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RIGHT MARKER SPEEDS OF SOLUTIONS TO THE KPP
EQUATION WITH NOISE!

By SANDRA KLIEM

Goethe Universitdt

We consider the one-dimensional KPP-equation driven by space—time
white noise. We show that for all parameters above the critical value for sur-
vival, there exist stochastic wavelike solutions which travel with a determin-
istic positive linear speed. We further give a sufficient condition on the initial
condition of a solution to attain this speed. Our approach is in the spirit of
corresponding results for the nearest-neighbor contact process respectively
oriented percolation. Here, the main difficulty arises from the moderate size
of the parameter and the long range interaction. Stopping times and averaging
techniques are used to overcome this difficulty.
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1. Introduction. The Kolmogorov—Petrovskii—Piskunov (KPP) equation
(also known as the Kolmogorov or Fisher equation) with noise is given as

(1.1) 0ju = 0y u +06u —uz—l—u%dW, t>0,x eR, u(0,x) =ug(x) >0,

where W = W (¢, x) is space—time white noise and 6 > 0 a parameter. The de-
terministic part of this one-dimensional stochastic partial differential equation
(SPDE) is, after appropriate scaling, a case of the well-studied KPP-equation.
Note that by Mueller and Tribe [17], Lemma 2.1.2, constant front-factors in the
PDEs/SPDEs to be referred to, can and will be changed without comment to fit
into our framework. Including the noise term, one can think of u(¢, x) = u;(x) =
u,(”°)(x) as the (random) density of a population in time and space. Leaving out
the term 6u — u?, the above SPDE is the density of a super-Brownian motion (cf.
Perkins [19], Theorem II1.4.2), the latter being the high density limit of branching
particle systems. The additional term of 6u models linear mass creation at rate
6 > 0, —u”> models death due to competition or overcrowding. In [18], Mueller
and Tribe obtain solutions to (1.1) as (weak) limits of approximate densities of
occupied sites in rescaled one-dimensional long range contact processes.

Let CT denote the space of nonnegative continuous functions on R. The ex-
istence and uniqueness in law of solutions to (1.1) in the space of nonnegative
continuous functions with slower than exponential growth Cyt..,

C{gm={féc+:||f||k<oof0rallk>0}

(12) with [ £1; = supl £ e

is established in Tribe [21], Theorem 2.2 (see Theorem 2 below). Here, a solution
to (1.1) is to be understood in the sense of a weak solution (see Notation 1.3 be-
low). Denote with P, the law of such a solution starting in ug € Cé’m. By [21],
Theorem 2.2, the map f +— P; on Citm is continuous and the family of laws
Pys, f e C,t., forms a strong Markov family. For v € P(C;,,,), the space of proba-
bility measures on C{gm, denote P, (A) = fcjgm Pr(A)v(df). Use E,, respectively
E, to denote respective expectations.

Let t = inf{t > 0 : u(¢, -) = 0} be the extinction-time of the process. By [17],
Theorem 1, there exists a critical value 6. > 0 such that for any initial condition
up € CH\{0} with compact support and 6 < 6., the extinction-time of u solving
(1.1) is finite almost surely. For 6 > 0., survival, that is, T = oo, happens with
positive probability.

The investigation of the dynamics of solutions to (1.1) is a major challenge,
where the main difficulty comes from the competition term —u?. Without competi-
tion, the underlying additive property facilitates the use of Laplace functionals (cf.
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[19], paragraphs preceding and following Lemma I1.5.9). Including competition,
only subadditivity in the sense of [17], Lemma 2.1.7, or Kliem [14], Remark 2.1(i),
holds, that is, for ug, vg € Cigm and wo = ug + vg there exists a coupling of solu-
tions (u;);>0, (Vs)r>0, (W;)r>0 to (1.1) with respective initial conditions uq, vo, wo
such that w; (x) <u;(x) + v;(x) for all # > 0, x € R almost surely.

Let

(1.3) Ro(u(r)) = Ro(t) =sup{x e R:u(t,x) >0} with sup@=—o0

denote the right marker of a solution to (1.1) starting in ug € P(C;gm). Note
that Rg(#) = —oo if and only if T < ¢. Extending arguments of Iscoe [11], one
can show that Rg(u(0)) < oo implies Ro(u(t)) < oo for all £ > 0 almost surely.
Indeed, the interested reader may have a look at [21], Lemma 2.1, where the
crucial part of the proof is given. In combination with a Borel-Cantelli argu-
ment, this property of the right markers now follows. (Note in particular, that for
ug € C, the compact support property holds, that is, u, € C for all 7 > 0 al-
most surely; also see [20].) Analogously, we denote the left marker of a solution
by Lo(u(t)) = Lo(t) = inf{x € R: u(t, x) > 0} with inf @ = —co. By symmetry,
Lo(u(0)) > —oo implies Lo(u(t)) > —oo for all ¢ > 0 almost surely.

Using Ry as a (right) wavefront marker, we look for so-called traveling wave
solutions to (1.1), that is, solutions with the properties:

s @ Ro(u(r) € (—00,00) forallr >0,
. (i) u(t,-+ Ro(u(2))) is a stationary process in time.

Traveling wave solutions are of interest in models from physics, chemistry and
biology (cf. Aronson and Weinberger [1]). In [21], the existence of traveling wave
solutions for 6 > 6. with nonnegative wave speed, based on solutions to (1.1)
with Heavyside initial data of the form Hp(x) =1 A (—x V 0) is established. In
[21], Section 4, it is established that for 6 > 6, any traveling wave solution has an
asymptotic (possibly random) wave speed

(1.5) Ro(u(r))/t — A €0, 291/2] for t — oo almost surely.

It is further shown that for 6 big enough, A is close to 20!/ with high probability.

Strict positivity of A remains an open problem if 0 is of moderate size. Further
open problems that arise are for instance if the wave speed is deterministic or
random, the dependence of the speed on the parameter 6 or the distribution of the
traveling wave, the uniqueness of the distribution of the traveling waves and the
shape of the wavefront. In this article, we make substantial progress to resolve all
of the questions relating to the wave speed.

An alternative construction of traveling wave solutions is given in [14] in
case 6 > 6.. The initial Heavyside-condition Hy is replaced by an arbitrary non-
negative continuous function gy € C~ with compact support. As extinction (i.e.,
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T =inf{t >0:u, =0} =inf{t > 0: [u;(x)dx =0} < oo) happens with proba-
bility 0 < P4, (r < 00) < 1, we condition on nonextinction to obtain well-defined
traveling wave solutions 1v¢0), Note that v(¢) denotes any subsequential limit ob-
tained by this construction. The uniqueness of the limiting distribution remains as
an open problem.

Write (f, g) = [ f(x)g(x)dx. For T > 0, denote by vr the left-upper measure
on C;f., corresponding to L(Ef (~o0.0] mZ) (here, L denotes “law”) in the contact pro-
cess setup (for details on the connection to the contact process; see Section 1.1 be-
low; for additional motivation on upper measures, see second part of Section 1.4).
One can construct vr (cf. [14], Remark 2.8) as the limiting distribution of u(TgN )
for N — oo, where ¢y € Cfgm, N €N, ¢y(x) 1 oo for x < 0 and ¢y (x) =0 for

x > 0. Then
(1.6) _/e’2<-f*g>ur(df)= P((1(_ 00,0y (), u')=0) forgeCl,.

Furthermore, for uq € Cthm with Ro(ug) <0and T > 0 arbitrarily fixed one obtains
the existence of a coupling with a random continuous process (u”}’it)tzo with val-
ues in Cil, such that

(1.7) (Tufl (x) < uTH (x) forall x € R, ¢ > 0 almost surely,

where L((u;’iz),zo) =P, holds. Note in particular that such a coupling yields

(1.8) Ro(u (T“i)l) < Ro(u T+t) for all 7 > 0 almost surely.

By symmetry, analogous results hold for a right-upper measure, say «t, where we
make use of the notation Lo(f) =inf{x e R: f(x) > 0} and u?’il instead. In the
Appendix (cf. (A.8)), we indicate how to modify the techniques of [14] to construct
traveling wave solutions v/ respectively v*" from u*! respectively u™"

The first main result of this article is the following.

PROPOSITION 1.1.  Forall & > 6, the limit B = B(0) = lim,_, oo E[Ro(u*')]/
t exists and is strictly positive. Moreover, for all 6, < 0 < 0; <6, <0, there exists
a constant C = C (6, 6) such that

(1.9) B(62) — B(01) = C(62 — 01).

We note that the strict positivity of B(8) follows from (1.9), once B(6) > 0 is
established for all 8 > 6.. Our approach relies on establishing the estimate (1.9)
along the lines of the corresponding result for contact processes in [3], Lemma 4.2.

Recall from above that Hy denotes Heavyside initial data of the form Hy(x) =
1A (=xVvO0).
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DEFINITION 1.2. Let
(1.10)  H={feCl,:IxeR,e>0: f(x)>eHy(x — xo) forall x € R}

tem

and HR = {f e 1 : Ro(f) e R}.

Our second main result concerns the limiting speeds of several right markers. It
establishes in particular the existence of at least one traveling wave with positive
deterministic speed.

THEOREM 1. Let 0 > 6,.. Then

(1.11) Ro(u’}’l)/T — B(@) asT — oo almost surely and in cl.

For any traveling wave solution v*!,

(1.12) Ro(u™))T — B(®) almost surely as T — oo

*,1
and (0N Ro(u$" )/ T — B(©) in L.
For initial conditions ¥ € HR,

(1.13) Ro)/T — B©®) as T — oo in probability and in L.
For any traveling wave solution v(¥)

W)
(1.14) Ro(ug ))/T — B(0) almost surely as T — 00

and 0N Ro" "))/ T — B®) in L.

Our approach is in the spirit of corresponding results for the nearest neighbor
contact process respectively oriented percolation. A successful approach to prove
positive wave speeds respectively survival for large parameter values 6 is to em-
ploy a comparison of the system at hand to N-dependent oriented site percolation
with density at least 1 — p (see, for instance, [21], Proof of Proposition 4.1(c),
resp., [17], Section 2.2). Here, the main difficulty arises from the moderate size
of the parameter in combination with the long range interaction and a novel ap-
proach was therefore taken. Stopping times and averaging techniques are used to
overcome the above mentioned difficulties.

1.1. Connections with the contact process setup and the significance of edge
speeds. For the process in (1.1), one has a self-duality relationship in the form

(1.15) Ey, [e—Z(M(l)vvo)] =E,, QE,, [e—Z(M(S),v(t—S))] =Ey, [e—2<u0,v(t))]

forall 0 <s <t and ug, vg € Cthm, where u(t), v(¢) are independent solutions to
(1.1) with initial condition ug respectively vg and with independent noises (cf.
[14], (2.1)). Use P(E) to denote the space of probability measures on E. In [14],
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Remark 2.5, this self-duality is used to prove existence of a unique upper invariant
distribution u € P(Cg.,) satisfying

(1.16) Jlim 1}lTrgo E, [ 20T+0.9)] / 29 (df) = Py(r < 00)
forall T > 0, ¢ € CI. In [9], Theorem 1, Horridge and Tribe give sufficient con-
ditions (“uniformly distributed in space”) for initial conditions to be in the do-
main of attraction of u. They characterize u by the right-hand side of (1.16) and
show that it is the unique translation invariant stationary distribution satisfying
w{f : f #0}) = 1. The result and method of proof are in the spirit of Harris’
convergence theorem for additive particle systems (cf. Durrett [5], Theorem 3.3).

Recall the construction of solutions to (1.1) from [18] by means of limits of den-
sities of rescaled long range contact processes. When investigating solutions to the
SPDE (1.1), it is only natural to anticipate and/or investigate behavior similar in
spirit to the approximating systems. Indeed, [9] successfully applied the method of
proof of Harris’ convergence theorem for additive particle systems to prove a cor-
responding result in the context of SPDEs (1.1). Due to the long range interaction
and the lack of a dual process, results for long range contact processes are limited.
More is known for the nearest neighbor contact process (§;);>0 on Z (cf. Grif-
feath [7]), where the neighborhood of a site x € Z is restricted to {x — 1, x + 1}.
For the nearest neighbor contact process, a full description of the limiting law of a
solution is available. The limiting law is the weighted average of the Dirac-measure
on the “all-unoccupied” configuration and the upper invariant measure of the pro-
cess, v, where the weight on the former coincides with the extinction probability
(see [7], Theorem 5).

In what follows, let S be the space of all subsets of Z. By identifying the state of
the process &; at time ¢ with the set of occupied sites, we can consider (&;);>( as an
S-valued process. For A C Z, étA denotes the state of the process at time #, starting
with the set A as occupied sites. Let A be the birth-parameter, the death-parameter
is set to one. If we think of occupied sites as sites occupied with (exactly) one
particle, then independently of each other, at rate X a particle at site x € Z attempts
to give birth to a particle at a fixed neighboring site. In case this site is occupied,
nothing happens, otherwise the birth is successful. (Taken together, the rate of birth
is thus A times the number of neighboring sites of x that are empty.) Furthermore,
at rate 1 each, independently of each other, particles die. Set A, = sup{A > 0 :
P = 00) = 0}, where 1% = inf{r > 0 : $t{0} = ¢} is the extinction time of
the population starting with zero being the only occupied site at time 0. Then
Ae & 1.6494; see [16], page 289.

The proof of complete convergence for the nearest neighbor case relies in
essence on the progression of the so-called edge processes l;“ = min{x : x €
f,“-tA}, r;“ =max{x:x € S,A}, A € § fixed. Due to the nearest neighbor interaction,
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one can easily show that

0 0 0 —00,0]NZ 0,00)NZ
610 = NI, ) =5 10029

(1.17)
forall0e A C Z on {r{o} > 1}

(cf. [7], Theorem 3). Moreover,

(1.18) O L

e =r on {¢%

> 1}.

In [3], Theorem 1.4 and Section 4, respectively [4], Section 3, (8)—(9), Durrett
shows for the nearest neighbor contact process respectively for oriented percola-
tion in two dimensions that

l[O,oo)ﬂZ r(—oo,O]ﬂZ
— lim £ =lim X— =a as.,
(1.19) t—00 t t—00 t
. >0 ifA> A,

where o = a()) .
<0 if X <A

By (1.18), he obtains in particular lim;_, r,{O}/t =a on {71% = o0).

Thus, in these models, edge speeds characterize critical values. Similar features
were for instance recently observed and discussed in Bessonov and Durrett [2] for
planar quadratic contact processes (here, two individuals are needed to produce a
new one). Under long range interaction, (1.17)—(1.18) do not hold true any longer.

For these reasons, the study of the speed of the right (and thus by symmetry
left) marker (cf. (1.3)) is of independent interest and yields new insights into the
dynamics of solutions to (1.1). In [14], Remark 2.8, Cgm—valued left- and right-
upper measures were derived as analogues to the law of 5}“’0"””? ét[O,oo) mZ, t>0
and first rough estimates on marker speeds obtained in Section 4.

Recall (1.18). Proposition 1.1 and (1.11) are a prestep to a result in the spirit
of the first case of (1.19). It remains to prove, for instance, that for 6 < 6.,
(Ro(u;’l) Vv 0)/ T converges (in some sense) to 0. In combination with (1.11), this
would then show that the edge speeds of solutions starting in left- or right-upper
measures characterize critical values. Also, it is an open question what happens
to the the speed if we replace initial conditions ¥ € HE in (1.13)—(1.14) by com-
pactly supported 1 € C;” and a condition on survival. This is work in progress.

1.2. A comment on the use of stopping times and averaging techniques. Letus
shortly indicate the need for additional averaging techniques and stopping times.
For the contact process, S,A, A C Z models a population on Z with (at most) one
particle of individual mass 1 located at x € Z at time ¢ if and only if x € £2.
In the nearest-neighbor setup, if the right edge process rtA increases, it increases
exactly by 1. Let t denote a (random) time of increase in the right marker, that

is, 74 =rA +1.Then é2(r2) — €A (r2) = 1. Thus an increase in the right edge
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yields the creation of a mass of fixed size 1 at a fixed distance of 1 to the right.
Moreover, the probability for an increase of the right marker in a specific period of
time can be bounded below by a positive quantity that only depends on A. Indeed,
just consider the probability that the particle at the rightmost site gives birth to a
particle at its right neighboring site in the specific time period without dying out.

