > 0 in Theorem 11 of [15].

APPENDIX

A.1. Proof of Proposition 2. For the first point, we will use the fact that for all y € R,
2 (1% sin 2 (M sin
—/ ﬂdu = lim —f ﬂdu =sgn(y),
7 Jo u M—+oo 7 Jo u
with sgn(y) =1 if y > 0, sgn(y) = —1if y <0 and sgn(y) =0 for y = 0. We also remark
that C =sup,. %|fOA Mdm < +0o0. Since for € € (0, 1], we have |sin(uX)| < |uX|®

u

and E(|W||X1|'*¢) < +o0, by the Fubini theorem,

2 (M 2 (M sin(uX
—/ “E(WX, sin(qu))du:E(WXl—/ Mdu).
T Jo u T JO

u

But, as M goes to oo, %fOMm(’;—X')du converges to sgn(Xp) a.s. and, since

| fOM “n(fjﬂ du| = | [OM X1l S”‘uﬂ dul|, it is uniformly bounded by C. Hence the dominated
convergence theorem allows to conclude that

2 (M1
lim —/ —E(WX;sin(wX1))du =E(WX;sgn(X;)) =E(W|X;]).

M—4+oc0omT JO U
For the second point, we start with the following identity:

X1X2 4 too ptoo V102 . .

mlxlz+x%>0 = ; '/0 \/0 m Sln(U].X]) Sll’l(vzxz) dl)] dl)z.
This identity can be proved using the fact that the Fourier transform (or more precisely the
sine transform) of a Cauchy—Lorentz function (function of the form x — 2a/ (x2+a?))isa
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two-sided exponential function (function of the form y — exp(—a|y|)). Moreover, we have
the following uniform bound.

LEMMA 2. For M, M’ > 0 and x1, x € R, let us define
, M vy .
F(M,M ,xl,xz):/ / ﬁsm(mxl)sm(vzxz)dvl dvs.
0 (vi + v3)?

Then there exists a finite constant C > 0 such that

VM, M >0, Vxi,x2eR, |F(M, M/,XI,XZ)’ <C.

PROOF. Let x1, x2 € R, and let us denote x; = pcosf and x; = psinf, with p > 0 and
0 € [0, 27r). In the integral that defines F (M, M’, x1, x3), we make a change of variable to
use polar coordinates. For o € [0, %], we denote RM M — Mty < arccos—Y—, and

cosa W’

Rg’I’M/ =M ifq> arccosi2 We then get

sina /M2+M’

F(M, M/,xl,xz)

"2 cosasina .
—/ / ——ssin(rpcosf cosa) sin(rp cos6 cosa)r dr do

R%M 1

2 . . .
:/ coso smozf —sin(r cos cosa) sin(r cos cosw) dr do
0 0 r

3 PpRIM
=/ cosa sin(x/ 2—[cos(r cos(f + a)) — cos(rcos(0 — )] dr da.
0 0 r

Now, let A > 0, and let r € [—1, 1]. We have, by an integration by part,
sin(At in(¢ Asin(rt

in(Ar) _ sin(t) +/ sin(r )d
At t 1 rlt

Using the change of variable (r — r|t|) and the fact that | sin(x)| < min(|x|, 1), we can bound
the above right-hand side integral by

Asin(rt) 1A | sin(r)]| 1] +oo ]
/ dr 5/ drf/ —dr + —zdr=1—10g|t|.
1 |t |t r

r2t | r | r 1

r.

A1
f —cos(rt)dr =
1 r

If ¢/ is also in [—1, 1], using that, for all r > 0, | cos(rt) — cos(rt’)| < r|t — t'| < 2r, we get
11
—|cos(rt) — cos(rt’)|dr < 1.
|| 55 leostrn) = cos(rt)ar <

Putting all this together, we finally have

1 1
|F(M, M/’xl,x2)| < f2 (3 — Elog|cos(9 +a)| — Eloglcos(é — a)|> da
0

1 ”1 Isin(x)| dx < +
_2 2 OgSlnx X < 0. I:l

Hence, for M, M’ positive real numbers, let

4 My, .
Yvm = —/ / ——— sin(v; X 1) sin(vy X7) dvy dva,
mJo Jo  (vi+vy)?
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that is bounded by C according to the previous lemma. Since E(|W||X1X>|?) < 400, by the
Fubini theorem,

d / / = ”jr”zz)z (W sin(u; X1) sin(v2X2)) dv dvs = ECWY pg_ ).
1 2

We have that Y converges a.s., as M, M’ go to infinity, to
+o00o 400 ViV2
Y : = —f / ——— sin(vy X 1) sin(vy X3) dvy dv;
0 (v +vy)?

X1X2
= X%—i—X% X2+Xx2>0°

Hence the result follows again from the dominated convergence theorem.

A.2. Proof of Proposition 3.  As in the proof of Theorem 2, our assumption implies that
IE(WKe’”(“)1u|>0) =0forall n #2. Let g : 2r' T — R be a continuous bounded 2x periodic

function. For N > 1, we denote by Sy(g)(0) = ,ll\’:_N(l — M)cn (g)e”“g the Fejer sum of

order N of g, where the Fourier coefficients are given by c,(g) = 2n 1o 27 gind g(6)do. We
obtain that

E(WK Sy (2)(©)1)7=0) = (1 - N)Cz(g)E(WKeZ’Qluw)-

Since (Sy(g))n converges uniformly to g that is bounded and E(|W K|) < 400, it follows
that E(W?g(@)h J|>0) =C2 (g)}E(erZi ®1| J|>0), by the dominated convergence theorem.
Now for the second point, we also introduce the real and the imaginary part of J, J; = 9(J)
and J, = 3(J), so that

. JiJ2
Sln(2®)1|J|>0 = 2m1‘]12+]22>0'
According to the second point of Proposition 2, we have

E(W? sin (2@)1|J|>0)

+o00 “+00 VIv) .
B f / 2 1 2\2 E(WK sin(v1J1) Sin(vz./z)) dvidvy
(vl + UZ)

400 p400 V1V .
___f / 21 2 2\2 (WKCOS(UIJI +U2J2))dv1 dvy,
(W} +v3)

using the fact that E(WK cos(viJ;) cos(v2J2)) = E(W(—=K) cos(vy J2) cos(v2Jp)) by (10)
for & = /2. By a change of variables in polar coordinates, we obtain

E(WK sin201,;-0)

+oo pr/2 dv
= ——/ E(WK cos(vii(Je™*)) sin2a) dat —
v
400 71/2 — o dv
__z / / E(WEKe™% cos(vht(J))) sin(er) der
o Jo v
o

+ _ d
- i/o E(WK cos(vhi(J))) 7”
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