In our setup, we consider densities u(z, x) in C,, instead. Recall the definition
of the right marker Ry(u(¢)) from (1.3) as the right boundary of the support of
the solution. As this definition does not provide any information on the shape of
the right front u(¢, - + Ro(u(¢))) of the solution at time ¢, we have to additionally
control the gain of mass to the right and its spatial distribution over time. For
instance, if we gain a small amount of mass or if the gain in mass is of moderate
size but distributed over a large stretch of space, the probability for another gain at
the front in a specific period of time is comparatively small (this can be shown by
techniques used in the proof of the finiteness of the right marker; see the comment
following (1.3)). Even if we gain a large amount of mass, if its spatial distribution
is strongly localized, it has a large probability of being reduced to small size in
a short period of time due to competition (cf. (1.6)). As a result, we use stopping
times to “wait” for times where not only the right front increases but the shape of
the right front is such that another gain at the front is plausible (look ahead at the
definition of M (dp, mg) in (3.32)). By considering averages over time such as in
the definition of a7 (#) in (2.1) and in particular in the definition of averages over
front shapes as in (A.8) for u;**l (for the interested reader, the analogous definition
for solutions with up compactly supported can be found in [14], Definition 1.4),
we can ensure that for a large enough fraction of time, such a shape can be found
at the front of a solution with high probability.

1.3. Notation and a basic theorem. For the remainder, let us recall some no-
tation and Theorem 2.2 from [21] that are often used in the present article.

NOTATION 1.3 (Notation from [21]; also see Section 1.2 of [14]).

1. Equip Cgf,, with the topology given by the norms || f||;, for A > 0. Note that
d(f,8) =2 ,enUA | f — gll1/n) metrizes this topology and makes C;m a Polish
space. Let (C([0, c0), Cthm), U,U;, U(t)) be continuous path space, the canonical
right continuous filtration and the coordinate variables.

2. In [21], (2.4)—(2.5), the more general equation

Ol = Oy U +oz+6u—,8u—yu2—|—u%dW, t>0,x eR,
u(0,x) =up(x) =0

(1.20)

with a(-), 8(+), Y () € C([0, 00), Cf;m) is under consideration. We may interpret o
as the immigration rate, & — § as the mass creation-annihilation rate and y as the
overcrowding rate.
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A solution to (1.20) consists of a filtered probability space (2, F, F;, P), an
adapted white noise W and an adapted continuous Cg,, valued process u() such
that for all ¢ € C2°, the space of infinitely differentiable functions on R with com-
pact support,

t
(u(®), ¢)=(u(0), ¢) +/ (u(s), pxx + (0 — B(s) — y()u(s))p)ds
(1.21) 0

t t
+/0 (a(s),¢)ds+//0 (s, )2 (x) d Wi .

If in addition P(u (0, x) = f(x)) = 1, then we say the solution u starts at f.

THEOREM 2 (Theorem 2.2 of [21]).

(@) Forall f e Cl,, there is a solution to (1.20) started at f.

(b) All solutions to (1.20) started at f have the same law which we denote by
Q1%BY  The map (f,«, B,y) — QF%PY is continuous. The laws QF*PY for
f € Ct., form a strong Markov family.

(c) For R,T >0, letUp T =0U(t,x):t <T,|x| < R). Then the two laws
Ql@By 9100 gre mutually absolutely continuous on Ug. 1.

Note that Tribe [21] later uses the notation @/ = /%01 where we use Py.
Also, when the parameter 6 in (1.20) is not clear from the context, we write
QP (©).

Finally, let 2 denote equality in distribution. Constants may change from line
to line. We drop @ if the context is clear.

1.4. Overview of basic results obtained in [14]. In this subsection, we give
a short summary of and motivation for coupling techniques and upper measures
obtained in [14] that are used in the remainder of this article.

Couplings of solutions to (1.1) play an essential role in the proofs to follow.
For precise statements and some additional details, see the Appendix, Section A.3
on coupling techniques. The first two couplings are intuitively quite simple. If
we increase the initial density ug at time O or the linear mass creation parameter
6 > 0, then the resulting densities u,,t > 0 are also (monotonically) increasing
almost surely. We will refer to these couplings as a monotonicity-coupling respec-
tively a 6-coupling. The latter lies at the heart of the definition of 6.. The third and
fourth couplings, the so-called coupling with two independent processes and the
immigration-coupling state in essence that if we split the initial population density
uo into two parts and let each of the two resulting populations evolve indepen-
dently, then the sum of the respective populations dominates a population started
in ug for all times almost surely. This is due to the additional competitive interac-
tion between the two parts of the population in the latter nonindependent setting. It
also accounts for the failure of the additive property as mentioned in the paragraph
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above (1.3). The last coupling, the 6-x-coupling, is an extension of the idea behind
the 6-coupling to initial conditions “00 - 1(—s,0)”

In [14], Remark 2.8, C{gm—valued left-upper measures vr were derived as ana-
logues to the laws of the contact processes S;—W,O]QZ, T > 0. In the remainder of
the article, the concepts used in this remark are often used. We thus explain them
in what follows and whenever citing the remark, we will remind the reader of the
following paragraphs by adding “left-upper measure” in brackets. As for the con-
tact process, the idea is to start in “the maximal initial condition on the left of,
including zero.” With C;%., as a state space, this motivates “u¢ = oo - 1(—00,0)”- The
latter is not an element of C;f., but can be obtained as the increasing limit of initial
conditions ¢y € Cic'm such that ¢y (x) 1 oo for x < 0 and ¢y (x) =0 for x > 0.
One can then construct vy as the limiting distribution of u(T{N ) for N — oo. For
intuition purposes, imagine an extension of the monotonicity-coupling for initial
conditions ug < vg to an increasing sequence of initial conditions ¢y, N € N and

define vr as the law of the limit of the increasing sequence (u (TCN )) ~NeN. The pre-
cise details of this construction can be found at the beginning of Section 2 in [14].
Note that although u¢* = "00 - 1(_x0,0) ¢ Cins v € P(CL,) forall T > 0 as the
downward drift, that is, the term (6 — u)u in (1.1), immediately “brings solutions
down from infinity” for u big.

Using the self-duality relationship from (1.15), one can further show for all

g€ Ctem’

/ 2(1.8) UT(df)_ hm ]EC [ —2ur, g>]— lim E [ 2(¢N, MT)]

N—o0

(1.22)
= P({L(—00,0)(), ) = 0);

cf. (1.6). This equality yields in particular that v7 is independent of the sequence
{N-
Let us assume without loss of generality that ¢ = ug for ug € Cyt,,, arbitrar-

ily fixed with Ro(up) < 0. Let T > 0. Again, based on the idea of monotonicity-

(o)
T+t

process (u;’it),zo with values in C,., such that

couplings, one can construct a coupling of (u;,,);>0 with a random continuous

(1.23) (T“fl (x) < uTH (x) forall x € R, ¢ > 0 almost surely,
where ﬁ((u”}’i,),zo) =Py, holds. Note in particular that such a coupling yields
(1.24) Ro(u (Tbti)t) < Ro(uy +t) for all £ > 0 almost surely.

Thanks to (1.23), uT +[,t > 0 can be interpreted as a uniform upper bound on
solutions to (1.1) with Ro(up) < 0. Here, it is important to note that the statement
requires us to start in 7 > 0 as the initial condition of u”}’_IH itself is not an element
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of the state space. We refrain to speak of (u;’it),zo as “a solution” to (1.1), even
when considering vr as a randomized initial condition. Indeed, the definition of
solutions (cf. Notation 1.3) includes the specification of a white noise W, which
the construction in [14] does not provide.

As an application of (1.24), bounds on E[0 Vv Ro(u;)] for ¢t > O were obtained in
Section 4 of [14] that are independent of ug € Cic'm satisfying Ro(ug) < 0. Indeed,
in Proposition 4.5, [14] states that for 0 > 0and 0 < T <1, E[0 Vv Ro(u;’l)] <
C(0)T'/* and in Lemma 4.6 that for T > 1, E[0V Ro(u’')] < C(6)T. It then fol-
lows easily that E,,[0V Ro(T)] < C(0)(T v T1/*) for all T > 0; cf. Corollary 4.7.
These bounds are used below in Section 2.3.

By symmetry, analogous results hold for right-upper measures kr, the ana-
logues to the laws of the contact process 5;0’00)02, T > 0. Here, we make use
of the notation Lo(f) =inf{x e R: f(x) > 0} and u’;il instead.

Originally, the above ideas were used in [14], Proposition 2.2 and Corollary 2.6,
to construct upper measures (. corresponding to L(S{Z;) satisfying

(1.25) f e 28 ur(df) =Pyt < T) =P({1 (00,00 (), uff’) = 0)

(also cf. (1.16)). They allow for a coupling u(T"ft (x) < u’;+t(x) forallx e R,t >0
almost surely with the only restriction on ug being ug € C,,. Recall the two
paragraphs following (1.16). In [14], Proposition 2.4, it is shown that yury; =
e PCL,) for t = oo. Here, u is the analogue to the limit distribution of
SIZ for t — 0o in the contact process setup, that is, the upper invariant mea-
sure v and coincides with the upper invariant distribution of [9]. Indeed, take
T — oo in (1.25) to obtain the rightmost equality in (1.16), which character-
izes .

Outline. The paper is organized as follows. Sections 2-3 are dedicated to the
proof of Proposition 1.1, that is, the positivity of B(#) for all & > 6.. In Sec-
tions 2.1-2.4, the groundwork is laid for the proof of Proposition 1.1, including
an idea of proof for estimate (1.9) in Section 2.2. In Section 2.3, we already state
the estimate that lies at the heart of the proof of Proposition 1.1; see Proposi-
tion 2.1. Its proof follows in Section 2.5. A substantial part of the proof goes
into an estimate on the gain of mass at the front due to an increase in 6; see
Proposition 2.17. We therefore postpone the proof of the latter to Section 3. Sec-
tion 4 is dedicated to the proof of Theorem 1, that is, the convergence of the
linear speed of right markers to B(9). Essentially, in Sections 2—3 we show that
limy—, 0o E[Ro(u*")1/t = B, and in Section 4, we show that Ro(u*")/t also con-
verges almost surely to B. In the Appendix, the construction of traveling wave
solutions from [14] is extended to include v*! and v(¥) with initial conditions
W € HER (cf. (1.10) and below). Coupling techniques that are often used are sum-
marized for reference.
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2. Preliminary results.

2.1. The terms under investigation. Let 6 > 0, be arbitrarily fixed. Recall
the sequence of laws (vr)7~0 on Cthm and (u;’it),zo for T > 0 fixed satisfying
L@y, = vryr from (1.22)(1.23). Note that v. = v.(0) and u}’ = u3’ (6).
From [14], Corollary 4.7 and Notation 1.3—4, we conclude that the double inte-
grals below are well defined with values in [—o0, 00). Let

2 T/2 iy
2.1) ar(0) =ar = 7/0 E[Ro(u7)24,)]ds.

In fact, E[Ro(u;’[)] /T and a7 /T are uniformly bounded in 7 > 1 as we conclude
from [14], Corollary 4.7, and Lemma 2.2 below. In Lemma 2.8 and Corollary 2.9
below, we will see that the limits for 7 — oo exist and that the limit of the former
is a constant multiple of the limit of the latter.

2.2. Idea of proof of estimate (1.9). In Section 2.3 to follow, we establish first
that the limit

(2.2) B=B(®)= lim E[Ro(uy")]/T == lim ar/T >0
T—o00 3 T—o0

exists and is nonnegative. Here, we make use of subadditivity properties relating to
(E[Ro(u?l)])Tz 1 to establish the existence of the limit B and use a coupling with
a traveling wave solution with nonnegative linear speed as for (1.24), to establish
its nonnegativity.

The proof of (1.9) then follows easily from the following.

PROPOSITION 2.1.  Let 6, <6 < 0. Then there exists C=C(, 0) > 0 and
To=To(6,0) > 1 such that forall T > Ty and 0 <01 <6y <90,
ar(th) —ar(6)

(2.3) T = C(62—01).

This is the main result of this section. The proof is deferred to Section 2.5.
Our approach relies on establishing the estimate (2.3) along the lines of the cor-
responding result for contact processes in [3], Lemma 4.2. The main steps of the
approach are given in what follows. For ease of understanding, let us omit at this
point the necessity of considering time averages and of considering the evaluation
of densities against test functions rather than the process by itself.

Step 1. Derive a uniform estimate from below on the expected increase of the
right marker due to a fixed gain in mass (for 6, < 6 <8 <6 fixed):

(1a) (cf. Lemma 2.14). With a slight abuse of notation, for v, ¢ € C;gm,
Ro(¢) <0 arbitrarily fixed,

(001 (0,0 +U") (00T (-000)")
E[RO(”T+z (e )_RO(”T+z e )]

+
<E[Ro(uy’}”) = Ro(uif),)]

2.4)
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for all T > 0, ¢ > 0. In words, the average gain at the right front of a solution due
to an increase in the initial condition by i can be bounded from below, uniformly
over all initial conditions ¢ with Ro(¢) < 0, by the gain we obtain from starting
in the “maximal” initial condition with right marker in 0, that is, “00 - 1(_x0,0)”.
Recall that for 7 > 0, ¢t > 0, the law E(u;’it) = vty of such a solution is a well-

defined element of P(C;.).

Intuitively, by adding v in the initial condition, the resulting additional popu-
lation experiences death due to competition with the original population. Thus the
bigger the original initial condition, the higher the resulting competition and the
lower the gain in mass at the front.

(1b) (cf. Lemma 2.16). The left-hand side of (2.4) can in turn be bounded by a
constant C = C(T +1t, %) =C(T +1t,v,0,0) > 0. (In Step (2¢) below, it will in
essence be shown that for T + ¢ appropriately chosen, C(T + ¢, ) > 0.)

(1c). Note that by translation invariance, the estimates in (1a), (1b) can be used
at any (random stopping) time t to obtain an estimate from below on the expected
increase of the right marker in the future due to a gain in mass at time 7.

Step 2. Split [, 6] in O(T) subintervals of length A = O(1/T). On each
subinterval, say [6;, 8,], we use a 6-coupling (cf. Remark A.9 of the Appendix)
to show: with high probability there exists a finite (random) point S in time and
¥ € Citn\ {0} such that

(2.5) (5" B — w5 @) (- + Ro(us' 6)) = v

(2a) (cf. Proposition 2.17, (2.51)). To be more precise, show that on each subin-
terval [6;, 8, ], (2.5) succeeds with probability of order O (A6) = O(1/T) for some
S € [0, 1] and with O(1) for S € [0, T'] by a geometric-type series argument. How
the latter is achieved will be discussed in Section 3.1 where the idea of proof is
given for Proposition 2.17.

(2b). Apply first the strong Markov property at time S together with (2.5) and a
monotonicity-coupling (cf. Remark A.8 of the Appendix), then apply a 8-coupling
(cf. Remark A.9 of the Appendix) to get

Ro(uk' (64)) — Ro(u' (61))

W O+ (—Row @) Wi )
(2.6) > Ro(up® ST 0.0) = Ro(ugSs " (61))

. Ro(u<Tu§15(01)+w(-—Ro(u?’(@z)))) @) - Ro (u%’;(@)) @n).
Now refer back to Step 1 to bound the expectation on the right-hand side.

(2¢). Show that for S € [0, T'], T big enough, the bound on the expectation at
the end of Step (1b) is strictly positive and independent of 7". Now add things to-
gether. For each of the O (T') subintervals of length A6, the construction involving
S € [0, T'] is successful with probability of order O(1). Hence, each subinterval
yields a gain of O(1) to the difference a7 (62) — a7 (61) and summing up we ob-
tain a gain of (6, — 61)O(T).
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2.3. Estimates on right markers.

Note that in this subsection, for all 6, < § <6 < 6 the constants to follow only
depend on 6 through 6, 6.

LEMMA 2.2. Forall ug € H, there exists a constant C = C(ug) > 0 such that
2.7) Eyuo[0V (—Ro(us))] < C(1+1)

holds uniformly in t > 0. Moreover, there exist C; = C;(ug) > 0,i =1, 2 such that
forall M > 0,

(2.8) Euo[—(Ro ) /1) LRy )/t <—n1y] < Cre” M

holds uniformly int > 1.

PROOF. Let ug € H. Recall €, xo from the definition of H. Using a monoto-
nicity-coupling (cf. Remark A.8) we assume without loss of generality that ug =
€ Ho(+ — xp). We further assume xo = 0 by the shift invariance of the dynamics.

We reason as in the proof of [21], Lemma 3.5. The author uses the wave marker
Ri(t) = In({e’, u;)) and Heavyside initial data Hy instead. It is shown that there
exist c = c(0),a =a(0),5 =6(0) > 0 such that Py (R (1) < —a —cmt) < (1 —
8/4)™ for all t > 0, m € N. We claim that this holds for Hy replaced by uy = € Hy,
R (t) replaced by Ry(t) and a replaced by 0 as well. Moreover, the constants c, &
only depend on €, @ and 6. The main idea of proof remains the same. We give it
below, so that the reader may skip the finer details.

The main idea of the proof of [21], Lemma 3.5, is to couple uH0) with a se-
quence of independent processes u/) solving a modification of (1.1). Namely,
each u/) starts in a spacial shift to the left by jr,r > 2, j € N of some continuous
function g : R — [0, 1] that is symmetric and satisfies {x : Y¥o(x) > 0} = (—1, 1).
On—jr+@/2—-1-(-1,1)=(—jr—r/241, —jr+r/2—1), the solutions fol-
low the dynamics of (1.1), outside the density is set to zero. By [17], Lemma 2.1.5,
with the corresponding coupling, u,(HO) > u,(j) forall j e N, > 0,x € R almost
surely. Fix ¢ > 1. A lower bound on Ro(ugHO)) is the random —jr —r/2 4+ 1 such
that (/) is still alive at time . The probability of the latter can in turn be bounded
from below by the probability that a solution starting in u(()J ) solves (1.1), survives
until time ¢ and does not hit the boundary points — jr &£ (r/2 — 1) before time ¢.
The survival probability can be bounded from below by a constant, independent
of r. The probability of hitting the boundary points can be estimated using the
estimates that lie at the heart of the proof of the compact support property (cf.
paragraph following (1.3)). For r big enough, this probability becomes small.

Let us return to our claim. Replace a > 0 by a = 0; let us reason as in the
given proof with Ri(f) replaced by Ro(f) and ¥ replaced by w(’) = €y un-
til the last set of equations. Choose r = ct for t > 1 arbitrarily fixed and r = ¢
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for 1 € [0, 1) (and thus QVo(Tp(U) < 1) < QVO(Tp(U) < 1) < §/4 in the nota-
tion of [21]). In the last set of equations, use that for a superprocess with initial
symmetric condition v, and law IP% (the density of the latter solves a modi-
fication of (1.1) where the competition term —u? is dropped; for an appropri-

ate coupling, see [IZ], Lemma 2.1.4), there exists § > 0 small enough such that
IP’%(RO(M,) >0) > IP)%(I >1)/2> ng(Wn 1) > 8) > §/2 to obtain for all > 1,

(2.9) IP’MO(RO(t) < —cmt) <({1-8/9H" forallmeN.

As a result,

(2.10) EMO[O \% (_RO(MI))] <ct+ Z 1=8/H"c(m+ Dt <C(c,¥é)t.
meN

For t € [0, 1), the different choice of r yields

(2.11) ]P’MO(R()(I) < —cm) <({1-8/H" forallmeN

and

(2.12) EMO[O \% (—Ro(ut))] <c+ Z (1=8/H"c(m+1)<C(c9)
meN

instead.

By | x], we denote the greatest integer that is less than or equal to x € R. To ob-
tain the second claim, for 0 < M < ¢ choose C; big enough and C, small enough
such that C(c,8) < Cie= €. For M > candt > 1,

Euo[—(Ro(r) /1) LRy uy) 1 <—M}]
@13) < 3 (1—8/4)"cim+1)

m=|M/c|

0
= NI=8/DM/c) ™ (| _§/4)"c(m + 1 + [ M/c]) < Cre=CM
( /4) [M/c]) = Cy

m=0
for C1 = Ci(c, §) big enough and C, = C3(c, §) small enough. [
COROLLARY 2.3. There exists a constant C > 0 such that
(2.14) E[0V (—Ro(u"))] < C(1 +1)

holds uniformly in t > 0. Moreover, there exist C; > 0,i = 1, 2 such that for all
M >0,

A -CoM
(2.15) B[—(Ro(ur) /)L gty o <—ay] < Cre™ 2

holds uniformly in t > 1.
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PROOF. The result follows again by domination, this time using (1.24) and
ug € HR with Ro(ug) <0 arbitrary. O

COROLLARY 2.4. E, [|Ro(ur)I1/T, up € HR and ]E[|Ro(u>;’l)|]/T are uni-
formly bounded in T > 1 (constants may depend on uy).

PROOF. Combine Lemma 2.2 respectively Corollary 2.3 with [14], Lem-
ma4.6. O

COROLLARY 2.5. There exists a constant C > 0 such that E[|R0(u;"’1)|] <C

for all 0 < s < 1. Moreover, for every ug € HR there exists a constant C(ug) > 0
such that E[|Ro(us)|] < C(ug) forall 0 <s < 1.

PROOF. Fix 0 <s < 1. Then E[0 Vv Ro(u;“’l)] < C follows from [14], Propo-
sition 4.5, and E[0 Vv (—Ro(ujf’l))] < C from Corollary 2.3. For ug € HE, the
bound for the positive part follows by domination and shift invariance, that is,
E[0V Ro(us)] < |Ro(uo)| +E[0V Ro(u}*")] < |Ro(uo)| + C = C(up). The bound
for the negative part follows from Lemma 2.2. [

COROLLARY 2.6. a7 /T is uniformly bounded in T > 1.

REMARK 2.7. The definition of the marker Ry together with Corollaries 2.4—
2.5 yields inf{r > 0 : uf’l =0} = 400 a.s., that is, the process u* does not die out
in finite time. Thus, if we consider u*, we do not have to bother with conditioning
on nonextinction.

The existence of the following limit will turn out to be crucial in the following
chapters. Nonnegativity of the limit follows below.

LEMMA 2.8. The limit
(2.16) B=B()= lim E[Ro(u})]/T = TinflE[Ro(u?l)]/T € (—00, 00)
— 00 >
exists.

PrROOF. We work with P,,, that is randomize the initial condition according

to the law of uT’l € Ct.,. By the strong Markov property of the process, we have
for arbitrary 1 <s, ¢,

E[Ro(u!L,)] = B[E[Ro(ul{,) | 7] = B[ Ro(" )]

2.17) iy iy
ZE[R()(I/LEMI (-+Ro (u; ))))]+E[Ro(u;k’l)].
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Use monotonicity, that is, (1.24), to further obtain
(2.18) E[Ro(uy,)] < E[Ro(u}")] + E[Ro(u;"")].

By subadditivity (cf. for instance Liggett [15], Theorem B22) and from the uniform
boundedness of E[IRo(u"}’l)H /T in T > 1, we conclude

(2.19) Tli_)mOOIE[Ro(u;’l)]/T = TigfoE[Ro(u*;l)]/T exists in (—00, 00). [
COROLLARY 2.9.  The limit lim7 oo a7/ T = 3 B exists.

PROOF. For all € > 0, there exists Tg > 1 such that for all T > Ty,

2 T/2
timsup & =timsup — [ E[Ro(u7 )] ds
T—o00 T 1°Jo

(2.20)
2 rT/2 3
flimsup—/ (e+ B)(T/2+4+5s)ds =—(e + B).
T2 Jo 4

T—o00

Analogous reasoning for a lower bound concludes the proof. [
The limit is indeed nonnegative.

LEMMA 2.10. Thelimit B = lim7_, E[Ro(u;’l)]/ T from Lemma 2.8 is non-
negative.

PROOF. Letv e P(Cﬁgm) be such that v({f : Ro(f) =0}) =1 and P, is the
law of a traveling wave. For 8 > 0., existence follows from [21], Theorem 3.8
and (3.29), and the shift invariance of the dynamics. By [21], Proposition 4.1,
Ro(u?}) )/t converges a.s. to a (possibly random) limit A®") > 0. By monotonic-
ity, that is by (1.24), we have Ro(u’*')/t > Rou™)/t for all t > 1 a.s., and thus
liminf,_, o0 Ro(u*")/t > 0 as.

Let € > 0 arbitrary. By Corollary 2.3, there exist constants C1, C3 > 0 such that
for M > 0 satisfying Cire= M ¢,

B > limsup E[(Ro(u’')/ T)1

T—o00

.. 1
> E[th_l)loréf(Ro(u’; )/T)L

(Rt 72—y ~ €
(2.21)

{Ro(u’;’»/Tz—M}] —e€z6
where we applied Fatou’s lemma. [J

Recall the main result of this section, Proposition 2.1. As a corollary, we now
obtain the strict positivity of B(6).
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COROLLARY 2.11. Forall 0 > 6.,

(2.22) B=B(®) = lim E[Ro(u}'(0))]/T > 0.

PROOF. By definition of a7, Corollary 2.9 and Lemma 2.10, Proposition 2.1
implies that for all 6 > 6.,

Jim E[Ro(u3' (0))]/T = BO) = 3 _lim_ar(6)/T

(2.23) A
>3 Aim ar(Be+© ~6/2)/T>0.

We conclude this subsection with two more results that we need for later esti-
mates.

LEMMA 2.12. Let 6. < 0, then there exists 8 > 0 such that ]P’(Ro(u’}’l(e)) >
0)>6forallT>1and6 >6.

PROOF. Recall the paragraph including (1.25). Use a 6-x-coupling (cf.
Lemma A.12 of the Appendix) to see that it suffices to show the claim for
0 fixed. Note that for T > 1 arbitrarily fixed, ]P)(R()(M;’I(Q)) > 0) > 0. There-
fore, in the following proof by contradiction we only need to suppose to the
contrary that there exists a sequence (7;),en such that 7, — oo for n — oo
and limnﬁooIP)(Ro(u;’nl) > 0) =0. Let Hy(x) =1 A (—x Vv 0) be Heavyside
initial data and set fi(x) = Ho(x + 1) + Ho(—x — 1). Then f; € Cthm and
supp(f1) = (—oo, —1] U [1,00). Let fo(x) =0V (1 — |x]|), then f, € C;L with
supp(f2) = [—1, 1]. f1 fulfills condition [9], (6) (“nearly uniformly distributed in

space”) for initial conditions to be in the domain of attraction of w, and hence [9],
Theorem 1, yields u,(f D wu for t — oo. Using a coupling with two independent
processes (cf. Remark A.10 of the Appendix) in combination with the construc-
tion of [14], Remark 2.8(i) (left-upper measure), we construct two independent
processes (u;");>1 and (u}"");>1 such that £((uf")i=1) =Py, LU )i=1) =Py,
and

(2.24) u,(f') <uP!C+D+u"(-—1) forallt>1,x eR almost surely.

By (1.16) and [17], Theorem 1 (for 6 > 6, survival happens with positive proba-
bility),

(2.25) /+ e~ 282 1 (dg) =P (r < 00) < 1.

tem

Note that the additional factor of 2 in the exponent results from the use of a differ-
ent scaling constant in the original SPDE. We obtain by the weak convergence of
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u;fl) o i,
i —2(g, f2),,(f1) . 72(“(}?)’f2>
P>, fo, ¢ ) = i Elem
(2.26) > lim E[e%(u*};f(-+1)+u’;;:(.,1),f2>]
— n—>o00

— lim E[e—2<u;f<.+1>,fz>]E[e—2<u’;;{<-—1>,fz>]_
n—o0
The assumption lim,,_, 5o P(Ro(u ’}j) > 0) = 0 yields by symmetry and by the shift
invariance of the dynamics, limn%ooIP(Ro(u’;’nl(. + 1) > 1) =0 =
lim,— oo P(Lo(u”};lr(- — 1) < 1) = 0. Use a coupling u;nr <uj withuj = pe
P(C;m) (cf. [14], (2.34) and Proposition 2.4) to conclude by using dominated
convergence that the right-hand side in (2.26) is equal to 1, a contradiction. [

LEMMA 2.13. Forall. <0 <0,T >1,

(2.27) E[(0V Ro(u’")*] < C®T?.

PROOF. In what follows, constants C = C () may change from line to line.
Note that fora; >0,i=1,...,n,neN, 3/, a)?<n By al-z.

We first show the claim for 7 € N. Let us reason as in [14], Lemma 4.2—
Proposition 4.5, to show that for 7 = 1, E[(0 Vv Ro(uT’l))z] < C. Then reason as in
[14], Lemma 4.6, to show the claim for 7" € N by induction.

Next, we extend this result to 7 > 1. As £(u>;’l) e P(CE,\{O)) forall T > 0 we
use [14], Remark 2.8 (left-upper measure) to get for T > 1 arbitrary,

(2.28) E[(0v Ro(u})?] =E[(0 v Ro(uy )]

By [14], Remark A.1, and symmetry,

(u*.l ) ) 1
E[(0V Ro(ur"r)) lul7)]
(2.29)
<OV (Roluf) +2)P+C [ 2Rl Ty )dR
- e OV(Ro(ulf)+2) LTl

Take expectations and use [14], Corollaries 2.6 and 2.9, to conclude that

@) \\2 ) ©  (—(R-1)? 2
(230) E[(0v Ro(uy™ )] = CLT) +c/ 2Rl NdR < CT
0

as claimed. O
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2.4. A preliminary estimate. The following two lemmas yield, in combination,
a lower bound on the expected increase of the right front marker at time 7 +¢, T >
0, ¢ > 0 resulting from an increase of ¥ € C, in the initial density of a solution
to (1.1).

Recall the construction of the left-upper invariant measure vr and the process
(u;’it)tzo for T > 0 fixed from Section 1.4 or [14] (cf. the corresponding con-
struction for the upper invariant measure w7 from [14], Proposition 2.2 and Corol-
lary 2.6 as well as Remark 2.8 (left-upper measure)). For arbitrarily fixed (to be
chosen later) ¥ € C;f,, write

0 00 x <0,
0
(2.31) D(x) = TV ad vw=lyw x>0,
0  otherwise, i
0 otherwise.

In what follows, consider couplings of solutions (u%)rt),zo, ¢ € Cthm and

(M;¢$w))tzo, Ve Cthm with processes (u(ﬁ),)zzo and (M(T\Ijr),)zzo for T > 0 arbi-

trarily fixed. Note that by a slight abuse of notation “W = & 4 . The two latter
processes are to be understood in the spirit of the construction of vr, that is, as
in Corollary 2.6 of [14] we choose sequences (Wy)nyen and (P y)yen such that

Wy 2 W and &y + ® for N — oo to obtain u(qur),(x) =1 limNﬁoou(\pA;)(x) and

T+
u(Tq;)t =1 limy o0 u(Tq:_’z)(x) on a common probability space.

LEMMA 2.14. Let V¥ € C., arbitrarily fixed and ®, ¥ be as above. Let ¢ €

C[ng arbitrary with Ro(¢) < 0. Then, for arbitrary T > 0,t > 0, there exists a

coupling of processes (u(Tq:L)t),Zo, (”(qur)t)tzo and solutions (M(Tﬁ,)tzo, (ugfb:tw),zo

such that

(%)

(2.32) E[Ro(u$"y,

@ (p+v) (#)
) = Ro(u)] <E[Ro(u’)”) = Ro(uif),)]

for all t > 0 almost surely. On the right-hand side, we consider a monotonicity-
coupling (cf. Remark A.8) and set Ro(u(T(pJ:w)) - RO(”(Z?:)Lz) =0on {t¢*V) <T +
t}.

REMARK 2.15. Note that the expectations on the left-hand side of (2.32) are
well defined by Lemma 2.2 and Corollaries 2.4-2.5. Indeed, note that if f, 1 f
in C.,, then Ro(f,) 1 Ro(f) for n — oco. Now use approximating sequences
Wy, Py € HER for respectively @ from below as in [14], Remark 2.8(i) (left-
upper measure) in combination with dominated convergence.

PROOF OF LEMMA 2.14. Step 1. Let ¢, 1 as in the statement above. We first
show the claim for T =0 and ®, W € Cl,,, satisfying Ro(P) =0, ® > ¢ and ¥ =
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® + . Consider the following coupling. Let u; = u?) be a nonnegative solution
to

ou .
(2.33) 35=Am+w&—mm1+¢ﬂwh u1(0) =g,

and v, be a nonnegative solution to

ov .
(2.34) 55=Am+w—n—mom+¢6%, 12(0)=® — ¢

with W, a white noise independent of W;. For the construction of the latter, pro-

. .. . D .
ceed as in Remark A.8 on monotonicity-couplings. Then u| + vy = u®, that is,
u1 + vy solves (1.1) with initial condition ®. Let vz be a nonnegative solution to

v .
(2.35) a—; = Avs+ (0 —v3—2(u; + 1))V + V3W3,  v3(0) =

with W3 a white noise independent of Wy, W». Then u| + vy + v3 £ u @) follows
as above, and using that ¥ = & + v,

Ro(u!”) = Ro(u!®) £ Ro((u1 + v2 + v3)1) — Ro((u1 + v2);)
= (Ro((v3)r) — Ro((u1 +v2);)) VO

(2.36)

for all t > 0 a.s., where we set Ro(ugq})) — Ro(u,@)) =0on {t™ <1}. Finally, let
d4 be a nonnegative solution to

ad .
(2.37) 8—: = Ady+ 20203+ (6 — dy —2(uy +v3)) dy +Vda Wy,  ds(0)=0

with Wy independent of Wi, W5, W3 and where the term 2v,v3 can be interpreted
as an additional immigration term. Then u + v3 + ds 2 u@t¥) and
Ro(u§¢+"[’)) _ Ro(ut(¢))

= Ro((u1 + v3 +da);) — Ro((u1);)

= (Ro((v3 +da)¢) — Ro((u1):)) VO

> (Ro((v3);) — Ro((u1 +2)1)) V0,

the last by the nonnegativity of the solutions d4 and v5.
The second part of the claim now follows from the above and (2.36). For the
first part of the claim, use that ¥ = ® + ¢ and

(2.38)

w 2u®, w2 u®,
2.39
( ) D (o+y) D (p+¥)
up+v2t+uvi=u ) ur+vs+di=u
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to obtain a coupling satisfying

5\1}) —Mt(d)) (1 +v2+v3)— (U1 +v2) =v3<V3+ds

(2.40)
— O @

=W +v3+ds) —u

as claimed.

Step 2. Fix T > 0. Let &y 1 &, ® as in (2.31), satisfy Ro(Py) = 0 and
& > ¢, D) € HR. Set Wy = ®dy + . By Step 1, there exists a coupling of solu-
tions (uT+,))t>o, (uT+,))t>o to (1.1) such that (2.32) holds with &, W replaced by
Dy, ¥y for N € N arbitrarily fixed. w

Define uTH(x) =1 limy_ o0 uT+t)(x) and uy,(x) =1 limy_ oo u(T+t)(x) on
a common probability space (cf. [14], Remark 2.8(i)) (left-upper measure). By
taking limits in N — oo, the claim now follows for @, W as well by dominated
convergence (cf. Remark 2.15 above). [

LEMMA 2.16. Fort > 0 fixed and € Cl,,
E[Ro(u!") v 0 — Ro(u!®) v 0]

(2.41) % oy

z /0 E[ﬂ{—sto(u;"r)<—x+l}(1 — e 2 Tont 0N g x

holds.
PROOF. By partial integration, for ¢ € C;.,, ¢ > 0 arbitrary,

oo
(2.42) Eg[Ro(u;) Vv 0] :./0 Py (Ro(us) > x)dx
By (1.22), symmetry and by the shift invariance of the dynamics,
(2.43) Py (Ro(u;) < x) = E[e 204" (=00 = F[[¢~ 26 (007,

Hence,

Eg[Ro(ur) v 0] = foo E[(1 — e~ 27 (=0N)] dx

—2(¢0, *ro
_/ (L om0y (1 =€ o= dx.

In the following, we use ® and ¥ = ® + v as initial conditions or test functions to
facilitate notation. This notation is understood as an abbreviation for taking limits
of nondecreasing approximating sequences of initial conditions as explained above
and using monotone convergence to obtain the respective results.

(2.44)
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Let us reason as in Remark 2.15 to see that the following integrals are well
defined. The theorem of Fubini—Tonelli yields

v 0 - Ro(ul®) v o]

o(u
o) *,r *,F
_ / E[e~ 2@+ ] _ gAY +00)] g
0

&=

(2.45) :/Oo [ 20T (] _ g 20 CH0) ] gy
0

=

[H{L()(M;k'r)z—x}(l — e AV (R >)] dx

E[ﬂ{—xSLo(u;"rk—x-i-l}(l _ e*2(1[o,1>‘lfvu;k’r('*x)))] dx.

This completes the proof. [

2.5. Proof of Proposition 2.1. Let T > 1 be arbitrarily fixed. For 6, <8 <6
arbitrary let

g—0 P
(2.46) s=— = and Oy=0+m_. me(0.1. .. MT},

where M > 0 is arbitrarily large with MT € N.

For ease of notation, we only prove the case 8 = 6,6, = 6. Note that if we
let § = (6> — 01)/M instead and consider the difference a7 (62) — a7 (61) in what
follows, the proof remains unchanged.

We proceed to observe that 6y = @, Oy,7 = 0 and that we therefore rewrite

ar (@) —ar(©)

MT
247 = {orOw) —arOu-1)}
m=1
ur 2 /2 *,1 *,1
= T Jo {E[RO(“T’/er.s(Qm))] _E[RO(”f/2+s(9m—l)]}ds
m=1

Let £ > O arbitrary and S = S(w,m), m e N with £ < § < T/2 — & be random
stopping times to be made more precise later on. Then, by the strong Markov
property of the processes involved,

or (@) —ar(®) = Z / E, gy [Ro(e7 /2545 6n)]

(2.48)
— Eu}‘"(@m_l) [Ro(ur/2—515Om-1))]]ds
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The expectations are well defined by Corollaries 2.4-2.5. Using a 8-coupling (cf.
Remark A.9), we bound (2.48) from below by

MT 5 72
(2.49) el T Jo E[Eu?l(em)[RO(”T/Z—S—l—s(Qm_l))]

- Eu?/(emil)[RO(uT/Z—S-i-s (6m—1))]]ds

A shift in space, using the shift invariance of the dynamics, further allows to rewrite
this to

MT ) T/2
2. T Jo B, 51 6,4 Rotus! 1o L ROT /2545 Om—1)]

m=1

(2.50)
=Bt ot Ro ! @ [ROWT /255 Om—1) ] .

For S > & > 0, use a 6-x-coupling (cf. Lemma A.12) to obtain
0= A Ot Om) = u§ @) (- + Ro(u§' Om-1)))

— 3! ) (- + Ro(ue Bn-1))) € Cii.

Hence, we use the strong Markov property of the family of laws Py, f € Cihy to
apply Lemma 2.14, using that T/2 — § > & > 0 and S > & > 0, to see that

ar (@) — ar (@)
MT )

(2.51)

T/2
f E 5 O 4 R G 1)) [Ro(ur/2—545Em-1))]

_ Eu§"(9,n_1)(~+Ro(u’§"(9m_1))) [Ro(ur/2—5+5Om—1))]|Fs]] ds

T/2 <¢+A On—1,6m))
(2.52) >Z = [ BRSO )]

- E[RO(”T/2—5+S(9m—1))]]dS
MT
2 (12 (©+A% On-1.6m))
/ E[Ro(u s 28, 0, n) v 0
- Ro(u(T“;)z_SH(em,l)) v 0] ds.
With the help of Lemma 2.16, we further bound this from below by
MT o) /T/Z/
—x<Lo(u}), s Om—1))<—x+1}
(2.53) mo ST

X (1 _ e_2<1[0,1)A§J(9mflyem)w(u?/rz_s_ﬁ(emfl))('_x)))] dx ds.
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For dy, mg > 0, let

M(do, mg) = {f € Ctﬁm : thereexist 0 <lp <rg <1/2,|ro — lo| =
(2.54)
such that f > moLy,r}-

Fix € > 0 arbitrary and let dy = dy(€), mo = mo(e) > 0 as in Corollary A.5, where
we note that instead of considering right markers we now consider left markers.
We obtain as a further lower bound to the above
MT
2

T/2
f [ ElLiunr o One )+ LoW s, G0N om0}

ml

(2.55) X (< LoGi)y s yyOn)<—x+1)

x (1 = &2 AT Ot ). (5o G- =00V g g

for all 7 > 1. We next make use of the following crucial observation. Recall that
O —Om—1=08/T forme{l,..., MT} withd =(0 —0)/M.

PROPOSITION 2.17. For all £ >0 and ¢ € C{gm with Lo(p) € (0, 1), there
exist Ty > 0 big enough and p, Co, C1 > 0 small enough; all constants only de-
pendent on S,Q,g,qo, such that for all T > Ty and m € {0,1,... , MT}, M € N
there exist stopping times € < § = S(m, ¢) <T/2 — & such that

(2.56) P({A% () Om—1.0m). 9) = p) = Co(1 — exp(—C18)).

The proof of the proposition follows in Section 3 below. First, we complete the
proof of Proposition 2.1. We obtain as a lower bound to the term in (2.55) with
@ =mol{1/2,1/2+dy/2]>

Co(l — e C19) (1 — e %)
MT 2 (T/2
/ f Bl O Loy O 1)) (do.m0))
(2.57)
X 1{—sto<u’;’;2,Sﬂ<9m71>><—x+1}

X 1y ldxds

Lpo,1 (-)(u;‘/rz,gﬂ Om—1)(=x)=moL[1/2,1/2+dy/21()}

for all T > Tp. By definition of M (do, mo), using the theorem of Fubini—Tonelli,

this is bounded from below by

d

Co(l —e )1 =)
T/2

2.58)  x Z / Bl i O D+ Loy B ))EM (do,m0))

x ﬂ{Lo(u’;’;z,M(9mfl))<0}]ds'
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By symmetry and Lemma 2.12, we have for T big enough,
2 rT/2 ~
(259) ? A E[l{LO(u?/rz,s+s(Qm—l))<0}] dS Z 8/2 > O

with § as in Lemma 2.12. Recall the definition of (v;’l(Q)) from (A.8). We con-
clude using Corollary A.5 and symmetry that

MT
(2.60) ar@) —ar@) > Co(l —e %) (1 - e_z’o)% Y @¢/2-e
m=1

for all T > Ty. Choose € small enough and recall that § = (f — 6)/M, that is
M = (6 — 0)/$ to conclude that

ar (@) —ar(®) -
7 2

Let M — oo to obtain Cp(1 — e_zf’)%o(gﬂ —€)(6 — 0) as a lower bound to the
left-hand side. This completes the proof.

(2.61) Co(1 - e‘z")%@/z —e)(1—e OOy,

2.6. Proof of Proposition 1.1. Lemma 2.8 yields the existence of the limit
B = B(#). Its positivity follows from Corollary 2.11. Combine Proposition 2.1
and Corollary 2.9 to obtain (1.9) by taking T — oo. This concludes the proof.

3. Proof of Proposition 2.17. In this section, we prove Proposition 2.17. We
start out by giving the main idea of the proof.

3.1. Idea of proof. Let T1,T» > 0, m € N and & > 0 be arbitrarily fixed. Let
6 as in (2.46) and suppose that 6, < 6 <6,,_1 < 6, < 0.FortelE, T/2—&—
T — T»] fixed, on a time-interval of length 71 4 7>, we look for a (random) point
intime S = S(m) € [t,t + T| + T3] such that

(3.1) 1[0,1)A§’1(9m—1,9m) > pljo, 1,
where
A Ont, Om) = us On) (- + Ro(us Om-1)))

(3.2) *,1 *,1
—Uug (Om—l)(' + RO(”S’ (Gm—l)))

as in (2.51).

We investigate the difference between the solutions u*L(6,,) and u™!(6n_1)
over time with the goal of finding S such that (3.1) holds. For ¢ fixed as above,
condition on F;. Aside from the shift in space, by monotonicity, the difference on
the time-interval [¢, t 4+ T1 + T3] is greater or equal to the difference of solutions
uf_ﬁ,(@m) and ufjf,(@m_l) with common initial condition u*! (6,,_1) at time 7.
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First step: Start out with density u;k’l (6m—1). Use a time-interval of length 77 to
gain additional mass-density vz, of height of order O(¢), € =6, — 0,1 on the
support of u;'"l (6n—1) with probability of order O(1). This amount is due to an im-
migration term of order eu;’fs (@m—1),s €10, T1] in a 8-coupling (cf. Remark A.9).
For T7 not too big, the mass created, vy, s € [0, 71] remains small and immigration
dominates the annihilation term of order vy.

Second step: Use a monotonicity-coupling (cf. Remark A.8) to compare the
original solution M;(—ﬁTl +.(Om—1) with parameter 6,,; for a time-interval of length
T, with a solution with the same parameter 8,1 but with mass v, (cf. first step)
added to the initial condition (at time ¢ + 77). With probability of order O (¢), the
mass vy, getsa constant distance and an amount of mass O (1) in front of the orig-
inal solution ut +T 4 (6,—1) after a time-period of length 7>. To be more precise,
we use this time-period of length 75 twofold. First, we show that the mass stays
“ahead” with probability of order O (¢) and second, that if it stays “ahead,” then it
has acquired a size of order O(1) at the front.

We now give the mathematical framework for the coupling-techniques men-
tioned above. Let 77 > 0 be arbitrarily fixed and 6, <6 <6 <6, <0 < oo with
e=6, —6; >0. For ug € P(Ctem) fixed, use a 0-coupling (cf. Remark A.9) to
construct solutions ug )(x) = ug(01)(x), ug )(x) =ug(6h)(x),0<s <Tj to(l.1)
such that usl)(x) < u§ )(x) forall s € [0, T1], x € R a.s. solve

(3.3) us(02)(x) = us(61)(x) +vg(x)
' with vy (x) > 0 forall s € [0, T1], x € R ass.

and v as in (A.23), that is, conditional on o (us(61)) : 0 <s < T1), v has distribu-
tion Q0 @2=0Vu(1),2u(01).1(9,y (cf. (1.20) and Theorem 2) on [0, T} ].

Let 7> > 0 be arbitrarily fixed. Extend the above coupling to include a process
(ws)se[O,T1+T2] such that

3.4) ug(01)(x) < ws(x) <uyg(0)(x) foralls €[0, T +T2], x € R as.
as follows. Set

Wy (x) = us(01)(x) + v5(x)

(3.5)
1 (02) (x) =1 (@) (x) + v (x)  for0<s <T,
L) Wy @n)-+ory)
ug_ T, (9 )( )_ Ug_ T (01)(X) for s = Tl-

That is, conditional on Fr,, wr,+. has distribution o*n ’0’0’1(91). Indeed, to con-

struct the coupling for the case s > T7, condition on Fr, and use a combination
of a monotonicity-coupling (cf. Remark A.8) and a 0-coupling (cf. Remark A.9).
To be more precise, use a monotonicity-coupling based on two independent white
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noises Wy, W» to construct

(ur, (61))
uf) O =u

O <u”™ @) (x)
(3.6) (ur, (61))
=uy O (X) + vr 4 ()

forall r > 0, x € R almost surely, with vr, 1. solving (A.20). Then use a 8-coupling
to obtain

( (w (w ~

(3.7) " o)) <u ™ @)@ = u,"" O ) + 740 ()
for all r > 0, x € R almost surely, where the difference process 0 solves (A.23)
with a white noise W3 independent of Wi, W, from above. As a result,

w0 0 (0) <uf (0D () + vry 4 (x) = w4 (x)
(3.8) < ul (01)() + V7,40 (0) + D74 (1)

(Mo)
( ( (02))
" (0) (x) = 02)(x) = uf), (62)(x)

holds indeed true.

3.2. A first estimate. The following estimate is fundamental in the first step of
the construction. Recall (3.3) and thus compare the following SPDE with (A.23)
from the 6-coupling which quantifies the gain in density due to an increase in 6.

Let

={f €eCR,R) : || fll» =sup{| f(x)|exp(—A|x]) : x e R} < 00

3.9
for some A < 0}

be the set of continuous functions with exponential decay. For existence and
uniqueness of solutions to all of the SPDEs mentioned in the proof below, see
Theorem 2. Also let

3100 Y= {w eC?and sup [¥i()| A
t€l0,T]

Y (1)
‘ o | | Ay (9)] € T}.

LEMMA 3.1. Let T > 0,¢ € C([0, T1,Ct.)\{0}, W a white noise and € > 0
be arbitrarily fixed. Let v =v(e, 0, ¢) be a solution to

v .
(3.11) E:Av—i—e{—i—(@—v—%)v%—ﬁw, v(0)=0, rel0,T].

Forge,g>0,g=#£0 fixed,

E[1 — e 2780
O0<c-(¢, 8,60, T)=liminf
€0t €
(3.12) E[] — e=200r.8)]
< limsup =c4+(2,8,60,T) <00
elot €

holds true.



RIGHT MARKER SPEEDS 3665

PROOF. The lower bound. Fix ¢, g,0 and T as above. Let
(3.13) 1(e) =E[1 — e 20r:8],

Subsequently, dominate v = v(€) by the sum of two independent solutions (cf.
the construction of the coupling with two independent processes in Remark A.10
below) satisfying
av®)
(3.14) ot
v =0, i=1,2,1>0

=Av? + %; + (0 — v =20)vD 4 VO W;,

such that v(z, x) < vV (r, x) + v@(z, x) for all > 0, x € R a.s. Note that v@ =

v (€) 2 v(e/2),i =1,2. We obtain by the independence and the identical distri-
bution of the two nonnegative solutions, for all €, T > 0,

I(€) <E[1 — e 207 +v7 )]

(3.15) —E[1 — ¢ 20 9 E[1 4 ¢ 207 8] <21 (e/2)

I(e) 1I(¢/ 2))
— | — =< .
< € — €/2

By Theorem 2(b), I (¢) is continuous in €. Hence, to establish the lower bound,
it is enough to show that there exists €y > 0 such that / (¢) > 0 for all € € [€q, 2¢p].
Indeed, by the continuity of / and (3.15), it then follows that

1 1

(3.16) inf i) > inf ﬁ > 0.

€e(0,2¢9] €  eclep,20] €

By reasoning as for an immigration-coupling (cf. Remark A.11 of the Appendix),
it follows that 7 (¢) is monotonically increasing in €. It is therefore enough to find
€9 = €9(T) > 0 such that I (eg) > 0. By definition of v, this holds true for arbitrary
T > 0. Indeed, use for instance Theorem 2(c) to see that with P(v) denoting the
distribution of v, P(v) = Q%€%2¢:1 and Q%499 are mutually absolutely contin-
uous on Ug 7 (recall the notation from Theorem 2) for R, T > 0 arbitrarily fixed.
Here, the law Q€400 is the law of the solution to

9 .
(3.17) a—t’:Aw+e;+9w+ﬂw, w(0) =0, 1>0.

The latter is a superprocess with immigration, and thus satisfies P({(wr, g) > 0) >
0.

The upper bound. We now derive the upper bound in (3.12). Couple a solution
v of (3.11) with a solution V of

E0% .
(3.18) S =AVte +0V +VVWs, V(0)=0, >0,
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such that v(f,x) < V(¢,x) for all t > 0,x € R a.s. Here, W3 is an appropriate
white noise and we use techniques as in Section A.3 of the Appendix. See the
beginning of [21], Section 2, for the theoretical background of what follows. We
obtain for test functions (¢, x) = ¥y (x),t > 0, x € R satisfying ¢ € Y and for
t > 0 arbitrary, by an application of 1t6’s formula,

e~ 2V )

3.19 =14+ M,
2 2000 et )+ (Ve Vs +va+ex//v——w>}

35
where (M;);>¢ is a local martingale with quadratic variation
t
(3.20) (M), =4// e VsV V()2 (x) dx ds.
0

For T > 0 fixedand 0 <s < T, choose ¥ (s, z) = V(T —s, z), where W (s, x) =
W (x) is the unique nonnegative solution to the partial differential equation (PDE)

v

(3.21) L= AW 40U, — W2, Yo=g, 0<s<T
N

(cf. Iscoe [10], Theorem A of the appendix, with Ay = Ay + 09, g(x) = x2 and
D(A) ={f €eC*(R,R): f, Af € Y). Then ¢ € T and we obtain for0 <t < T,

(3.22) =2Vl Z 1 4 M — 2e / e 2V V) (2 ) ds.
0

Note that the integral on the right-hand side is finite as ¢ € C([0, o), C;,y) and
SUPse[0,7] |[Ys()| € Y. Lett =T. In case (M;):¢(0,7) 1s a martingale, take expec-
tations to conclude

T
(3.23) E[1 —e 218 = 26/ Ele™ Vo Vs (¢, ys)] ds
0

In case (M;):¢[0,7] 1s only a local martingale, take a sequence of increasing stop-
ping times 7, 1 T such that (M;c, )re[0,7] 1s @ martingale for each n € N fixed.
Take expectations and subsequently use dominated convergence to obtain the same
conclusion.

The coupling of v and V yields

E[1 - e—2<Ung>] <E[1 - 6—2(\/%8)]
g 2(V,
(3.24) =26/0 Efe VeV, yis)] ds

T
<2 / (&, Wr_s) ds.
0

It thus remains to show that fo (&5, WT—5) ds < o0o. The latter follows from the as-
sumption ¢ € C([0, 00), Ctem) and as (¥s)sef0,71 = (Wr—s)sef0,7] satisfies (3.10).
Il
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3.3. Increase of the right marker. We now follow the strategy as outlined in
Section 3.1. We start by investigating the increase of the right marker of a solution
due to an increase in 6.

Let f e Cthm with Ro(f) < oo and Py(t = 0o) = 1. Recall the notation from
Section 3.1, in particular the definition of u, v, w = u/)(9)) + v with ug = f from
(3.5). In what follows, write u.(x) = u") (6;)(x) and set Fr=0W:0<t<T)
for T > 0 arbitrary. Note that in the proofs to follow we will often only write E or
P when the context is clear. In the main statements, the indices are kept however.
This will allow us to avoid changes in indexing when using duality relations.

LEMMA 3.2. Let T1, T, > 0 be arbitrarily_ﬁxed and 0, <6 <0 <6, <0.
For all §' > 0, there exists n1 =n1(8', T1, T, 0, 0) > 0 small enough such that

N Pf(Ef[O \ (R()(U)T1+T2) AN 1) -0V (R()(MT1+T2) 7AN 1)|f¥l]

tem

> 0162 — 61) (v 6))(df) = 1 — 268
forall T > 1.

(3.25)

REMARK 3.3. Note that PU*,I(QI)(T = 00) = 1 by (A.8) and Remark 2.7.
T

PROOF OF LEMMA 3.2. Recall Q/*AV = Qbf’a”g’y(G) from Notation 1.3
and Theorem 2. With regards to the conditional expectation E[0 V (Ro(w7,+1,) A
1) =0V (Ro(ur,+1,) A 1)|]-'%1] to follow, recall that for the coupling from
(3.5), the difference (0 v (Ro(w;) A 1)) — (0 vV (Ro(uy) A 1)) is nonnega-
tive for all + > 0 almost surely. Moreover, conditional on .7-"“1, v has law
Q0 Ca=bu2ul g,y = O @002l gy o4 [0, T1] and conditional on Fr,, w
has law
0 +un 001y = " 00 (g 3 L IT Ty + Ty]. Thus, as the laws
Q/*By for f e Cl,, form a strong Markov family by Theorem 2(b), and by
(3.4),

E[0V (Ro(wr+1,) A1) =0V (Ro(ur,+15) A 1)|]—"¥1]

(3.26) = U2l (g o O (g 510 (Ro(ury) A 1)]]
— o™ @p[ov (Rolur,) A1)]  as.

Note that by Remark 3.3, u survives almost surely. Recall (2.42)—(2.44) to rewrite
E[O Vv (Ro(wT1+T2) VAN l) —0v (RO(MTH—TZ) AN 1)|f?1]

1
:fo P(Ro(wry+15) > x| F7,) dx
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1
—/(; P(Ro(ut,+15) > x| F7,) dx

(3.27) |

:/ E[1 _ o 2wry (g (91))|f¥1]dx
0

1 *,r
_f E[1 — ¢ 20n CHOME O g
0

1 *,r *, 7
-2 +x),u" (6 -2 +x),uz (0
=/(; E[e gy (x),ug ( 1))(1 e (o) ()07 ( ')>)|.7:5‘~1]dx.
Use a 0-x-coupling (cf. Lemma A.12) to conclude that this is bounded below by

1 7 7 *, 1
/ E[€_2<MT1 (+x),ug) (9))(1 . e—2<UT1 (-4x),ug) (Q)))u_—%l] dx
0
1 *,F 7
(3.28) = [ B[ n o)
0

« E[l . e—Z(UT] (-+x),u;ér(Q)>|G(fu*’r’ ZM,I)]U?IM,I]dx,

where we let 4~ = o " (), ul" (@) : t > 0).

Let € = 6, — 6;. We now randomize the initial condition. Recall u;’l(Ql) as
defined in (A.8) of the Appendix. Let 1, T > 0 be arbitrarily fixed. The quantity
we are interested in is

I = /+ P/ (E[0V (Ro(wr+7,) A 1)
(3.29) Ciem
— 0V (Rour,+15) A 1)IF 1= nie) (v 00)df).

We get with the help of (3.27)—(3.28) as a lower bound to (3.29),

1 wr 3
[ e[ e
Cihn 0

(3.30) X E[1— ¢ 2N CHE O (put | p ] A

> me)(v?lwl))(df).

Here, we note that (v;);c[0,7,] solves (A.23) or (3.11) with 8 = 6, and (&;)e(0,7y] =

(WUe)refo, ] = (u,(f))(el),e[om and f drawn according to v;’l(el). By (A.11) and
Corollary A.5, for every 8’ > 0 there exist a compact set Ky C C;t and do =
do(8"), mg =my(8’) > 0 such that

(3.31) inf (vi'(0))(Ky N M(do, mg)) = 1—8 forall T > 1
0=<6<6
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with
M(dy, mo) = {f € Cl,, : there exist —1/2 <lp <rg <0,
(3.32) lro — lol = do

such that f > moly.r1)

for dy,mo > 0. Observe first that M (do, mg) N Kg is compact in Cg,. In-
deed, use that if (f,), C M(do, mp) N Ks, then there exists a subsequence
(fu )k C M(dp, mo) that converges to a limit in Ky . Let x,, = [,, + do/2 such
that fnk = m()]l[xnk —d()/2,xnk+(l'0/2] and lnk = Xny = Tngs |rnk - lnk| = dOs lnks In, €
[—1/2,0]. By the compactness of [—1/2, 0], there exists a subsequence Xny, =
xo9 € [—1/2,0] for I — oo and as a result, fnkl converges to a limit in M (dp, mg) N
Ky .

Conditional on o (F*"", F7,), we now apply the lower bound of Lemma 3.1 for
some0#g=g,€T,0<g< u’;’zr(Q)(.—x). Recall that u; = u;(61). From below
(3.16), it follows that it is enough to show for €y > 0 arbitrarily fixed that

1 7 7
inf Py (/ E[e2tn ¢H0ur, @)
01€[0,01 KsyNM (dy,mo) 0

« E[l _ o 2Mr (60,92~(ut)t6[0.T1])sgx>|U(fu*,)" %l)]| %l]dx
(3.33)

> meo) (vl 60)@f)
>1-— 268’

for n; small enough and 6, = 0; + ¢p. The left-hand side in the above can be
bounded from below by

1 w1 7
(1—¢) inf inf Pf( / E[e2n ¢, @)
0€[6,0] f €Ky NM (do,mo) 0
(3.34)

« E[l _ o2y (60,02,(u;)te[o,rlj),gx>|0(]_-u*,r’ %1)]|f¥l]dx > 77160)»

where we used (3.31).

The map (f, @, B,1) — Qf @.B.1 is continuous by Theorem 2(b). Hence, the
law P;(61) = /001 @y) = 0/0O=9:1@) of u is continuous in f and 6;.
Furthermore, by the continuous mapping theorem, the law of v(eg, 62, 1), that is
QV-cou. 2119y 4 gg) = Q€0 2utO=01).1(G 4 ¢4) is also continuous in f and 6. As
[0, 0] is a compact interval and M (dy, mo) N Ky is compact in Cttm, the infimum is
attained for some 0’ € [0, 0], ' € M(dy, mo) N Kg.Let 6’, f be arbitrarily fixed.
The innermost expectation is nonzero almost surely by reasoning as in (3.17) of
the proof of the lower bound in Lemma 3.1. Let x € [0, 1] be arbitrarily fixed. Then
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(1.22) and symmetry yield for u; = uﬁf/)(e/),
E[e 247 (0,3 @), Fi

(ur; (++x))

(3.35) =P((10,00) (") tt, ©))=01F7,)
=P(Ro(uy." ™ @) = 01F).

The latter is nonzero almost surely. Thus, using dominated convergence, we can
choose 11 > 0 small enough such that I; > (1 —8§)%>>1-28. O

B COROLLARY 3.4. LetTi,T» >0 be arbitrarilzﬁxed and 6, <0 <60; <6 <
0. For all §' > 0, there exists ny =n1(8', Ty, T, 0, 0) > 0 small enough such that

/+ Pr(Pr(Ro(wry+1) > Ro(ury+1,)1F7,)
e

em

(3.36)
> 162 — 6) (vE' 01))(df) =1 —28
forall T > 1.

PROOF. Usethat 1jx-y} >0V (XA —-0VvX Al forX>Y. O

LEMMA 3.5. Let T1,T> > 0 be arbitmrily_ﬁxed and 0, <6 <0 <6, <0.
For all §' > 0, there exists np = n2(8', Ty, Tz, 0, 0) > 0 big enough such that

f+ Pf(Pf(RO(le-I-Tz) > RO(”‘T1+T2)|]:?’1)
(3.37) Ciem

<m0 — 0D) (v @) df) = 1 — 48’
forall T > 1.

PROOF. First, note that w = u + v as in (3.5), and thus
(3.38) P(Ro(wry+13) > Ro(ur +1)|F7,) = P(Ro(vry+13) > Ro(ur+1) | F7,)-

Recall the construction of vy, 4, r € [0, T2] by means of a monotonicity-coupling
(cf. Remark A.8) from (3.6). Extend this coupling as follows:

ou : u
5y = Ak O —wut JuWi () =ug @),

9 .
a—vav—i—(Ql — v — 2u)v + SoWn,
(3.39) !

v(Ty) = vy =wp, — u(TL:O)(Ql),
od

= Ad + 2uv + (0) —d — 2v)d + VdWs, d(T)) =0,
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t > Ty, with W;,i =1, 2,3 independent white noises. Then U = v + d solves,
conditional on ]-'%1 4Ty

U .
(3.40) 5 =AU+ 6 —U)U +~dWy,  UT)=vy, t>T

for some white noise Wj independent of W;. By construction, vz,4;(x) <
Ur,+:(x) forall x € R, ¢ € [0, T>] almost surely and the law of U only depends on
F7, through the initial condition.

Now reason similar to (3.27)—(3.28) to obtain

P(Ro(vry+7,) > Ro(ur,+1,) |1 F7,)

<P(Ro(Ur,+1,) > Ro(ur,+1,)|F7,)

=P(P(Ro(Ury+15) > Ro(ur,+7)1F7, 4 7,) 17,
(341) [E[ UT] (- +RO(MT1+T2)) MTZ (01) |.F]u"l+T2]|.FZM" ]
[1 2(vr (-+Ro(ur +15))s MT2 "(61) |]_—u ]
“+R 0))
[1 UTI( 0(”T1+T2)) MT2( ) |fl],{_' ]

:E[E[l e (vrl,(u;’zr(e))(-—Ro(uTﬁTz)))|O,(]_—u*~r’ %)]U‘%}

In the third equality, we used that U(T1) = vr,.
Use Lemma A.2 to obtain that forall 6 € [0,0], T1, T, >0,A>0,T > 1,

(3.42) Pt ([Rowr )| = 4) = C©0,0,T1 + T5)/A.

By (A.11), it follows that for every §' > 0 there exist Ay > 0 big enough and a
compact set Ky C Cytpy such that

(3.43) inf_(v;’l(ﬁ))(Ky N {{RO(MT1+T2)| < A(;/}) >1—-48" forall T > 1.
0<6<0

For I = [+ Pr(P(Ro(wr,11,) > Ro(ur, +1,)1F7,) < 1202 — 01) (v 01))(df)
as in (3.37), we obtain

L> P, sup  E[E[l _e_z<w.,<u’;’2’@))<-—a)>| a(P‘*”, %1)“ f%]
Kg’ uG[—Aa/,Asr]
(3.44) l
<m(6—00) vy o) df) - 8.

By symmetry, Corollaries 2.4-2.5 and the Markov inequality, for 75 > 0 fixed
we can choose / > 0 big enough such that

(3.45) P(|Lo(u}y @) =1) <4,
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Recall (3.4)—(3.5) and use monotonicity to conclude that for 77 > 0 fixed, for all
r>0,T>1,

_Ce.8.1)

(3.46) P. (0V Ro(vry) >r) < IP’U;.I(QI)(O V Ro(ur, (62)) > r)

o

Thus, for §’ > 0 fixed, we can pick [, r > 0 big enough such that

12 > Pf sup ]EDE[I _ e_2<UT1 7(]]-[71,}']”7"2 (‘9))('_“))|
Ky ae[—Ay, Ayl

(3.47) O.(]_—u*”" ZM])]l]:ZM"]]

<m0 — ) (v O1)(@df) — 38

Now reason as from above (3.33) to below (3.34), this time using (3.24) from the
proof of the upper bound from Lemma 3.1, to obtain the claim. [J

Recall the following observation for the coupling from (3.5) from the beginning

of the proof of Lemma 3.2. Conditional on F7,, v has law QS*(Qz‘Q”“*Z”*l(Qz)

,0,0,1
on [0, 71] and conditional on F7,, w has law Qule o @) on [Ty, Ty + T»].

Finally, recall that w = u + v.

LEMMA 3.6. Let Ty, T> > 0 be arbitrarily fixed, 0. <0 <0 <6, < 0. For all
8 > 0, there exists 13 =n3(8', T1, T», 0, 0) > 0 small enough such that

/+ Ef[1(Pf({Ro(wry+1) — Ro(ury+1y) > n3}|F7,)

tem

(3.48) > r]%Pf({Ro(le+T2) > RO(UTH-Tz)}|]:%1))](U;J(91))(df)

>1-—68
forall T > 1.

REMARK 3.7. Note that by (3.36), P({Ro(wr,17,) > Ro(ur,+1,)}1 %) > 0
almost surely under v;’l ©01).

PROOF OF LEMMA 3.6. Let X > 0 be a random variable on some probability
space (€2, F, P). Then (cf. [9], Proof of Lemma 3)

(3.49) P(x > E[X]/2) > (E[X])*/(4E[x?)).
In the coupling from above, let

(3.50) 0<X=0v (RO(wTH‘TZ) A 1) —0v (Ro(uT1+T2) A 1) <1.
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In what follows, we make use of regular conditional distributions. For
P({Ro(wr,+1,) > Ro(ur,+1,)}1F7,) > 0, set

P{-} N {Ro(wr,+1,) > Ro(ur+1,)}F7,)
P({Ro(wr,+1,) > Ro(ur+1)}F7,)

(3.51) P({-}) =

Now apply (3.49) to get for n3 < E[X]/2,
P({Ro(wr,+75) — Ro(ur,+75) = m3})
(3.52) > P(X > n3) = P(X > E[X]/2) > (E[X])*/(4E[X?])
> (BIX1)*/4 = n}.

Therefore, it suffices to show that there exists 13 > 0 small enough such that

(3.53) /C EfL, iy (V5 0D) @) = 1 - 68,

By (3.25) and (3.37), we have for n3 = n1/(212),

fc+ E[1(5 < BIX1/2)](v7' @) @f)

= Ef[]l(E[O \ (RO(wTH-Tz) A 1) —0v (RO(MTH-TZ) 7AN l)lf%]

Cm
> 2n3P({ Ro(wr,+13) > Ro(ury+1,) JIF4 ) (v 00) (df)

> /C+ E[1(E[0V (Ro(wr, +7,) A 1) = OV (Rour, +75) A 1)1 F ]
(3.54) e l
> 0162 — 00)] (v (0))(df)

- [, & [ﬂ(@({&(wmm > RoCur +7,) || F2)

tem

6, — 6 .
> %}B”)](W’(el))(cfﬁ

>1-28 —48. O
LEMMA 3.8. Let ¢ € Cthm with Lo(¢) € (0, 1) be arbitrarily fixed. Further,

let T\, T> > 0 be arbitrarilyﬁ)ied and 6. <6 <6; <0, <0. For all §' > 0, there
exists ng =n4(p, 8, T, T>, 0, 0) > 0 small enough such that

[ EA® o an(+ Rowran), o) = na) 1)

tem

(3.55) > (1 — ¢~ 2m)?
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x Py ({Ro(wr,+7) > Rour,+7) JIFE)) (v 6D) (@f)
>1-4
forall T > 1.

PROOF. Letg e Cttm with Lo(¢) € (0, 1) and n4 > 0 be arbitrarily fixed. Note
that in what follows we condition first on F. %1 4T rather than on ]-"%1 . Next, rewrite

P({{vr 475 (- + Rour 415)). () = na} | F, 4 7,)

(3.56)
— IP’({I — o~ 2vry 41, (HRo(ur+7,)),0(4)) >1— e*2n4}|f%+T2)_

Recall from (3.6) that by means of a monotonicity-coupling (cf. Remark A.8),
(ury (61)) (wry)
ur () =1 O < wr () =u, O () = w40 (x) + vr 44 (%)

for 0 <t < T, with v solving (cf. (A.20))

v .
— =Av+ 0 —v—2u)v+ JoWa,
(3.57) ot !

() =wr, —uyp, Th1=t<T+T1)

By Corollary A.1, we have

E[1 — e~ 20n1+0 (+Ro(u7347,)),9.0) P2 ]
(358) = E[] —_ e_Z(UT1+T2 ﬂ(p('_RO(uTlJrTz))) |’F7u'1+T2]

B[l — e 2l B,

where z solves

07 .
—=Az+ 0@ —z-2 )24 W,
(3.59) ot 2+ ( 2 UDT +T5—2)Z W3

z(T) = ¢(-— Ro(ur,+1,)), Ti <t <Ti+Ts,

where W,, W3 are independent white noises. That is, conditional on .7-"%1 4Ty

(20)T,<t<T,+T, has law P(z) = 01,0 2uar 75— 1 By Theorem 2(c), P(z) and
Q*(1).0.0.0 are mutually absolutely continuous on Ug.r for R, T > 0 arbitrarily
fixed. The latter is the law of a superprocess with nonzero initial condition, and
thus is nonzero with positive probability at time 77 + 7>. Similarly, vy, is nonzero
with positive probability.

Now reason as in (3.28)—(3.34) with the following modifications. Use a 6-
coupling (cf. Remark A.9) for z to obtain (3.28). Then investigate

(3.60) E[E[1 — 72N @lo (75, Fy op,) 17 ]

instead of the (outer) conditional expectation in (3.30). Only apply the lower bound
of Lemma 3.1 in case z7,4+7, # 0. This way we obtain a result in the spirit of
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(3.25). Here, we do not require z7,+7, or vz, to be nonzero a.s. as we do not have
to multiply the (inner) conditional expectation from (3.60) with a front factor as in
(3.30).

Note in particular, that the final statement is phrased in terms of conditioning on
.7-"%. Analogous reasoning to the proof of Lemma 3.6, using that Lo(¢) € (0, 1),
and thus (le-i-Tz(' + RO(”T]+T2))’ 9"(')) =0 if RO(wT1+T2) = RO(MT]+T2)’ com-
pletes the proof. [J

LEMMA 3.9. Let ¢ € Cy, with Lo(p) € (0,1) and Ty, T» > 0 be arbi-
trarily fixed and 0. < 0 < 61 < 6, < 6. For all 8" > 0, there exists ns =
ns(p,8”, Ty, T, 0,0) > 0 small enough such that

J

Pr(Ps({{vry+75 (- + Ro(ur+15)), ¢(4)) = 05} F7,)

(3.61) > 562 — 61) (v (01)(df)
> 1— 6//
forall T > 1.

PROOF. By Corollary 3.4, with v;’l(el)(d f)-measure of at least 1 — 2§’,
(3.62)  Ps(Pr(Ro(wri41y) > Rolury+1) | FF,) = m(62 —61)) > 1 —28".
Hence, with v;’l(el)(df)]P’f (dw)-measure of at least (1 —28")2 > 1 — 48/,
(3.63) Py (Ro(wry+75) > Ro(uty+1)1F7,) (@) = n1(62 — 61).

Also, by Lemma 3.8, with v;’l(él)(d f)-measure of at least 1 — §’,
Er[1(Ps({{vry+7, (- + Ro(ury 1)), 9(9)) = na}| F7,)
> (1= e™>)*Ps ({Ro(wry+7) > Rolur+1) JIFf))] = 16
Hence, with v;’l(91)(df)]Pf(dw)—measure of at least (1 — (S/)2 >1-2¢,
Ps({{vry+7, (- + Ro(ur 1)), 9(9)) = na} | F7, ) (@)
> (1— e 2)°P;({Ro(wry4+7,) > Ro(ur,+7,) }IFL ) (@).

Together with (3.63), this yields that with v;’l (01)(df)P(dw)-measure of at least
1—68,

(3.64)

(3.65)

Pr({{vry+75 (- + Ro(ury 1)), 9(9)) = ma} | F7, ) (@)

(3.66) o
> (1—e ™) 0162 — 61).

The claim now follows. [
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PROOF OF PROPOSITION 2.17.  Let ¢ € Cif., with Lo(¢) € (0, 1), T1, Tr, & >
0 and 6,,_1, 6, be arbitrarily fixed. For ease of notation, write 61, 6, instead of
Om—1,6n and set € = 6 — 61. By Lemma 3.9 and the definition of v;’l(Gl) (cf.
(A.8)), for all 8" > 0 there exists ng > 0 small enough and T > 0 big enough, all
constants only dependent on ¢, 8", Ty, T, 6, 6, such that

1 T
. /0 PUP ot oy (071472 (- + Roluri 1)), 9()) = o)
(3.67)
> 1602 —01)})ds >1—38"

forall T > Ty and 6. < O <6, < 6, < 0. Hence, using Fubini-Tonelli’s theorem,
there exists a set ' with P(Q’) > 1 — §”, such that for all w € €/,

1 T
T /0 H(Pu}k"(-—l-Ro(s)) ((UTH'Tz(' + RO(”‘T1+T2))’ (p()) z 7]6) z n66) ds
(3.68)
>1

_ 8//
For all w € €/, there exists

si=si(@) =infls > & P w1 oo (1475 (- + Ro(uri 1)), 9(9)) = n6)
(3.69)
=3
*,1 *,1
satisfying s1 < T/2—& —T| —T,. Incase (v(TL:i;jRO(Sl))) (++ Ro(u (Tbii;:rRO(sl))))),
©(9)) > ne, set S =1 + T + T> and call this a success. In case of no success, by
(3.68), there exists

sy=s2(w) =inf{s > 51+ T1 + T»:
(3.70)
Pty rysy (V1147 ( + Ro(uri+12)), () = m6) = nee |

satisfying sp < T/2 — & — T} — T,. Continue as above with s, instead of s;. By
choosing C > 0 small enough, we can repeat this procedure [CT] times. If the
above procedure fails, which can only happen if w ¢ Q' or w € Q' but there was
no success in [CT'] trials, set S=T7/2 —&.

Note that for 7, 8” € (0, 1) arbitrarily fixed, max,¢o s77(x + (1 —x)n) =8" +
(1 — 8”)n. As a result, using the strong Markov property of the family of laws
Py, f e Ch. we get

P(AS:& <S<T/2—&:(AY(61.02). 9) = ne)
<8+ (1-8")(1 —nee) €T
Recall from (2.46) that € = §/ T to conclude that
P(AS:£ <S<T/2—&: (A5 (601.62). ) > o)
> (1=8")(1 = (1 —ne8/ T)'TY).

(3.71)

(3.72)
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For T — o0, this bound approaches (1 — 8”)(1 — exp(—Cned)) > 0. This com-
pletes the proof of the claim. [J

4. The speed of the right marker. Note the construction of traveling wave
solutions from Theorem 3 or Remark A.7 of the Appendix. Let v;’l € P(Citm)
be given as in (A.8) and denote any arbitrary subsequential limit of the tight set
{v;’l : T > 1} by v =v*! in what follows. This limit yields a traveling wave solu-
tion to (1.1). By Proposition A.6, v/ ({f : Ro(f) =0}) =1 and Poi(u() #£0)=
1 for all > 0. Denote with v any subsequential limit that is obtained as in
Remark A.7 for ug € H with analogous properties.

Recall from [21], Proposition 4.1, that for 6 > 6. and (uﬁ”)),zo a traveling wave
solution to (1.1),

4.1) Ro(u,(v))/t — AW = A" (w) €[0,26'/?] almost surely as 1 — oo

holds. This convergence also holds in Ll if we replace Ro(u(t)) by 0V Ro(u(t))
as we see below.

In this section, we show that the limiting speed of the dominating right marker
Ro (uf’l) and that of any traveling wave solution v coincide. Moreover, the speed
is deterministic, namely it equals B = B(0) from Lemma 2.8. We extend this result
to right front markers of solutions to (1.1) with initial conditions v satisfying ¥ €
H R, where the convergence is now in probability and £'. For the right front marker
of a corresponding traveling wave solution, we obtain almost sure convergence to

A(v(lﬂ)) —B.

LEMMA 4.1. Let 0 > 6.. Then, for any (uﬁ”)),zo a traveling wave solution to
(L.1),
42 (0vRo™M)/t > AY = AV (w) €[0,20'?] ast— oo in L.
Moreover, E[A™] < B.

PROOE. By (4.1), forall N € N, (0V Ro(u'™)) A (N1))/t = A® AN almost
surely for + — oo. By dominated convergence,

(4.3) (0V Ro(u™)) A (ND)/t > AY AN ast — ocoin L.
By (1.24) and Lemma 2.13, for m > 0 arbitrary,
(4.4) P(Ro(u!™)/t = m) < Cm™>

uniformly in # > 1. In combination with (4.1), this gives P(A™ >2m) < Cm~2.
Thus A" € £, For N e N arbitrary, we get

4.5) 0<E[0V (Ro(u!)/1)] —E[(0V (Ro(u”)/1)) AN] < /Noo Cm~2dm
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and similarly, |[E[A®) A N]—E[A™]]| <2C/N. Hence,
Tim E[[0v (Ro(u”)/7) = A®]]
(4.6) < lim E[|(0v (Ro(u;”)/1)) AN = A¥ AN[]+3C/N
=3C/N

and the first claim follows after taking N — oo.
Moreover, for all N € N, using once more (1.24) and the El-convergence of the
first claim,

E[A™] <E[AY) A N]+2C/N
4.7) = lim E[(0V (Ro(u)/T)) A N]+2C/N

< lim E[0V Ro(u}')]/T +2C/N < B+2C/N.
T—o0
Take N — oo to conclude that E[A™] < B. O

Recall from Lemma 2.8 and Corollary 2.11 that

(4.8) im E[Ro(u})]/T = }gflE[Ro(u’;l)]/T = B € (0, 0).
Then
(4.9) B= lim E[0v Ro(u’')]/T

holds as well. Indeed, let (u§”)),20 be an arbitrary traveling wave solution with
Ro(v) = 0 almost surely. By Corollary 2.3 and (1.24), (4.1), for M € N arbitrary,

lim E[0v (—Ro(ul')]/ T

< lim E[(0V (—Ro(u}"))) A (MT)]/T 4 Cre~ M

T—o00

(4.10) < lim E[(0V (=Ro(u'"))) A (MT)]/T + Cre= M

T—o00
=E[0V (=AY A M)]+ Cie~ M
= C1€_C2M.
Take M — oo and the claim follows.
LEMMA 4.2. Let 6 > 6,. With the notation from above, IE[A("*J)] = B holds

true. Moreover, if ¥ € HR satisfies Ro(u(Tl//))/T — B for T — oo in L', then
E[AY")] = B holds as well.
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REMARK 4.3. Note that we will show at the end of this section (Corollary 4.7)
that every ¥ € H indeed satisfies the above assumption.

PROOF OF LEMMA 4.2. Let v =v*! or v = v¥) with ¥ as above. By
Lemma 4.1, E[A®™] < B. It remains to show that E[A®)] > B. In what follows,
we provide a proof in case v = v*!. The proof in case v = v¥) is analogous except
for the changes indicated below.

Fix T > 1 arbitrary. Review the definitions and comments in [14], (5.18)—(5.20).
Note in particular that for fixed N € N and mg > 0, R,],\Z' , 18 a continuous function

on by with [RY (f)] < N and R™N(f) < R (f) < Ro(f) on {Ro(f) = —N}
and RN (f) =—N on {Ro(f) < —N}. Hence, for mo =mo(T), N = N(T), by
Lemma4 1,

@.11) E[AC™]= lim E[0V Rop)]/T = lim E,i[0v RY wp)]/T.
T—o0 T—o0

By the definition of tightness and the continuity of f +— Pr, (A.8) yields for

v;;ll = v*! (n = 00),

E,«i[0V RN (ur)]

= tim o [ B0V RY, (urdy -+ Ro(u )] ds

n—oo T,

zliminf{%ﬂfon E[Ro(u?] 7 (-+ Ro(u*")))] ds

n—oo

— Tin‘/(;Tn E[0 vV {RO(MZZ{T('-F Ro(u;k’l)))
4.12) — Ry, (L (-4 Ro(u} )))}]a’s}

zliminf{%ﬂfOT"E[Ro( Wil (- + Ro(u )))]ds}

n—oo

_nmsup{Tin | B[OV {Ro(u (- + Rofu))

n—oo

~ R Ly (o Ro(u)) s

= 1\(T) — E1(T, mo(T), N(T))
= I1(T) — Ei(T).

We obtain for /1, using Corollaries 2.4-2.5, that

Ty

L1
11(T)=1,1qrgggf7n/0 E[Ro(u} ) — Ro(u}")]ds
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(4.13) — liminf 0 (/T"+T E[Ro(u}")]ds — /OT E[Ro(u}")] ds)

n— oo Tn

=TB

by (4.8) respectively the assumption Ro(u(w)) /T — B for T — ooin L' for ¢ €
HR. It therefore remains to show that limsupy_, ., E{(T)/T =0.

For € > 0 arbitrarily fixed, recall the definition of R0 N f) from [14], (5.18).
Also recall from above that |RY (/) <N and R™ N(fy<RN () < Ro(f) on

{Ro(f) = N}andR (f) —Non{Ro(f)< N}toobtalnthat

' 1 T
EA(T) < limsup — fo B[2Ro (w1 (- RouE W) ot ot oy 45

n—oo Ip

—|—11msup—/ E[ZN]I A+T(+R0(“3+r)) Lot o) <mO}]ds +eT

n—oo

(4.14)
=2lim SupE = [RO(MT)IL{R()(MT)>N}]

n—oo

+ 2N limsup P *1((uT( + Ro(T)), L[—eT,00)) < mo) + €T

n—oo

By (1.24) and Lemma 2.13, we choose N > CT /¢ such that
i
EU;AZ[RO(”T)]I{RO(MTPN}] = E[RO(”; )ﬂ{RO(u*}J)>N}]
(4.15) < N7'E[(0V Ro(u}"))*]
<N7'CcT?<eT

for all n € N. Finally, by Lemma A.4 with a = €T /2, we choose b = b(T) and
m = mo(T) small enough such that

T
(4.16) Pv;’j (7 (- + Ro(T)), L—eT,00)) < M) < 21\6/(T)

foralln € N. Thus, E1(T)/T <4e forall T > 1 and the claim follows after taking
elot. O

PROPOSITION 4.4. Let 6 > 6.. Then A(”*’l) = JE[A("*’[)] = B almost surely
and

(4.17) Ro(u*}’l)/T — B almost surely as T — 0.

In particular, AY) < B almost surely for all AY) as in (4.1).

PROOF. The last claim follows immediately from (1.24).
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Fix Ty > 0. By (1.24) and as v*’l({f : Ro(f) = 0}) =1 by Proposition A.6,
there exists a coupling such that

(4.18) Ro(u (T‘::t)) < Ro(u To+t) for all > 0 almost surely.

By Corollaries 2.4-2.5, E[|R0(u%l)|] < C(Ty), and thus, using Lemma 4.1 and
4.1),

A = Tim 0V (Ro(™)/T) = lim Ro(uy™")/T
(4.19) T—o0 T—0o0
< liminf Ry (u?l)/T a.s.,

T—o00

where the left equality also holds in £'.
Note that by reasoning as in the proof of [21], Proposition 4.1(a), for 7 > 0
fixed, once we bound limsup,_, ., Ro(u’%] n7)/nT, the same bound holds for

limsup,_, o, Ro(uf’l) /t almost surely. We therefore fix 7 > 0 and rewrite

1 *,1 1 *,1
n_TRO( T0+nT) n_TRO( To)

(4.20) :—Z To+zT RO( T0+(z l)T))

L Z (”TO+(1 l)T(+RO(”TO+(, l)T))))

Fix i € N. By (1.24), there exists a coupling such that

*,1 *,1
(ry s i—nyr CHRog 4 1yr)))

(4.21) Ro(uy ) < Ro(u?l(i)) almost surely,

where E(uT (i) = E(u ) for all i € N. By construction, the L’(uT (i)),i e Nare
independent. Indeed, we show this by induction. Let uTOZ =T be given. Then

o> u;;)l+(i_1)T(- + Ro(u’;’ol+(i_1)T)) is chosen in the construction. Nevertheless,

as ¢y (x) 1 oo for x < 0and ¢y (x) =0 for x > 0, the law of u;’[(i) conditional on

*,1 . %1
Uz, 4 —1yr remains L(uz"). Thus

1 *,1 1 *,[ - *,0 .
(4.22) ﬁRO( ToanT) — n_RO(”TO) = T ZRO(MT M),

where (Ro(u?l(i )))ieN is an i.i.d. sequence of real valued random variables with
RoGu' (1)) 2 Ro(uk"). By Corollaries 2.4-2.5, Ro(u’') € L.
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By the ergodic theorem (cf. for instance Klenke [13], Theorems 20.14, 20.16
and Example 20.12),

—ZRO 1)) = E[Ro(ui)]/ T

(4.23)
almost surely and in £! for n — oo.
As a result,
Ro(uur) Ro(y))  E[Rywi)] B[Ry
(4.24)  limsup 1012 Jimsu Ty [RoCuz )] _ ElRour )]
n—o00 nT n—o00 nT T T

forall 7 > 0. Take T — oo to conclude that

R *,1
AV < liminf 20T/ Rolu T) msup olur’)
T—oo T—>oo
(4.25) Y
E[R ! %
T
T—o00

and, therefore, lim7_, o Ro (u;’l) /T = B almost surely. [

COROLLARY 4.5. Let0 > 6.. Then

*,1
(4.26) Ro(u(Tv ))/T — B almost surely as T — oo
and
(4.27) Roh) /T - B inL'as T — oo.

PROOF. The first claim follows from (4.1) and Proposition 4.4.
By Proposition 4.4, we have (Ro(u;’l)/T AN)V (=N) — B for T — oo al-
most surely for all N € N, N > B fixed. As these random variables are bounded,

dominated convergence implies convergence in £'. We conclude that for all
NeN, N > B,

limsup E[|(Ro(u3")/ T) — B]
T
(4.28) o l
. *,
< 211Tnl)s;10pE[\(Ro(uT )/T)|1{|R0(u"}’l)/T|>N}]'
The second claim now follows from the bounds on the positive part from
Lemma 2.13 and on the negative part from (2.15) for N — oco. [

Finally, we consider initial conditions ¥ € H with H as in (1.10).

LEMMA 4.6. For initial conditions ¥ € HX, Ro(u(w))/T 2) BasT — oc.
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PROOF. Without loss of generality, we assume that v (x) = € Hy(x — xg) for
some xg € R, ¢ > 0. Indeed, by definition of HR, for every ¥ € H there exist
xo € R, e > 0 such that ¢ > e Hyp(- — x¢) and Ro(¢/) € R. Let us reason as in
[14], Remark 2.8(ii) (left-upper measure) to construct a coupling such that for
Tp > 0 arbitrarily fixed, u€70C=%0) (¢t x) <uW (1, x) < u™l(t, x — Ro(¥)) for all
t > Ty, x € R almost surely. Then

Ro(u0=) 1t < Ry(ui™) /1 < (Ro(u}") + Ro(¥)) /1

(4.29)
for all t > Ty almost surely
and by Proposition 4.4,
(4.30) tlim (Ro(uf’l) + Ro(y))/t =B  almost surely.
— 00

Hence, Ro(u'f000))y /¢ BB implies Ro(u")/t 2 B By the shift invariance
of the dynamics, assume further that xo = 1.

Let ¢ € R be arbitrary. For ¢ > B, limy_, 0 P(Ro(uY”) > ¢T) = 0 follows
from (4.29)—(4.30). Note that ¥ (x) = e Hy(x — 1) > €1 (_s0,01(x) for all x € R.
By (1.22), symmetry and by the shift invariance of the dynamics, for all 7 > 0,

IP)(Ro(u(T'/f)) >cT)=1- E[e*Z(w,u’}"’(-—cT»]

(4.31) > 1 — E[e™2Wm0pur” (=)

> 1 —P((L(—oo.0p, (- —cT)) < N) — e 2N

for all N € N. Suppose ¢ < B. Let § > 0 and choose N big enough such that
e 2N — 5. As we will show below, for N fixed,

(4.32) lim P((1( o007, 4" (-—cT)) < N) =0

T— o0

and, therefore, IP’(Ro(u(Tw)) > c¢T) > 1 — 2§ for all T big enough. Then

lm7 00 P(Ro(u\Y) > ¢T) = 1(_oo.p)(c) for ¢ # B arbitrary follows.

It thus remains to show (4.32) for 0 < ¢ < B and N arbitrarily fixed. Let
A= (B —-0¢)/2,0< A < B. By symmetry, Lo(u’;’r)/T — —B almost surely.
A coupling with two independent processes (cf. Remark A.10) at time T
yields

P(Lo(uz’ ) = (=B + A)T)

(4.33) > E[1, r(r<1)

1 coorer it () <NVPL g —eryu

x Py ur(Lon) = (=B + A)T)].
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By [14], 211), on {{L(oo ety () < N} Py or(c < 1) 2

exp( _fo\é ). Note that —B 4+ A = —c¢ — A to further get by symmetry and domi-

nation, Py s (Lo(u1) = (=B + A)T) = P(Ro(u") < AT). Hence,

IP(Lo(u;’frl) >(—B+A)T)

—20N

(4.34)
> exp( 1 (L comern 3 () < NP(R}) < AT).

Aslimy_, oo P(Lo(u7) ) = (=B+A)T) =0and lim7_, o P(Ro(u}") < AT) =1
by [14], Lemma 4.6, and the Markov inequality, (4.32) follows. [

COROLLARY 4.7. For initial conditions ¥ € HE, Ro(u(Tw))/T — BforT —
oo in probability and in L.

PROOF. As the limit is deterministic, the convergence in distribution (cf.
Lemma 4.6) implies convergence in probability (cf. Grimmett and Stirzaker [8],
Theorem 7.2.(4)(a)). Use (2.8) for the negative part and Lemma 2.13 and domina-
tion for the positive part of Ro(u (Tw)) to see that the family {Ro(u (T'/f)) /T, T >1}1s
bounded in £2, and thus uniformly integrable (cf. [13], Corollary 6.21). By [13],
Theorem 6.25 (and Definition 6.2), the convergence in L' now follows from the
convergence in probability of Rg(u (Tw )/ T in combination with the uniform inte-
grability of this sequence. [

COROLLARY 4.8. For initial conditions ¥ € HR,

)
(4.35) Ro(u(Tv ))/T — B almost surely as T — oo

and O~ Row" )/ T — B in L.

PROOF. By (4.1), Lemma 4.2 and Corollary 4.7,

W)

(4.36) Ro (u(TVW)))/T — AWV almost surely as T — 00

with E[A®")] = B. By Proposition 4.4, A®") < B almost surely. Hence,
AC") = B almost surely and the first claim follows. The second claim follows

by Lemma4.1. U

4.1. Proof of Theorem 1. The first claim and (1.12) follow from Proposi-
tion 4.4 and Corollary 4.5. Lemma 4.1 yields the £'-convergence of the positive
part of the right-hand side of (1.12). The third claim follows from Corollary 4.7.
The fourth and last claim follow from Corollary 4.8. This concludes the proof.
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APPENDIX

A.1. Duality. A self-duality relation in the form (1.15) holds for solutions to
(1.1). For solutions with additional annihilation due to competition with a deter-
ministic process 8 (see (A.1) below), a duality relation is obtained analogously.
Such solutions appear for instance in the context of monotonicity-couplings; see
(A.20). For existence and uniqueness of solutions to (A.1) or (A.2), see Theorem 2.

COROLLARY A.1. Let®>0,T >0, eC([0, T1,Ct.,) arbitrarily fixed. Let
v, z be independent solutions to

v .
(A.1) E:Av—i—(@—v—ﬂ)v—i—ﬁwl, v(0) = vy,
respectively,

0z .
(A.2) 5=Az+(0 — 22— Br=)z+ /W, 2(0) =20

for 0 <t <T with vy, zg € ngm and W1, Wy independent white noises. Then we
have for 0 <s <T,

(A.3) E[e—Z(v(T),Z(O))] — E[e—2(v(S),z(T—S))] — E[e—Z(U(O),z(T))]‘

PROOF. Let us reason as in [9], Section 1.2. Let

(Ad)  H(f.9) =282 g)+(f &%) — (. Ag) — 6(f. 8)).

Integration by parts yields H(f, g) = H(g, f). The additional factor of 2 in the
exponent results from the use of different scaling constants in the original SPDEs.
Then

(AS) 2{vr.8) /H(vs,g)ds—Z/ 2vs8l (B vy, g)ds

is a local martingale as well as

t t

(A.6) e 2 f) —/ H(zs, f)ds —2/ e 2@ I N Br_zs, f)ds.
0 0

As

E —2{vg,z27—5)
T Ele ]

(A.7) = E[(H(Usv Zr—s) + 2€_Z<US'ZT_S> (Bsvs, ZT*S>)
— (H (27—, v5) + 2727500 (B oz 0,))] =0,

the duality relation follows. [
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A.2. Traveling waves for the right-upper invariant measure. We extend
the construction of traveling wave solutions from solutions with compactly sup-
ported initial conditions (cf. [14]) respectively Heavyside initial data (cf. [21]) to
the right-upper invariant measure case. As in [14], the right marker is used to cen-
ter the waves. Recall the set % from (1.10). The constructions extend to initial
conditions ug € HE.

Letf. <6 <0 <86 and v;’l = v;’l(e) € P(C,,) be given by

(A.8) vil(Ay=T1"" /0 ! P(u®(-+ Ro(s)) € A)ds,

with E(u?’l) = vy, s > 0 as in (1.22)-(1.23). Note that by Corollaries 2.4-2.5,

Ro(u;"l ) is almost surely finite, and thus v;’l is well defined. Then the analogues

of the following results of [14] hold, where constants only depend on 6 through
6 and 6. Here, it is important to note that the tightness-result of Lemma A.3 from
below is uniform in # < 6 < 6 as well. Note that in the proof of Lemma A.2 we
use Corollaries 2.4-2.5 in place of [14], Lemma 4.8. Also note that the constants
in [21], Lemmas 3.2-3.4, hold uniform in § < 6 < 6, which is easily be deduced
using that p,@ (x) = e p:(x). Finally, note that the restriction to N € N in [21],
Lemma 3.7, and [14], Chapter 5, was only due to the fact that the sequence {vr :
T € N} was under consideration rather than the set {vy : T > 1}. As we integrate
from 1 to T in the proof of [21], Lemma 3.7, and [14], (5.2), part of the statements
below are only valid for 7" > 1.

LEMMA A.2 (Analogue to [14], Lemma 4.9). If t > 0, then there exists
C(0,0,t) such that foralla > 0,0 <s <tand T > 1,

(A.9) ]P’v;,z({Ro(s)| >a)<C(9,0,1)/a.
In particular, for 0 <t <1,

(A.10) P (|Ro()| = a) = C (O, 0)t'*/a
holds.

LEMMA A.3 (Extension of [14], Lemma 5.1). Let 6. <6 <6 <6 be arbitrar-

ily fixed. Then the set { v;’l(Q) : T > 1} is tight. In particular, for every € > 0 there
exists a compact set Kc = K¢ (6,0) C C:gm such that

(A.11) inf_(vE'(0)(Ke)=1—€ forall T >1.
9<6<0

PROOF. Let A > 0 arbitrary. Then there exist C < oo, y,6 > 0, 4 < A and
A > 0, such that

inf (V' O))(K(C,8,y, m) N{f eCly: (frd1) <A} =1—¢
(A12)  &=0<F
forall 7T > 1,
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where ¢ (x) = exp(—|x]|) and
K(C,8,y,))=|feCly:|fx)— f(x)] < Clx — x| et

(A.13)
for all |x — x| <§}.

Indeed, a look at the proof of [14], Lemma 5.1, shows that the sets under con-
sideration, namely K (C,§, y, ) and {f : (f, ¢1) < N} are independent of 6. The
bounds are derived from previous statements, where constants only depend on 8
through 6 and 6.

Recall that K C Cf, is (relatively) compact if and only if it is (relatively)
compact in C;’ for all A > 0 and that K(C,8,y, u) N{f € Ct,: (f. 1) < A} =
K (e, A) satisfying (A.12) is compact in Cf (cf. [21], above (1.2)). Now set

(A.14) Ke= () K(e27",1/n)
neN
to conclude the proof of the claim. [

LEMMA A.4 (Analogue to [14], Lemma 5.2). Lett >0 and a,m >0, 0 <
b <1 be arbitrarily fixed. Then

P (e (+ + Ro(ur)), L(—24,00)(+)) < 1)

C1(6,0)b'/* -1
(A.15) < ((1 - 1(—7)> \/0)
a
T +1Cy(0,0)b'/* iy
x{ ;f 26,967 (1 —e 291_6917)}
a

forall T > 1.

Recall from (3.32) for dy, mg > 0 the definition of

M(dy, mo) = {f € Ct,y : there exist — 1/2 <1y <19 <0, |ro —lo| =do
(A.16)
such that f > moLy, 1}

COROLLARY A.5. Let € > 0 arbitrary. Then there exist dy = do(€), mg =
mq(€) > 0 such that

(A.17) (Vi (6)) (M (do, mg)) = 1 — €

inf
0<6<0
forall T > 1.

PROOF. In Lemma A.4, choose t = 0 and @ = 1/4. Then choose b small
enough and then m small enough to obtain

(A.18) inff(v;’l(e))({f Z(f, 1(,1/2’0](-)> > l/;’t}) >1-— 6/2 forall T > 1.
0=<6=<6
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By (A.12)—(A.13) for A = 1, there exist C < 00,y,8 >0, u < 1 and A > 0, such
that

inf (V' ©))(K(C.8,y, ) N{f eCl,: (fd1) < A})
(A.19) 0=0=0

>1—¢€/2 forall T > 1.

For deterministic fy € Cif,, note that if fy € {C,, : (f, Li—12,0) =2m}N{f €
Ch.:1f(x)— f(x)| <C|x —x'|” forall x, x’ € [—1,0], |x — x'| <8}, then there
exists xo € [—1/2, 0] such that f(xg) > 2m. Now use the Holder-y -continuity of
fo around xp to obtain the existence of dyp > 0 such that there exist lo < xg <
ro, lo, ro € [—1/2,0], |[ro — lo| = dp and 0 < mqg < 2m such that f(x) > mg for all
lo <x <rp. O

PROPOSITION A.6 (Analogue to [14], Proposition 1.7). Let v;l’f be a subse-

quence that converges to v&!l. Then v*’l({f Ro(f) =0} =1 and P i (u(t) #
0)=1forallt > 0.

THEOREM 3 (Analogue to [14], Theorem 1.6). Every subsequential limit of
the tight set {v;’l : T > 1} yields a traveling wave solution to equation (1.1).

REMARK A.7. Recall the set H® from (1.10). The constructions and state-
ments from above extend to initial conditions ug € HX. Here, we use Lemma 2.2
instead of (2.14).

A.3. Coupling techniques. In what follows, we shortly introduce the main
coupling techniques and ideas that are used in this article. We start with the
monotonicity-coupling from [14], Remark 2.1(i).

REMARK A.8 (Monotonicity-coupling). Let 0 <6 and u; € C,,i = 1,2
with u1(x) < up(x) for all x € R. Then there exists a coupling of solutions ud j=
1,2 to (1.1) with initial conditions u;,i = 1,2 such that uV (¢, x) < u®(z, x) for
all > 0, x € R almost surely. For intuition purposes, compare the construction of
[17], Lemma 2.1.7. The main idea is to write

au

P Au® 4+ (0 —uMu® 4 VuDwy, u0) = uy,

(A.20)

ad .
8—1;:AU+(9—U—2M(1))U+\/EW2, v(0) =uy —uq,

where W1, W; are independent white noises and u® =uy® 4y with v(t,x) >0
forall r > 0, x € R almost surely. v is constructed (conditional on 1) as a process
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with annihilation due to competition with uM. Now recall [14], (1.8), to note that

<//0'|u<1>(s,x)|‘/2¢(x)dW1(x,s) + |v(s,x)|‘/2¢(x)dW2(x,s)>
t

=//t(u“)(s,x) + (s, x))p>(x) dx ds
(A.21) 0

- <//0’|u<1>(s’ )+ 0052029 () dW (. s)>
t

_ <[[0.|u(2)(s,x)\l/qu(x)dW(x,s)>
t

for W a white noise appropriately chosen.

In this article, we call a 6-coupling a coupling in the spirit of [17], Lemma 2.1.6.
To be more precise, use the techniques of [14], (2.2)—(2.4), to show the following.

REMARK A.9 (f-coupling). Let0 <68 <6,.Letuge C;m. Then there exists
a coupling of solutions u¥),i = 1,2 to (1.1) with common initial condition
but different parameters 6 respectively 6, such that uM (e, x) <u®(t, x) for all
t > 0, x € R almost surely. The main idea is to write
ou .
—— =AuY + (6 —uD)uD + VuOwy, uM(0) = uo,

(A22)

av .

e = Av+ 62 —0Du'Y + (6 — v —2uV)v + VoW, v(0) =0,
where Wi, W, are independent white noises and u® =uM 4+ v with v(r, x) >
0 for all + > 0, x € R almost surely. v is constructed (conditional on uMy as a
process with annihilation due to competition with ‘" and an immigration-term
@2 — O)uD.

In what follows, we call a coupling with two independent processes a coupling
in the spirit of [17], Lemma 2.1.7. To be more precise, use the techniques of [14],
(2.2)—(2.4), to show the following.

REMARK A.10 (Coupling with two independent processes). Let 0 < 6. Let
Uiy, uy € Cthm and ug = u + uy. Then there exists a coupling of solutions u® =
0, 1,2 to (1.1) with initial conditions u;,i = 0, 1, 2 such that «‘! and u®@ are in-
dependent and u@@i, x) <u®@E, x)+u® @, x) forallr > 0, x € R almost surely.
The main idea is to write

ou
ot

:Au(l)+(9—u(1))u(1)+\/u(1)W1, uD0) = u,



3690 S. KLIEM

9 .
(A23) = Av+(@—v—2Do+oWa,  v(0) =us,

ot
ou® 2 2\, (2 : 2
— =Au® + (0 —uP)u® + Vu@w,, u®(0) = uy,

where Wy, W, are independent white noises and u@ = uD + v with v(z, x) <
u@(t,x) forall t >0, x € R almost surely. v is constructed (conditional on uD)
as a process with annihilation due to competition with " contrary to u®, where
no annihilation takes place. The independence of 1" and u® follows from the
independence of the white noises Wy, W».

An immigration-coupling is constructed similar to a 6-coupling (cf. Re-
mark A.9), where the immigration-term only depends on an outside source.

REMARK A.11 (Immigration-coupling). Let a1, @y — a1 € C([0, c0), Cfe'm .
Let ug € Cty,,. Then there exists a coupling of solutions u), i = 1, 2 solving
au®
(A.24) ot
uD©0)=up, i=122

= Au + o + (0 — uD)u +VuOw;,

with W1, W, two independent white noises, such that u(l)(t, x) < u® (¢, x) for all
t > 0,x € R almost surely. The main idea is to write u® =u® 4y with v >0
satisfying

9 .
(A.25) a—'; = Av+ (e —a)+ (0 —v—2uV)v+ VoW,  v(0)=0.

v is constructed (conditional on u1) as a process with annihilation due to compe-
tition with «") and an immigration-term oy — o1.

Note that conditional on uM € C([0, oo),Cthm) all the processes (v(t));>o fit
into the framework of (1.20) and are as such nonnegative. The final coupling we
present is of a different flavor. It is based on the approximation of solutions to
(1.1) with initial conditions ug € Cgl,,, by means of densities of rescaled long-range
contact processes; see [18], Theorem 1, for the convergence result. Note that the
parameter 6, in [18] denotes an arbitrary 6 > 0 and does not have any relation to
the critical parameter 6. of the present article.

We use the construction of an approximating particle system (& (fo)):>o for
n € Nresulting in a solution to (1.1) with initial condition fy € Cttm from [18]. The
dynamics are modeled by means of i.i.d. Poisson processes given at the beginning
of Section 2. Their rates depend in a monotone way on the parameter 6. Initial con-
ditions fo get approximated by approximate densities A (&5 (fo)), n € N, compare
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the definition preceding Theorem 1. The approximate densities (A.(§/'(f0))i>0
converge to a solution to (1.1) with initial condition fj.

For the next lemma, recall the definition of vy = vy (0) from [14], Remark 2.8
(left-upper measure). Note in particular the use of the nondecreasing sequence
tn €Cbs N €N,

LEMMA A.12 (6-%-coupling). Let 0 < 61 < 6, and T > 0 be arbitrarily
fixed. There exists a coupling of two processes (u?it(éi))tzo, i =1, 2 such that

LAy, 0))120) = Puye, i = 1, 2. Moreover,

(A.26) (Wi (00)(x) < (Wi, 62)(x) forallx e R, 1 >0 as.

This result also holds for a finite number of 0 < 0; < --- <6, m € N.

This coupling relies on two properties of the processes involved. First, we use
the monotonicity of the respective solutions resulting from 8; < 6, for each initial

condition ¢y, N € N; second, for 6; fixed, we use the construction of (u ;it ©i))i=0

by means of a nondecreasing sequence (u(fiz (6i)i=0, N € N as in [14], Re-
mark 2.8 (left-upper measure). Unfortunately, we could not make the constructions
from the above work to integrate these two steps into one. Thus we had to make
use of the approximation by discrete particle systems, where at least the motivation

for the veracity of the above result should be easily accessible to the reader.

PROOF OF LEMMA A.12. The dynamics of the nth approximation for 6;,i =
1, 2 use the same set of i.i.d. Poisson processes for death events. For birth events,
consider i.i.d. Poisson processes

A2 (P(x,y):x,y € n~2Z, x neighbor of y) with rate (2¢;n>/%) ™ (n + 1),
(Q:(x,y): x,y € n"2Z, x neighbor of y) with rate (2¢;n°/%) ™" (6, — 6)),

where ci(n) — 1 as n — oo. For the 6;-system, at a jump of P:(x,y), if the
site x is occupied, there is a birth and the site y, if vacant, becomes occu-
pied (cf. beginning of [18], Section 2). In our coupling, for the 6;-system, at a
jump of P;(x,y) or Q:(x,y) the same holds. Note that (P (x,y) + Q;(x,y):
X,y € n~%Z, x neighbor of y) is a family of i.i.d. Poisson processes with rate
(2c1n3/ 2)_1(n + 6>). As a result, given the same initial configurations, the 6;-
system dominates the 61-system.

Additionally, we construct a set of initial conditions (§y(¢n) : N € N) of the
nth approximating particle systems as follows below. They are the same for the
01- and 6,-system. After linear interpolation in space, Ac(sé’ (¢n)) converges in
C:gm to ¢y for n — oo for all N € N and (use that the sequence (¢{y)neN is nonde-
creasing), &7 (¢n,) < &y (¢n,) for Ny < N>. By [18], Theorem 1, the approximating
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densities (Ac(&/'(¢n))(0;))i>0, 1 = 1, 2 converge in distribution for n — 00 to con-
tinuous solutions (u?’v ) 6i))=0,i = 1,2 of (1.1) with initial conditions ¢y € C;;m.
By construction,

(A.28) Ac(E EnD) O < Ac(E (¢n,))(6))

forallt >0, Ny <N, 6; < Qj, i,j c {1, 2}.

For n € N fixed, use the following coupling to obtain nth-approximations
(¢5(¢n) : N € N) for a family of initial conditions ({y)nen as in [14], Re-
mark 2.8 (left-upper measure). Assume without loss of generality that for all
N €N, ¢y € G, is a bounded continuously differentiable function with bounded
first derivatives. To construct the initial conditions of the nth approximating par-
ticle system recall that each site z € n~2Z has 2c1n3/? neighbors (including z)
and for fo € Citmn Ac(E] (f0))(2) = Qcin'/?) 1Y peighbor of - (€4 (f0)) (). For
zen"27, let

(& (f0) (@)
(A.29)
k-2c1n3/? k-2en3?+ 1
1 JkeZ:ze 3 , 3 ey
n n
= k- 2c1n3? + [ 2c1n'/? folkein=1/?%) | }
2 9
n

0 otherwise.

Then A.(§)(¢n)), after linear interpolation in space, converges in C:gm to ¢y for
n — oo for all N € N and by construction, (A.28) is fulfilled.

Assume without loss of generality that d is such that (D([0, 00), Cthm), c?) is
a Polish space (recall d from below [14], (1.6); cf. Ethier and Kurtz [6], Theo-
rem II1.5.6). We have

(Ac(ElEn))01), Ac(El(EN))(B2), Ac(El (En))(62) — Ac(E]'(Ew)) B1),
Ac(E"(En+1))(02) — Ac(E"(En))(02), Ac (8] (En+1))(01)
(A30) = Ac(E" (V) O)) yen
= (A4 (N, 61), Ay (N, 62), Ay(N, AB), Ay(AN,61), Ay (AN, 62)) y iy
= A, € X = ((D(10, 00), 1))

If we equip X with the metric p(f,8) = > ;cn27" (Zj:1’2,374’5 d(fi1,gi)) N1
where f = (fij)ieN, j=1,2,3,4,5.& = (&ij)ieN,j=1.2,345 € X, fij. &j € D([0, 00),
C;t.), then X is a Polish space as well. Let us reason as in Jacod and Shiryaev
[12], Corollary VI.3.33, to see that the convergence in distribution of the sequences
(Ac(E"(En))(O)))nen for j € {1,2}, N € N fixed and n — 00 to a continuous (in
t) limit implies the convergence of

(A31)  (Ay(N,61),Ay(N,62), Ay(N, A61), Ayn(AN,01), An(AN, 92))n€N
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to

(@ (01), ul™ 02). uN) B2) = ul (Or), w4 (B)
(A.32)
— Ul @), uN+(62) — ul (62)).

By the definition of p( f , &), we can choose a subsequence such that (A, )ren
converges in X. Note in particular that the marginal distributions of every subse-
quential limit are given by their respective one-dimensional limits.

Fix this convergent subsequence. Now apply Skorokhod’s theorem (cf. [6], The-
orem III.1.8) to obtain that after possibly changing to another probability space,
this convergence becomes almost sure convergence, that is,

(Al'lk (Nv 01)7 Al’lk (Nv 02)7 Al’lk (N9 A91)9 Ank(AN’ 91)7 Al’lk (AN7 92))N€N

— (@ @1), " (6), u™ (62) — uM(6)),
(A.33)
w0 01) — N (@1), uN ) (02) — uN(62)) yen € X

a.s. for k — oo,
where V) (6;) solves (1.1) with initial condition ¢n and parameter 6; and
(A.34) u(@;) <u™)(@;,) forall Ny < Ny, ji < jr as.

by (A.33) in combination with the definition of X.
Fix T > 0. Let u*;~l+,(9,-) =1 limN%oouggﬁ'_; (0;),i =1,2,t > 0. Let us reason
as in [14], Corollary 2.6, to conclude that L’((uﬂ}’il (0:))i>0 = Py,. From (A.34),

(A.26) follows. [
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